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Preface

In the present work we will discuss different issues from Combinatorial
Number Theory. Some decade ago people called it "Erdds type” number
theory. Recently the new name of combinatorial number theory is additive
combinatorics. It is not too easy to distinguish combinatorial number theory
from classical number theory, elementary number theory e.t.c. Trying to
approach this question by looking at the tools that are used will not be very
useful to answer the above.

As Ben Green wrote ”Well one might say that additive combinatorics is a
marriage of number theory, harmonic analysis, combinatorics, and ideas from
ergodic theory, which aims to understand very simple systems: the operations
of addition and multiplication and how they interact.”

My dissertation contains five chapters from number theory in the topics
mentioned above. Indeed; I tried to treat problems in combinatorial way,
using probability, Fourier analysis and extremal set theory.
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itude to. Instead of making a long list, do let me mention how lucky I feel
to have had a chance to work with Paul Erdds, to whom I was introduced
by Robert Freud. My work was also influenced by Imre Ruzsa and Andras
Sarkozy.

I would like to thank to my colleague, Francois Hennecart for many fruit-
ful discussions, and the Jean Monnet University (in Saint Etienne, Lyon) for
their recurring invitations and the peaceful environment to work.

I am grateful for Gergely Wintsche, and Tamas Héger for the technical
help.

Last but not least, I would like to thank to my big family who — with
their mere existence — encouraged me .
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Notations

e Let G be any semigroup, A, B C G, and let

A+B={a+b:ac A; be B} similartly A-B={a-b:a€ A; be B}.

e The counting function of A C N is

A(n) = Z 1

a€A; a<n

e We use N,N*,Z R, R*, C in the usual meaning.
e [I,N]:={1,2,...,N}

e We shall write A ~ N to denote that a set of integers A contains all
but finitely many positive integers

e For A C N let us define the lower density of A by

1
d(A) = lim inf M,
n—00 n
the upper density by
— ANl
d(A) = lim sup M,
n—o00 n
and the density by
d(A) = lim ANl
n—oo n

if the limit exists.

e Let p be prime number. Denote by (F,,+,:) — or briefly F, — the
p element primefield, (Fy,-) — or shortly F} — its multiplactive subgroup
(sometimes just the set {1,2,...,p—1}).
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2miz

e Let ey(2) = e~ , and sometimes we leave the subscript.

e We will use the notation |X| < |Y] (or |X| = O(]Y]) to denote the
estimate | X| < C|Y| for some absolute constant C' > 0. In some occasion
we indicate that this constant C' depends on a fix parameter K by subscript

X <k [Y].

o fxg, if f<gand g f.

e Let X C ;. (X) denotes the group generated by X, i.e (X) <.

e Given a real number x we denote by (x) the fractional part of . That
is, () =x — |x].

e Given a subset A of R, we write u(A) for the outer Lebesgue measure

of A.

e Let xg,a; < ag < --- < ag be any sequence of integers. The Hilbert
cube is the set

H(zg,a1,a9,...,aq) = {xo + Z 6iai} g; € {0,1}.

1<i<d

We can define a Hilbert cube of order r > 1; r € N extending the previous
definition by

H,(zo,a1,az,...,aq) = {$0 + Z 61'6%} g €{0,1,...,7}.

1<i<d
When r = 1, we write shortly H(xg,a1,as,...,aq) = Hi(zo,a1,as,...,aq).

We say that dim(H ) := d is the dimension of H and |H (zg, ai, as, ..., aq)|
is its size.

Let A,0 < A < 1 be a real parameter. We say that a cube H =:
H,(xg,a1,a9,...,aq) is A—degenerate, if M = A.

log,; x means logz/log(r + 1).

When A = 1, then |H| = (r + 1)% In this case all terms of the cube are

pairwise distinct and H is said to be non-degenerate.

e For a sequence of functions fi, fo,..., f, and a real number p > 1, the

p-norm is the mean
n 1
(S 1sr)"
i=1
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e For an arbitrary set A C G its additive energy is defined by
E.(A) :={(a1,as,as,a4) € A*: a1 + ay = as + a4}
and its multiplicative energy is defined by

E (A) :={(a1,a9,a3,a4) € At aycay = as - as}.

e Let f be an arbitrary function from F) to C. Denote the Fourier trans-
form (with respect to a multiplicative character) by

fw) =" f@)xu(e)

2miindx-u

where x,(z) is the multiplicative (Dirichlet) character; y,(r) = e »-1
where indz is index of z (or it is sometimes said to be discrete logarithm).
When x # xo is not the principal character, then let x(0) = 0.

e Recall (what we will use many times) that

S =01 [f(@)

u€ly z€F}

Let g : F, = C and = € F,. Denote the Fourier transform (with respect
to an additive character) by

(x) ==Y g(W)ey(yz)

yEFp

Q)

where e,(t) := exp(2int/p).
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Chapter 1

Introduction

In the present work I selected some of my results from 1993 (the year when
I received my CSc) and there is a common feature of these works; I do
not mean that the treatment of the problems are similar (I use combinatorial
ideas, probabilistic-counting methods, Fourier analysis e.t.c) rather the topic.

The similarity is to show structures in various objects.

I devote CHAPTER 2 the investigation of different problems of Hilbert
cubes. First I summarize known results from Hilbert to Szemerédi. Many
authors worked in this area.

In section 2.1 I discuss some of my results on the dimension of dense and
thin sets. The main difficulty lies the fact that we allow here degenerate
cubes as well. Our approach is non-deterministic. This section based on the
papers

N. Hegyvdri, On the dimension of the Hilbert cubes. J. Number Theory
77 (1999), no. 2, 326-330.

N. Hegyvari, On Combinatorial Cubes, The Ramanujan Journal, 2004,
Volume 8, Issue 3, pp 303307

In section 2.2 we discuss a result of Bergelson on the difference set A —
A with d(A) > 0. The original proof used Fiirstenberg Correspondence
principle, (an ergodic theorem). We prove a more general (but in some sense
weaker) version via combinatorial way and a stronger version (also due to
Bergelson) using Felner theorem. We quote papers

N. Hegyvari, Additive Structure of Difference Sets, seminar Advanced
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Courses in Mathematics CRM Barcelona, Thematic Seminars Chapter 4 p
253-265

N. Hegyvari, Note on difference sets in Z" Period. Math. Hungar. Vol
44 (2), 2002, pp. 183-185

N. Hegyvdri, 1.Z. Ruzsa, Additive Structure of Difference Sets and a Theo-
rem of Folner, Australasian J. of Combinatorics Volume 64(3) (2016), Pages

437-443

Recently many authors investigate character sums on certain structured
sets. Let me just mention a recent work of Shparlinski, Petridis, Garaev,
Konyagin and Shkredov. In section 2.3 I gave bounds to character sums on
Hilbert cubes. The main tool is some estimation on the energy of the cubes;
additive energy of multiplicative Hilbert cubes and multiplicative energy of
additive Hilbert cubes.

We compare our result to other general bounds of other structures, (ex-
ample of Montgomery). Results are from

N. Hegyvdri, Note on character sums of Hilbert cubes, Journal of Number
Theory Volume 160: pp. 526-535. (2016)

Section 2.4 The main part contains a joint work with A. Sarkozy. The
problem which was raised by Brown, Erdés and Freedman asked what the
largest dimension of a Hilbert cube is contained in the first n squares and
the first n primes respectively. We gave an improvement of an earlier result
of Rivat-Sarkozy-Stewart. Some related problems are also discussed. The
section based on

N. Hegyvari, A. Sdrkézy, On Hilbert cubes in certain sets. Ramanujan J.
3 (1999), no. 3, 303-314.

Ramsey types question pops up in many places in additive combinatorics
as well (Van der Waerden theorem, result of Schur, Quasi-progressions e.t.c).

In CHAPTER 3 we discuss the additive Ramsey type problems.

In 1968 Raimi proved, using topological tool the following theorem: There
exists £ C N such that, whenever r € N and N = U:Zl D, there exist
i€ {l,2,...,r} and k € N such that (D; + k)N E is infinite and (D; + k) \ E
is infinite. In 1979 Hindman gave an elementary proof of Raimi’s theorem.

In section 3.1 we give a far reaching generalization of Raimi-Hindman
theorem. This result is connected to the previous chapter.

N. Hegyvdri, On intersecting properties of partitions of integers, Combin.
Probab. Comput. (14) 03, (2005), 319-323
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In section 3.2 we give an answer to a problem of Sarkozy; coloring the set
of squares by two colours, then how many elements need to have a monochro-
matic representation of every sufficiently large numbers.

N. Hegyvari, F. Hennecart,On Monochromatic sums of squares and primes,
Journal of Number Theory, Volume 124, Issue 2, 2007, Pages 314-324

I devote CHAPTER 4 to the topic restricted addition; i.e. sumsets, where
the summands are pairwise distinct. We solve and improve problems and
results of Erdés, Burr and Davenport.

N. Hegyvdri, F. Hennecart and A. Plagne, Answer to the Burr-Erdds
question on restricted addition and further results, Combinatorics, Probability
and Computing, Volume 16, Issue 05, Sep 2007, pp 747-756,

N. Hegyvdri, On the representation of integers as sums of distinct terms
from a fized set Acta Arith. 92.2 2000. 99-104

N. Hegyvdri, On the completeness of an exponential type sequence. Acta
Math. Hungar. 86 (2000), no. 1-2, 127-135

CHAPTER 5. Expanding polynomials. This topic is intensively investi-
gated; it has a strong connection to computer science, and in the additive
combinatorics to the "sum-product” problem. A polynomial in a prime field
is said to be expander, if it blows up its domain. It is not too hard to con-
struct a three-variable expanding polynomial. The first explicit two-variable
expander is due to Bourgain. In this chapter we give an infinite class of
explicit two-variable expanders. Furthermore we give explicit bounds to the
expanding-measure. Further results are also considered.

N. Hegyvari, F. Hennecart, Ezxplicit Constructions of Extractors and Ez-
panders Acta Arith. 140 (2009), 233-249.

N. Hegyvdri, Some Remarks on Multilinear Fxponential Sums with an
Application, Journal of Number Theory Volume 132, Issue 1, January 2012,
Pages 94-102

N. Hegyvdri, On sum-product bases, Ramanujan J. (2009) 19:p 1-8

CHAPTER 6. Lately new results pop up on expansion of Lie-type simple
groups. Helfgott proved that for A C SL,(Z,), |A-A- Al > |A|'*® (where
e > 0 is an absolute constant) unless A is contained in a proper subgroup. Or
a nice and deep result (called ” Convolution bound”) of Babai-Nikolov-Pyber,
which ensures that if A C SLy(Z,), |A| ~ p®/? then |A?| covers at least one
third of the group.
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Nevertheless, it is very less known on the structure of (k-fold) product sets
in this non-abelian groups. In this chapter we show some structure theorem
in Heisenberg groups. The method of my paper (On sum-product bases) is
well applicable.

N. Hegyvari and F. Hennecart, A structure result for bricks in Heisenberg
groups, Journal of Number Theory 133(9) (2013): 29993006.

In some section I include further results as well.
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Chapter 2

On Hilbert cubes

In 1892 D. Hilbert published a paper in [Hil] on irreducibility of k-variable
polynomials with integral coefficients. His theorem has many nice applica-
tions; e.g. if f(z) € Z[z] and for © > xg, the values of f are always square
number, then f(x) itself a square of some polynomial over Z. A special,
2-variable case can be written as follows (note; the original version may be
written differently):

Theorem 2.1 (Hilbert). Let f(z,y) € Z[x,y] be irreducible. Then there is
an infinite set Y, such that for every y* € Y f(x,y*) is irreducible in Z[z].

To prove this, Hilbert showed the first Ramsey type theorem (25 years
older than the famous "z +y = 2” problem of 1. Schur).

Theorem 2.2 (Hilbert). Let m and r be positive integers. For every r—colouring
of N there exists a monochromatic affine cube H(ag, z1,x2, ..., Tm).

(Of course it is a modern terminology of the theorem).
Hilbert cubes have many applications. The effective version was an im-

portant tool in the celebrated Szemerédi’s theorem:

Theorem 2.3 (Szemerédi, 1969). Let A C N with n := d(A) > 0. Then
there exists a B > 0 real number such that for n > ng(n) the set AN |[1,n]
contains a Hilbert cube with dimension at least 5 loglogn.

11
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Definition 2.4. Let A be an infinite increasing sequence of integers. Let

H4(n) = max{m : AN[1,n] contains a Hilbert cube H(ag, 1, Z2,...,ZTm)}

Recall that a Hilbert cube is non-degenerate if |H(ag, x1, %2, ..., Tm)| =
2™ (i.e. there is no coincidence in the "vertices”), otherwise let us call de-
generate.

2.1 On the dimension of Hilbert cubes

2.1.1 Hilbert cubes in dense sets

In this section we allow the degenerate cube as well. We prove the following
theorem:

Theorem 2.5 (Hegyvéri, [H97]). There exists an infinite sequence of positive
integers with d(A) > 0 and

H(n) < cy/lognloglogn
where ¢ = 4(log(4/3))~1/2.
Proof of Theorem 2.5. We start by an easy lemma:

Lemma 2.6. Let B = {b; < by < --- < b;} be a sequence of integers. Then
k+1
( ; )+1gyFS(B)|gzk
The proof is simple or see [He96].
Lemma 2.7. We have
T:=|{AC[1,n]: |A] =k and |FS(A)| < k*}| < n3log2k . 34",

Proof of Lemma 2.7. Let U = {A C [1,n] : |A] = k and |FS(A)| < k3}. Let
R = |3log, k| and assume A = {a; < as <--- < a,} € U.

An element a; is said to be doubler if

FS(a1<a2<---<aj,1)ﬂ{aj—|—FS(a1<a2<---<aj,1)}:(l) (21)
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Since
FS(a; <as <---<aj)={0,a;} + FS(a1 <as <---<aj_)
thus if a; is a doubler then
|FS(a1 <ay <---<aj)| =2/FS(a; <as <---<aj)|

This yields that
‘FS(CLl <ag < - <ak)] > o

where Hdenotes the number of doublers in A.

H is at most R since in the opposite case 27 > 28+1 > 93logs3 —

which by (2.3) contradicts the fact A € U.
Now if a; is not a doubler then we must have

aj €{x—a'x,2" € FS(a; < as < -+ <aj1)},
which easily implies that we can write a; in the form
aj = Z(Szaz, (51 € {1, +1, —1}7
i#]
which yields that the number of non-doubler elements is at most 3*.

Now we get an upper estimation for 7™

13

(2.2)

(2.3)

]{33

(2.4)

We can select (Z) subscripts j where a; is a doubler, the number of
possible values of the doublers being at most n*. Finally, the number of

non-doublers is at most (3%)*F.

Thus we have L
T S (R) _nR_ (Bk)k—R S

< LR R 3k2—kR < nk. 3k2

using the inequality k% < 3*F.

Now we turn to the proof of the Theorem.

Let X be a random sequence of integers with Pr(z € X) = %. Clearly

with probability 1 we have d(X) > 0. Let H, be the event

Hx(n) > cy/lognloglogn
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where ¢ = 4(log(4/3))~/2. We are going to show
1
Pr(H,) < - (2.5)
We have

1\ [FS(@1<za <<z
Pr(H,) < Y <__) -

1\ [FS(z1<-<wp)| 1\ [FS(@1<<z)]
- X (@) o (5) -

1<a<n 1<a<n
1<zy,...,.xx<n 1<z1,...,xx<n
|FS(x1<<wp)|<k? |FS(x1<-<zp)|>k3

(2.6)
By Lemma 2.1 and Lemma 2.2 we have

1\ 1FS(zr<<ap)] o/ 1 \K%/2
= < 3loga k ok (_) _
2 (16) < 2.n {16

1<a<n 1<a<n
1<z1,...,xp<n
|FS(z1<<zp)|<k®

3\ ¥
. 310g2k<_)
n-n 1)

which is less then 515 if & > 4(log(4/3))~'/%y/log nloglog n.

Furthermore
1 |FS(CE1<<1’]€)‘< n 1 k3
> () <n () (5) <

1<a<n
1<zy,...,.zp<n
|FS(x1<<zp)|>k3

holds if k£ > 34/log,,.
By (2.5) we have

i Pr(H,) < oo,
n=1

so by the Borel-Cantelli lemma with probability 1, at most a finite number
of events H,, occur.
O
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Note that we split the sum in (2.6) into two parts according the value
|FS(x1,...,2,)]. We mention here that for the sets Ay = {d,3d, ..., kd}
d=1,2,...,[%], we have

IFS(A)| = ("“2”) ~ k2.

So we have to count these sets in the first sum which yields that our method

works only if £ > +/logn

In the next Proposition we will show that for a random sequence our
bound, apart from the factor /loglogn is the best possible.

Proposition 2.8. Let A be a random sequence of positive integers with
Pr(a € A) =p > 0. Then with probability 1, we have

Ha(n) >, y/logn.

Proof. Let 0 < p < 1 be a fixed real number and let A be a random sequence
of integers with Pr(a € A) =p > 0 and let k,, = max,, = {k:a+1,a+
2,...,a+k € A}. By a theorem of Erdés and Rényi [ERe], with probability
1, k, = ¢,logn. But let us observe that if a,a +1,...,a +k € A then
H(a,1,2,...|vV2k — 1]) € A. Indeed, H(a,1,2,...[vV2k — 1]) D {a,a +
1,a + k}. It yields that with probability 1, we have

Hy(n) >, \/logn.
[

Remark 2.9. 1. Recently Conlon, Fox and Sudakov [CFS] could move the
Vl1oglogn factor from the upper bound, so apart from a constant factor our
result is strict. Their method is also probabilistic.

2. Cs.Sandor in [CSS] obtained a bound for the dimension to non-
degenerate random Hilbert cube. His proof is also non-deterministic.
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2.1.2 Hilbert cubes in thin sets

The density version of Szemerédi was rediscovered by many authors and
proved in a same way (see e.g. [GR]). In fact one can state it in a stronger
form:

Theorem 2.10. Let A C [1, N] with |A| > N%®. Then there exists a Hilbert
cube contained in A with dimension

1 log 3N
0g ———1—

log(3N/]A])

In the present section we are going to investigate a similar question in
thin sets as in the previous section.

Let r3(n) be the maximal number of integers that can be selected from
the interval [1,n] without including a three-term arithmetic progression.

Theorem 2.11 (Hegyvéri [He04]). There exists a subset A of [1, n] for which
|A] > 3r3(n) and

max dimH <

log1 ) 2.
HCAN[1,n] ~ log2 cglogn (2.7)

Corollary 2.12. For every ¢, 1/2 < ¢ < 1 there exists a sequence A C [1,n]
with

|A] = n - e~ loen)" (2.8)
and
o)1+ 0(1)) loglogn < dim H < —— log1 (2.9)
— — C o og logn ma. 11m og logn. .
10 s8N = = log2 818

Proof. Let A be a maximal subset of [1,n] which contains no three-term
arithmetic progression. Hence |A| = r3(n). It is proved by Behrend that there
is a set A_; C [1,n] which contains no three-term arithmetic progression
and |A_i| > ne®V8" So let A_; D Ay, |Ag] = ne®V°e", Now take a
random 2-coloring of the elements of Ay obtained by coloring each element
independently either blue or red, where each color is equally likely. Fix a set
{a,z1, ...,z } for which H = H(a,x1,...,25) C Ag and H is non-degenerate
(i.e. the vertices of the cube are distinct). Let Xy be the event that H is
monochromatic.
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The cube H is non-degenerate thus we have Pr(Xp) = 2'-2". Further-

more there are (Lﬂ‘rol‘) possible choice for a, zq, ...,z thus we conclude
Pr(S) < 4ol 217" < | Ay|FH121% (2.10)
—\k+1

where S = {For any H C Ay, H is non-degenerate and monochromatic}. An
casy calculation shows that Pr(S) < 3, provided

- (14 0(1)) (1+0(1))

log log | Ao| =
TR og | Aol o 2

log logn
if n is large enough. It implies that with probability at least % a random
subset of Ay does not contain a non-degenerate cube H with

1+ o(1))

dim H > ( log log n. (2.11)

log 2

Furthermore the number of occurrences of a given color has binomial dis-
tribution with expectation |Ay|/2 and standard deviation \/|Ao|/2 thus by
Chebyshevs inequality, for a random subset A of Ay we have

Pr(|A| > |A|/3) > 1/2, (2.12)

if n is large enough. Now by (2.11) and (2.13) we obtain that there is a

subset A of Ag for which
[ Ao

|A| > 5 (2.13)
and if H is a non-degenerate cube of A, then
1 1
dim H < (+o(l)) log log n. (2.14)
log 2

Now we shall prove (2.7). Assume now to the contrary our assumption there
exists a cube H in A for which

1
dim H > (1+¢) log log n.
log 2

for some ¢ > 0. By (2.14) H cannot be non-degenerate. Thus there exists
an x € H, for which

T=a+ ex] + ey + LTk (2.15)
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and

T =a+ €T + eyxo -+ ey, (2.16)
where ¢;,¢; € {0,1} and (ey,...,€ex) # (€},...,€,.). If there are common

vertices (i.e. € = €, = 1) in the representation (2.15) and (2.16) then delete
them, so we get an x* € H which has at least two disjoint representations

¥ =a+ 01y + Oxy - -+ OpTk (2.17)

and
rF = a+ 61z + 05xy - - + Oy, (2.18)

where 0;,0; € {0,1} and
50 =0 (2.19)

fori=1,2,...,k By (2.17), (2.18) and (2.19) we obtain @ € H, z* € H,and
¥ 401 +0hwy - - -+ x, € H. Here 48 21 4+05x9 - - -+0,2, = 2" +2*—a, i.e.
{a,2*,20* —a} C H C A. But {a, 2", 22* — a} forms a three-term arithmetic
progression contained in A. This contradiction proves the theorem.

[

2.2 On Bergelson’s theorem

The study some properties of D(A) := A — A of dense sets in Z was a center
problem in combinatorial number theory.

Erd6s and Sarkozy’s unpublished result from the 60’s states: if the upper
density of an A C N is positive then D(A) := A — A contains an arbitrarily
long arithmetic progression.

On the iterated difference set D(D(A)) Bogolyubov obtained the follow-
ing classical result:

Theorem 2.13 (Bogolyubov). Let A C N with d(A) > 0. Then there is a
Bohr set
B(S,e)={m e Z: max llsm| < e}
se

(lz|| = min,ez |z — n|, the absolute fractional part) for which
D(D(A)=A—-A+A—-ADB(S,e).

On the other hand Kiiz proved
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Theorem 2.14 ( Kiiz). There is a set A with positive upper density whose
difference set D(A) contains no Bohr set

So it is very reasonable to ask: What can we say about the structure of
D(A) when d(A) > 07 In 1985 Bergelson proved [Be85] that in this case
D(A) is well-structured. Firstly he proved

Theorem 2.15 (Bergelson). Let A C N with d(A) > 0. For every k there
exists an infinite set B of integers for which A— A D B+ B+ ---+ B, (k
times)

His proof of this theorem is based on an ergodic theorem, namely Fiirstenberg
correspondence theorem (see also [Be85)).

Later Bergelson et al [Be97] gave a more general form of Theorem 2.15
which will be discussed in subsection 2.2.2

2.2.1 A combinatorial proof for Theorem 2.15 under
restricted sum

The original proof of Theorem 2.15 is based on a deep ergodic theorem of
Fiirstenberg which was worked out just for the set of integers. We prove a
related theorem in a more general structure, namely in Z" (strictly speaking
the proof below works not only in Z"; one can imitate it in more general
structure, for instance in o—finite (abelian) groups as well); neverheless we
can guarantee a k-fold resticted sum B+B+ ... +B, instead of the k-fold sum
B+ B+ ---+ B in the difference set A — A. Before formally stating our
theorem recall some definition.

Define the discrete rectangle of Z™ by
R = [al, bl] X [CLQ, bg] X ... [an, bn] NZ".

The volume of R is |R| = [[;(b; — a; + 1).
Recall the notion of upper Banach density of A is

AN R,

d*(A) :=sup{L : Ym, 3R,,, min|b; — a;| > m, s.t. | o > L}.

We prove the following theorem in a more general set;
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Theorem 2.16 (Hegyvari [He08]). Let A C Z", with d*(A) = v > 0. For
every integer M there is an infinite set B C Z" such that

D(A) 2= B x M := B+B+...+B(M times).

Proof. Consider the integer lattice points {x; }1; x; = (T4, Tiy, - - -, 4,); 0 <
z;, <M —1. For u= (u,up,...,u,) and v = (v1,va,...,v,), write
u = v(modM)

if and only if
u; = v;(modM)

for all 1 <7 <mn. Let
A, ={a€ A:a=x;(modM)}.
Since d*(A) = v > 0 we have that d*(A;) = p > 0 for some 1.

Let
A=A, —x; CL:={u=0(modM)}.

Obviously
A—A=A—-A CA-A

Lemma 2.17. There exists a finite set U C L such that

A —A+U=L.

Proof of the Lemma:

Let U = {u,us,...,u,,...} be the maximal subset of Z", such that the
sets
u +A u+ A u A

are pairwise disjoint.

We claim that r < 4/p.
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Indeed since d*(A’) = d*(A;) = p > 0, there is a rectangle R such that
|IRNA'| > @. Assume that the minimal length of edge of R is large enough,
then we get

Rl > [RN{(u+A)U---U(a, + AN} =
RN AT plE|
2 -4

IRN(uy +A)|+ -+ |RN(u, +A)| >r

which gives r < 4/p.
Now we prove that A’ — A’ 4+ U = L. Assume to the contrary that there

is an x € L for which
rg AA—A+U

It means that for all e =1,2,...r
r+ANu+A=0.
But it contradicts to the maximality of U. UJ
We introduce an r—coloring
X(x1,..,xp) = {1,2,...,r}
of all M element subsets of L as follows: for an M —tuple x1,...,X,/ let
X(X1, ..., xpy) =min{i :x; + - +x3y € A — A" +w}.
(Note the coloring is not necessary unique).

Lemma 2.18 (Ramsey). Let X be a countable set and color all M —tuples of
X by r colors. Then there exists an in finite set B’ which is monochromatic.

Now by this lemma we have that there is an infinite set B’ C L and an
s, 1 < s < r for which every M —tuple (x1,...,xy) of B’
x|+ +xy €A —A+u,

holds.
Finally let

Since uy; € L we have that 72 € Z". Thus we have

U,

A'=A'+u, D B'4B'+ . 4B/ (M times) = (B+4-

JES +—|—(B+%)(M times) =
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. . u,
= B{Bf... 4B+ M=
+B+ . B+ Mo

which implies

A—ADA — A D B+B+...4+B(M times).

2.2.2 A stronger version of Theorem 2.15

In [Be97] the authors showed that whenever d(A) > 0, D(A) has a rich
additive and multiplicative structure. For instance in Theorem 3 p.135. the
following result proved

Theorem 2.19 (Bergelson et al). Let B with d(B) > 0. Then there is some
sequence {x,}> ; such that

{Zanxn : Fis a finite subset of N and for each n € F, a, € {1, 2}}U

nekr

U{ H xf . Fis a finite subset of N and for each n € F, a, € {1,2}} C D(B).

nel
In Theorem 5 they proved that D(B) contains sums and products from
a sequence where terms are allowed repeat a restricted number of times.

At the proof they used also a (deep) ergodic theorem. In the theorem
below we can avoid this tool; instead of it we will utilize that D(A) conatins
almost a Bohr set.

Let f: N, — N, be any function and C' C N; C # (. We will use the

following notations:

FS(C) = { S wiei: X CC, |X| < oo; w; € [L, £(2)] mN}.

GEX

Let the sum be zero, when X is the empty set.
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Furthermore write
pry:{ﬂyﬁxgch¢ﬂpm<m}
ceX

Clearly we have

FSi({ci,c0,...cn}) = FS¢({c1,ca, ... cnmn}) +{0,¢ns .., f(n)er ),  (2.20)
and
FP({ci,ca,...cn}) = FP({c1, 09, ... cn1}) - {1, e}, (2.21)

for every {c1,ca,...c,} CN; n > 2 or equivalently,

FP({ci,co,...cn}) = FP({c1,¢9,...cno1})Ucy - FP({c1,¢2,...Ch1}).

Theorem 2.20 (Hegyvari-Ruzsa [HR16]). Let A be a set of integers d(A) >
0. Let f : Ny — Ny be any function. There exists an infinite set C' of
integers, such that

A— ADFSy(C)UFP(C).

So we can conclude that A — A contains both an additive and a multi-
plicative structure.

Proof. We start our proof by quoting Fglner’s theorem. We state it as a
lemma:

Lemma 2.21 (Fglner). Let A be a set of integers with d(A) > 0. There
exists a Bohr-set B(S,¢) such that
E:=B(S,e)\ (A—-A)

has density 0.
See the proof in [Fo).

We have a Bohr set for which the exceptional set has density zero, i.e.
for some B = B(S,¢), £ := B(S,e)\ (A— A), d(E) = 0.
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Recall that every Bohr set has positive density, and for every pair of sets
S, S" and for every k, 0 < k- &’ < e, we have

k- B(S,e') C B(S,e), (2.22)

and
B(SUS' e) = B(S,e) N B(Y,¢) (2.23)

(see e.g. [TV] p. 165).

We will proof the existence of the infinite set C' inductively.

Let K7 := f(1). Since any Bohr set has positive density and the excep-
tional set has zero density, furthermore by (2.22) one can find an element ¢;
from B(S,e/K;) such that ic; ¢ F, for 1 =1,2,... K;. So we have

FS;({e )V UFP({a}) = {0,c1,....Kie.} CB\EC A— A.

Assume now that the elements ¢; < ¢y < --- < ¢, have been defined with
the property

Fn ::FSf({ChCQa---aCn})UFP({017027"'7C”}>gB\EgA_A'

Write FP({c1,¢co,...,cn}) ={p1 <p2<--+ <pm}, and let K := max{f(n+
1), pm}. Define

1
g1 = Emin{e —||zs|| :x € FSi({c1,¢2,...,¢cn});s € S}, (2.24)

and let By := B(S,e1). Note that B(S,e1) C B = B(S,¢).
By (2.24) we have that for every non-negative integer i < K, for every
uwe FSi({c1,co,...,¢,}), for every c € By and s € S

|s(u+ic)|| <e
holds, hence
FSi({ec1,co,...cn})+40,¢,2¢,... K - c} C B.
Now we claim that there exists an element ¢ € By, with ¢ > ¢; for which,
FSi({ec1,co,...cn})+{0,¢,2¢,... K-c} CB\ECA—-A

also holds.
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Assume to the contrary that for every ¢ € By with ¢ > ¢; there would be
at least one element x € FSy({c1,cs,...¢,}) and one integer j € [1,..., K]
for which x + je € E. Since d(By \ [1,¢,]) > 0, by the pigeonhole principle
there would be an zg € FS¢({c1,¢ca,...¢n}), jo € [1,..., K] and a B C By,
such that d(B;) > 0 and z¢ + joB; C F contradicting the fact that d(E) =0
and d(zo + joB]) > 0.

Let ¢,41 be any such c. Since K > p,, and 0 € F'S¢({c1,¢c2,...,¢,}) we
have

Cnil FP({Cl,CQ, R ,Cn}) Q {O,Cn+1,20n+1, .. .,K : Cn+1} Q B \ E.

Then by (2.21) and by the inductive hypothesis FP({ci,ca,...,¢n,cni1}) C
B\ E. Moreover K > f(n+ 1),

FSf({Cl7 C2y...Cn, Cn+1}> g

C FSi({er, ey cn}) + {0, i1, 2¢n415 -, K- cpn } C B\ E.

Thus we have that
For1 €CB\ECA-A

as we wanted.
So our desired set is

C={a<c<...cp <Cpp1 <...}

2.3 Character sums on Hilbert cubes

A frequently asked question of the theory of character sums is to bound the
values of |f(u)| and |g(z)].

Recently many authors investigate character sums on certain structured
sets. For instance let us mention a result of Bourgain and Garaev or a recent
work of Petridis and Shparlinski in which they investigated trilinear character
sums. Further works are due to Garaev, Konyagin and Shkredov.

To understand better a Hilbert cube, in the present section we are going
to investigate (additive and multiplicative) character sums on (multiplicative
and additive) cubes. For this treatment we will estimate energies of cubes.
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Let us start with the following observation of Montgomery (see e.g., [Gal):
Let U C F, be an arbitrary subset and A C U for which |A| < logp. Let
A(x) be its characteristic function,

w={y T4

then R
max [A(r)] > |A].
r#0

As a contrast we quote a paper of Ajtai et al. ([ASz]) where the authors
construct a set T' C Z,,, for which

17| = O(log m(log* m)“ &™) ¢ > 0,

and R
max|T(r)] < O(T|/log"m)

(where log™ m is the multi-iterated logarithm) hold. For structured set note
a theorem of Bourgain; if H is a multiplicative subgroup of F, of order
[H| > eclosn/ 1000, then | Y,y e,(rh)| = o(|H|); p — o0, (r # 0,¢ > 0)
(see e.g., [Gal).

Our aim of this section is to show that the L;-norm of a character sum
on a Hilbert cube is big in some respect.

We will prove:

Theorem 2.22. [Hegyvari [HE16]] Let A € (0,1}, » > 1, r € N, and let
H,(xg,a1 < ag < -+ < aq) be an arbitrary A-degenerate Hilbert cube. We

have
H3/2—7T/2 H| < 2/3
S| s VI e
2 I H| 2 p
where 7, = —log’““frﬂ).

Furthermore we investigate additive characters on Hilbert cubes of order
1. As we noted if A CU CF, and |A| > logp then max,o |A(r)| > c|A|.

We are going to show that from a non-degenerate Hilbert cube we can
select more elements having this property:
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Theorem 2.23. [Hegyvéri [HE16]] Let H(zg,a; < az < --- < a4) be an
arbitrary non-degenerate Hilbert cube. For every £ € F) there is a subset

H' C H with |H'| > eV H| such that

[H'(€)] > |H'].

2.3.1 Energies of Hilbert cubes

Energies inform us about the arithmetical structure of the given set. It is
easy to see that for both the additive and multiplicative energies we have

AP < E.(A), Ex(4) < |AF.
First of all we investigate multiplicative energy. We have

Proposition 2.24. [Hegyvdri [HE16]] Let A € (0,1]; » > 1, r € N and
let H = H.(xg,a17 < az < -+ < aq) be an arbitrary A-degenerate Hilbert

cube. We have
|H|"p |H| < p*/?
EX(H) << {|H3+’7r |H| 2]’)2/3

p

(2.25)

10g7‘+1 (2T+1)

where 7, = A .

Remark 2.25. Note that the estimations above are nontrivial if H is not
"too degenerate” (A is close to 1). For example find an |H| < p*?®. Since

1 <log, . (2r+1) <log, (2r+2) =1+ logz%, thus when r is ”big”, then

|H|"p is close to |H|*/2, which is better than the trivial bound |H|?.

Proof. Pick elements h,h' € H. Then h and h’' can be written as

d d
h = xo—l—z gia;; € €40,1,...,r} and I = x0+z eia;; €, e{0,1,...,r}

i=1 i=1
Hence

d
h+ b =20+ ma;; n; €{0,1,2,...,2r}.

i=1
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So we have
logry1(2r+1)

H+H| < 2r+1)%=|H~ 5 . (2.26)
Now we need the following lemma:

Lemma 2.26. Let A C F,. Then

(2.27)

A+ A||AP
E (A) <« max{]A+A[p,%}.

For (2.27) see e.g., [Ga, Lemma 3.4],

If |A| > p3, we get that in (2.27) the second term dominates the first
one, otherwise the first dominates the second one. Now one can estimate the
energy of a Hilbert cube by (2.26).

O

Secondly for the additive energy we argue as follows: the set
H={x=0,1<2<---<d} CF,

shows that the additive energy of a Hilbert cube could be large (larger than
the trivial lower bound |H|?) for arbitrary dimension.

Let H be an arbitrary Hilbert cube. Denote by R(z) the number of
representations of x as a sum of two elements of H, i.e. let R(x) = [{(hi, ho) €
H :x = hy + ho}|. It is easy to see that

|H]? =) R(x) and E (H)=» R(z).

z€Fy z€F,

Furthermore by the Cauchy inequality

1l = (Y R@) < |H+H]- Y B@) = |H + H|E, (1),

z€F, z€F,
Thus by (2.26) for Hilbert cubes of order one, we get
E+(H) > ‘H|4_10g2 3/A‘

So when the Hilbert cube is non-degenerate, we have E, (H) > |H|[**1°.
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In the rest of this section we are going to investigate the additive energy
of multiplicative Hilbert cubes.
By a multiplicative Hilbert cube we mean the set

Hx(xg,al,ag,...,ad):{xo- H afi} g; € {0,1}

1<i<d

where g, a1, az,...,aq4 € Z; and define H (r € N) in the same way as in
the additive case.

Let g be a primitive root modulo p, and write the elements of Z in the
form a = ¢°. For a subset X of Zy write indX = {y : g € X}.

Observe that H* (g, a1, as, .. .,aq) is a multiplicative Hilbert cube if and
only if,
indH*(xg,aq,aq,...,aq) is an additive Hilbert cube.

This easily implies

Fact 2.27. Assume that S C F;, [S| > p'~1/2" then S contains a multi-
plicative d—dimensional Hilbert cube.

(e.g. see in [GR])
We prove the following

Proposition 2.28. [Hegyvdri [HE16]] Let H* = H*(xo,a1,a9,...,aq4) C
s [H| = p% a > % be a multiplicative Hilbert cube and write Hy =
H (xg,a1,a9,...,aq). We have

HXIN1/5
B (HY) < \HX|3(M) .
p
It concludes

Corollary 2.29. Let H* := H* := H*(xg,a1,a,...,aq) C Fy; |H*| =
p*; o > 12 be a multiplicative Hilbert cube and assume that |Hy | < [H |t
for some € > 0. Then

B (") < |H**

1—a(l+e)

where ¢ = s
o



dc_1260 16

CHAPTER 2. ON HILBERT CUBES 30

i.e., we obtain a non-trivial bound for the additive energy.

Proof of Proposition 2.28

Write the additive energy of H* in the form E,(H*) = @ Then by
the Gowers, Balog-Szemerédi theorem (see [TV]) there is an H C H*, for
which [H™| > ‘H—KX| and [H + H"| < K5 H"|. We need the following

Lemma 2.30. Let A C ]F;. Then

. |A[*
|A+ A||AA| > min {p|A|, 7}
In particularly when |A| > p?/3 then |A + A||AA| > p|A|.

This is Proposition 1.1 in [Ga].
To use the lower bound p\FX| we need ‘H—KX| > p?/3 or equivalently

|H><| a72/3.

By this lemma and by H - H = C HJ', we obtain
_ e H”
K| > [T+ 1> | Jp
| H |
thus s
p
K> ()" (2.29)
5]

Note that |Hy| > |H*|, thus for (2.28) and (2.29) we need
<p1—a)1/5 <pa—2/3

which holds, since a > %.

H><|3 3 HX 1/5 ]
Hence E,(H*) = ==~ can be bounded by |H*| <72> as we claimed.
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2.3.2 Proof of Theorem 2.22 and 2.23

Proof of Theorem 2.22. First we are going to detect a connection between
the L; norm of a character sum and the multiplicative energy of an arbitrary
subset. We need the following

Lemma 2.31. Let A C ]F;’;. Then

A 3/2
ZﬂZ}:‘»pJ%ﬁﬁ. (2.30)

acA

This lemma is a multiplicative analogous of an additive one (see [Kal).
Since this form is not stated explicitly in the literature, we include a simple
proof here.

Proof. Write

Using the identity Y, p. \ff(\u/)\2 =(p—1)>,er |f(@)]* we have

= (p—DIAL

By the Holder inequality we get

-4l = 3|2 - X[
< (T (A"

X X

By the orthogonality <Ex \2;\4) is just (p — 1) - Ex(A), so we get

\/(( p—1) |Ar ZIAI

p—l

4/3
<

2/3‘

from which we get the statement.
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Now we can combine Proposition 2.24 and Lemma 2.31.
By Lemma 2.31 with H in place A we obtain

DO ER S

= PRHT|H| 2 p

Proof of Theorem 2.23. Let k = 6-[v/d|. Split the set A = {a; < ay < --- <
CLd} into blocks Az’+1 = {aikﬂ < Qiggo < -+ < a(i+1)k}; 1= 0, 1, 2, cey L%J,
(leave the remaining rightmost elements of A if it is necessary) and let B;,q :=
{ep(€- Z;:z‘kﬂ aj): tk+1<t < (i+ 1)k} be the corresponding sets. Since
H is a non-degenerate Hilbert cube, we get that all sets B; have k£ many
elements. Hence there are t; < t5 such that the difference of the arguments

of e,(& - Z?:MH a;) and e,( - Z?:ikﬂ a;) is at most 2%, and thus

wg (a6 D0 a) <77 (2:31)

Write a;,, = Z?":tl aj, let m = |{], and write wiyy = €,( - afyy); 1=
0,1,...m. Here m = ¢vVd = cy/log|H|. We have

H = {xo—l— Z giay; 61'6{0,1}} C H(wo,a1,az,...,aq)

1<i<m

Furthermore by (2.31) we argue that for all ¢ = {e1,...,¢,,} € {0,1}™

arg< Z €iwi> < 2% (2.32)

1<i<m

By (2.32) we obtain that
H(€)] > 2m = eV sl

for some ¢ > 0.
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2.4 On a problem of Brown, Erdos and Freed-
man

An old question in number theory is to find structures in certain sets, for

example in the set of primes, in the set of squares e.t.c. . Brown, Erdos and

Freedman [BEF] asked whether Q contains arbitrarily large Hilbert cubes.
Recall

F4(n) = max{k : there is a k-cube in AN {1,2,...,n}}.

So the question of Brown et al can be formulated in the following form: is it
true that
Fa(n) — o0

as n — oo’

A related old question is due to Erdés and Moser. They asked whether
there are arbitrarily large sets A C N such that for all a,a’ € A; a # o we
have a +a’ € Q.

The question of Brown, Erdos and Freedman remains open; our goal in
this section is to show that the dimensions Fg(n) and Fp(n) are not too big.

Before results below a theorem of Rivat, Sarkézy and Stewart [RSS] was
known; they proved that Fg(n) < logn. First we improve this result.

2.4.1 The case of squares and primes

Theorem 2.32 (Hegyvari-Sarkozy [HS99]). For n > ng we have

Fo(n) < 48+/logn.

To prove Theorem 1, first we shall have to study the modular analogue
of the problem. Let f(p) denote the cardinality of the largest subset A C Z,
with the property that for some d € Z, every element of d + F\S(A) is a
quadratic residue in Z,.

We will prove

Theorem 2.33 (Hegyvari-Sarkézy [HS99]). For € > 0, p > po(e) we have
fp) < 12/p.
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Proof of Theorem 2.32 and 2.33. :
First we shall need the following result of Olson and its consequence:

Lemma 2.34. If p is a prime number and aq, as, . . ., a, are non-zero residues
modulo p such that a; # +a; for i # j, then

1
|[F'S(a1,az, ..., as) > §min{p+3a3(5+ 1}

Thus we conclude the following

Corollary 2.35. If p is a prime number and R C Z, then we have
1
FS(R)| > 5 min{p+ 3, (|R — 1)/4).

Write

p—1
Glhp) = 3 ep(he?)
=0
and shortly Gy = G(1,p). It is well-known that |Go| = \/p and |G(h,p)| =
|Gy for h # 0 and G(0,p) = p..
Assume that d € Z,, A = {a1,as,...,ar} C Z,. Split the cube into two
parts;

B :=d+ FS(ay,az,...,am9) C:=FS(aggs1,---,0k),

SO
B+C CH(d a,as,...,a) (2.33)

and so each elements of B + C is quadratic residue in Z,,.
Then by Corollyary 2.35 we have

min{|B|,|C} > %min{pm,(m/zﬂ —1)/4). (2.34)

Let
1

T = Z <b€ZB ep(bx2)> <Z ep(cazz))

=0 ceC

bS]

Then by (2.33) we have

7| = ’gzzep((bJrc)xZ))’ = ‘ZZG(bJrc,p)’ >

z=0 beB ceC beB ceC
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> ’ZZGOI—ZZWO (b+e,p)l = [BIIClIGol— > [Go=G(0,p)| =
beB ceC beB ceC beB;ceCplb+c

>BlclvE-2 Y. 12 |BIClVE - 2min{BLICI.  (235)

beB;ceC;p|b+c

We turn to the upper bound; by the Cauchy inequality

T| = pz_i ’ Zep(bx2)H Z ep(ch)‘ <

z=0 beB ceC

- (; ‘ beZBep(b:cz) 2)1/2<§ ) Cezcep(ch) 2>1/2.

If x runs over 0,1...,p — 1 then 2% meets every residue class at most twice.
Thus it follows that

T < (2 S ‘ Zep(by)r) v <2p2:1 ‘ Zep(cy)r) V2 =
(yo)w (R ))1/2@10;3% =) -
=2V/|Blp\/IClp = 2pV/|BI|C]. (2.36)

It follows from (2.35) and (2.36) that

|BlIClvp < 2p(V/|BI|C] + min{| B[, |C[} < 4p+/|B]|C]

whence
min{|B|, |C|} < /|BJ|C] < 4\/p. (2.37)
by (2.34), and (2.37) we have
. (p+3 [k/2]2 -1
< . .
mm{ 5 3 } <4\/p (2.38)

If p > 57 then 252 > 4,/p and thus it follows from (2.38)

[£/2)? 1< 325
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For large p this implies
k= Al <12¥p

and this completes the proof of Theorem 2.33

Now we are in the position to prove Theorem 2.32
Proof of Theorem 2.32. We start by a very important but simple result which
called " Gallagher Larger Sieve”:

Lemma 2.36. Let A C [1, N] be a set of integers. Let P be any finite set
of prime numbers and for each prime let v(p) denote the number of residue
classes modulo p that contain an element of A. We have

> pep logp —logn

logp ’
> per B — logn

|A] < (2.39)

Using now this sieve we prove the following technical lemma:

Lemma 2.37. Let K > 0, 0 <7 < 1, pp > 0 and ¢ > 0, and write
C = (2K (1 —n)"/=m_ Then there exists a number ny = ng(K, 7, po, €) such
that if n € N, n > ng, A C {1,2,...,n} and, writing U = C(logn)"/ =7 we
have

v(p) < Kp" (2.40)

for every prime p with py < p < U then

|A| < (C + &) (logn)" 1=, (2.41)

Proof. We use Lemma 2.36 with P = {p : p prime; py < p < U}. Then by
(2.40) and the prime number theorem, for n — oo the denominator in (2.39)

18
log p logp
—1 > —1 =
E ” ogn E ogn

peEP (p) po<p<U
1 logn
(K +oll) Z (nlogn)n osn
n<U/logU

1 U/logU (log x)l—n
= <?+0(1)>/2 T—logn—
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= (g o) 0 - town = (g o)V

which is positive so that, indeed Lemma 2.36 can be applied.
Again by the prime number theorem, the numerator in (2.39) is

Zlogp —logn = Z logp —logn = (1+0(1))U —logn = (1 +o(1))U.

pEP po<p<U

(2.43)
It follows from (2.39), (2.42) and (2.43) that
A< (KL —1n)+o0(L)U" = (C +o(1))(log n)" ="
which proves 2.41 and this completes the proof the Lemma.
O

Now assume that there is a Hilbert k—cube H(d,ay,as,...,a;) in QN
{1,2,...,n}.

This implies that for every prime p, every element of H(d, a,as, ..., ay)
is a quadratic residue in Z,. Thus by Theorem 2.33, the number of distinct
residue classes amongst them is v(p) < 12./p.

By using Lemma 2.37 with K = 12; n=1/4; ¢ = ﬁ it follows that for
large n we have

1
k< (C+¢)(logn)"=m = (184/3 + m) (logn)'/? < 48/logn.

We investigated the related problem in primes as well. We obtain the
following;:

Theorem 2.38 (Hegyvari-Sarkézy [HS99]). For every € > 0 and n > ng(e)
we have
Hp(n) < (16 + <) logn

Proof. We shall need the following result of Olson (which is derived from
Lemma 2.34):
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Lemma 2.39. If p is a prime, and A is set of distinct non-zero residue

classesmodulo p, and
|A| > \/4p — 1

then for every residue classes x € Z, we have z € F'S(A).

Now we will prove that if d € N, A, |A| = s is a finite subset of N and
d+ FS(A) (2.44)
then defining v(p) as in Lemma 2.36, we have

v(p) < 4y/p+3. (2.45)

We will prove this by contradiction: assume that v(p) > 4,/p + 3. Then
there are integers

b, bg,....bp € A (2.46)
such that
k>4y/p+2. (2.47)
b; Zbj(mod p) for 1 <i<j<k (2.48)
b; #Z 0(mod p) for 1 <i < k. (2.49)

Write s = [k/2] so that by (2.47) we have

k
s>§—122\/]_9> V4p — 3. (2.50)

By Lemma 2.39 (and since d, by, . . ., by, are positive), it follows from (2.48),(2.49)
and (2.50) that there are u,v with

uwed+ FSHby,...,b}), (2.51)
plu; u >0, (2.52)
v € FS{bss1,---,bas}), (2.53)
plv; v >0, (2.54)

Then by (2.52) and (2.54) we have plu+ v, and u+v > 2p so that u+v is a
composite number. Moreover, it follows from (2.46), (2.51) and (2.53) that

u+ved+ FS{by,...,bx}) Cd+ FS(A)
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which contradicts (2.44), and this completes the proof of (2.45).
By Lemma 2.36, it follows from (2.45) that if n > n;(e) and

d+ FS(A) c PnLn

then we have
|A| = (16 + ¢) logn

which completes the proof.

Remark 2.40. Our results introduce many other results; e.g related to char-
acter sum estimation (Balasuriya and Shparlinski ([BaSh]), treatment and
versions of Gallagher sieve (Croot and Elsholtz [CE]), and many improve-
ments (Dietman-Elsholtz [DE1], [DE2], [W])

Let me mention that Wood observed — based on a work of Paturi, Saks and
Zane — that the dimension of Hibert cube which contained in P is connected
to the following problem: if C, denotes the circuits X3 (AND gates used
as inputs, OR gate as output) tests whether the number m = X;X5... X,
is a prime, then one can conclude the number of gates from the dimension

dim(P).

2.4.2 On infinite Hilbert cubes

It is an interesting question that which well-know sequence contains an infi-
nite Hilbert cube. Almost trivial that the set of squares @ and the set of all
primes P do not contain an infinite cube.

Let P = {n1 < ng < ...} be the set of the positive integers composed of
the primes not exceeding k. By a theorem of R. Tijdeman we know that

Nk41 — N — OO

as k — 0o. Hence we conclude

Theorem 2.41 (Hegyvari-Sarkozy). The set P = {n; <ns < ...} (k> 2)
does not contain an infinite cube.

Remark 2.42. Probably the set W := {1;4;8;9;...;n";...} also possesses
property above but this is not known, and presently this is probably beyond
our reach.
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Finally in this section we consider some result on special and general sets.
In [BR| Bergelson and Ruzsa proved the following interesting fact:

Theorem 2.43 (Bergelson-Ruzsa). Let A be the sequence of squarefree num-
bers. For every ay € A contains an infinite Hilbert cube H(ag,x;.25. ..}
containing in A.

They derived this result from the following theorem:

Theorem 2.44 (Bergelson-Ruzsa). Let S C N be a set such that 1 € S any
two elements of S are coprime, and

Zé<oo.

seS

Then there is an infinite set X such that
FS(X) C BYS)
where B¢(S) denotes the set of natural numbers that are not divisible by any
element of S.
In [He08¢| I obtained a related result:

Theorem 2.45 (Hegyvari). Let T':= {¢; : i € N} be an increasing sequence
of primes. Assume that there is an infinite Hilbert cube H(ag, z1.22...} C
B¢(T'), where B°(T") denotes the set of natural numbers that are not divisible
by any element of T'. Then for each n € N,

I(n)
H(n) <8y ¢
i=1

where f(n) is the smallest s for which ¢1¢q2 -+ qs > n.

As a corollary we obtain

Corollary 2.46. Let o > 1, and let U := {¢; : i € N} be an increasing

sequence of primes with

lim & _

and H (ag,z1.22...} C B¢(U). Then we have

3a+2

H(n) <c(a)(l()§1%> :
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We close this section a result on general set.

In [H79] E.G. Strauss proved that for every ¢ > 0 there exists a sequence
with density > 1 — e which does not contain an infinite Hilbert cube. On the
other hand, it was proved in [Na] that every sequence of integers with density
1 contains an infinite Hilbert cube. Let us start with two remarks. Firstly
note that for a given interval I = [a,a + m], if a Hilbert cube H(agp,z; <
.-+ < x,) lies in I then clearly s < /m. Secondly if for some A C [1, N], we
would like to avoid A by an Hilbert cube, then statistically we have a gap

with size % and by the previous remark there is a cube with |H| ~ ¢, /%.

This argument works just in a finite case and completely false in the infinite
case. However the next theorem shows that essentially apart from a logn
factor a same conclusion remains true.

Theorem 2.47 (Hegyvari). Let A be a sequence of integers and let w : N —
R* be any function and assume that w(z) — oo as © — oco. Then there
exists an infinite cube H which avoids A and for which

lim sup An)
noe L In/A(n) - w(n) - log*n

> 0.

The proof of Theorem 2.47 can be found in [He08b].



dc_1260 16

Chapter 3

Additive Ramsey type
problems

3.1 On a theorem of Raimi and Hindman

A branch of combinatorial analysis — called Ramsey theory — investigates
partitions of certain structures. In [H79], p.180, Th 11.15] Hindman deals
with the intersecting properties of a finite partition of the set N of positive
integers. He gives an elementary proof for Raimi’s theorem [RA68] which
reads as follows:

Theorem 3.1. There exists £/ C N such that, whenever » € N and N =
Ui, D; there exist ¢ € {1,2,...,r} and k € N such that (D; + k) N E is
infinite and (D; 4+ k) \ F is infinite.

Hindman shows that the set E of natural numbers whose last non-zero
entry in their ternary expansion is 1 satisfies this condition. Raimi’s original
proof used a topological result.

In the present section we are going to give a far-reaching generalization
to this theorem.

Recall that a given a sequence {z,}>, in N,
FS({zp}21) = {D_,cr Tn : F is a finite nonempty subset of N} .

Now we state a generalization of Raimi’s theorem.

42
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Theorem 3.2 (Hegyvéri [He05]). Let A C N be a sequence of integers such
that there is a positive irrational v for which {(yx) : © € A} is dense in
[0,1). Let r € N and let aq,aq,..., . be positive real numbers such that
> iy a; = 1. There exists a disjoint partition N = J;_; E; such that

(1) for every i € {1,2,...,7}, d(E;) = oy and

(2) for each t € N and each partition A = U§:1Fja there exist m €

{1,2,...,t} and asequence {z, }22 ; in N such that for every h € FS({z,}32 ;)
and every ¢ € {1,2,...,r}, (F,, + h) N E; is infinite.

Notice that Raimi’s theorem follows from the case r = 2, instead of an
infinite set {x,}°2, just a single integer k.

First we prove a technical lemma.

Lemma 3.3. Let {I,}°°, be a sequence of pairwise disjoint intervals in
[0,1) and assume that for every € > 0 there exist a € [0,1) and m € N such
that (o7 I, C (a,a+¢€). Let v be a positive irrational number, and let

n=m-+1-""1

E={reN:(yz) e U, I,}. Thend(E)=> ", u(l,).

Proof of Lemma . Recall that if v is a nonzero irrational number, then {(yz) :
x € N} is uniformly distributed mod 1. That is, if 0 < a < b < 1, then

d{x e N: (yz) € (a,b)}) =b — a.

Let @ = > 07 u(l,). Let ¢ > 0 be given and let k € N be an integer
such that S°*_ u(I,) > a —e. Choose an a € [0,1) and m € N such that
Uz I, C (a,a + ¢). We may presume that m > k.

n=m-+1
Let .
F={zxeN:(y)e UI”}
n=1
and let

G={rxeN:(y)e Ulnu(a,a—f—s)}.
n=1
Now ", I,U(a,a+¢) is a finite union of pairwise disjoint intervals of total
length 6 <>  u(I,) +e.
Therefore we have by the uniform distribution of {(yz) : x € N} that
d(F) =" u(I,) and d(G) = §. Thus d(E) > d(F) > 3F_ u(l,) >a—¢
and d(E) < d(G) <" pu(l,) +e<a+e. O
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Proof of Theorem 3.2. Take a positive irrational v for which {(yz) : x € A}
is dense in [0,1). Let sp = 0 and inductively for i € {1,2,...,r}, let s; =
Sic1+a; (sos,=1). Forie{1,2,...,r} and j € N, let

1 Si—1 1 S;
Jiyj— 1—2—]+ﬁ,1—2—3+23+1) .

For i€ {1,2,...,r} let J; = UjZ; Jij and let E; = {z € N: (yz) € J;}.
Then u(J;) =372, % = o; so by the lemma, d(E;) = «;.

Now let t € N and let A = U;Zl F;. We claim

Fact: For any ¢,d with 0 < ¢ < d <1 there exists m € {1,2,...,t} and
there exist a,b, with ¢ < a < b < d such that {{yz) : ©x € F,,} is dense in
(a,b).

To see this, suppose not. Let ag = ¢ and by = d. Inductively let j €
{1,2,...,t}. Then {(yz) : x € F;} is not dense in (a;_1,b;_1) so pick a;,b;
with a;_1 < a; < bj < b;j—1 such that {(yz) : € F;} N (a;,b;) = 0. When
this process is complete one has that (ay, bt)ﬂU§:1{<7$> :x € F;} = 0. That
is, (ay, b)) N{(yx) : x € A} = 0, a contradiction.

Now for n € N, we inductively choose ay, b,, and m(n) such that m(n) €
{1,2,...,t}, 0 < a, < b, < 1, {{yx) : © € Fyun} is dense in (an,by),
n — Qn

;and by — apg < 5

Choose m(1) € {1,2,...,t} and ay,b; such that 0 < a; < by < 1 and
{(yx) : @ € Fruqy} is dense in (aq,b1). Given n € N and a,, and b, let

b, —a
_ bn,]_— n n
c max{ 1 }

d:min{l,c—l—bn;an}.

Apply Fact to choose m(n+1) € {1,2,...,t} and a,41, bpy1 wWith ¢ < a4 <
b1 < d such that {{(yx) : v € F,(n41)} is dense in (@y41,b541). Then

n — Un

bn S Ap+1, Gp41 Z 1—

and

bn_an

by, <c<apgr, 1— <c < apyr,
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and
n — An bn — Qp

Now take m € {1,2,...,t} such that D = {n : m(n) = m} is infinite and
enumerate D in increasing over as {n(k)}32,. For each k € N, let ¢x = an@u)
and di = by). Then for each k, {(yz) : @ € F,} is dense in (c,dy),
dk,‘ S Ck+17

bn+1§d§0—|—

and
di — cg

g1 — Cpp1 < 5

For each k£ € N pick z; € N such that

de —
(vax) € (1_dk71_ck_ k26k>-

dk—Ck
v

Notice that for any k£ € N and v € w, diyy — Crpy <
We show now by induction on v € N that

HCN, |Hl=v,and k =min H =

dy, — ¢
= (YD iem 1) € (1_dk>1—ck— k2v k) ) (3.1)
When v = 1, (3.1) holds directly, so assume that v > 1 and (3.1) holds
for v — 1. Let H C N with |H| = v, let k = min H, let v = max H, and let
G = H \ {u}. Then

d — ¢
<’7Z l‘l> <1 —cp — ka—lk
leG
and ) d
SO
dp —cx  dp —cg A — ci

<’YIEZle>+<'ya:u><1—ck— = + o =1—c— 5
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Since (7> ,cq 1) + (y2,) < 1, we have that
Y w)+ () = (v )
leG leH

and so (3.1) is established.
Now let H be a finite nonempty subset of N and let ¢ € {1,2,...,r}. We
show that (Fy, +) .y 21) N E; is infinite. Let & = min H. Then by (3.1),

’)/Zl'l l—dk,l—ck)

leH
SO
cr + (’yz ) <1<dp+ (’yz x).
leH leH

1
Pick j € N such that 1 — 5 > G + <vz x;). Then
leH

Ck<1———’VZ 2]+1 ———72x1+ﬁ<d'€
leH leH

and {(yy) : y € F,,} is dense in (¢, di) and so

K:{yEF 1___72 2j+1 <ryy><1___72 2]+1}

is infinite.
To complete the proof it suffices to show that if y € K, then

Indeed, given y € K,
(V) + (1) m) € Ty

and (yy) + (v X ey 1) < 1so

+ (Y wm) =+ m)

led leH

SO Y+ D ey 1 € B as required.
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Remark 3.4. Theorem 3.2 implies that for every t partition of the set N =
U§'=1 F; not just one translation h of some F,, meets £, : (j =1,...,7)in
an infinite set, rather each translations do, given h from an additive ”cube”.

A natural question is to ask the following: Is any infinite set {x,}22,
such that Theorem 3.2 remains true if we want that the elements A included
in FSH{z,}52))UFP{z,}2,), where FP({z,}52 ) is a multiplicative cube
defined by

FP({xn};2,) = {I],cp ®n : F is a finite nonempty subset of N} ?

Our combinatorial approach is not enough to prove this extension. Maybe
some tools from ergodic theory would work.

3.2 A Ramsey type question of Sarkozy

A set A of positive integers is called an asymptotic basis of order h if any
large enough integer is a sum of at most h elements of A, the integer h
being the least one such that this property holds. In [AS3], A. Sarkozy
considered the problem of estimating the maximal order H(k), as asymptotic
bases, of the subsequences of primes having a positive relative density 1/k.
He obtained the upper bound H(k) < k* and the lower bound H(k) >
kloglog k. Later Ramaré and Ruzsa improved almost definitively this result
by showing H (k) < kloglogk (cf. [RR)).

A Ramsey type version of this problem is also due to Sarkézy who raised
the following question (see in [AS2]): one can see that for all k € N, there is
a number ¢ = t(k) with the property that for any k-colouring of the set of
squares every integer large enough can be represented as the monochromatic
sum of at most ¢ squares. Then what is the smallest number ¢ = ¢(k) having
this property, and also the similar problem for the primes.

To describe our result we define the concept of the order of K partition.

Definition 3.5. For any integer positive K and any K-partition
U= (AlaA27"'7AK)

of A as a union of K sets

K
A=J A,
k=1
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we denote by ord(U) the least number h having the following property: for
any sufficiently large integer n there exists k such that n is a sum of at most
h elements of Aj. We finally denote

ordg (A) = sup{ord(U) : U is a K-partition of A}.

First we quote an important "finite type Kneser theorem” which is due
to Sarkozy

Lemma 3.6. Let N and k be positive integers and A C {1,2,..., N} such
that

N
— 4+ 1.
]A\>k+

Then there exist integers d, h, m such that

1<d<k-—1,
1< h < 118k,

and

{(m+1)d, (m +2)d,....(m+ N)d} C hA.

3.2.1 The squares

First we give an upper bound.

Theorem 3.7. [Hegyvari-Hennecart [HHO7]|
Let K be an integer. Then

ordg (Q) < c3(K log K)°.

where c3 can be taken equal to 10°.

Proof. Let
K
k=1

be a partition of the squares. Let Ny be an integer large enough such that
for any N > N,

7(VN) = n(VN/2) > K + 1.
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Take any N > Ny and put
Sk = QN [N/4, N|, kE=1,2,..., K.
For each prime p, let
I,={1<k <K : S CNp}

We then define recursively the following, possibly empty, increasing sequence
of prime numbers:

91 = mln{p : [p # ®}7
g =min{p : I, \ (I, U---Uly_,) # 0}, j=2.

This sequence is clearly finite: ¢; < g2 < -+ < ¢, with |[,,U---UI, | < K—1.
We denote K’ the complementary set of I, U---U I, in {1,2,...,K}. We

have
- 1\ VN
U s> T] (1 _ _> VN
, o %/ 2
kel j=1
K—1
1 N
S1(-5)
j=1 Pj
> \/N
~ 4log K’
by an explicit lower bound in Mertens’ formula, where p; < py < --- is the

increasing sequence of prime numbers.
Hence there exists some k € K’ such that

VN
|Sk| > ———.
4K log K

Let us denote by TS) (n) the number of representation of n by five squares.
Now we need a lemma:

Lemma 3.8. For any n > 1, we have

rS(n) < 30n%2. (3.3)
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The lemma is a simple consequence of Theorem 4, p. 180 in [EG].

Put § = S;. We have

5 i \/N 5
<21> =15z <4KlogK> :

seS

and on the other hand

(Z 1) =2 < 3 Q)

seS nedbS nesS
< |58| max TS)(H) < 340N3/%|58],
1<n<5N
by (3.3), where we write 5S for denoting the set of the sums of 5 elements

from S.
It satisfies 5S C [5N/4,5N] and

N

58| > ————
551 = c1(Klog K)®’

for some absolute constant ¢; > 0. Assuming N large enough, we deduce
from Lemma 3.6 that there exist d with 1 < d < ¢;(K log K)® such that for
some

h < hy = cy(Klog K)°,

we have

{(m+1)d,(m+2)d,...,(m+5N)d} C 5hS,
for some m such that

N
% <md and (m+5N)d <5hN.

Since k belongs to K, we see that & = S, contains some integer s coprime

to d and satisfying
E <s<N.
4

Thus any integer in the interval

L:={(m+1)d+(d—1)N,(m+2)d+(d—1)N+1,...,(m+5N)d}
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can be written as a sum x+7js where x € 5hS and 0 < j < d—1. By shifting £
by multiples of s and taking the union of the given intervals L+ js, 0 < j </,

we get
5htd—1+1

[(m+ N)d, (m+5N)d+IN/4 c | jS.

Applying this argument to N + 1 instead of N, we get for any I’ > 0

S5h/+d' =141
[(m'+ N+1)d, (m' +5N+5)d +I'(N+1)/4c ) i,
j=5h’
where
S’—QHN+1N 1 1<K<K, 1<d<c/(KlogK)’ 1<K<h
— k' A ) + ) = = ) = ~ cl( og ) ) =~ >~ 1,
and

(m'+ N+ 1)d < (50 —4d)(N +1) < (51 — 4)(N + 1) < (5hg — 4)(N + 1).

Since (m + 5N)d + IN/4 > 5Nd + IN/4, letting | = I[(N) = 20hg — 20d —
15, it follows that the intervals I(N) = [(m + N)d,(m + 5N)d + IN/4],
N sufficiently large, where m,d depends on N, overlap. Thus any large
integer is a monochromatic sum in terms of partition (3.2) of at most 25hy =
c3(K log K)® squares and we are done. O

We now turn to obtain a lower bound of ordg(Q).
Theorem 3.9 (Hegyvéari-Hennecart [HHO7]). Let K be an integer. Then

log K )

ordg(Q) > K exp ((logQ + 0(1))w

Proof. For any s > 2, let My = pipops...ps where p; < ps < p3 < --- is
the increasing sequence of prime numbers. We denote by R the set of all
non-zero quadratic residues modulo M. Then

1_1~p2_1-----ps_1
2 2 2

p
R =
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Let us consider the following partition of the squares:

Q= LJ{m2 : (m,M;_1) =1and p; | m}U U QN (m + NMj).
j=1

meR

This a K-partition with

Let n be a large square free multiple of M. If h is such that h(m+qM;) =n
for some m € R, then M, | h. This yields h > M,. We obtain

ordg, (Q) > M.

Now let K > 2 be an integer. Then there is an s > 1 such that K, < K <
K. Since (ordg(Q))k>1 is not decreasing, we get

s+1K 25+1K
My N 2 sHL

OI‘dK(Q) Z Ol"dKS(Q) Z MS =

Ps+1 Ps+1 DPs+1

Classic asymptotic estimates on the primes give

log K

(14+0(1))logs _ 6(1+0(1)) log logK‘
log log K

s+1=(1+0(1)) and psy1 =€

3.2.2 The primes

First we give un upper bound:

Theorem 3.10. [Hegyvari-Hennecart [HHO7]] Let K be an integer. Then

ordg(P) < 1500K°3.

Proof. We need two lemmas:
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Lemma 3.11. Let N be a large integer. Then for any n < N, we have

N2
3
00 < oy

where rg’ ) (n)the number of representations of an integer as a sum of 3 primes.
and
Lemma 3.12. Let N be a large integer. Then

N3
E N/2,N|) < —— 4
(PON2N < g (3.4
where E(-) as usual denotes the energy.

The proofs of the lemmas can be found in [MBN] (using different termi-
nology).
Let

K
P=JP (3.5)
k=1

be a partition of the primes. By the prime number theorem, since 20/4 > 2,
we can find an integer Ny such that for any N > Ny, both (3.4) and

N
N)—n(N/2) > ————— )
are satisfied. Let N > Ny and put
Sp="PrN(N/2, N, k=1,2,..., K.

For any k =1,..., K, we have by Cauchy-Schwarz inequality,
[Skl* < 1284 E(Sp),

thus there exists k£ such that

[Suf* 4 + Sk
28.| >
[28k] = E(S)+ -+ E(Sk)
Sul* 4+ Sk
— E(PN(N/2,N]) "




dc_1260 16

CHAPTER 3. ADDITIVE RAMSEY TYPE PROBLEMS o4

By Holder inequality we get

98] > (ISl +---+ 18" _ (w(N) — =(N/2))*
M=K3E(PN(NJ2,N])  K3E(PN(N/2,N))

giving by Lemma 3.12 and (3.6)

N
28| > ——.
TS

We put § = ;. Since 28 C (N, 2N], applying Lemma 3.6 to 2§ — N shows
for N large enough that there exists an integer d with 1 < d < 4K3 such
that for some

h < hy = 500K°, (3.7)

we have
AN +{(m+1)d,(m+2)d,...,(m+ 2N)d} C 2hS,

for some m such that (m+2N)d < hN. Since S contains at least two primes,
we can find a prime p in S which is coprime to d. Thus the following interval
of consecutive integers

AN +{(m+1)d+ (d—1)N,(m+2)d+ (d—1)N+1,...,(m+2N)d}

2h+d—1
is contained in U jS. Now shifting this interval by successive multiples
j=2h
of some arbitrary element p € S, we get

2h+d—1421
hN +[(m+ N)d, (m+2N)d+INJc | ] s

j=2h
Applying this with N + 1 instead of N, we get for any I’ > 0,

2h'+d—1421'
RN +1)+[(m' +N+1)d,(m +2N+2)d +I'(N+1D)]c | s,
j=2h/

where

S =PunN(N+1)/2,N+1], 1<K <K, 1<d<4K? 1<h < hy,
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and
B'(N+1)+(m'+N+1)d <20 —d)(N+1) < (2hy — 1)(N +1).
Since hN 4+ (m +2N)d +IN > (h+ 1+ 2d)N, we get for | =2hy —2d — h
R'(N+1)+ (m'+ N+ 1)d <hN + (m+2N)d + IN.

It follows that we can cover all sufficiently large integers by sums of at most
3ho monochromatic sums of primes, according to the given partition (3.5).
and by (3.7) we proved the theorem.

Now we turn to the lower bound.

Theorem 3.13 (Hegyvari-Hennecart [HHO7]). Let K be an integer. Then
ordg(P) > (7 + o(1))K loglog K.

Proof. Let us consider the partition

M
P={peP:p|M}U U PN (m+NM)
(mﬁ]\?)lzl
(M > 1) and the colouring classes induced by it. This is a K-partition with
K =14 (M),

where ¢ is the Euler’s totient function. Let us count the minimal number
of monochromatic summands needed to represent a large positive integer n
congruent to 0 modulo M: it is clearly sufficient to consider the chromatic
classes P N (m + NM), where (m, M) = 1. Obviously any integer h such
that h(m + gM) = n for some m coprime to M and some ¢ > 0 must satisfy
M | h. Thus

ordy ) (P) > M. (3.8)

Now let K > 2 be any integer. Let the sequence (Mj)s>1 be defined as in
the previous section. There exists an s > 1 such that 1 + (M) < K <
1+ ¢(Mgyq), or equivalently

K—-1

ps— 1< m < (ps — 1)(psy1 —1).
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Let A be the integral part of so(i{\/lil)' Observe that A > p, — 1. We thus have

A+ DM, 1) > K — 1> Ap(Ms_1) > o(AM,_,).

Since the sequence (ordg(P))x>1 is non decreasing, we deduce from (3.8)

A A+ 1)p( M,
ordg (P) > ordiypoan, )(P) > AMs—y = ( ) ( )p(M—1)

A+1 _1
" ZD|]\1/;s[—1<1 p)
s — 1 K-—-1
(2 ey

p
leS,1

From Mertens’ formula, we obtain

1 (1 ) 1) _ e—vlozzm e (1)

oMot P loglog K

by using the estimate
log K = (1+0(1)) log p(Ms) = (1+0(1)) log My = (14+0(1))ps = (140(1))slog s,

deduced from the prime number theorem. O

Remark 3.14. 1. At the proof of Theorem 3.13 we us a similar approach
what used Sarkozy having a lower bound for the order as additive basis of a
dense set of primes.

2. Akhilesh, Ramana and Ramaré and Guohua Chen improved the bounds
both in the prime as well as the square case. see [AR14], [RR12] and [Ch16].

]
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Chapter 4

Restricted addition and related
results

Recall some notation which will be necessary in this chapter:

For h > 1, we will use the following notation for addition and restricted
addition: h.A will denote the set of sums of h not necessarily distinct elements
of A, and h x A, the set of sums of h pairwise distinct elements of A.

In this sense for an infinite set of integers A C N, the set of subset sums
can be perform as F'S(A) = Upsq(h x A) U {0} (zero comes form the empty
set).

4.1 On a problem of Burr and Erdos

In [E], Erdds writes:

Here is a really recent problem of Burr and myself : An infinite
sequence of integers a; < as < --- s called an asymptotic basis
of order k, if every large integer is the sum of k or fewer of the
a’s. Let now by < by < --- be the sequence of integers which is
the sum of k or fewer distinct a’s. Is it true that

lim sup(biH — bl) < Q.

o7
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In other words the gaps between the b’s are bounded. The bound
may of course depend on k and on the sequence a; < ag < ---.

If A is an increasing sequence of integers a; < as < ---, the largest
asymptotic gap in A, that is

limsup(a;11 — a;),
i——+00
is denoted by A(A).
The question of Burr and Erdés takes the shorter form: is it true that if
h({0} UA) ~ N, then

AAU2 X AU---Uhx A) < 400?

In the following theorem we disprove this conjecture (except if h = 2):

Theorem 4.1 (Hegyvéri-Hennecart-Plagne [HHP)). (i) If (AU 2A4) ~ N
then
A(AU2 x A) <2.

If2A ~ N then A(2 x A) < 2.
(ii) Let h > 3. There exists a set A such that h({0} UA) ~ N and

AAU2X AU---Uh x A) = +o0.
There exists a set A such that hA ~ N and A(h x A) = +o00.

Proof. Let us first consider the case h = 2. Clearly the odd elements in 2.4
do belong to 2 x A. This implies that if 2.4 ~ N, then A(2 x A) < 2. This
also implies that the odd elements in AU 2A are in AU (2 x A). It follows
that AU2A ~ N implies A(AU (2 x A)) < 2.

In the case h > 3, it is enough to construct an explicit example. We first
introduce the sequence defined by zo = h and z,1; = (3-2""2 — 1)22 + hx,
for n > 0, and let

A, =0,22)U{2z : j=0,1,2,...,h —2}.

Finally we define
A={0}u ] (@n+ A).

n>0
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Since any positive integer less than or equal to 2"~! — 2 can be written
as a sum of at most h — 2 (distinct) powers of 2 taken from {27 : j =
0,1,...,h — 2}, any integer in [0, (2""1 — 1)22) can be written as a sum of
h — 1 elements of A,,. Thus it follows

[0, (3-2"2—1)2?) c {0,2" 222} +[0, (2" ' =1)2?) c {0,2" 222} +(h—1) A, C hA.,.

We therefore infer that [hz,, z,.1) C h(z, + A,). Moreover, since hz,, < 22,
we have [z, hz,] C [z,,2%] C z, + A,. It follows that, for any n > 0, we
have

[0, Tas1) C h((z, + A,) U{0}) C hA

Consequently hA ~ N.

On the other hand, (h—1).A4 7 N. Indeed, this assertion follows from the
more precise fact that, for any n > 0, no integer in the range [(2" ! —1)22 +
(h — 1)x, + 1,2"7122 — 1] (an interval of integers with a length tending to
infinity with n) can be written as a sum of h — 1 elements of A. Let us prove
this fact by contradiction and assume the existence of an integer

we (2" =D +(h— Dz, + 1,222 —1]n(h - 1)A.
Since we have (using h > 3)
u < 2h’1x721 -1 <z,

we deduce that

u € w—w)(m}utﬂa+w&g
i=0
C (h=1)([0,z, + 22]U{22] + 2, : j=1,2,...,h—2}).
In other words, we can express u as a sum of the form

u o= anp (2"l 4 an) o+ an (20 + x) + p (0 + 1))
= (2" Pan-2+ 200+ p) ap + (g + oo o+ p) 2,

with aq,...,a,_2 € N, p a positive real number and

ah_2+---+a1+p§h—l.
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If we denote by [p| the integral part of p, this implies that

(2" Pap_o 4+ 200+ [p]) 22 < u < (2" Pap_a + - + 200 + p) 2o+ (h—1)z,

and in view of u € [(2"1 —1)a2 + (h — 1)z, + 1,2 122 — 1], we deduce that
2" 2y g 44200 +[p] < 2" 1

and
2" 2 g+ 200 +p > 20— 1

We therefore obtain 2 2ay,_o + -+ + 2a; + [p] = 2! — 1. We conclude by
the facts that a,_o+- -+ a3+ [p] < h—1 and that the only decomposition of
2"=1_1 as a sum of at most h—1 powers of 2is 2" "1 —1 = 142422 ... 422
that a1 = -+ = ap_9 = [p| = 1. From this, we deduce that p <h—1—a; —
o+ —ap_p = 1 and finally p = 1 which gives u = (2" — 1)z2 + (h — 1)z,
a contradiction. Since hA ~ N, we deduce that A is an asymptotic basis of
order h.
Concerning restricted addition, we see that for [ > h — 2, we have

max(l x A,) < (2" = 2)22 + (I — h+2)22 = (2" + 1 — h)z?.
Hence
Tpe1 —max (I X (z, +A,)) = (2" 2 =1+ h— 1)zl + (h— Dz,

If | <224+ h—2, then ,,; — max (l X (z, + An)) > 22 — (2"2 - 2)x,
which tends to infinity as n tends to infinity. O]

Having Theorem 4.1 at hand, the next natural question is then: assume
that hA ~ N, that is h.A contains all but finitely many positive integers, is it
true that there exists an integer k such that A(k x A) < 400 7 If so, k could
depend on A. But, suppose that such a k exists for all A satisfying hA ~ N:
is this value of k uniformly (with respect to A) bounded from above (in term
of h)? If so, write k(h) for the maximal possible value:

k(h) = max min{k € N such that A(k x A) is finite}.
hA~N

Theorem 4.1 implies that k(2) does exist and is equal to 2. No other value
of k(h) is known but we believe that the following conjecture is true.
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Conjecture 4.2. The function k(h) is well-defined in the sense that for any
integer h > 1, k(h) is finite.

One can read from the proof of Theorem 4.1 that if for every h, k(h)
exists, then

Theorem 4.3. Let h > 2. We have
k(h) >2"2 4+ h—1.

According to what obviously happens in the case of usual addition, it
would be of some interest to establish, for any given set of integers A, the

monotonicity of the sequence (A(h x A)), _,:

Conjecture 4.4. Let A be a set of positive integers, then the sequence

(A(h x A)), ., is non-increasing.

More interestingly, we will show the following partial result in the direc-
tion of Conjecture 4.4:

Theorem 4.5 (Hegyvéari-Hennecart-Plagne). Let A be a set of positive inte-
gers and h be the smallest positive integer such that A(h x A) is finite. Then
there exists an increasing sequence of integers (h;)j>o with hg = h such that
forany j > 1, one has h;+2 < hjpy < hj+h+1 and A(hj1 xA) < A(h;xA).

This shows that for a given set of positive integers A, the inequality
A((h +1) x A) < A(h x A) holds for any h belonging to some set of positive
integers having a positive lower asymptotic density bounded from below by
1/(h+1).

Remark 4.6. At the proof of Theorem 4.5 we will use a combinatorial
lemma, called ”sunflower lemma”. Recently this lemma is frequently used at
additive problems. In my knowledge before us only Erdos and Sarkozy used
it to solve (rather a different) problem.

Proof of Theorem 4.5. Let A be such that d = A(hx.A) < +o0. This implies
that for any sufficiently large x,

A(z) = |AN[L,z]| > Cz/™,
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for some positive constant C' depending only on d. Now, the number of
subsets of A N [1,z] with cardinality i + 1 is equal to the binomial coeffi-
cient (A(z)) > V" where the implied constant depends on both A and h.

h+1
Choose an x such that (ﬁfl)) > (h + 2)! k" 22, Tt thus exists an integer n

less than (h 4 1)z such that
n:agi)—i—---jtagjil, fori=1,...,(h+ 1) A"

where the (h + 1)! W2 sets E; = {agi), . ,aﬁf}rl} of h + 1 pairwise distinct
elements of A are distinct. We now make use of the following intersection
theorem for systems of sets due to Erdés and Rado (cf. Theorem III of [?]):

Lemma 4.7 (Erdés-Rado). Let m, ¢, be positive integers and F;, 1 < i <
m, be sets of cardinality at most 7. If m > r!q¢"™!, then there exist an
increasing sequence iy < iy < --- < ig41 and a set F' such that F;, N E;, = F
assoonas 1 <j<k<q+1.

By applying this result with ¢ = h and » = h + 1, we obtain that there
are h +1sets I, j = 1,...,h+1, and a set I/, with 0 < |F| < h — 1,
such that F;, N E; = F if 1 <j7+#k<h+1. Observe that we must have
0 < |F| < h— 1 since the E;’s are distinct and the sum of all elements of E;
is equal to n for any . We obtain that the integer

n’:n—E a

acF

can be written as a sum of h+1—|F| pairwise distinct elements of A in at least
h+1 ways, such that all summands occurring in any of these representations
of n’in (h+1—|F|) x A are pairwise distinct (equivalently, this means that
the set UM} E; N\ F has exactly (h+1)(h+1—|F]) distinct elements). This
shows that
n+(hxA) C(2h+1—|F|) x A,

and finally A(h x A) = A(n'+(hx A)) > A(hy x A), where hy = 2h+1—|F|.

Iterating this process, we get an increasing sequence (h;);>o, with hg = h,
such that

A(hy x A) = A(n' + (hy x A)) = A(hj1 x A),

where h;q is of the form h; + h + 1 — |F}| for some set F} satisfying 0 <
|F;| < h—1. We conclude that h; +2 < hjy; < h; +h+ 1, as stated. O
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To finish this section we mention two related problems. We quote from
the book [ERG] written by Erdds and Graham where two of these conjectures
are explicitly stated (page 52): Is it true that if ord(A) = r, then r x A has
positive (lower) density? If d(sA) > 0 then must s x A also have positive
upper density?

In [HHP2] we gave an affirmative answer to these questions. We prove a
more general theorem (which is also valid, but with no interest, if d(hA) = 0)

Theorem 4.8 (Hegyvari-Hennecart-Plagne). Let A be a set of positive in-
tegers such that for some integer h d(hA) > 0 then

1

R exp(m+/2h/3)

d(h x A) >

d(hA).

See the proof in [HHP2].
Finally we will show that a relative small part of 2.4 lies outside of 2 x A:

Theorem 4.9 (Hegyvari-Hennecart-Plagne). For any finite set A of non
negative integers with |A| > 2, one has

|24 (log log [2.4])°/4
(log [2A[)V/4

Proof of Theorem 4.9. Let B be the subset of A defined as

A\ (2x A <

B = {a € A such that 2a ¢ 2 x A}.

We let
B=|B=]2A)\ (2x A)| = 24| — |2 x A|.

Clearly B does not contain any non trivial triple in arithmetic progression,
because if a + b = 2¢ with a,b,c € B and a # b then 2c =a+b € 2 x A
contrary to the fact that ¢ is in B. Thus we may apply the following lemma:

Lemma 4.10. Let A be a finite set of non negative integers of cardinality
n. If A does not contain any 3-term arithmetic progression, then

/A

2A| > ———.
241 = 2r3(n)1/4
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See the proof in [Ru].
So by the lemma we obtain
5/4
2812 o B
Now, since A contains B, we have

35/4

24| > ———

and finally, by a result of Sanders [San],

log |B|'/*

2A| > kiB—"———
2A] 2 7 (loglog B)%/4

for some positive constant ;. Clearly this lower bound implies

12A4](log log |2.4]) /4
log [2.A4]1/4

A\ (2xA)|=B<r

for some constant .
O
Remark 4.11. 1. The theorem above was independently proved by T.
Schoen [So]
2. Originally in [HHP2| we gave the bound
2A
(loglog A 7+

(AN 2 x A <~

using Roth’s result [Roth]. (Sanders’ result is later than our theorem).

4.2 On complete sequences

A set A C N is said to be complete if there exists a threshold number ng such
that every natural number greater than ng is the sum of distinct terms taken
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from A. This concept was introduced by Erdés in the 60’s. The simplest
example for a complete set is the powers of two: {2" : n = 0,1,...} where
clearly the threshold is ng = 0. An infinite subset A C N is called subcomplete
if there is an infinite arithmetic progression in F'S(A).

In the literature there are many interesting results: K.F. Roth and Gy.
Szekeres proved that if f(z) € R[z] and f maps integers to integers then the
set F':= {f(n) : n € N} is complete if and only if for any prime p there is
an integer k such that p does not divide f(k), and the leading coefficient of
f(z) is positive. (They used ingenious analytic techniques).

There are many generalization of it; e.g. S. Burr investigated some per-
turbation of values of F'. He proved that the set F’ := {s, = f(n) + O(n®) :
n € N} is subcomplete, provided the values of F’ are positive integers, f is
non-constant, and 0 < a < 1.

For thinner sequence I quote here a theorem of Zeckendorf who proved
that every positive integer N has a unique representation as the sum of non-
consecutive Fibonacci numbers.

Many other problems and results can be found in [ERG], section ”Com-
plete Sequences”.

In the next two sections I discuss two earlier results of mine.

4.2.1 Completeness of thin sequences

A natural question of Erdés asked how dense a sequence A which is subcom-
plete has to be. He conjectured that a,.i/a, — 1 (as n — oo) implies the
subcompleteness. However in 1960 J. W. S. Cassels (cf. [Ca]) showed that
for every € > 0 there exists a sequence A for which

(i1 — G = 0(al/?1€)
and A is not complete.
In 1962 Erdos proved the following theorem:

Theorem 4.12 (Erdés). Let A C N be an infinite increasing sequence of

integers, for which
-1

A(n) > on*%
(C' > 0). Then A is subcomplete
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A couple of years later J. Folkman improved it to A(n) > n'/?* (¢ >
0; n > ng(e)).

In 2000 I arrived very close to the best. I proved

Theorem 4.13 (Hegyvdri). Let A = {0 < a; < as < ...} be an infinite
sequence of integers. Assume that

A(n) > 3004/nlogn
for n > ng. Then A is subcomplete.

We mention here that 300/nlogn cannot be replaced by v/2n; it is easy
to construct a sequence A for which A(n) > v/2n and A is not subcomplete.

In the same year a little bit later and independently Luczak and Schoen
[LS00] also proved essentially in the same way this theorem.

The proofs based on a theorem of Sarkézy (which theorem was also proved
independently by Freiman using Fourier analysis).

The proof of Theorem 4.13 can be found in [He00] and in ([TV] p.480;
p.482).

Finally in 2006 Szemerédi and Vu [SzV] could complete the problem of
Erdos; apart from the constant factor they proved the conjecture:

Theorem 4.14 (Szemerédi-Vu). Let A = {0 < a; < as < ...} be an infinite
sequence of integers. Assume that

A(n) > /n
Then A is subcomplete.

As they wrote there: ”The proof presented here combines arguments from
Hegyvdri’s paper [11] and new ideas...”

([11]=[HE00]).
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4.2.2 Completeness of exponential type sequences

As we mentioned the simplest example for a complete set is the powers of two:
{2" :n =0,1,...} where clearly the threshold is ny = 0 and furthermore the
set S, ={p" :n=0,1,...};p € Nis complete if and only if p = 2. An easy
counting argument shows that if a set A is complete, than

A(n) = Z 1> logyn — ta, (4.1)

a€A;a<n

for some t4. Thus it is reasonable to ask on a slightly denser sequence. A
longstanding question of Erdds was strengthen by J. Birch in 1959 who proved
that the sequence S,, = {p"¢™ :n,m =0,1,...}, (1 <p,q € N (p,q) =1)
is complete (see in [Bi]).

A few years later Cassels proved in [Ca] a more general theorem which
includes the Birch’s theorem.

Theorem 4.15 (Cassels,1960). Let A C N and assume that
A(2n) — A
LA~ A)

n—oo  loglogn

I

and for every real number 6, (0 <6 < 1) >, ||a;0| = oo.
Then the sequence A is complete.

Later H. Davenport remarked that there is a stronger version of Erdds’
conjecture which is not covered by Cassels’ theorem: considering (4.1) there
should be a threshold K = K(p,q) for which the set S, ,(K) = {p"¢" : n =
0,1,... 0 <m < K} will be complete.

As Erdés wrote

”Of course the exact value of K(p,q) is not known and no doubt will be
very difficult to determine.”

In [He0Ob] I gave a quantitative upper bound for the function K(p,q)

Theorem 4.16 (Hegyvéri). For every integers p,q > 1 and (p,q) = 1 there
exists K = K(p,q) such that the sequence Yx = {p"¢™ :n =0,1,... 0 <
m < K} is complete. Moreover

22q4p+3

K(p,q) <2p*

where ¢ = 1152 log, plog, q.
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I should mention that my theorem has many improvements.

Firstly J. Fang — based on my idea and a result of V. Vu — could reduce
one step of my proof obtaining

Theorem 4.17 (J. Fang [FG]).

2q2p+3

K(p.q) <p°
where ¢ = 11521log, plog, gq.
Further improvements by Y-G. Chen and J. Fang
Theorem 4.18 (Y-G. Chen J. Fang [CFG]).

q2p+3

K(p,q) <¢
where ¢ = 1152log, plog, q,

Very recently Bergelson and Simmons [BS] obtained the best bound, using
a very deep theorem of Fiirstenberg.

I close this section with two further results. The first is related to the
recent result of Bergelson and Simmons and a question of Erdos and Graham
[p. 53 in [ERG]). In this booklet they asked the following: Let S(t,a) =
{s1,82,..., } with s, = |[ta"]. For what values of t and « is S(t, @) complete?
(As they wrote: There seems to be little hope of proving this at present since
it is not even known what is the distribution of [(3/2)"].) In [HR] with G.
Rauzy we prove

Theorem 4.19 (Hegyvari-Rauzy [HR]). Let B = {b; < by < ...} C N,
a > 0. Then the set
{bm[2"a] : b, € B n € N}

is subcomplete.

The second is related to the completeness of exponential type sequences.
Chen-Fang and myself proved the following result: Let

S, ={p®:s>0;s €N}
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be the sequence of p powers, and let Fo =0,F;, =1, n>1; F,=F,_1+
F,,_5 be the sequence of Fibonacci sequence. Finally denote by

fk(n) = {Fk < Fk+1 < Fn},
the k, n-truncated sequence of {F;}, where n > k.

Theorem 4.20 (Chen-Fang-Hegyvéri [CFH]). For any integer p > 1 and
any integer k > 1, there exists an integer n < p*F 5 o+ pFryop—2 such that
SpFr(n) is complete.

THE THEOREM 4.13 AND THEOREM 4.16 ARE RELATIVELY OLD RE-
SULT OF MINE. THESE RESULTS CAN BE FOUND IN PAPERS WHICH WILL
BE INCLUDED AS A SUPPLEMENTS AT THE END OF THIS WORK.
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Chapter 5

Expanding and covering
polynomials

5.1 Expanding polynomials

The well-known Cauchy-Davenport theorem states that for any pair of sets
A, B in Z, such that A+ B # Z,, we have |A+ B| > |A| + |B| — 1 and this
estimation is sharp; for arithmetic progressions A, B with common difference
yield |A+ B| = |A|+|B| —1. Now a natural question arises; what can we say
on the image of a two-variable (or more generally multivariable) polynomial.
One can ask which polynomial f blows up its domain, i.e. if for any A, B C
Zy, |A| < |B| then f(A,B) := {f(a,b) : a € A;b € B} is ampler (in
some uniform meaning) than |A|. As we remarked earlier, the polynomial
f(z,y) = x + y and similarly g(z,y) = xy are not admissible.

Let us say that a polynomial f(x,y) is an ezpander if | f(A, B)|/|A| tends
to infinity as p tends to infinity (a more precise definition will be given above).

Nevertheless by the well known sum-product estimation we know that
one of them blows up its domain.

Theorem 5.1 (Bourgain-Katz-Tao). Let A C F,, for which
P’ < |A] < p'°.
Then one has a bound of the form
max{|A + A|,|AA[} > ¢(5)|A['*

for some € = () > 0

70
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see the proof in [BKT] (later results omitted the d-restriction)

Remark 5.2. This theorem gives immediately a three-variable expanding
polynomial. Indeed, we have two cases

When |AA| > |A|'*¢, then for every element a € A we have
AA+ A| > [AA+a| > A,

When |A + A| > |A|'*°, then again for every b € A (b # 0 by the
well-known Plnnecke-Ruzsa’s inequality we get

[bA + bA| > |A|'Te

hence
DA + AJ?

|A|" < |bA + bA| < o

so we get |AA + A| > |A]}FE/2]

Thus by this remark the challenging question is to find two-variable ex-
panding polynomials.

Definition 5.3. For any prime number p, let F : IF’; — [F, be an arbitrary
function in 2-variable in [F,,. This function is said to be expander, if for any
a, 0 < o < 1, there exist € = €(a) > 0 such that for any pair A, B € F,, with

Al [B] = p*

one has
|[F(A, B)| > p**,

where

F(A,B)={F(a,b):a € A; be B}

It is reasonable to try the polynomials:
Fi(z,y) = f(z,y) + 9(z,y), Fa(2,y) = flz,y)/9(z,y),

Fy(z,y) = f(z,y) - 9(z,y), Fi(z,y) = f(9(z,y),y), Fs(x,y) = g(z, f(z,y)).
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It is easy to see that Fi(x,y) and Fy(x,y) are not expander.

Indeed Fi(x,y) can be written in the form (z + 1)(y + 1) — 1. Thus if
A and B are geometric sequences (with common quotient) —1, then F; does
not blow up its domain. This observation leads us the following; in order to
exhibit expanders of the type f(z) + h(x)g(y) we thus have to assume that
f and g are affinely independent,

Definition 5.4. Let f(z) € Z[x] and g(y) € Z[y]. We say that f and g are
affinely independent, if there is no (u,v) € Z?* such that f(z) = uh(z)+v or
h(z) = uf(z) + v.

Indeed, if F(z,y) is a polynomial in the form F(z,y) = f(x) + (uf(z) +
v)g(y) where u,v € F, and f, ¢g are integral polynomials, then it is not
expander.

It is clear if u = 0, since in this case

F(x,y) = f(z) +vg(y)

and —say — Ay = {a : dk = f(a) and 1 < k < p/3} and B; = {b : dk =
vg(b)an 1 < k < p/3} (d # 0), then they (and they sum) are arithmetic
progressions.

Ifu # 0, then F(z,y) = (f(z)+vu!)(1+ug(y))—vu~'; and (f(A)+vu™)
and (1 + ug(B)) — vu~! are geometric sequences (with common quotient),
(i.e. A and B are "inverse image” of them) then F'(x,y) is not an expander..
In order to exhibit expanders of the type f(z) + h(z)g(y), we thus have to
assume that f and g are affinely independent, namely there is no (u,v) € Z?
such that f(z) = uh(x) 4+ v or h(z) = uf(z) + v.

According to the literature the first known explicit construction is due to
J. Bourgain (see [B]) who proved that the polynomial Fy(z,y) = 2% + xy is
an expander. More precisely he proved that if p° < |A| < |B| < p'~¢ then
|f(A, B)|/|A| > p?, where v = ~y(¢) is a positive but inexplicit real number.

In my best knowledge in [HH09] we gave first explicitly an infinite class

of expanding polynomials.

5.1.1 Infinite class of expanding polynomials in prime
fields

The main tools what we will use, two Szemerédi-Trotter type inequalities:
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Proposition 5.5 (Bourgain-Katz-Tao Theorem [BKT]). Let P and L be
respectively a set of points and a set of lines in IFZ such that

Pl 1£] < p”
for some 3, 0 < 8 < 2. Then
{(P,L)ePxL : Pe L} <p®*% (asp tends to infinity),
for some v > 0 depending only on .

and another inequality which gives explicit bound to the expanding mea-
sure:

Proposition 5.6 (L.A. Vinh [LAV]). Let d > 2. Let P be a set of points in
Fg and H be a set of hyperplanes in IFZ. Then

PIIH

H(PH)ePxH : Pe H} < + (1 + o(1))p = V(1P| 7)) /2.

Now we can proof the following:

Theorem 5.7 (Hegyvari-Hennecart [HH09]). Let £ > 1 be an integer and f,
g be polynomials with integer coefficients, and define for any prime number
p, the map F from Z? onto Z by

F(z,y) = f(z) + 2"g(y)

Assume moreover that f(z) is affinely independent to z*. Then F induces
an expander.

Proof. For p sufficiently large, the image g(B) of any subset B of I, has
cardinality at least |B|/deg(g). It follows that we can restrict our attention
to maps of the type F(z,y) = f(z) + zFy. We let d := deg(f).

Let A and B be subsets of F, with cardinality |A| < |B| < p®. For any
z € F,, we denote by r(z) the number of couples (z,y) € A x B such that
z = F(z,y), and by C the set of those z for which r(z) > 0. By Cauchy-
Schwarz inequality, we get

|A]?|B? = ( > r(z))2 <|C| x ( > r(z>2).

z€Fp 2€Fy
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One now deal with the sum -5 r(z)? which can be rewritten as the number
of quadruples (z1, 2,91, y2) € A% x B? such that

fl@y) + 21y = f(@2) + 230. (5.1)

For fixed (z1,22) € A? with z; # 0 or x5 # 0, (5.1) can be viewed as the
equation of a line £,, 5, whose points (y1,¥2) are in F2. For (z1,2;) and (a,b)
in A% the lines ¢, ,, and {4y coincide if and only if

{ (21b)* = (azy)
B*(f (x2) — f(z1)) = a5(f(b) — f(a)),

or equivalently

{ (21b)F = (az,)"
(0" — a®)(f(22) = f21)) = (2§ — 2D)(f(b) — f(a)).

At this point observe that by our assumption, there are only finitely many
prime numbers p such that f(x) = uz”+v for some (u,v) € F, in which case
the second equation in (5.2) holds trivially for any z; and xs. We assume in
the sequel that p is not such a prime number.

Let (a,b) € A% such that a # 0 or b # 0. Assume for instance that b # 0.
By (5.2) we get z7 = C“% for some k-th root modulo p of unity (. Moreover,
we obtain

(5.2)

0 (f(a2) = F(CT2)) = ab(£(5) = fla)) = 0. (5.3)

which is a polynomial equation in z,. If we write f(x) = Y ;-4 fiz/ then

is a polynomial which could be identically equal to z*(f(b) — f(a)) only if
the following two conditions are satisfied:

f(b) = f(a) = (V" = d*) fu,
fj#():>bj:§jaj.
Since f(x) is assumed to be affinely independent to z*, we necessarily

have f; # 0 for some 0 < j # k. If i/ = (Ya for ¢ being a k-th root of unity
in F,, then b = na where 7 is some (kd!)-root of unity in F,. Let

X :={(a,b) € A% . b £ Y.
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Since there are kd! many (kd!)-roots of unity in F,, We have |A? \ X| <
kd!|A], hence | X| > % for p large enough.

If (a,b) € X, then (5.3) has at most max(k,d) many solutions xs, thus
(5.2) has at most kmax(k,d) many solutions (z1,23). We conclude that
the number of distinct lines ¢, when (a,b) runs in A? is c(k, f)|A|* where
c(k, f) can be chosen equal to (2k max(k,d))~!, for p large enough. The
set of all these pairwise distinct lines ¢, is denoted by L, its cardinality
satisfies |A]? < |£| < |AJ?, as observed before. Let P = B2 Then putting
N :=|A]* < | B|?, we have by Proposition 5.5

{(pO)ePxL : pel} < N3/279

for some 6 > 0. Hence the number of solutions of the system (5.2) is
O(N3/?7%) = O(|A]?|B|*%). Finally |C| > |B|'*?, which is the desired
conclusion. N

As a corollary of Theorem 5.6 Vinh derived the following;:

Corollary 5.8 (Vinh). Let P be a collection of points and £ be a collection
of lines in F,?. Suppose that |P|,|£] < N = p® with 1 + 3 < a < 2 — 3 for
some 0 < # < 1. Then we have

3_8
4.

{(p,l) eP XL : pel}f <2N2~

Using this statement we can state a quantitative form of the above theo-
rem in a certain range of the domains.

Theorem 5.9 (Hegyvéri-Hennecart [HH09]). Let F' as in Theorem 5.7 and
a > 1/2. For any pair (A, B) of subsets of F,, such that |A| < |B| < p®, we

have
min{2a—1;2—2«a}

[F(A,B)| > [A[" =

5.1.2 Complete expanders

We start this section to introduce the notion of complete expander.
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Definition 5.10. Let I C (0,1) be a non empty interval. A family {F'} of
two variables functions is called complete expander according to I if for any
a € I, for any prime number p and any pair (A4, B) of subsets of F,, satisfying
|Al,|B| < p*, we have

F(A,B)| = e,

It is known that a random f(x,y) is complete expanders with a large
probability. Nevertheless, we can show that some explicit expanders are not
complete, in particular Bourgain’s function F(z,y) = 2% + zy = z(x + y).

Now we claim two negative answers:

Proposition 5.11. Let k > 2 be an integer, u € Z and F(x,y) = 2% +ux*+
xfy = 2*(2* + y +u). Then for any a, 0 < a < 1/2, F is not a complete
expander according to {a}.

and

Proposition 5.12. Let f(x) and g(y) be non constant integral polynomi-
als and F(x,y) = f(z)(f(z) + g(y)). Then F is not a complete expander
according to {1/2}.

For the proof of Theorem 5.11 and 5.12 we need the following lemma
which is due to Erdés.

Lemma 5.13 (Erdés Lemma). There exists a positive real number § such
that the number of different integers ab where 1 < a,b < n is O(n?/(Inn)°).

(A sharper result due to G. Tenenbaum [T] implies that ¢ can be taken
equal to 1 — % in this statement.)

Proof of Theorem 5.11. Let L be a positive integer such that L < ,/p/2. The
set of k-th powers in I is a subgroup of F, with index [ = ged(k,p—1) < k.
Thus there exists a € IF;, such that [1, L] contains at least L/l residue classes
of the form az*, z € F;. Welet A = {z € F;, : az* € [1, L]}, which has
cardinality at least L since each k-th power has [ k-th roots modulo p. We
let B={y€elF, : aly+u)€[l,L]}. We clearly have |B| = L. Moreover the
elements of F'(A, B) are of the form 2*(z* + y + u) with 2 € A and y € B,
thus are of the form a?z'y’ where 2/,y/ € [1,2L] and ad’ = 1 in F,. By Erdds
Lemma, we infer |F(A, B)| = O(L?/(In L)°) = o(L?). O
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Proof of Theorem 5.12. We shall need the following result:

Lemma 5.14. Let u € F,, L be a positive integer less than p/2 and f(x)
be any integral polynomial of degree & > 1 (as element of F,[z]). Then
the number N(I) of residues = € F,, such that f(x) lies in the interval I =
(u—L,u+ L) of F) is at least L — (k —1),/p.

Proof. Let J be the indicator function of the interval [0, L) of [F, and let

T =Y T+ J(h)Sy(—h, p)ey(hu),

helF,

where the exponential sum

Sp(h.p) =Y _ ey(hf(x))

z€F,

is known to satisfy the bound |S(h,p)| < (k — 1)\/p whenever h # 0 in F,
and p is an odd prime number. On the one hand, we have

T = pm(()) + Z m(h)sf(—h,p)ep(hu)

heF,~{0}
>pl? —kyp Y. | T+ J(h)
heF,~{0}

> pL? — kLp*?,
by the bound for Gaussian sums and Parseval Identity. Hence
T > pL(L — ky/p) (5.4)

On the other hand,

T=3% % > JEJy+2)ephly+u) ) ep(hf(x))

helF, yelFp z€F, zelF,
=YD I+ Y eplhly +u— f(2))
z€lF, yelF, zeF, heF,
=p Z d(f(z) —

z€lF,
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where dr(z) denotes the number of representations in I, of z under the form
Jj—J's0<47,j < L. Since obviously dr(z) < L for each z € F,, we get

T < pLN(I).
Combining this bound and (6.3), we deduce the lemma. O

Now we complete our proof.

We choose p large enough so that both f(x) and g(y) are not constant
polynomials modulo p. Let L = k,/p, and define A (resp. B) to be the
set of the residue classes x (resp. y) such that f(x) (resp. g(y)) lies in the
interval (0,2L). By the previous lemma, one has |A|,|B| > |/p. Moreover
for any (x,y) € A x B, we have f(x) and f(z) + g(y) in the interval (0,4L).
By Erdés Lemma, the number of residues modulo p which can be written as
F(x,y) with (z,y) € A x B, is at most O(L?/(In L)°) = o(p), as p tends to
infinity.

O]

Remark 5.15. We did not discuss the polynomials F3(z,y) = f(z,v)-g(z,y)
and Fy(z,y) = f(9(z,y),y) yet. Here Fy(z,y) = f(g9(z,y),y) = (z + 1)y
which covered by our Theorem 5.7 — and recently many authors improve the
expanding measure of it (in the form |A(A + 1)]).

In 2015 T. Tao discovered a very deep theorem which describes expand-
ing polynomials with two variables under a restriction of the domain. His
theorem also covers F3. (see [TaoEx])

Before this theorem we could prove just a conditional version.

5.2 Covering polynomials and sets

Bounds for exponential sums are related to additive questions in F,. In [S]
Sarkozy investigated the following problem: let A, B,C,D C F, be non-
empty sets. Then the equation

a+b=cd

is solvable in a € A,b € B,c € C,d € D provided |A||B||C||D| > p®. This
simple equation has many interesting consequences. We merely mention
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here just an improvements of the modular Fermat theorem which was firstly
investigated by Schur. One can ask the more general question of investigating
the solvability of

a+b=F(cd) (5.5)

where F(x,y) is a two variables polynomial with integer coefficients.

One can read easily from this result, that this problem is equivalent to the
following problem: let G(z,y, z,w) = x + y + F(z,y). Now what condition
guaranties that for sets A, B,C,D C F,, G(A, B,C, D) covers everything,
i.e.

G(A,B,C,D)=F,?
In the present section we collect some result on this topic.
Let A, B C F, and let H < F,. We ask the solvability of the equation

a+b=nh; (a,b,h) € AXx B x H.

Restricting the cardinality of H to some region we improve the result of
Sarkozy:

Theorem 5.16 (Hegyvéari [HE12]). Let A, B C F,, H < F;. Write |A||B| =
p?>~2@ and |H| = p®. Then the equation

a+b=h; (a,b)h) € Ax Bx H

is solvable, provided
8av+1

6>3.

Essentially in the same way we can prove a more general result. Assume
that C, D C [F;, and assume that the cardinality of the generating subgroups
of C' and D are close to |C| and |D| respectively. We have

Theorem 5.17 (Hegyvéri [HE12]). Assume that C, D C I, A, B CT,. Let
|A||B] = p*2%|C| = p°, |D| = p7, (C) = G1,(D) = G, |G| = p°,|G2| =
p’, max{d,0} < 3/4. Then the equation

a+b=cg (a,b,c,9) € AX B x Gy x Gy,

is solvable, provided

1+0+06

5
E(5+7)>04+ 3
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Corollary 5.18 (Hegyvéri [HE12]). Let A, B C F,,, H < F;. Write |H| = p”.
Then the equation

a+b=h; (a,b)h) € Ax Bx H

is solvable, provided
9458

[AlIBI[H[* >p s

Note when 0 < 8 < %, then this bound is better then the Sarkozy’s p?

(the reason is that we can utilize the arithmetic structure od the sets).

Proof of Theorem 5.16 and 5.17. Proving theorems above we need some lem-
mas. Firstly we quote a well-known condition to the solvability like (5.5).

Lemma 5.19. Let F'(z,y) € Z[z,y|andlet S(r) = >_ o cp e(r(F(c,d))), r €
F>.
p
Assume that for some M > 0, max, - |S(r)| < M. If

VIA[IBI[CIID] > pM,

then the equation a + b = F(c,d) (a,b,c,d) € A x B x C x D, is solvable.
For the proof see e.g. [S],[Gal.
A well-known estimation for the double exponential sums is

Y elay)| < VoIX[]Y]

rzeX,yey

noted by Vinogradov. This bound is non-trivial in the range |X||Y| > p.
For our purpose we need the opposite range.

Lemma 5.20. Let A, B C Zy r # 0. Write S(r) = > 4> cpe(rzy), we
have
[S(r)F < N - |A|" - |BI'"EL(A)E4(B),

where E, (-) is the additive energy.

It is a result of Bourgain and Garaev. For seek of completeness we show
the short proof.
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Proof. We will use Cauchy inequality three times: Firstly respect to the
variables from A:

S < 14] Y

y,y'€B

> e(ra(y - y’))‘ '

T€EA

In the second step (replace now A with B x B) again, and denote d(z) =
{(y,y € B;z=1y — '} the representation function. Then we have

Z e(rzz)

€A

2

[S(rI* < JAPIBP ) d(2)

ZELN

Finally again by the Cauchy inequality

Z e(rzz)

T€A

4

S < AMBI* Y d*(2) ) = N [Al" |BI'"E,(A)E,(B).

ZELN 2€ZN

O
The third lemma which will be necessary for us is the following ([TV] Ch.
9):
Lemma 5.21. Let G < F}, |G| < p*/* Y C G, then

EL(Y) < |GI]Y 2.

Now our task is to give a bound for M.

Firstly we will do it under the condition of Theorem 5.17 and after for the
simplicity we end the proof under the condition of Theorem 5.16. Assume
that C, D C IF; and let the generating subgroup of C and D, (C) = Gy, (D) =
(G5 respectively.

By Lemma 5.20 and 5.21 we conclude that

[S(r)] < |CI"2|DIV2(pE{ (C)Bf (D) <

< pME| O] DIL/18| i, [/8| Gy V8, (2.1)

By Lemma 5.19 we obtain that the equation a +b = ¢d (a,b,c,d) € A X B X
C x D, is solvable, provided

[A[2B2CIPR DI > pF |G| R |Gof . (2:2)
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Writing [A[|B| = p*7**[C| = p°, [D] = p",|Gi| = p°,|Gs| = p” (22) is
equivalent to
94+90+40

8 Y
which gives Theorem 5.17. When |A||B| = p?>~2;|H| = p’, it gives the
constraint

)
1 — el
a+16(ﬁ+’y)>

8av+1

ﬁ>3.

and we obtain Theorem 5.16.
O]

We merely mention that functions Fy(z,y) = zy+2?hy(y) and Fy(z,y) =
z?y + xha(y), (hi(y) € Zly]; i = 1,2 non-zero polynomials) are admissible
for the equation (5.5). Namely Bourgain gave the bounds

> ep(File,d)| = O(C|IDIp~™),

ceC,deD

where ¢ is a positive constant (see Propositions 3.6 and 3.7 in [B]).
So we have

Fact 5.22 (Hegyvari-Hennecart [HH09]). Let F; be one of the two families
of functions defined above. There exist real numbers 0 < 6, < 1 such that
for any p and for any sets A, B,C, D C IF, fulfilling the conditions

C > p270 D] > p!27 |A||B| > p*
there exist a € A,b € B,c € C,d € D solving the equation
a+b=Fyc,d)i=1,2. (5.6)

Observe that in this case we obtain a better assumption to the solvabilty
than p3.

We finish this section to show that some sum-product set covers a given
prime field.
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Theorem 5.23. [Hegyvari [He09]] Let A C F,, |A| > 2, and let ¢(x) =
l4+uyz+- - -+upz” be a non-constant polynomial, and let Q = (g(r) : r € F,)
be a multi-set of the values.

There exists a multi-subset B of @), ¢; > 0 for which

logp/D
log| Al

|B| < c1log +2D +3 (5.7)

and
FPuu(B)xA= > h-A=F,

heFPmult(B)

Proof of 5.23. For the proof we need the following lemma:

Lemma 5.24. Let A, B CF,. Let S(r) := [{A + ¢(r) - B}|. We have

max S(r) > plAllB]

—_—— 5.8
reF, ~ p+ DIJA||B]| (58)

where D = degq(x).

The idea that we used in the proof of the lemma is similar to the one in
[GK].

Proof of Lemma 5.24. Denote by R(r,m) the number of representations of m
in the form m = a+q(r)-b. Fix an element r € F,,. One now deals with the sum
>, R%(r,m). It counts the number of quadruples (a,a’,b,b') € Ax Ax Bx B
such that a + q(r) - b = o’ + q(r) - V. Note that a # o’ if and only if b # V.
Hence at the diagonal case we obtain

>SS R¥rom) =" |AlIB| =p- |A]|1B]. (5.9)

T m;a=a’

Assume a # @’ and write the equality a + ¢(r) - b = o’ + ¢(r) - b in the
form ¢(r) = ‘l‘)/_’bcf In the variable » we get at most D many solutions, thus

we argue that

Y>> Rrom)= > > Rr,m)<D-|APBP (5.10)

T m;a#a’ mia#a’ T
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By (5.9) and (5.10)

>SN RArm) <p-|A||B|+ D |AP|B[. (5.11)
Let R?*(rg, m) := min, R*(r,m).
By (5.11)
p-Y Rro,m) <) Y R*r,m) <p-|AllB|+D-|AP|BP,
and hence

> R(ro,m) < |A||B|+p - D-|AP|BJ”.

By the Cauchy inequality

(3" Riro,m))? < S(ro)(3 R*(ro,m)),

m

and by the simple observation
Z R(T()? TTL) = |A| |B|7
we obtain
[AP|BI* < S(ro)(|AllB] +p~" - D - |A]P|B),
hence (5.8). O
Now we follow an iteration step. We define a sequence of sets Ay, Ay, . ..

and sequence by, by, ... of the values of the range of () as follows: let Ag = A
and by = ¢(0) = 1. By Lemma 5.24 we obtain an ry, such that S(r;) >

pfﬁip; so let Ay = Ag + ¢(r1) - Ap and thus
A2
|Ay| > p|—0|2.
p+ D[Ao|

Generally assume that the sets Ag, A1, ... A, and the sequence by, by, ... by
have been defined. Then by Lemma 5.24 we have an r;41, such that for the
set Apy1:= A + q(rpy1) - Ax we obtain

p|Akl?

A >
| k+1| - p+D’Ak|2

(5.12)
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Repeat this process unless we have or equivalently

b -9
PIDIAE < 100

p
Al >\ f55 (5.13)

We prove that this process is terminated, i.e. there exists an n for which
(5.13) holds. From (5.12) and from the definition of n we conclude that for
1<k<n )

plA 9
‘—’f‘z > | A%
p+ D] A 10
and by induction it is not too hard to check that

10 .
A 2 5 - (914]/10)*". (5.14)

| Aga| >

By (5.13) and (5.14) we have that

logp/D
log|A|

n < ¢ log (5.15)

for some ¢; > 0.

Repeat this process once more, then an easy calculation shows that
|Apt1| > 5. Finally let 7,10 = -+ = 7yq0410p = 0, and then by the
Cauchy-Davenport inequality we obtain that

An+2+10D = IFp

provided p is large enough, compared D.

In the rest of the proof we check that for the set B (5.7) holds and
Apioviop = FPpu(B) - A For 0 <k <n+2+10D, by = q(ry), B = {bx :
0 <k <n+2+ 10D} hence by (5.15) we obtain (5.7).

Finally by induction we prove that

Ap = FPpui(bo, - ., bp) Al (5.16)
For k=0 Ay = ¢(0)A = A. From (5.16)
Aps1 = A + b1 Ar = FPpui(bo, . .., bi) A+ brir - F P (bo, - .., bi) A,

where in the first term there are those h € F'Py,¢(bo, - - ., bx11) which do not
contain b1, while in the second there are the ones which do. O
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Chapter 6

Structure result for cubes in
Heisenberg groups

Let p be a prime number and F the field with p elements. We denote by
H, the (2n+ 1)-dimensional Heisenberg linear group over F formed with the
upper triangular square matrices of size n + 2 of the following kind

I\

[z,y,2] =

O O =
o g
Hl@{*

where L = (.Tl,l’g,...,l'n), g = (y17y27"'7yn)7 Ti,Yi, 2 € Fa 1= 1,27...,71,
and [, is the n x n identity matrix.
We have |H,| = p>*. and we recall the product rule in H,:
lz,y, 2]’y 2 = [z + 2l y+ o, (2,y) + 2+ 2],

where (-, -) is the inner product, that is (z,y) = > .| z;y;.

So this set of (n 4+ 2) x (n + 2) matrices form a group whose unit is
e =0,0,0].

As group-theoretical properties of H,, we recall that H,, is non abelian
and two-step nilpotent, that is the double commutator satisfies

[[a,b],c] = aba b 'cbab 'a et = e

for any a,b,c € H,, where the commutator of a and b is defined as [a, b] :=
aba=tb~ 1.

36
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The Heisenberg group possesses an interesting structure in which we can
prove that in general there is no good model for a subset A with a small
squaring constant |A - A|/|A| unlike for subsets of abelian groups. To know
what we mean on good model let us recall the notion of Freiman isomorphism.

Let s > 2 be an integer and A C H and B C G be subsets of arbitrary
(multiplicative) groups. A map 7 : A — B is said to be a Freiman s-
homomorphism if for any 2s-tuple (aq,...,as,b1,...,bs) of elements of A
and any signs ¢; = +1,7=1,...,s, we have

ait..oag =00 .08 = w(a) .. w(as)® = (b)) .. w(bs).

Observe that in the case of abelian groups, we may set, without loss of
generality, all the signs to +1. If moreover 7 is bijective and 7! is also a
Freiman s-homomorphism, then 7 is called a Freiman s-isomorphism from A
into G. In this case, A and B are said to be Freiman s-isomorphic.

Green and Ruzsa proved in that a structural result holds for small squar-
ing of finite set A in an abelian group. Namely A has a good Freiman model,
that is a relatively small finite group G and a Freiman s-isomorphism from
A into G. It reads as follows:

Theorem 6.1 (Green-Ruzsa). Suppose that G is abelian, and that |[A+ A| <
K|A|. Let s > 2. Then there is an abelian group G with |G’ < (10sK)'"0X*| A]
such that A is Freiman s-isomorphic to a subset of G'.

In 2007 B. Green gave an example showing that there need not exist good
models in the non-abelian setting. His counterexample worked in Heisenberg
groups. In 2012 we (Hegyvari-Hennecart) improved a result of him (based
on Green’s approach) but also includes arguments coming from group theory
and Fourier analysis with additional tools, e.g. a recent incidence theorem
due to Vinh (discussed in Chapter 4).

So it was our starting in the world of Heisenberg groups.

6.1 Structure results

Lately many new results pop up on expansion of Lie-type simple groups.
Helfgott proved that for A € SL,(Z,), |A-A- A| > |A|*** (where ¢ > 0



dc_1260 16

CHAPTER 6. STRUCTURE RESULT FOR CUBES IN HEISENBERG GROUPSS88

is an absolute constant) unless A is contained in a proper subgroup. Or a
nice and deep result (called ” Convolution bound”) of Babai-Nikolov-Pyber,
which ensures that if A C SLy(Z,), and |A| ~ p*? then |A?| covers at least
one third of the group.

Nevertheless it is very less known on the structure of (k-fold) product sets
in this non-abelian groups.

Certainly the general question is very hard and cannot be handled easily.

We will restrict our attention to subsets that will be called cubes.

Let B C H,, and write the projections of B onto each coordinates
by X1, Xo,..., X, Y1,Y5,...,Y, and Z, i.e. one has [z,y,2] € B, z =
(1,22, ..., xn),y = (Y1,Y2, - - -, Yn), if and only if z; € X or y; € Y; for some
1, 0r 2 € 4. B

Definition 6.2. A subset B of H,, is said to be a cube if

B=[X,Y, Z] :={[z,y, 2] such that x € X, y€ Y, z € 7}

where X = Xy x ---x X, and Y = Y] x --- x Y,, with non empty-subsets

Theorem 6.3. [Hegyvari-Hennecart [HH13]] For every € > 0, there exists a
positive integer ng such that if n > ny, B C H,, is a cube and

’B| > |Hn‘3/4+s

then there exists a non trivial subgroup G of H,, namely its center [0, 0, F],
such that B - B contains a union of at least |B|/p many cosets of G.

We stress the fact that ng depends only on € and that this result is valid
uniformly in p.

Remark 6.4. The statement in Theorem 6.3 can be plainly extended to any
subset B’ C H,, which derives from a cube B by conjugation : B’ = P"'BP
where P is a given element of H,.

Furthermore we will show that the exponent 3/4 + ¢ in Theorem 6.3
cannot be essentially reduced to less than 1/2:
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Proposition 6.5. [Hegyvdri-Hennecart [HH13]] For any n and p there exists
a cube B C H,, such that

B> Y2y
4(2n)m

and the only cosets contained in B - B are cosets of the trivial subgroup of
H,.

Choosing p large relative to n in this result implies the desired effect.

6.1.1 Fourier analysis for a sum-product estimate

We will use the following sum-product estimate:

Proposition 6.6. Letn,m € N, X7, Xy, ..., X,,,Y1,Ys,...Y, CF* =F\{0},
Z CF. We have

mZ+ZXj-Yj = {z1+---+zm+2mjyj, 2 €4, xj € Xj, yj GY}} =T,

j=1 j=1
provided
ZP [T 1Xllyil > p+. (6.1)
i=1

Proof. Let X;(t) (resp. Y;(t) and Z(t)) be the indicator of the set X; (resp
Y; and Z). One defines

1 t
i(t) = Yi(-), i=1,2,...,n.
fi(t) !Xz-\a;i ()

Notice that 0 < f;(¢) <1, and f;(¢) > 0 if and only if ¢ € X;-Y;. The Fourier
transform of f; is

fitr) =" filz)e(ar)

where e(z) = exp(2miz/p) as usual.
An easy calculation shows that for every 1 =1,2,...,n

~ 1 ~
i) = 157 2 Vi)

a€X;
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and

Ji( ,X‘ > V() =Yl (6:2)

acX;

since Y;(0) = Y. Yi(z) = |Y;|. Using the Cauchy inequality and the Parseval
equality we get if p{r

filr) <

1 > plY;
Yi(z)P? = (6.3)
VX Zx: | Xi|
Let u € F. Let S be the number of solutions of the equation
U=Z1+22+"'+Zm+ziijj> z €2, x5 € X, y; €Y
j=1
We can express S by the mean of the Fourier transforms of Z and f; as

follows:
pS =Y Zr) H rYe(—ru).

relfy, =1

Our task is to show that this exponential sum is positive if the desired bound
for the cardinalities (6.1) holds. Separating r = 0 and using (6.2) we can
bound S as

ps >|Z|mH|Y| S 1Z(r |mH|fz

r#0

>z [ vl - |ZWH p'Y Z|Z
=1

>z T Vil - |Z|m1H p'Y
=1

by the Parseval equality and (6.3). Hence S > 0 whenever

2P [T 111yl >

=1

This completes the proof. n
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Remark 6.7. The idea what we used at the proof of Proposition above
essentially the same what is in [He09]

Proof of Theorem 6.3. By the remark preceding Theorem 6.3 we may plainly
assume that |Z| < p/2.
By the assumption on the cube B we have

|B‘ _ |Z’ (H |X1HY1’> > |Hn‘3/4+8 _ p3n/2+3/4+€(2n+1). (6.4)

=1

For each 7, there exists an element a; € F such that the number of solu-
tions to the equation a; = x; + %, z;, z} € X;, is at least | X;|*/p. We denote
by X; = X;N (a; — X;) the set of the elements z; € X; such that a; —z; € X;.
We thus have | X;| > | X;|?/p. We similarly define Y; = Y; N (b; — Y;) for some
appropriate b; and also have |Y;| > |Y;[>/p. It follows by (6.4) that

n n 2
|Z|2 H|Xz||y~;| > (|Z|Hz:1 |X1||Y;|) >pn+3/2+5(4n+2).
Pl - p2n

Hence for n > 1/8¢ we obtain from Proposition 6.6 that 22+ ", X;-Y;=F
and consequently

BB 2 [(CLhCLQ, e ,an), (bl,bQ, .. .,bn),F],

that is B-B contains at least one coset of the non trivial subgroup G' = [0, 0, F|
of H,,.

In fact we may derive from the preceding argument a little bit more: for
any index ¢ we have

dIXin (o - X)) =X ) [in (b -Y;)| = V],

a; €F b, €F
hence

11 (Z | X N (a; —X¢)|> (Z\Yzﬂ (b; —}Q)|> = H!X@-FM?,

=1 a; €F b, eF
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or equivalently by developing the product

n

ST I 0 (@ = Xl (b = V) = [[1IXGPYVE (6.5)

a,bef™ i=1 i=1

We denote by E the set of all pairs (a,b) € F™ x F" such that
121 T 1% (a; = X3)||Yin (b = V)| > p"*?

For such a pair (a,b), the coset [a,b,F] is contained in B - B by the above
argument. Then by (6.5)

<H|Xi||}/i|> B +p" (0™ — |E]) > <H|X¢HY¢|>

i=1 i=1

hence . S o
Hi:l ‘Xz’ ‘Yz| —Pn+

[T (XYl = prt2
For n > 1/¢, we have by (6.4) and the fact that |Z] <p

|E| >

H |X7,||1/;‘ > p3n/2+7/47

=1

hence
| B

B> (1-p7) H XYl = (L= p™ 7

Since |Z| < p/2, we thus have shown that B - B contains at least 2(1 —
p~%)|B|/p > |B|/p cosets [a,b,F] = [a,b,0][0,0,F], as we wanted. O

Proof of Proposition 6.5. Since B is a cube, B - B is contained in a cube
which takes the form [U,V,W] where U, V. C F" are direct products of
subsets of F and W C F. Since any non trivial subgroup of H,, has at least
one of his (2n + 1) coordinate projections equals to F, it suffices to prove
that neither W is equal to F, nor U, nor V contains a subset of the type
{1} x -  xFx- x{z,}.
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Let B = [R, R, Z] where
R:{(h,?"g,...,rn)EF” |0§Ti< (p—l)/Qn}

and

Z:{26F|0§z<pM}
We have |B| > p"*1/4(2n)" and
B-BC[R+R,R+R,Z+Z+ (R,R).

Clearly R+R C [0, \/Qp/nr, Z+Z C [0,(p—1)/2) and (R, R) C [0, (p — 1)/2].
Hence the statement. O

We close this section some further results. For U C F? and Z C F we
define the so called semi-cube A in H = Hs by

A ={]z,y, z] such that (z,y) € U, z € Z}.

As a main result we prove [HH12]

Theorem 6.8. Let A = U x Z be a semi-cube in H. If |A| > 271/3p%/3 then
the four-fold product set A-A-A- A contains at least |U| (1 - #) cosets
of the type [z, y, F].
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On the representation of integers as sums
of distinct terms from a fixed set

by

NORBERT HEGYVARI (Budapest)

Introduction. Let A be a strictly increasing sequence of positive in-
tegers. The set of all the subset sums of A will be denoted by P(A), i.e.
P(A) = {d ea; : a; € A; ¢, = 0 or 1}. A is said to be subcomplete
if P(A) contains an infinite arithmetic progression. A natural question of
P. Erdés asked how dense a sequence A which is subcomplete has to be.
He conjectured that a,1/a, — 1 implies the subcompleteness. But in 1960
J. W. S. Cassels (cf. [1]) showed that for every € > 0 there exists a sequence

A for which a1 —a, = o(a}/ 2+E) and A is not subcomplete. In 1962 Erdds
[2] proved that if A(n) > Cn(V3=1/2 (C > 0) then A is subcomplete, where
A(n) is the counting function of A4, i.e. A(n) =), ~, 1. In 1966 J. Folkman
[4] improved this result showing that A(n) > n'/2* (¢ > 0) implies the
subcompleteness.

In this note we improve this result. In Section 3 we prove

THEOREM 1. Let A = {0 < a1 < az < ...} be an infinite sequence of
integers. Assume that A(n) > 300v/nlogn for n > ng. Then A is subcom-
plete.

We mention here that 300v/nlog n cannot be replaced by v/2n; it is easy
to construct a sequence A for which A(n) > v/2n and A is not subcomplete.

The main tool for the proof of Theorem 1 is a remarkable theorem of
G. Freiman and A. Sarkézy (they proved it independently, see [5] and [7]).
We are going to use it as Lemma 3.

We use the following notations. The cardinality of the finite set S is
denoted by |S|. The set of positive integers is denoted by N. A + B denotes

2000 Mathematics Subject Classification: 11B75, 11A67.

Key words and phrases: subcomplete sequence, additive representations.

Research partially supported by Hungarian National Foundation for Scientific Re-
search, Grant No. T025617, Grant No. T029759 and by DIMACS (Center for Discrete
Mathematics and Theoretical Computer Science) NSF-STC-91-19999.
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the set of integers that can be represented in the form a + b with a € A,
be B. Wewrite Xy +...+ X, =(X1+...+Xn1) + Xp,n=3,4,...

Acknowledgements. I would like to express my thanks to Prof. G. Frei-
man for his helpful comments and suggestions.

1. Preliminaries. First we prove

PROPOSITION. Let A = {0 < a1 < az < ...} be an infinite sequence of
integers. Assume that A(n) > 2y/nlogn for n > ny. Then for every d there
exists an L > 0 and an infinite sequence {y1 < y2 < ...} in P(A) for which
d’yl andyi-‘rl -y < L7Z: 1727"'

Proof. A(n) > 2y/nlogn implies

2
(1.1) ay < —

logn’
Let U; = {a(i—1)a+1 < ... < aiq}. We need some lemmas.

LEmMA 1. If d € N and uq,...,uq are integers, then there is a sum of
the form
Uiy + ..+ U, (1§21<<Zt§d)
such that d|w;, + ...+ u,,.
Proof. Either there is a k, 1 < k < d, such that d|uy+ ...+ uy or there
are k,m with £ < m and uy + ... +up = ug + ...+ 4y, (mod d) so that
d]uk+1+...+um.

By Lemma 1, for every i there exists y; such that d|y; = a;, +... 4+ a;,,

a;, <...<a; and {a;,,...,a; } C U;. Furthermore by (1.1) we get
id 2 ;2
ys < dayg < a8 — p
log i log i

or equivalently

vnlogn

a7
Now if yp, = a;, +...+a;, = aj, +...+a;,, {ai,,...,a;,} CU; {a;,,...,a;,}
C U, for some m and r < s then clearly v < t < d. This implies that if we
renumber the elements y1,y2,... so that y1 < yo < ... and y; = y;y, for
some ¢ then v < d. Thus we conclude that there is a sequence Y* = {y; <
Yo < ...} in P(A) for which d|y; and Y*(n) > Y(n)/d > /nlogn/d* or
y; < d%?/logi (i =1,2,...).

Y(n) > where Y = {y1,y2,...}.

LEMMA 2. Let Y = {y1 < y2 < ...} be a sequence of positive integers
and let P(Y') = {s1 < so < ...}. Assume that there exists n* such that for
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n > n* we have

n
Ynt1 < Z Yi-
=1

Then there is L > 0 such that s;y1 — s; < L for every 1.
We omit the easy proof (see [6]).
By Lemma 2 the proof of the Proposition will be complete if we check

that the sequence Y* defined in Lemma 1 satisfies the condition y,1; <

S, yi for large n.
Assume contrary to the assertion that there are infinitely many n for
which y,41 > Y i | yi. Then

n+1
e R S NI ME

which is impossible if n is large enough. ThlS proves the Proposition.

2. Arithmetic progressions

DEFINITION. Let A(d,l) = {a + kd : 0 < k < [} be an arithmetic
progression.

In this section we prove

THEOREM 2. Let A be an infinite sequence of positive integers. Assume
that A(n) > 200y/nlogn for n > ng. Then there exists a A > 0 such that
for every | € N there is an arithmetic progression A(d,l) = {u+kd : 0 <
k<l} C P(A) and d < A.

To prove Theorem 2 we shall use the following important lemma:

LEMMA 3. Let 0 < a1 < ... < ar < n be an increasing sequence of
integers. Assume that n > 2500 and k > 100v/nlogn. Then there exist
integers d, b, z such that 1 < d < 1004/n/logn, z > %nlogn, b<T7z/logn
and

{sd:b<s<z}CP{ay,...,ar}).

Lemma 3 is a special case of Theorem 4 in [7].

Now we prove the following

be an infinite sequence of arithmetic progressions. Assume that lim;_, o, H;
=00 and
(21) Hz > D1 —|— Di+1

for every i > 1. Then for every T there is an n for which Ay + ...+ A,
contains an arithmetic progression A(d,h) with d < Dy and h > T.
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Thus we are led to construct a long arithmetic progression with bounded
difference.

Proof. We shall prove that for every n, A;+...+ A, contains an A(d, h),
where
(2.2) d< D\, h>H,—D.

By the condition lim;_,, H; = 00, (2.2) completes the proof.

We show (2.2) by induction on n. For n = 1, (2.2) is trivial. Assume now
that n > 2 and the assertion holds with 1,...,n — 1 in place of n.

By the inductive hypothesis there exists A(d’,h’) C Ay +...+ A,,—1 with
d/ S Dl, h/ Z Hn—l - Dl. Since

A+ + A, =(A1+...+A, 1)+ A, DA W)+ A,
it is enough to show that there exists A(d, h) with
A(d,h) C A(d',W)+ A, and d< Dy,h> H, — D;.
Let d = (d', D)) and u =d'/d,w = D,,/d. Now (u,w) = 1. Then
Ald WY+ A, ={a+td :0<t<hY+{a, +sD,:0<s<H,}
={a+a,+dtu+sw):0<t<h,0<s<H,}.

It follows from a result of Frobenius (cf. [3]) that if (u,w) =1 and if t > w

then every integer in the interval [(u—1)(w—1)+1, H,w| can be represented
in the form

tu + sw, 0<t<w, 0<s< Hy.
By (2.1) we infer h’ > H,,_1 > D,, + D1 > D,,/d = w. Thus by Frobenius’
result we get
A(d' W)+ A, D A(d, h) :=={(a+ ap + duw) +rd: 0 <r < Hyw — uw},

where h = Hyw —uww = (H,, —uw)w > H,, —u > H, —d'/d > H, — Dy and
d<d < D;.

This completes the proof of the lemma.

Now define the infinite sequence of integers [e*°] +1 = ng < ny < ...
where

ni:n?_l, 1=1,2,...

Let B; := (n;—1,n;] N A. Now |B;| = A(n;) — A(ni—1) > 200y/n; logn; —
ni—1 > 200y/n;logn; — \/n; > 100y/n;logn; since n; > ny = [¢**] + 1. By
Lemma 2 there are arithmetic progressions

where
Uz

1
R —n; logn; < H;

log n;
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if n; is large enough. Since B; N B; = 0, for i # j we get A(D1, H1) + ...+
A(D,,,H,) C P(A) for every n € N.

Proof of Theorem 2. In view of Lemma 4 taking the arithmetic pro-
gressions A(Dq, Hy), A(D2, Hs), ... given above we have to show that for
i=1,2,...,

H;,>Di+D;41.
By (2.3),

n;
Vlogn;
Thus for every [ there is an arithmetic progression A(D,,, H,,) C P(A) where
H, > and D,, < D;.

Theorem 2 is proved.

1
Eﬁ>§mb@u22%m+lm > D+ Djy1.

3. Proof of Theorem 1. Let B = {ag,—1 : n =1,2,...} C A, C =
A\ B. Now if n > ng then

B(n) > 3004 /glogg > 200+/nlogn and C(n) > 200y/nlogn.

By Theorem 2 there is a A such that for every [ there is an arithmetic
progression A(d,l) = {u+kd : 0 < k <[} C P(B) and d < A. Let
D =lcm.[1,2,...,[4A]]. By the Proposition there are an L and an infinite
sequence {r; < xo < ...} in P(C) for which D|xz; and z;41 — z; < L
(1 = 1,2,...). Now choose an arithmetic progression A(d,l) contained in
P(B),l> L. Here d < A, thus d| D and d|z;, i € N, as well.

We claim {kd : (z1 + u)/d < k} C P(A). Indeed, let pd € [x;,2j41),
x; > x1 + u. This yields that there exists an ¢ < j for which z; +u <
pd — x; < u+ Ld.

Now d | z; so pd—x; = u+td, t < L. This means pd = x;+u+td € P(A).

Theorem 1 is proved.

Addendum (December 8, 1999). I have learned that T. Luczak and T. Schoen proved

a theorem essentially equivalent to my Theorem 1. They obtained their result indepen-
dently and later.
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ON THE COMPLETENESS
OF AN EXPONENTIAL TYPE SEQUENCE

N. HEGYVARI' (Budapest)

Abstract. We investigate the Birch’s sequence Yi = {p“‘q tp,g>1, o, 8
ENp, 020 = K} giving a partial answer for a question of P, Erdés.

1. Introduction

A set A of positive integers is said to be complete if there is an N such
that every natural number greater than N is the sum of distinct terms taken

from A. Trivially the set {p*|a € Ng,p > 1} is complete if and only if p
= 2. A slightly denser sequence than the previousoneisY = {}Jo‘aﬁ lpog > 1,
o, B € Ng} and it is a plausible conjecture that Y is complete if and only
if (p,q) =1. This was an old conjecture of P. Erdés which was proved by

J. Birch [1] in 1959. A few years later J. W. Cassels [2] established a more
general theorem.

THEOREM A. Let A be a sequence of positive integers and let A(n) be
its counting function, i.e. let A(n) =3, <, 1. Assume

L A(2n) — A(n) e
n—oo  loglogn

o0
and for cvery real 8,0 < ¢ < 1, 3 ||a8i] = co. Then A ws complcte.
i=1

It is not too hard to prove that Cassels’ theorem is covered by Birch’s
reault.

Nevertheless — as H. Davenport remarked — there is a stronger version
of Erdés’ conjecture which does not follow from the Cassels’ result. He men-
tioned [1] that it is possible to improve the proof of Birch which gives that
for every p,q, (p,q) = 1 there exists an integer K = K (p, ¢} such that the se-
quence Yy = {po‘qﬁ lpg>1, a, €Ny, 03 K} is complete. {For the
sequence Yg we lave [Yi| < K -log,n p > 1 and so the first condition of

! Research partially supported by Hungarian National Foundation for Scientific Re-
search, Grant No. T025617 and No. T029759 and by DIMACS (Center for Discrete Math-
ematics and Theoretical Computer Science) NSF-STC-51-19999.
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Theorem A is not valid.) Indeed, it is not too hard to derive this statement
from the Birch's result.

As Erdés mentioned in [6], “of course the exact value of K(p,q) is not
known and no doubt will be very difficult to determine”.

The aim of this paper is to give an upper bound for K'(p,q). We prove

THEOREM. For every positive integers p,q there exists K = K(p,q) such
that the set

Vie = {p*¢"|pyg>1, o, €Ny, 0SS K}

is complete. Furthermore we have

2q4p+3

, .
K(p,q) < 2p° ,

where ¢ = 1152 log, plog, ¢q.

The basic idea of the proof of the theorem is similar to that developed in
[1], although our method and terminology are completely different. Related
questions are investigated in [4] and [5].

2. Definitions, notation

Denote by N and Ng the set of positive integers and non-negative in-
legers, respectively. For 4,3 ¢ N and & € N denote by A+ B = [a P&
ac Arbe B} and kA = {ka|ac A}. Let

P(A) = {Zsﬁaiigi =0orl; Y &< oo}.

Let A={a) <ay<..}CN,;z,ye P(A). We call (x,y) disjoint if there
are X,Y CN, XNY ={0}andz =,y a;; ¥y =) jeyay- CallZ C P(A)
a d-set if the elements of Z are pairwise disjoint. The sets X, Y are disjoint
if for every z € X, %1 €Y z and y are disjoint.

We call Y ey p"g° (ek,s = 0 or 1) a representation of nif n =3 ErsP gt
Let us say that pP¢® is a term of n if £, , = 1.

We shall use the notation Yi = {p"‘qﬁ lp,g>1, (pg)=1, o, B €N,
0 38S K} and if the powers of ¢ are even numbers in all terms p*¢® then
we write Yop2 = {pF¢® |0 <k, 1 S m < 2p}.

Acta Muthemulice Hungarice 86, 2000
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3. Lemmas

LEMMA 1. Let A={0<a; <...<a, <...} be a sequence of integers.

Assume that there is an ng such that for every n > ng, ap < a1 +a2+...
+ an—1. Then P(A) has bounded gaps, i.e. if P(A) ={z) <zs < ...}, then
for every k we have xpy1 — ) < A, where A S a1+ ...+ an,.

The proof of Lemna 1 is straightforward or see [3]. O

LEMMA 2. Let p,q be positive integers. Let Yopo = {p*¢*™|0 Sk,
1<m < Qp} . Then P(Y3p3) = {21 < 23 < ...} has bounded gaps; in foct,
for every n, Tnt1 — Tn S A, where A £ 2% 12,

PROOF. Assume pFg?™ e Vap,2 for which

(1) 2" < p*g*™

For brevity let x := p*¢*™. We prove that

(2) x < 2; e

Ptq25<m; pthS GYZP,Q

Thus by Lemma 1 we get that P(Y3,2) has bounded gaps.

Now
’p 2p pT+l -1
OO SRNEU R WD DT W s
p‘qQ"{m;p‘qQ!CYzP,z g1 pt<m/q23 &= p
where p? < 5 < pI*t. By (1) and (3) we have
e 25 /QZS —1
> > Zq
prg?e <o ptg? €Yoy 2
2 2 — q25 T - q25 @ 1
> > 2p - >2 - —— >
; p—1 ~ P T T e

since z = p*¢?™ > 2q43” > ¢?*1, Now we give an upper bound for the biggest

gap in P(Yy,3). Let pFg*™ € Yy, 0 be the least element for which (1) holds.

Clearly we have 2¢%P+2 2> p*¥¢?™ which is an upper bound for the length of
the biggest gap of P(ng,g) O

Artae Mathematica Hungariea 86, 2000
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LEMMA 3. Let ¢c,d 2 2 be integers and let (c,d) = 1. Let Y4 = { ¢*d? |
€N, 12 3Z A= [5logyc]+1}. Let x 2 d*. Then there is a num-
ber n, 1 £n < x which has at least two representations n = ZerA EyY =N
= yev, Sy where ey,6, € 40,1} and Y, .y e, -, =0 (i.e. the represen-
tations are disjoint).

PROOF. Since 3 uc izl = [1 M], d* £ Yz and (c,d) = 1 we have

1 log, e

. - 1log, 1logy x _
= |YAﬂ [1,\/3?} ‘ > [zlogzc] <A > B log, c - 5logy ¢ = log, .

Furthermore

> y<(vE)==

yEYa, y=Vx

Thus we have P(YA N [1, \/I] ) C [1,:x]. There are 2" > & subsel suwns of the
form ZerA gyy which implies there are at least two sums which coincide,

Le. > ey Syl = 2oycy, €y~ If the representations are not disjoint delete
the common terms. 0O

LEMMA 4. Let p, q be integers greater than 1, (p,q) = 1 and let g = ¢°.
Let oy = 81 =1 and for ¢ > 0 let

aip1 = [241ogs gosBi],  Biy1 = [24loga paiBi), pi=p™, @ = g

For i >0 let A; = [5logy pil +1. Then for every n there are sets Uy, = {w1
<y < o< Unt, Vi ={vy <wvs < ... <y} for which

(4) wv; € P(Yy,) = P({pfq:-” lkeN; 1Em S A,-}), v — ug = prig™,
u;, v; are disjoint (1 = 1,2, . |n)

and for 1 Si<j < n,

(5) {phshigms =i, phi R g Ty w05

18 n d-scet.

PROOF. In the first step we construct elements UL, V1, U2, Uy e ooy Uy, Uy
for which (4) is true and in the second step we shall show that (5) holds.
Let 1 = 1 and consider P(Y4,). By Lemma 3 we have a number z up

to q?A’; which has at least two disjoint representations by elements of Yy,.
One of the representations contains at least two terms. Choose one of them

and denote it by pf;q;n i (since p; = p; ¢ = g’ﬁ" we have k; = a;k; and

Acta Mathematica Hungarica 86, 2000
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m; = B;ml). Let now u; = 2 — p¥¢™ and let v; be the other representa-
tion of z. Clearly u; and v; are disjoint and so (4) holds.

Now we turn to the proof of (5). We prove it by induction on n. By (4)
for n = 1 condition (5) is trivial. Let n > 1 and assume that the sets U,
={u1,...,un—1} and Vo) = {v1,...,vy—1} {(constructed above) have been
defined. By the inductive hypothesis we only have to check that for every
i, 1 SiSn, A= {phhigmn=miy, pha—kigma—miy. 0 0.} is a d-set. Note
that max{u;, v;} € max{u,-1,v,_1} < qi’j’}'l. Thus if p"¢® is any term in
the representation of u; or v; then

44,
(6) g =p'¢’ = max{u;, v} S g, 7"
ancd
7 L TS L ol < e
(7) P’ 2 p7g* S max{u;,vi} < ¢,077"

By (6), the definition of 8,_1 and A,_; we have ¢° < 945”“1([5l°g2p"‘1]+1)
< g¥tlogapan—1fn-1 and thus

(8) s S [24logyp- an-18n-1] = Ba.
Furthermore by (7) p” < 94”3”"1([5 logz pr1]+1) and so
(9) r < [24logy g - an—1Bn—1] = an.
Assume now contrary to the assertion that A is not a d-set and suppose
without loss of gencrality that pFn—kigMm=—mi .4 contains a term which oc-

curs as a term of u, (the other five cases are similar), i.e. if p"¢° is a term
of u; then

(10) plrhidrgmeTiets = gl ) = ptntgPer,
s0 by (p,q) = 1 wc have
(11} kn~kitr=am, -t m,-—m;+s=.J, 2

Recall that &, = a, - C; my, = 5, - D (C, D € N), whence
(12) v k= ap{t - C); s —my = 3z — D).
Here 1 S7, ki S ;1S s, m; £ B, thuswe have t = C; r = k; and s = my;

z = D. But as we have delined u;, p* ¢™ is not a term of u;; a contradiction.

O

Acta Mathematica Hungarica 8b, 2000
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COROLLARY TO LEMMA 4. Let ¢y = 48logyq, ¢y = 24logy p, ¢ = crea.
Then for every n there ezists a d-set

D= {xlvylax%y%--- :‘Tnayn}

for which y1 —x1 =Yy — T2 = ... = Yn — T = prg?mn D P(Yy,) where
K, € 28p41. Furthermore we have for k > 1

1 ge- .
(13) o S = and B S P

Co C1

ProoF. Let U,,V, be the sets defined in Lemma 4. For 1 £¢ S n let
yi = v - PP TR = phn ki (2T We get

M, —My

yi — ;= (v — ;) - PR ()
— pFi(g?)™ - pha i ()™ T = ph (Y

By (5) we get that D is a d-set. As we have seen in the proof of Lemma
4, Mp < Bpyi. Thus we have K, £ 20,41.
Now we prove (13) by induction-on k. For & = 2 this is the definition of
g, B2, Assume that (13) is true for k 2 2. By the inductive hypothesis and
the definition of ay and g we get
c2k_1 Cgk—l cgk

ars1 S cropfr S e =
) L 2

and
2k—1 Zk—l 2k
c c c
Ort1 = coop i S oy = . 0O
()] 1 C1

LEMMA 5. Let A={0<a; <az<...<any <...} be a sequence of in-
tegers. Assume

U= {mlvxza--'7$kaylay27"'3yk} - P(A)i

U is a d-set and for every j, 1 S 7 <k, y; —xj =d >0 for some fized d.
Then P(A) contains an arithmetic progression of length k + 1.

Proor. Since U is a d set we have P(U) C P(A). Furthermore

k t
{Z$4+Z(yj—xj) 0S¢t k}
=1 j=1

k
:{§:m+umgt§k}cPw7CPM} O
=1

Acta Mathematica Hungartea 86, 2000
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LEMMA 6. Let p,q,a,b be positive integers, (p,q) =1 and let T = b+ p°®
~p(p™) where ¢ is the Buler’s function. Lel

Rr={p',¢"|lreN; 1<s<T}.

Then for every r, 1 <1 < pg® there is an z, € P(R) for which z, =7
(mod pogb).

PROOF. Let w; = patield), z; = TP Clearly w; = p® (mod ¢%);
z; = g° (mod p?). Thus we have

k t

(13) Z w; + Z zi = M - p"‘qh -+ kp" tqh
j=1 i=1

for some integer M. Since (p,q) = 1, for every integer r there are integers
k k<gb and at, t <p® for which kp® + t¢® = r. This yields that for some
positive integers k and ¢’

k 1
ij + Z 2= kp® + ¢ =r (mod p*¢?)
j=1 i=1

as we wanted. Clearly the biggest power of ¢ occurring as a term is at most

b+t $(p*) Sb+p* $(p*). O

4. Proof of the Theorem

Let n = 2¢*13. By the Corollary to Lemma 4 and by Lemma 5, there is
an arithmetic progression of length n and difference d = p*»¢*™~. Further-
more H — { hg + kd{k —0,1,...,n — 1} C P(Vg,), where

(14) K, <.

Let us note if p¥¢® is a term of any element of H then s is even and k,, £ anq1
and 2Mm, i 2,87?4.1.

Let now Y* = dqYs, 2. By Lemma 2 we conclude that the biggest gap in
PY*)={z1<a3<...<x,<...}is at most d-2¢**2. Let us observe if
p*¢® is a term of any element of Z* then s is odd. This vields that P({Y™*)
and H are disjoint.
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We prove I’(Y*) + H contains an infinite arithmetic progression with dif-
fercnce d, ie. {x; + ho + kd|k € No} < P(Y") + H. Let x; be an element
of P(Y™) for which

(15) T Sho+ o1+t <2eq1.

Now 2¢*P 13 .d > g —2y Z hg+aq+t-d—x, —ho—{—(t— Eﬁ‘ﬂ)d This
yields 0 £t — 55 < 2¢%+3 Thus there exists a z, z=1— 277 and
ho+zeH Sohy+xy=hy+t -2tz ={hg+2)+2, € PY*)+ H
as we claimed.

Let a = k,, b= 2m,. By Lemma 6, there is a set P(Ry) = {x,29,...,
Zg..1} such that 2, =r (mod d), r =1,2,...,d =1 and

(16) T < ¢¥™ + P g(pt),

By the definition of Ry we have that P(Ryp), P(Y*) and H are disjoint.
We claim that P(Rr) + P(Y™*) + H contains every sufficiently large number.
But this is trivial; for every » all but finitely many elements of the arithmetic
progression {r + m-d,m = 0,1,...} belong to P(Ry) + P(Y*) + H, so that
every large number belongs to P(Ry} + P(Y*) + H as well. So we conclude
RrOY*uU, uV, is complete.

In the rest of the proof we give an upper bound for K(p, ¢).

Denote by Ky = K1(p,q), K9 = Kz(p,q) and K3 = K3(p, ¢) the greatest
s for which p¥¢® is a term of au element ol P(Y™), P(Rr) and H, resp.

1. An upper bound for K; = K{(p,q). Since Y* = dgYs, » we have that if
pFg® € Y then K = maxs < 2m, + 1. Recall that my, £ Jnp1 and by (14)
we have

dp+3

Kis28, 1 +2p+1< 262" < 3¢

22q4p-}-3

2. An upper bound for Ky = Ko(p,q). By the Corollary of Lemma 4,

L . 22q4p+3
Ky=K,%28,41 £ 2
3. An upper bound for Kz = K3{p,q). By Lemma 6,

4p+3 4p+3
2g%P T3 o220 22¢°F

K3 S 2my, +pk”¢(p’“”) < 2my, + 2})*’” < 2c° + p* < 2])2C

Since this last upper bound is the biggest one we get

g 22 ?

K(p,q) < 2p™ - [
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