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Abstract 

 

This dissertation deals with irrecoverable deformation of polycrystalline materials 

subjected to different types of mechanical and thermal impacts. This study has three major 

purposes: (1) to describe analytically the peculiarities of plastic and creep deformation due 

to the stepwise change in acting stresses (2) to model the steady-state creep of metals as a 

function of the parameters of preliminary mechanical-thermal treatment (3) to investigate 

and model the effect of ultrasound on the strength properties of metals such as ultrasonic 

hardening and softening as well as the influence of preliminary ultrasonic treatment upon 

the steady-state creep of metals. 

The implementation of the tasks listed above takes place in terms of the synthetic theory of 

irrecoverable deformation, which manifests itself as an effective mathematical apparatus to 

model numerous non-classical problems in the field of plastic and creep deformation. 
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Chapter I. Introduction 

 

 

 

Modern industry imposes increasingly severe requirements on the mechanical properties 

of metals used in its various branches. Plastic and creep deformation of the structural 

members of mechanisms, machines, etc. holds a special place within this issue. 

Considerable, even remarkable, progress has been achieved in the last few decades in the 

field of Solids Mechanics, both theoretical and experimental. Pleiad of domestic and foreign 

eminent scientists has formed the basis of Solid Mechanics and given an impetus to its 

further development. The contribution of the researchers listed below (in chronological 

order) has formed a conceptual base of this dissertation in terms of Mechanical 

Engineering taken as a whole and the theory of deformation in particular: 

Nádai (1950), Hill (1950), Rabotnov (1969), Kenedy (1962), Ilyushin (1963), Kaliszky, 
Kurutz, & Nédli (1974), Kurutz-Kovacs (1981), Rusinko, K. (1981), Honeycombe (1984), 
Rusinko, K. (1986), Bojtár, & Vörös (1986), Béda, & Kozák (1987), Domokos (1988), Stépán 
(1989), Nédli (1989), Kaliszky (1989), Kaliszky, Kurutzné, & Szilágyi (1990), Gáspár 
(1993), Scharle (1993), Kollár (1995), Béda, Kozák, & Verhás (1995), Chaboche (1997), 
Páczelt (1999), Páczelt et al. (1999), Hutchinson (2000), Chakrabarty (2000), Ginsztler et 
al. (2000,2001,2004,2010), Dulácska (2001), Gáspár, & Németh (2002), Zalka (2002), 
Kollár, & Springer (2003), Tarnai (2003), Farkas, J. (2003), Chen, & Han (2007), Égert 
(2007), Kaliszky, S., & Lógó, J. (2006), Kiss (2007), Bokor, & Gáspár (2008), Kovács, F., & 
Tarnai (2009), Páczelt, & Mróz, (2009), Károlyi (2010), Kozák, & Szeidl (2013), Ádány 
(2013), Kovács, A. (2013), Csébfalvi (2013), Balázs (2015), Farkas, & Jármai (2015), 
Várkonyi (2016), Bagi (2016), Hegedűs, Farkas, Gy., Dunai, & Kovács (2016), Csizmadia 
(2016), Bertóti, E. (2016). 

 

At the same time, one of the greatest challenges in Solid Mechanics remains the developing 

of a complex model to describe the deformation properties of metals subjected to different 

types of mechanical and thermal impacts and, which is of extreme importance, deriving 

interplay between them. Indeed, numerous books and papers on various aspects of the 

strength of metals have been published in the last 20-30 years, but the results focusing 

upon the relationships between different types of deformations such as time-independent 

deformation (plastic deformation) and creep as well as plastic/creep deformation and heat 

treatment remain very limited. This dissertation tries to fill the void noticed above by 

introducing a novel theory, THE SYNTHETIC THEORY OF IRRECOVERABLE DEFORMATION, 
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which turned out to be an effective apparatus to model numerous non-classical problems 

in the field of the irrecoverable deformation of solids. 

 

Advantages of the synthetic theory can be listed as below: 

(i) Inelastic deformation at a point of a body is calculated by a two-level approach, 

macro- and micro-level are considered, i.e. the macrodeformation is strongly 

connected to the processes occurring on the microscopic level of material. 

(ii) Deformation behavior of material is intimately related to real physical processes 

governing the development of irrecoverable deformation. 

(iii) Any type of deformation, both plastic and creep deformation, is governing by a 

sole constitutive equations, which enables to avoid a little artificial classification 

on plastic and creep deformation. That is why, in terms of the synthetic theory, a 

single notion, irrecoverable deformation, is used independently of what loading 

regime induces it. 
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1.1 Objectives 

 

This work is focused on the modelling of small plastic/creep deformation of hardening 

materials exposed to different modes of mechanical and thermal actions. 

Three fundamental objectives are: 

A. To develop a model dealing with phenomena accompanying the irrecoverable 

deformation of metals subjected to a step-wise loading at constant temperature such as 

a) negative creep, 

b) creep delay, 

c) inverse creep. 

 

B. To develop a model relating the steady-state (secondary) creep rate of metals to the 

parameters of preliminary mechanical thermal treatment (MTT) including two 

successive operation: 

a) plastic straining and 

b) annealing of the work-hardened material. 

 

C. To develop a model describing the behavior of metals subjected to alternating loading of 

ultrasonic frequency. The following problems are considered: 

a) plastic deformation of metals when unidirectional loading is superimposed by 

ultrasound – ultrasonic softening 

b) material hardening due to sonication of material, i.e. material is exposed to the action of 

ultrasound alone, – ultrasonic hardening. 

c) the steady-state (secondary) creep rate of metals as a function of the parameters of 

preliminary ultrasonic treatment (UT), which includes the sonication of metal and 

subsequent annealing. 

The implementation of the tasks listed above takes place in terms of a new theory, The 

Synthetic Theory of Irrecoverable Deformation. 
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1.2 Scope 

Chapter II highlights the progress, current status, and open challenges of the phenomena 

studied in this dissertation. The review of both theoretical and experimental results 

explains the processes occurring in the phenomena of our interests and provides 

substantiation for analytical manipulations in Chapter IV. 

In Chapter III, basic concepts, notions, and formulations of the synthetic theory are 

introduced. First of all, a two-level approach to calculate irrecoverable deformations is 

proposed. Then the notion of stress vector and strain vector within the framework of five-

dimensional stress/strain deviator space is introduced. The next step, which makes up the 

core of the synthetic theory, is to show the principles of the construction of yield surface 

(i.e. to define a yield criterion) and the evolution of loading surface (i.e. to define a 

hardening rule). Further, we write equations for the quantities describing stress-strain 

state of material on its microscopic level such as strain intensity, defect intensity, and their 

interrelation. Finally, the procedure of the calculation of macrodeformation is considered. 

Chapter IV stands out from the rest of this dissertation in that it deals with the 

generalization of the synthetic theory. 

Sec. 4.1 concentrates upon generalization of the synthetic theory to model the plastic and 

creep strain under step-wise loading which is accompanied by numerous “non-classical” 

phenomena. To solve this problem, which is far beyond the scope of the classical theories of 

plasticity and creep, we introduce into the constitutive equations system a formula 

governing the strength properties of material in the direction opposite to that of acting 

stresses. This allows us not only to model the phenomena of our interest, but show 

interplay between them. 

Sec. 4.2 highlights the generalization of the synthetic theory to the case of creep 

deformation after preliminary mechanical-thermal treatment. Our goal here is to derive 

formulas relating the steady-state creep of metals to the parameters of MTT such as the 

magnitude of plastic deformation as well as the temperature and duration of anneal. Metals 

with different stacking fault energies are considered. We discuss a thermal stability of the 

treated material to resist the processes governing steady-state creep. 

Sec. 4.3 develops a model for describing the influence of alternating loading of ultrasonic 

frequency upon the deformation properties of metals. Ultrasound effect manifests itself in 

such phenomena as ultrasonic softening and ultrasonic hardening, depending on if the 

ultrasonic vibrations are superimposed upon plastic straining or act alone, respectively. 

Further, the influence of preliminary ultrasonic treatment upon the secondary creep of 

metals with different stacking fault energy is analyzed. For this purpose we introduce into 

consideration a new function, ultrasound defect intensity, which allows us describe the 

temporary behavior of the ultrasound defects and their impact upon the deformation 

characteristics of material.  
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Chapter II. Phenomena studied in the dissertation. State of the 
art 

 

2.1 Peculiarities of irrecoverable straining in stress-drop test 

Plastic or creep deformation under variable stresses is of great interest due to the rise of 

such phenomena as negative (reverse) creep, creep delay and inverse creep. These 

phenomena, which grow out of the competence of the classical theories of plastic/creep 

deformation, are widely studied in the literature in terms of both theoretical modeling and 

experimental researches. 

As an example, nuclear fuel cladding tubes are subject, in service, to complex multiaxial 

loading that undergoes sudden change. An accurate description of the strain response due 

to varying stresses is essential in reliably predicting the accumulated plastic strains in the 

cladding. Direct extrapolations of the creep behavior under constant load to describe creep 

due to varying loads would result in strains significantly different from those observed, 

mainly due to negative creep transients following load drops (Murty, & Yoon, 1979). 

The negative creep is of great importance due to this phenomenon contradicts the 

hypothesis of creep potential (Rabotnov, 1969), according to which a creep rate is a single-

valued function of acting stresses independently of the way these stresses have been 

reached. In contrast to this, the reverse creep occurs in the direction opposite to what is 

predicted in terms of the creep potential theory. 

A stress-drop test (SDT) has been widely employed as a sensitive experimental technique 

allowing data on the micromechanisms of creep to be obtained. Fig. 2.1 shows the results of 

SDT for Ti3SiC2 conducted by Radovic and co-workers (2003). Immediately after the stress 

reduction, the specimen contracts elastically or plastically and subsequently deforms by 

plastic flow in time (creep). The creep rate is positive after small stress reduction and 

negative with large stress decreases. At an intermediate stress reduction, the initial creep 

rate is zero. In contrast to this, many investigators, e. g. Mitra, & McLean, (1966); Davies, & 

Wilshire (1971), report that even with very small stress reductions an "incubation period" 

of zero creep rate is observed before the deformation rate accelerates to a new steady 

value. 

According to some authors (e.g. Cadek, 1987, 1988) the reverse creep can be observed only 

if there is a plastic contraction due to the stress drop: material needs to obtain some 

compressive strain energy which then can be released in the form of time-dependent 

deformation (reverse creep). 

Fig. 2.2 demonstrates schematically the results form Fig. 2.1. 

Many theories have been developed to explain the behavior patterns observed in stress-

drop tests. If to omit minor details in the interpretation of the processes governing creep in 

SDT, they confirm that: (a) dislocation creep is the dominant mechanism; (b) high plastic 

anisotropy is a source of the energy inducing processes occurring in material; (c) the  
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Fig. 2.1. SDT tests of Ti3SiC2 samples at 1150℃. In all tests initial stress 𝜎 was reduced by ∆𝜎 and 
then increased again up to 𝜎. (a) 𝜎 = 40 MPa, ∆𝜎 = 8 MPa; (b) 𝜎 = 40 MPa, ∆𝜎 = 20 MPa; (c) 
𝜎 = 60 MPa, ∆𝜎 = 8 MPa; (d) 𝜎 = 40 MPa, ∆𝜎 = 24 MPa. At the end of each test the sample was 

unloaded down to 4 MPa. (Radovic et al., 2003) 

 

Fig. 2.2. Strain-time diagram in the stress-drop test; 1-2: creep portion under 𝜎 stress, 2-3: negative 
contraction ∆𝜀 due to stress-drop ∆𝜎, 3-4: negative creep (applied stress remains positive!), 4-5: 

creep delay (incubation period)  𝜀̇ = 0, 5-6: accelerating (inverse) creep  𝜀̇ > 0, from point 6: steady 
state creep  𝜀̇ = const corresponding to 𝜎 − ∆𝜎 stress. For the case of small stress drop, 3-4 portion 

is absent and only portions 4-5-6 are observed after the stress drop. 

 

response is dictated by a competition between the rates of recovery and hardening 

processes. 

With instantaneous and time-dependent negative plastic deformation, the following 

approaches can be distinguished. 

LRIS (Long range internal stress), Composite model (Kassner et al., 2009,2015). Mughrabi 

(1983) developed/advanced the concept of relatively high (long-range internal) stresses in 

association with heterogeneous dislocation substructures (e.g., cell/subgrain walls, dipole 

bundles, persistent slip bands walls, etc.). He presented the simple case where “hard” (high 

dislocation density walls, etc.) and “soft” (low dislocation density channels, or cell 

interiors) elastic-perfectly-plastic regions are compatibly sheared. Each component yields 
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at different stresses and it is suggested that the “composite” is under a heterogeneous 

stress-state with the high-dislocation density regions having the higher stress. As soft and 

hard regions are unloaded in parallel, the hard region eventually places the soft region in 

compression while the stress in the hard region is still positive. That is, a backstress is 

created. The plasticity occurs on reversal due to “reverse” plasticity in the soft region. The 

concept of heterogeneous stresses has also been widely embraced for monotonic 

deformation (Borbély et al. 1997, 2000) including elevated-temperature creep 

deformation. 

Non-Backstress explanation. Sleeswyk et al. (1978) proposed a different approach; when 

analyzing the hardening features in several metals at ambient temperature, he adopted an 

Orowan-type mechanism (long-range internal stresses or “back-stresses” not especially 

important) with dislocations easily reversing their motion (across cell). He suggested 

gliding dislocations, during work-hardening, encounter increasingly effective obstacles and 

the stress necessary to activate further dislocation motion or plasticity continually 

increases. On reversal of the direction of straining from a “forward” sense, the dislocations 

will easily move past those, non-regularly-spaced, obstacles that have already been 

surmounted. Thus the flow stress on reversal is relatively low. Lloyd and McElroy (1974) 

shears the same opinion, considering only the unbowing of dislocation segment, 

immobilized in a bowed out configuration, toward a new configuration at reduced stress. 

Another observation (Davies, & Wilshire, 1971) says that the instantaneous specimen 

contraction on decreasing the stress is greater than would be expected from the elastic 

modulus is a consequence of runback of dislocation pile-ups. 

If to return to the notion of internal stress (back-stress), according to Evans (1985), the 

occurrence of negative creep must mean that the specimen is deforming under a net 

compressive stress even though the applied stress remain positive at 𝜎 − ∆𝜎. This has led 

to the view that creep occurs not under the full applied stress 𝜎 but under an effective 

stress 𝜎𝑒, given as 

𝜎𝑒 = 𝜎 − 𝜎𝑖, 

where 𝜎𝑖 is the internal stress or dislocation back stress. With this approach, a measure of 

𝜎𝑖 may be obtained as the stress below which (a) negative creep occurs after the 

instantaneous specimen contraction or (b) the instantaneous specimen contraction has a 

plastic component. After a stress change, the value of 𝜎𝑖 established during creep under the 

applied stress 𝜎 will gradually adjust towards the value expected for the new stress 

imposed. The time-dependent growth in macro-deformation-rate (portion 5-6 in Fig. 2.2) is 

explained by the increasing number of slip systems getting involved in the production of 

strain at 𝜎 − ∆𝜎 stress. 

Depending on the nature of the obstacles to dislocation glide, Poirier (1977,1985) points 

out the following mechanisms involved in negative creep: 

a) Recovery (climb)-controlled creep, where the backward stress of the obstacles is of the 

nature of a long range internal stress. Creep cannot proceed unless the internal stress is 

reduced to the level of the applied stress by diffusion-controlled recovery of the 

substructure. 
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b) Thermally activated creep, where localized short-range obstacles are superposed to a 

more or less periodic internal stress field (Jonas, 1970). Thermal agitation directly helps 

overcoming the obstacles and there is an effective stress defined as the difference between 

applied stress and internal stress. The obstacles can be very high and far apart and in this 

case the dislocations have a thermally activated, stress dependent waiting time in front of 

the obstacle before gliding in a jerky fashion until they are blocked in front of the next 

obstacle. Such would be the case for cross-slip controlled creep (Friedel, 1964). or creep 

controlled by the thermal unpinning of attractive junctions [Guyot (1966), Sastry et al. 

(1974)]. The obstacles may also be less important but present at almost every atomic step 

of the dislocations, “smeared” so to speak, in this case the thermally activated overcoming 

of this type of obstacle leads to viscous glide (e.g. solute drag or jog drag). Clearly the two 

types of obstacles can be present at the same time. 

Louchet (1995) proposed the model accounting for a transient creep taking place in some 

superalloys, opposed to the direction of the applied load, though started by the application 

of this load. It is based on the reduction of the internal energy of the system during 

coarsening. The release of internal energy is assumed to be related to stress-induced 

directional coarsening of precipitates. 

Internal stress theory is greatly weakened when one takes account of the results obtained 

by Davies & Wilshire (1971), according to which, with single crystals, the instantaneous 

contraction was followed by a period of zero creep rate for all stress reductions. Negative 

creep was never observed with the single crystal specimens. This casts serious doubts on 

the technique of measuring internal stresses by this type of stress change experiment, since 

similar internal stresses should exist in single and polycrystalline specimens. 

On the other hand, long rage internal stresses were confirmed by Carry, & Strudel (1978) in 

single crystals of a nickel base superalloy and Kassner (2009, 2015) for monotonically 

deformed Cu single crystal. Kassner supposes that a combination of LRIS and an Orowan 

mechanism must be taken into account. 

Bayley (2006) advocates the LRIS approach via strain gradient crystal plasticity, which 

attempts to predict material size effects by taking into account geometrically necessary 

dislocations that are required to accommodate gradients of crystallographic slip. Since 

these dislocations have a non-zero net Burgers vector within the material, dislocation 

induced long range stresses result in a back stress that influences the effective driving force 

for crystallographic slip. 

 

Summary 

 

In the last 20 years, remarkable progress has been made in both theory and experiment to 

model the phenomena intrinsic to stress drop tests. At the same time, the researches 

considered above make focus mainly on some “knot” in Fig. 2.2 (especially portion 2-3-4), 

while the preceding and following portions and their roles remain without attention. Thus, 

it would be of crucial interest to develop a model capable of analytical describing of the 

whole chain of phenomena in stress-drop test so that to show the interplay between them. 

Section 4.1 shows how, in terms of the generalized synthetic theory, this problem can be 

solved.  
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2.2. Ultrasound effects upon the strength properties of metals 

In recent years, the most discussed issues about the influence of ultrasound upon the 

plastic deformation properties of metals are the phenomena of ultrasonic hardening (UH) 

and ultrasonic softening (US). The former phenomenon occurs during the sonication of 

annealed material without a static (unidirectional) loading, while the latter takes place 

when a high frequency (ultrasonic) variable loading is superimposed upon a static one. 

2.2.1 Ultrasonic hardening 

The ultrasonic hardening manifests itself in the increase of the yield strength of material 

due to the defects of crystalline structure nucleated and developed by acoustic energy. 

The influence of ultrasound upon 

metals leads to the change in their 

initial dislocation structure. First 

researches on the fine structure of 

metals have been conducted by 

Langenecker (1966) on wire 

specimens of monocrystal aluminum 

(99.99%). It was found that the 

ultrasonic irradiation resulted in the 

increase in dislocation intensity by 

several orders of magnitude. 

Fig. 2.3 demonstrates the 

transmission electron micrographs of 

iron-foil (carbon content of 0.003 %) 

subjected to the action of ultrasound. 

The dislocations are distributed in a 

strongly non-homogeneous manner. 

As a rule, the dislocations are 

concentrated in tangles and tied into 

knots, there are a lot of immobile jogs 

on them. The great number of small 

dislocation loops formed by the 

agglomeration of vacancies is 

observed. Pileups of dislocations near 

the grain boundaries are also 

reported in the works of Westmacott 

and Langenecker (1965) and it can be assumed that the grain boundaries are the prevailing 

sources of dislocation under the action of ultrasound. Terentjev et al. (1975) and Mordyuk 

et al. (2013), dealing with polycrystalline molybdenum and Al-6Mg alloy, report that there 

are areas with practically initial dislocation structure even under high stress amplitudes. At 

the same time, the grains (the parts of grains) are observed where the dislocation density is 

considerably higher than that in the initial state. The distinctive feature of ultrasound 

induced dislocation structure – extended dislocation pile-ups consisting largely of 

prismatic dipoles and the great number of dislocation loops and jogs – is reported by Peslo 

(1984). 

Fig 2.3. Dislocation structure of iron subjected to 

ultrasonic irradiation (x50000): 𝑡 = 20 ℃; stress 

amplitudes a,b - 𝜎𝑚 = 200 MPa; c - 𝜎𝑚 = 20 MPa after 

2 ∙ 106 cycles, frequency 𝑓 = 20 kHz (Kulemin, 1978). 
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Further, ultrasound leads to a considerable 

growth of vacancy concentration. In support of 

this statement consider the results of experiments 

conducted by Ostrovski with co-workers (2000). 

Fig. 2.4 shows the pattern of selective etching for 

a control silicon sample not subjected to 

ultrasonic processing (USP). Fig. 2.5 presents the 

patterns observed upon the selective etching of 

samples upon USP. As seen from these figures, the 

rosette arm lengths markedly decrease with 

increasing USP duration. The arm length of a 

dislocation rosette is a characteristic of the 

mobility of dislocations. The USP-induced 

decrease in the rosette dimensions observed in 

the experiments is evidence of a reduced mobility 

of dislocations, that is, of the surface hardening. 

The surface of the silicon samples etched after 

USP exhibits characteristic round etch pits 

(Fig. 2.5), which are conventionally explained by 

the presence of diffusing impurity coagulants (e.g., 

vacancy clusters) in the near-surface layer of the 

crystal. 

The quantitative aspect of the change in the 

dislocation structure, namely, how the dislocation 

density (𝑁𝑑) depends on a sonification time, 

temperature, strain amplitude etc., can be 

elucidated by making use of metallographic 

method, or etch-pit method. 

The micrographs of the surface of germanium and 

polycrystalline aluminum (99,99%) in initial 

(annealed) state and after the action of ultrasound (𝑓 = 20 kHz) of different sonication 

time are shown in Fig. 2.6. As seen from this figure, the action of ultrasound leads to the 

increase in dislocation density. Selective etching reveals rosettes, whose arms spread in six 

directions, formed by dislocation half-loops (Fig. 2.6c). If the vector of alternating stresses 

is perpendicular to {111} plane, the rosette arms are oriented along <110>. The increase in 

sonication-time up to ~ 7-8 min results in the slip bands formation. 

The dislocation motions can be traced by the repeated etching of a given area of crystal 

surface. Fig. 2.6d shows the microstructure of germanium surface after several impulses of 

ultrasound; every impulse is followed by the etching. It is easy to see that some fracture of 

etch-pits remains on their spots (immobile dislocations), while others move in appropriate 

directions (mobile dislocations). Therefore, in ultrasound loading, despite the periodic 

change in the sign of loading, the dislocations move only in one direction. This peculiarity is 

explained by the fact that crystal imperfections (point defects) trail behind the moving 

dislocation. 

Fig. 2.4. A dislocation rosette in a control 
silicon sample without ultrasonic 
processing (Ostrovskii et al., 2000). 

Fig. 2.5. A dislocation rosette in a silicon 
crystal upon 4-h ultrasonic processing. 
The rosette arm length is about half that 
in the control sample. The sample surface 
exhibits traces of vacancy–impurity 
clusters in the form of dark oval spots 
(Ostrovskii et al., 2000). 
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In the early stages of ultrasonic exposure, a monotone increase in dislocation density is 

observed (Fig. 2.7). However, beginning from some value of sonication time, 𝜏∗, the 

dislocation density remains unchangeable: 𝑁𝑑 = const as 𝜏 ≥ 𝜏∗. This is due to the gradual 

restrain of Frank-Read sources caused by dislocations nucleated in preceding cycles. In 

addition, the annihilation of opposite-oriented dislocations, emitted by sources on parallel 

atomic planes, is observed. Lowering the sonication temperature will considerably increase 

the value of 𝜏∗ (30~40 min at −50℃ and 1 min at 20℃, see Fig. 2.7a,b). 

 

Fig. 2.6. Dislocation structure of germanium and aluminum: a) initial surface of germanium (×450); 
(b) and (c) after ultrasound of 𝜏 = 3 min and 5 min at 𝑡 = 400℃, 𝜎𝑚 = 3 MPa (×270); d) layer-by-
layer etching after the sonication of 𝜏 = 0 − 5 min, 𝜎𝑚 = 3 MPa (×450); e) electron micrograph of 

sonicated germanium 𝑡 = 600℃, 𝜎𝑚 = 3 MPa, 𝜏 = 10 min (×60000); f) and e) the surface of 
aluminium in initial and sonicated states: 𝑡 = 20℃, 𝜎𝑚 = 3 MPa, 𝜏 = 100 sec (Kulemin, 1978). 

 

Fig. 2.7. Dislocation intensity and microhardness of aluminum (a and b) and germanium (c) as a 
function of ultrasound-action-time 𝜏: a) 𝑡 = −50℃ , 𝜎𝑚 = 20 MPa; b) 𝑡 = 20℃, 𝜎𝑚 = 18 MPa; c) 

𝑡 = 70℃, 𝜎𝑚 = 18 MPa (Kulemin, 1978). 
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The increase in stress amplitude at constant temperature leads to the reduction of 𝜏∗. Thus, 

in NaCl, 1 hour is needed for the dislocation density to reach the saturation at the stress 

amplitude 𝜎𝑚 of 8.5 MPa while 𝑁𝑑  becomes constant already after 5 minutes of vibration 

for 𝜎𝑚 = 27 MPa (Belozerova, 1992.). The time needed for the dislocation density 

saturation appears to be affected by the plastic properties of metals. Taking into account 

that dislocation density correlates with other properties of metals, e.g. microhardness or 

yield limit, one can suggests that the greater the yield limit of annealed material, the longer 

sonication time is needed to reach the dislocation density saturation. 

Fig. 2.8 shows that the number of ultrasound induced dislocations starts to grow only from 

a certain threshold value of stress amplitude (𝜎𝑚0). According to Kulemin (1978), the 

threshold stress amplitude is related to the yield limit of metal (𝜎𝑆) as ~0.4 ÷ 0.5𝜎𝑆. 

Langenecker and Kralik report that the value of 𝜎𝑚0 ranges from 0.3𝜎𝑆 to 0.85𝜎𝑆. Keith’s 

and Gilman’s experiments on LiF single crystals show that if a static stress cannot generate 

dislocation from a Frank-Read source, the same stress but applied in the opposite direction 

does induce a dislocation loop. Besides, immobile dislocations (especially long ones, whose 

lines end on the free surface of crystal) can be unpinned by oscillating stresses, because 

only a half-stress is needed for this. Furthermore, some amount of dislocation can be 

nucleated in the zones with great local stresses, e.g., along grain boundaries. 

 

 

 

 

 

 

 

It is of great interest to study how the frequency of loading affects the dislocation 

distribution through crystals and the value of 𝜎𝑚0. As follows from Gindin et al. (1972), the 

dislocation structure of nickel due to the cyclic loading of strain amplitude 𝜀𝑚 = 6 ∙ 10−4 

does not change with increasing frequency. The same result is reported by Kromp, & Weiss 

(1971), where no essential difference in the character of dislocation distribution in copper 

were observed due to the variable loading ranging from ultrasonic irradiation up to low 

cycle fatigue. The experiments on the influence of ultrasound upon the crystals of Cu, Ni, 

NaCl and LiF (Pines, & Omeljanenko, 1969) record no influence of the frequency ranged 

from 15 to 35 kHz upon the value of 𝜎𝑚0. Similar results are registered for 𝑓 = 20 kHz 

and 𝑓 = 44 kHz. Therefore, we suppose that the dependence of 𝜎𝑚0 upon the frequency of 

loading can be manifested beyond of 15 ÷ 45 kHz frequencies. 

Fig. 2.9. Dependence of the yield limit of copper 
(1 – 𝜎𝑚 = 67 MPa) and aluminum (2 – 
𝜎𝑚 = 164 MPa) on the sonication time 𝜏 

(Kulemin, 1978). 

Fig. 2.8. 𝑁𝑑  vs 𝜎𝑚 plot for 1) copper at 

𝑡 = 450 ℃, and 2) aluminum at 𝑡 = 20 ℃ 

(Kulemin, 1978). 
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Changes in the metal fine structure due to ultrasound considered above affect their 

mechanical properties. In particular, ultrasonic load leads to the increase in the yield limit 

of metals (𝜎𝑆) as shown in Fig. 2.9. The monotone growth of 𝜎𝑆 occurs during 10 sec. of 

sonication for aluminium and 30 sec for copper upon which “saturation stage“ comes, i.e. 

𝜎𝑆(𝜏) remains constant. The increase in the yield limit is recorded only for the stress 

amplitudes greater than a threshold magnitude, 𝜎𝑚0. The results from Fig. 2.9 correlate to 

those from Fig. 2.7. 

The fact that the distribution of the ultrasound induced dislocations is of strongly non-

homogeneous manner makes ultrasonic processing especially favorable, since sonicated 

specimens deform in elastic manner on macroscopic scale while the hardening of material 

develops due to the plastic deformations concentrated in the micro zones (slip bands, etc.) 

of crystal. 

 

2.2.2 Ultrasonic softening 

In 1955, Austrian researches F. Blaha and B. Langenecker detected the decrease in the 

stress needed for the plastic deformation of single crystal zinc to progress when ultrasound 

(800 kHz) is superimposed. This phenomenon is referred to as ultrasonic (acoustic) 

softening. 

Numerous investigations showed great advantages of the method of plastic deformation 

used in combination with ultrasonic oscillations in order to decrease forces and 

consumption of energy, increase the capacity of equipment, and to make it possible to 

deform materials that fail if processed by conventional methods [wire bonding – Huang et 

al. (2009), ultrasonic welding – Siddiq, & Ghassemieh (2008), deep drawing – Pasierb, & 

Wojnar (1992); Astashev and Babitsky (2007), Blagoveshchenskii and Panin (2007), 

Kirchner et al. (1985), Witthauer et al. (2014) etc.]. In the purest form, the effect of 

ultrasonic oscillations on the mechanical properties of a metal can be assessed in tension 

when the contact friction is absent in the process of deformation. Figures 2.10 and 2.11 

demonstrate ultrasonic softening for mono- and polycrystalline aluminum, which 

manifests itself in the decrease in stress to induce plastic straining and the flatter form of 

𝜎~𝜀 curve comparing to the case of conventional loading. Experiments carried out on many 

metals demonstrate that US is proportional to ultrasound intensity (𝐼) or stress amplitude, 

since these are related to each other as 𝐼 = 𝜎𝑚
2 2𝜌𝑐⁄ , where 𝜌 and 𝑐 are the density and the 

sound speed of material. Further, the US phenomenon does not depend on oscillation 

frequency in the range of 15-80 kHz, the degree of preliminary deformation below 16%, 

and temperature between 30 and 500C. 

Acoustic softening is explained on the basis of dislocation theory. Ultrasonic waves activate 

blocked dislocations, hardened under ordinary deformation, and decrease stresses for 

further plastic deformation. The effect of decrease in static stresses can also be achieved as 

a result of supply of heat energy; however, to obtain the identical effect, much higher (by 

several orders) energy must be supplied. This is explained by the fact that the acoustic 

energy is absorbed mainly in dislocations and other imperfections and is hardly absorbed 

in the defect-free zones of the crystal, whereas the heat energy is distributed rather 

uniformly over the entire volume of the metal deformed. 
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Fig. 2.10. Stress-strain diagrams of aluminum with simultaneous ultrasound (a) of different 
intensity: 1 – 𝐼 = 0 W cm2⁄ , 2 – 𝐼 = 15 W cm2⁄  3 – 𝐼 = 35 W cm2⁄ , 4 – 𝐼 = 50 W cm2⁄ ; (b) static 
stress-strain diagrams of aluminum at different temperatures 5 – 18℃, 6 – 200℃, 7 – 400℃, 8 – 

600℃ (Mordyuk, 1970). 

 

 

Fig. 2.11. Stress–strain response of three different orientations of single crystalline aluminum with 

no ultrasonic energy and with ultrasound (Siddiq, & Sayed, 2011). 

 

 

Acoustic softening has been observed for many metals such as copper (Huang et al., 2009), 

molybdenum (Siu, & Ngan, 2011), gold (Lum et al., 2009), titanium (Singh, & Khamba, 

2007), magnesium alloys (Tong et al., 2011). 

Creep deformation is also strongly influenced by ultrasonic irradiation. Fig. 2.12 shows the 

creep diagrams of copper, which demonstrates that vibrating stresses results in a 

considerable intensification of the primary and secondary creep. 

It is of great interest to notice that a simultaneous action of static (𝜎) and oscillating 

stresses with amplitude 𝜎𝑚 cannot be replaced by the action of a static load whose 

magnitude equals to 𝜎 + 𝜎𝑚. Consider the creep diagram of aluminum alloy D16T 

dc_1366_16

Powered by TCPDF (www.tcpdf.org)



20 

(Fig. 2.13) for the case of (i) the simultaneous action of static 𝜎 = 55.6 MPa and alternating 

𝜎𝑚 = ±16.2 𝑀𝑃𝑎 stresses (curve 1) and (ii) static load (𝜎Σ) equal to the sum of 𝜎 and 𝜎𝑚, 

𝜎Σ = 55.6 + 16.2 = 71.8 𝑀𝑃𝑎 (curve 2). As follows from Fig. 2.13, the combined action of 

static and oscillation stresses give a more intensive development of the creep strain than in 

the equivalent static load. This fact is of great importance: one cannot model the 

simultaneous action of static and alternating load by a simple summation of the static and 

cyclic stresses. This conclusion is backed by Daud’s researches (2007) who, by measuring 

the oscillating force response as well as the static force, has shown that the experimentally 

derived stress-strain data does not satisfy a simple oscillatory stress superposition model. 

 

 

 

 

 

With the state-of-the-art review of ultrasound effects, the following results can be 

mentioned. 

A substantial body of literature has evolved around experimental investigations of the 

phenomena of ultrasound hardening: Puga et al. (2015), Eskin, G and Eskin, D (2014), 

Abramov (1994), Kozlov, & Mordyuk (1986), Severdenko et al. (1979), Kulemin (1978), etc. 

Peslo (1984) and Biront (1979) classify the stages of UH. Biront proposes an exponential 

relationship between the number of ultrasonic impulses and the degree of material 

hardening (via dislocation intensity). Moraru (2007) and Puga (2015) study the strength 

properties of polycrystalline metals subjected to ultrasound via Hall-Petch equation, i.e. 

they analyze the change in grain sizes due to sonication. 

Statnikov (2004) and Fisher (2001) present technical aspects of ultrasonic impact 

treatment (UIT), including an experimental and theoretical description of the physics and 

the means of controlling the ultrasonic impact parameters. UIT provides high-intensity 

Fig. 2.12. Creep diagrams of copper at 30 
MPa: 1,2 – 𝑡 = 110℃; 3, 4 – 𝑡 = 350℃; 1,2 – 
without ultrasound; 3, 4 – superimposed 
ultrasound with 𝜎𝑚 = 4 MPa (Kulemin, 1978). 

Fig. 2.13. Creep diagrams of aluminium alloy 
D16T (𝑡 = 300℃): 1 – simultaneous action of 
static tension and ultrasound (𝑓 = 21 kHz); 2 
– static load with the stress equivalent to the 
combined action of static and ultrasonic 
loading; (Konovalov, & Remizovskij, 1964). 
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ultrasonic impacts accompanied by ultrasonic vibrations of indenters. These impacts 

initiate highly effective plastic deformation and transfer there through high-intensity 

ultrasonic vibrations and ultrasonic stress waves into the material being treated. The 

model of UIT is developed through the finite element method where at any instant of time 

the stressed state is calculated using the global stiffness matrix. 

Siddiq and Ghassemieh (2008) give thermomechanical analysis of ultrasonic welding and 

propose the analytical description of ultrasonic softening in terms of combined nonlinear 

isotropic/kinematic hardening model. Daud et al. (2007) develop finite element models for 

ultrasonic assisted tension and compression of aluminum alloy 1050. Siddiq and Sayed 

(2011) modify a phenomenological crystal plasticity model to account for acoustic 

(ultrasonic) softening effects based on the level of ultrasonic intensity supplied to single 

and polycrystalline metals. 

 

Summary 

 

As one can see, considerable experimental and theoretical results have been attained in the 

field of ultrasound effects. However, we observe a tendency that ultrasonic softening and 

ultrasonic hardening are modelled in terms of different approaches. 

This fact motivates to develop a model which catches the “dualism” of acoustic energy: 

ultrasound alone hardens an annealed material, but softens it together with static load. 

Sections 4.3.1-4.3.3 present a model developed in terms of the synthetic theory, where both 

ultrasonic hardening and ultrasonic softening are described by means of a unique 

constitutive equation.  
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2.3 Influence of preliminary treatments upon the steady-state creep of 
metals  

 

In present-day conditions, new methods of hardening of metals (equally with the 

traditional means, i.e. alloying, modification, optimization of thermal treatment, coating 

etc.) assume ever greater importance. These methods are based on the control of the 

dislocation structure of metal by combined mechanical (unidirectional or variable load of 

ultrasonic frequency) and heat (annealing) impact. Depending on the sort of the 

mechanical impact, mechanical-thermal treatment (MTT) and ultrasound treatment (UT) 

can be distinguished. The application of MTT or UT to materials used in machine building, 

chemical industry, and other branches of engineering would guarantee a significant 

increase in the service life and decrease in the weight of workpieces due to the realization 

of latent reserves of their strength. 

MTT consists of (Fig. 2.14): 

(i) plastic deformation of a batch of 

specimens in uniaxial tension (𝜀0) at room 

temperature; 

(ii) annealing of the specimens in the 

unloaded state at a temperature 𝑇𝑎 for a 

time 𝑡𝑎. 

 

UT consists of (Fig. 2.15): 

(i) sonication of a batch of specimens in 

longitudinal vibrations of frequency 𝑓 at 

room temperature for certain time periods, 

𝜏, at a given stress amplitude and frequency, 

𝜎𝑚 and 𝑓, (the values of 𝜎𝑚 and 𝑓 are 

identical for the entire batch); 

(ii) annealing of the specimens in the 

unloaded state at a temperature 𝑇𝑎 for a 

time 𝑡𝑎. 

Experimental data show that the 

preliminary treatments strongly affect the 

steady-state creep rate of metals. If to load 

the specimens after MTT under creep 

condition, let 𝜎 and 𝑇 denotes the tensile 

stress and temperature, then their 

secondary creep rates strongly depend on 

the magnitude of plastic pre-strain 𝜀0, 

proviso 𝑇𝑎, 𝑡𝑎, 𝑇 and 𝜎, are hold constant. As 

Fig. 2.14.The scheme of MTT. 

 

Fig. 2.15.The scheme of UT. 
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follows from Fig. 2.16, the dependences of the rate of steady-state creep on the magnitude 

of plastic pre-strain (𝜀0) in the course of MTT for aluminium and copper are different and 

not monotone. Similar situation is observed for the creep after UT. Figs. 2.17 and 2.18 

demonstrate the dependence of the secondary creep rate of aluminum and copper on the 

duration of sonication 𝜏 (the other parameters – 𝜎𝑚, 𝑓, 𝑇𝑎, 𝑡𝑎, 𝑇 and 𝜎 – are constant). 

 

 

 

Fig. 2.16 Dependences of the rate of steady-state creep (uniaxial tension) on the level of plastic 
prestrain in tension: a) aluminum (𝜎 = 9.6 MPa, 𝑇 = 260℃), (𝑇𝑎 = 260℃, 𝑡𝑎 = 1 hour); b) copper 

(𝜎 = 15 MPa, 𝑇 = 500℃), (𝑇𝑎 = 500℃, 𝑡𝑎 = 1 hour); (Bazelyuk et al., 1970, 1971). 

 

 

 

 

Fig. 2.17. Steady-state creep of aluminum 
in tension (𝑇 = 260℃, 𝜎 = 9.6 MPa) as a 
function of sonication time in the course of 
preliminary UT (oscillation frequency and 
amplitude are 𝑓 = 20 kHz and 𝐴 = 15 𝜇m; 
𝑇𝑎 = 260℃, 𝑡𝑎 = 1 hour); (Bazelyuk et al., 
1970, 1971). 

 

 

Fig. 2.18. Steady-state creep rate of copper 
in tension (𝑇 = 500℃, 𝜎 = 15 MPa) as a 
function of sonication time in the course of 
preliminary UT (oscillation frequency and 
amplitude are 𝑓 = 20 kHz and 𝐴 = 25 𝜇m; 
𝑇𝑎 = 500℃, 𝑡𝑎 = 1 hour); (Bazelyuk et al., 
1970, 1971). 
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The changes in the rate of steady-state creep after MTT or UT were observed also for nickel 

and its alloys (Mordyuk, 1970), molybdenum (Mordyuk, & Demchenko, 1978), and 

stainless steel (Bazelyuk et al., 1980). 

The hardening caused by the preliminary treatments can be attributed to the changes in 

the crystal structure of the specimens subjected to plastic straining or ultrasonic 

irradiation and stabilizing annealing. Although the dynamic of dislocation structure 

evolution during MTT and UT is different, the following common tendencies can be point 

out. 

In the process of both plastic flow and sonication, the number of defects such as 

dislocations, dislocation loops and dipoles as well as point defects grows dramatically, 

which results in that original relatively perfect crystals split into fragments whose sizes 

and orientations depend on the level of pre-strain or sonication time [Siu, & Ngan (2011), 

Peslo (1984), Kulemin (1978), Biront (1979), Bazelyuk et al. (1980)]. The boundaries of the 

fragments form a three-dimensional network of subboundaries and play the role of sites of 

dislocation pileups.  

Using transmission electron microscopy and X-ray investigations, Bazeljuk et al. (1970, 

1971), Demchenko et al., (1976), and Novikov (1974) report the formation of thermally 

stable dislocation substructure during the anneal of a cold-hardened or sonicated metal. 

Some defects annihilate, reducing the internal stresses, and the remaining dislocations are 

redistributed into energy-favorable configurations (subboundaries) (McLean, D. 1957); 

point-defect atmospheres pin the subboundary networks. 

The dislocation substructure formed in the course of the preliminary treatments impedes 

the development of creep by restricting the free path of dislocations (i.e. both coarse and 

fine sliding decreases), and by blocking the dislocation sources (Bazelyuk et al. 1970, 1971, 

1980; Kulemin, 1978). As a result, the steady-state creep of the material subjected to 

preliminary MTT or UT decreases. However, this hardening phenomenon has a non-

monotone character. As seen from Figs. 2.16-18, the 𝜀̇ = 𝜀̇(𝜀0) and 𝜀̇ = 𝜀̇(𝜏) function 

decreases only for a certain range, 𝜀0 ∈ [0, 𝜀0𝑜𝑝𝑡] and 𝜏 ∈ [0, 𝜏𝑜𝑝𝑡], where 𝜀0𝑜𝑝𝑡 and 𝜏𝑜𝑝𝑡 is 

an optimal plastic pre-strain and sonication time, respectively (𝜀0𝑜𝑝𝑡 ≈ 1.0% and 

𝜀0𝑜𝑝𝑡 ≈ 3.2%, 𝜏𝑜𝑝𝑡 ≈ 0.5 min and 𝜏𝑜𝑝𝑡 ≈ 3 min for aluminum and copper, respectively) For 

𝜀0 > 𝜀0𝑜𝑝𝑡 and 𝜏 > 𝜏𝑜𝑝𝑡 the creep rate tends to its initial value. Bazelyuk et al. (1970, 1971), 

Kulemin (1978), and Bazelyuk et al. (1980) explain this by the defect-substructure formed 

in the course of treatments loses its thermomechanical stability. This means that the 

defect-energy stored in material during the treatments, which is above the optimal value, 

induces softening processes (an active recrystallization starts, subgrain walls fall apart, 

etc.) dominating over the hardening ones, which results in the increasing portion of 

𝜀̇ = 𝜀̇(𝜀0) and 𝜀̇ = 𝜀̇(𝜏) curves (from 1.0 to 2.0 % for aluminum and above 3.2% for copper; 

from 0.5 to 2 min for aluminum and above 3 min for copper). 

On passing the minimum, 𝜀̇ = 𝜀̇(𝜀0) and 𝜀̇ = 𝜀̇(𝜏) curves for copper and aluminum from 

Figs. 2.16-18 exhibit different types of behavior. The major two reasons for this 

phenomenon can be explained by the interplay between (i) the number of the point defects 

nucleated in preliminary plastic deformation or sonication and (ii) different mechanisms of 

the recovery in the course of secondary creep for materials with different stacking-fault 

energies, 𝛾, (𝛾Al = 0.2 J m2⁄ , 𝛾Cu = 0.04 J m2⁄ , i.e., 𝛾Al 𝛾Cu⁄ ≈ 5). As well-known, steady-
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state creep develops through a thermally activated recovery (softening), which can be of 

two types: polygonization and recrystallization. The recovery mechanism depends on the 

level of the stacking fault energy of metal (SFE): polygonization dominates in the metals 

with a high SFE while recrystallization does for a low SFE [Cadek (1988), Rabotnov 

(1966)]. 

As stated above, the number of point defects grows with an increase in 𝜀0 or 𝜏 and 

beginning from a certain magnitude they start to play a considerable role in the common 

hardening of material. According to Bazeljuk et al. (1970, 1971), the plastic deformation 

and the sonication time needed to induce the sufficient number of point defects for a 

considerable pinning of subgrain boundaries in aluminum is about 2% and 2 min, 

respectively. That is why the 𝜀̇ = 𝜀̇(𝜀0) and 𝜀̇ = 𝜀̇(𝜏) curves for aluminum show the second 

decreasing portion as 𝜀0 > 2% and 𝜏 > 2 min. At the same time, in copper, the creep rate 

for 𝜀0 > 6% and 𝜏 > 5 min tends to the level corresponding to the absence of preliminary 

treatment (while the number of plastic flow and ultrasound induced point defects 

monotonically grows). 

Bazelyuk et al. (1970, 1971, 1980) and Kulemin (1978) explain this by the difference in the 

recovery processes, which are in equilibrium with hardening ones and determine the 

secondary creep rate. Copper, as a metal with low stacking-fault energy, softens mainly as a 

result of recrystallization, which nucleates preferentially in the regions with the highest 

defect densities (Price, 1990; Poirier, 1985). Therefore, if the number of defects from 

preliminary MTT or UT exceeds a critical value, the subgrains boundaries containing them 

become centers of recrystallization. In the course of recrystallization (Buerger, 1979; 

Novikov, 1974), the resistance of the metal to plastic deformation significantly decreases 

since rapid migration of the boundaries intensely “cleans” the deformed matrix, which 

facilitates the motion of dislocations under conditions of creep and increases the rate of 

steady-state creep as compared with its value at the optimal pre-sonication time. Thus, the 

optimal value of 𝜀0 or 𝜏 should be chosen to avoid intense recrystallization during the 

subsequent creep. Another conclusion to be drawn is once the MTT- or UT-substructure 

loses its thermal stability, which is manifested via recrystallization leading to the formation 

of a defect-free structure, the point defects cannot serve as an additional factor enhancing 

the hardening effect from the preliminary treatments. Therefore, the dependence 𝜀̇ = 𝜀̇(𝜀0) 

and 𝜀̇ = 𝜀̇(𝜏) for copper possesses a single minimum, at which the optimal compromise 

between the number of dislocations constituting the MTT- or UT-substructure and the 

thermal stability of the substructure is achieved. 

In materials with high stacking fault energy such as aluminum, the most important 

microstructural evolution during creep consists in the rearranging of free dislocations into 

subgrains surrounded by low-angle grain boundaries, i.e. aluminum undergoes recovery by 

polygonization [Price (1990), Poirier (1985)]. If 𝜀0 or 𝜏 is such that the energy stored in 

MTT- or UT-substructure exceeds a critical value, the preliminary formed subgrain 

boundaries fall apart under the action of creep-stress and high temperature and terminate 

to be effective hindrances to the development of the creep. However, the MTT- or UT-

substructure can regain its thermal stability if to pin the subgrain boundaries by point 

defects, which is possible if their number achieves a sufficient value (Bazelyuk et al., 1970, 

1971). This situation is observed in Figs. 2.17 and 2.18 for the pre-sonication time-period 

between 2 and 4 min and for the pre-strain above 2%. Therefore, the dislocation 
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substructure pinned by point defects again disturbs a balance between the recovery and 

hardening during creep in favor of latter (the second decreasing portion of 𝜀̇ = 𝜀̇(𝜀0) and 

𝜀̇ = 𝜀̇(𝜏) curves in Figs. 2.17 and 2.18). It is worth noting that 𝜀̇ = 𝜀̇(𝜏) curve again 

increases due to an intensive nucleation and development of microcracks in the course of 

preliminary ultrasonic irradiation for 𝜏 > 4 min (Fig. 2.17). 

The main advantage of UT over MTT is that the dimensions of sonicated specimen remain 

unchangeable (see Sec. 2.2.1). It is of interest to compare subgrain-boundary angles formed 

in plastic deformation and sonication giving the same values of microhardness (Ni+1,8Al 

alloy; Demchenko et al., 1976). The action of ultrasound with 18 ÷ 20 μm amplitude for 

several minutes gives an increase in the subgrain-boundary angles of ≈ 5 mrad while 

plastic deformation of ≈ 5% results in the increase of 25 ÷ 30 mrad. It is the dislocation 

prismatic loops and dipoles vastly observed during the sonication that contribute to the 

dislocation density without considerable increasing in width of X-ray reflections. 

Therefore, the grain boundary energy accumulated in the course of UT is lower than that in 

mechanical-thermal treatment, i.e. UT leads to the formation of a more stable dislocation 

structures compared to those obtained in MTT. 

If to hold plastic prestrain 𝜀0 and annealing time 𝑡𝑎 constant, experiments give 𝜀̇ = 𝜀̇(𝑇𝑎) 

dependence as shown in Fig. 2.19. It must be noted that there is exist a minimum 

temperature of annealing (𝑇𝑚𝑖𝑛) starting from which MTT gives the decrease in the steady 

state creep. As 𝑇𝑎 ≤ 𝑇𝑚𝑖𝑛, thermal energy is insufficient to induce processes leading to the 

formation of stable defect-configurations. For example, polygonization does not occur and 

the plastic strain induced defects are abundant within the material matrix but they are not 

arranged in thermal stable configurations and incapable of offering resistance to high 

temperature creep. 

These defects are not effective 

barriers against the development of 

irrecoverable strain in the course of 

steady-state creep due to the high 

temperature contributes greatly to the 

disintegration of the pre-existing 

dislocation grid. As 𝑇𝑎 > 𝑇𝑚𝑖𝑛, 

subgrain boundaries are being formed 

in the course of annealing, putting 

bounds upon the free path of 

dislocations during the creep, i.e. 

decreasing the rate of creep strain. 

The greater value of 𝑇1 (to some 

extent), the greater impetus for 

forming subgrain structures. Above a 

certain annealing-temperature, the 

dislocation structure, formed in plastic deformation, cease to be an effective restriction to 

the following creep strain due to the intensification of recrystallization. As a result, the 

resistance of the metal to irrecoverable deformation significantly decreases since the rapid 

migration of dislocation boundaries intensely “cleans” the deformed matrix, which 

facilitates the motion of dislocations under conditions of creep and increases the rate of 

Fig. 2.19. Influence of annealing temperature 𝑇𝑎 

in the course of preliminary MTT upon the steady-

state creep rate of Armco iron in uniaxial tension 

(𝜎 = 20 MPa, 𝑇 = 400 ℃) for the plastic prestrain 

of 5 % and the anneal duration of 25 hours 

(Ivanova et al., 1967). 
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stationary creep as compared with its optimal value. Beginning from a certain value of 

temperature (𝑇𝑎 = 𝑇𝑚𝑎𝑥) the positive effect from MTT completely vanishes, i.e. the steady-

state creep rate increases again and comes back to initial values according to the absence of 

preliminary MTT. Thus, the optimal degree of temperature, 𝑇𝑜𝑝𝑡, should be chosen to avoid 

the possibility of intensive recrystallization. 

Similar, non-monotone, dependence is 

observed for 𝜀̇ = 𝜀̇(𝑡𝑎) function as both 

𝜀0 and 𝑇𝑎 are constant. To explain the 

𝜀̇ = 𝜀̇(𝑡𝑎) dependence one needs to use 

once more the dislocation theory. As 

stated above, in the course of 

stabilizing annealing of a material, a 

part of dislocations generated by cold 

hardening annihilates and the 

remaining dislocations rearrange into 

a more favorable energy configuration 

(the temperature of annealing must 

exceed a certain minimum value 

required to realize nonconservative 

motion of dislocations but, at the same 

time, must be lower than the temperature of recrystallization). The greater the duration of 

annealing, the larger the number of dislocations entering the boundaries of polygonal 

subgrains. At the same time, the boundary of a subgrain with large number of dislocations 

can turn into a center of recrystallization. Moreover, recrystallization can be absent in the 

process of annealing but occur in the course of creep tests under the favorable influence of 

high temperatures and force loading (Novikov, 1974). The structure formed after 

recrystallization is flawless. Clearly, it cannot inhibit the motion of dislocations. The 

presence of recrystallization shows that the substructure formed in the course of 

thermomechanical treatment is thermally unstable and its influence on the rate of steady-

state creep vanishes. Thus, there exists a duration of annealing 𝑡̃ (Fig. 2.20) corresponding 

to the optimal combination of the resistance of the substructure with its thermal stability. 

The family of dislocations generated solely by plastic strains without stabilization in the 

process of annealing does not affect creep because the dislocations do not form thermally 

stable structures. 

 

Summary 

It is clear that the classical theories of creep (the theory of hardening and aging as well as 

the hypothesis of equation of state), see, e.g., Rabotnov (1966), Bethen (2005), are 

incapable of modeling the dependence of steady state creep rate on the parameters of 

preliminary treatments, because they study the rate of creep as a function of the acting 

stress only and neglect the prehistory of loading. 

Therefore, together with a huge amount of publications separately discussing the behavior 

of metals subjected to different steps of MTT or UT, a new theory, solving the problem as a 

whole, is strongly needed (see Sections 4.2 and 4.3.4).  

Fig. 2.20. Dependence of the rate of steady-state 
creep under the conditions of uniaxial tension on 
the duration of annealing 𝑡𝑎 in the course of MTT 
(Ivanova, & Gordienko, 1964). 
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CHAPTER III. The synthetic theory of irrecoverable deformation 

 

The synthetic theory of irrecoverable deformation incorporates the Budiansky slip concept 

and the plastic flow theory developed by Sanders. This theory, which is concerned only 

with small plastic/creep strains of polycrystalline materials, falls within the category of 

work-hardening theories of inelastic deformation (Rusinko, A., & Rusinko, K., 2009,2011). 

3.1 The key points of the synthetic theory and state of the art 

I. It is of both mathematical and physical nature. As a mathematical (formal) model, the 

synthetic theory is in full agreement with basic laws and principles of plastic deforming 

such as Drucker’s postulate, the law of deviator proportionality, isotropy postulate, etc. 

On the other hand, the synthetic theory is a physical one which includes the characteristics 

of the microstructure of metal (the nucleation and evolution of crystal lattice defects) and 

their interplay with microscopic and macroscopic plastic flow. This is motivated by that 

classical theories of plasticity (e.g. the theory of isotropic or kinematic hardening) suffer 

from a formal approach in modeling deformation, leaving unaddressed interplay between 

an inelastic deformation and the evolution of material microstructure in the course of 

straining. 

Being of two-level nature, the synthetic theory is akin to the crystal plasticity theories 

[Asaro (1983), Hutchinson (2000), Nemat-Nasser, & Okinaka (1996)]. The key question is: 

which mechanisms of plastic/creep deformation should be taken into account and in what 

manner plastic microstrains should be related to their carriers, the crystal lattice defects? 

For the basic mechanism of permanent (irrecoverable) strain we take a slip of the parts of 

crystal grains relative to each other. To construct a relationship between microstrains and 

defects, we focus only on incontrovertible facts about in what interplay the defects of 

crystal lattice and plastic/creep straining are, while those of secondary importance are 

omitted from consideration. This makes possible to introduce relatively simple relations on 

the micro-level of material which, at the same time, adequately reflect the real behavior of 

material in irrecoverable deforming. An excessive concretization of the mechanisms, which 

accompany/induce the deformation, leads inevitably to extremely cumbersome 

expressions in which the role of dominating processes can be unjustifiably veiled. 

Summarizing, the synthetic theory is aimed to strike a compromise between a physical 

adequacy and simplicity in calculations to be more readily applied to engineering design. 

II. Independently on the type of deformation – plastic deformation or high-temperature 

creep – to be modeled, a single notion, irrecoverable (permanent) deformation, is 

introduced, i.e. the deformation is not splitted into plastic (“instantaneous”) and creep 

(viscous) parts (Rusinko, A. 2008, 2009). The manifestation of plastic or creep component 

and their interrelations depend on concrete loading/temperature-regimes. The correctness 

to use the notion of irrecoverable deformation follows from the similarity of the 

mechanism of time-dependent and plastic deformation. Indeed, their dominant mechanism 

is a slip of the parts of crystal grains relative to each other. These slips are induced mainly 
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by the motions of dislocations which, in turn, are induced/accompanied by other micro-

structural imperfections (defects) of crystalline lattice (vacancies, interstitial atoms, etc.). 

Undoubtedly, the driving forces and configurations of defects are different under different 

conditions. Nevertheless, despite of the variety of processes occurring in a body subjected 

to different loading regimes, numerous experiments systematically record the arising of 

dislocation gliding. Other facts justifying the similarity of the nature of plastic and time-

dependent deformation are (i) a hydrostatic stress does not affect creep deformation; (ii) 

the axes of principal stress and creep strain rate coincide; (iii) no volume change occurs 

during creep (Betten, 2005). These results are the same as those for plastic deformation 

[Chen, & Han (2007), Chakrabarty (2000)]. 

III. Following the tendency of unified approaches to model permanent deformation (see 

e.g. Chaboche et al., 1996 and 1997), the system of constitutive equations that governs the 

whole spectrum of inelastic deformation has been worked out. In terms of the synthetic 

theory, the universality of this system is based on: 

(i) a single equation provides the relation between a) microdeformation, b) crystalline 

structure defects induced by this deformation, and c) time. Further, the procedure of the 

transition between micro- and macro-level is also uniformed: the sum of irrecoverable 

micro-strains determines the magnitude of macro-strain. 

ii) the hardening rule is set in such a way that the evolution of loading surface obeys an 

unique rule. In addition, the kinetics of the loading surface transformation is not set a priori 

but is fully determined by a given loading path. 

In contrast to plastic flow theories with smooth loading surfaces, the synthetic theory, 

being the “successor” of slip concept (Rusinko, K., 1981, 1986), predicts the appearance of a 

corner point on the loading surface and thus is capable of describing the peculiarities of 

plastic deformation in the vicinity of an orthogonal additional loading. On the other hand, 

the slip concept has one serious shortcoming, namely a contradiction with the deviator 

proportionality law. It results in that the calculation of a strain in uniaxial tension, for the 

constants that are determined to best fit the experimentally obtained curve in torsion, 

shows a large deviation from experimental data (Joshimure, 1958). Therefore, neither flow 

plasticity theories nor the Batdorf-Budiansky slip concept satisfy, to a full extent, the main 

requirements imposed on the theories of plasticity. Therefore, it is necessary to use a more 

effective mathematical model. 

Summarizing, the synthetic theory is capable of embracing both plastic and creep 

deformation. In addition, numerous non-classical problems such as negative and inverse 

creep, creep as a function of preliminary mechanical-thermal and ultrasound processing, 

etc. has been successfully solved. These problems refute the erroneous conjecture that 

plastic and creep deformations do not affect each other and thus must be described by 

separate models. In addition, they contradict the hypothesis of creep potential (Betten, 

2005; Rabotnov, 1969) that defines the creep strain as a single-valued function of acting 

stress and temperature independently on the loading prehistory. 
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3.2 Ilyushin’s deviatoric space 

Consider the five-dimensional Ilyushin deviatoric stress and strain spaces, 𝒮5 and ℰ5, 

[Ilyushin (1963), Béda at al. (1995)]. The components of stress- and strain-vector, 𝑺⃗⃗ = 𝑆𝑖𝒈⃗⃗ 𝑖 

and 𝒆⃗ = 𝑒𝑖𝒇⃗ 𝑖 (the vectors 𝒈⃗⃗ 𝑖 and 𝒇⃗ 𝑖  are unit base vectors in 𝒮5 and ℰ5; they are coaxial, but 

have different scales), are defined as follows 

𝑆1 = √3 2⁄ 𝑆𝑥𝑥 ,    𝑆2 = 𝑆𝑥𝑥 √2⁄ + √2𝑆𝑦𝑦,    𝑆3 = √2𝑆𝑥𝑧 ,    𝑆4 = √2𝑆𝑥𝑦,    𝑆5 = √2𝑆𝑦𝑧 , (3.2.1) 

   𝑒1 = √3 2⁄ 𝑒𝑥𝑥 ,    𝑒2 = 𝑒𝑥𝑥 √2⁄ + √2𝑒𝑦𝑦,    𝑒3 = √2𝑒𝑥𝑧 ,    𝑒4 = √2𝑒𝑥𝑦,    𝑒5 = √2𝑒𝑦𝑧 , (3.2.2) 

where 𝑆𝑖𝑗 and 𝑒𝑖𝑗 (𝑖, 𝑗 = 𝑥, 𝑦, 𝑧) denote the deviatoric components of stress and strain 

tensor, respectively: 𝑆𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝛿𝑖𝑗, 𝑒𝑖𝑗 = 𝜀𝑖𝑗 − 𝜀𝛿𝑖𝑗; 𝛿𝑖𝑗 is the Kronecker's delta, 

𝜎 =
1

3
∑ 𝜎𝑘𝑘
3
𝑘=1 , 𝜀 =

1

3
∑ 𝜀𝑘𝑘
3
𝑘=1 . 

The length of the vector 𝑺⃗⃗  is related to the second invariant of stress deviator tensor, 𝐽2, as 

|𝑺⃗⃗ | = 2√3𝐽2. Besides, the |𝑺⃗⃗ | can be related to the so-called shear stress intensity, 𝜏0, as 

|𝑺⃗⃗ | = √2 3⁄ 𝜏0. 

In terms of the synthetic theory, the establishment of strain-stress and strain-time 

relationships takes place in the three-dimensional subspace (𝒮3) of 𝒮5. 

3.3. Two-level approach to calculate inelastic deformations, the Batdorf-
Budiansky slip concept 

The main statements of Batdorf-Budiansky slip concept are (Batdorf, & Budiansky, 1949): 

(i) Plastic strain is determined on micro- and a macro-level. For the macro-level we take as 

the elementary volume of a body, 𝕍, which is considered as point in the mathematical 

sense. This volume consists of a large quantity of volumes, 𝕍0 (the micro-level), each being 

continuum, capable of deforming under the applied stresses. The micro-volume is 

suggested to be a crystalline grain. Lichatchev (1993) substantiates the sizes of volumes 𝕍 

and 𝕍0. 

(ii) The stress condition distribution over the volumes 𝕍0 is assumed to be homogeneous, 

i.e. if a point of body experiences, e.g., two-axial tension, every volume 𝕍0 is subjected to 

the two-axial tension as well. 

(iii) Plastic deformation within the microvolume 𝕍0 is assumed as slip of one part of 𝕍0 in 

relation to another. Therefore, in contrast to the even distribution of the stress over 

microvolumes or slip systems 𝕍0, the plastic strain (or plastic slip) strongly depends on the 

orientation of the slip system relative to the direction of the acting forces. It is assumed that 

the quantity of 𝕍0 is so great (theoretically it tends to infinity) that every possible 

orientation of slip systems exists in volume 𝕍. 

(iv) The total plastic strain in 𝕍, i.e. the strain at a point in a body, is determined as the sum 

of the strain components generated in volumes 𝕍0. 
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3.4 Yield surface as an inner envelope of tangent planes. 

Consider, as a starting point, the Tresca yield criterion. Following Sanders (1954), we 

propose to construct planes tangential to the yield surface instead of the yield surface itself. 

As a result, the yield surface can be treated as the inner envelope of the tangent planes. 

Shear stress 𝜏𝑛𝑙 at a point in a body (the resolved shear stress), in terms of stress vector 

components 𝑆𝑖, can be expressed as 

𝜏𝑛𝑙 =
1

√2
[√3𝑙𝑥𝑛𝑥𝑆1 + (𝑙𝑦𝑛𝑦 − 𝑙𝑧𝑛𝑧)𝑆2 + (𝑙𝑥𝑛𝑧 + 𝑙𝑧𝑛𝑥)𝑆3 + (𝑙𝑥𝑛𝑦 + 𝑙𝑦𝑛𝑥)𝑆4

+ (𝑙𝑦𝑛𝑧 + 𝑙𝑧𝑛𝑦)𝑆5], 

(3.4.1) 

where 𝑛𝑖  and 𝑙𝑖 (𝑖 = 𝑥, 𝑦, 𝑧) are the direction cosines of orthonormal vectors 𝒏⃗⃗  and 𝒍 , 

respectively in Descartes coordinate system at a point of body (see Fig. 3.1). The vector 𝒏⃗⃗  

defines the plane on which stress 𝜏𝑛𝑙 acts and the vector 𝒍 , lying in this plane, defines the 

direction of the acting stress. The specified vectors 𝒏⃗⃗  and 𝒍  constitute a slip system. The 

cosines 𝑛𝑖  and 𝑙𝑖 may be expressed via spherical angles, 𝛼̃, 𝛽, and 𝜔 (Rusinko,K., 1981). It is 

clear from Eq. (3.4.1) that each fixed value of 𝛼̃, 𝛽, and 𝜔 corresponds to a plane in 𝒮5 

space, thereby expressing the physical sense of the planes: every plane from (3.4.1) 

represents a slip system at the point of body. 

 

Fig. 3.1. Spherical coordinates (𝛼̃ and 𝛽̃) of slip plane on a hemisphere of unit radius; slip direction 

on the slip plane is given by angle 𝜔 within 𝜍1 − 𝜍2 coordinate system. 

 

The Tresca yield criterion, which states that the first plastic shearing occurs in that slip 

system where the maximum shearing stress reaches the value of the yield stress, 𝜏𝑆, may be 

expressed analytically as: 

𝜕𝜏𝑛𝑙
𝜕𝛼̃

=
𝜕𝜏𝑛𝑙

𝜕𝛽
=
𝜕𝜏𝑛𝑙
𝜕𝜔

= 0, (3.4.2) 

𝜏𝑛𝑙 = 𝜏𝑆. (3.4.3) 

On the other hand, Eqs. (3.4.2) and (3.4.3) constitute the system of equations from which, 

by the elimination of 𝛼̃, 𝛽 and 𝜔, the envelope of planes (3.4.3) may be constructed. 
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Therefore, we conclude that the Tresca yield surface is the envelope of the following family 

of planes: 

√3𝑙𝑥𝑛𝑥𝑆1 + (𝑙𝑦𝑛𝑦 − 𝑙𝑧𝑛𝑧)𝑆2 + (𝑙𝑥𝑛𝑧 + 𝑙𝑧𝑛𝑥)𝑆3 + (𝑙𝑥𝑛𝑦 + 𝑙𝑦𝑛𝑥)𝑆4 + (𝑙𝑦𝑛𝑧 + 𝑙𝑧𝑛𝑦)𝑆5

− √2𝜏𝑆 = 0. 
(3.4.4) 

The following question may arise, whether the family of planes from Eq. (3.4.4) gives all 

tangent planes to the Tresca yield surface, since, as follows from Eq. (3.4.4), the orientation 

of a plane in five-dimensional space is determined by only three parameters, angles 𝛼̃, 𝛽 

and 𝜔.  

The answer is positive because from the 

system of equations (3.4.2)-(3.4.3) (four 

equations for five variables) it follows that 

contact between the Tresca yield surface 

and its tangent planes occurs, in general 

case, along some curve which play the role 

of the fifth variable. To provide a simple 

illustration of this, consider the Tresca yield 

surface for the case of the plane stress state 

in three-dimensional subspace 𝒮3. It can be 

seen from Fig. 3.2 that locus of contacts 

between the Tresca yield surface and the 

tangent plane is line A. 

 

Components of vector 𝑵⃗⃗ (𝑁1, ⋯ , 𝑁5) normal to plane (3.4.4) can be calculated as 

𝑁1 = √3𝑙𝑥𝑛𝑥,    𝑁2 = 𝑙𝑦𝑛𝑦 − 𝑙𝑧𝑛𝑧 ,    𝑁3 = 𝑙𝑥𝑛𝑧 + 𝑙𝑧𝑛𝑥, 

 𝑁4 = 𝑙𝑥𝑛𝑦 + 𝑙𝑦𝑛𝑥, 𝑁5 = 𝑙𝑦𝑛𝑧 + 𝑙𝑧𝑛𝑦, 

(3.4.5) 

and it is easy to verify that the vector 𝑵⃗⃗  is unit. Therefore, Eq. (3.4.4) gives the planes 

equidistant from the origin of coordinates, 𝐻𝑁 = √2𝜏𝑆 (an index ’N’ indicates on the normal 

vector 𝑵⃗⃗ ). It must be underlined that this result in no way means that the inner envelope of 

the planes from (3.4.4) gives, for example, a sphere in 𝒮3. By way of example, Fig. 3.2 

demonstrates the Tresca yield surface for the case of plane stress state, which consists of a 

cylinder and two cones. 

In three-dimensional subspace 𝒮3 (𝑆4 = 0, 𝑆5 = 0), Eq. (3.4.4) becomes 

√3𝑙𝑥𝑛𝑥𝑆1 + (𝑙𝑦𝑛𝑦 − 𝑙𝑧𝑛𝑧)𝑆2 + (𝑙𝑥𝑛𝑧 + 𝑙𝑧𝑛𝑥)𝑆3 − √2𝜏𝑆 = 0. (3.4.6) 

Eq. (3.4.6) gives the trace of five-dimensional plane (3.4.4) in three-dimensional subspace 

𝒮3. The normalization factor, 𝑑, for the plane (3.4.6) has the form 

𝑑 = √1 − 𝑙𝑦2 − 𝑛𝑦2 + 4𝑙𝑦2𝑛𝑦2 . (3.4.7) 

Fig. 3.2. Locus of contact (line 𝐴) between the 

Tresca yield surface and tangent plane for the 

case of plane stress state in 𝒮3. 
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Let us write down the equation of the plane from Eq. (3.4.6) via a distance from the origin 

of coordinates in 𝒮3 (ℎ𝑚) and a plane normal vector, 𝒎⃗⃗⃗ (𝑚1, 𝑚2, 𝑚2), as 

𝑚1𝑆1 +𝑚2𝑆2 +𝑚3𝑆3 = ℎ𝑚, (3.4.8) 

where 𝑚𝑖 (𝑖 = 1,2,3) are (Fig. 3.3) 

𝑚1 = cos 𝛼 cos𝛽 , 𝑚2 = sin 𝛼 cos 𝛽 , 𝑚3 = sin𝛽 . (3.4.9) 

Let us introduce angle λ between normals N⃗⃗  and 𝒎⃗⃗⃗  as 

cos 𝜆 = 𝑵⃗⃗ ∙ 𝒎⃗⃗⃗ . (3.4.10) 

 

Fig. 3.3. Orientation of 𝒎⃗⃗⃗  in 𝒮3. 

 

 

Fig. 3.4. Illustration of the relation between the distance to a plane and its trace. 
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Distance ℎ𝑚 is related to 𝐻𝑁, via angle 𝜆, as (Rusinko, K., & Andrusik, 1993) 

𝐻𝑁 = ℎ𝑚 cos 𝜆. (3.4.11) 

The above formula is illustrated by Fig. 3.4 where, for simplicity, the yield surface, marked 

by 1, plays the part of that in 𝒮5; the tangent plane to this surface and its trace (line) on 

plane 4 are marked by 2 and 3, respectively. 𝑂𝑀1 = 𝐻𝑁 = √2𝜏𝑆 is the distance to the plane 

2, and 𝑂𝑀2 = ℎ𝑚 = 𝐻𝑁 cos 𝜆⁄  is that to its trace 3. As Eqs. (3.4.6) and (3.4.8) represent one 

and the same plane, then 

𝑚1 = √3𝑙𝑥𝑛𝑥 𝑑⁄ , 𝑚2 = (𝑙𝑦𝑛𝑦 − 𝑙𝑧𝑛𝑧) 𝑑⁄ , 𝑚3 = (𝑙𝑥𝑛𝑧 + 𝑙𝑧𝑛𝑥) 𝑑⁄ , 

 ℎ𝑚 = √2𝜏𝑆 𝑑⁄ . 

(3.4.12) 

From Eqs. (3.4.6), (3.4.8) and (3.4.11) it follows that 𝑑 = cos 𝜆, and from Eq. (3.4.12) we 

have 

√3𝑙𝑥𝑛𝑥 = 𝑚1 cos 𝜆 , 𝑙𝑦𝑛𝑦 − 𝑙𝑧𝑛𝑧 = 𝑚2 cos 𝜆 , 𝑙𝑥𝑛𝑧 + 𝑙𝑧𝑛𝑥 = 𝑚3 cos 𝜆. (3.4.13) 

Eqs. (3.4.5) and (3.4.13) give 

𝑁𝑘 = 𝑚𝑘 cos 𝜆    for    𝑘 = 1,2,3. (3.4.14) 

In addition, due to the orthonormality of vectors 𝒍  and 𝒏⃗⃗ , we have 

𝑙𝑥
2 + 𝑙𝑦

2 + 𝑙𝑧
2 = 1, 𝑛𝑥

2 + 𝑛𝑦
2 + 𝑛𝑧

2 = 1, 𝑙𝑥𝑛𝑥 + 𝑙𝑦𝑛𝑦 + 𝑙𝑧𝑛𝑧 = 0. (3.4.15) 

Eqs. (3.4.13) and (3.4.15) constitute the system of six equation over six variables 𝑙𝑥, … , 𝑛𝑧. 

In solving this system we obtain: 

𝑙𝑥𝑛𝑦 + 𝑙𝑦𝑛𝑥 = ±√
sin2𝜆

2
+ 𝜒, 𝑙𝑧𝑛𝑦 + 𝑙𝑦𝑛𝑧 = ±√

sin2𝜆

2
− 𝜒, (3.4.16) 

where 

𝜒 =
(𝑚̅1 −𝑚2)(3𝑚̅1 +𝑚2){1 − [3 − 2(𝑚̅1 −𝑚2)

2cos2𝜆]} − 4𝑚3√1− (𝑚̅1 −𝑚2)
2√𝐷

2[4 − 3(𝑚̅1 −𝑚2)
2]

, 

𝐷 = 1 − [2 − (𝑚̅1 −𝑚2)
2]cos2𝜆 + [1 − (𝑚̅1 −𝑚2)

2]2, 𝑚̅1 = 𝑚1 √3⁄  . 

(3.4.17) 

The substitution of Eq. (3.4.16) into Eq. (3.4.4) leads to the following equation for tangent 

plane 
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𝑆1𝑚1 cos 𝜆 + 𝑆2𝑚2 cos 𝜆 + 𝑆3𝑚3 cos 𝜆 + 𝑆4 (±√
sin2𝜆

2
+ 𝜒) + 𝑆5(±√

sin2𝜆

2
− 𝜒)

= √2𝜏𝑆. 

(3.4.18) 

Eqs. (3.4.4) and (3.4.18) represent one and the same plane tangential to the Tresca yield 

surface. The only difference between these two equations is that the coefficients at 𝑆𝑖 in 

Eq. (3.4.4) are expressed in terms of the Budiansky slip concept, angles 𝛼̃, 𝛽, and 𝜔, while 

Eq. (3.4.18) utilizes the terms of the Ilyushin deviatoric stress space, angles 𝛼, 𝛽, and 𝜆. In 

other words, similarly to the slip concept, the orientation of the plane tangential to the 

Tresca yield surface in 𝒮5 is fully determined by three parameters, angles 𝛼, 𝛽, and 𝜆. 

From Eq. (3.4.17), it is evident that the quantity 𝐷 can take a negative value for some values 

of 𝑚𝑖 and 𝜆 (for example for 𝑚1 = 𝑚3 = 1, 𝑚2 = 0, 𝜆 = 0). Therefore, the function 𝜒 can 

take a complex value. This means that there are such planes (directions) for which their 

envelope is undefined. 

3.5 Yield criterion and yield surface in terms of the synthetic theory 

The main proposition is that the Tresca yield surface, which is the inner-envelope of planes 

(3.4.18), is replaced by a new one which is the inner-envelope of the following family of 

planes (Rusinko, A., & Rusinko, K., 2009): 

𝑆1𝑚1 cos 𝜆 + 𝑆2𝑚2 cos 𝜆 + 𝑆3𝑚3 cos 𝜆 + 

𝑆4(±√
sin2𝜆

2
+ 𝜒0(𝜆)) + 𝑆5(±√

sin2𝜆

2
− 𝜒0(𝜆)) = √2𝜏𝑆. 

(3.5.1) 

Eq. (3.5.1) differs from Eq. (3.4.18) in replacing of the function 𝜒(𝛼, 𝛽, 𝜆) by 𝜒0(𝜆) which 

depends only upon one variable, 𝜆. In this case, the normal vector 𝑵⃗⃗ = 𝑁𝑖 𝒈⃗⃗ 𝑖 (𝒈⃗⃗ 𝑖 are unit 

base vectors in space 𝒮5) has the following components: 

𝑁1 = 𝑚1 cos 𝜆 , 𝑁2 = 𝑚2 cos 𝜆 , 𝑁3 = 𝑚3 cos 𝜆, 

𝑁4 = ±√
sin2𝜆

2
+ 𝜒0(𝜆), 𝑁5 = ±√

sin2𝜆

2
− 𝜒0(𝜆) 

(3.5.2) 

Together with the vector 𝑵⃗⃗ , consider its increments due to increments in 𝛼, 𝛽 and 𝜆: 

𝑑𝑵⃗⃗ 𝛼 =
𝜕𝑁𝑖
𝜕𝛼

𝒈⃗⃗ 𝑖𝑑𝛼, 𝑑𝑵⃗⃗ 𝛽 =
𝜕𝑁𝑖
𝜕𝛽

𝒈⃗⃗ 𝑖𝑑𝛽, 𝑑𝑵⃗⃗ 𝜆 =
𝜕𝑁𝑖
𝜕𝜆

𝒈⃗⃗ 𝑖𝑑𝜆. (3.5.3) 

The volume of the parallelepiped, 𝑉, constructed on vectors 𝑑𝑵⃗⃗ 𝛼 , 𝑑𝑵⃗⃗ 𝛽 , and 𝑑𝑵⃗⃗ 𝜆 is 

calculated by the Gram determinant: 
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(𝑑𝑉)2 = |

𝑑𝑵⃗⃗ 𝜆 ∙ 𝑑𝑵⃗⃗ 𝜆 𝑑𝑵⃗⃗ 𝜆 ∙ 𝑑𝑵⃗⃗ 𝛼 𝑑𝑵⃗⃗ 𝜆 ∙ 𝑑𝑵⃗⃗ 𝛽

𝑑𝑵⃗⃗ 𝛼 ∙ 𝑑𝑵⃗⃗ 𝜆 𝑑𝑵⃗⃗ 𝛼 ∙ 𝑑𝑵⃗⃗ 𝛼 𝑑𝑵⃗⃗ 𝛼 ∙ 𝑑𝑵⃗⃗ 𝛽

𝑑𝑵⃗⃗ 𝛽 ∙ 𝑑𝑵⃗⃗ 𝜆 𝑑𝑵⃗⃗ 𝛽 ∙ 𝑑𝑵⃗⃗ 𝛼 𝑑𝑵⃗⃗ 𝛽 ∙ 𝑑𝑵⃗⃗ 𝛽

|, (3.5.4) 

which is reduced, for the case of normal vector components from Eq. (3.5.2), to the view 

(𝑑𝑉)2 = ||

𝜕𝑵⃗⃗ 

𝜕𝜆
∙
𝜕𝑵⃗⃗ 

𝜕𝜆
0 0

0 cos2𝛽cos2𝜆 0

0 0 cos2𝜆

|| (𝑑𝛼𝑑𝛽𝑑𝜆)2 =
𝜕𝑵⃗⃗ 

𝜕𝜆
∙
𝜕𝑵⃗⃗ 

𝜕𝜆
cos2𝛽cos4𝜆(𝑑𝛼𝑑𝛽𝑑𝜆)2. (3.5.5) 

If to require that the volume 𝑑𝑉 be 

𝑑𝑉 = cos 𝛽𝑑𝛼𝑑𝛽𝑑𝜆 (3.5.6) 

and that the function 𝜒0 be dependent upon only one variable, 𝜆, we ensure the regularity 

of the yield surface with tangential planes from Eq. (3.5.1). As follows from Eqs. (3.5.5) and 

(3.5.6), 

𝜕𝑵⃗⃗ 

𝜕𝜆
∙
𝜕𝑵⃗⃗ 

𝜕𝜆
=

1

cos4𝜆
. (3.5.7) 

On the base of Eq. (3.5.2), the above formula takes the form of Ricatti differential equation: 

(
𝑑𝜒0
𝑑𝜆
)
2

− 4cot𝜆 ∙ 𝜒0 ∙
𝑑𝜒0
𝑑𝜆

+ 4 (
1

cos4𝜆sin2𝜆
− 1)𝜒0

2 − tan2𝜆(tan2𝜆 + sin2𝜆) = 0 (3.5.8) 

whose solution is 

𝜒0(𝜆) =
1

2
sin2𝜆 sin 𝑦0, 

𝑦0 = 2√2 [𝐹0 (𝜆,
1

√2
) − 𝐸0 (𝜆,

1

√2
) + √𝜆 −

1

2
sin2𝜆 tan 𝜆], 

(3.5.9) 

where 𝐹0 and 𝐸0 are incomplete elliptic integrals of the first and of the second kind: 

𝐹0 (𝜆,
1

√2
) = ∫

𝑑𝜆

√1 −
1
2 sin

2𝜆

𝜆

0

, 𝐸0 (𝜆,
1

√2
) = ∫ √1 −

1

2
sin2𝜆

𝜆

0

𝑑𝜆. (3.5.10) 

In contrast to the function 𝜒(𝛼, 𝛽, 𝜆), the function 𝜒0(𝜆) does not take a complex value at 

any angle 𝜆. Since the complex values of the function 𝜒(𝛼, 𝛽, 𝜆) expresses the existence of 

corner points on the Tresca yield surface (where a derivative does not exist). Then, the real 

values of 𝜒0(𝜆) at any angle  are viewed as a sufficient condition of the regularity of the 
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surface with tangent planes from (3.5.1). Therefore, now it possible to apply the standard 

mathematical procedure to determine the envelope of planes (3.5.1). 

3.6 Yield surface in subspace 𝓢𝟑. Tangent planes and their traces 

Let us restrict ourselves further to three-dimensional subspace 𝒮3, where the trace of plane 

(3.5.1) can be written as 

𝑆1𝑚1 cos 𝜆 + 𝑆2𝑚2 cos 𝜆 + 𝑆3𝑚3 cos 𝜆 = √2𝜏𝑆. (3.6.1) 

The equation of the inner envelope of planes (3.6.1) can be obtained from the equation 

system consisting of Eq. (3.6.1) and the following expressions 

𝑑𝜏

𝑑𝛼
=
𝑑𝜏

𝑑𝛽
=
𝑑𝜏

𝑑𝜆
= 0, (3.6.2) 

where 𝜏 is the left-hand side in Eq. (3.6.1). From Eqs. (3.6.1) and (3.6.2), it follows that 

tan 𝛼 =
𝑆2
𝑆1
, tan 𝛽 =

𝑆3
𝑆1 cos 𝛼 + 𝑆2 sin 𝛼

, 𝜆 = 0. (3.6.3) 

If to substitute the values of 𝛼, 𝛽, and 𝜆 from the formula above into Eq. (3.6.1), we will 

obtain the equation of yield surface as 

𝑆1
2 + 𝑆2

2 + 𝑆3
2 = 2𝜏𝑆

2. (3.6.4) 

Therefore, the yield surface in 𝒮3 is a sphere that corresponds to the von Mises yield 

criterion. According to Sanders, in a virgin state, the sphere (3.6.4) can be thought of the 

inner envelope of equidistant planes, 𝐻𝑁(𝜆 = 0) = ℎ𝑚 = √2𝜏𝑆 for all directions. However, 

it is very important to note that this sphere is the trace of that five-dimensional yield 

surface which is neither the Tresca (because of changes made in Eq. (3.5.1)) nor von Mises 

yield surface. 

One of the key points of the synthetic theory is that the position of the tangent plane in 𝒮5 

can be determined via its trace in 𝒮3. As seen from Eq. (3.4.11), the quantity ℎ𝑚 varies 

within the following range: 

√2𝜏𝑆 < ℎ𝑚 < ∞. (3.6.5) 

Therefore, the traces of the tangent planes, given by Eq. (3.6.1), fill up the whole space 

beyond the sphere (3.6.4) in 𝒮3. In other words, any plane located beyond the sphere 

(3.6.4) is the trace of some plane tangential to the yield surface in 𝒮5. 

Fig. 3.5 illustrates the case when tangent planes in 𝒮5, marked by 0, 1 and 2, with different 

normal vectors 𝑵⃗⃗ 0, 𝑵⃗⃗ 1 and 𝑵⃗⃗ 2, have their traces with identically oriented normal vectors 𝒎⃗⃗⃗  

in 𝒮3. As is seen from Fig. 3.5 and Eq. (3.4.11), the angle  𝜆 gives the possibility to 

distinguish identically oriented planes in 𝒮3 as the traces of different planes in 𝒮5. Namely, 
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two planes in 𝒮3 with identical orientation, i.e. for a fixed value of 𝛼 and 𝛽, but with 

different values of 𝜆, are parallel to each other, but have different distances ℎ𝑚. 

Furthermore, Eq. (3.4.11) gives 𝐻𝑁 = ℎ𝑚 as 𝜆 = 0; therefore, the plane tangential to the 

yield surface in 𝒮5 is at the same time tangential to its trace in 𝒮3, sphere (3.6.4), (the plane 

is marked by 0 in Fig. 3.5). 

In general, any plane in 𝒮3 is the trace of an infinite set of planes from 𝒮5, of which one is 

tangent to the yield surface in 𝒮5. Those planes which are not tangential to the yield surface 

in 𝒮5 are not taken into consideration. 

 

 

Fig. 3.5. Tangent planes and their traces (for simplicity, the hemisphere plays the role of yield 

surface in 𝒮5, and the circle does that of subsurface in 𝒮3). 

 

3.7 Evolution of loading surface. Inelastic deformation on the micro- and macro-
levels. 

Sanders (1954) extended the provision that a yield surface can be constructed as an inner 

envelope of planes to the case of loading as well. In the course of loading, vector 𝑺⃗⃗  moves 

(shifts) at its endpoint (load point) a set of planes from their initial position. The 

movements of the planes located at the endpoint of vector 𝑺⃗⃗  are translational, i.e. the plane 

orientations remain unchangeable. Those planes which are not at the endpoint of vector 𝑺⃗⃗  

remain unmovable. The displacement of plane at the endpoint of stress vector symbolizes 

the development of plastic microdeformation within corresponding slip system. 

The condition that a plane is reached/shifted by stress vector is 

𝐻𝑁 = 𝑺⃗⃗ ∙ 𝑵⃗⃗ . (3.7.1) 

As a result, the loading surface, which is constructed as an inner-envelope of tangent 

planes, takes the shape fully determined by loading trajectory, i.e. by the current positions 

of planes. 
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Fig. 3.6a shows the locations of planes at a 

virgin state and their inner envelope, sphere 

(3.6.4), while Figs. 3.6b and 3.7 demonstrate 

the loading surface when some set of planes 

is displaced by the vector 𝑺⃗⃗ . The loading 

surface consists of two parts: a) sphere 

(3.6.4) constructed as the envelope of 

motionless planes (𝐻𝑁 = √2𝜏𝑆), and b) a 

cone whose generators are formed by the 

boundary planes shifted by the vector 𝑺⃗⃗ . On 

the top of this cone there are planes shifted 

by the vector 𝑺⃗⃗  during loading. It is easy to 

see that a corner point arises on the loading 

surface at the load point. This fact is of great 

importance especially when one calculates 

inelastic deformation for the case of 

curvilinear loading paths [Rusinko, & 

Fenyvesi (2014), Rusinko (2014)]. 

Therefore, in contrast to many theories, e.g. 

the theory of isotropic or kinematic 

hardening, the evolution of a loading 

surface, in terms of synthetic theory, is not 

prescribed a priori but is fully determined 

by the hodograph of stress vector. 

Figures 3.6 and 3.7 show that a material is 

supposed to be isotropic at its virgin state, 

but demonstrates a strong anisotropy in the 

course of plastic deformation. 

Since every tangent plane corresponds to a 

certain slip system, we can assume that the 

displacement of each plane shifted by vector 

𝑺⃗⃗  represents an elementary process of 

irrecoverable deformation within the slip 

system thereby connecting the tangent 

planes displacements with real physical 

processes accompanying plastic straining. 

An incremental plastic strain-vector, 𝑑𝒆⃗ , is 

assumed to be in the direction of the outer 

normal to the plane and proportional to the 

volume 𝑑𝑉 from Eq. (3.5.6) (Fig. 3.8). It is 
Fig. 3.7. Loading surface in 𝒮3 (planes are not 

shown). 

Fig. 3.6. Yield and loading surfaces according 
to Sanders. 
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defined as 

𝑑𝒆⃗ = 𝜑𝑁𝑵⃗⃗ 𝑑𝑉, (3.7.2) 

where 𝜑𝑁 is a new term called the irrecoverable deformation intensity; an index ‘𝑁’ 

indicates on the normal vector 𝑵⃗⃗ . The irrecoverable deformation intensity is a scalar 

magnitude that expresses an average continuous measurement of plastic slip within one 

slip system. The way how 𝜑𝑁 relates to other quantities will be discussed in Section 3.8. 

 

 

Fig. 3.8. Displacement of tangent plane at the endpoint of stress vector. 

 

A total plastic strain-vector (𝒆⃗ ) is defined as the sum (three-folded integral) of 

microdeformations “generated” on movable planes: 

𝒆⃗ =∭ 𝜑𝑁𝑵⃗⃗ 𝑑𝑉
𝑉

, (3.7.3) 

𝑒𝑘 = ∫ ∫ ∫ 𝜑𝑁𝑚𝑘 cos 𝜆 cos 𝛽 𝑑𝛼𝑑𝛽𝑑𝜆
𝜆𝛽𝛼

    𝑘 = 1,2,3. (3.7.4) 

The volume 𝑑𝑉 includes an elementary set of the planes located on the surface cos 𝛽 𝑑𝛼𝑑𝛽 

(shown by hatching in Fig. 3.9) whose distances vary within 𝑑ℎ which is proportional to 𝑑𝜆. 

It must be noted that Eq. (3.7.3) may be used only if 𝑺⃗⃗ ∈ 𝒮3 (𝑆𝑖 ≠ 0 for 𝑖 = 1,2,3; 

𝑆4 = 𝑆5 = 0), i.e. the synthetic theory is inapplicable for modeling plastic straining when 

𝑺⃗⃗ ∈ 𝒮5 (𝑆𝑖 ≠ 0 for 𝑖 = 1, … ,5). 
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It is very important to note that, 

according to any flow plasticity theory, 

strain is associated to five-dimensional 

loading surface independently of the 

quantity of nonzero stress deviator 

vector components. Therefore, despite 

the fact that 𝑺⃗⃗ ∈ 𝒮3, the movements of 

all planes symbolize the development of 

plastic deformation, and not only those 

tangential to sphere (3.6.4). That is why 

we must study the displacements of all 

planes located beyond the sphere 

(3.6.4) in 𝒮3. At the same time, since the 

loading surface follows tangent planes 

as their inner envelope, the evolution of 

loading surface in 𝒮3 is determined by 

the planes for which 𝜆 = 0. 

Discussion. 

1. Koiter (1953) showed that the application of the Sanders hardening rule in terms of 

Budiansky’s angles 𝛼̃, 𝛽 and 𝜔 leads to the stress-strain relations identical with those 

obtained in the framework of the slip concept. It is a very interesting result that two 

entirely different approaches, the slip concept and the Sanders flow theory result in the 

same relations. However, in this case, the result obtained by Koiter “inherits” all 

shortcomings of the slip concept. It is this fact that prompts modifying the Tresca yield 

surface, by means of changes made in the equation of tangent planes, Eq. (3.5.1). 

2. The following question may arise that perhaps it is possible to take sphere (3.6.4) as the 

projection of five-dimensional hypersphere. The answer is negative, because, in terms of 

any flow theory, the plastic strain is accumulated due to the evolution of loading surface in 

five-dimensional deviatoric space independently of the quantity of nonzero stress 

components at a given loading. On the other hand, the von Mises yield criterion, a 

hypersphere in 𝒮5, is not suitable due to the following reason (Popov, 1987). The 

orientation of tangent plane in 𝒮5 is defined by four angles (therefore, it is very difficult to 

trace the movements of the planes), whereas, in terms of the synthetic theory, tangent 

planes from 𝒮5 are determined by three parameters, angles 𝛼, 𝛽, and 𝜆. This result agrees 

with the statement of the Budiansky concept that any slip system can be determined by 

three angles. 

3.8 Law for inelastic deformation at the microlevel 

In order to calculate the plastic vector components via Eq. (3.7.4), we need to establish a 

relationship for 𝜑𝑁 which governs the development of inelastic deformation within one slip 

system. 

For this purpose, we 

Fig. 3.9. Elementary volume of planes expressed 
in terms of angles 𝛼, 𝛽 and 𝜆. 
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(i) introduce a yield criterion and define a hardening rule via relating the plane 

distances 𝐻𝑁 to new quantities, defect intensity (𝜓𝑁) and rate integral (𝐼𝑁), 

(ii) establish a constitutive equation giving relationship between strain intensity 𝜑𝑁, 

defect intensity 𝜓𝑁 , and time. 

(i) First of all, the fact that the magnitude of 𝐻𝑁 expresses the degree of material hardening 

is undoubted. Indeed, the greater distance to a plane, the greater stress vector must be 

applied to reach the plane and displace it, i.e. to give an increment in plastic deformation. 

The 𝐻𝑁 = 𝐻𝑁(𝜓𝑁, 𝐼𝑁) relationship can be defined in a linear fashion, 

𝐻𝑁 = 𝑆𝑃 + 𝜓𝑁 + 𝐼𝑁 , (3.8.1a) 

or as a quadratic function: 

𝐻𝑁 = √𝑆𝑃
2 +𝜓𝑁 + 𝐼𝑁

2 . (3.8.1b) 

In the above formulae, 𝑆𝑃 = √2 3⁄ 𝜎𝑃 = √2𝜏𝑃, where 𝜎𝑃 and 𝜏𝑃  are the creep limit of metal 

in uniaxial tension and pure shear, respectively. The 𝑆𝑃 is defined as a stress vector needed 

to induce permanent strain at the loading rate tending to zero. 

Further throughout, we use a sphere of radius 𝑆𝑃 – von Mises yield criterion – as an initial 

yield surface1: 

𝑆1
2 + 𝑆2

2 + 𝑆3
2 = 𝑆𝑃

2. (3.8.2) 

This sphere can be obtained from Eq. (3.8.1) by letting 𝜓𝑁 = 0 and 𝐼𝑁 = 0 that corresponds 

to a virgin state of material. Indeed, formula 𝐻𝑁 = 𝑆𝑃 gives a set of equidistant planes 

whose inner envelope is sphere (3.8.2), 

The difference between 𝑆𝑆 (yield limit) and 𝑆𝑃 (creep limit) is governed by the rate integral 

and will be discussed in Chapter IV. Therefore, it is the creep limit of material at a given 

temperature that is interpreted as its initial strength. 

Defect intensity represents an average scalar continuous measure of crystallographic 

defects inherent in real bodies (dislocations, vacancies, interstitial defects, etc.), which 

nucleate and multiply in the course of inelastic straining within a slip system. The presence 

of 𝜓𝑁 in (3.8.1) reflects the well-known phenomenon of strain hardening of a material 

during its inelastic deforming. Therefore, the object, whose plastic/creep deformation to be 

modelled, is a continuous medium possessing a continuous function, 𝜓𝑁 , reflecting the 

strain hardening. At a virgin state the defect intensity is assumed to be equal to zero. 

We deliberately have disregarded an actually type of defects – we will call the defects any 

crystal lattice imperfections caused by non-elastic deformations that obstruct its further 

development –, the 𝜓𝑁 reflects the only fact, whose correctness has been proved by 

numerous experiments, that a permanent deformation leads to the nucleation and 

multiplication of crystal defects. 

Due to the fact that 𝐻𝑁 = 𝐻𝑁(𝛼, 𝛽, 𝜆), Eq. (3.8.1) shows that 𝜓𝑁 is a function angles 𝛼, 𝛽, 

and 𝜆 as well. In other words, 𝜓𝑁 symbolizes the number of defects generated in one slip 

                                                           
1 Sphere (3.6.4) of radius √2𝜏𝑆 can be used for plastic strains only. 
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system. Furthermore, 𝜓𝑁 is a time-dependent quantity because of 𝐼𝑁 = 𝐼𝑁(𝛼, 𝛽, 𝜆, 𝑡) (see 

bellow, Eq. (3.8.4)). So, finally, 𝜓𝑁 = 𝜓𝑁(𝛼, 𝛽, 𝜆, 𝑡). 

Since, in terms of the synthetic theory, the development of inelastic deformation is 

modelled by the displacement of planes at the endpoint of stress vector, formulae (3.8.1) 

can be written as 

𝜓𝑁 = {
𝐻𝑁 − 𝐼𝑁 − 𝑆𝑃 for the planes which are riched by 𝑺⃗⃗ , i. e. 𝐻𝑁 = 𝑺⃗⃗ ∙ 𝑵⃗⃗ 

0 for the planes which are not riched by 𝑺⃗⃗ , i. e. 𝐻𝑁 > 𝑺⃗⃗ ∙ 𝑵⃗⃗  
 (3.8.3a) 

or 

𝜓𝑁 = {
𝐻𝑁
2 − 𝐼𝑁

2 − 𝑆𝑃
2 for the planes wich are riched by 𝑺⃗⃗ , i. e. 𝐻𝑁 = 𝑺⃗⃗ ∙ 𝑵⃗⃗ 

0 for the planes wich are not riched by 𝑺⃗⃗ , i. e. 𝐻𝑁 > 𝑺⃗⃗ ∙ 𝑵⃗⃗  
 (3.8.3b) 

The formulae above as well as Fig. 3.8 evidently demonstrate that the greater distance is 

traveled by a plane, the greater number of defects and, consequently, the deformation is 

cumulated on it. 

The issue about the value of power coefficient in (3.8.3), 1 or 2, was discussed in terms of 

the slip concept (Rusinko, K. 1981,1986). As a result, it has been established that the 

maximum value of power coefficient in the relationship governing the hardening of 

material on microlevel is 2, which is substantiated from the point of view of the deviator 

proportionality law. Therefore, a researcher has room for “maneuver” to choose the 

relation which gives the best agreement with experiments. On the other hand, there are 

problems that can be solved only with concrete version of Eq. (3.8.3). For example, the 

problem of the development of plastic deformation due to a finite additional loading 

(Rusinko, A. and Rusinko, K., 2011) can be solved only by utilizing Eq. (3.8.3b), while the 

phenomena of negative creep can be modelled only via Eq. (3.8.3a). 

The formula for the rate integral, 

𝐼𝑁(𝑡) = 𝐵∫
𝑑𝑺⃗⃗ 

𝑑𝑠
∙ 𝑵⃗⃗ exp(−𝑝(𝑡 − 𝑠))𝑑𝑠,

𝑡

0

 (3.8.4) 

(0 < 𝐵 < 1 and 𝑝 are model constants), has been obtained from the statistical analysis of 

the stress/strain distribution over a grain [Rusinko, A., & Rusinko, K. (2009), Rusinko, A. 

(2010)]. It is has been shown that an increase in loading rate makes this distribution more 

non-uniform (Kuksa et al., 1986). So, 𝐼𝑁 provides an average measure of local peak stresses, 

which can be substantiated by the following chain of thoughts. 

As said earlier, an inelastic strain leads to the formation of dislocation pile-ups, dislocation 

tangles, unmovable jogs, etc., where the strain energy is mainly stored. These structures, 

being of strongly local character, cause an uneven stress/strain distribution through the 

crystal lattice that, in turn, leads to crystal lattice distortion. Kuksa’s experiments 

performed on specimens of pure copper, iron and titanium for elastic and plastic 

deformations report that micro-stresses of the second and third kind considerably deviate 

from their mean values, and the local peak stresses can take significant values. It must be 

noted that the crystal lattice distortion is observed at elastic deformation as well. 
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The non-uniform stress distribution makes a metal more unstable compared with its 

annealed state. Once favorable conditions arise, e.g. constant stresses (as in creep tests), 

the recovery/relaxation of crystal lattice distortions occurs. It is the difference between the 

local and average stresses provides a driving force for the process of recovery. In other 

word, the energy stored during plastic loading starts to release giving rise to temporary 

deformation (e.g. primary creep). This process manifests itself in spontaneous slips in 

grains induced by thermally activated movements of dislocation due to locked and tangled 

dislocations and the obstructions in their way themselves become progressively movable 

thereby causing the development of deformation. 

Asaro, & Rice (1977) and Peirce et al. (1983) indicate the following properties of the 

stresses arising around lattice distortions (local peak microstresses): 

1) they, being directly correlated with the dislocation density, make a material harder, 

2) the higher the loading rate, the larger local stresses act, 

3) they are unstable, i.e. they decrease with time as soon as favorable conditions arise. 

Therefore, on the one hand, the local microstresses cause the “rate-hardening” of material 

during active loading but, on the other hand, they can relax that leads to the recovery of 

material. A time-dependent macrodeformation of material is the result of the competitive 

processes of the rate-hardening and recovery. 

By integrating in (3.8.4), we obtain 𝐼𝑁~𝑡 plot for the case when loading consists of two 

parts, 𝑺⃗⃗ ̇ ≥ 0 for 𝑡 ∈ [0, 𝑡𝑀] and 𝑺⃗⃗ ̇ = 0 for 𝑡 > 𝑡𝑀 (Fig. 3.10): 

𝐼𝑁 =
𝐵

𝑝
(𝑺⃗⃗ ̇ ∙ 𝑵⃗⃗ ) [1 − exp(−𝑝𝑡)], 𝑡 ∈ [0, 𝑡𝑀] (3.8.5) 

𝐼𝑁 =
𝐵

𝑝
(𝑺⃗⃗ ̇ ∙ 𝑵⃗⃗ ) [exp(𝑝𝑡𝑀) − 1]exp(−𝑝𝑡),     𝑡 ≥ 𝑡𝑀 (3.8.6) 

Formulae above show that the integral 𝐼𝑁 behaves in the same manner as the local peak 

stresses, namely: 

a) 𝐼𝑁 grows under a fast (“active”) loading, 

which symbolizes the rate-hardening of 

material (the number of tangled and locked 

dislocations monotonically increases; this 

process is more intensive, the greater is the 

loading rate), 

b) 𝐼𝑁 decreases under constant stresses 

(favorable conditions arise to unlock the 

dislocations from their obstruction, etc., i.e. the 

recovery of material takes place). The 

condition 𝐼𝑁 → 0 means that 𝐻𝑁(𝑡) = const in 

Eqs. (3.8.3) for 𝑡 > 𝑡𝑀 , which symbolizes that 

recovery balances hardening. Such a situation 

is typical for steady-state creep and, therefore, 

𝐼𝑁 → 0 can be interpreted as the transition 

between the primary and secondary creep. 

Fig. 3.10. 𝐼𝑁 vs 𝑡 plot (𝑆 denotes the length 

of stress vector). 
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Summarizing, the degree of material hardening, plane distance 𝐻𝑁 in formulae (3.8.1), 

depends on two quantities: the defect intensity (𝜓𝑁) and the rate integral (𝐼𝑁). 

To complete the formulation of the strain state of material on the micro-level, one needs to 

relate the strain intensity 𝜑𝑁 to the defect intensity 𝜓𝑁 and time. 

(ii) Let us designate through 𝑑𝜓𝑁 and 𝑑𝜑𝑁 an increment of 𝜓𝑁 and 𝜑𝑁 in time 𝑑𝑡 for a fixed 

plane, i.e. 𝑑𝛼 = 𝑑𝛽 = 𝑑𝜆 = 0. Similarly to the slip concept, we relate the strain intensity to 

the defect intensity and time by the following equation 

𝑑𝜓𝑁 = 𝑟𝑑𝜑𝑁 − 𝐾𝜓𝑁𝑑𝑡. (3.8.7) 

Eq. (3.8.7) says that the development of defects is governed by the following two 

simultaneous processes: 

- 𝜓𝑁 grows due to the increment of irrecoverable deformation (𝑑𝜑𝑁 > 0) and 

- 𝜓𝑁 decreases in the course of deformation, as a function of time, due to the term 

(−𝐾𝜓𝑁𝑑𝑡) which models defect recovery (relaxation). 

In (3.8.7), 𝑟 is the material constant and 𝐾 is a function of the shear stress intensity (𝜏0) 

and homologous temperature, Θ (see below, Eq.(3.9.3)). 

 

 

Summarizing, the formulae presented below constitute the family of the basic 

equations of the synthetic theory: 

𝑆1 = √3 2⁄ 𝑆𝑥𝑥 ,    𝑆2 = 𝑆𝑥𝑥 √2⁄ + √2𝑆𝑦𝑦,    𝑆3 = √2𝑆𝑥𝑧 ,    𝑆4 = √2𝑆𝑥𝑦,    𝑆5 = √2𝑆𝑦𝑧 . (3.2.1) 

𝐻𝑁 = 𝑺⃗⃗ ∙ 𝑵⃗⃗  (3.7.1) 

𝐼𝑁(𝑡) = 𝐵∫
𝑑𝑺⃗⃗ 

𝑑𝑠
∙ 𝑵⃗⃗ exp(−𝑝(𝑡 − 𝑠))𝑑𝑠

𝑡

0

 (3.8.4) 

𝜓𝑁 = 𝐻𝑁 − 𝐼𝑁 − 𝑆𝑃   or   𝜓𝑁 = 𝐻𝑁
2 − 𝐼𝑁

2 − 𝑆𝑃
2 (3.8.3) 

𝑑𝜓𝑁 = 𝑟𝑑𝜑𝑁 −𝐾𝜓𝑁𝑑𝑡 (3.8.7) 

𝒆⃗ =∭ 𝜑𝑁𝑵⃗⃗ 𝑑𝑉
𝑉

 (3.7.3) 

   𝑒1 = √3 2⁄ 𝑒𝑥𝑥 ,    𝑒2 = 𝑒𝑥𝑥 √2⁄ + √2𝑒𝑦𝑦,    𝑒3 = √2𝑒𝑥𝑧 ,    𝑒4 = √2𝑒𝑥𝑦,    𝑒5 = √2𝑒𝑦𝑧 . (3.2.2) 
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Let us specify the units of quantities considered (see the table below) 

Table 3.1 Units in terms of the synthetic theory 

Quantity Unit Quantity Unit 

𝐻𝑁 MPa 𝑟 
MPa2 for the case of Eq. 

(3.8.3b) 

𝜓𝑁 MPa for the case of Eq. (3.8.3a) 𝐾 s−1 

𝜓𝑁 MPa2 for the case of Eq. (3.8.3b) 𝑝 s−1 

𝜑𝑁 1 𝐵 1 

𝑟 MPa for the case of Eq. (3.8.3a)   

3.9 Partial cases 

Inspect partial forms of Eq. (3.8.7). 

(A) Consider the case of steady-state creep, for which it is characteristic to exhibit a 

balance between the processes of work hardening and recovery. This fact implies that 

𝜓𝑁(𝑡) remains unchangeable in the course of steady-state creep. Indeed, since 𝑺⃗⃗ (𝑡) = const 

and 𝐼𝑁 → 0, Eqs. (3.7.1) and (3.8.1) give that 𝐻𝑁(𝑡) = const and 𝜓𝑁(𝑡) = const. 

Consequently, we have 𝑑𝜓𝑁 = 0 and Eq. (3.8.7) becomes 

𝑟𝜑̇𝑁 = 𝐾𝜓𝑁 = const, (3.9.1) 

or 

𝑟𝜑𝑁 = 𝑟𝜑𝑁
0 + 𝐾𝜓𝑁𝑡, (3.9.2) 

where 𝜑𝑁
0  is the permanent strain intensity accumulated prior to the steady-state creep. 

The obtained intensity 𝜑𝑁 relates linearly to time 𝑡 and, via Eq. (3.7.3), describes the 

stationary stage of creep. As it is seen from (3.9.1), function 𝐾 regulates the steady-state 

creep rate, which, as well known from experiments, takes extremely small values. 

Therefore, we can conclude that the term 𝐾𝜓𝑁𝑡 in Eq. (3.9.2) exerts essential influence 

upon 𝜑𝑁 only for a long-termed loading, or very high temperatures. The function 𝐾 is 

defined as follows (Rusinko, A. and Rusinko, K., 2011) 

𝐾 = 𝐾1(𝑇)𝐾2(𝜏0), 𝐾1 = exp (−
𝑄

𝑅𝑇
), 

𝐾2 =
9𝑐𝑟

𝜋2
𝜏0
𝑘−1 for (3.8.3a)   and   𝐾2 =

9√3𝑐𝑟

2√2𝜋
𝜏0
𝑘−2  for (3.8.3b),   𝑐 and 𝑘 = const, 

(3.9.3) 

where 𝑄 is the creep activation energy, 𝑇 is temperature. Constant 𝑘 regulates the slope of 

log𝜀̇~log𝜎 lines. 

(B) The integration in (3.8.7) gives 

𝑟𝜑𝑁 = 𝜓𝑁 +𝐾∫ 𝜓𝑁𝑑𝑡
𝑡

0

. (3.9.4) 
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This is the most general formula of the synthetic formula which can be used for any type of 

deformation – from instantaneous plastic strain up to primary and secondary creep. 

Temporal dependence of deformation is ensured by the second term in (3.9.4) and the rate 

integral 𝐼𝑁 involved into 𝜓𝑁 . 

Taking into account that the 𝐾 takes small values, a tangible contribution of the second 

term on the right-hand side in (3.9.4) can be obtained only for a long termed loading or 

high homology temperatures. Thus, the second term can be neglected for the case of plastic 

strain (as 𝑡 → 0). If so, we get 

𝑟𝜑𝑁 = 𝜓𝑁 . (3.9.5) 

This equation shows that the increment in defects is observed only in those slip systems, 

where irrecoverable deformation takes place. This is fully coordinated with experiments: if 

slip systems of a crystal grain are oriented relative acting stresses so that there are no 

plastic shears in them, no structural changes are observed in these slip systems. As is seen 

from (3.9.5), the constant r characterizes the hardening of material in the course of 

inelastic deformation. 

At the same time, Rusinko (2015) shows that the plastic deformation of materials with law 

melting point, e.g. tin, at room temperature must be modeled by taking into account both 

the terms in (3.9.4). 

(C) After a complete or partial unloading, when the increment in permanent deformation is 

terminated, 𝑑𝜑𝑁 = 0, Eq. (3.8.7) becomes 

𝑑𝜓𝑁 = −𝐾𝜓𝑁𝑑𝑡. (3.9.6) 

This formula describes the defect relaxations such as the annihilation of dislocations of 

opposite signs, collapses of grain boundary, the reduction of the efficiency of obstacles to 

impede dislocation motion, etc. 

Therefore, the unique constitutive equation (3.8.7) governs on the microlevel of material 

a) plastic straining, 

b) primary and secondary creep, 

c) defect relaxation at free-load state. 

It must be stressed again that the notion of deformation is treated in a uniform way, we 

make no difference between “instant” and time-dependent deformation. The only notion 

used is irrecoverable deformation, whose development depends on the concrete loading 

regime and is governed by the processes occurring on the microlevel of material structure. 

The approach to model irrecoverable strains presented above makes the synthetic theory 

effective “instrument” for modelling various non-classical problems. Besides the problems 

considered in details in the following chapter, numerous other interesting problems and 

phenomena have been modelled. They are Haazen-Kelly effect, phase transformation, 

Feigin phenomenon, the effect of direct current on creep (Rusinko, A., 2011,2014-2016). 
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CHAPTER IV. Generalization of the synthetic theory to the cases 
pronounced as the objectives of this dissertation 

 

 

4.1 Plastic and creep deformation in stress-drop tests 

 

This chapter proposes the generalization of the synthetic theory to describe the 

phenomena recorded in stress-drop tests (see Fig. 2.2) such as  

- negative!!! increment in plastic and creep deformation under the action of positive 

net stress (portion 2-3and 3-4), 

- creep delay (4-5), and 

- inverse creep (5-6). 

 

4.1.1 Generalization of the hardening rule 

To model the phenomena listed above we need to establish a law that governs how 

plastic/creep strain in one direction affects the material hardening in the opposite 

direction. This approach attunes the synthetic theory with the thoughts considered in 

Sec. 2.1. 

In terms of the synthetic theory, this question sound like “How does a plastic straining, 

which is modeled by the movements of planes with normals 𝑵⃗⃗  at the endpoint of stress 

vector 𝑺⃗⃗ , affect the plane distances with opposite normals −𝑵⃗⃗ , 𝐻−𝑁? The planes with 

positive and negative normals as well as angles 𝛼 and 𝛽 defining their orientation are 

shown in Fig. 4.1. 

According to Eq. (3.8.3a), 𝐻−𝑁 for normals −𝑵⃗⃗  is 

𝐻−𝑁 = 𝑆𝑃 + 𝜓−𝑁 + 𝐼−𝑁. (4.1.1) 

Therefore, the question posed above can be rephrased as: “How to set the relation between 

𝜓−𝑁 and 𝜓𝑁 as well as between 𝐼−𝑁 and 𝐼𝑁?” 

Eq. (3.8.4) gives the rate integral 𝐼−𝑁 for normals −𝑵⃗⃗  as 

𝐼−𝑁 = 𝐵∫
𝑑𝑺⃗⃗ 

𝑑𝑠
∙ (−𝑵⃗⃗ )exp[−𝑝(𝑡 − 𝑠)]𝑑𝑠

𝑡

0

= −𝐵∫
𝑑𝑺⃗⃗ 

𝑑𝑠
∙ 𝑵⃗⃗ exp[−𝑝(𝑡 − 𝑠)]𝑑𝑠

𝑡

0

= −𝐼𝑁 . (4.1.2) 
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Fig. 4.1. The orientation of 𝑵⃗⃗  and −𝑵⃗⃗ . 

 

Since the rate hardening of material in initial loading does not exert any influence upon 

that in the subsequent loading of opposite sign, we say that if 𝐼𝑁 is positive, then 𝐼−𝑁 is set 

to be zero and vice versa [Rusinko, A., & Rusinko, K. (2011), Rusinko, A. (2012)]: 

If 𝐼𝑁 > 0, 𝐼−𝑁 = 0 or 

if 𝐼−𝑁 > 0, 𝐼𝑁 = 0. 

(4.1.3) 

To reflect the influence of 𝜓𝑁 upon 𝐻−𝑁, the following formula is proposed (Rusinko, 2012) 

𝜓−𝑁 = −𝜓𝑁 . (4.1.4) 

Summarizing, Eq. (4.1.1) becomes 

𝐻−𝑁 = 𝑆𝑃 − 𝜓𝑁 − 𝐼𝑁 (4.1.5) 

Discussion The non-zero value of 𝜓−𝑁 from (4.1.4) by no means represents any defects 

generated in the course of inelastic deformation because the planes with normals −𝑵⃗⃗  are 

not at the endpoint of vector 𝑺⃗⃗ , while the magnitude of 𝜓𝑁 is directly related to the value of 

irrecoverable strain. Therefore, the main postulate of the synthetic theory that 

irrecoverable deformation is modeled by the planes shifted by stress vector remains intact. 

The only aim of Eq. (4.1.4) is to establish, by means of Eq. (4.1.5), the relationship between 

the plastic deformation induced by loading in one direction and the degree of hardening 

relative to the opposite-sign-loading. Indeed, the growth of defect intensity 𝜓𝑁 leads to the 

decrease in the distance 𝐻−𝑁 in Eq. (4.1.5) that symbolizes the softening of material with 

respect to the loading of opposite sign. 

The softening of material expressed by Eq. (4.1.5) is in full harmony with Sleeswyk’s 

(1978), Lloyd’s and McElroy’s (1974) opinion (see Sec. 2.1) that dislocations easily reverse 

their motion in the direction opposite to the initial plastic flows. In other words, less 

stresses are needed to induce irrecoverable deformation in the opposite direction. 
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In addition, formula (4.1.5) correlates with the notions of effective and backward stresses 

and their interplay with the dislocation behavior (Kassner et al., 2009), Mughrabi (1983), 

Evans (1985). Really, internal stresses defining the effective stresses and eventually the 

degree of material softening in reversal loading directly depend on the number of defects 

and stress field around them raised in the direct loading. The same situation is observed in 

Eq. (4.1.5) where terms 𝜓𝑁 and 𝐼𝑁 stand for the number of defects and the lattice distortion 

caused by their presence. 

Summarizing, the generalization proposed here makes it possible to model 

a) Bauschinger effect, 

b) negative increment in plastic or creep strain due to the stress-drops even if the net 

stress remain positive. Really, if the initial loading is of such a magnitude that 

𝜓𝑁 + 𝐼𝑁 > 𝑆𝑃, then 𝐻−𝑁 from Eq. (4.1.5) becomes negative meaning that the planes 

with normals −𝑵⃗⃗  have got over the origin of coordinate. This means that planes 

whose motion models the increment in compressive strain can be reached by the 

stress vector with positive coordinates. The notion of “Bauschinger super effect” can 

be encountered in the literature (Osipiuk , 1990, 1991, 1996). 

The following calculations correspond to the portions/points in Fig. 2.2 which is repeated 

in Figs. 4.5 and 4.8. 

4.1.2. Plastic straining 

Portion 0-1. Consider the case of uniaxial tension. If to designate through 𝜎 the only non-

zero stress tensor component acing along the axis of specimen, then the stress vector 

components, according to Eq. (3.2.1), are 

𝑆1 = √2 3⁄ 𝜎, 𝑆2 = 𝑆3 = 0, (4.1.6) 

i.e. the vector 𝑺⃗⃗ (𝑆1, 0,0) is co-directed with 𝑆1-axis and |𝑺⃗⃗ | = 𝑆1. 

Scalar product 𝑺⃗⃗ ∙ 𝑵⃗⃗ , according to Eqs. (3.4.9) and (3.4.14), is 

𝑺⃗⃗ ∙ 𝑵⃗⃗ = 𝑆1𝑁1 = 𝑆1𝑚1 cos 𝜆 = 𝑆1Ω,        Ω = cos 𝛼 cos𝛽 cos 𝜆. (4.1.7) 

Let us consider first angle ranges −𝜋 2⁄ ≤ 𝛼 ≤ 𝜋 2⁄  and −𝜋 2⁄ ≤ 𝛽 ≤ 𝜋 2⁄ . 

At the beginning of loading – point 0, 𝑡 = 0 (virgin state of material) – we have 

a) no defects induced by plastic deformation: 𝜓𝑁 = 0, 

b) Eq. (3.8.4) at  𝑡 = 0 gives that 𝐼𝑁 = 0, 

c) as a result, Eq, (3.8.3a) gives that 𝐻𝑁 = 𝑆𝑃, i.e. we have the set of equidistant planes 

whose inner envelope is sphere (3.8.2) (see Fig. 4.2a). 

Recall the main principle of the synthetic theory: there is no inelastic deformation and, 

consequently, no defect (𝜓𝑁 = 0) until the stress vector does not reach a plane. Therefore, 

prior to the onset of plastic deformation, Eq. (3.8.3a) is 

𝐻𝑁 = 𝑆𝑃 + 𝐼𝑁 , (4.1.8) 
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where the rate integral is calculated by Eq. (3.8.6) as (proviso that the loading rate (𝒗⃗⃗ ) is 

assumed to be constant) 

𝐼𝑁 =
𝐵(𝒗⃗⃗ ∙ 𝑵⃗⃗ )

𝑝
[1 − exp(−𝑝𝑡)] =

𝐵𝑆1Ω

𝑝𝑡
[1 − exp(−𝑝𝑡)]. (4.1.9) 

Formulae (4.1.8) and (4.1.9) describe the motion of planes outward the origin of 

coordinates, which does not imply the onset of plastic deformations due to these planes are 

not reached by the stress vector. 

If we take the duration of plastic loading to be infinitely small, 𝑡 → 0, we can approximate 

the exponential function in (4.1.9) by the first-order Taylor series, which results in the 

following relation: 

𝐼𝑁 = 𝐵𝑆1Ω. (4.1.10) 

Consider the instant when the stress vector reaches the first plane, i.e. Eq. (3.7.1) holds true 

for this plane. This situation symbolizes the onset of plastic deformation and the stress 

vector length is treated as the yield strength of material. Since the first planes achieved by 

the stress vector is obviously perpendicular to 𝑆1-axis, we conclude that for this plane 

𝛼 = 𝛽 = 𝜆 = 0,  i.e. Ω = 1. If to designate the length of the stress vector at the onset of 

plastic deformation through 𝑆𝑆, Eqs (3.7.1) and (4.1.7) give that 𝐻𝑁 = 𝑆𝑆 as Ω = 1. Now, the 

interplay between the yield- and creep-limit of material can be obtained from Eq. (4.1.8) as 

𝑆𝑆 = 𝑆𝑃 + 𝐼𝑁 = 𝑆𝑃 + 𝐵𝑆𝑆 ⟹ 𝑆𝑆 =
𝑆𝑃

1 − 𝐵
. (4.1.11) 

Therefore, in terms of the synthetic theory, the yield point of material is not treated as a 

material constant at a given temperature, but strongly depends on a loading rate which is 

characterized by 𝐼𝑁 (Rusinko, 2010). 

The inner envelope of the planes whose distances are determined via Eqs. (4.1.8) at the 

instant when |𝑺⃗⃗ | = 𝑆𝑆 is shown in Fig. 4.2b. 

The further increase in the |𝑺⃗⃗ | leads to the formation of two sets of planes: 

𝐻𝑁 = {
𝑆1Ω, 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒𝑠 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑒𝑑 𝑏𝑦 𝑺⃗⃗ , 𝐸𝑞𝑠 (3.7.1) 𝑎𝑛𝑑 (4.1.7)

𝐼𝑁 + 𝑆𝑃, 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑒𝑠𝑡 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒𝑠, 𝐸𝑞. (4.1.8)
 (4.1.12) 

and 

𝜓𝑁 = {
𝑆1Ω− 𝐼𝑁 − 𝑆𝑃, 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒𝑠 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑒𝑑 𝑏𝑦 𝑺⃗⃗ , 𝐸𝑞𝑠.  (3.8.3𝑎) 𝑎𝑛𝑑 (4.1.7)

0, 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑒𝑠𝑡 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒𝑠
. (4.1.13) 

The inner envelope of the planes (loading surface) whose distances are given by (4.1.12) is 

shown in Fig. 4.2c. 

Since the scalar product 𝑺⃗⃗ ∙ 𝑵⃗⃗ = 𝑆1Ω is treated as a resolved shear stress acting within the 

corresponding slip system, formula (4.1.13) takes the following physical sense: only those 

slip systems take part in the development of plastic deformation, where the resolved shear 

stress is greater than the resistance to plastic shifts (in our case 𝐼𝑁 + 𝑆𝑃). 
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Due to the symmetry over the 𝑆1-axis, the range of angles giving the orientations of planes 

displaced by the stress vector (Ω0) is −𝛼0 ≤ 𝛼 ≤ 𝛼0, −𝛽0 ≤ 𝛽 ≤ 𝛽0 (Fig. 4.2c). For every 

direction, there is the set of planes shifted by 𝑺⃗⃗  which can be defined via angle 𝜆. Its 

boundary value we designate through 𝜆0 and its range is 0 ≤ 𝜆 ≤ 𝜆0. 

 

 

Boundary angles 𝜆0, 𝛼0, and 𝛽0 are calculated by letting successively 𝜓𝑁 = 0, 𝜆 = 0, and 

𝛽 = 0 as  

Ω0:     −𝛼0 ≤ 𝛼 ≤ 𝛼0, −𝛽0 ≤ 𝛽 ≤ 𝛽0, 0 ≤ 𝜆 ≤ 𝜆0, 

cos 𝜆0 =
𝑆𝑃

𝑆1(1 − 𝐵) cos 𝛼 cos 𝛽
, cos 𝛽0 =

𝑆𝑃
𝑆1(1 − 𝐵) cos 𝛼

,

cos 𝛼0 =
𝑆𝑃

𝑆1(1 − 𝐵)
. 

(4.1.14) 

Finally, we rewrite Eqs. (4.1.12) and (4.1.13) as 

𝐻𝑁 = {
𝑆1Ω, 𝑓𝑜𝑟 Ω0

𝐵𝑆1Ω + 𝑆𝑃, 𝑓𝑜𝑟 Ω0
∗  (4.1.15) 

and 

𝜓𝑁 = {
𝑆1(1 − 𝐵)Ω − 𝑆𝑃, 𝑓𝑜𝑟 Ω0

0            , 𝑓𝑜𝑟 Ω0
∗ . (4.1.16) 

where Ω0
∗  stands for 𝛼0, 𝛽0 ≤ |𝛼|, |𝛽| ≤ 𝜋 2⁄ . 

Fig. 4.2.. Yield/loading surface in uniaxial tension in 
𝑆1𝑆2 and 𝑆1𝑆3 coordinate planes (only those planes are 
shown for which 𝜆 = 0): a) virgin state, sphere (3.8.2); 
b) loading surface at the onset of plastic deformation; c) 
the progress of plastic strain, Eq. (4.1.15). Eq. (4.1.5) is 

not utilized here, i.e. the planes with −𝑵⃗⃗  normals 
remain stationary. 
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Eq. (3.7.4) gives the plastic strain vector components as 

𝑒1 =∭ 𝜑𝑁𝑁1𝑑𝑉
Ω0

, (4.1.17) 

𝑒2 =∭ 𝜑𝑁𝑁2𝑑𝑉
Ω0

, 𝑒3 =∭ 𝜑𝑁𝑁3𝑑𝑉
Ω0

, (4.1.18) 

where 𝜑𝑁 is related to 𝜓𝑁 via Eq. (3.9.5). 

It is easy to show that, for the case of uniaxial tension, 𝑒2 = 𝑒3 = 0, which can be, in 

particular, geometrically provable. Indeed, the location of tangent planes moved by 𝑺⃗⃗  is 

symmetric above 𝑆1-axis (see Fig. 4.3), i.e. the increments of plastic strain components 𝑑𝒆⃗ 3 

on the opposite sides of 𝑆1-axis are equal in magnitude and opposite in direction, and their 

summation (integration) leads to mutual elimination (this is valid for components 𝑑𝒆⃗ 2 as 

well). Consequently, we have only one nonzero strain component, 𝑒1, i.e. the total strain 

vector 𝒆⃗  is directed along 𝑆1-axis. 

 

Fig. 4.3. Loading surface for uniaxial tension and elementary strain vectors on a plane locating at 
the endpoint of the stress vector 

 

 

Formula (4.1.17), together with (3.9.5) and (4.1.16), takes the following form (further 

throughout, for the case of uniaxial tension, we will omit index “1” in 𝑒1) 

𝑒 =
√2

√3𝑟
∫ ∫ ∫ [𝜎(1 − 𝐵) cos 𝛼 cos 𝛽 cos 𝜆 − 𝜎𝑃] cos 𝛼 cos

2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝜆0

0

𝛽0

−𝛽0

𝛼0

−𝛼0

. (4.1.19) 
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Integrating in the formula above gives 

 

𝑒 = 𝑎0Φ(𝑎), (4.1.20) 

𝑎0 =
√2𝜋𝜎𝑃

3√3𝑟
, (4.1.21) 

𝑎 =
𝜎𝑃

𝜎(1 − 𝐵)
, 0 < 𝑎 ≤ 1 (4.1.22) 

Φ(𝑎) =
arccos𝑎

𝑎
− 2√1 − 𝑎2 + 𝑎2ln

1 + √1 − 𝑎2

𝑎
,   Φ(1) = 0. (4.1.23) 

Axial plastic strain tensor component, 𝜀, is calculated by Eq. (3.2.2) as 

 

 

 

Fig. 4.4 shows the plot of Φ(𝑎), a monotone 

decreasing function of 𝑎. Therefore, the increase in 

𝜎 implies the decrease in the 𝑎 which, in turn, 

means the growth of Φ and, consequently, 

deformation. 

 

 

Now, consider angle range 𝜋 2⁄ ≤ |𝛼|, |𝛽| ≤ 𝜋, where the normal vector component 𝑁1 is 

negative. 

According to Eqs. (4.1.1) and (4.1.3), the distance to the planes with normals −𝑵⃗⃗  is 

Because of Eq. (4.1.4), 𝜓−𝑁 takes non-zero values for 𝜋 − 𝛼0 ≤ |𝛼| ≤ 𝜋 and 𝜋 − 𝛽0 ≤ |𝛼| ≤

𝜋. Within this domain 𝐻−𝑁 is 

𝐻−𝑁 = 𝑆𝑃 − 𝜓𝑁 = 2𝑆𝑃 − 𝑆1(1 − 𝐵)Ω. (4.1.26) 

For 𝜋 2⁄ ≤ |𝛼| ≤ 𝜋 − 𝛼0 and 𝜋 2⁄ ≤ |𝛽| ≤ 𝜋 − 𝛽0, 𝜓−𝑁 = −𝜓𝑁 = 0, and Eq. (4.1.26) gives 

𝜀 = √
2

3
𝑒. (4.1.24) 

𝐻−𝑁 = 𝑆𝑃 + 𝜓−𝑁. (4.1.25) 

Fig. 4.4. Φ(𝑎) plot. 
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𝐻−𝑁 = 𝑆𝑃, (4.1.27) 

i.e. the planes remain on sphere (3.8.2). 

Dependently on the values of 𝑆𝑃, 𝑆1 and 𝐵, the distance 𝐻−𝑁 form (4.1.26) can take both 

positive and negative values. The negative value of 𝐻−𝑁 means that the plane with normal 

−𝑵⃗⃗  has gone over the origin of coordinates. 

Having at hand the plane distances (4.1.15) and (4.1.26), the inner envelope of the planes 

constitutes the loading surface shown in Fig. 4.5b. Planes in Figs. 4.5 and 4.8 are colored in 

the following way, the planes located at the endpoint of 𝑺⃗⃗  are shown in red and all other 

planes are depicted in black. The surface in Fig. 4.5b is obtained on the assumption that 

𝐻−𝑁 < 0 for some set of planes. 

The difference between Figs. 4.2c and 4.5b shows vividly the effect attained by introducing 

Eq. (4.1.1). 

Remark It is clear that the quadratic relationship (3.8.3b) cannot be applicable here 

because, in this case, Eq. (4.1.25) becomes 𝐻−𝑁 = √2𝑆𝑃
2 − 𝑆1

2(1 − 𝐵2)Ω2 and can lead to 

complex values for negative radicands. 

 

4.1.3. Creep straining 

Portion 1-2. Eq. (3.8.6) gives the rate-integral as 

𝐼𝑁 =
𝐵(𝒗⃗⃗ ∙ 𝑵⃗⃗ )

𝑝
[exp(𝑝𝑡1) − 1]exp(−𝑝𝑡) =

𝐵𝑆1Ω

𝑝𝑡1
[exp(𝑝𝑡1) − 1]exp(−𝑝𝑡),     𝑡 ≥ 𝑡1 (4.1.28) 

If to assume, again, that 𝑡1 → 0 and apply Taylor series, Eq. (4.1.28) becomes 

𝐼𝑁 = 𝐵𝑆1Ωexp(−𝑝𝑡). (4.1.29) 

For angle range (4.1.14), the distances to planes remain unchangeable due to they continue 

to be at the endpoint of stress deviator vector. At the same time, the planes in those 

directions where 𝜓𝑁 = 0 at 𝑡 = 0 start to move toward the origin of coordinates, which is 

caused by the decrease in 𝐼𝑁 from (4.1.29). Then Eq. (3.8.3a) yields the following form: 

𝐻𝑁 = 𝑆𝑃 + 𝐼𝑁 = 𝑆𝑃 + 𝐵𝑆1Ωexp(−𝑝𝑡). (4.1.30) 

Once a plane is at the endpoint of 𝑺⃗⃗ , it becomes to be involved in the producing of creep 

deformation. Due to the decrease in 𝐼𝑁, the defect intensity from (3.8.3a) grows in time as 

𝜓𝑁 = 𝑆1(1 − 𝐵exp(−𝑝𝑡))Ω − 𝑆𝑃. (4.1.31) 
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Fig. 4.5. Yield surface (a) and loading surfaces (b-d) in 𝑆1𝑆2 coordinate plane corresponding to the 

portions 0-1-2-3. The planes with 𝜆 = 0 are shown only. 
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The domain of angles with positive 𝜓𝑁 (Ω1) grows in time as well: 

Ω1 :    − 𝛼1 ≤ 𝛼 ≤ 𝛼1, −𝛽1 ≤ 𝛽 ≤ 𝛽1, 0 ≤ 𝜆 ≤ 𝜆1, (4.1.32) 

cos 𝜆1 =
𝑆𝑃

𝑆1(1 − 𝐵exp(−𝑝𝑡)) cos 𝛼 cos 𝛽
, cos 𝛽1 =

𝑆𝑃

𝑆1(1 − 𝐵exp(−𝑝𝑡)) cos 𝛼
,

cos 𝛼1 =
𝑆𝑃

𝑆1(1 − 𝐵exp(−𝑝𝑡))
. 

(4.1.33) 

Beyond (4.1.32) – Ω1
∗ : 𝛼1, 𝛽1 ≤ |𝛼|, |𝛽| ≤ 𝜋 2⁄  – 𝜓𝑁 = 0. Summarizing, 

𝐻𝑁 = {
𝑆1Ω, 𝑓𝑜𝑟 Ω1

𝑆𝑃 + 𝐵𝑆1Ωexp(−𝑝𝑡), 𝑓𝑜𝑟 Ω1
∗  (4.1.34) 

The strain intensity is calculated by Eqs. (3.8.7) and (4.1.31) as 

𝑟𝜑̇𝑁 = 𝐵𝑝𝑆1exp(−𝑝𝑡)Ω + 𝐾[𝑆1(1 − 𝐵exp(−𝑝𝑡))Ω − 𝑆𝑃]. (4.1.35) 

By utilizing Eq. (3.7.3), i.e. by integrating 𝜑̇𝑁 form the formula above within the limits 

(4.1.32), the creep-strain-rate-vector-component (𝑒̇) is obtained as 

𝑒̇ = ∫ cos 𝛼 𝑑𝛼

𝛼1

−𝛼1

∫ cos2𝛽𝑑𝛽∫ 𝜑̇𝑁 cos 𝜆 𝑑𝜆

𝜆1

0

𝛽1

−𝛽1

= 𝑎0𝐾Ψ(𝑎, 𝑏), (4.1.36) 

Ψ(𝑎, 𝑏) =
arccos𝑏

𝑎
− (3 −

𝑏

𝑎
)√1 − 𝑏2 + (3 −

2𝑏

𝑎
) 𝑏2ln

1 + √1 − 𝑏2

𝑏
, 

𝑎 =
𝐾𝜎𝑃

𝜎[𝐵𝑝exp(−𝑝𝑡) + 𝐾(1 − 𝐵exp(−𝑝𝑡))]
, 𝑏 =

𝜎𝑃

𝜎(1 − 𝐵exp(−𝑝𝑡))
. 

(4.1.37) 

The analysis of these formulae shows that 𝑒̇ is a decreasing function of time. This is due to 

the decrease in 𝐼𝑁 as 𝜎(𝑡) = const. As exp(−𝑝𝑡) → 0 with the growth of time, 𝑏 → 𝑎 

implying that Ψ(𝑎, 𝑏) tends to Φ(𝜎𝑃 𝜎⁄ ) from (4.1.23). Since the ratio 𝜎𝑃 𝜎⁄  remains 

unchangeable in time, formula 𝑒̇ = 𝑎0𝐾Φ(𝜎𝑃 𝜎⁄ ) is the relationship to calculate the steady 

state creep rate. In terms of the loading surface, the condition 𝐼𝑁 → 0 means the 

termination of the movements of planes, and the steady state creep rate is modelled by the 

set of stationary planes located at the endpoint of stress vector (compare surfaces from 

Fig. 4.6). 

Consider the domain that is the mirror reflection of that from (4.1.32): 

Ω̃1:     𝜋 − 𝛼1 ≤ |𝛼| ≤ 𝜋, 𝜋 − 𝛽1 ≤ |𝛽| ≤ 𝜋. (4.1.38) 

The defect intensity 𝜓−𝑁 and plane distance 𝐻−𝑁, according to Eqs. (4.1.1), (4.1.3), (4.1.4) 

and (4.1.31), are 
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Fig. 4.6. Loading surfaces for primary (------) and secondary creep (solid line) in 𝑆1𝑆2-plane 
(boundary planes at the endpoint of stress vector are shown only; arrows show the direction of the 

loading surface evolution) 

 

𝜓−𝑁 = {
𝑆𝑃 − 𝑆1(1 − 𝐵exp(−𝑝𝑡))Ω 𝑓𝑜𝑟 Ω̃1

0 𝑓𝑜𝑟 Ω̃1
∗
, (4.1.39) 

𝐻−𝑁 = {
2𝑆𝑃 − 𝑆1(1 − 𝐵exp(−𝑝𝑡))Ω 𝑓𝑜𝑟 Ω̃1

𝑆𝑃 𝑓𝑜𝑟 Ω̃1
∗
, (4.1.40) 

where Ω̃1
∗  stands for 𝜋 2⁄ ≤ |𝛼| ≤ 𝜋 − 𝛼1, 𝜋 2⁄ ≤ |𝛽| ≤ 𝜋 − 𝛽1. The loading surface in 

Fig. 4.5c is constructed as the inner envelop of planes whose distances are governed by 

Eqs. (4.1.34), and (4.1.40) at 𝑡 = 𝑡𝑐. 

Intermediate remarks. To model portions 2-3 and 3-4 from Fig. 4.5, we need to give the 

following preliminary reasoning. Since both of them are of compressive nature, they can be 

modeled only by means of planes with normal vectors −𝑵⃗⃗ . The occurrence of negative 

plastic strain increment (2-3) is possible only if the stress increment vector Δ𝑺⃗⃗  reaches and 

moves a set of planes with negative normals −𝑵⃗⃗ . The description of reverse(negative) 

creep under the constant stress 𝑺⃗⃗ + Δ𝑺⃗⃗  (3-4) also can be modelled only by the 

manipulations with planes with normals −𝑵⃗⃗ . It is feasible only if 𝐻−𝑁 < 0, i.e. if the planes 

with negative normals get over the origin of coordinates. Therefore, the initial stress vector 

must be of such magnitude that the plane distances from the first formula of (4.1.40) at 

𝑡 = 𝑡𝑐 are negative. 

Special attention must be paid for the rate integral 𝐼−𝑁 due to it stands for the regulation of 

time-dependent strain for the planes with normals −𝑵⃗⃗ . To model the reverse creep, it is 

immediately clear that the requirement that 𝐼−𝑁 be positive is needed. 

The fact that the negative creep can be observed only if it is preceded by negative plastic 

deformation means that a material needs to obtain some compressive strain energy which 

then can be released in the form of time-dependent deformation (negative creep). 
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4.1.4. Stress drop 

Portion 2-3. Because of stress drop Δ𝑺⃗⃗ , the rate integral 𝐼𝑁, according to Eq. (3.8.4), yields 

the following form (Fig. 4.7) 

𝐼𝑁 = 𝐵[𝑆1exp(−𝑝𝑡𝑐) − Δ𝑆]Ω. (4.1.41) 

To meet the condition 𝐼−𝑁 > 0, the magnitude of Δ𝑆 must be greater than 𝑆1exp(−𝑝𝑡𝑐) 

implying that 𝐼𝑁 from (4.1.41) becomes negative. Then, according to Eq. (4.1.3), we obtain 

that 

𝐼−𝑁 = −𝐼𝑁 = 𝐵[Δ𝑆 − 𝑆1exp(−𝑝𝑡𝑐)]Ω > 0  and  𝐼𝑁 = 0. (4.1.42) 

As the stress vector shortens due to the stress drop, the planes with normals 𝑵⃗⃗  are no more 

at its endpoint and they stop producing inelastic deformation. This, in turn, means that 

there is no defect increment in positive direction, and Eq. (4.1.31) remains unchangeable 

until increments in defect intensity 𝜓−𝑁 occur. This is possible if planes with normals −𝑵⃗⃗  

are shifted by vector 𝑺⃗⃗ + Δ𝑺⃗⃗ . For the rest planes Eq. (4.1.39) holds true. 

Let us designate through 𝑆𝑆
− the length of stress vector when it reaches the first plane with 

negative normal. Since this plane is perpendicular to the stress vector, Ω = 1, it is distanced 

from the origin as 

𝐻−𝑁 = 𝑺⃗⃗ ∙ (−𝑵⃗⃗ ) = −𝑆𝑆
−. (4.1.43) 

Therefore, to calculate the 𝑆𝑆
−, we use Eq. (4.1.5) where (i) the left-hand-side is −𝑆𝑆

−; (ii) 

𝜓−𝑁 is given by (4.1.31) at 𝑡 = 𝑡𝑐 and Ω = 1; (iii) 𝐼−𝑁 is from Eq. (4.1.42) at Δ𝑆 = 𝑆1 − 𝑆𝑆
− 

and Ω = 1. As a result, 

−𝑆𝑆
− = 𝑆𝑃 + 𝑆𝑃 − 𝑆1[1 − 𝐵exp(−𝑝𝑡𝑐)] + 𝐵[𝑆1 − 𝑆𝑆

− − 𝑆1exp(−𝑝𝑡𝑐)], (4.1.44) 

𝑆𝑆
− = 𝑆1 −

2𝑆𝑃
1 − 𝐵

. (4.1.45) 

Summarizing, the occurrence of negative plastic strain increment is possible if the 

magnitude of 𝑆𝑆
− is positive and the stress 𝑆1 − Δ𝑆 is less than 𝑆𝑆

−. These conditions, in the 

view of Eq. (4.1.45), can be met if 

𝑆1 >
2𝑆𝑃
1 − 𝐵

 and Δ𝑆 >
2𝑆𝑃
1 − 𝐵

. (4.1.46) 

If Δ𝑆 ≤ 𝑆1, the fulfillment of the second inequality in (4.1.46) provides that of the first one. 

According to Eq. (3.9.5), the increments in defect- and strain intensity are related to each 

other as 

𝑟Δ𝜑−𝑁 = Δ𝜓−𝑁. (4.1.47) 

It is worthwhile to remind once more that, in terms of the synthetic theory, the increase in 

defects and, consequently, in strain intensity is obtained only if the stress vector translates 

planes on its endpoint, i.e. 𝐻−𝑁 = (𝑺⃗⃗ + Δ𝑺⃗⃗ ) ∙ (−𝑵⃗⃗ ) = −(𝑆1 − Δ𝑆)Ω. Therefore, the defect 

intensity increment, relatively to the defects at point 2, is determined as 
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Fig. 4.7. Rate integral vs. time plot at Ω = 1. 

 

Δ𝜓−𝑁 = 𝐻−𝑁 − 𝐼−𝑁 − 𝐻̃−𝑁 = Δ𝑆(1 − 𝐵)Ω − 2𝑆𝑃, (4.1.48) 

where 𝐼−𝑁 is given by (4.1.42) and 𝐻̃−𝑁 stands for the plane distance at point 2 given by 

Eq. (4.1.40) at 𝑡 = 𝑡𝑐. The domains of angles 𝛼, 𝛽, and 𝜆 where Δ𝜓−𝑁 > 0 are 

 Ω2:        𝜋 − 𝛼2 ≤ |𝛼| ≤ 𝜋, 𝜋 − 𝛽2 ≤ |𝛽| ≤ 𝜋, 0 ≤ 𝜆 ≤ 𝜆2, (4.1.49) 

cos 𝜆2 =
2𝑆𝑃

∆𝑆(1 − 𝐵) cos 𝛼 cos 𝛽
, cos 𝛽2 =

2𝑆𝑃
∆𝑆(1 − 𝐵) cos 𝛼

,

cos 𝛼2 =
2𝑆𝑃

∆𝑆(1 − 𝐵)
. 

(4.1.50) 

Beyond Ω2 (we designate this range through Ω2
∗) the planes are not reached by the vector 

𝑺⃗⃗ + Δ𝑺⃗⃗ , i.e. 𝐻−𝑁 > (𝑺⃗⃗ + Δ𝑺⃗⃗ ) ∙ (−𝑵⃗⃗ ), and, consequently, do not take part in plastic 

deforming. Decompose Ω2
∗  into two parts, Ω2

∗ = Ω2𝐴
∗ + Ω2𝐵

∗ : 

Ω2𝐴
∗ :     𝜋 − 𝛼1 ≤ |𝛼| ≤ 𝜋 − 𝛼2, 𝜋 − 𝛽1 ≤ |𝛽| ≤ 𝜋 − 𝛽2, (4.1.51) 

Ω2𝐵
∗ = Ω̃1

∗ :    𝜋 2⁄ ≤ |𝛼| ≤ 𝜋 − 𝛼1, 𝜋 2⁄ ≤ |𝛽| ≤ 𝜋 − 𝛽1. (4.1.52) 

Ω2𝐴
∗  includes the planes which is not reached by 𝑺⃗⃗ + Δ𝑺⃗⃗ , but moved during the creep on 1-2 

portion when 𝜓𝑁 ≠ 0. Ω2𝐵
∗  includes the planes which did not move during the whole 

process (𝜓𝑁 = 0), from point 0 to point 2. 

It is clear that there is no defect intensity increment within Ω2
∗ , i.e. Eq. (4.1.39) must be 

applied to calculate 𝜓−𝑁 for the range (4.1.51-52). 

The defect intensity distribution at point 3 is 
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𝜓−𝑁 = {

𝜓−𝑁2 + ∆𝜓−𝑁 = ∆𝑆(1 − 𝐵)Ω − 𝑆1[1 − 𝐵exp(−𝑝𝑡𝑐)]Ω − 𝑆𝑃 for Ω2
𝜓−𝑁2 = 𝑆𝑃 − 𝑆1[1 − 𝐵exp(−𝑝𝑡𝑐)]Ω for Ω2𝐴

∗

0 for Ω2𝐵
∗

 (4.1.53) 

where 𝜓−𝑁2 denotes the defect intensity at point 2 given by Eq. (4.1.39) at 𝑡 = 𝑡𝑐 . 

Now, the plane distance due to the stress drop is 

𝐻−𝑁 = {
(𝑺⃗⃗ + Δ𝑺⃗⃗ ) ∙ (−𝑵⃗⃗ ) for Ω2
𝑆𝑃 + 𝜓−𝑁2 + 𝐼−𝑁 for Ω2𝐴

∗

𝑆𝑃 + 𝐼−𝑁 for Ω2𝐵
∗

= {

−(𝑆1 − ∆𝑆)Ω for Ω2
2𝑆𝑃 − (𝑆1 − 𝐵∆𝑆)Ω for Ω2𝐴

∗

𝑆𝑃 + 𝐵[∆𝑆 − 𝑆1exp(−𝑝𝑡𝑐)]Ω for Ω2𝐵
∗

 (4.1.54) 

Fig. 4.5d shows the loading surface corresponding to point 3. As seen, a corner point arises 

at loading point (the endpoint of 𝑺⃗⃗ + Δ𝑺⃗⃗ ), which is the sign of the arise of plastic 

deformation. 

Eq. (3.8.3a) at 𝐼𝑁 = 0, together with Eqs. (4.1.4) and (4.1.53), gives the distances to planes 

with positive normals. 

The increment in the compressive plastic strain vector component (Δ𝑒) is calculated by the 

integration of the strain intensity increment given by Eqs. (4.1.47) and (4.1.48) within 

boundaries (4.1.49): 

Δ𝑒 =
1

𝑟
∫ cos 𝛼 𝑑𝛼 ∫ cos2𝛽𝑑𝛽∫ Δ𝜑−𝑁 cos 𝜆 𝑑𝜆

𝜆2

0

𝜋+𝛽2

𝜋−𝛽2

𝜋+𝛼2

𝜋−𝛼2

= 𝑎0Φ(𝑎),     𝑎 =
2𝜎𝑃

Δ𝜎(1 − 𝐵)
, (4.1.55) 

where 𝑎0 and Φ is from Eq. (4.1.21) and (4.1.23), respectively. 

4.1.5. Negative (reverse) creep 

Portion 3-4. Rate integral 𝐼−𝑁 for 𝑡 > 𝑡𝑐 behaves as (see Fig. 4.7) 

𝐼−𝑁 = 𝐵[Δ𝑆 − 𝑆1exp(−𝑝𝑡𝑐)]exp[−𝑝(𝑡 − 𝑡𝑐)]Ω. (4.1.56) 

It is easy to see that 𝐼𝑁 = 0 for 𝑡 > 𝑡𝑐  due to 𝐼−𝑁 vs. time curve constructed via Eq. (4.1.56) 

never cuts the time-axis. 

Inspect the strain rate intensity for 𝑡 > 𝑡𝑐 . First of all, it is clear that the creep strain can 

develop only from the domain (4.1.49) or its sub-domain, where the planes are located on 

the endpoint of 𝑺⃗⃗ + Δ𝑺⃗⃗  at 𝑡 = 𝑡𝑐, and 𝐻−𝑁 = −(𝑆1 − Δ𝑆)Ω. Therefore, the formulae for 𝜓−𝑁 

and 𝜓̇−𝑁, according to Eqs. (4.1.5) and (4.1.56), take the form as follows 

𝜓−𝑁 = −(𝑆1 − Δ𝑆)Ω − 𝐼−𝑁 − 𝑆𝑃 = 

Δ𝑆[1 − 𝐵exp[−𝑝(𝑡 − 𝑡𝑐)]]Ω − 𝑆1[1 − 𝐵exp(−𝑝𝑡)]Ω − 𝑆𝑃, 

𝜓̇−𝑁 = −𝐼−̇𝑁 = 𝑝𝐼−𝑁 . 

(4.1.57) 

dc_1366_16

Powered by TCPDF (www.tcpdf.org)



62 

 

Fig. 4.8. Loading surfaces in 𝑆1𝑆2 coordinate plane corresponding to the potions 3-4-5-6. The 

planes with 𝜆 = 0 are shown only 
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Further, Eqs. (3.8.7) and (4.1.57) give 𝜑̇−𝑁 as 

𝑟𝜑̇−𝑁 = 𝐵(𝑝 − 𝐾)[Δ𝑆exp(𝑝𝑡𝑐) − 𝑆1]exp(−𝑝𝑡)Ω − 𝐾[(𝑆1 − Δ𝑆)Ω + 𝑆𝑃]. (4.1.58) 

The domain of the positive values of 𝜑̇−𝑁 is 

𝜋 − 𝛼3 ≤ |𝛼| ≤ 𝜋, 𝜋 − 𝛽3 ≤ |𝛽| ≤ 𝜋, 0 ≤ 𝜆 ≤ 𝜆3, (4.1.59) 

cos 𝜆3 =
𝐾𝑆𝑃

[𝐵(𝑝 − 𝐾)[Δ𝑆exp(𝑝𝑡𝑐) − 𝑆1]exp(−𝑝𝑡) − 𝐾(𝑆1 − Δ𝑆)] cos 𝛼 cos 𝛽
, 

cos 𝛽3 =
𝐾𝑆𝑃

[𝐵(𝑝 − 𝐾)[Δ𝑆exp(𝑝𝑡𝑐) − 𝑆1]exp(−𝑝𝑡) − 𝐾(𝑆1 − Δ𝑆)] cos 𝛼
, 

cos 𝛼3 =
𝐾𝑆𝑃

𝐵(𝑝 − 𝐾)[Δ𝑆exp(𝑝𝑡𝑐) − 𝑆1]exp(−𝑝𝑡) − 𝐾(𝑆1 − Δ𝑆)
. 

(4.1.60) 

Special attention must be paid to the relation between the domains of non-zero 𝜑̇−𝑁 and 

∆𝜑−𝑁. In order to avoid a situation when the creep deformation develops on the planes 

which are not at the endpoint of the stress vector, we require that range (4.1.59) be not 

greater than that from (4.1.49) taken at 𝑡𝑐, i.e. 𝛼2 ≥ 𝛼3(𝑡 = 𝑡𝑐). To meet this condition, the 

following restriction must be imposed 

𝐵 (2
𝑝
𝐾 − 1) + 1

𝐵exp(−𝑝𝑡𝑐) (
𝑝
𝐾 − 1) + 1

≤
𝑆1
∆𝑆
. (4.1.61) 

If this inequality holds true, the planes from the domain 

𝜋 − 𝛼2 ≤ |𝛼| ≤ 𝜋 − 𝛼3, 𝜋 − 𝛽2 ≤ |𝛽| ≤ 𝜋 − 𝛽3 (4.1.62) 

do not take part in the development of reverse creep. 

To calculate the negative creep strain rate vector component (𝑒̇𝑅), Eq. (3.7.3), together with 

Eqs. (4.1.58) and (4.1.59), must be utilized. As a result, we have 

𝑒̇𝑅 = ∫ cos 𝛼 𝑑𝛼 ∫ cos2𝛽𝑑𝛽∫ 𝜑̇−𝑁 cos 𝜆 𝑑𝜆

𝜆3

0

𝜋+𝛽3

𝜋−𝛽3

𝜋+𝛼3

𝜋−𝛼3

= 𝑎0𝐾Φ(𝑎), 

𝑎 =
𝐾𝑆𝑃

𝐵(𝑝 − 𝐾)[Δ𝑆exp(𝑝𝑡𝑐) − 𝑆1]exp(−𝑝𝑡) − 𝐾(𝑆1 − Δ𝑆)
 (𝑡 ≥ 𝑡𝑐). 

(4.1.63) 

The analysis of (4.1.63) gives that the 𝑒̇𝑅 is a decreasing function of time and 𝑒̇𝑅 = 0 at the 

instant of time (𝑡 = 𝑡𝑐 + 𝑡𝑟) when 𝑎 = 1. This is in a full agreement with portion 3-4 in 

Fig. 4.8. 

The duration of negative creep in a given direction, 𝑡𝑟
Ω, is calculated by letting 𝜑̇−𝑁 = 0 in 

(4.1.58): 

𝑡𝑟
Ω =

1

𝑝
ln
𝐵(𝑝 − 𝐾)[Δ𝑆 − 𝑆1exp(−𝑝𝑡𝑐)]Ω

𝐾[(𝑆1 − Δ𝑆)Ω + 𝑆𝑃]
 (4.1.64) 

dc_1366_16

Powered by TCPDF (www.tcpdf.org)



64 

As follows from (4.1.64), the duration of negative creep is an increasing function of Ω, and 

𝑡𝑟
Ω = 0 on the boundary angles (4.1.60). For Ω = 1, the formula above gets 2 

𝑡𝑟 =
1

𝑝
ln
𝐵(𝑝 − 𝐾)[Δ𝑆 − 𝑆1exp(−𝑝𝑡𝑐)]

𝐾(𝑆1 − Δ𝑆 + 𝑆𝑃)
. (4.1.65) 

This means that the reverse creep strain lasts the longest for the slip system which is the 

most favorably oriented relatively to the vector 𝑺⃗⃗ + Δ𝑺⃗⃗ , i.e. Ω = 1. As seen from (4.1.65), 

𝑡𝑟 > 0 if the numerator is greater than the denominator: 

[𝐵(𝑝 − 𝐾) + 𝐾]Δ𝑆 > [𝐵(𝑝 − 𝐾)exp(−𝑝𝑡𝑐) + 𝐾]𝑆1 + 𝐾𝑆𝑃. (4.1.66) 

As follows from Eq. (4.1.65), the reverse creep time 𝑡𝑟 grows with Δ𝑆 if to hold 𝑆1 and 𝑡𝑐 

fixed; this is true for the whole range of Δ𝑆, from 𝑆1 − 𝑆𝑆 to 𝑆1 (complete unloading). 

Another result is the reverse creep time 𝑡𝑟 grows with the initial creep duration 𝑡𝑐 at fixed 

values of 𝑆1 and Δ𝑆. Furthermore, the function 𝑡𝑟(𝑡𝑐) is bounded above by horizontal 

asymptote 

max 𝑡𝑟 =
1

𝑝
ln

𝐵(𝑝 − 𝐾)Δ𝑆

𝐾(𝑆1 − Δ𝑆 + 𝑆𝑃)
 𝑎𝑠 𝑡𝑐 → ∞. (4.1.67) 

Once 𝜑̇−𝑁 = 0, Eq. (3.8.7) degenerates into the following form 

𝑑𝜓−𝑁 = −𝐾𝜓−𝑁𝑑𝑡. (4.1.68) 

The solution of the differential equation above describes the process of defect relaxation, 

𝜓−𝑁 = 𝜓−𝑁0exp(−𝐾𝑡), (4.1.69) 

where 𝜓−𝑁0 is the value of defect intensity at the beginning of relaxation. 

Beyond the domain (4.1.59), as there 𝐻−𝑁 > (𝑺⃗⃗ + Δ𝑺⃗⃗ ) ∙ 𝑵⃗⃗ , the defect relaxation starts 

immediately at 𝑡 = 𝑡𝑐, whereas within (4.1.59) the start of defects relaxation (𝑡 = 𝑡𝑐 + 𝑡𝑟
Ω) 

depends upon the plane orientation due to 𝑡𝑟
Ω = 𝑓(Ω). 

Therefore, Eqs.  (4.1.57), (4.1.53) and (4.1.69) give the defect intensity during reverse 

creep as 

𝜓−𝑁

=

{
  
 

  
 
∆𝑆[1 − 𝐵exp(−𝑝(𝑡 − 𝑡𝑐))]Ω − 𝑆1[1 − 𝐵exp(−𝑝𝑡)]Ω − 𝑆𝑃 (4.1.59) as 𝑡 ∈ [𝑡𝑐 , 𝑡𝑐 + 𝑡𝑟

Ω) 
𝑝

𝑝 − 𝐾
[(Δ𝑆 − 𝑆1)Ω − 𝑆𝑃]exp [−𝐾 (𝑡 − (𝑡𝑐 + 𝑡𝑟

Ω))] (4.1.59) as 𝑡 ≥ 𝑡𝑐 + 𝑡𝑟
Ω

{Δ𝑆(1 − 𝐵)Ω − 𝑆1[1 − 𝐵exp(−𝑝𝑡𝑐)]Ω − 𝑆𝑃}exp[−𝐾(𝑡 − 𝑡𝑐)]

{𝑆𝑃 − 𝑆1[1 − 𝐵exp(−𝑝𝑡𝑐)]Ω}exp[−𝐾(𝑡 − 𝑡𝑐)]
0

(4.1.62) as 𝑡 ≥ 𝑡𝑐
(4.1.51) as 𝑡 ≥ 𝑡𝑐

(4.1.52)

 
(4.1.70) 

The second row in the formula above is obtained if to insert 𝑡𝑟
Ω into Eq. (4.1.57). 

By adding 𝜓−𝑁 from the formula above and 𝑆𝑃 + 𝐼−𝑁 (𝐼−𝑁 is from (4.1.56)), the distances to 

planes during reverse creep can be expressed as 

                                                           
2 Eq. (4.1.65) can be also obtained from Eq. (4.1.63) by letting 𝑎 = 1. 
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𝐻−𝑁

= {
−(𝑆1 − Δ𝑆)Ω                         , for the first row from (4.1.70)

𝜓−𝑁0exp(−𝐾𝑡) + 𝐼−𝑁 + 𝑆𝑃 ≠ −(𝑆1 − Δ𝑆)Ω, for the rest rows from (4.1.70)
 

(4.1.71) 

where 𝜓−𝑁0 is determined as in the four last rows in Eq. (4.1.70). 

The analysis of Eqs. (4.1.70) and (4.1.71) shows that, at different instants, planes start to 

move tending to their initial positions, lim𝑡→∞𝐻−𝑁 = 𝑆𝑃, due to lim𝑡→∞(𝜓−𝑁0exp(−𝐾𝑡) +

𝐼−𝑁) = 0. At 𝑡 = 𝑡𝑟 , the domain (4.1.59) shrinks to a point symbolizing that the last plane 

has left the endpoint of the vector 𝑺⃗⃗ + Δ𝑺⃗⃗ . In other words, for 𝑡 > 𝑡𝑟 , the only relationship 

that governs the displacement of planes is the second relation from Eq. (4.1.71). 

The plane distances 𝐻𝑁 are governed by Eq. (3.8.3a) at 𝐼𝑁 = 0, i.e. (4.1.70), and (4.1.4). The 

loading surfaces in the course of reverse creep (𝑡𝑐 < 𝑡 < 𝑡𝑐 + 𝑡𝑟) and at the end of it 

(𝑡 = 𝑡𝑐 + 𝑡𝑟) are shown in Figs. 4.8a and 4.8b, respectively. 

4.1.6. Creep delay 

Portion 4-5. As shown in the previous point, once a plane leaves the endpoint of vector 

𝑺⃗⃗ + Δ𝑺⃗⃗ , the development of permanent deformation ceases on it, and the defect relaxation 

starts. Since, for 𝑡 > 𝑡𝑐 + 𝑡𝑟 , the planes with neither positive nor negative normals are not 

located at the endpoint of 𝑺⃗⃗ + Δ𝑺⃗⃗ , the irrecoverable straining does not occur at all and the 

horizontal portion 4-5 (creep delay) is observed. 

According to Eq. (4.1.4), Eq. (3.8.3a) written at 𝐼𝑁 = 0 as well as Eq. (4.1.71) for 𝑡 > 𝑡𝑐 + 𝑡𝑟
Ω, 

the distance to planes with positive normals is 

𝐻𝑁 = 𝑆𝑃 + 𝜓𝑁 = 𝑆𝑃 +
𝑝

𝑝 − 𝐾
[𝑆𝑃 − (Δ𝑆 − 𝑆1)Ω − 𝑆𝑃]exp [−𝐾 (𝑡 − (𝑡𝑐 + 𝑡𝑟

Ω))], (4.1.72) 

which shows that the planes with positive normals move toward the origin of coordinate 

and these movements cease in each direction as the plane arrives at the endpoint of vector 

𝑺⃗⃗ + Δ𝑺⃗⃗ .  

The instant of time when a plane is on the endpoint of vector 𝑺⃗⃗ + Δ𝑺⃗⃗ , 𝑡 = 𝑡𝑐 + 𝑡𝑟
Ω + 𝑡𝑑

Ω, can 

be find from Eq. (4.1.72) by letting on its left-hand side 

𝐻𝑁 = (𝑆1 − Δ𝑆)Ω. (4.1.73) 

As a result, the duration of the creep delay 𝑡𝑑
Ω as a function of Ω is 

𝑡𝑑
Ω =

1

𝐾
ln

𝑝[𝑆𝑃 − (Δ𝑆 − 𝑆1)Ω]

(𝑝 − 𝐾)[(𝑆1 − Δ𝑆)Ω − 𝑆𝑃]
. (4.1.74) 

The fact that the 𝑡𝑑
Ω depends upon the orientation of plane (Ω) means that a slip system 

starts to produce a deformation only then, when its orientation becomes favorable 

relatively to the acting stress. The smallest value of 𝑡𝑑
Ω, it is none other as the duration of 

the creep delay, is calculated by Eq. (4.1.74) at Ω = 1: 

𝑡𝑑 =
1

𝐾
ln

𝑝(𝑆𝑃 − Δ𝑆 + 𝑆1)

(𝑝 − 𝐾)(𝑆1 − Δ𝑆 − 𝑆𝑃)
. (4.1.75) 
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For 𝑡 > 𝑡𝑐 + 𝑡𝑟 + 𝑡𝑑 the creep of positive sign starts developing and it is worthwhile to note 

that the formula for 𝑡𝑑  holds true if 

𝑆1 − Δ𝑆 > 𝑆𝑃. (4.1.76) 

This inequality expresses an obvious condition for the occurring of the positive creep 

deformation: the acting stress 𝑆1 − Δ𝑆 must exceed the creep limit 𝑆𝑃. The loading surface 

at 𝑡 = 𝑡𝑐 + 𝑡𝑟 + 𝑡𝑑  is shown in Fig. 4.8c. 

4.1.7. Inverse creep 

For 𝑡 > 𝑡𝑐 + 𝑡𝑟 + 𝑡𝑑, the tensile (positive) strain is resumed. The defect intensity for the 

plane which have come back to the endpoint of 𝑺⃗⃗ + Δ𝑺⃗⃗ , 𝐻𝑁 = (𝑆1 − Δ𝑆)Ω, is calculated by 

Eq. (3.8.3a) at 𝐼𝑁 = 0 as 

𝜓𝑁 = (𝑆1 − Δ𝑆)Ω − 𝑆𝑃, 𝑑𝜓𝑁 = 0. (4.1.77) 

Since the defect intensity (4.1.77) does not depend on time, the time-dependent character 

of deformation is regulated by the fact that the number of planes at the endpoint of the 

stress vector increases with time. To capture this, one needs to write down Eq. (4.1.72) 

with 𝐻𝑁 = (𝑆1 − Δ𝑆)Ω on its left-hand side: 

(𝑆1 − Δ𝑆)Ω = 𝑆𝑃 + 𝜓𝑁 = 𝑆𝑃 +
𝑝

𝑝 − 𝐾
{[𝑆𝑃 − (Δ𝑆 − 𝑆1)Ω]exp [−𝐾 (𝑡 − (𝑡𝑐 + 𝑡𝑟

Ω))]}. (4.1.78) 

From this formula the boundary angles on which the creep strain is induced, Ω𝑡, can be 

related to time as 

(𝑝 − 𝐾) (
𝑆1 − Δ𝑆
𝑆𝑃

Ω𝑡 − 1)

𝑝exp[𝐾(𝑡𝑐 + 𝑡𝑟Ω)] (1 +
𝑆1 − Δ𝑆
𝑆𝑃

Ω𝑡)
= exp(−𝐾𝑡). (4.1.79) 

The analysis of Eq. (4.1.79) shows that Ω𝑡 = 1 at 𝑡 = 𝑡𝑑 , i.e. the plane perpendicular to the 

vector 𝑺⃗⃗ + Δ𝑺⃗⃗  is obtained. With the growth in time the domain Ω𝑡 expands and becomes 

steady as exp(−𝐾𝑡) → 0 (let us designate it through 𝑎): 

𝑎 =
𝑆𝑃

𝑆1 − Δ𝑆
. (4.1.80) 

 

The formula above corresponds to the case 

of steady-state creep, when the set of planes 

reached by stress vector does not change in 

time. The Ω𝑡-against-time-plot is shown in 

Fig. 4.9. 

 
Fig. 4.9. Ω𝑡(𝑡) function. 
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Since 𝑑𝜓𝑁 = 0 in Eq. (4.1.77), i.e. there is no increment in 𝜓𝑁 for every slip system, 

Eq. (3.9.1) gives that: 

𝑟𝜑̇𝑁 = 𝐾𝜓𝑁 = const. (4.1.81) 

Despite this fact, the time-dependent growth in macro-deformation-rate is modeled by the 

increasing number of planes (slip systems) getting involved in the development of the 

strain, which is governed by Eq. (4.1.79). The macro-deformation (𝑒̇𝑖) is calculated by 

Eqs. (3.7.3), (4.1.81), (4.1.79) and (4.1.77) as 

𝑒̇𝑖 =
𝐾

𝑟
∭ 𝜑̇𝑁 cos 𝛼 cos

2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆
Ω𝑡

= 𝐾𝑎0Ψ(𝑎, Ω
𝑡),      𝑎 =

𝜎𝑃
𝜎1 − Δ𝜎

, 

Ψ(𝑎, Ω𝑡) =
arccos(Ω𝑡)

𝑎
− (3 −

Ω𝑡

𝑎
)√1 − (Ω𝑡)2 − (3 −

2Ω𝑡

𝑎
) (Ω𝑡)2ln

1 + √1 − (Ω𝑡)2

Ω𝑡
. 

(4.1.82) 

As follows from Eq. (4.1.82) 𝑒̇𝑖 = 0 at Ω𝑡 = 1 (𝑡 = 𝑡𝑑) and with the growth in time 

Ψ(𝑎, Ω𝑡) → Φ(𝑎) as Ω𝑡 → 𝑎. This means that 𝑒̇𝑖 is an increasing function of time which, in 

the course of time, tends to a constant value. Therefore, it can be inferred immediately that 

for 𝑡 > 𝑡𝑐 + 𝑡𝑟 + 𝑡𝑑  the strain-time curve is a concave one which transits into a straight 

portion. Therefore, Eq. (4.1.82) models the reverse creep shown by portion 5-6 in Fig. 4.8. 

The loading surface corresponding to the reverse creep is shown in Fig. 4.8d. Again, the 

corner point arises at the loading point, which is typical for irrecoverable straining. 

4.1.8. Comparison of the model and experimental results 

My goal here is: 

a) to calculate plastic contraction due to the stress drop, 

b) to plot negative creep diagram, 

c) to calculate the duration of negative creep (𝑡𝑟) and creep delay (𝑡𝑑). 

The results obtained in terms of the synthetic model will be compared with experimental 

data obtained in uniaxial tension for Ti3SiC2 alloy [Fig. 2.1b, Radovic et al. (2003)] and 

aluminum alloy PA4 (chemical composition 0.7-1.2% Mg, 0.6-1.0% Mn, 0.7-1.2%Si, 0.5%Fe, 

the rest Al) [Fig. 4.12, Osipiuk, (1993)]. 

To achieve the goal, the following series of parameters are needed: (i) experiment 

parameters, (ii) material constants, (iii) model constants. The first column in Table 4.1 

contains the parameters of experiment on Ti3SiC2 conducted by Radovic et al. (2003). The 

second column shows the constants of the synthetic theory via which the analytical 

diagrams are constructed (Figs. 4.10 and 4.11). 

First of all, we read from Fig. 2.1.b the value of the specimen contraction due to the stress 

drop: ∆𝜀𝑡𝑜𝑡𝑎𝑙 = 1.235 × 10
−4. According to the Hooke law, an elastic contraction caused by 

the ∆𝜎 would be ∆𝜀𝑒𝑙 = ∆𝜎 𝐸⁄ = 6.154 × 10−5 < ∆𝜀𝑡𝑜𝑡𝑎𝑙. This fact implies the onset of 

plastic contraction due to the stress drop, which can be calculated as ∆𝜀 = 1.235 × 10−4 −

6.154 × 10−5 = 6.196 × 10−5. By utilizing Eq. (4.1.55), I have obtained the plastic 

contraction ∆𝜀 =5.644× 10−5, which deviates from the experiment only by 8.9%. 
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Table 4.1. Calculation parameters 

Material and experiment parameters Model constants 
Stress 𝜎,MPa 40 B 0.3163 
Stress drop ∆𝜎,MPa -20 𝑝, s−1 0.00453 
Temperature,℃ 1150 𝑟,MPa 38200 
Young modulus 𝐸, GPa; (Barsoum et al., 1999) 325 𝑐,MPa−𝑘 × s−1 502000 
Creep limit 𝜎𝑃 , MPa; 3.0 

k 3.0 The creep activation energy 𝑄, J mole⁄ ; 
(Radovic et al., 2003) 

4.58×105 

 

To utilize the formulae derived for negative creep, we need to determine the value of the 

creep limit. We take creep limit at a given temperature as the value of tensile stress 

resulting in the strain rate of 1.5 ∙ 10−5 h−1. Therefore, 𝜎𝑃 can be read from the 

experimental 𝜀̇~𝜎 line in Fig. 4.10 if to prolong it to the indicated value. 

To calculate steady state creep rate, we use Eq.(4.1.36-37) as exp(−𝑝𝑡) → 0: 

𝑒̇ = 𝑎0𝐾Φ(𝑎), 𝐾 = exp (−
𝑄

𝑅𝑇
)
9𝑐𝑟

𝜋2
𝜏0
𝑘−1, 𝜏0 = 𝜎, (4.1.83) 

𝑎0 =
√2𝜋𝜎𝑃

3√3𝑟
, Φ(𝑎) =

arccos𝑎

𝑎
− 2√1 − 𝑎2 + 𝑎2ln

1 + √1 − 𝑎2

𝑎
,    𝑎 =

𝜎𝑃
𝜎
. (4.1.84) 

The model line in Fig. 4.10, which is obtained via the formulae above, shows good 

agreement with the experimental data. 

Theoretical stress ~ time plot for the negative creep portion (Fig. 4.11) is constructed as 

𝑒𝑅 = ∫ 𝑒̇𝑅
𝑡

𝑡𝑐

𝑑𝑡, (4.1.85) 

where 𝑒̇𝑅 is defined by Eq. (4.1.63). The value of the deformation at the beginning of 

negative creep (𝑡 = 𝑡𝑐) we have read from the experimental curve 

(≈ 5.7 ∙ 10−4;  Radovic et al. , 2003)) 

 

Fig. 4.10. ln𝜀𝑚̇𝑖𝑛 vs. ln𝜎 plot for Ti3SiC2 alloy at 1150℃; □ – experiment (Radovic et al., 2003), line – 
model result. (𝜀𝑚̇𝑖𝑛 is steady-state creep rate). 
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Fig. 4.11. Negative creep diagram of Ti3SiC2 alloy at 1150℃, 𝜎 = 20 MPa; □ – experiment (Radovic 
et al., 2003), line – model result. 

 

As follows from Figures 4.10 and 4.11, the synthetic theory gives a good agreement with 

the experimental data. It must be stressed that these diagrams as well as the value of ∆𝜀 are 

obtained with one and the same set of constants. 

 

 

Fig. 4.12. Experimental and calculated 𝑡𝑟~𝑡𝑐  and 𝑡𝑟~∆𝜎 curves. 

 

Fig. 4.12 shows experimental results (symbols  and ; Osipiuk, 1993) while calculated 

curves 𝑡𝑟~𝑡𝑐 and 𝑡𝑟~∆𝜎 are constructed on the base of Eq. (4.1.65). The stress-drop tests 

were performed over the specimen of aluminum alloy PA4 at 𝜎 = 227 MPa. The calculated 

curves are obtained for the following values of creep limit and model constants: 

𝜎𝑃 = 10 MPa, 𝐵 = 0.05, 𝐾 = 2.5 ∙ 10−4 s−1, 𝑝 = 0.2 s−1. The comparison between the 

calculated results and experimental data shows satisfactory agreement.  
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CONCLUSION (Thesis 1) 

In terms of the synthetic theory, I have developed a model for phenomena accompanying 

stress-drop tests such as 

(i) stress-drop induced plastic contraction, which is recorded in spite of the fact 

that the net stress remains positive; 

(ii) negative creep after which a pause in temporary strain (creep delay) is 

observed; 

(iii) invers creep whose diagram has a form of convex curve. 

The results above have been achieved by introducing a relation between the deformation 

properties of materials for opposite directions, e.g. tension-compression. 

Since all the phenomena modeled are observed in one experiment, they affect each other, 

the magnitudes of plastic contraction, negative (reverse) creep, creep delay, and inverse 

creep strongly depend upon the parameters of the portions preceding them. So, the task 

was not only to describe the phenomena mentioned in isolation from one another, but also 

to show the interplay between them. I have succeeded in establishing these interplays due 

to the basic features of the synthetic theory: a) the uniformed approach to the modeling of 

permanent deformation independently of instantaneous (plastic) or temporary (creep) 

deformation to be considered, and b) the intimate connection between the macro-

deformation and the defect structure on the micro-level of material, which finds its 

manifestation in the evolution of loading surface. 

The model results I have obtained – a) plastic contraction due to stress-drop, b) negative 

creep diagram, and c) negative creep duration as a function of stress drop and preceding 

creep duration – show good agreement with experimental data. 
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4.2 Influence of preliminary mechanical-thermal treatment (MTT) upon 
the secondary creep of metals 

 

This chapter presents the generalization of the synthetic theory for modelling the 

secondary creep rate of metals as a function of preliminary mechanical-thermal treatment 

(see Figs.  2.14 and 2.15). If to denote the steady-state creep rate after MMT by 𝜀𝑀̇, the 

following relationships must be constructed: 

𝜀𝑀̇ = 𝜀𝑀̇(𝜀0, 𝛾), (4.2.1) 

𝜀𝑀̇ = 𝜀𝑀̇(𝑇𝑎), (4.2.2) 

𝜀𝑀̇ = 𝜀𝑀̇(𝑡𝑎), (4.2.3) 

where 𝜀0 is the level of plastic prestrain in the course of MTT, 𝑇𝑎 is the anneal temperature, 

𝑡𝑎 is the anneal time; 𝛾 is the stacking fault energy of metal. 

4.2.1 Preconditions 

Since both plastic and creep deformation are involved in the issue, it is worthwhile to 

arrange into groups formulae derived in the previous Section needed for further 

considerations. The case of uniaxial tension is considered. The relationships below will be 

often used in the further derivations. 

Plastic strain 

For the case of plastic straining at home temperature and moderate loading rates, the rate-

integral can be ignored. Then, according to Eq. (4.1.11) at 𝐼𝑁 = 0, we have 𝑆𝑆 = 𝑆𝑃 and 

Eq. (3.8.3b) becomes 

𝜓𝑁 = 𝐻𝑁
2 − 𝑆𝑆

2, (4.2.4) 

where 𝑆𝑆 = √2 3⁄ 𝜎𝑆 is the radius of the Von-Mises yield sphere (3.8.2), 𝜎𝑆 is the yield 

strength of material at room temperature. 

Since the first operation of MTT is plastic strain (𝑒0), let us derive formulae defining it 

under the action of 𝜎0 > 𝜎𝑆 stress (index “0” here and throughout further stands for the 

characteristics of material in the plastic strain at room temperature). Acting in the same 

way as in Sec. 4.1.2, we obtain the plane distance and defect intensity as 

𝐻𝑁0 =
2

3
{
𝜎0Ω, 𝑓𝑜𝑟 Ω0
𝜎𝑆, 𝑓𝑜𝑟 Ω0

∗ ,     Ω = cos 𝛼 cos 𝛽 cos 𝜆 (4.2.5) 

𝜓𝑁0 = 𝐻𝑁0
2 − 𝑆𝑆

2 =
2

3
{
(𝜎0Ω)

2 − 𝜎𝑆
2, 𝑓𝑜𝑟 Ω0
0, 𝑓𝑜𝑟 Ω0

∗  (4.2.6) 
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Ω0:     −𝛼0 ≤ 𝛼 ≤ 𝛼0, −𝛽0 ≤ 𝛽 ≤ 𝛽0, 0 ≤ 𝜆 ≤ 𝜆0, 

cos 𝜆0 =
𝜎𝑆

𝜎0 cos 𝛼 cos 𝛽
, cos 𝛽0 =

𝜎𝑆
𝜎0 cos 𝛼

, cos 𝛼0 =
𝜎𝑆
𝜎0
, 

Ω0
∗ :      𝛼0, 𝛽0 ≤ |𝛼|, |𝛽| ≤ 𝜋. 

(4.2.7) 

The formulae above are obtained from Eqs. (4.1.14-16) at 𝐵 = 0, and 𝜎𝑆 is taken instead of 

𝜎𝑃. The only difference is that we use here the quadratic relationship between 𝜓𝑁 and 𝐻𝑁. 

Formulae for the planes with normal vectors −𝑵⃗⃗  are not considered here. 

Loading surface constructed on the base of (4.2.5) is shown in Fig. 4.13a. 

Now, Eq. (3.7.3) takes the following form 

𝑒0 =∭ 𝜑𝑁𝑁1𝑑𝑉
Ω0

=
1

𝑟0
∭ 𝜓𝑁𝑁1𝑑𝑉 =

Ω0

 

=
2

3𝑟0
∫ ∫ ∫[(𝜎0 cos 𝛼 cos 𝛽 cos 𝜆)

2 − 𝜎𝑆
2] cos 𝛼 cos2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝜆0

0

𝛽0

−𝛽0

𝛼0

−𝛼0

. 

(4.2.8) 

Integrating in the formula above gives 

𝑒0 = 𝑎0Φ(𝑎), (4.2.9) 

Φ(𝑎) =
1

𝑎2
[2√1 − 𝑎2 − 5𝑎2√1 − 𝑎2 + 3𝑎4ln

1 + √1 − 𝑎2

𝑎
], (4.2.10) 

𝑎0 =
𝜋𝜎𝑆

2

9𝑟0
, (4.2.11) 

𝑎 = cos 𝛼0 =
𝜎𝑆
𝜎0
, 0 < 𝑎 ≤ 1. (4.2.12) 

Function Φ behaves in a similar way as shown in Fig. 4.4. 

Steady-state creep 

Repeating the considerations from Sec. 4.1.2, we obtain formula for the defect intensity in 

creep for stress 𝜎 as 

𝜓𝑁 = 𝐻𝑁
2 − 𝑆𝑃

2 =
2

3
{
(𝜎Ω)2 − 𝜎𝑃

2, 𝑓𝑜𝑟 Ω1
0, 𝑓𝑜𝑟 Ω1

∗  (4.2.13) 

and formulae (3.9.1) and (3.7.3) give the steady-state creep rate: 
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Fig. 4.13 Loading surfaces in 𝑆1𝑆2 coordinate plane during MTT and subsequent creep (the planes 
with 𝛼 = 0 only are shown in red) (Rusinko, 2010).  
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𝑒̇ =∭ 𝜑̇𝑁𝑁1𝑑𝑉
Ω1

=
𝐾

𝑟
∭ 𝜓𝑁𝑁1𝑑𝑉

Ω1

, (4.2.14a) 

𝑒̇ =
2𝐾

3𝑟
∫ ∫ ∫ [(𝜎 cos 𝛼 cos 𝛽 cos 𝜆)2 − 𝜎𝑃

2] cos 𝛼 cos2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝜆1

0

,

𝛽1

−𝛽1

𝛼1

−𝛼1

 (4.2.14b) 

Ω1:     −𝛼1 ≤ 𝛼 ≤ 𝛼1, −𝛽1 ≤ 𝛽 ≤ 𝛽1, 0 ≤ 𝜆 ≤ 𝜆1, 

cos 𝜆1 =
𝜎𝑃

𝜎 cos 𝛼 cos𝛽
, cos 𝛽1 =

𝜎𝑃
𝜎 cos 𝛼

, cos 𝛼1 =
𝜎𝑃
𝜎
, 

Ω1
∗ :      𝛼1, 𝛽1 ≤ |𝛼|, |𝛽| ≤ 𝜋. 

(4.2.15) 

In the formulae above, 𝜎𝑃 is the creep limit of material corresponding to the temperature of 

creep tests. Eqs. (4.2.13-15) are obtained from Eqs. (4.1.31-33) and (4.1.35-36) as 

exp (−𝑝𝑡) → 0. 

Integrating in (4.2.14b) gives 

𝑒̇ = 𝑎0𝐾Φ(𝑎), 𝑎 = cos𝛼1 =
𝜎𝑃
𝜎
,       𝑎0 =

𝜋𝜎𝑃
2

9𝑟
, (4.2.16) 

where Φ is from (4.2.10). 

4.2.2 The generalization of the synthetic theory for the case of secondary creep as a 
function of the parameters of preliminary MTT 

Relying upon the analysis regarding the influence of the substructure formed in the course 

of preliminary MTT on the rate of steady-state creep, we replace relation (4.2.13) with the 

following formula (Rusinko, 2002-2007, 2009, 2010): 

𝜓𝑁 = 𝐻𝑁
2 − 𝐻𝑁𝑀

2 , (4.2.17) 

where 𝐻𝑁𝑀 is the plane distances after MTT, which reflects the resistance of the pretreated 

material to creep. 

The quantity 𝜓𝑁 is a decreasing function of 𝐻𝑁𝑀 and, hence, in view of relation (4.2.14a), 

the same is true for the rate of steady-state creep. 

To find the quantity 𝐻𝑁𝑀, we successively use relations 

a) (4.2.6) for the defect intensity developed in plastic prestrain, and 

b) (3.9.6) for annealing at stress-free-state. 

However, the function 𝐾 appearing in (3.9.3) cannot describe the evolution of defect 

structure for stress-free state because, according to (3.9.3), 𝐾(|𝑺⃗⃗ | = 0) = 0. Moreover, to 

derive analytic expressions for the influence of the parameters of MTT on the 

thermomechanical resistance of defect structure, we replace the function 𝐾 from (3.9.3) by 

the following functions: 
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𝐾𝑀 = 𝐾𝑀(𝐻𝑁𝑚𝑎𝑥, 𝛾), (4.2.18) 

𝐾𝑀 = 𝐾𝑀(𝑇𝑎), (4.2.19) 

𝐾𝑀 = 𝐾𝑀(𝑡𝑎), (4.2.20) 

where 𝐻𝑁𝑚𝑎𝑥 is the maximum distance from the coordinate-origin to planes for the entire 

history of loading. We define the function 𝐾𝑀 from (4.2.18) via the maximum distance since 

𝐻𝑁𝑚𝑎𝑥 correlates with the level of plastic prestrain. Indeed, the greater stress vector acted 

during plastic deformation, the greater distance was travelled by the plane at its endpoint.  

Let us consider separately cases (4.2.1-4.2.3) with the corresponding functions (4.2.18-

4.2.20) for the case of uniaxial tension. 

 

 

Case A 

𝜺̇𝑴 = 𝜺̇𝑴(𝜺𝟎, 𝜸), 𝑻𝒂 = 𝒄𝒐𝒏𝒔𝒕, 𝒕𝒂 = 𝒄𝒐𝒏𝒔𝒕 

We propose the following form for 𝐾𝑀: (Rusinko, 2002, 2004) 

𝐾𝑀 = 𝐾 +
𝐻𝑁𝑚𝑎𝑥 − |𝑺⃗⃗ |

𝐻𝑁𝑚𝑎𝑥
𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾), 

𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾) = 𝑄1 [𝑓1(𝐻̃𝑁𝑚𝑎𝑥) +
𝛾

Γ
𝑓2(𝐻̃𝑁𝑚𝑎𝑥)], 

(4.2.21) 

𝐻̃𝑁𝑚𝑎𝑥 =
𝐻𝑁𝑚𝑎𝑥 − 𝜎𝑆

𝜎𝑆
, 

𝑓1 = 𝑄2√𝐻̃𝑁𝑚𝑎𝑥, 

𝑓2 = exp {− [𝑄3(𝐻̃𝑁𝑚𝑎𝑥 + 𝑄4)
2
]}. 

(4.2.22) 

where 𝑄𝑗 (𝑗 = 1,4̅̅ ̅̅ )  are model constants, the parameter Γ = 1 J m2⁄  is used to guarantee 

the consistency of dimensions; besides, [𝐻̃𝑁𝑚𝑎𝑥] = 1, [𝑄1] = s
−1, [𝑄𝑘] = 1 (𝑘 = 2,3,4) ⇒

[𝐾𝑀] = [𝐾] = [𝐾̃] = s−1. 

Under the conditions of uniaxial tension, the quantity 𝐻𝑁𝑚𝑎𝑥 can be obtained from 

Eq. (4.1.7) as: 

𝐻𝑁𝑚𝑎𝑥 = max
𝛼,𝛽,𝜆

𝑺⃗⃗ 0 ∙ 𝑵⃗⃗ = max
𝛼,𝛽,𝜆

√
2

3
𝜎0 cos 𝛼 cos 𝛽 cos 𝜆 ⇒ (4.2.23) 
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⇒ 𝐻𝑁𝑚𝑎𝑥 = 𝐻𝑁(𝛼 = 0, 𝛽 = 0, 𝜆 = 0) = √
2

3
𝜎0 = |𝑺⃗⃗ 0|. 

Therefore, we are talking about the distance to the plane which is perpendicular to 𝑆1-axis. 

Eq. (4.2.23) makes it clear how 𝐻𝑁𝑚𝑎𝑥 relates to the plastic prestrain, because the greater 

𝜎0, the greater 𝑒0. It is obvious that Eq. (4.2.23) holds true not only for a plastic strain but 

for any type of loading (proviso that loading path is a straight line). 

Taking into account (4.2.23), it is easy to see that Eq. (4.2.21) gives different expressions 

for 𝐾𝑀 depending on the presence/absence of loading: 

𝐾𝑀 = {
𝐾̃, 𝑎𝑡 |𝑺⃗⃗ | = 0

𝐾, 𝑑𝑢𝑟𝑖𝑛𝑔 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑎𝑠 𝐻𝑁𝑚𝑎𝑥 = |𝑺⃗⃗ |
. (4.2.24) 

Now, having at hand formula (4.2.21), consider step by step the procedures involved in 

MTT and creep. 

Plastic prestrain at room temperature (𝜀0), according to (3.2.2), is  

𝜀0 = √
2

3
𝑒0, (4.2.25) 

where 𝑒0 is determined via (4.2.9-12). 

Annealing at temperature 𝑇𝑎 

Since the second procedure of MTT is an annealing at unloaded state (𝑺⃗⃗ = 0), there is no 

increment in plastic deformation, 𝑑𝜑𝑁 = 0, and we arrive at differential equation (3.9.6) 

whose solution is 

𝜓𝑁 = 𝜓𝑁0exp(−𝐾𝑀𝑡). (4.2.26) 

To establish relationships for the degree of the hardening during annealing, the following 

must be done:  

a) since the transition from the cold hardening to the annealing (𝑡 = 0) is accompanied 

with temperature increase from room temperature up to 𝑇𝑎, one has to replace in 

(4.2.4) 𝜎𝑆 by 𝜎𝑃 which corresponds to 𝑇𝑎; 

b) insert the expression for 𝜓𝑁 from (4.2.26) into (4.2.4) and obtain the following 

expression for 𝐻𝑁: 

𝐻𝑁
2 = {

𝜓𝑁0exp(−𝐾𝑀𝑡) + 𝑆𝑃
2 for Ω0

𝑆𝑃
2 for Ω0

∗  (4.2.27) 

Eq.(4.2.27) at 𝑡 = 0, together with (4.2.6), gives 

𝐻𝑁
2 =

2

3
{
[(𝜎0 cos 𝛼 cos 𝛽 cos 𝜆)

2 − 𝜎𝑆
2] + 𝜎𝑃

2 for Ω0
𝜎𝑃
2 for Ω0

∗  (4.2.28) 
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where Ω0 and Ω0
∗  are defined by (4.2.7). Comparing (4.2.28) to (4.2.5) shows that the 

transition from the cold hardening to the annealing results in a jump-like decrease of 

distances 𝐻𝑁 in all directions. The loading surface constructed on the base of (4.2.28) is 

shown in Fig. 4.13b (𝑡 = 0). 

Let us study the distance to planes after the annealing (𝐻𝑁𝑀), which is the key term in 

Eq. (4.2.17) governing the degree of the resistance of material after MTT. Formula (4.2.27) 

at (𝑡 = 𝑡𝑎) gives that 

𝐻𝑁𝑀
2 =

2

3
{
[(𝜎0 cos 𝛼 cos 𝛽 cos 𝜆)

2 − 𝜎𝑆
2]exp[−𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾)𝑡𝑎] + 𝜎𝑃

2 for Ω0

𝜎𝑃
2 for Ω0

∗
. (4.2.29) 

As seen from this formula, planes moves toward the origin of coordinate, which is due to 

the defect relaxation observed during the anneal. Loading surface at 𝑡 = 𝑡𝑎 is shown in 

Fig. 4.13b. 

According to (4.2.22), 𝐻̃𝑁𝑚𝑎𝑥 = (√2 3⁄ 𝜎0 − 𝜎𝑆) 𝜎𝑆⁄ , which allows us to rewrite Eq. (4.2.29) 

as 

𝐻𝑁𝑀
2 = 𝐹(𝐻̃𝑁𝑚𝑎𝑥)exp[−𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾)𝑡𝑎] + 𝜎𝑃

2, (4.2.30) 

where 𝐹(𝐻̃𝑁𝑚𝑎𝑥) ≡ (𝜎0 cos 𝛼 cos 𝛽 cos 𝜆)
2 − 𝜎𝑆

2 is an increasing function of 𝐻̃𝑁𝑚𝑎𝑥 . 

Summarizing, the value of 𝐻𝑁𝑀 depends on the concurrence between two functions, 𝐹 and 

exp(−𝐾̃). 

As follows from relation (4.2.21) the function 𝐾̃(𝐻̃𝑁𝑚𝑎𝑥 , 𝛾) behaves as an increasing 

function, due to 𝑓1, which undergoes a perturbation (“wavelet”) within [𝐻𝑎, 𝐻𝑏] interval, 

which is caused by exponential function 𝑓2 (Fig. 4.14). The parameter 𝛾 

- plays the role of a scaling factor: the larger 𝛾, the smaller the value of 𝐾̃, 

- specifies the magnitude of the perturbation and its duration: the larger 𝛾, the 

greater and more active the deviation of 𝐾̃ from the power law (compare function 𝐾̃ 

within [𝐻𝑎
(1), 𝐻𝑏

(1)] and [𝐻𝑎
(2), 𝐻𝑏

(2)]). 

For large values of 𝛾, within the ranges 𝐻̃𝑁𝑚𝑎𝑥 ∈ [0, 𝐻𝑎
(1)] and 𝐻̃𝑁𝑚𝑎𝑥 > 𝐻𝑏

(1), the function 

𝐻𝑁𝑀 increases together with function 𝐹, because the influence of exp(−𝐾̃) is insignificant. 

The increase in 𝐻𝑁𝑀 within these intervals illustrates the MTT-induced hardening of 

material, which corresponds to the descending branches in 𝜀̇ = 𝑓(𝜀0) plot (Fig. 2.16a). For 

𝐻̃𝑁𝑚𝑎𝑥 ∈ [𝐻𝑎
(1), 𝐻𝑏

(1)], function 𝐾̃ increases swiftly. Therefore, exp(−𝐾̃) → 0 and the value of 

𝐻𝑁𝑀 tends to √2 3⁄ 𝜎𝑃. It is easy to see that relation (4.2.17) at 𝐻𝑁𝑀 = √2 3⁄ 𝜎𝑃 leads to the 

case of the creep rate in the absence of preliminary MTT, Eq. (4.2.13). The decrease in 𝐻𝑁𝑀 

reflects the loss of the thermomechanical stability of the substructure formed in the course 

of MTT. Hence, the rate of steady-state creep approaches its initial value as a function of the 

degree of preliminary cold hardening. 

 

dc_1366_16

Powered by TCPDF (www.tcpdf.org)



78 

 

Fig. 4.14 Qualitative appearance of function 𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾) at two values of 𝛾: 𝛾1 > 𝛾2. 

 

For low values of 𝛾, the perturbation of function 𝐾̃ for 𝐻̃𝑁𝑚𝑎𝑥 ∈ [𝐻𝑎
(2), 𝐻𝑏

(2)] interval is 

insignificant. This is why the product 𝐹exp(−𝐾̃) first increases but then, beginning from 

the large values of 𝐻̃𝑁𝑚𝑎𝑥, decreases and tends to zero. This type of the behavior of 𝐻𝑁𝑀 

reflects the MTT-induced hardening of the materials with low SFE. 𝜀̇ = 𝑓(𝜀0) function first 

decreases (descending branch in Fig. 2.16b), however, this effect disappears when the 

degree of cold hardening is high and the substructure loses its thermomechanical stability 

(ascending branch in Fig. 2.16b). 

Steady-state creep after MMT 

We now compute the rate of steady-state creep rate in the metal subjected to MTT (let us 

assume that 𝑇𝑎 equals to the creep temperature). Here, we restrict ourselves to the case 

when the creep stress vector 𝑺⃗⃗  is such that the range of planes moved by it (Ω1) is wider 

than that for vector 𝑺⃗⃗ 0, i.e. Ω1 ⊃ Ω0. Within Ω1 ∖ Ω0 diapason, where tangent planes did not 

move during MTT (𝐻𝑁𝑀 = √2 3⁄ 𝜎𝑃), 𝜓𝑁 from Eq. (4.2.13) holds true. Consequently, the 

loading surface in creep after MTT (Fig. 4.13c) is formed by the same set of planes as for 

the case of ordinary creep. However, the planes from Ω0 travel less distances at the 

endpoint of the 𝑺⃗⃗  than those for the material in a virgin state. It is this fact that governs the 

reaction of creep rate upon the preliminary treatment. 

If to substitute 𝐻𝑁𝑀 given by (4.2.29) into relation (4.2.17), we obtain 

𝜓𝑁 =
2

3
{

(𝜎 cos𝛼 cos𝛽 cos 𝜆)2 − [(𝜎0 cos 𝛼 cos𝛽 cos 𝜆)
2 − 𝜎𝑆

2]exp(−𝐾̃𝑡𝑎) − 𝜎𝑃
2 Ω0

(𝜎 cos𝛼 cos𝛽 cos 𝜆)2 − 𝜎𝑃
2 Ω1 ∖ Ω0

0 Ω1
∗

 (4.2.31) 

Utilizing Eqs. (3.7.3) and (3.9.1) and integrating the function 𝜓𝑁 over diapason Ω1 lead us 

to the rate of steady-state creep (𝑒̇𝑀) in the material subjected to preliminary MTT: 
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𝑒̇𝑀 =∭ 𝜑̇𝑁𝑁1𝑑𝑉
Ω1

=
𝐾

𝑟
∫ ∫ ∫ 𝜓𝑁 cos 𝛼 cos

2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝛽1

−𝛽1

𝛼1

−𝛼1

𝜆1

0

=
2𝐾

3𝑟
{∫ ∫ ∫ [(𝜎 cos𝛼 cos𝛽 cos 𝜆)2 − 𝜎𝑃

2] cos 𝛼 cos2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝛽1

−𝛽1

𝛼1

−𝛼1

𝜆1

0

− exp(−𝐾̃𝑡𝑎)∫ ∫ ∫ [(𝜎0 cos 𝛼 cos𝛽 cos 𝜆)
2 − 𝜎𝑆

2] cos 𝛼 cos2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝛽0

−𝛽0

𝛼0

−𝛼0

𝜆0

0

}. 

(4.2.32) 

The first integral in the formula above coincides with relation (4.2.14b) and specifies the 

rate 𝑒̇ under normal conditions (without MTT). The second integral, according to (4.2.8), 

equals to 𝑟0𝑒0. Therefore, 

𝑒̇𝑀 = 𝑒̇ − 𝐾
𝑟0
𝑟
exp(−𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾)𝑡𝑎)𝑒0, (4.2.33) 

𝐾 = const, 𝐾̃(𝐻̃𝑁𝑚𝑎𝑥, 𝛾) = 𝐾̃(𝑒0, 𝛾) = var. (4.2.34) 

Let us analyze these formulas. In the absence of preliminary MTT, we have 𝑒0 = 0 and 

𝑒̇𝑀 = 𝑒̇. As the degree of plastic prestrain 𝑒0 increases, the product exp(−𝐾̃(𝑒0, 𝛾)𝑡𝑎)𝑒0 

behaves as the function 𝐹exp(−𝐾̃) considered in details above. Thus, Eq. (4.2.33) 

qualitatively describes plots 𝜀̇ = 𝑓(𝜀0) from Fig. 2.16 for the different values of 𝛾. 

In order to obtain the dependence of the rate of steady-state creep on the degree of plastic 

prestrain, we use Eqs. (4.2.33) and (4.2.21), in which it is necessary to specify the following 

constants: 𝜎𝑆, 𝜎𝑃, 𝑟0, 𝑟, 𝐾, and 𝑄𝑗. Constant 𝑟0 in (4.2.9) is chosen for constructing stress-

strain diagrams. Therefore, the magnitude of 𝑒0 in Eq. (4.2.33) is not used merely as a 

variable, but is calculated by (4.2.9). This is done to ensure that a value of stress 𝜎0, which 

is used in the definition of 𝐾̃, gives a correct value for 𝑒0. Similar situation is observed 

relatively to constants 𝑟 and 𝐾, which to be selected so that a correct value of 𝑒̇ in (4.2.33) 

is obtained (ordinary creep rate is calculated by (4.2.16)). 

The constants 𝑄𝑗 remain free for variation and must be selected in constructing the 

calculated curves by using relations (4.2.33) and (4.2.21). Constants 𝑄1 and 𝑄2 governs the 

dynamic of the increase in 𝐾̃, while 𝑄3 and 𝑄4 determine the magnitude, shape and place of 

the “wavelet” on 𝐾̃~𝐻𝑁𝑚𝑎𝑥 curve. 

The calculated dependences of the rate of steady-state creep on the degree of plastic 

prestrain have been constructed for aluminum (Fig. 4.15) at 

𝜎𝑆 = 18.32 MPa, 𝜎𝑃 = 5.8 MPa (Samsonov, 1965), 𝑟0 = 7 ∙ 10
3 MPa2, 𝑟 = 3.5 ∙ 103 MPa2, 

𝐾 = 1.075 ∙ 10−4 sec−1, 𝛾 = 0.2 J m2⁄  𝑄1 = 15.05 s
−1, 𝑄2 = 0.22, 𝑄3 = 15, 𝑄4 = −0.6, 

 

and for copper (Fig. 4.16) at 

𝜎𝑆 = 20 MPa, 𝜎𝑃 = 9 MPa (Samsonov, 1965), 𝑟0 = 5.8 ∙ 10
3 MPa2, 𝑟 = 1.0 ∙ 103 MPa2, 

𝐾 = 4.17 ∙ 10−5 sec−1, 𝛾 = 0.04 J m2⁄  𝑄1 = 42.18 s
−1, 𝑄2 = 4.5 ∙ 10

−2, 𝑄3 = 1.765, 

𝑄4 = −1.5. 
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Fig. 4.15. Dependences of the rate of steady-state creep of aluminum in uniaxial tension 
(𝜎 = 9.6 MPa, 𝑇 = 260℃) on the plastic prestrain in the course of MTT (𝑇𝑎 = 260℃, 𝑡𝑎 = 1 hour); 

 – test (Bazelyuk et al., 1971), line – model result. 

 

Fig. 4.16. Dependences of the rate of steady-state creep of copper in uniaxial tension (𝜎 = 15 MPa, 
𝑇 = 500℃) on the plastic prestrain in the course of MTT (𝑇𝑎 = 500℃, 𝑡𝑎 = 1 hour);  – test 

(Bazelyuk et al., 1970), line – model result. 

 

Case B 

𝜺̇𝑴 = 𝜺̇𝑴(𝑻𝒂), 𝜺𝟎 = 𝒄𝒐𝒏𝒔𝒕, 𝒕𝒂 = 𝒄𝒐𝒏𝒔𝒕 

Let us define 𝐾𝑀 as a function of anneal temperature in the following way (Rusinko, 2013): 

𝐾𝑀 = 𝐾 +
𝐻𝑁𝑚𝑎𝑥 − |𝑺⃗⃗ |

𝐻𝑁𝑚𝑎𝑥
𝑘𝐺(𝑇𝑎),  

𝐺(𝑇𝑎) =
𝐶1

(𝑇𝑎 − 𝑇𝑚𝑖𝑛)exp[−𝐶2(𝑇𝑎 − 𝑇𝑚𝑖𝑛)]
, 𝑇𝑎 > 𝑇𝑚𝑖𝑛 

𝐾𝑀 = {
𝐾, 𝑑𝑢𝑟𝑖𝑛𝑔 𝑙𝑜𝑎𝑑𝑖𝑛𝑔

𝑘𝐺(𝑇𝑎), 𝑖𝑛 𝑢𝑛𝑙𝑜𝑎𝑑𝑒𝑑 𝑠𝑡𝑎𝑡𝑒
 

(4.2.35) 
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where, 𝑇𝑚𝑖𝑛 is the minimum temperature needed for dislocations to move and rearrange 

into stable substructure formation; 𝐶1, 𝐶2, and 𝑘 are model constants. 

It is easy to see that all the formulae from case A remain unchangeable except the function 

𝐾𝑀. Consequently we rewrite Eq. (4.2.29), the degree of the hardening of material due to 

MTT, as 

𝐻𝑁𝑀
2 = 𝜓𝑁0exp(−𝑘𝐺(𝑇𝑎)𝑡𝑎) +

2

3
𝜎𝑃
2

=
2

3
{
[(𝜎0 cos 𝛼 cos 𝛽 cos 𝜆)

2 − 𝜎𝑆
2]exp[−𝑘𝐺(𝑇𝑎)𝑡𝑎] + 𝜎𝑃

2 for Ω0
𝜎𝑃
2 for Ω0

∗  

(4.2.36) 

As seen from (4.2.35) and (4.2.36), as 𝑇𝑎 → 𝑇𝑚𝑖𝑛, function 𝐺 → ∞ implying that 

exp[−𝑘𝐺(𝑇𝑎)𝑡𝑎] tends to zero, i.e. 𝐻𝑁𝑀 = √2 3⁄ 𝜎𝑃. As 𝑇𝑎 > 𝑇𝑚𝑖𝑛, function 𝐺 first decreases 

an then, after a certain minimum is achieved, starts to increase. At large values of 𝑇𝑎, as 

𝐺 → ∞, the distance 𝐻𝑁𝑀 again tends to √2 3⁄ 𝜎𝑃. Qualitative plot of 𝐻𝑁𝑀 against 𝑇𝑎 is 

shown in Fig. 4.16. 

 

Fig. 4.16 𝐻𝑁𝑀 vs 𝑇𝑎 plot constructed via Eq. (4.2.36). 

Product 𝜓𝑁0exp(−𝑘𝐺(𝑇𝑎)𝑡𝑎) from (4.2.36) characterizes the number of thermally stable 

defects after annealing, i.e. dislocations rearranged into polygonization walls. As 𝑇𝑎 ≤ 𝑇𝑚𝑖𝑛, 

polygonization does not occur and the plastic strain induced defects are abundant within 

the material matrix but they are not arranged in thermal stable configurations and 

incapable of offering resistance to high temperature creep. These defects are not effective 

barriers against the development of irrecoverable strain in the course of steady-state creep 

due to the high temperature contributes greatly to the disintegration of the pre-existing 

dislocation grid. As 𝑇𝑎 > 𝑇𝑚𝑖𝑛, subgrain boundaries, similarly to creep, are being formed in 

the course of annealing, putting bounds upon the free path of dislocations during the creep, 

i.e. decreasing the rate of creep strain. The greater value of 𝑇𝑎 (to some extent), the greater 

impetus for forming subgrain structures. Above a certain annealing-temperature, the 

dislocation structure, formed in plastic deformation, cease to be an effective restriction to 

the following creep strain due to the intensification of recrystallization during annealing. 

As a result, the resistance of the metal to irrecoverable deformation significantly decreases 

since the rapid migration of dislocation boundaries intensely “cleans” the deformed matrix, 

which facilitates the motion of dislocations under conditions of creep and increases the 
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rate of stationary creep as compared with its optimal value. Beginning from a certain value 

of temperature (𝑇1 = 𝑇𝑚𝑎𝑥) the positive effect from MTT completely vanishes, i.e. the 

steady-state creep rate increases again and comes back to initial value according to the 

absence of preliminary MTT. Thus, the optimal degree of temperature, 𝑇𝑜𝑝𝑡, should be 

chosen to avoid the possibility of intensive recrystallization. Experimental researchers 

(Fig. 2.19) give the same 𝜀̇ = 𝑓(𝑇𝑎) tendency as discussed above, justifying the utilization of 

Eqs. (4.2.36). 

Integral (4.2.32), rewritten with the 𝐾𝑀 defined by (4.2.35), gives the dependence of 

steady-state creep on the value of the anneal temperature in the course of preliminary 

MTT: 

𝑒̇𝑀 = 𝑒̇ − 𝐾
𝑟0
𝑟
exp(−𝑘𝐺(𝑇𝑎)𝑡𝑎)𝑒0. (4.2.37) 

The analysis of this formula shows that the behavior of 𝑒̇𝑀(𝑇𝑎) is governed by the function 

𝐺(𝑇𝑎) as follows:  

for 𝑇𝑚𝑖𝑛 ≤ 𝑇𝑎 ≤ 𝑇𝑜𝑝𝑡, 𝐺(𝑇𝑎) decreases resulting in the decrease of 𝑒̇𝑀(𝑇𝑎); 

for 𝑇𝑜𝑝𝑡 < 𝑇𝑎, 𝐺(𝑇𝑎) increases implying the growth in 𝑒̇𝑀(𝑇𝑎) to its initial value of 𝑒̇. 

The analytical 𝑒̇𝑀(𝑇𝑎) curve in Fig. 4.17b is plotted via Eqs. (4.2.37) and (4.2.35) for the 

following values of the material and model constants:  𝜎𝑃 = 7 MPa (Tikhonov, 1986), 

𝑟0 = 4.8 ∙ 106 MPa2, 𝑟 = 0.65 ∙ 103 MPa2, 𝐾 = 2.2 ∙ 10−5 s−1, 𝑘 = 2.53 ∙ 10−3, 𝐶1 =

1.21℃ s⁄ , 𝐶2 = 0.01 ℃−1, 𝑇𝑚𝑖𝑛 = 400℃ (Ivanova et al. 1967). 

 

Fig. 4.17 a) exp(−𝑘𝐺(𝑇𝑎)𝑡𝑎) vs 𝑇𝑎 plot, b) Influence of annealing temperature 𝑇𝑎 in the course of 
preliminary MTT upon the steady-state creep strain rate of Armco iron in uniaxial tension for the 
prestrain of 5% and the anneal time of 25 hours. Creep temperature and stress are 𝑇 = 400℃ and 

𝜎 = 20 MPa.;  – test (Ivanova, V. et al. 1967), line – model result.  
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Case C 

𝜺̇𝑴 = 𝜺̇𝑴(𝒕𝒂), 𝜺𝟎 = 𝒄𝒐𝒏𝒔𝒕, 𝑻𝒂 = 𝒄𝒐𝒏𝒔𝒕 

In order to take into account the influence of the duration of annealing in the course of 

thermomechanical treatment on the rate of steady-state creep, we define the function 𝐾𝑀 

from relation (4.2.20) as (Rusinko, 2005) 

𝐾𝑀 = 𝐾 +
𝐻𝑁𝑚𝑎𝑥 − |𝑺⃗⃗ |

𝐻𝑁𝑚𝑎𝑥
[𝐴 −

𝐵

𝑡
] ,   𝑡 > 𝑡0 

𝐾𝑀 = {

𝐾, 𝑑𝑢𝑟𝑖𝑛𝑔 𝑙𝑜𝑎𝑑𝑖𝑛𝑔

𝐴 −
𝐵

𝑡
, 𝑖𝑛 𝑢𝑛𝑙𝑜𝑎𝑑𝑒𝑑 𝑠𝑡𝑎𝑡𝑒

, 

(4.2.38) 

where 𝑡0 is introduced to avoid singularity for 𝐾𝑀; 𝑡0 can be chosen as small as we please.  

If to substitute 𝐾𝑀 from Eq. (4.2.38) in Eq. (3.9.6) and solve the differential equation, we get 

𝜓𝑁 = 𝜓𝑁0(𝑡 − 𝑡0)
𝐵exp[−𝐴(𝑡 − 𝑡0)]. (4.2.39) 

Now, formula (4.2.29) gets 

𝐻𝑁𝑀
2 = 𝜓𝑁0(𝑡 − 𝑡0)

𝐵exp[−𝐴(𝑡 − 𝑡0)] +
2

3
𝜎𝑃
2

=
2

3
{
[(𝜎0 cos 𝛼 cos 𝛽 cos 𝜆)

2 − 𝜎𝑆
2](𝑡 − 𝑡0)

𝐵exp[−𝐴(𝑡 − 𝑡0)] + 𝜎𝑃
2 for Ω0

𝜎𝑃
2 for Ω0

∗  

(4.2.40) 

It follows from relations (4.2.39) and (4.2.40) that there exists the optimal value of 

annealing duration (𝑡̃), for which the quantities 𝐻𝑁𝑀(𝑡) and 𝜓𝑁(𝑡) are maximum 

(Fig. 4.18). The extremum of these functions characterizes the optimal combination of the 

number of defects after thermomechanical treatment with their thermal stability. It should 

be emphasized that the condition 𝜓𝑁(𝑡 → 𝑡0) → 0 does not mean that defects are absent in 

the body after cold hardening. In fact, this means that the defects of the crystal lattice do 

not form polygonal substructures without stabilizing annealing and, hence, do not resist 

creep. The condition 𝜓𝑁(𝑡) → 0 for 𝑡 ≫ 𝑡̃ means that the defects accumulated over the 

optimal number are thermally unstable and also do not affect the steady-state creep rate. 

 

Fig. 4.18. The hardening of 

material (𝐻𝑁𝑀) and the intensity of 

thermally stable defects (𝜓𝑁) after 

MTT as a function the duration of 

annealing; formulae (4.2.39) and 

(4.2.40). 
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Formula (4.2.32), rewritten with the 𝐾𝑀 defined by (4.2.38), gives the dependence of 

steady-state creep on anneal duration in the course of preliminary MTT: 

𝑒̇𝑀 = 𝑒̇ − 𝐾
𝑟0
𝑟
(𝑡𝑎 − 𝑡0)

𝐵exp[−𝐴(𝑡𝑎 − 𝑡0)]𝑒0. (4.2.41) 

It follows from the relation above that, in the absence of stabilizing annealing, the steady-

state creep rate remains constant: 𝑒̇𝑀(𝑡𝑎 → 𝑡0) → 𝑒̇. If the duration of annealing is 

sufficiently large, then the exponential function in relation (4.2.41) tends to zero and the 

quantity 𝑒̇𝑀 returns to its initial value 𝑒̇. Between these values, the dependence of the 

steady-state creep rate on the duration of annealing in the course of thermomechanical 

treatment possesses an extremum. Indeed, the function 𝑒̇𝑀 first decreases and then, after 

the attainment of the minimum value (corresponding to the optimal duration of annealing), 

returns to its initial value 𝑒̇. This result agrees with the plot of the function 𝑒̇𝑀 in Fig. 2.20. 

Hence, relation (4.2.41) enables one to predict the rate of steady-state creep of materials as 

a function of the duration of stabilizing annealing in the course of thermomechanical 

treatment. Here, we consider only the qualitative description of the secondary creep rate as 

a function of anneal time. 

 

 

 

CONCLUSION (Thesis 2) 

I have generalized the synthetic theory to the case of the steady state creep of materials 

preliminarily subjected to mechanical-thermal treatment. The influence of parameters of 

the treatment such as plastic pre-strain, anneal time, and anneal temperature have been 

modelled for materials with different stacking fault energies. 

The primary importance of the results obtained is that the uniformed approach for 

modelling permanent strain, proposed in terms of the synthetic theory, makes it possible to 

describe three principally different states of body: a) plastic straining due to increasing 

stresses, b) defect relaxation in unloaded state, and c) creep deformation at constant 

stresses. 

Calculated results show good agreement with experimental ones allowing us to predict and 

control the high-temperature strength of metals (creep rate) as a function of the 

parameters of preliminary mechanical-thermal treatment. 
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4.3 The generalization of the synthetic theory to the case of ultrasonic 
effects 

 

This chapter presents the generalization of the synthetic theory for modeling the following 

phenomena accompanying the application of ultrasound: 

(i) ultrasonic hardening (Fig. 2.9), 

(ii) ultrasonic softening (Figs. 2.10 and 2.11), 

(iii) the influence of preliminary ultrasonic treatment upon the creep of metals 

(Figs. 2.17 and 2.18). 

 

4.3.1 Ultrasound defects 

Following the analysis of the processes occurring in the crystalline structure of metal due 

to sonication (Sections 2.2.1 and 2.2.2), we introduce an average measure of defects within 

one slip system induced by ultrasound (𝜓𝑁𝑢) (Rusinko, 2011, 2012) 

𝜓𝑁𝑢 = 𝑈2𝒖⃗⃗ ∙ 𝑵⃗⃗ , 𝒖⃗⃗ =
𝑺⃗⃗ 𝑢

|𝑺⃗⃗ 𝑢|
, (4.3.1) 

𝑈 = 𝑉1 [
|𝑺⃗⃗ 𝑢| − |𝑺⃗⃗ 𝑢0|

𝜎𝑆
]

𝑉2

{1 − exp (−
𝑉3|𝑺⃗⃗ 𝑢|Θ

𝜎𝑆
𝜏)}. (4.3.2) 

𝑺⃗⃗ 𝑢 is an ultrasonic stress vector whose components (𝑆𝑢1, 𝑆𝑢2, 𝑆𝑢3) are calculated by 

Eq. (3.2.1) if to use the amplitudes of oscillating stress components. Vector 𝒖⃗⃗  is the unit 

vector giving the orientation of the line along which 𝑺⃗⃗ 𝑢 acts. |𝑺⃗⃗ 𝑢0| is a minimum oscillating 

stress (ultrasound power) needed to generate the ultrasonic defects; if |𝑺⃗⃗ 𝑢| < |𝑺⃗⃗ 𝑢0|, we set 

𝑈 = 0. 𝜏 is the duration and Θ is the homologous temperature of sonication, respectively; 𝑉𝑖 

(𝑖 = 1,2,3) are model constants. The scalar product 𝑺⃗⃗ 𝑢 ∙ 𝑵⃗⃗  in (4.3.1) gives the tangent stress 

(resolved shear stress) acting within certain slip system thereby accounting for the 

orientation of the slip system relatively to the acting stress. 

Eq. (4.3.2) describes the time dependent increase in the defects induced by ultrasound. By 

means of the term exp (−
𝑉3|𝑺⃗⃗ 𝑢|Θ

𝜎𝑆
𝜏), the following experimental facts can be captured: (a) 

the number of ultrasonic defects is not a monotone function of sonication time, but, 

beginning from a certain moment (𝜏∗), the ultrasound defect intensity remains 

unchangeable; (b) 𝜏∗ decreases with the temperature Θ and ultrasound power that is 

expressed via |𝑺⃗⃗ 𝑢|; (c) according to Kulemin (1978), the greater the yield limit of metal 𝜎𝑆, 

the greater 𝜏∗ (at a given |𝑺⃗⃗ 𝑢|, the ratio |𝑺⃗⃗ 𝑢| 𝜎𝑆⁄  decreases with the growth of 𝜎𝑆, and the 

greater time is needed to reach the steady defect intensity). 
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Ultrasonic irradiation causes diametrically opposite effects dependently on the presence or 

absence of the simultaneous action of static (unidirectional) load. As such, we introduce the 

ultrasonic defect intensity into Eq. (3.8.1b)3 in the following manner 

𝐻𝑁
2 = 𝜓𝑁 + 𝑆𝑆

2 + 𝐹𝜓𝑁𝑢, (4.3.3) 

where 

𝐹 = 1 − 2ℎ(|𝑺⃗⃗ |). (4.3.4) 

In the formula above, ℎ is the Heaviside step, besides we define that ℎ(0) = 0. 

Consequently 

𝐹 = {
1, |𝑺⃗⃗ | = 0

−1, |𝑺⃗⃗ | ≠ 0
 (4.3.5) 

It is the function 𝐹 that governs the manifestation of ultrasonic hardening or softening. 

To avoid misunderstanding that the overall stress state is allegedly decoupled with the 

acoustic stress vector, the following reasoning is proposed. The static loading is expressed 

through the stress deviator vector (𝑺⃗⃗ ), whereas the action of ultrasound is modeled by 

means of ultrasound defects intensity (𝜓𝑁𝑢), which is a function, among other things, of 

ultrasonic stress vector (𝑺⃗⃗ 𝑢). In fact, the role of 𝑺⃗⃗ 𝑢, as a vector, is reduced only to the unit 

vector 𝒖⃗⃗  specifying the direction of ultrasound vibrations (i.e. longitudinal, torsional etc.). 

The main accent is placed on the amplitude of oscillating stress, |𝑺⃗⃗ 𝑢|, which appears in the 

𝑈 from Eq. (4.3.2) and gives the magnitude of 𝜓𝑁𝑢. Therefore, there are (a) the static 

loading vector (𝑺⃗⃗ ) and (b) ultrasound defects (𝜓𝑁𝑢); these quantities, through Eq. (4.3.3), 

governs the hardening state of material and its plastic straining. 

4.3.2 Acoustic irradiation without static loading: ultrasonic hardening. 

𝜓𝑁𝑢 ≠ 0 and 𝑺⃗⃗ = 0. 

In the absence of static loading, 𝑺⃗⃗ = 0, we have 𝜓𝑁 = 0 and 𝐹 = 1. Consequently, Eq. (4.3.3) 

gives that 

𝐻𝑁
2 =

2

3
𝜎𝑆
2 + 𝜓𝑁𝑢. (4.3.6) 

As follows from this formula, the distance to planes grows in the course of sonication that 

symbolizes the ultrasonic hardening of material. Repeating the reasoning relating to the 

analysis of Eq. (4.3.2), one can see that the progress in this process vanishes with the 

increase of 𝜏. 

Consider the case of longitudinal ultrasonic waves when oscillating stretching-pressure 

stress acts, 𝜎(𝜏) = 𝜎𝑚 sin(2𝜋𝑓𝜏), where 𝑓 is the oscillation frequency. According to 

Eq. (3.2.1) or (4.1.6), the ultrasonic stress vector 𝑺⃗⃗ 𝑢 (√2 3⁄ 𝜎𝑚, 0,0) acts along the 𝑆1-axis. 

                                                           
3
 𝐼𝑁  is taken to be zero in (3.8.1b). 
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Taking into account that for the case of uniaxial tension 𝒖⃗⃗ ∙ 𝑵⃗⃗ = 𝑁1 = cos 𝛼 cos 𝛽 cos 𝜆 ≡ Ω, 

Eqs. (4.3.2) and (4.3.6) become 

𝑈 = 𝑉1 [
√2 3⁄ (𝜎𝑚 − 𝜎𝑚0)

𝜎𝑆
]

𝑉2

{1 − exp(−
𝑉3√2 3⁄ 𝜎𝑚Θ

𝜎𝑆
𝜏)}, (4.3.7) 

𝐻𝑁
2 =

2

3
𝜎𝑆
2 + (𝑈Ω)2. (4.3.8) 

According to Kulemin (1978), 𝜎𝑚0 is about of (0.3 ÷ 0.85)𝜎𝑆. 

If to draw the inner envelope of the planes whose distances are calculated by (4.3.8), we 

obtain the yield surface after ultrasonic irradiation as shown in Fig. 4.19. 

 

 

Fig. 4.19. Evolution of the yield surface due to sonication. 

If to stretch the pre-sonicated specimen, its plastic deformation starts when the static 

stress vector reaches the first plane (𝛼 = 0, 𝛽 = 0, and 𝜆 = 0) distanced by 𝐻𝑁 = √2 3⁄ 𝜎𝑆
𝑢 

from the origin of coordinates. Under these conditions, Eq. (4.3.8) gives that 

(𝜎𝑆
𝑢)2 = 𝜎𝑆

2 +
3

2
𝑈2, (4.3.9) 

where 𝜎𝑆
𝑢 is the yield strength of metal that has incurred previous ultrasonic irradiation. 

This formula describes the effect of ultrasonic hardening (UH) as a function of ultrasonic 

vector-amplitude (𝜎𝑚), sonication time (𝜏), and temperature (Θ). Therefore, the yield stress 

of material after ultrasonic irradiation, on the base of relations (4.3.9) and (4.3.7), is 

calculated as 

𝜎𝑆
𝑢 = √𝜎𝑆

2 +
3

2
{𝑉1 [

√2 3⁄ (𝜎𝑚 − 𝜎𝑚0)

𝜎𝑆
]

𝑉2

{1 − exp(−
𝑉3√2 3⁄ 𝜎𝑚Θ

𝜎𝑆
𝜏)}}

2

. (4.3.10) 
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4.3.3 Ultrasonic vibrations superimposed on plastic straining: ultrasonic softening. 

𝑺⃗⃗ ≠ 0 and 𝜓𝑁𝑢 ≠ 0. 

Let us determine the yield limit of material in uniaxial tension, i.e. the stress level inducing 

plastic deformation, 𝜎𝑆𝑢, for the case when a specimen is simultaneously exposed to the 

static and vibratory loading. In terms of the synthetic theory, this means that we must find 

the static stress vector (√2 3⁄ 𝜎𝑆𝑢, 0,0) that reaches the first tangent plane (Ω = 1). For this 

plane, we have 

𝜓𝑁 = 0, 𝐻𝑁
2 = |𝑺⃗⃗ |

2
=
2

3
𝜎𝑆𝑢
2 , 𝜓𝑁𝑢 = 𝑈

2. (4.3.11) 

By inserting the relations above into Eq. (4.3.3) at 𝐹 = −1, we obtain that the stress level 

needed for the onset of plastic deformation under the simultaneous action of static and 

ultrasonic loading (𝜎𝑆𝑢
2 ) is related to the 𝜎𝑆

2 in a static loading as 

𝜎𝑆𝑢
2 = 𝜎𝑆

2 −
3

2
𝑈2. (4.3.12) 

Eq. (4.3.12) describes the phenomenon of the decrease in the stress required to induce 

plastic deformation, which is due to the ultrasound (𝑈) is superimposed on the static 

loading. The 𝑈 is determined by (4.3.7), 

𝑈 = 𝑉1 [
√2 3⁄ (𝜎𝑚 − 𝜎𝑚0)

𝜎𝑆
]

𝑉2

{1 − exp (−
𝑉3√2 3⁄ 𝜎𝑚Θ

𝜎𝑆
𝜏̃)}, (4.3.13) 

where the instant 𝜏̃ is calculated as a ratio 𝜎𝑆𝑢 𝜎′⁄  (𝜎′ is the static loading rate). The 

generalization of synthetic theory similar to (4.3.12) has been done in author’s work 

(Rusynko, 2001), however it is applicable only to the modeling of ultrasonic softening. 

To calculate a plastic shift within one slip system, i.e. the strain intensity, use relations 

(3.9.5) and (4.3.3) at 𝐹 = −1, which results in the following relationship: 

𝑟𝜑𝑁 = (√2 3⁄ 𝜎 cos 𝛼 cos 𝛽 cos 𝜆)
2

− 2 3⁄ 𝜎𝑆
2 + (𝑈 cos 𝛼 cos 𝛽 cos 𝜆)2. (4.3.14) 

The ranges of angles for non-zero 𝜑𝑁 are determined from the relation above by letting 

successively 𝜑𝑁 = 0, 𝜆 = 0, and 𝛽 = 0 as 

−𝛼𝑢 ≤ 𝛼 ≤ 𝛼𝑢, −𝛽𝑢 ≤ 𝛽 ≤ 𝛽𝑢, 0 ≤ 𝜆 ≤ 𝜆𝑢, 

cos 𝜆𝑢 =
𝜎𝑆

cos 𝛼 cos 𝛽 √𝜎2 +
3
2𝑈

2

, cos 𝛽𝑢 =
𝜎𝑆

cos 𝛼√𝜎2 +
3
2𝑈

2

, 

cos 𝛼𝑢 =
𝜎𝑆

√𝜎2 +
3
2𝑈

2

. 

(4.3.15) 
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By inserting the 𝜑𝑁 from (4.3.14) into Eq. (3.7.3), we obtain plastic strain vector 

component (𝑒𝑢) for the simultaneous action of unidirectional and vibrating loading: 

𝑒𝑢 = ∫ ∫ ∫ 𝜑𝑁 cos 𝛼 cos
2𝛽 cos 𝜆 𝑑𝛼𝑑𝛽𝑑𝜆

𝜆𝑢

0

𝛽𝑢

−𝛽𝑢

𝛼𝑢

−𝛼𝑢

= 

=
2

3𝑟
∫ ∫ ∫ [(𝜎2 +

3

2
𝑈2) (cos𝛼 cos𝛽 cos 𝜆)2 − 𝜎𝑆

2] cos 𝛼 cos2𝛽 cos𝜆 𝑑𝛼𝑑𝛽𝑑𝜆
𝜆1𝑢

0

𝛽𝑢

−𝛽𝑢

𝛼𝑢

−𝛼𝑢

. 

(4.3.16) 

It is easy to see that this integral is identical to that from (4.2.8) if to replace 𝜎2 +
3

2
𝑈2 by 

𝜎0
2. Therefore, now, formula (4.2.9) takes the following form: 

𝑒𝑢 =
𝜋𝜎𝑆

2

9𝑟
Φ(cos𝛼𝑢) =

𝜋𝜎𝑆
2

9𝑟
Φ

(

 
𝜎𝑆

√𝜎2 +
3
2𝑈

2
)

 . (4.3.17) 

If to let 𝑈 = 0 in (4.3.17), we obtain Eq. (4.2.9). 

Recall that Φ(𝜉) is a decreasing function of its argument 𝜉, and Φ(1) = 0 (see Fig. 4.4). It is 

easy to conclude from Eqs. (4.3.17) and (4.2.12) that for a given static stress cos 𝛼𝑢 <

cos 𝛼0 and, consequently, Φ(cos𝛼𝑢) > Φ(cos𝛼0), i.e. 𝑒𝑢 > 𝑒0 (see Figs. 2.10 and 2.11). It 

must be noted that the difference between 𝑒0 and 𝑒𝑢 progressively increases due to the 

presence of 𝑈 in the denominator of Eq. (4.3.17). This fact ensures that the stress-strain 

diagram under the superimposed ultrasound is of flatter form than that for the case of pure 

static loading. Besides, due to the presence of 𝑈 in (4.3.17), the onset of plastic flow takes 

place at the stress less than 𝜎𝑆. 

4.3.4 Influence of preliminary ultrasound treatment upon the steady-state creep of 
metals of different stacking fault energies 

To model the influence of the duration of preliminary ultrasound treatment upon the 

steady-state creep rate of metals (see Figs. 2.17 and 2.18), similarly to Sec. 4.2, we modify 

Eq. (4.2.13) by introducing a measure of the hardening of material obtained in the course of 

the ultrasound treatment. Since the hardening of material is characterized by the distances 

to planes, we propose to replace the creep limit of material in (4.2.13) (an initial strength of 

material at its virgin state, 𝐻𝑁 = 𝑆𝑃 = √2 3⁄ 𝜎𝑃) by the distances to planes (𝐻𝑁𝑢) after UT 

(Rusinko, 2014): 

𝜓𝑁 = 𝐻𝑁
2 − 𝐻𝑁𝑢

2 . (4.3.18) 

It is easy to see that an increase in 𝐻𝑁𝑢 leads to the decrease in 𝜓𝑁 and via Eq. (4.2.14a) to 

the smaller values of 𝑒̇. In the case 𝐻𝑁𝑢 = √2 3⁄ 𝜎𝑃 we return to Eq. (4.2.13), and the 

integral (4.2.14b) will give the rate of ordinary creep, i.e. without preliminary UT. 

In what follows, we deal with the 𝐻𝑁𝑢. After the sonication of specimen (the first procedure 

in UT), the distance to planes is calculated via (4.3.6). To model the behavior of the 

ultrasound defects during annealing (the second procedure in UT), we use Eq. (3.9.6), 
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𝑑𝜓𝑁𝑢 = −𝐾𝑈𝜓𝑁𝑢𝑑𝑡, (4.3.19) 

where, instead of the function 𝐾 defined by (3.9.3), we introduce a new function, 𝐾𝑈, 

𝐾𝑈 = 𝐾𝑈[𝑈(𝜏)], (4.3.20) 

where 𝑈 is defined by (4.3.2), which ensures that 𝐾𝑈 is a function of the duration of 

preliminary sonication 𝜏. There are two reasons to use Eq. (4.3.20) with function 𝐾𝑈 

1) Formula (3.9.6) gives 𝑑𝜓𝑁 = 0 for a load-free state because of 𝐾 = 0 as |𝑺⃗⃗ | = 0. In 

contrast to 𝐾, 𝐾𝑈 ≠ 0 in the course of annealing due to the defects cumulated during 

sonication. 

2) Since we are studying the influence of ultrasound treatment upon the following 

steady creep, we define function 𝐾𝑈 so that it governs the number of thermally 

stable defects (𝜓̃𝑁𝑢) capable impeding processes during the creep following the UT. 

This requirement is in line with the fact that UT-defects whose number exceeds an 

optimal value do not offer resistance to the creep. Therefore, only the intensity of 

thermally stable defects must be taken into account. For example, a long-duration 

sonication results in the great total number of defects after UT, but the stable 

fraction of these defects tends to zero (𝜓̃𝑁𝑢 → 0), which is manifested in the 

increasing potions of 𝜀̇~𝜏 curves in Figs. 2.17 and 2.18. 

If to insert the solution of Eq. (4.3.19), 

𝜓̃𝑁𝑢 = 𝜓𝑁𝑢exp(−𝐾𝑈𝑡𝑎), (4.3.21) 

into formula (4.3.6), we obtain the distances to planes upon completion of UT: 

[𝐻𝑁𝑢]
2 =

2

3
𝜎𝑃
2 + 𝜓̃𝑁𝑢 =

2

3
𝜎𝑃
2 + 𝜓𝑁𝑢exp(−𝐾𝑈𝑡𝑎) = 

=
2

3
𝜎𝑃
2 + 𝑈(𝜏)2exp(−𝐾𝑈(𝜏)𝑡𝑎)Ω, 

(4.3.22) 

where 𝑡𝑎 is the duration of annealing (𝑡𝑎 = const), and 𝜎𝑆 is replaced by 𝜎𝑃 which 

corresponds to 𝑇𝑎. 

According to the basic postulate of the synthetic theory stating that the distance to plane 

expresses the hardening of material, 𝐻𝑁𝑢(𝜏) from the formula above gives the degree of the 

UT-hardening of material with respect to creep. 

To model the thermal stability of UT-substructure, i.e. its capability of impeding high-

temperature creep, we define the function 𝐾𝑈 from (4.3.20) in the following way (Rusinko, 

2014) 

𝐾𝑈 = 𝐾 + [1 − ℎ(|𝑺⃗⃗ |)]{𝐴1 ∙ 𝑓1 + 𝐴2 ∙ exp[−(𝑓2)
𝐴3]}, (4.3.23) 

where ℎ is the Heaviside function defined at zero as ℎ(0) = 0. It is easy to see that 

𝐾𝑈 = 𝐴1𝑓1 + 𝐴2 ∙ exp[−(𝑓2)
𝐴3]     in the course of annealing, (4.3.24) 

𝐾𝑈 = 𝐾         for creep. (4.3.25) 

dc_1366_16

Powered by TCPDF (www.tcpdf.org)



91 

In Eq. (4.3.23), we define 𝑓1 and 𝑓2 as 

𝑓1 = (
𝑑𝑈

𝑑𝜏
)
−1

, 𝑓2 = 𝐴4
√(𝐴5𝑈)2 + 𝜎𝑆

2 − 𝜎𝑆
𝜎𝑆

+ 𝐴6, (4.3.26) 

where 𝐴𝑗  (𝑗 = 1…6) are the model constants. We set 𝐴2 = 0 and 𝐴2 > 0 for the materials 

with low and high stacking fault energy (SFE), respectively. 

Consider the case 𝐴2 = 0: 

𝐾𝑈 = 𝐴1 (
𝑑𝑈

𝑑𝜏
)
−1

. (4.3.27) 

 

 

Fig. 4.20. 𝐻𝑁𝑢~𝜏 and 𝐾𝑈~𝜏 plots for different stacking fault energies. 

 

As seen from Eq. (4.3.2), function 𝑈(𝜏) has a decreasing time derivative thereby ensuring 

the increasing behavior of 𝐾𝑈 as a function of 𝜏 (curve 2 in Fig. 4.20b). So, the product 

𝜓𝑁𝑢(𝜏)exp[−𝐾𝑈(𝜏)𝑡𝑎] from Eq. (4.3.22) implies that function 𝐻𝑁𝑢 has a single maximum 

(curve 2 in Fig. 4.20a). The maximum in 𝐻𝑁𝑢, via Eqs. (4.3.18) and (4.2.14a), corresponds to 

the minimum in the creep rate (optimal pre-sonication time in Fig. 2.18), and when 

𝐻𝑁𝑢 → √2 3⁄ 𝜎𝑃 the creep rate tends to its initial value (UT-substructure loses its thermal 

stability). Therefore, function 𝐴1(𝑑𝑈 𝑑𝜏⁄ )−1 from (4.3.27) governs the dynamics of the 

hardening of presonicated material and the position of 𝜏𝑜𝑝𝑡 instant. 

If 𝐴2 > 0, function 𝐾𝑈 constructed on the basis of Eqs. (4.3.23) and (4.3.26) (curve 1 in 

Fig. 4.20b), gives 𝐻𝑁𝑢 two maximum peaks (curve 1 in Fig. 4.20a). Such a situation is typical 
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for the metals with great values of 𝛾: the first maximum of 𝐻𝑁𝑢 symbolizes an optimal ratio 

between the defects generated during ultrasonic irradiation and their high-temperature 

stability (the first minimum on 𝜀̇ = 𝜀̇(𝜏) curve in Fig. 2.17), while the second one reflects 

the hardening effect originated from point defects whose pinning give a considerable 

hardening which manifests itself beginning only from a certain pre-sonication time (the 

second minimum on 𝜀̇ = 𝜀̇(𝜏) curve in Fig. 2.17). 

It is the “wavelet” on 𝐾𝑈(𝜏) curve that makes it possible to obtain two maximums in 𝐻𝑁𝑢. 

Indeed, small values of 𝐾𝑈 before and after the wavelet (zones A and B in Fig. 4.20b) give 

the increases in 𝐻𝑁𝑢 (hardening) while the high values of 𝐾𝑈 in zones C and D lead to the 

decrease 𝐻𝑁𝑢 (the loss of thermal stability (C) and the appearance of microcracks (D)). 

It must be stressed once more that quantities 𝐻𝑁𝑢 (the UT-induced material hardening 

with respect to the subsequent creep) and 𝜓𝑁𝑢 (the number of the defects developed 

during sonication) behaves in different ways as functions of sonication time 𝜏. The latter is 

an increasing function of 𝜏 for 𝜏 ∈ [0, 𝜏∗], while the former varies with 𝜏 in a non-

monotonous way depending on the number of UT-induced defects and their capability of 

restricting the high-temperature creep. 

Now, for the case of uniaxial tension under stress 𝜎, we calculate the steady state creep rate 

of metal (𝑒̇𝑈) subjected to preliminary UT. For this purpose, we insert 𝐻𝑁𝑢 from (4.3.22), 

where 𝐾𝑈 is defined by (4.3.23), into Eq. (4.2.14): 

𝑒̇𝑈 =
𝐾

𝑟
∭ 𝜓𝑁𝑁1𝑑𝑉

Ω𝑈

= 

=
2

3

𝐾

𝑟
∫ cos𝛼 𝑑𝛼 ∫ cos2𝛽

𝛽1𝑈

−𝛽1𝑈

𝑑𝛽 ∫ {[𝜎2 −
3

2
𝑈2exp(−𝐾𝑈𝑡𝑎)] cos

2𝛼cos2𝛽cos2𝜆 − 𝜎𝑃
2} cos 𝜆 𝑑𝜆.

𝜆1𝑈

0

𝛼1𝑈

−𝛼1𝑈

 

(4.3.28) 

The integration is carried out only in those directions where 𝜓𝑁 > 0 (the expression in 

square brackets). The integration limits (Ω𝑈) are obtained from conditions 𝜓𝑁 = 0, 𝜆 = 0, 

and 𝛽 = 0: 

cos 𝜆𝑈 =
𝜎𝑃

cos 𝛼 cos 𝛽 √𝜎2 −
3
2𝑈

2exp(−𝐾𝑈𝑡𝑎)

, 
(4.3.29) 

cos 𝛽𝑈 =
𝜎𝑃

cos 𝛼√𝜎2 −
3
2𝑈

2exp(−𝐾𝑈𝑡𝑎)

, 
(4.3.30) 

cos 𝛼𝑈 ≡ 𝑎𝑈 =
𝜎𝑃

√𝜎2 −
3
2𝑈

2exp(−𝐾𝑈𝑡𝑎)

. 
(4.3.31) 

Integrating in (4.3.28) over the limits (4.3.29-31) gives 

𝑒̇𝑈 = 𝑎0Φ(𝑎𝑈), 𝑎0 =
𝜋𝐾𝜎𝑃

2

9𝑟
, (4.3.32) 

where Φ is from Eq. (4.2.10). 
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The ordinary creep rate in uniaxial tension, i.e. without preliminary UT, is calculated by 

Eq. (4.2.16), and it is easy to see that the only difference between (4.3.32) and (4.2.16) is 

the expression for the arguments of Φ, i.e. between 𝑎𝑈 and 𝑎. Comparing them, one can 

infer that 𝑒̇𝑈 ≤ 𝑒̇ due to 𝑎𝑈 ≥ 𝑎. This difference is due to the term 
3

2
𝑈2exp(−𝐾𝑈𝑡𝑎) in 𝑎𝑈, 

which, according to Eq. (4.3.22), governs the value of 𝐻𝑁𝑢, i.e. the degree of UT-hardening. 

Let us give a geometric interpretation of the results obtained for different sonication times 

(𝜏(𝑎) = 0, 𝜏(𝑐) > 𝜏(𝑏)) in preliminary UT. For simplicity, without losing generality, we study 

the evolution of loading surface during sonication and annealing in 𝑆1𝑆2 coordinate plane. 

The first column in Fig. 4.21 illustrates the loading surfaces after ultrasonic irradiation 

constructed as the inner envelope of planes whose distances 𝐻𝑁 are determined by 

Eqs. (4.3.7) and (4.3.8). Let us evaluate the degree of material hardening via the distance to 

the tangent plane calculated by Eq. (4.3.8) at Ω = 1, 𝐻𝑁𝑚𝑎𝑥. It is easy to see that  

𝐻𝑁𝑚𝑎𝑥(𝑐) > 𝐻𝑁𝑚𝑎𝑥(𝑏) > 𝐻𝑁𝑚𝑎𝑥(𝑎), 𝐻𝑁𝑚𝑎𝑥(𝑎) = √2 3⁄ 𝜎𝑆, (4.3.33) 

which gives an increase in the yield limit of sonicated material with the growth of 

sonication time (𝜏). 

Loading surfaces from the second column in Fig. 4.21 illustrate the degree of the hardening 

of material with respect to creep after the stabilizing annealing. They are constructed as 

the inner envelops to the planes whose distances 𝐻𝑁𝑢 are defined by Eq. (4.3.22). If to 

compare these distances at Ω = 1 (let us designate them through 𝐻𝑈), we observe the 

following relation between them (in contrast to Eq. (4.3.33)) 

𝐻𝑈(𝑏) > 𝐻𝑈(𝑐) > 𝐻𝑈(𝑎), 𝐻𝑈(𝑎) = √2 3⁄ 𝜎𝑃. (4.3.34) 

In other words, we observe the situation when the sonication time 𝜏(𝑐) exceeding an 

optimal value (for example, let it be 𝜏(𝑏)) leads to a lost of the thermal stability of UT-

substructure, which is manifested in a decrease in the resistance to creep deformation. The 

further increase in 𝜏(𝑐) implies that 𝐻𝑈(𝑐) → √2 3⁄ 𝜎𝑃, i.e. the loading surface regains a form 

of the initial sphere of radius √2 3⁄ 𝜎𝑃. 

Together with the loading surface after UT, the second column in Fig. 4.21 shows the 

boundary planes reached by stress vector 𝑺⃗⃗  during creep; their orientation is given by 

boundary angles 𝛼𝑈. It is easy to see that  

𝛼𝑈(𝑏) < 𝛼𝑈(𝑐) < 𝛼1. (4.3.35) 

Conclusions: 

a) the greater 𝐻𝑈(𝑏), the smaller 𝛼1𝑈(𝑏) – the increase in the hardening of material due 

to UT decreases the number of slip systems involved in creep deformation, i.e. 

reached by the stress vector 𝑺⃗⃗ ; 

b) the greater 𝐻𝑈(𝑏), the smaller distances are covered by planes at the endpoint of the 

𝑺⃗⃗  from their initial positions. 

Both these facts lead to the decrease in the steady state creep rate of the material subjected 

to preliminary ultrasonic treatment. 
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Fig. 4.21. Yield surface (a) and loading surfaces (b and c) in 𝑆1 − 𝑆2 coordinate-plane after 
ultrasound irradiations of different times (first colum). The orientation of the boundary plane 

(angles 𝛼𝑈) under the condition of steady state creep that follows the UT (second column) (b and c) 
and without UT (a): 𝛼1 > 𝛼𝑈(𝑐) > 𝛼𝑈(𝑏), 𝛼𝑈(𝑐) → 𝛼1. 
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4.3.5 Results, discussion. 

This section presents theoretical results of ultrasound effects upon the strength properties 

of copper and aluminum (Table 4.2 contains physical properties of the materials involved 

in our calculations). Here we deal with the construction of the following plots: 

1) Yield strength vs sonication time (𝜎𝑆
𝑢~𝜏) for Cu and Al (ultrasonic hardening). 

2) Yield strength vs ultrasound stress amplitude (𝜎𝑆
𝑢~𝜎𝑚) for Cu and Al (ultrasonic 

hardening). 

3) Stress vs strain (𝜎~𝜀) for Cu with simultaneous action of ultrasound (ultrasonic 

softening). 

4) Secondary creep rate vs sonication time (𝜀̇~𝜏) for Cu and Al (influence of UT upon 

the creep rate). 

 

Table 4.2 Physical properties of Cu and Al. 

 Copper Aluminum 

Young modulus 𝐸, GPa 117 69 

Speed of sound 𝑐, m/s 4600 6420 

Melting point 𝑇𝑚,℃ 1085 660 

 

To obtain the diagrams listed above, it is necessary to specify the model constants entering 

the relationships of the synthetic theory. 

A: 𝝈𝑺
𝒖~𝝉 and 𝝈𝑺

𝒖~𝝈𝒎 diagrams. 

Constants 𝑉𝑖 (𝑖 = 1,2,3) enter Eq. (4.3.10) which is used for constructing diagrams for the 

yield limit of material under the action of ultrasound alone as a function of 

(a) the duration of ultrasound irradiation (𝜏) at 𝜎𝑚 = const, and 

(b) the ultrasound stress amplitude (𝜎𝑚) at 𝜏 = const. 

The constant 𝑉3 is responsible for the change in 𝜎𝑆
𝑢 as a function of 𝜏 at 𝜎𝑚 = const, while 

the constants 𝑉1 and 𝑉2 govern 𝜎𝑆
𝑢~𝜎𝑚 diagrams at 𝜏 = const. The experimental and 

analytical diagrams 𝜎𝑆
𝑢~𝜏 and 𝜎𝑆

𝑢~𝜎𝑚 are shown in Figs. 4.22 and 4.23, respectively. 

In experiments for ultrasonic hardening, they form a standing wave along the specimen 

with its stress-antinode at 𝑥 = 𝑙 2⁄ , where 𝑙 is half the length of acoustic wave (𝜆) in the 

medium: 

𝜆 = 𝑐 𝑓⁄ , (4.3.36) 

where 𝑓 is the oscillating stress frequency. As such, at 𝑥 = 𝑙 2⁄ , they reduce the specimen 

diameter so that the plastic deformation in a static tensile of pre-sonicated material 

concentrates in the section of maximum ultrasonic hardening. This means that the 

sinusoidal distribution of vibrating stress during the sonication can be neglected, and 

Eq. (4.3.10) is readily applicable to the modeling of ultrasonic hardening effect. 
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Fig. 4.22. Increase in the yield strength of a) copper and b) aluminum as a function of sonication 
time at a) 𝜎𝑚 = 67 MPa and b) 𝜎𝑚 = 164 MPa; 𝑡 = 20℃:  – experiment (Kulemin, 1978), line – 

model result. 

 

Fig. 4.23. Increase in the yield strength of a) copper and b) aluminum as a function of ultrasound 
stress amplitude at 𝜏 = 60 s; 𝑡 = 20℃:  – experiment (Kulemin, 1978), line – model result. 

The analytical results for the figures above are obtained via Eq. (4.3.10) at the following 

data 

Copper: 𝜎𝑆 = 21.7 MPa, 𝜎𝑚0 = 0.45𝜎𝑆 = 11.7 MPa,  𝜎𝑚 = 67 MPa, 𝑉1 = 22 MPa, 𝑉2 = 0.35, 

𝑉3 = 6.0 s−1. 

Aluminum: 𝜎𝑆 = 18.3 MPa, 𝜎𝑚0 = 0.45𝜎𝑆 = 8.24 MPa, 𝜎𝑚 = 164 MPa, 𝑉1 = 22 MPa, 

𝑉2 = 0.047, 𝑉3 = 1.7 s−1. 

B: 𝝈~𝜺 diagram with acoustic energy. 

To plot 𝜎~𝜀 diagrams for static and combined loading, we use Eqs. (4.3.17) and (4.3.13), 

where four constants, 𝑟 and 𝑉𝑖 (𝑖 = 1,2,3), have to be specified. 

(i) To find the constant 𝑟, we use the data of tensile testing of copper specimens at room 

temperature (Fig. 4.24, curve 1). The theoretical tensile stress–strain diagram is plotted 

according to relations (4.3.17) at 𝑈 = 0, and the constant  𝑟 is chosen to make the 

theoretical curve as close to the experimental data as possible. The constant 𝑟 characterizes 

the hardening of material in the course of plastic deformation. 

(ii) When constructing stress-strain diagrams accompanied by ultrasound (Fig. 4.24, curve 

2) for the specimen with a constant diameter along its gage length, the sinusoidal 

distribution of ultrasonic stress must be taken into account. In other words, every cross 
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section of specimen is subjected to the constant tensile stress (𝜎(𝑥) = 𝑐𝑜𝑛𝑠𝑡 ≡ 𝜎, 

𝑥 ∈ [0, 𝑙]) and oscillating stress whose amplitude is distributed as 

𝜎𝑚(𝑥) = 𝜎𝑚 sin 𝑘𝑥, (4.3.37) 

where 𝑘 = 2𝜋𝑓 𝑐⁄ , 𝑙 = 𝜆 2⁄ , 𝜆 is calculated by (4.3.36). Therefore, the plastic (permanent) 

deformation of the specimen is calculated as 

𝜀𝑢 =
∫ 𝑒𝑢(𝑥)𝑑𝑥
𝑙

0

𝑙
. (4.3.38) 

For every 𝑥, the plastic strain 𝑒𝑢(𝑥) is obtained from Eqs. (4.3.17), where the function 𝑈(𝑥) 

is calculated by Eqs. (4.3.13) and (4.3.37) (Fig. 4.25). Model constants 𝑉𝑖 standing in 𝑈 must 

be chosen so that the analytical 𝜎~𝜀𝑢 diagram fits the experimental result. The values of 𝑟 

and 𝑉𝑖, together with other quantities used in the calculation, are presented below: 

𝑟 = 3.3 × 104 MPa2, 𝑉1 = 20.0 MPa, 𝑉2 = 3.0, 𝑉3 = 1.59 × 10−1, 𝜎𝑚 = 130 MPa, 

𝜎𝑚0 = 10.5 MPa, 𝜎𝑆 = 35 MPa (Severdenko et al. 1967), Θ = 0.018, experiment duration 

𝜏 = 120 s, 𝑓 = 20 kHz, 𝜆 = 𝑐 𝑓⁄ = 0.115 m. 

 

 

 

 

 

Fig. 4.24. Stress vs strain diagrams of copper at 
room temperature: 1 – static loading, 2 – with 
superimposed ultrasound, 𝜎𝑚 = 130 MPa;  – 
experiment (Severdenko et al. 1967), line – model 
result. 

 

 

 

 

Fig. 4.25 The distribution of 𝑈 function along the 

specimen for different instants: 1 – 𝜏 = 5 s, 2 –

 𝜏 = 30 s, 3 – 𝜏 = 120 s. 
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C: 𝜺̇~𝝉 diagrams after UT. 

The procedure of sonication is the same as discussed at point A. The experiments to be 

modeled give the values of oscillation displacement amplitude (𝐴) which can be converted 

into ultrasonic stress amplitude, to be used in Eq. (4.3.2), as (Rusinko, 2012) 

𝜎𝑚 =
4𝜋𝑓

𝑐
𝐸𝐴. (4.3.39) 

To plot the 𝜀̇~𝜏 diagrams, we use Eqs. (4.3.32), (4.3.31), and (4.3.24-26), that requires to 

specify model constants such as 𝐾, 𝑟, 𝑉𝑖 (𝑖 = 1,2,3), and 𝐴𝑗  (𝑗 = 1,6̅̅ ̅̅ ). 

Constants 𝑟 and 𝑉𝑖 have been analyzed earlier. Constant 𝐾, together with 𝑟, governs the 

steady-state creep of material for conventional creep (without UT). Constants 𝐴𝑗  govern 

the behavior of 𝐾𝑈 in Eqs. (4.3.24-26), they determine the magnitude, shape, and place of 

the “wavelet” on 𝐾𝑈~𝜏 curve. Compare function 𝐾𝑈 for copper (𝐴2 = 0) and aluminum 

(𝐴2 ≠ 0) in Fig. 4.26. The presence of “wavelet” on 𝐾𝑈~𝜏 curve for aluminum ensures two 

maximum in 𝐻𝑁𝑢~𝜏 plot, in contrast to the case of copper. 

Below, we present experimental and theoretical 𝜀̇~𝜏 plots accompanied by the values of 

data used for their construction 

 

 

Fig. 4.26. 𝐾𝑈~𝜏 function for a) copper, b) aluminum. 

 

Fig. 4.27. Evolution of the resistance of material against creep for a) creep and b) aluminum as a 

function of sonication duration in the course of UT: Eq. (4.3.22) at Ω = 1. 
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Fig. 4.28. Steady-state creep rate of 

copper in uniaxial tension (𝜎 = 15 MPa, 

𝑇 = 500℃) as a function of sonication 

time in the course of ultrasound 

treatment (𝑇𝑎 = 500℃, 𝑡𝑎 = 1 hour); □ 

–experiment (Bazelyuk et al., 1970), 

line – theoretical result. 

 

𝜎𝑆 = 20 MPa, 𝜎𝑃 = 15 MPa, 

𝐴 = 25 𝜇m, 𝑓 = 20 kHz, 𝜎𝑚 = 159.8 MPa, 𝜎𝑚0 = 0.3𝜎𝑆 = 6 MPa, Θ = 0.018, 

𝑟 = 3.3 × 104 MPa2, 𝐾 = 2.293 × 10−4 s−1, 

𝑉1 = 1.01 MPa, 𝑉2 = 3.7, 𝑉3 = 1.53 × 10−2 s−1, 𝐴1 = 2.3 × 10−3  MPa s⁄ . 

__________________________________________________________________________________________________________________________ 

 

 

 

Fig. 4.29. Steady-state creep rate of 

aluminum in uniaxial tension (𝜎 = 9.6 MPa, 

𝑇 = 260℃) as a function of sonication time 

in the course of ultrasound treatment 

(𝑇𝑎 = 260℃, 𝑡𝑎 = 1 hour);  –experiment 

(Bazelyuk et al., 1971), line – model result. 

 

 

𝜎𝑆 = 18.3 MPa, 𝜎𝑃 = 5.8 MPa, 

𝐴 = 15 𝜇m, 𝑓 = 20 kHz, 𝜎𝑚 = 40.5 MPa, 𝜎𝑚0 = 0.45𝜎𝑆 = 8.2 MPa, Θ = 0.03, 

𝐾 𝑟⁄ = 3.27 × 10−8 (MPa2 ∙ s)−1, 

𝑉1 = 3.65 × 10
3 MPa, 𝑉2 = 2.37 × 10

−1, 𝑉3 = 3.92 × 10
−2 s−1, 

𝐴1 = 1.6 × 10
−2 MPa/s, 𝐴2 = 2.4 × 10

−2 s−1, 𝐴3 = 2, 𝐴4 = 6.91, 𝐴5 = 1.0 × 10−2, 

𝐴6 = 1.25 × 10−1. 
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Comparing the model results with the tests shows that the synthetic theory gives good 

agreement with experiments. Some discrepancy is observed only for thermally unstable 

UT-structures, e.g. for 𝜏 > 15 min from Fig. 4.28, and for 2 < 𝜏 < 3, and 𝜏 > 6 min from 

Fig. 4.29. This is accounted for by the approach to model 𝜀̇~𝜏 diagrams. When material 

loses its possibility to resist creep deformation, 𝐻𝑁𝑢 tends to 𝜎𝑃, and Eq. (4.3.18) leads to 

the case of ordinary creep (𝑒̇). 

Summarizing, the results obtained give answer for the most valuable question: what 

sonication duration results in the improving of strength properties of material. 

 

 

 

CONCLUSION (Thesis 3) 

On the base of the synthetic theory, I have developed a mathematical model for the 

analytical description of the phenomena as follows: 

(i) ultrasonic hardening – an increase in the yield strength of material recorded 

after its sonication; the dependence of the yield strength upon the sonication 

time and the alternating stress amplitude has been considered; 

(ii) ultrasonic softening observed during plastic straining under the simultaneous 

action of static and ultrasonic loading; effects – a) decrease in the stress needed 

to induce plastic flow, b) more intensive development of the deformation 

comparatively to the action of unidirectional loading alone; 

(iii) the influence of preliminary ultrasonic treatment (sonication + stabilizing 

anneal) upon the steady-state creep rate of materials with different stacking 

fault energies. 

The problems above have been solved by introducing a new function, ultrasound defect 

intensity. This function expresses an average measure of the crystalline grid defects 

induced by acoustic energy within one slip system. 

It is worthwhile to stress again that all the relations considered here have been derived via 

the single system of constitutive equations (3.8.7). 

Good agreement between analytical results and experimental data testifies not only to 

qualitative, but also to quantitative reliability of the model presented. 
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Conclusions and suggestions for further work 

 

This thesis gives the results of investigations of a number of problems in Solids Mechanics. 

There were three main themes addressed in this study. The first theme is a string of 

phenomena accompanying the creep after the stepwise decrease of acting stress such as 

negative creep, creep delay, and inverse creep. The most surprising result is the stress-

drop causes plastic and creep deformation in the direction opposite to that of net stress. 

Creep deformation at the decreased stress tends to its steady-state stage unlike 

conventional creep, but shows increasing rate (inverse creep). The transition between the 

negative and invers creep lays across the portion of zero strain increment called as creep 

delay, which is an incubation period needed for the material structure to get prepared for 

resuming deformation in the direction of the net stress after the stress drop. It is absolutely 

clear that the modelling of the phenomena above cannot be accomplished in terms of 

phenomenological concepts, where creep rate is related to the actual value of acting stress 

without taking into account the loading prehistory. Another doubtless conclusion is that a 

theory whose results originate from the analysis of the evolution of the processes occurring 

at the micro level of material is strongly needed. Such a theory is the synthetic theory of 

permanent deformation, where deformation is calculated on two levels of material 

structure, i.e. macro deformation strongly depends on the processes occurring at the micro 

level of material during plastic or creep deformation. To catch the phenomena discussed 

above I have proposed a relationship which defines the hardening features in material for 

forward and reversal directions of straining. This modification of the synthetic theory 

makes it possible to model all the phenomena faced in stress-drop test. What is equally 

important is that the formulae obtained allows us to conclude about the interplay between 

negative creep, creep delay, and inverse creep, which appear one after another. 

The second theme of the thesis is the influence of preliminary mechanical-thermal 

treatment, which consists of plastic strain and subsequent anneal at unloaded state, upon 

steady-state creep. According to experiments, the creep rate of pretreated specimens is a 

non-monotone function of such variables as plastic prestrain, anneal temperature, and 

anneal time. Again dilemma arises when attempts are made to model the creep as a 

function of the acting stresses alone, i.e. to ignore loading prehistory. This problem has 

been solved in terms of the synthetic theory by inspecting the thermal stability of the 

material defect structure that is formed during the treatment. Thermally stable defects are 

determined by their ability to impede the processes occurring in the course of creep rather 

than their quantity. By utilizing this approach, I have developed a model for predicting the 

steady state creep rate of metals with different values of stacking fault energies that imply 

different mechanism governing the creep. Again, we take full advantage of the main feature 

of the synthetic theory to model permanent deformation by means of the study and 

analysis of real physical processes governing the phenomenon of our interest. Suggestions 

for further work: so far, formulae for creep rate contain separately the parameters of 

preliminary mechanical-thermal treatment. Relationships including all them should be 

developed. 
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The third theme is an investigation into the ultrasound effects upon plastic and creep 

deformation of metals. They are: (i) ultrasonic softening, when ultrasound is superimposed 

on unidirectional loading and intensifies the progress in inelastic straining; (ii) ultrasonic 

hardening which is observed as ultrasound acts alone and increases the strength 

parameter of sonicated material; besides, we study (iii) ultrasonic treatment (sonication + 

stabilizing anneal) as an effective instrument to improve the strength of material, namely, 

to decrease its creep rate. To model the points listed above, I have introduced into 

consideration an average measure of the defects of crystalline grid nucleated due to 

acoustic energy, ultrasound defect intensity. The law of their development in time and as a 

function of alternating stress amplitude is dictated by numerous experimental results 

investigating the influence of acoustic energy upon the crystalline structure of metals. By 

inserting the ultrasound defect intensity into the basic equations of the synthetic theory I 

have realized the possibility to model all the three cases on ultrasound effects mentioned 

above. With further investigations, I would like to continue developing the synthetic theory 

in order to model so-called residual hardening or softening which are observed in 

combined, ultrasonic and static, loading after the ultrasound is switched off. 

To conclude, I summarize the main contributions of this work: I have generalized the 

synthetic theory so that it has become possible to model: (i) peculiarities of plastic and 

strain deformation due to the step-wise decrease in the acting stress, (ii) steady-state 

creep rate as a function of preliminary mechanical treatment, and (ii) deformation 

properties of material subjected to ultrasound. All model results give good agreement with 

experimental data (numerical calculations have been carried out by using the MathCad13-

Professional software package), which testifies not only to qualitative, but also to 

quantitative reliability of the synthetic theory. 
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