Vélasz opponensi biréalatra
Opponens: Patko Gyula, a miiszaki tudomanyok kandidatusa

Szeretném megkoszonni Patké Gyula Professzor Ur igen alapos és szamos részletre kiterjedd
birdlatat, valamint értékes észrevételeit, ellenérzéseit €s az elfogadasra vonatkozo véleményet.
Kulon megkdszondm a tézisflizetre vonatkozo észrevételét. A tézisflizetben a helyesirasi és
szohasznalati hibak ki lettek javitva. Bir6 Istvan Docens Ur segitett a fizet atdolgozasaban,
amit kilon megkdszonok.

1. megjegyzés: Patk6 Gyula és Béda Péter Professzor Urak rdmutatattak arra, hogy az
értekezésbol hianyzik egy kovetkezetesen alkalmazott jelolésjegyzék.

Elkészitettem a jelOlésjegyzéket, amely az alabbiakban lathato.

NOMENCLATURE

A, Ag amplitude and steady-state amplitude of vibration, respectively

« order of nonlinearity

dA virtual work of active forces and torques, and nonholonomic reactions
and torques

JA! virtual work of inertial forces and torques

JAM? virtual work of moment of reactive force relating to S

A% § AR virtual work of reactive force and reactive torque, respectively

B beta function

b coefficient of linear damping

¢ coefficient of nonlinear damping

ce complex conjugate function

E(k?) complete elliptic integral of the second kind

€ small parameter

o Fy Gaussian hypergeometric function

F,, F,(F,, F,, F,) external and resultant force with projections, respectively

® reactive force

®, part of reactive force

0, 8¢hy, dp, virtual angle of rotation of initial, final and separated or added
body

I' gamma special function

i, j, k unit vectors

Iz, Iyy, I,, axial moments of inertia for fixed axes

Iyy, 122, 1,y centrifugal moments of inertia for fixed axes

Iee, Iy, I axial moments of inertia for movable axes

Ien, Iec, Iy centrifugal moments of inertia for movable axes

I =15 tensor of moment of inertia for initial body relating to .5

Is, Is1,Ig0 moment of inertia for .S, S7 and So, respectively

Is1 tensor of moment of inertia for final body relating to S;

I5o tensor of moment of inertia for separated or added body relating to .S

i = 4/ —1 imaginary unit

JE7 JM impuls of resultant force and torque, respectively

ko coefficient of nonlinear elasticity

k1 coefficient of linear elasticity

k? modulus of Jacobi elliptic function

K (k?) complete elliptic integral of the first kind

K,K1,K5 linear momentum of initial, final and separated or added body,
respectively



K., K linear momentum after and before body separation

AK difference between linear momentums before and after mass variation
L length of pendulum

[ length of separated part of pendulum

Loa, Los angular momentum after and before body separation

AL difference between angular momentums before and after mass variation
Lo,Lo1, Loo angular momentum of initial, final and separated or added

body relating to O

L angular momentum of initial body relating to mass center S
Lgs1 angular momentum of final body relating to mass center 5
Lso angular momentum of separated or added body relating to mass center

Mg"’ moment of resultant force relating to S

Mg, M,, M, projections of Mg”

M?(Mg’, M;f’, Mf’) moment of reactive force relating to S and projections
M mass of initial body

m added or separated mass

m(7) time variable mass

myg initial mass

M (Mg, M, M) torque vector and projections

M moment of torque

n natural number

w frequency of vibration

wo frequency of linear oscillator

w1 frequancy of Jacobi elliptic function

Q, Q1,5 absolute angular velocity of initial, final and separated or added

body

Q,0Q1,Q5 intensity of angular velocity of initial, final and separated or added

body

Qz, Qy, Q, projections of the angular velocity €2 on fixed axes
Q¢, Q,, Q¢ projections of the angular velocity {2 on movable axes
Qz1, 241 and Q2,1 projections of the angular velocity €24

Qgz9, Q2 and Q5 projections of angular velocity 25 on fixed axes
Qo¢, Qoy, Qo¢ projections of angular velocity €29 on movable axes
Qz, @ and Q} projections of the angular velocity Q"

1, 2" relative angular velocity of final and separated or added body
Q],Q" intensity of angular velocity of final and separated or added body
Q(7) time-variable frequency of vibration
gi,q; generalized coordinate and velocity
(Q; generalized force of active forces and torques and reactions of non-ideal

constraints

Q{ generalized impulse

Q?M generalized moment of reactive force

Qfa, QP4 generalized reactive force and reactive torque, respectively

f phase angle

R radius of rotor

R(Re, Ry, Re) reactive torque and projections

R, part of reactive torque

r position vector

rs,Tg1,Tgo position vector of mass center of initial, final and separated or

added body according to the fixed point O

drg virtual displacement of position of mass center 5



drg1 virtual displacement of position of mass center 57

drgo virtual displacement of position of mass center Sy

P51 position vector of center 57 relating to S

pg1 = S51 intensity of vector pgy

psg(pSQI,pSQy) position vector of center 59 relating to .S and projections

Pgo = S5 intensity of vector pgq

Pls2(Plsozs Pisa,) Position vector of Sy relating to S and projections

P, @ position of rotor center in polar coordinates

t time

At time interval

T period of vibration

T.. exact period of vibration

T kinetic energy

71,75 kinetic energy before and after mass variation, respectively

7 ’slow time’

u(uy,uy,uy) relative velocity of mass center Sy of separated or added body
and projections

v"* relative velocity of mass center S7 of final body

vs(vsz,vsy) absolute velocity of mass center S of initial body and projec-
tions

vg intensity of vg

V520, Ysyo Projections of initial velocity of rotor center

V(vg, Uy, ;)= Vg1(Vs1z,Vs1y,Vs1,) absolute velocity of mass center Sy of
final body and projections

Vs2(vsoz,vsoy) absolute velocity of mass center Sy of separated or added
body and projections

Vgod, Usog dragging velocity and intensity

Vgoar, Vsodany tangential and normal components of dragging velocity

VYg24T, Ugoan intensity of tangential and normal components dragging veloc-
ity

x, ¥ position coordinates

%o, Yo initial coordinates of deflection

T4, Y4, TN, Yy analytically and numerically obtained position coordinates

X, Y projections of elastic force

Zs0, Yso initial coordinates of rotor center

W angle position vector

6w virtual angle

9 angle position of rotor

%, Z complex and complex conjugate deflection function

Z; generalized inertial force

2. megjegyzés: Az értekezeésben a szétvalast és az Utkdzest egyutt targyalta, ami meglehetisen
tomor leirast tett lehetévé. Ennek kdvetkeztében sajnos lathatd modon a képletek nehezen

kovethetdk és megnehezitik a biralok dolgat.

Az egyenletekben a kettds eldjeli tagoknal a felsé eldjel a tomeg szeparacidjara, mig az als6 a

tdmegek addicidjara vonatkozik.

1. kérdés: A 69. oldalon a 7.4.2 pont utols6 bekezdésében az szerepel, hogy a témeg
nOvekedesével az amplitudo névekszik. Milyen fizikai magyardzat fiizheté ehhez a

megallapitashoz?



Mikodzben a folyamatos témegvaltozas az id6 fiiggvénye, egy ellener6 keletkezik. Az ellener6
az infinitezimalis tomegvaltozas és a sebesség szorzata (I.V. Meshcherski, Raboti po
mehanike tel peremennoj massji, Gos.lzd.Teh.-Teo.Lit. Moskva, 1952), vagyis

ahol u a levalasztott témeg sebessége és v az alaptest sebessége. A 68. és 69. oldalon az
ellener6 hatasat egy lengd rendszer példajan keresztiil tanulményoztam. Arra a

kovetkeztetésre jutottam, hogy amennyiben a levalt test sebessége nulla, vagyis & = —‘;—Tv,

a rezgés amplitadoja csokken. Ha u=v, vagyis a levalasztott tébmeg és a test sebessége
egyenld, az ellener6 nulla, a rezges amplitiddja ndvekszik. Valos viszonyok kozott az
elleneré nagysaga zérotol eltérd, a rezgés amplitudojanak értéke az elleneré és a tomeg-
valtozés fuggvénye.

2. kérdés: 4. és 6. fejezetben levezetett Lagrange féle masodfaju mozgésegyenletek csak
specialis esetekre érvényesek mivel a %;ﬂ osszefliggés nem mindig all fenn. Az Q2

szogsebesség vektor a merev test altalanos térbeli mozgdsa esetén nem allithato elé egy P
szogelfordulas vektor ido6 szerinti derivaljaként.

A Lagrange-féle masodfaju mozgasegyenletek levezetése pontrendszerekre tortént, amelyben
ezert csak helyzet-, sebesség- és gyorsulds-vektorok jelennek meg. Levezetés vagy bizonyitas
nélkil az egyenleteket merev testek rendszerére is hasznaljuk: ha az altalanos koordinata
sz0g, az altalanos er6 erOpar, a virtualis munka pedig az er6par vektoranak €s virtudlis
szogelfordulasanak szorzata.

Elfogadom Patké Gyula Professzor Ur megjegyzését. A 4. és a 6. fejezetben a Lagrange-
D’ Alambert-tétel és az analitikai képleteket csak specialis esetekre érvényesek.

A hianyossag kikiiszobdlésére az egyenleteket mododsitottam, amint az alabbiakban lathatd.

LAGRANGE'S EQUATIONS FOR CONTINUAL MASS VARIATION

In this Section the Lagrange’s equations of the second kind for the body
with continual mass variation are derived. Let us rewrite the Eqs. (151) and
(152) into the form

—(Mv) = F,+@, (227)
%(m) — ML +9+M2 +R,. (228)

where dM dI
®o="Tu,  R,=0 (229)

and the reactive force ® and the moment of the reactive force Mg are given
with Eqs. (156) and (158), respectively.

Let us introduce a virtual motion of the body: a virtual rotation and a
virtual translator motion of the system centre. Multiplying the Eq. (227) with
the virtual displacement dr we have

(F, + ®,)dr — (Mv + Mv)dr =0, (230a)

where (-) = d(-) /dt. For rotation virtual variation of three independent Euler
angles are introduced: the virtual variation of the precession angle d¥,, virtual
variation of the nutation angle 6¥,, and virtual variation of the spin angle W .



Let us multiply Eq. (228) with 0¥, d¥,, and 6%, separately. The sum of these
products is

0 = (ML +m4M2 +R,) (6T, 40T, +5F,) (230D)
—(IQ + 1) (00 , +-0T, +5T).

Summarizing (230a) and (230b), we have

0 = (F, 4+ ®,)0r + (M5 +M+ME + R,) (8T, +0T,,+6%,) (230)
—(M¥ + Mv)ér — (IQ + 1Q) (6%, +0W,,+5F,),

where (-) = d(-) /dt.The relation (230) describes the D’Alambert-Lagrange
principle for the body with continual mass variation: The total virtual work,
of all active forces and torques (including the non-ideal constraint reactions),
of the reactive force and torque, of the moment of the reactive force and of
the inertial force and torque, is equal to zero for any virtual displacement of
mass centre and any virtual variation of precession, nutation and spin angles.
Mathematically, it is

SAT +5A%% - §AR® 1 §A +6AM? =0, (231)
where
SAT = —(MV+Mvér)or — (IQ +19Q)(0%,+0P,+0W,),
JA% = ®,0r,

SAR = R, (6W,+6W,+0W,),
SAMS — ME(6¥,+6W,+0,),
§A = F,0r+ (M5 +M)(0¥,+0,+00,). (232)

Let us introduce ¢ = 1,2,...,6 independent generalized coordinates ¢;. The
position vector r and the angle vectors W, ¥, and ¥, depend on the generalized
coordinates ¢; and time ¢

r= r(Qi,t)’ ‘I}p: ‘I,p(int)a ‘I,n: ‘I;n(QZat), ‘Ps: ‘I‘S(th) (233)

Using (233), the virtual displacement and the virtual variation of Euler an-
gles are determined by formulas

or ow

. %y
or = 82, ——0q;, 0¥, Ba: —=d¢;, oW,

= =1 =1

ow,,
a 6‘1% oW, Z 5Qz 3

(234)
where dg; is the variation of the generalized coordinate g;. Substituting (234)
into (231) and after some modification we have

6
> (Zi+ QI+ QF* + Qi+ Q"*)dq; =0, (235)
i=1

where the generalized inertial force Z;, generalized force of the part of the re-
active force Qfa and reactive torque QF?, generalized force of the active forces
and torques and reactions of non-ideal constraints Q; and the generalized force



of the moment of the reactive force Q;M"b are calculated according to following
formulas

- e,
e
Qs = F,-g—;Jr(M?#m)(%tf 8;;” 8;(;;),

QM = My ). (236)

The generalized inertial force Z; is rewritten as

d 8 ow, ov, JI¥,
d Or d B\I’p owv, Ov,

Let us determine the velocity and angular velocity as a function of gener-
alized coordinates. Using the assumption that generalized coordinates depend
on time, g; = ¢;(t), and the definition of the velocity (v = dr/dt) and angu-
lar velocities of the precession (Q,=dW¥,/dt), nutation (Q,=d¥, /dt) and spin
(Q;,=dW¥,/dt), we have

dr 8r <= 6r av, ov, o,
—_ — e T —.z” e %9 2 8
M di 6t +Z:;8qiq = dt o Z Bas “di (235
d¥, oW, <ov, . d¥, oW, o, |
Q, — s s

= il 1~ S oy Y — ikt
dt ot +H Hg; e M8 T +i_1 Bg; 1

For the case of stationary constraints the first term in all formulas (238) are
zero. As the generalized velocity ¢; is only a multiplier of the partial derivatives

or/dq;, 0¥, [0q;, O, [Oq; and OW,/Iq; in (238), we obtain

v or 09, 0%, o0, 0%, 00, o, -
8¢ Ogi’ O¢; dq; ~ O¢; dg; T O4; dg;

On the other hand, taking the partial derivatives of both the sides of equalities
(238), we obtain

Bv - 0, W, = 52V,
o .. : s IR gl TEXNNN 1
Bg: 8t8qz Zaq B¢, Bq;  9tdq; ;aqiaqj% (240)
o, 82\1xn+ P, 9, &V, 26: S,
8g; g 4= Dq:dg; " Dgi Dty 0494

Directly, the time derivative of (8r/0q¢;) and (0%, /9q;), (0%, /0qg;), (0 /Dg;)

is



d [ or FPr o= Pr . d [0V, 2%,
E(a_qz-) - ataqﬁ;aqiaqjqf" E(aqz-) Btaqz Zaqzaqjqﬂ’
8

d (0%, &%, +282\P d (0%, Za?q; N
dit\ 8q ) ~ Otdg 2= 9qidg % 7\ Ba; Btaqz Tl

(241)

The right sides of the Eqs. (240) and (241) are equal, and consequently,

v d [ or o, d (8‘1'p>
@ BTSN 4 B8 . 242
Og; d (8%’ Oq;  dt \ g =
00, 4 [8W,\ 9Q, d (9%,
dq; dt\ O¢; )’ B¢ dt \ Oq )’
Applying (239) and (242), the generalized inertial force (237) is
d v o 219 o0
B o N Ly ie 2 J
3 M) g+ Q) (Z- "+ 5=+ )
v o, 00 o0
+[(Mv)— + (IQ P W i)
00022+ aay e 4 Sy Sy
1.e.,
d ov 2]
Z; = _E[(Mv)a—(jri+(IQ)8qi(QP+Qn+Qs)]
v o
+{UWV)8% (IQ)B%(QP+—QR+—QSN. (243)

As the sum of the angular velocities of precession, nutation and spin gives the
total angular velocity € of the rigid body rotation about the fixed point

Q=0,+Q, +9,
Eq. (243) yields

d ov oQ v 90

Zz':_@[(M )qu (IQ)qu] [(Mv)a% (IQ)BQ%'

I

After some modification, it is

ddr  or
B — e 244
dt 8(}2' ¥ qu ( )
where 7T is the kinetic energy
~ 1 1
= §Mvv—l—§IQQ. (245)

Substituting (244) into (235) the general equation of dynamics for mass variation

is
5[ {8y oF
> [@ (@) E (Qz + QI +Qf + Qj‘“’)] 6g; =0 (246)

i=1 ; i

Since the coordinates ¢; are independent so are the variations d¢; and therefore
condition (246) implies



d {8T oT
— (%) _a_q:Qi+Qfa+Qfa+Qﬁw¢, i=1,2,...,6. (247)

3. kérdés: A 7.4. fejezetben a (335) egyenlet baloldalan mind a két tag eldjele pozitiv. A (336)
egyenlet bal oldalan a mésodik tag felesleges, és a jobb oldalon hianyzik a
.0Q
—AA N simpcosy
tag.

A (335) egyenlet bal oldalan valéban mind a két tag el6jele pozitiv. Emiatt a (337), (342),
(344), (345), (347), (352)-(354), (360), (361), (364), (365), (367)-(369) egyenletekben és a 69.
oldalon az els6 sorban 1év6 képletben (5-a) helyett (3+a)-t kell szerepeltetni.

A javitott (336) egyenlet alapjan a (338) és (339) egyenletek

1-a
eA 2

Ab = —

—fznf(r Acosy, —AQsinyp)cospdip,

és

¥ =wQ,A 2z — — T2y f f(z, Acosyp, —AQsiny)cosypdiy.
wQ A 2

Tovabbi megjegyzések:

1. A (16) Osszefuiggésben a birdlé szamitésai szerint hidnyzik egy

rg X [(M + m)vgy + mvg, — Mvg]
tag. Mivel a zérdjelben 1év6 kifejezés nulla (lasd a (13) egyenletet) a (16) dsszefiiggésben ez a
tag nincs felirva.
2. Az rsXA4K tag csak akkor nulla, ha a test tdomegének valtozasa spontan, és az 6sszesitett
impulzus egyenld nullaval.
3. A (40) jelti képletben a Steiner-tétel kovetkezo alakjat kell felirni:

ls = ls1 + (M-m) (SS1)? + Is2 + m (SS,)°.

4. A (143) 6sszefiiggés jobb oldalan egy At tényez6 lemaradt.
5. A (195) egy kdzonséges elsérendii linearis inhomogén differencialegyenlet.
6. A (250) egyenlet jobb oldalan a helyes —Fe(x).

Ujvidék, 2014. oktober 13. Cvetityanin Livia



