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Introduction

Stochastic partial differential equations (SPDEs) have been used in a variety
of applied contexts to model systems with inherent or structural (e.g. complexity-
related) randomness [31, 88, 91]. The study of SPDEs is a rather active field
of research which gathered further momentum when one of the leading figures of
the field, Martin Hairer, was awareded a Fields medal in 2014 for his work on
SPDEs. This dissertation concerns numerical approximation of a class of SPDEs.
Depending on the context, a particular functional of the solution of an SPDE can
bear physical meaning, for example, energy stored in the system. We consider lin-
ear and semilinear SPDEs driven by additive Wiener or Lévy noise of pure jump
type and investigate the accuracy of the numerical approximation of a functional of
their solution. Due to its versatility the Galerkin finite element method is a popular
and successful numerical method to discretise PDEs in space in science and engi-
neering. Therefore, we consider this method when discretizing equations in space,
however, spectral approximation would also fit our framework. While there are
various approaches to SPDEs the one especially fitting the finite element analysis
is the operator semigroup approach, or more generally, the evolution equation ap-
proach, of Da Parto and Zabczyk [31] for Wiener noise driven SPDEs and Peszat
and Zabczyk [88] for Lévy noise driven SPDEs. We treat both parabolic and hy-
perbolic equations as well as Volterra integro-differential equations in this setting.
In the Wiener case we also consider semilinear equations of parabolic type and
Volterra integro-differential equations. For the model hyperbolic equation, which is
the stochastic wave equation, we only consider linear equations both in the Wiener
case and in the Lévy noise case. Time discretization is tailored to the specific prob-
lem: backward Euler method for parabolic problems together with a convolution
quadrature for Volterra integro-differential equations, and rational approximation
schemes for the wave equation, such as the Crank–Nicolson method.

Strong error estimates; that is, error estimates in the root-mean-squared sense
(or more generally, in the root-mean-p-sense) has been extensively studied by many
authors since the 1990’s, early 2000’s, see, for example, the seminal papers by I.
Gyöngy and his collaborators [45, 46, 47, 48]. It would impossible to compile a
list of all the work that has been done in this regard, and since the focus of the
dissertation is also different, we refer to [55] for a comprehensive overview of the
state-of-the-art of this kind of error analysis at the time the paper was published.
Very often, the main stochastic tool in the analysis is Itô’s Isometry (or more gen-
erally the Burkholder-Davis-Gundy inequality) and, at least when the nonlinear
term in the equation has some sort of global Lipschitz bound, the analysis does
not require sophisticated tools from stochastic analysis. The problems concerning
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vi INTRODUCTION

the strong error analysis may, in this case, be usually reduced to finding appropri-
ate deterministic error estimates, see for example, Theorems 1.3.14, 1.5.18, 1.5.24,
1.5.28, 2.3.2 and Remarks 3.3.1 and 3.5.1 in this dissertation.

The picture changes when one considers the so-called weak error; that is, when
comparing the expected value of a functional g of the solution at a prescribed time
horizon T > 0, where g is real valued and is defined on the state space of the
solution (a Hilbert space in this dissertation), to the expected value of the same
functional of its numerical approximation. By a change of variables one sees that
this amounts to approximating the law of the solution in the weak sense of prob-
ability measures. Weak-order estimates are an important tool which allows one to
express and handle the algorithmic uncertainty caused by numerical approximation
schemes, and they are crucial for the analysis of Monte Carlo methods. When g is
globally Lipschitz continuous, then it easily follows that the weak rate is bounded
by the strong rate. However, it is a general phenomenon that for non-smooth noise,
the rate of weak convergence is twice that of the strong convergence. To show this
for various SPDEs, the analysis requires heavier probabilistic tools. We detail two
approaches to tackle this problem and with it we relate the results of the disserta-
tion to other research results in the field.

Methods. The first approach, which is used in Chapter 1 for equations driven
by Wiener noise and in Chapter 3 driven by Lévy noise, uses a Kolmogorov’s back-
ward equation together with Itô’s formula to represent the weak error. This ap-
proach was introduced by D. Talay in [102] for stochastic ordinary differential
equations driven by Wiener noise. The use of Kolmogorov’s equation for weak error
analysis for Wiener noise driven SPDEs; that is, in the infinite dimensional setting,
first appeared in [100] for a spectral Galerkin approximation for the stochastic heat
equation when the covariance operator of the driving infinite dimensional Wiener
process has the same eigenbasis as the linear operator in the equation (so-called
commutative noise). This approach was later generalized to Galerkin finite elements
for the linear stochastic heat equation with additive non-commutative noise in [34]
and, around the same time, by the author in [43] albeit with a more restricted class
of functionals g, see also [61, 62] and Remark 1.4.4. Later this was further extended
to various type of semilinear stochastic heat equations in [3, 33, 106, 108] with
the additional tool being Malliavin calculus, in particular, Malliavin integration-
by-parts in most of these works, where the latter tool first appeared in [49] for
a very restricted class of test functions. All these works consider parabolic type
equations, in particular the stochastic heat equation, except for some results on
the linear stochastic Cahn–Hilliard equation from [61, 62] which are presented in
Section 1.4.

For hyperbolic equations; such as the stochastic wave equation or the stochas-
tic Schrödinger equation, much less is known. The first weak approximation result
appears in [32] for the time discretization of the stochastic Schrödinger equation
in one spatial dimension and still in one spatial dimension in [52] for a finite differ-
ence scheme for the semilinear stochastic wave equation for a rather special class
of test functions. Then, in [61] the linear stochastic wave equation was consid-
ered in several spatial dimensions and the weak error for a Galerkin finite element
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INTRODUCTION vii

semidiscretization was analyzed. This was extended to fully discrete schemes in
[62]. These results; that is, results from [61, 62] are presented in Chapter 2 of this
dissertation. The methodology was further extended for a trigonometric integrator
scheme in [107] for a semilinear wave equation.

Numerical methods for stochastic Volterra type integro-differential equations
driven by Wiener noise were first considered in [57] without any error analysis.
The first rigorous error analysis for such equations in the strong sense was carried
out [69] followed by a weak error analysis in [70]. These results are presented in
Section 1.5 with some improvements in the strong error analysis using regularity
results from [6], see the Summary for more details on the nature of these improve-
ments. Due to the presence of the memory kernel the solution to stochastic Volterra
type integro-differential equations is not a Markov process hence there is no natural
Kolmogorov’s equation associated with the solution. However, in the linear case
one might consider another (Itô) process which has the important property that at
the prescribed time of interest it has the same distribution as the solution. Then
one might use the Kolmogorov’s equation associated with the auxiliary process in
the error analysis. This trick was first used for a different purpose for the stochastic
heat equation in [34], namely, to get rid of the drift in the Kolmogorov’s equation
and with it the unbounded differential operator. In the case of Volterra integro-
differential equations the trick does even more: it allows Markovian tools in the
analysis of a non-Markovian problem.

The same, Kolmogorov based approach is exploited in Chapter 3 for Lévy noise
driven linear SPDEs. However, the extension of the arguments from the Wiener
noise case is not straightforward. One of the difficulties in the general Lévy case
(in contrast to the Gaussian case) is that there are no readily available, sufficiently
general results on Kolmogorov’s backward equation to suit our analysis. We rem-
edy this situation in Proposition 3.2.10. Another complication arises from the fact
that we use tools from the theory of stochastic integration based on two different
settings. One, where we integrate operator-valued processes w.r.t. a Hilbert space-
valued Lévy process, promoted in the monographs [88, Chapter 8], [83, 84], and
another one where we integrate Hilbert space valued integrands w.r.t. a Poisson
random measure [80, 90]. The problem occurs because our setting for stochastic
differential equations is based on the first approach while the proof of the error
representation formula in Theorem 3.2.6 is based on an Itô formula which appears
in [80, Theorem 3.6]; the latter form is well suited for our purposes, but it is formu-
lated using the second approach for stochastic integration. Therefore, we also link
the two stochastic integrals in Lemma 3.2.4 so that we can use the results from both
theories. We remark that weak error estimates for approximations of Lévy-driven
stochastic ordinary differential equations have been considered by various authors,
see, e.g. [54, 82, 89, 92] and the references therein. There also exists a series of
papers on strong error estimates for approximations of SPDEs driven by Lévy pro-
cesses or Poisson random measures, see, for example [17, 18, 19, 37, 50, 51, 71]
and compare also with Remarks 3.3.1 and 3.5.1. However, to the best of our knowl-
edge, the first steps in a weak error analysis for Lévy-driven SPDEs have been done
only recently in [75] and an extension of these results in [68] on which Chapter 3
is based on. Very recently, the result from Theorem 3.3.4 on the stochastic heat
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equation driven by Lévy noise was reproved in [20], at least for a semidiscretization
in space and with very minor improvements on the class of functionals considered,
using a Malliavin integration-by-parts approach for Poisson random measures. Such
an approach may pave the way for the weak error analysis of more general Lévy
noise driven SPDEs. The results of the stochastic wave equation in the Lévy case
is still state-of-the art.

The second approach, developed in Chapter 2, is based on [1] and it uses a
duality argument with a suitable Gelfand triple of random variable spaces. In the
triple, instead of the classical Sobolev–Malliavin spaces we use a refined version of
these introduced in [2] for the purpose of weak error analysis. The use of these
spaces allows us to exploit the smoothing property of the solution operator of the
corresponding linear deterministic problem: the analytic semigroup generated by
the differential operator in the equation in case of the stochastic heat equation and
the resolvent family in case of stochastic Volterra integro-differential equations. The
core idea is simple: use stability bounds in a stronger norm and error estimates in
a weaker norm to double the strong rate of strong convergence. The motivation for
using a relatively involved machinery stems from the problem that for semilinear
stochastic Volterra integro-differential equations the trick used in the linear case
does not work: it does not seem possible to use an auxiliary Markov process which
has the same distribution as the solution of the equation at a prescribed time.
Hence a Kolmogorov’s equation based approach does not seem feasible, at least in
the natural state space of the equation. One of course could try to consider the
problem in a state space involving the memory as well to use a Markovian setting
but then the key smoothing property of the corresponding deterministic solution
operator would be lost. The approach taken here has two advantages. First, it
allows us to treat the stochastic heat equation and a class of stochastic Volterra
integro-differential equations at once in the same framework. Second, we may con-
sider path-dependent functionals of the solution, albeit not in the full generality
but general enough to cover, for example, approximation of covariances and higher
order statistics, see Corollary 2.3.8. As far as we know this was the first, and to
date almost the only, result on weak approximation of path dependent functionals
for parabolic SPDEs. The recent paper [22] considers more general path depen-
dent functionals for Wiener noise driven semilinear SPDEs but the noise have to
be commutative and the discretization is a rather simple spectral Galerkin spatial-
semidiscretization. It is not clear whether these arguments can be extended to time
discretization and to more sophisticated space discretization methods such as the
Galerkin finite element method.

We mention a third recent approach in the Markovian setting, not used in this
dissertation, which is based on the so-called mild Itô formula from [30], see, for
example [29, 35].

It is clear from the above that weak approximation of SPDEs are far from
being fully understood. There are virtually no results for nonlinear equations with-
out some sort of global Lipschitz condition such as the stochastic Allen–Cahn,
Cahn–Hilliard–Cook or stochastic Navier–Stokes equations. For these equations
even the strong error analysis is far from being complete. The weak error analysis
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INTRODUCTION ix

of Lévy noise driven SPDEs are also in their infancy. Weak error analysis of path
dependent functionals is also an area where future research is likely to grow quickly.

Although the main focus of the dissertation is to derive weak-order estimates
for various SPDEs, to be able to compare the weak rate with the strong rate of
the approximation schemes we also prove strong convergence rates in case it was
established by the author, see Theorems 1.3.14, 1.5.18, 1.5.24, 1.5.28, 2.3.2 and
Remarks 3.3.1 and 3.5.1.

Outline of the dissertation. The dissertation is based on the papers [6, 61,
62, 66, 67, 69, 70] for Chapter 1, [1] for Chapter 2 and [68] for Chapter 3. Unless
otherwise stated, the results in the dissertation are due to the author and are taken
from one of the aforementioned papers.

The dissertation is organized as follows. In Chapter 1 we first consider a general
abstract framework to represent the weak error between two infinite dimensional
drift-free Wiener-Itô integral processes. While the solution of the equations and
their approximation we consider in this chapter are not of Itô form, as they are
convolution processes, they indeed agree with an Itô process, perhaps after suit-
able interpolation, at a prescribed time T > 0. The importance of the weak error
representation formula, presented in Theorem 1.2.1, lies in the fact that it allows
us to study weak approximations of a wide range of SPDEs, parabolic, hyperbolic
and even Volterra type, in a common framework. This weak error representa-
tion formula is then first applied to general abstract approximation schemes of the
stochastic wave equation in Theorem 1.3.6, where we show that appropriate de-
terministic error estimates yield weak error estimates for the stochastic problem.
We then apply Theorem 1.3.6 to a family of time semidiscretization schemes in
Theorem 1.3.9, and to a full discretization scheme, where the space discretization
is based on a Galerkin finite element method, in Theorem 1.3.13. For comparison,
the strong rate of convergence of the same scheme is presented in Theorem 1.3.14
showing half the rate of that of the weak convergence. In Section 1.4 we apply the
general error representation formula to parabolic SPDEs, first to the linear Cahn–
Hilliard–Cook equation in Theorem 1.4.1 and then, without giving all the details to
the stochastic heat equation in Remark 1.4.4. In Section 1.5 we consider a class of
stochastic Volterra integro-differential equations, where the assumptions on the con-
volution kernel are typical in the linear theory of viscoleasticity. We first establish
the key smoothing properties of the solution operator of the deterministic problem
in Propositions 1.5.6 and 1.5.9 and then the regularity of the stochastic problem in
1.5.10. Then, in Theorem 1.5.18, we consider the strong rate of convergence of a
time-semidiscretization scheme, the backward Euler scheme combined with a con-
volution quadrature based on the backward Euler scheme, under a rather general
parabolicity condition on the convolution kernel. The strong rate of convergence
of a the space semidiscretization via a Galerkin finite element method is presented
in Theorem 1.5.24 for even slightly more general kernels. Finally, the strong rate
of convergence of the fully discrete scheme is shown in Theorem 1.5.28 under the
same condition on the kernel as for the time semidiscretization. To establish the
weak rate of convergence, we have to impose a further analyticity condition on the
convolution kernel, Assumption 1.5.30, which is satisfied, for example, for a family
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of tempered and untempered Riesz kernels. The weak rate of convergence for a
fully discrete scheme is then stated in Theorem 1.5.33, based on the the general
error representation formula fromTheorem 1.2.1, showing twice the rate of strong
convergence established in Theorem 1.5.28, for a suitable class of memory kernels.
The key deterministic error estimates of Section 1.5 are Theorem 1.5.13, Corollary
1.5.16, Proposition 1.5.22, Proposition 1.5.23, Lemma 1.5.27 and Theorem 1.5.32.

In Chapter 2 we consider mild solutions of semilinear parabolic type stochastic
equations with additive Wiener noise, in particular, mild solutions of the semilin-
ear heat equation and a class of semilinear Volterra integro-differential equations.
We treat these equations in a common framework as their mild solutions satisfy
the same integral equation, equation (2.1.2), with the only difference being the
different degree of smoothing property, specified in equation (2.1.1), of the deter-
ministic evolution operator appearing in the equation. As explained earlier in the
Introduction, the approach of Chapter 1 does not work in this case and hence we
first introduce some additional stochastic tools from Malliavin calculus in Subsec-
tion 2.1.2. In Section 2.2 we show the spatial and Hölder time-regularity of the
solution of (2.1.2) both in classical Lp-norms of random variables and in Sobolev–
Malliavin norms stated in Proposition 2.2.1. The regularity naturally depends on
the smoothing property of the deterministic evolution family appearing in (2.1.2).
Section 2.3 contains the main result of this Chapter, which is Theorem 2.3.7. In
(2.3.6), we first introduce an abstract discrete version of (2.1.2) where we assume
that the discrete deterministic time stepping-family appearing in the equation sat-
isfies certain deterministic error bounds. We then prove, in Theorem 2.3.2, strong
Lp-convergence rates for this abstract scheme. While this result is interesting on
its own and one can compare this with the weak approximation rate, it is also used
in proving Malliavin regularity of the solution of (2.1.2) in Proposition 2.3.4. The
key result for proving the main weak convergence result of this chapter is Lemma
2.3.6 which establishes a strong convergence rate in a dual Sobolev–Malliavin norm
which is twice the strong Lp-convergence rate. It is then used together with the
Fundamental Theorem of Calculus, the earlier established Sobolev–Malliavin reg-
ularity of the solutions of (2.1.2) and (2.3.6), and a duality argument based on
a well-chosen Gelfand triple of Sobolev–Malliavin and Lp-spaces to prove the de-
sired weak convergence rate in Theorem 2.3.7 which is twice that of the strong
convergence. The functionals considered in Theorem 2.3.7 may even depend on the
paths of the solution in a special way and therefore we immediately get rates of ap-
proximations of covariances and higher order statistics of the solution of (2.1.2) in
Corollary 2.3.8. Finally, in Section 2.4, we verify the abstract assumptions (2.1.1)
on the deterministic evolution family and the abstract deterministic error bounds
assumed in Subsection 2.3.1 for a suitable fully discrete scheme, first for a semilin-
ear stochastic heat equation, in Subsection 2.4.1, and then for a class of semilinear
stochastic Volterra integro-differential equations in Subsection 2.4.2.

In Chapter 3 we consider linear equations driven by additive square integrable
Lévy noise of pure jump type. We develop a representation formula for the weak
error between two infinite dimensional drift-free Lévy-Itô processes, stated in The-
orem 3.2.6 and, in a slightly different form, in Corollary 3.2.8. In order to do so we
have to prove additional preparatory results, interesting in their own right. First,
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in Subsection 3.2.1, we compare stochastic integrals of operator-valued processes
w.r.t. a Hilbert space-valued Lévy process and integrals of Hilbert space valued in-
tegrands w.r.t. Poisson random measures. In Lemma 3.2.4 we show that these are
equivalent using appropriate identifications of the integrands from Lemma 3.2.1.
This allows us to use results from both integration theories. Second, in Proposition
3.2.10, we introduce the main technical result needed in the proof of the error rep-
resentation in Theorem 3.2.6, a backward Kolmogorov equation associated with an
infinite dimensional drift-free Lévy-Itô process given by (3.2.3). The proof of The-
orem 3.2.6 is then presented in Subsection 3.2.3. In Remark 3.2.9 we also comment
on the case when the Gaussian part of the Lévy process does not vanish connecting
Chapter 3 to Chapter 1. The abstract weak error representation formulae from
Theorem 3.2.6 and Corollary 3.2.8 allows us to study the weak error of space-time
discretizations of stochastic equations with rather different properties in a com-
mon framework: parabolic equations, such as the stochastic heat equation and a
stochastic Volterra integro-differential equation, and a hyperbolic equation, the sto-
chastic wave equation. As space discretization we employ a standard continuous
finite element method. As time discretization, similarly to the Gaussian case, we
use the backward Euler method for the stochastic heat equation, the backward Eu-
ler method combined with a convolution quadrature for Volterra integro-differential
equations, and an I-stable rational approximation of the exponential function, such
as the Crank–Nicolson scheme, for the stochastic wave equation. For the stochastic
heat equation, we show in Theorem 3.3.4 that for twice continuously differentiable
test functions with bounded second derivatives the rate of weak convergence is es-
sentially twice that of strong convergence. This extends the corresponding result
from [75], where the analysis is restricted to so-called impulsive cylindrical pro-
cesses on L2(D) as driving noise. Moreover, there is a serious restriction on the
jump size intensity measure in [75, Section 6] which renders the sample paths of
the process to be of bounded variation on finite time intervals. Here, the only re-
striction we have on the Lévy process is that it is square-integrable, non-Gaussian
and has mean zero. Furthermore, we also remove the boundedness assumption on
the test functions and their first derivatives. In Subsection 3.4 we briefly discuss
a stochastic Volterra-type integro-differential equation and obtain a weak rate of
convergence in Theorem 3.4.1 under the same conditions as in the Gaussian case
in Theorem 1.5.33. For the stochastic wave equation we first prove appropriate
deterministic estimates in Proposition 3.5.2 which is then used, together with the
general error representation formula, to prove the order of weak convergence in
Theorem 3.5.3. At the end of the chapter we discuss some examples where the
conditions of Theorem 3.5.3, in particular (3.5.15) and (3.5.16), are satisfied.
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CHAPTER 1

Linear stochastic PDEs driven by additive Wiener
noise

1.1. Preliminaries

Here we collect some background material from infinite-dimensional stochastic
analysis and stochastic PDEs driven by Wiener noise and introduce some notation.
We use the semigroup approach of DaPrato and Zabczyk and we refer to the mono-
graph [31] for details and proofs. Notation introduced here will be used throughout
the dissertation.

Let U and H be real separable Hilbert spaces; we often denote both their norms
and scalar products by ‖ · ‖ and 〈·, ·〉 when the meaning is clear from the context.
We denote the space of bounded linear operators from U to H by L(U,H) with
operator norm ‖ · ‖L(U,H). The p:th Schatten class of operators from U to H is
denoted by Lp(U,H). They are Banach spaces for all integers p > 1 and we will
denote their norms by ‖ · ‖Lp(U,H). The operators in L1(U,H) are also refered to
as trace class operators and operators in L2(U,H) as Hilbert-Schmidt operators.
The space L2(U,H) is a Hilbert space with inner product denoted 〈·, ·〉L2(U,H).
When the underlying Hilbert spaces are understood from the context we will write
‖·‖ = ‖·‖L(U,H), ‖·‖Tr = ‖·‖L1(U,H), ‖·‖HS = ‖·‖L2(U,H) and 〈·, ·〉HS = 〈·, ·〉L2(U,H)
in order to – we hope – increase the readability of the dissertation.

In case H = U we write L(U) = L(U,U) and Lp(U) = Lp(U,U) for short. If
T ∈ L1(U) and {ek}∞k=1 is an orthonormal basis of U , then the trace of T ,

Tr(T ) :=
∞∑
k=1
〈Tek, ek〉U ,

is a well defined number, independent of the choice of orthonormal basis. Below we
state a number of properties of Schatten class operators. For proofs and definitions
we refer to, for example, [31, Appendix C], [73] and [109].

If T ∈ Lp(U,H), then its adjoint T ∗ ∈ Lp(H,U) and

(1.1.1) ‖T‖Lp(U,H) = ‖T ∗‖Lp(H,U).

If U = H and p = 1, then also

(1.1.2) Tr(T ) = Tr(T ∗)

and

(1.1.3) |Tr(T )| 6 ‖T‖Tr.

Further, if T is selfadjoint and positive semidefinite, then Tr(T ) ≥ 0 and (1.1.3)
holds with equality.

1
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2 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

If U1, U2, and H are separable Hilbert spaces and T ∈ Lp(U2, H) and if S1 ∈
L(U1, U2) and S2 ∈ L(H,U1), then

(1.1.4)
‖TS1‖Lp(U1,H) ≤ ‖T‖Lp(U2,H)‖S1‖L(U1,U2),

‖S2T‖Lp(U2,U1) ≤ ‖T‖Lp(U2,H)‖S2‖L(H,U1).

If S ∈ L(H,U) and T ∈ L1(U,H), then we also have

Tr(TS) = Tr(ST ).(1.1.5)

Moreover, if T : U → H and T ∗T ∈ L1(U), then T ∈ L2(U,H), TT ∗ ∈ L1(H) and

(1.1.6)
‖T ∗T‖Tr = Tr(T ∗T ) = ‖T‖2HS = ‖T ∗‖2HS

= Tr(TT ∗) = ‖TT ∗‖Tr.

Finally, we note that if T ∈ L2(U,H) and S ∈ L2(H,U), then TS ∈ L1(H) and

(1.1.7) ‖TS‖Tr 6 ‖T‖HS‖S‖HS = (Tr(TT ∗)Tr(SS∗))1/2.

To be able to compare various assumptions on the regularity of the noise, where
the regularity usually is measured in the trace or Hilbert-Schmidt norms, we have
will use the following result.

Theorem 1.1.1. Assume that Q ∈ L(H) is selfadjoint, positive semidefinite
and that A is a densely defined, unbounded, selfadjoint, positive definite, linear
operator on H with an orthonormal basis of eigenvectors. Then the following in-
equalities hold, for s ∈ R, α > 0,

‖A s
2Q

1
2 ‖2HS ≤ ‖AsQ‖Tr ≤ ‖As+αQ‖B(H)‖‖A−α‖Tr,(1.1.8)

‖A s
2Q

1
2 ‖2HS ≤ ‖As+

1
2QA−

1
2 ‖Tr,(1.1.9)

provided that the respective norms are finite. Furthermore, if A and Q have a
common basis of eigenvectors, in particular, if Q = I, then

(1.1.10) ‖A s
2Q

1
2 ‖2HS = ‖AsQ‖Tr = ‖As+ 1

2QA−
1
2 ‖Tr.

Proof. If {(λk, φk)}∞k=1 denotes a set of eigenpairs of A with orthonormal
eigenvectors, then we define

Asx =
∞∑
k=1

λsk〈x, φk〉φk.

Although [A s
2Q

1
2 ]∗ is not equal to Q

1
2A

s
2 in general, we do have [A s

2Q
1
2 ]∗φk =

Q
1
2A

s
2φk, and we compute using (1.1.1), (1.1.3), and (1.1.4),

‖A s
2Q

1
2 ‖2HS = ‖[A s

2Q
1
2 ]∗‖2HS =

∞∑
k=1
‖[A s

2Q
1
2 ]∗φk‖2 =

∞∑
k=1
‖Q 1

2A
s
2φk‖2

=
∞∑
k=1

λsk‖Q
1
2φk‖2 =

∞∑
k=1

λsk〈Qφk, φk〉 =
∞∑
k=1
〈Qφk, Asφk〉

=
∞∑
k=1
〈AsQφk, φk〉 = Tr(AsQ) ≤ ‖AsQ‖Tr ≤ ‖As+αQ‖B(H)‖A−α‖Tr.
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1.1. PRELIMINARIES 3

This is (1.1.8). Similarly, (1.1.9) is proved by

‖A s
2Q

1
2 ‖2HS =

∞∑
k=1

λsk〈Qφk, φk〉 =
∞∑
k=1
〈Qλ−

1
2

k φk, λ
s+ 1

2
k φk〉

=
∞∑
k=1
〈As+ 1

2QA−
1
2φk, φk〉 = Tr(As+ 1

2QA−
1
2 ) ≤ ‖As+ 1

2QA−
1
2 ‖Tr.

To show (1.1.10) we assume that Q has the same eigenvectors φk with eigenvalues
γk. Then

AsQx =
∞∑
k=1

λskγk〈x, φk〉φk,

and hence

‖AsQ‖Tr ≤
∞∑
k=1

λskγk =
∞∑
k=1
‖A s

2Q
1
2φk‖2 = ‖A s

2Q
1
2 ‖2HS,

which shows the first equality in (1.1.10) in view of (1.1.8). The second equality in
(1.1.10) can be shown in a similar fashion. �

Let (Ω,F ,P) be a probability space and let Lp(Ω;H) denote the space of ran-
dom variables X : (Ω,F) → (H,B(H)); that is, F/B(H)-measurable mappings
X : Ω → H, where B(H) denotes the Borel σ-algebra of the separable Hilbert
space H, such that

‖X‖pLp(Ω;H) = E
(
‖X‖pH

)
=
∫

Ω
‖X(ω)‖pH dP(ω) <∞.

In the case H = R we write Lp(Ω) = Lp(Ω;R). If X is a random variable on the
probability space (Ω,F ,P), we denote by P(X ∈ ·) := P ◦X−1 the law of X under
P.

More generally, given a measure space (M,M, µ) and 1 6 p < ∞, we denote
by Lp(M ;H) = Lp(M,M, µ;H) the space of all M/B(H)-measurable mappings
f : M → H with finite norm ‖f‖Lp(M ;H) = (

∫
M
‖f‖pHdµ)1/p.

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis, or filtered probability space, sat-
isfying the usual conditions. Let U be a separable Hilbert space and Q ∈ L(U)
with Q ≥ 0 (selfadjoint, positive semidefinite). Let W = (W (t))t≥0 be a U -valued
stochastic process on (Ω,F , (Ft)t≥0,P). We say that W is a Q-Wiener process in
U if

(i) W (0) = 0,
(ii) W has continuous trajectories (almost surely),
(iii) W has independent increments,
(iv) W (t)−W (s) is a U -valued Gaussian random variable with zero mean and

covariance operator (t− s)Q for 0 ≤ s ≤ t.
Here Q is the unique operator defined by

(1.1.11) E
(〈

(W (t)−W (s)), x
〉〈

(W (t)−W (s)), y
〉)

= (t− s)〈Qx, y〉 x, y ∈ U.

Condition (iv) implies that Tr(Q) <∞ because the covariance operator of a Gauss-
ian random variable is necessarily of trace class, see [31, Proposition 2.15]. There-
fore, W is also called a nuclear Wiener process.
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4 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

A nuclear Wiener process can be constructed starting from its covariance op-
erator Q and the construction extends to the case when Tr(Q) = ∞ in the fol-
lowing way. Let Q ∈ L(U) with Q ≥ 0. The Cameron-Martin space is defined as
U0 := Q

1
2U endowed with the inner product 〈x, y〉0 := 〈Q− 1

2x,Q−
1
2 y〉, where Q−1

is understood as the pseudo-inverse if Q is not injective. Let {ej}∞j=1 be an or-
thonormal basis for U0, let {βj}∞j=1 be mutually independent real-valued Brownian
motions on (Ω,F , (Ft)t≥0,P). If Tr(Q) <∞, then the series

(1.1.12) W (t) :=
∞∑
k=1

βk(t)ek

converges in L2(Ω;U) to a U -valued stochastic process, which has a version that is
a nuclear Q-Wiener process, see [31, Section 4] and [91, Section 2].

If Tr(Q) =∞, then the series (1.1.12) does not converge in L2(Ω;U). However,
it converges in L2(Ω;U1) for a suitable (usually larger) space U1 (see [31, Section
4.3.1]) to a U1-valued stochastic process, which has a version that is a U1-valued
nuclear Wiener process. The constructed process, still denoted by W , is called a
cylindrical Q-Wiener process in U . Also, it is easy to see that

Wx(t) =
∞∑
k=1

βk(t)〈ek, x〉, x ∈ U,

exists in L2(Ω;R) and defines a real-valued Wiener process (Brownian motion)
satisfying

E
(
Wx(t)Wy(t)

)
= t〈Qx, y〉, x, y ∈ U,

cf. (1.1.11). Hence, we may write formally 〈W (t), x〉 = Wx(t) although the process
W (t) constructed from (1.1.12) takes values in U1.

In either case, Tr(Q) <∞ or Tr(Q) =∞, we denote by W (t), t ≥ 0, the series
in (1.1.12), which is formal in case Tr(Q) = ∞, and call it a Q-Wiener process in
U .

Remark 1.1.2. It is often the case that there is an orthonormal basis {fk}∞k=1
in U consisting of eigenvectors of Q with corresponding non-negative eigenvalues
{γk}∞k=1. Then ek = Q1/2fk = γ

1/2
k fk is an orthonormal basis for U0 and, in

particular, (1.1.12) becomes

W (t) =
∞∑
k=1

γ
1/2
k βk(t)fk.

However, we prefer to avoid the eigenvector expansion of W (t).

Finally we say that W is a Q-Wiener process in U with respect to the filtration
(Ft)t≥0 if W (t) is adapted to Ft for all t ≥ 0 and W (t) −W (s) is independent of
Fs for all 0 6 s 6 t.

In what follows we need a simplified case of the stochastic integral, the Wiener
integral, namely where the integrand is deterministic. In this case the class of
integrands can be easily described. Let F : [0,∞) → L2(U0, H) be a measurable
function, where L2(U0, H) is regarded as a Hilbert space endowed with its Borel
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sigma algebra, and assume that F is square integrable,
(1.1.13)∫ t

0
‖F (s)‖2L2(U0,H) ds =

∫ t

0
‖F (s)Q 1

2 ‖2HS ds =
∫ T

0
Tr(F (t)QF ∗(t)) dt <∞.

Then the stochastic integral
∫ t

0 F (s) dW (s) is a well defined Gaussian random vari-
able with covariance operator

QF (t)x =
∫ t

0
F (s)QF ∗(s)xds, x ∈ H,

and the Itô isometry,

(1.1.14)
∥∥∥∫ t

0
F (s) dW (s)

∥∥∥2

L2(Ω;H)
=
∫ t

0
‖F (s)Q 1

2 ‖2HS ds = Tr(QF (t))

holds, see [31, Chapter 4] and [91, Chapter 2].
For bounded functions G the next result can be found in, for example, [31,

Proposition 1.12], which we extend to allow polynomial growth.

Lemma 1.1.3. Let G : H → R be measurable such that |G(x)| ≤ pN (‖x‖) where
pN is a real polynomial of degree N . Let (Ω,F , P ) be a probability space and G ⊂ F
is a sub sigma-algebra of F . Let ξ1, ξ2 ∈ LN (Ω;H) be H-valued random variables
such that ξ1 is G-measurable and ξ2 is independent of G. If we define u : H → R
by u(x) = E(G(x+ ξ2)), x ∈ H, then, almost surely, u(ξ1) = E(G(ξ1 + ξ2)|G).

Proof. Define Gn(x) = G(ξBn(0)(x)x) where ξBn(0) is the characteristic func-
tion of the closed unit ball around 0 with radius n. We clearly have that Gn(x)→
G(x) for all x ∈ H. Furthermore, |Gn(x)| ≤ pN (‖x‖) for all n ∈ N and x ∈
H. Therefore, if η ∈ LN (Ω, H), then by the dominated convergence theorem
Gn(η) → G(η) in L1(Ω;R). Let x ∈ H and define u(x) := E(G(x + ξ2)) and
un(x) := E(Gn(x+ ξ2)). If we take η := x+ ξ2, then, for all x ∈ H,

|un(x)− u(x)| ≤ |E(Gn(η)−G(η))| ≤ ‖Gn(η)−G(η)‖L1(Ω;R) → 0

as n→∞. We also have that

|un(x)| ≤ E|(Gn(x+ ξ2))| ≤ E(pN (‖x+ ξ2‖))
≤ C(pN (‖x‖) + E(pN (‖ξ2‖))) ≤ C(pN (‖x‖) + ‖ξ2‖LN (Ω;H)),

and hence
|un(ξ1)| ≤ C(pN (‖ξ1‖) + ‖ξ2‖LN (Ω;H)) ∈ L1(Ω;R).

Therefore,

(1.1.15) un(ξ1)→ u(ξ1) in L1(Ω;R)

as n → ∞ by dominated convergence. Since Gn is a bounded and measurable
function it follows from [31, Proposition 1.12] that un(ξ1) = E(G(ξ1 + ξ2)|G). By
taking η = ξ1 + ξ2 it follows as above that Gn(ξ1 + ξ2) → G(ξ1 + ξ2) in L1(Ω;R)
and thus by the dominated convergence theorem for conditional expectations we
conclude that

un(ξ1) = E(Gn(ξ1 + ξ2)|G)→ E(G(ξ1 + ξ2)|G) in L1(Ω;H)

as n→∞ which finishes the proof in view of (1.1.15). �
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By Cn(H,R) we denote the space of all n-times continuously Fréchet differen-
tiable functions f : H → R, x 7→ f(x). By Cnb (H,R) we denote the subspace of
functions from Cn(H,R) which are bounded together with their derivatives. Iden-
tifying H and L(H,R) via the Riesz isomorphism, we consider for fixed x ∈ H the
first derivative f ′(x) as an element of H. Similarly, the second derivative f ′′(x) is
considered as an element of L(H). We also write fx and fxx instead of f ′ and f ′′.

Suppose that G : H → R is a functional such that

(1.1.16) G ∈ C2(H,R) and G′′ ∈ Cb(H,L(H)).

Then, it follows from Taylor’s Formula that

(1.1.17) |G(x)−G(y)| ≤ ‖G′(y)‖ · ‖x− y‖+ C‖x− y‖2,

where C = supx∈H ‖G′′(x)‖L(H) and that

(1.1.18) ‖G′(x)‖ ≤ K(1 + ‖x‖)

where K = max{C, ‖G′(0)‖}. Then, by (1.1.17) and (1.1.18), G has quadratic
growth:

(1.1.19) |G(x)| 6 L(1 + ‖x‖2),

for some L > 0. Let (E(t))t∈[0,T ] ⊂ L(H) be a strongly continuous family, B ∈
L(U,H) and W be a Q-Wiener process in U with respect to the filtration (Ft)t≥0.
Suppose that EBQ1/2 ∈ L2((0, T );L2(U,H)). For any x ∈ H and t ∈ [0, T ], we
define

(1.1.20) Z(T, t, x) := x+
∫ T

t

E(T − s)B dW (s).

The above stochastic integral makes sense by (1.1.13). Let G satisfy (1.1.16), and
by (1.1.19), we may define

(1.1.21) u(t, x) := E(G(Z(T, t, x))), x ∈ H, t ∈ [0, T ].

Since EB ∈ L2((0, T );L2(U0, H))) is equivalent to

Tr(E(T − ·)BQ[E(T − ·)B]∗) ∈ L1(0, T )

and G satisfy (1.1.16), it is well known that u is a solution of the following backward
Kolmogorov equation
(1.1.22)

ut(t, x) + 1
2 Tr

(
uxx(t, x)E(T − t)BQ[E(T − t)B]∗

)
= 0, x ∈ H, t ∈ [0, T ),

with terminal condition u(T, x) = G(x), x ∈ H. It is not hard to see that it follows
from (1.1.20) and (1.1.21) that the partial derivatives of u are given by

(1.1.23)
ux(t, x) = E

(
G′(Z(T, t, x))

)
,

uxx(t, x) = E
(
G′′(Z(T, t, x))

)
.

Corollary 1.1.4. Let ξ ∈ L2(Ω,Ft,P;H) and let G satisfy (1.1.16). If u
defined by (1.1.21), then

u(t, ξ) = E(G(Z(T, t, ξ))|Ft), t ∈ [0, T ].
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Proof. The statement follows from Lemma 1.1.3 with ξ1 = ξ and ξ2 =∫ T
t
S(T − s) dW (s) noting that ξ2 ∈ L2(Ω;H) as, by Itô’s Isometry,

E‖ξ2‖2 =
∫ T

t

‖S(T − s)Q 1
2 ‖2HS ds ≤

∫ T

0
‖S(t)Q 1

2 ‖2HS dt <∞.

�

We quote the following Itô’s formula from [24], see also, [25].

Proposition 1.1.5 (Itô’s formula). Let f : [c, d) × H → R, 0 ≤ c < d ≤ ∞,
such that f, ft, fx and fxx are continuous on [c, d)×H with values in the appropriate
spaces. Let a ∈ L1

loc(Ω× (c, d);H) and ξQ1/2 ∈ L2
loc(Ω× (c, d); HS) and

X(t) = X(c) +
∫ t

c

a(s) ds+
∫ t

c

ξ(s) dW (s), t ∈ [c, d).

Then, for all t ∈ [c, d), almost surely,

f(t,X(t))− f(c,X(c)) =
∫ t

c

ft(s,X(s)) ds+
∫ t

c

(fx(s,X(s)), a(s)) ds

+
∫ t

c

(fx(s,X(s)), ξ(s) dW (s)) + 1
2

∫ t

c

Tr(fxx(s,X(s))ξ(s)Qξ∗(s)) ds.

1.2. An error representation formula

The proof of the main approximation results of this chapter relies on the ability
to compare the laws of two different Itô processes of the form

Y (t) := Y (0) +
∫ t

0
E(T − s)B dW (s), t ∈ [0, T ],

and

(1.2.1) Ỹ (t) := Ỹ (0) +
∫ t

0
Ẽ(T − s)B̃ dW (s), t ∈ [0, T ];

that is to bound the quantity
(1.2.2) e(T ) = E

(
G(Ỹ (T ))−G(Y (T ))

)
.

for a class of functions G : H → R. Here (Ẽ(t))t∈[0,T ] ⊂ L(H) denotes another
family of bounded operators on H such that t 7→ Ẽ(t)B̃ is a measurable mapping
from [0, T ] to L2(U0, H), B̃ ∈ L(U,H), ẼB̃ ∈ L2((0, T );L2(U0, H)) and Y (0), Ỹ (0)
are H-valued and F0-measurable.

Theorem 1.2.1. Let T > 0 and (E(t))t∈[0,T ] and (Ẽ(t))t∈[0,T ] be two families
of bounded operators on H such that (E(t))t∈[0,T ] is strongly continuous, t 7→ Ẽ(t)B̃
is a measurable mapping from [0, T ] to L2(U0, H), B, B̃ ∈ L(U,H) and EB, ẼB̃ ∈
L2((0, T );L2(U0, H)). If G satisfies (1.1.16) and Y (0), Ỹ (0) ∈ L2(Ω,F0,P;H), then
Y and Ỹ are well-defined and the weak error e(T ) in (1.2.2) has the representation

(1.2.3) e(T ) = E
(
u(0, Ỹ (0))− u(0, Y (0))

)
+ 1

2E
∫ T

0
Tr
(
uxx(t, Ỹ (t))O(t)

)
dt,

where
(1.2.4) O(t) =

(
Ẽ(T − t)B̃ + E(T − t)B

)
Q
(
Ẽ(T − t)B̃ − E(T − t)B̃

)∗
,
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or
(1.2.5) O(t) =

(
Ẽ(T − t)B̃ − E(T − t)B

)
Q
(
Ẽ(T − t)B̃ + E(T − t)B

)∗
.

Proof. By the law of double expectation,

E
(
u(t, ξ)

)
= E

(
E
(
G(Z(T, t, ξ))

∣∣∣Ft)) = E
(
G(Z(T, t, ξ))

)
.

Therefore, it follows that

E
(
G(Y (T ))

)
= E

(
G(Z(T, 0, Y (0))

)
= E

(
u(0, Y (0))

)
and that

E
(
G(Ỹ (T ))

)
= E

(
G(Z(T, T, Ỹ (T ))

)
= E

(
u(T, Ỹ (T ))

)
.

Hence,

e(T ) = E
(
G(Ỹ (T ))−G(Y (T ))

)
= E

(
u(T, Ỹ (T ))− u(0, Y (0))

)
= E

(
u(0, Ỹ (0))− u(0, Y (0))

)
+ E

(
u(T, Ỹ (T ))− u(0, Ỹ (0))

)
.

For the second term, we use Itô’s formula from Proposition 1.1.5 for u(t, Ỹ (t)) on
[0, T−ε] and then passing to the limit ε→ 0+ using the continuity of u on [0, T ]×H
and the continuity of the paths of Ỹ (t) on [0, T ]. Thus, taking also Kolmogorov’s
equation (1.1.22) into account, we get

E
(
u(T, Ỹ (T ))− u(0, Ỹ (0))

)
= E

∫ T

0

{
ut(t, Ỹ (t)) + 1

2Tr
(
uxx(t, Ỹ (t))[Ẽ(T − t)B̃]Q[Ẽ(T − t)B̃]∗

)}
dt

= 1
2E
∫ T

0
Tr
(
uxx(t, Ỹ (t))

{
[Ẽ(T − t)B̃]Q[Ẽ(T − t)B̃]∗

− [E(T − t)B]Q[E(T − t)B]∗
})

dt.

(1.2.6)

The operator uxx(r, ξ) is bounded for every ξ and r and both Ẽ(s)B̃Q[Ẽ(s)B̃]∗ and
E(s)BQ[E(s)B]∗ are of trace class for almost every s by assumption. Hence, the
trace above is well defined for almost every t since by (1.1.4) with p = 1,

‖uxx(r, ξ)[E(s)B]Q[E(s)B]∗‖Tr 6 ‖uxx(r, ξ)‖L(H) ‖[E(s)B]Q[E(s)B]∗‖Tr

= ‖uxx(r, ξ)‖L(H) Tr
(
[E(s)B]Q[E(s)B]∗

)
,

where the last step is (1.1.3) with equality, which holds since [E(s)B]Q[E(s)B]∗
is selfadjoint and positive semidefinite. The same computations can be made with
[Ẽ(s)B̃]Q[Ẽ(s)B̃]∗. Furthermore, the operator uxx(r, ξ)[E(s)B]Q[Ẽ(s)B̃]∗ is also
of trace class for almost every s, since, by (1.1.1), (1.1.4), and (1.1.7),

‖uxx(r, ξ)[E(s)B]Q[Ẽ(s)B̃]∗‖Tr

≤ ‖uxx(r, ξ)‖L(H) ‖[E(s)B]Q[Ẽ(s)B̃]∗‖Tr

6 ‖uxx(r, ξ)‖L(H) ‖[E(s)B]Q1/2‖HS ‖Q1/2[Ẽ(s)B̃]∗‖HS

= ‖uxx(r, ξ)‖L(H) ‖[E(s)B]Q1/2‖HS ‖[Ẽ(s)B̃]Q1/2‖HS

= ‖uxx(r, ξ)‖L(H)

(
Tr
(
[E(s)B]Q[E(s)B]∗

)
Tr
(
[Ẽ(s)B̃]Q[Ẽ(s)B̃]∗

))1/2
.
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1.3. THE STOCHASTIC WAVE EQUATION 9

Therefore we may rewrite the operator in the trace in (1.2.6) by adding and sub-
tracting uxx(r, ξ)[E(s)B]Q[Ẽ(s)B̃]∗ to get

uxx(r, ξ)
{

[Ẽ(s)B̃]Q[Ẽ(s)B̃]∗ − [E(s)B]Q[E(s)B]∗
}

= uxx(r, ξ)[Ẽ(s)B̃ − E(s)B]Q[Ẽ(s)B̃]∗

+ uxx(r, ξ)[E(s)B]Q[Ẽ(s)B̃ − E(s)B]∗

=: O1 +O2.

Further, using (1.1.2), (1.1.5), and that Q and uxx(r, ξ) are selfadjoint, we obtain
Tr(O1 +O2) = Tr(O1) + Tr(O2) = Tr(O1) + Tr(O∗2)

= Tr(O1) + Tr([Ẽ(s)B̃ − E(s)B]Q[E(s)B]∗uxx(r, ξ))
= Tr(O1) + Tr(uxx(r, ξ)[Ẽ(s)B̃ − E(s)B]Q[E(s)B]∗)

= Tr
(
uxx(r, ξ)[Ẽ(s)B̃ − E(s)B]Q[Ẽ(s)B̃ + E(s)B]∗

)
(1.2.7)

= Tr
(

[Ẽ(s)B̃ + E(s)B]Q[Ẽ(s)B̃ − E(s)B]∗uxx(r, ξ)
)

= Tr
(
uxx(r, ξ)[Ẽ(s)B̃ + E(s)B]Q[Ẽ(s)B̃ − E(s)B]∗

)
.(1.2.8)

Finally, by inserting (1.2.7) or (1.2.8) into (1.2.6) the proof is complete. �

1.3. The stochastic wave equation

1.3.1. A general error formula. In this subsection we apply the general re-
sult from Section 1.2 to the numerical approximation of the stochastic wave equation
(1.3.1) dU̇(t)−∆U(t) dt = dW (t), U(t)|∂D = 0, t > 0; U(0) = U0, U̇(0) = V0,

where the solution process (U(t))t≥0 and the Wiener process (W (t))t≥0 take values
in U = L2(D), where D denote a convex bounded domain in Rd with boundary
∂D. In the sequel we rewrite this equation in an abstract Itô form that fits the
semigroup framework for SPDEs, see [31, Example 5.8]. At the same time we
introduce a framework for measuring the regularity of the solution and to perform
a careful error analysis. To this aim equip L2(D) with the usual norm ‖·‖L2(D) and
inner product 〈·, ·〉L2(D). Let Λ := −∆ = −

∑d
j=1 ∂

2/∂ξ2
j be the Laplace operator

on L2(D) with zero-Dirichlet boundary condition, i.e., with domain D(Λ) := {v ∈
H1

0 (D) : Λu ∈ L2(D)}, where Λu is understood in the distributional sense, see [5,
Example 3.4.7]. As usual, Hn(D) denotes the L2-Sobolev space of order n ∈ N0
on D and H1

0 (D) is the H1(D)-closure of the space C∞c (D) of compactly supported
test functions. In the sequel, we use the smoothness spaces Ḣα, α ∈ R, defined by

Ḣα := D(Λα/2) :=
{
v =

∞∑
k=1

vkϕk : (vk)k∈N ⊂ R, ‖v‖Ḣα

:= ‖Λα/2v‖L2(D) =
( ∞∑
k=1

λαkv
2
k

)1/2
<∞

}
,

where (ϕk)k∈N ⊂ D(Λ) is an orthonormal basis of L2(D) consisting of eigenfunctions
of Λ and (λk)k∈N ⊂ (0,∞) is the corresponding sequence of eigenvalues; compare
[103, Chapters 3 and 19]. They are Hilbert spaces and one has the identities
Ḣ0 = H = L2(D), Ḣ1 = H1

0 (D) and Ḣ2 = D(Λ) = H2(D) ∩ H1
0 (D), where the
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10 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

natural norms of the respective spaces are equivalent. The latter equality is a
consequence of the elliptic regularity estimate
(1.3.2) ‖v‖H2 ≤ C‖v‖Ḣ2 , v ∈ Ḣ2,

for bounded convex domains, see [40, Corollary 1]. Without the convexity as-
sumption one can still define the Ḣα spaces as above but one does not obtain a
characterization of D(Λ) = Ḣ2 in terms of classical Sobolev spaces. For negative α,
the elements of Ḣα are formal sums and we identify them with elements of L2(D)
if
∑∞
k=1 v

2
k <∞, so that Ḣα is the closure of L2(D) w.r.t. the ‖ · ‖Ḣα -norm.

Remark 1.3.1. The spaces Ḣα, α ∈ R, can be obtained by both real and
complex interpolation: For α = (1 − θ)α0 + θα2, θ ∈ (0, 1), one has Ḣα =
(Ḣα0 , Ḣα1)θ,2 = [Ḣα0 , Ḣα1 ]θ with equivalent norms, where (·, ·)θ,2 and [·, ·]θ de-
notes real interpolation with summability parameter q = 2 and complex interpo-
lation, respectively. This follows, e.g., from [104, Theorem 1.18.5] and the fact
that the spaces Ḣα, α ∈ R, are isometrically isomorphic to weighted `2-spaces.
We will frequently use the corresponding interpolation inequalities throughout the
dissertation.

In addition we define the product space
(1.3.3) Hα := Ḣα × Ḣα−1, α ∈ R,

with inner product
〈v, w〉Hα = 〈v1, w1〉Ḣα + 〈v2, w2〉Ḣα−1 ,

where v = [v1, v2]T and w = [w1, w2]T . The corresponding norms are
‖v‖2Hα := ‖v1‖2Ḣα + ‖v2‖2Ḣα−1 .

We take H to be the special case of (1.3.3) when α = 0 with norm ‖ · ‖ = ‖ · ‖H0

and inner product 〈·, ·〉 = 〈·, ·〉L2(D) + 〈Λ−1/2·,Λ−1/2·〉L2(D). We now regard Λ as
an operator from Ḣ1 → Ḣ−1 defined by 〈Λx, y〉Ḣ−1×Ḣ1 = 〈∇x,∇y〉L2(D) and we
let A : D(A) ⊂ H → H and B : Ḣ−1 → H be defined by

(1.3.4) A :=
[

0 −I
Λ 0

]
, B :=

[
0
I

]
,

where the domain of A is given by

D(A) =
{
x ∈ H : Ax =

[
x2
−Λx1

]
∈ H = Ḣ0 × Ḣ−1

}
= H1 = Ḣ1 × Ḣ0.

We have some freedom in defining U but a natural choice is U = Ḣ0 = L2(D).
Thus, we consider the process (W (t))t>0 to be a Q-Wiener process in U = L2(D)
and thus Q to be bounded, selfadjoint and positive semidefinite on U = L2(D).
Note that Ḣ0 ↪→ Ḣ−1, and therefore B ∈ L(U,H). It is well known that the
operator −A is the generator of a strongly continuous semigroup E(t) = e−tA on
H, in fact, a unitary group, that can be written as

E(t) = e−tA =
[

C(t) Λ−1/2S(t)
−Λ1/2S(t) C(t)

]
,(1.3.5)

where C(t) = cos(tΛ1/2) and S(t) = sin(tΛ1/2) are defined via the spectral calculus
of Λ.
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1.3. THE STOCHASTIC WAVE EQUATION 11

With these definitions (1.3.1) can be written in the abstract Itô form
(1.3.6) dX(t) +AX(t) dt = B dW (t), t ∈ [0, T ]; X(0) = X0,

with H-valued weak solution X =
[
X1(t), X2(t)

]T given by

X(t) = E(t)X0 +
∫ t

0
E(t− s)B dW (s),(1.3.7)

if also the initial value X0 =
[
X0,1, X0,2

]T is H-valued and F0-measurable and if∫ T

0
‖E(t)BQ1/2‖2HS dt = Tr

(∫ T

0
E(t)BQB∗E(t)∗ dt

)
<∞.

We have the following a technical result regarding the finiteness of the above
trace.

Lemma 1.3.2. If E(t) is given by (1.3.5), then the following four statements
are equivalent.

(i) Tr(Λ−1/2QΛ−1/2) <∞.
(ii) ‖Λ−1/2Q1/2‖HS <∞.
(iii) ‖Λ−1/2QΛ−1/2‖Tr <∞.
(iv) Tr(

∫ T
0 E(t)BQB∗E(t)∗ dt) <∞ for some, hence all, T > 0.

If either of them holds, then
(1.3.8)∫ T

0
‖E(t)BQ1/2‖2HS dt = Tr

(∫ T

0
E(t)BQB∗E(t)∗ dt

)
= TTr(Λ−1/2QΛ−1/2).

Proof. The operator Λ−1/2QΛ−1/2 is selfadjoint and positive semidefinite on
Ḣ0. Hence, if the trace is finite it equals the trace norm and the other way around.
This implies that (i) ⇔ (iii). We know assume that (iv) holds. By monotone
convergence,

(1.3.9) Tr
(∫ T

0
E(t)BQB∗E(t)∗ dt

)
=
∫ T

0
Tr
(
E(t)BQB∗E(t)∗

)
dt

and by (1.1.6) and since E(t)∗ = E(t)−1 we have
TrH(E(t)BQB∗E(t)∗) = TrḢ0(Q1/2B∗E(t)∗E(t)BQ1/2) = TrḢ0(Q1/2B∗BQ1/2)

= ‖BQ1/2‖2L2(Ḣ0,H) = ‖[0, Q1/2]T ‖2L2(Ḣ0,H) = ‖Q1/2‖2L2(Ḣ0,Ḣ−1)

= ‖Λ−1/2Q1/2‖2L2(Ḣ0) = TrḢ0(Q1/2Λ−1Q1/2) = TrḢ0(Λ−1/2QΛ−1/2).

Thus, the integrand in the right-hand side of (1.3.9) is constant and is equal to
TrḢ0(Λ−1/2QΛ−1/2), which implies (1.3.8). Therefore (i) must be true. This argu-
ment is reversible so (i) ⇔ (iv). But from this computation it is also evident that
‖Λ−1/2Q1/2‖2HS = Tr(Λ−1/2QΛ−1/2); i.e., that (i) ⇔ (ii). �

Next we describe the spatial regularity of the solution of (1.3.6) given the
regularity of Q and the initial data.

Theorem 1.3.3. If ‖Λ
β−1

2 Q
1
2 ‖HS <∞, X0 ∈ L2(Ω,F0,P;Hβ) for some β > 0

and A,B as in (1.3.4), then there is a unique weak solution of (1.3.6) given by
(1.3.7). Furthermore, it holds that

‖X(t)‖L2(Ω;Hβ) ≤ C
(
‖X0‖L2(Ω;Hβ) + t1/2‖Λ

β−1
2 Q

1
2 ‖HS

)
t ∈ [0, T ].(1.3.10)
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12 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

Proof. As, by (1.1.4), we have that

‖Λ−1/2Q1/2‖HS 6 ‖Λ−
β
2 ‖L(Ḣ0)‖Λ

β−1
2 Q

1
2 ‖HS

it follows from [31, Theorem 5.4] that (1.3.7) is the unique weak solution by Lemma
1.3.2. To show the required regularity let (ek)∞k=1, an arbitrary ON-basis in U .
Then, and for any β ≥ 0, we have∫ t

0

∥∥E(s)BQ1/2∥∥2
L2(U,Hβ) ds =

∫ t

0

∞∑
k=1
‖E(s)BQ1/2ek‖2Hβ ds

=
∫ t

0

∞∑
k=1

{∥∥Λ−1/2S(s)Q1/2ek
∥∥2
Ḣβ

+
∥∥C(s)Q1/2ek

∥∥2
Ḣβ−1

}
ds

=
∫ t

0

{∥∥Λ(β−1)/2S(s)Q1/2∥∥2
HS +

∥∥Λ(β−1)/2C(s)Q1/2∥∥2
HS

}
ds

≤ 2t‖Λ(β−1)/2Q1/2‖2HS,

(1.3.11)

where, for the last inequality, we used the fact that the Λ commutes with C(s),
S(s) and (1.1.4) together with the uniform boundedness of C(s), S(s) in L(Ḣ0).
Therefore, (1.3.10) follows from (1.3.7), the boundedness of E(t) in Hβ , the Itô
isometry (1.1.13), and (1.3.11):

‖X(t)‖2L2(Ω;Hβ) ≤ 2
(
‖E(t)X0‖2L2(Ω;Hβ) +

∥∥∥∫ t

0
E(t− s)B dW (s)

∥∥∥2

L2(Ω;Hβ)

)
≤ 2
(
‖X0‖2L2(Ω;Hβ) +

∫ t

0

∥∥E(s)BQ1/2∥∥2
L2(U,Hβ) ds

)
.

This completes the proof. �

Corollary 1.3.4. If ‖Λβ−1/2QΛ−1/2‖Tr < ∞, X0 ∈ L2(Ω,F0,P;Hβ) for
some β > 0 and A,B as in (1.3.4), then there is a unique weak solution of (1.3.6)
given by (1.3.7). Furthermore, it holds that

‖X(t)‖L2(Ω;Hβ) ≤ C
(
‖X0‖L2(Ω;Hβ) + t1/2‖Λ

β−1
2 Q

1
2 ‖HS

)
t ∈ [0, T ].

Proof. Since ‖Λ
β−1

2 Q
1
2 ‖2HS ≤ ‖Λβ−1/2QΛ−1/2‖Tr by (1.1.9), the statement

follows immediately from Theorem 1.3.3. �

We will need the following result on the Hölder continuity of E(t). It will put
an ultimate limit on the convergence rate that one can achieve with respect to
time-stepping.

Lemma 1.3.5. If (E(t))t>0 is the semigroup in (1.3.5), then

‖(E(t)− E(s))x‖ 6 C|t− s|α‖x‖Hα , x ∈ Hα, t, s > 0, α ∈ [0, 1].

Proof. The operator E(t) is bounded on H so the statement is true for α = 0.
Let α = 1 and x = [x1, x2]T ∈ H1. Then

‖(E(t)− E(s))x‖2 = ‖(C(t)− C(s))x1 + (S(t)− S(s))Λ−1/2x2‖2Ḣ0

+ ‖(S(s)− S(t))Λ1/2x1 + (C(t)− C(s))x2‖2Ḣ−1 =: A1 +A2.
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1.3. THE STOCHASTIC WAVE EQUATION 13

By the triangle inequality and the definition of the norm on Ḣ−1, we have for the
last term that

A2 6 2‖Λ−1/2(S(t)− S(s))Λ1/2x1‖2Ḣ0 + 2‖Λ−1/2(C(t)− C(s))x2‖2Ḣ0

= 2‖(S(t)− S(s))x1‖2Ḣ0 + 2‖(C(t)− C(s))Λ−1/2x2‖2Ḣ0 .

Since x2 ∈ Ḣ0 it follows that Λ−1/2x2 ∈ Ḣ1. Hence we only need to investigate the
Hölder continuity of C and S as functions from [0, T ] to L(Ḣ1, Ḣ0). To this aim
we note that for real y the inequality

(1.3.12) | sin(ty)− sin(sy)| 6 |t− s||y|

holds. It follows that for ξ ∈ Ḣ1 we have ‖(S(t)−S(s))ξ‖Ḣ0 6 |t−s|‖ξ‖Ḣ1 . Indeed,

‖(S(t)− S(s))ξ‖2
Ḣ0 =

∞∑
j=1
〈(S(t)− S(s))ξ, φj〉2Ḣ0

=
∞∑
j=1

(sin(tλ1/2
j )− sin(sλ1/2

j ))2〈ξ, φj〉2Ḣ0

6
∞∑
j=1

(t− s)2λj〈ξ, φj〉2Ḣ0 = (t− s)2‖ξ‖2
Ḣ1 .

The inequality (1.3.12) holds also with sin replaced by cos. Thus the statement of
the lemma holds also for α = 1. The intermediate case follows by interpolation. �

We are now ready to prove a weak error bound for perturbations of the sto-
chastic wave equation by assuming as little as possible about the perturbation X̃
in order to accommodate various approximation scenarios. We let V be a real
separable Hilbert space with norm ‖ · ‖V and inner product 〈· , ·〉V .

Theorem 1.3.6. Assume that (X(t))t∈[0,T ] is the weak solution given by (1.3.7)
of the stochastic wave equation (1.3.6) with A,B as in (1.3.4). Suppose further that
‖Λβ−1/2QΛ−1/2‖Tr < ∞ and X0 ∈ L2(Ω,F0,P;H2β) for some β > 0. Assume
further that X̃(T ) can be represented as X̃(T ) = Ỹ (T ), where Ỹ (t) is given by
(1.2.1) with Ỹ (0) = Ẽ(T )P̃X0, P̃ ∈ L(H) and B̃ = P̃B such that t 7→ Ẽ(t)B̃ is
a measurable mapping from [0, T ] to L2(U0, H) with ẼB̃ ∈ L2((0, T );L2(U0, H)).
Let g ∈ C2(V,R) with g′′ ∈ Cb(V,L(V )) and L ∈ L(H,V ). Define

K1 := sup
t∈[0,T ]

‖Ẽ(t)P̃‖H ,

K2 := ‖Λβ−1/2QΛ−1/2‖Tr.(1.3.13)

Then there is C = C(T, ‖L‖L(H,V ), X0, g,K1,K2) such that

(1.3.14)
∣∣∣E (g(LX̃(T ))− g(LX(T ))

) ∣∣∣ 6 C sup
t∈[0,T ]

‖L(Ẽ(t)P̃ − E(t))‖L(H2β ,V ).

We want to emphasise that this theorem reduces the problem of proving weak
error estimates for the stochastic wave equation to proving deterministic error es-
timates for the approximation of the semigroup or, to be precise, to find a bound
for

sup
t∈[0,T ]

‖L(Ẽ(t)P̃ − E(t))‖L(H2β ,V ).
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14 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

Proof. First note that (1.3.13) implies that EB ∈ L2((0, T );L2(U0, H)) using
Lemma 1.3.2 since, as noted above,
(1.3.15)
‖Λ−1/2Q1/2‖HS 6 ‖Λ−

β
2 ‖L(Ḣ0)‖Λ

β−1
2 Q

1
2 ‖HS 6 ‖Λ−

β
2 ‖L(Ḣ0)‖Λ

β−1/2QΛ−1/2‖Tr.

Therefore, we may use Theorem 1.2.1 with G(X) = g(LX) and Y (0) = E(T )X0
noting that X(T ) = Y (T ) in this case. To this aim we note that G′(X) = L∗g′(LX)
and G′′(X) = L∗g′′(LX)L. The terms in (1.2.3) will be estimated in order of
appearance with O as in (1.2.5). For the first term, by (1.1.23), Corollary 1.1.4
and the fact that both Y (0) and Ỹ (0) are F0-measurable, we have, using also the
linear growth of g′ and Theorem 1.3.3 with β = 0, that∣∣∣E(∫ 1

0

〈
ux
(
0, Y (0) + s(Ỹ (0)− Y (0))

)
, Ỹ (0)− Y (0)

〉
H

ds
)∣∣∣

=
∣∣∣E(∫ 1

0

〈
E
(
g′
(
LZ(T, 0, Y (0) + s(Ỹ (0)− Y (0)))

)∣∣∣F0

)
, L(Ỹ (0)− Y (0))

〉
V

ds
)∣∣∣

6
∫ 1

0

∥∥g′(LZ(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
))∥∥

L2(Ω;V ) dθ

× ‖L(Ẽ(T )− E(T ))X0‖L2(Ω,V )

6 C
(
1 +

∫ 1

0

∥∥Z(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
)∥∥
L2(Ω;H) dθ

)
× ‖L(Ẽ(T )− E(T ))‖L(H2β ,V ) ‖X0‖L2(Ω;H2β)

6 C
(
1 + ‖Λ−1/2Q1/2‖HS + ‖X0‖L2(Ω;H)

)
× ‖L(Ẽ(T )− E(T ))‖L(H2β ,V ) ‖X0‖L2(Ω;H2β)

6 C
(
1 + ‖Λ−

β
2 ‖L(Ḣ0)‖Λ

β−1/2QΛ−1/2‖Tr + ‖X0‖L2(Ω;H)
)

× ‖L(Ẽ(T )− E(T ))‖L(H2β ,V ) ‖X0‖L2(Ω;H2β).

For the second term we note that with

O−(t) = Ẽ(T − t)B̃ − E(T − t)B = (Ẽ(T − t)P̃ − E(T − t))B,
O+(t) = Ẽ(T − t)B̃ + E(T − t)B = (Ẽ(T − t)P̃ + E(T − t))B,

and by (1.1.23) and Corollary 1.1.4 we may write

E
∫ T

0
Tr
(
uxx
(
t, Ỹ (t)

)
O+(t)QO−(t)∗

)
dt

= E
∫ T

0
Tr
(
E
(
L∗g′′

(
LZ(T, t, Ỹ (t))

)
L
∣∣Ft)O+(t)QO−(t)∗

)
dt.

Using (1.1.5), (1.1.3) and (1.1.4) we bound the integrand above as follows:∣∣∣Tr
(
E
(
L∗g′′(LZ(T, t, Ỹ (t)))L

∣∣Ft)O+(t)QO−(t)∗
)∣∣∣

=
∣∣∣Tr
(
E
(
g′′(LZ(T, t, Ỹ (t)))

∣∣Ft)LO+(t)QO−(t)∗L∗
)∣∣∣

6 sup
x∈V
‖g′′(x)‖L(V )‖LO+(t)QO−(t)∗L∗‖Tr.
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1.3. THE STOCHASTIC WAVE EQUATION 15

Here we have, by assumption, that supx∈V ‖g′′(x)‖L(V ) < ∞. Furthermore, by
(1.1.1) and (1.1.4),

‖LO+(t)QO−(t)∗L∗‖Tr = ‖LO+(t)Λ1/2Λ−1/2QO−(t)∗L∗‖Tr

≤ ‖LO+(t)Λ1/2‖L(Ḣ0,V ) ‖Λ
−1/2QO−(t)∗L∗‖Tr

= ‖LO+(t)Λ1/2‖L(Ḣ0,V ) ‖LO
−(t)QΛ−1/2‖Tr

= ‖LO+(t)Λ1/2‖L(Ḣ0,V ) ‖LO
−(t)Λ1/2−βΛβ−1/2QΛ−1/2‖Tr

≤ ‖LO+(t)Λ1/2‖L(Ḣ0,V ) ‖LO
−(t)Λ1/2−β ‖L(Ḣ0,V )‖Λ

β−1/2QΛ−1/2‖Tr.

The first factor can be estimated as

‖LO+(t)Λ1/2‖L(Ḣ0,V ) = ‖L(Ẽ(T − t)P̃ + E(T − t))BΛ1/2‖L(Ḣ0,V )

≤ ‖L‖L(H,V )
(
‖Ẽ(T − t)P̃‖L(H,H) + ‖E(T − t)‖L(H,H)

)
‖BΛ1/2‖L(Ḣ0,H)

≤ ‖L‖L(H,V )(K1 + 1),

because ‖E(s)‖L(H,H) = 1 = ‖BΛ1/2‖L(Ḣ0,H). Similarly, the middle factor may be
bounded by∥∥L(Ẽ(T − t)P̃ − E(T − t)

)∥∥
L(H2β ,V ) ‖BΛ1/2−β‖L(Ḣ0,H2β),

where ‖BΛ1/2−β‖L(Ḣ0,H2β) = 1. The third term is K2. Thus, we conclude that∣∣∣E∫ T

0
Tr
(
uxx
(
t, Ỹ (t)

)
O−(t)QO+(t)∗

)
dt
∣∣∣

6 C
∫ T

0

∥∥L(Ẽ(T − t)P̃ − E(T − t)
)∥∥
L(H2β ,V ) dt

6 C T sup
t∈[0,T ]

∥∥L(Ẽ(t)P̃ − E(t)
)∥∥
L(H2β ,V ),

and the proof is complete. �

1.3.2. Weak convergence of temporally semidiscrete schemes. We be-
gin by applying Theorem 1.3.6 to semidiscrete approximation schemes where the
discretization is with respect to time. We will use results on so-called I-stable ra-
tional approximations considered in [23]. An I-stable rational approximation of
order p is a rational function R such that

(1.3.16)
|R(iy)− e−iy| 6 C|y|p+1, |y| 6 b,

|R(iy)| 6 1, y ∈ R,

for some positive integer p and some b > 0. A class of such functions are con-
structed in [16] and analyzed further in connection to oscillation equations in [86].
It contains the implicit Euler method (p = 1) and, which is important since it
preserves energy for the wave equation, the Crank-Nicolson method (p = 2).

For these functions the operators E∆t = R(∆tA), ∆t > 0, are well defined on
H and they are contractions, and hence stable, as −A generates a unitary group.
Here ∆t = T/N,N ∈ N, is the time step. We can approximate the solution of
(1.3.6) on the uniform grid tj = j∆t, j = 0, . . . , N , by the solution of the difference
equation

(1.3.17) Xj
∆t = E∆t(Xj−1

∆t +B∆W j), j = 1, . . . , N ; X0
∆t = X0,
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16 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

given by

Xn
∆t = En∆tX0 +

n∑
j=1

En−j+1
∆t B∆W j , n > 1,

where ∆W j = W (tj)−W (tj−1). To We first define a new discrete process

(1.3.18) Y n∆t = EN−n∆t Xn
∆t = EN∆tX0 +

n∑
j=1

EN−j+1
∆t B∆W j .

Clearly Y N∆t = XN
∆t. In order to make a piecewise constant time interpolation

of (1.3.18) we introduce the time intervals Ij = [tj−1, tj) for j = 1, . . . , N and
IN+1 = {tN} = {T}. With χ being the indicator function we then write

Ẽ∆t(T − t) =
N+1∑
j=1

EN−j+1
∆t χIj (t).

It may easily be checked that this corresponds to writing

Ẽ∆t(t) =
N∑
j=0

Ej∆tχÎj
(t)

with Î0 = {t0} = {0} and Îj = (tj−1, tj ] for j = 1, . . . , N . We finally define

(1.3.19) Ỹ∆t(t) := Ẽ∆t(T )X0 +
∫ t

0
Ẽ∆t(T − s)B dW (s).

The process Ỹ∆t has the desired properties; that is, it is of the form (1.2.1) with
Ỹ (0) = Ẽ∆t(T )X0, and, in addition, Ỹ∆t(tn) = Y n∆t, in particular for n = N .
To apply Theorem 1.3.6 it remains to show that ẼB̃ ∈ L2((0, T );L2(U0, H)) with
Ẽ(t) = Ẽ∆t(t) and P̃ = I (hence B̃ = B). This is indeed the case as soon as we
are guaranteed a weak solution of (1.3.6), as stated in the following lemma.

Lemma 1.3.7. If Ẽ(t) = Ẽ∆t(t) and B̃ = B, then any of the equivalent condi-
tions (i)-(iv) of Lemma 1.3.2 imply that Ẽ∆tB̃ ∈ L2((0, T );L2(U0, H)).

Proof. If Tr(Λ−1/2QΛ−1/2) <∞ then, for all t ≥ 0, using (1.1.3) and (1.1.4),
it follows that

Tr(Ẽ∆t(t)BQB∗Ẽ∗∆t(t)) 6 ‖Ẽ∆t(t)‖2L(H)‖BQB
∗‖Tr

≤ ‖BQB∗‖Tr = Tr(BQB∗) = Tr(Λ−1/2QΛ−1/2) <∞,
where the last equality is shown in the proof of Lemma 1.3.2 as Tr(BQB∗) =
Tr(Q1/2B∗BQ1/2) by (1.1.6). The statement of the lemma follows by the monotone
convergence theorem again as in the proof of Lemma 1.3.2. �

In order to make use of Theorem 1.3.6 we need a bound on E(t) − Ẽ∆t(t).
The results in [23] are concerned with the difference at the grid points. With our
notation their conclusion reads that, for x ∈ Hp+1,
(1.3.20) ‖(E(tn)− En∆t)x‖ 6 Ctn∆tp‖x‖Hp+1 .

As already mentioned, the conditions in (1.3.16) ensures that the operator En∆t is
a contraction on H for any n > 0, so (1.3.20) can be extended to fractional order
by interpolation; that is,
(1.3.21) ‖(E(tn)− En∆t)x‖ 6 Ctn∆tα

p
p+1 ‖x‖Hα , α ∈ [0, p+ 1].
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1.3. THE STOCHASTIC WAVE EQUATION 17

For our purposes, it is not enough to consider only the grid points, but fortunately
a global error estimate follows easily.

Lemma 1.3.8. For the operators Ẽ∆t(t) and E(t) defined above, we have that

sup
t∈[0,T ]

‖Ẽ∆t(t)− E(t)‖L(Hα,H) 6 C(T )∆tmin(α p
p+1 ,1), k > 0,

where p is a nonnegative integer as in (1.3.16) and α > 0.

Proof. The statement of the lemma follows from (1.3.21) and Lemma 1.3.5.
Indeed, for t ∈ Îj , we have

Ẽ∆t(t)− E(t) =
(
Ẽ∆t(tj)− E(tj)

)
+
(
E(tj)− E(t)

)
=
(
Ej∆t − E(tj)

)
+
(
E(tj)− E(t)

)
.

Hence, with I = [0, T ] and I = {0, 1, . . . , N},
sup
t∈I
‖Ẽ∆t(t)− E(t)‖L(Hα,H)

6 sup
j∈I

(
‖Ej∆t − E(tj)‖L(Hα,H) + sup

t∈Îj

‖E(tj)− E(t)‖L(Hα,H)
)

6 C(T )(∆tmin(α p
p+1 ,p) + ∆tmin(α,1)) 6 C(T )∆tmin(α p

p+1 ,1), ∆t ≤ 1.
Finally, for ∆t > 1, the statement follows by stability. �

We are now ready to prove a bound for the weak error of the pure time-
discretization via (1.3.17) of the stochastic wave equation.

Theorem 1.3.9. Assume that ‖Λβ−1/2QΛ−1/2‖Tr <∞, X0 ∈ L2(Ω,F0,P;H2β)
for some β > 0 and g ∈ C2(H,R) with g′′ ∈ Cb(H,L(H)). Then the weak error
of the rational approximation algorithm (1.3.17) of the stochastic wave equation
described above is bounded by∣∣E (g(XN

∆t)− g(X(T ))
)∣∣ 6 C∆tmin(2β p

p+1 ,1), ∆t > 0.

Proof. We may use Theorem 1.3.6 with Ẽ(t) = Ẽ∆t(t), P̃ = I, V = H and
L = I, because ‖Λβ−1/2QΛ−1/2‖Tr <∞ implies Tr(Λ−1/2QΛ−1/2) <∞ by (1.3.15)
and hence Ẽ∆tB̃ ∈ L2((0, T );L2(U0, H)) by Lemma 1.3.7. Thus, our claim follows
by applying Lemma 1.3.8 with α = 2β to (1.3.14). �

1.3.3. Weak convergence of fully discrete schemes. In this section we
will present an error estimate for a fully discrete scheme. We will borrow the
setting from [16], where estimates for the deterministic wave equation are proved.
The spatial discretization can be performed by a Galerkin finite element method
and the time discretization, as above, by I-stable rational approximations of the
exponential function. We briefly describe this method and state the error estimates
from [16]. We let {V rh,0}0<h61 ⊂ H1

0 (D) = Ḣ1, r ∈ N, r ≥ 2, be a family of finite
dimensional subspaces. Unless otherwise stated, we endow the spaces Vh with the
inner product 〈·, ·〉L2(D) and the norm ‖·‖L2(D). We assume that the error estimate

(1.3.22) ‖Rhv − v‖ 6 Chβ‖v‖Ḣβ , v ∈ Ḣβ , β ∈ [1, r],

holds, where the Ritz projection Rh : Ḣ1 → V rh,0 is defined by

〈∇Rhv,∇χ〉 = 〈∇v,∇χ〉, ∀v ∈ Ḣ1, χ ∈ V rh,0.
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18 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

Remark 1.3.10. For r = 2 the subspaces V rh,0 can be chosen to be the space of
continuous piecewise linear functions on a triangulation of D with maximal mesh-
size h and the estimate in (1.3.22) requires no further assumption on the domain
D (other than convexity) This follows from, for example, [103, Lemma 1.1], to-
gether with elliptic regularity (1.3.2). For r > 2, if V rh,0 is the space of continuous
piecewise polynomials of degree at most r − 1 on a triangulation of D with max-
imal mesh-size h the estimate (1.3.22) firstly requires extra assumptions on the
domain D, namely small enough interior angles in case of a polygon, or smooth
enough boundary in case of a curved boundary. The reason is that to achieve r > 2
one needs an elliptic regularity estimate ‖u‖Hr ≤ C‖Λu‖Hr−2 with r > 2, where
Hr denotes the standard Sobolev space of order r with norm ‖ · ‖Hr , instead of
the simplest elliptic regularity estimate corresponding to r = 2, namely, (1.3.2).
Furthermore, if the boundary is curved, then the triangulation is not exact and
one has to be more precise while approximating near the boundary and hence one
needs special elements. For example, (1.3.22) holds for r = 4 for bounded convex
domains with smooth boundary and V rh,0 consisting of continuous piecewise cubic
polynomials using special, so-called isoparametric elements, near the boundary, see
[103, Chapter 1].

Furthermore, we define the discrete Laplacian Λh : V rh,0 → V rh,0 by

(1.3.23) 〈Λhη, χ〉 = 〈∇η,∇χ〉, ∀η, χ ∈ V rh,0.

The homogeneous spatially semidiscrete wave equation with solution

uh(t) := [uh,1(t), uh,2(t)]T ∈ V rh,0 × V rh,0
reads as

(1.3.24)
[
u̇h,1
u̇h,2

]
+
[

0 −I
Λh 0

] [
uh,1(t)
uh,2(t)

]
=
[
0
0

]
, t > 0;

[
uh,1(0)
uh,2(0)

]
=
[
Ph,1u0,1
Ph,2u0,2

]
.

Here Ph,1 : Ḣ0 → V rh,0 and Ph,2 : Ḣ−1 → V rh,0 are the orthogonal projectors defined
by 〈Ph,1f, χ〉 = 〈f, χ〉, ∀χ ∈ V rh,0, for f ∈ Ḣ0 and 〈Ph,2f, χ〉 = 〈f, χ〉Ḣ−1×Ḣ1 ,
∀χ ∈ V rh,0, for f ∈ Ḣ−1.

It is well known that Λh has eigenpairs ((φh,j , λh,j))Nhj=1, where (λh,j)Nhj=1 is a
positive, nondecreasing sequence and (φh,j)Nhj=1 an Ḣ0-orthonormal basis of V rh,0. If
we write

(1.3.25) Ah :=
[

0 −I
Λh 0

]
and if Ph = [Ph,1, Ph,2]T and u0 := [u0,1, v0,2]T , then (1.3.24) may be written

(1.3.26) u̇h +Ahuh = 0, t > 0; uh(0) = Phu0.

The operator −Ah is the infinitesimal generator of a strongly continuous semigroup
Eh(t) and the solution of (1.3.26) is given by

uh(t) = Eh(t)Phu0.

Similarly to (1.3.5) the operator Eh(t) has a representation

(1.3.27) Eh(t) =
[

Ch(t) Λ−1/2
h Sh(t)

−Λ1/2
h Sh(t) Ch(t)

]
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1.3. THE STOCHASTIC WAVE EQUATION 19

with Sh(t) = sin(tΛ1/2
h ) and Ch(t) = cos(tΛ1/2

h ) defined by the spectral calculus of
Λh.

The time discretization, as in the previous subsection, is performed by I-stable
rational single step schemes; i.e., schemes where the rational function R fullfills
(1.3.16) for some positive integer p. The fully discrete problem on the same uniform
grid as in Subsection 1.3.2 then reads
(1.3.28) vnh,∆t = R(∆tAh)vn−1

h,∆t, n = 1, . . . , N ; v0
h,∆t = Phu0.

We will henceforth write Eh,∆t = R(∆tAh) and the solution of (1.3.28) may then
be written as

vnh,∆t = Enh,∆tPhu0.

The error estimate proved in [16] is as follows. It provides only a bound for the
first component in u, which we express by means of a projector P 1.

Theorem 1.3.11. If P 1 : H → Ḣ0 is defined as P 1x = x1 for x = [x1, x2]T ∈
H, then

‖P 1(Enh,∆tPh − E(tn))u0‖Ḣ0 6 C(tn)
(
hr‖u0‖Hr+1 + ∆tp‖u0‖Hp+1

)
,

tn = n∆t ≥ 0.

We note that Theorem 1.3.11 in [16] is proved for domains with smooth bound-
ary and subspaces V rh,0 satisfying certain standard approximation properties. The
proofs, however, remain valid under abstract assumption (1.3.22) on the Ritz pro-
jection and hence we posed it as our abstract simple assumption on the spaces V rh,0
although does not appear explicitly in our error analysis.

Using the stability of E(t) and Enh,∆t and a standard interpolation argument,
this results in the following bound on the error operator.

Corollary 1.3.12. Under the assumptions of Theorem 1.3.11 we have, for
β > 0,

‖P 1(Enh,∆tPh − E(tn))‖L(Hβ ,Ḣ0) 6 C(tn)
(
hmin(β r

r+1 ,r) + ∆tmin(β p
p+1 ,p)

)
,

tn = n∆t ≥ 0.

We return to the stochastic wave equation whose fully discrete version now
reads, with Bh := PhB = [0, Ph,2]T , as

(1.3.29) Xj
h,∆t = Eh,∆t(Xj−1

h,∆t +Bh∆W j), j = 1, . . . , N ; X0
h,∆t = PhX0.

The solution is given by

(1.3.30) Xn
h,∆t = Enh,∆tPhX0 +

n∑
j=1

En−j+1
h,∆t Bh∆W j .

As in the previous section we multiply by EN−nh,∆t and arrive at the drift free version

Y nh,∆t = ENh,∆tPhX0 +
n∑
j=1

EN−j+1
h,∆t BhW

j

and with piecewice constant interpolation

(1.3.31) Ỹh,∆t(t) = Ẽh,∆t(T )PhX0 +
∫ t

0
Ẽh,∆t(T − s)Bh dW (s)
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in exact analogy with the temporally semidiscrete case in (1.3.19).
Next we bound the weak error for fully discrete schemes given by (1.3.29). We

only prove a result for the first component in X.

Theorem 1.3.13. Assume that ‖Λβ−1/2QΛ−1/2‖Tr < ∞ and suppose that the
initial data satisfies X0 ∈ L2(Ω,F0,P;H2β) for some β > 0. If Xn

h,∆t is given by
(1.3.29) and (X(t))t>0 is the weak solution given by (1.3.7) of (1.3.6) with A,B as
in (1.3.4), then for g ∈ C2(Ḣ0,R) with g′′ ∈ Cb(Ḣ0,L(Ḣ0)), we have∣∣E(g(XN

h,∆t,1)− g(X1(T ))
)∣∣ 6 C(T )

(
hmin(2β r

r+1 ,r) + ∆tmin(2β p
p+1 ,1)).

Proof. The process in (1.3.31) is clearly of the form (1.2.1) with Ỹ (0) =
Ẽh,∆t(T )PhX0 and Ỹh,k(T ) = XN

h,k. Furthermore,

Tr(Ẽh,∆t(t)BhQB∗hẼh,∆t(t)∗) ≤ Tr(BhQBh) <∞,

as BhQBh is a bounded operator with finite-dimensional range and hence it is of
trace class. Therefore, Ẽh,∆tBh ∈ L2((0, T );L2(U0, H)) holds and Theorem 1.3.6
can be applied with V = Ḣ0, L = P 1 (as defined in Theorem 1.3.11), Ẽ(t) =
Ẽh,k(t), B̃ = Bh and P̃ = Ph. From Corollary 1.3.12 and Lemma 1.3.5, as in the
proof of Lemma 1.3.8, it follows that

sup
t∈[0,T ]

‖P 1(Ẽh,∆t(t)Ph −E(t))‖L(H2β ,Ḣ0) 6 C(T )
(
hmin(2β r

r+1 ,r) + ∆tmin(2β p
p+1 ,1)

)
.

Finally the statement of the theorem is immediate by inserting this into (1.3.14). �

1.3.4. Strong convergence of fully discrete schemes. It is a general phe-
nomenon that the order of weak convergence is twice the strong order under the
same regularity assumption on the noise. This essentially turns out to be the case
also for the stochastic wave equation discretized by the method described in the
previous section. We remark that the strong convergence is studied for a spatially
semidiscrete finite element method in [66], for a fully discrete leap-frog scheme
in one spatial dimension in [105], and for a spatially semidiscrete scheme in one
dimension in [97].

First we form the strong error by taking the difference of (1.3.30) and (1.3.7),
projecting onto the first component, and taking norms:

E
(
‖P 1(XN

h,∆t −X(T ))‖2
Ḣ0

)
6 CE

(
‖P 1(ENh,∆tPh − E(T ))X0‖2Ḣ0

)
+ CE

(∥∥∥P 1
∫ T

0
(Ẽh,∆t(T − s)Ph − E(T − s))B dW (s)

∥∥∥2

Ḣ0

)
=: I1 + I2.

If X0 ∈ L2(Ω;Hβ), then

I1 6 C‖P 1(Eh,∆tPh − E(T ))‖2L(Hβ ,Ḣ0)E
(
‖X0‖2Hβ

)
6 C(T )

(
hmin(β r

r+1 ,r) + ∆tmin(β p
p+1 ,p)

)2‖X0‖2L2(Ω;Hβ)
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by Corollary 1.3.12. For I2 we use Itô’s isometry (1.1.14) to get

I2 = E
(∥∥∥∫ T

0
P 1(Ẽh,∆t(T − s)Ph − E(T − s))B dW (s)

∥∥∥2

Ḣ0

)
=
∫ T

0
‖P 1(Ẽh,∆t(T − s)Ph − E(T − s))BQ1/2‖2HS ds

=
∫ T

0
‖P 1(Ẽh,∆t(T − s)Ph − E(T − s))BΛ

1−β
2 Λ

β−1
2 Q1/2‖2HS ds

6
∫ T

0
‖P 1(Ẽh,∆t(T − s)Ph − E(T − s))‖2L(Hβ ,Ḣ0)‖Λ

β−1
2 Q1/2‖2HS ds

6 T sup
t∈[0,T ]

(
‖P 1(Ẽh,∆t(t)Ph − E(t))‖2L(Hβ ,Ḣ0)

)
‖Λ

β−1
2 Q1/2‖2HS

6 C(T )‖Λ
β−1

2 Q1/2‖2HS
(
hmin(β r

r+1 ,r) + ∆tmin(β p
p+1 ,1))2,

(1.3.32)

where the first inequality follows from the fact that ‖BΛ
1−β

2 ‖L(Ḣ0,Hβ) = 1 combined
with (1.1.4), and the last inequality from Corollary 1.3.12 and Lemma 1.3.5 as in
the proof of Lemma 1.3.8. Combining the bounds for I1 and I2 and taking square
roots, we have shown the following result.

Theorem 1.3.14. Let ‖Λ
β−1

2 Q1/2‖2HS < ∞ and let X0 ∈ L2(Ω,F0,P;Hβ) for
some β ≥ 0. Then the strong error of the approximation XN

h,∆t,1 = P 1XN
h,∆t of the

displacement X1(T ) = P 1X(T ) in the stochastic wave equation is bounded by

‖XN
h,∆t,1 −X1(T )‖L2(Ω:Ḣ0) 6 C(T )

(
hmin(β r

r+1 ,r) + ∆tmin(β p
p+1 ,1)).

The regularity assumption on Q in Theorem 1.3.13 implies the assumption in
Theorem 1.3.14, see Theorem 1.1.1 with s = β − 1 in (1.1.9). Thus the claim that
the weak rate is essentially twice the strong rate is justified (if β is not too large) by
comparing Theorems 1.3.13 and 1.3.14. Note also that the mean-square regularity
of the solution is of order β according to Theorem 1.3.3.

1.4. Stochastic equations of parabolic type

Here, we give a detailed weak error analysis of a fully discrete scheme for the
linearized Cahn–Hilliard–Cook (CHC) equation and also comment on the linear
stochastic heat equation.

The linearized CHC equation, see [72], is
(1.4.1) dX + Λ2X dt = dW, t > 0; X(0) = X0,

where now Λ = −∆ is the Laplacian together with homogeneous Neumann bound-
ary conditions. To write the CHC equation in the form (1.3.6) we therefore set
H = {f ∈ L2(D) : 〈f, 1〉 = 0}, A = Λ2 with D(Λ) = {f ∈ H2(D) ∩H : ∂f

∂n = 0},
where D is a bounded convex domain, and we take U = H and B = I. We further
define the the spaces Ḣα = D(Λα/2) in analogy with Section 1.3. Thus, H = Ḣ0,
D(A) = Ḣ4 and −A is known to be the infinitesimal generator of the analytic
semigroup E(t) = e−tA = e−tΛ2 on H.

Let V rh ⊂ H1(D), r = 2, 3, be finite dimensional subspaces and set V̇ rh = {v ∈
V rh : 〈v, 1〉 = 0}. We now define the discrete Laplacian Λh : V̇ rh → V̇ rh and the
Ritz projector Rh : Ḣ1 → V̇ rh in an analogous way as in Subection 1.3.3 and we
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assume an error bound of the same form as in (1.3.22). We set Ah = Λ2
h and note

that −Ah is the generator of an analytic semigroup Eh(t) on V̇ rh . We consider only
the backward Euler time-stepping and therefore introduce Eh,∆t = (1 + ∆tAh)−1

and define Ẽh,∆t(t) in an analogous fashion to the case of the wave equation, see
(1.3.19).

We need error bounds for the approximation of the semigroup. We claim that,
for all v ∈ H,

(1.4.2) ‖(Enh,∆tPh − E(tn))v‖ 6 C(hα + ∆tα/4)t−α/4n ‖v‖, tn = n∆t, α ∈ [0, r],

where Ph : H → V̇ rh denotes the L2(D)-orthogonal projection to V̇ rh . To see this we
write

Enh,∆tPhv − E(tn)v =
(
Enh,∆tPhv − Eh(tn)Phv

)
+
(
Eh(tn)Phv − E(tn)v

)
.

It is well known and follows by a simple spectral argument, as Ah is self-adjoint
positive semidefinite on Ṡrh, that the estimate

(1.4.3) ‖Enh,∆tPhv − Eh(tn)Phv‖ 6 C∆tγt−γn ‖v‖, γ ∈ [0, 1],

holds for the backward Euler method [74]. It follows from the stability of the
Galerkin approximation and [39, Corollary 5.3] that

(1.4.4) ‖Eh(t)Phv − E(t)v‖ 6 Chγt−γ/4‖v‖, γ ∈ [0, r].

Thus, with γ = α/4 ≤ r/4 ≤ 1 in (1.4.3) and γ = α in (1.4.4), the estimate (1.4.2)
follows.

It is also well known (see, for example, [87, Theorem 6.13]) that

(1.4.5) ‖(E(t)− E(s))A−γv‖ 6 |t− s|γ‖v‖, γ ∈ [0, 1],

and therefore, taking also (1.4.2) into account, it follows that

(1.4.6) ‖(Ẽh,∆t(t)Ph − E(t))v‖ 6 C(hα + ∆tα/4)t−α/4‖v‖, α ∈ [0, r].

Indeed, for t ∈ (tj−1, tj ] we have that

‖(Ẽh,∆t(t)Ph − E(t))v‖ = ‖(Ejh,∆tPh − E(t))v‖

6 ‖(Ejh,∆tPh − E(tj))v‖+ ‖(E(tj)− E(t))v‖.

For the first term (1.4.2) applies and for the second term we use (1.4.5) to get

‖(E(tj)− E(t))v‖ = ‖Aα/4E(t)(E(tj − t)− I)A−α/4v‖

6 ‖Aα/4E(t)‖‖(E(tj − t)− I)A−α/4v‖ 6 C∆tα/4t−α/4‖v‖.

Finally, we recall the smoothing property of the backward Euler scheme. It follows
from [103, Lemma 7.3] by stability and interpolation that for t ∈ (tj−1, tj ],

‖AαhẼh,∆t(t)Phv‖ = ‖AαhE
j
h,∆tPhv‖ 6 Ct

−α
j ‖Phv‖ 6 Ct

−α‖v‖, α ≥ 0.

Therefore,

(1.4.7) ‖AαhẼh,∆t(t)Phv‖ 6 Ct−α‖v‖, α ≥ 0, t > 0.

We are now in the position to prove the following estimate for the weak error in
case of the linearized CHC equation. As it was the case for the wave equation, the
weak convergence rate is twice that of the strong convergence rate [72] (up to a
logarithmic factor) under essentially the same regularity requirements on A and Q.
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Theorem 1.4.1. Let X be the solution of (1.3.6) and Xn
h,∆t be given by (1.3.30)

with spaces and operators described above and Bh = Ph. Assume that g ∈ C2(H,R)
with g′′ ∈ Cb(H,L(H)), X0 ∈ L2(Ω,F0,P;H) and that

(1.4.8)
‖Λβ−2Q‖Tr = ‖A(β−2)/2Q‖Tr 6 K,

‖Λβ−2
h PhQ‖Tr = ‖A(β−2)/2

h PhQ‖Tr 6 K,

for some β ∈ (0, r2 ] and K > 0. Then there is C > 0 depending on T , K, X0, and
g such that, for N∆t = T, h4 + ∆t < T ,

(1.4.9)
∣∣E(g(XN

h,∆t)− g(X(T )))
∣∣ 6 C(h2β + ∆tβ/2

)
log( T

h4+∆t ).

Proof. Assumption (1.4.8) guarantees that ‖A
β−2

4 Q
1
2 ‖HS < ∞ in view of

Theorem 1.1.1. This in its turn implies that the weak solution X of (1.4.1) exists,
as shown in [72] and is given by the variation of constants formula

X(t) = E(t)X0 +
∫ t

0
E(t− s) dW (s).

In particlular, E ∈ L2((0, T );L2(U0, H)) and

(1.4.10) ‖X(t)‖L2(Ω;H) 6 C(‖X0‖L2(Ω;H) + ‖A− 1
2Q

1
2 ‖HS), t ≥ 0.

We will use Theorem 1.2.1 with O as in (1.2.4) and G := g. Furthermore, let
B̃ = Ph, X̃0 = PhX0, Ẽ(t) = Ẽh,∆t(t) and Ỹh,∆t(t) be defined as in (1.3.31),
whence Ỹh,∆t(T ) = XN

h,∆t. The use of Theorem 1.2.1 is justified since the operator
Ẽh,∆t(t)PhQ[Ẽh,∆t(t)Ph]∗ is uniformly bounded in the operator norm and is of
finite rank so that ẼB̃ ∈ L2((0, T );L2(U0, H)).

We write F̃h,∆t(t) = Ẽh,∆t(t)Ph −E(t) and recall (1.4.6). For the first term in
(1.2.3) we use that Ỹh,∆t(0)− Y (0) = F̃h,∆t(T )X0, (1.4.6) and (1.4.10) to get, in a
similar fashion as in the proof of Theorem 1.3.6,
(1.4.11)∣∣∣E∫ 1

0

〈
ux
(
0, Y (0) + θ(Ỹh,∆t(0)− Y (0))

)
, Ỹh,∆t(0)− Y (0)

〉
dθ
∣∣∣

6
∫ 1

0

∥∥g′(Z(T, 0, Y (0) + θ(Ỹh,∆t(0)− Y (0))
))∥∥

L2(Ω;H)dθ ‖F̃h,∆t(T )X0‖L2(Ω;H)

6 C
(
1 +

∫ 1

0

∥∥Z(T, 0, Y (0) + θ(Ỹh,∆t(0)− Y (0))
)∥∥
L2(Ω;H)dθ

)
× (h2β + ∆tβ/2)T−β/2 ‖X0‖L2(Ω;H)

6 C
(
1 + ‖A−1/2Q1/2‖HS + ‖X0‖L2(Ω;H)

)
‖X0‖L2(Ω;H) T

−β/2 (h2β + ∆tβ/2).
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For the second term of (1.2.3) we have by (1.1.3) and repeated use of (1.1.4) that∣∣∣E∫ T

0
Tr
(
uxx
(
t, Ỹh,∆t(t)

)
(Ẽh,∆t(T − t)Ph + E(T − t))QF̃h,∆t(T − t)∗

)
dt
∣∣∣

6 E
(∫ T

0
‖uxx(t, Ỹh,∆t(t))(Ẽh,∆t(T − t)Ph

+ E(T − t))Q‖Tr‖F̃h,∆t(T − t)‖L(H) dt
)

6 sup
(x,t)∈H×[0,T ]

‖uxx(t, x)‖L(H)

×
∫ T

0
‖(A−(β−2)/2

h Ẽh,∆t(t)A(β−2)/2
h Ph +A−(β−2)/2E(t)A(β−2)/2)Q‖Tr

× ‖F̃h,∆t(t)‖L(H) dt

6 sup
x∈H
‖g′′(x)‖L(H)

∫ T

0

(
‖A−(β−2)/2

h Ẽh,∆t(t)‖L(H) ‖A
(β−2)/2
h PhQ‖Tr

+ ‖A−(β−2)/2E(t)‖L(H) ‖A(β−2)/2Q‖Tr

)
‖F̃h,∆t(t)‖L(H) dt

6 sup
x∈H
‖g′′(x)‖L(H)

(
‖A(β−2)/2

h PhQ‖Tr + ‖A(β−2)/2Q‖Tr

)
×
∫ T

0

(
‖A−(β−2)/2

h Ẽh,∆t(t)‖L(H) + ‖A−(β−2)/2E(t)‖L(H)

)
‖F̃h,∆t(t)‖L(H) dt.

By (1.4.8) the factors in front of the integral are bounded by

2K sup
x∈H
‖g′′(x)‖L(H).

We proceed by splitting the integral in two as
∫ T

0 =
∫ h4+∆t

0 +
∫ T
h4+∆t. For the first

integral we notice that the last factor of the integrand is uniformly bounded and
hence, by the analyticity of E(t) and (1.4.7) with α = −(β − 2)/2,∫ h4+∆t

0

(
‖A−(β−2)/2

h Ẽh,∆t(t)‖L(H) + ‖A−(β−2)/2E(t)‖L(H)

)
‖F̃h,∆t(t)‖L(H) dt

6 C
∫ h4+∆t

0
t(β−2)/2 dt = C(h4 + ∆t)β/2 ≤ C(h2β + ∆tβ/2).

For the second part we use again the analyticity of E(t), (1.4.6) with α = 2β and
(1.4.7) to get∫ T

h4+∆t

(
‖A−(β−2)/2

h Ẽh,∆t(t)‖L(H) + ‖A−(β−2)/2E(t)‖L(H)

)
‖F̃h,∆t(t)‖L(H) dt

6 C
∫ T

h4+∆t

(
t(β−2)/2 + t(β−2)/2)(h2β + ∆tβ/2

)
t−β/2 dt

= C(h2β + ∆tβ/2)
∫ T

h4+∆t
t−1 dt = C log( T

h4+∆t )(h
2β + ∆tβ/2).

�
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Remark 1.4.2. The dependence on T of C in (1.4.9) can be removed if we
assume that X0 ∈ L2(Ω; Ḣ2β) by using the deterministic error estimate for smooth
initial data from [72] in (1.4.11).

Next we discuss some h-independent conditions guaranteeing (1.4.8).

Theorem 1.4.3. The following conditions imply (1.4.8).
(i) Assume that Q = I, 0 < β ≤ r

2 , and ‖Λ
β−2‖Tr <∞.

(ii) Assume that r = 3, β = 3
2 , and ‖Λ

β−2Q‖Tr <∞.
(iii) Assume that V rh is based on a quasi-uniform mesh family and that, for

some α > 0, we have 0 < β ≤ r
2 , 0 ≤ β − 2 + α ≤ 1 and

(1.4.12) ‖Λβ−2+αQ‖L(H) <∞, ‖Λ−α‖Tr <∞.

Proof. (i) The eigenvalues of Λh and Λ satisfy λh,j ≥ λj and ‖Ph‖L(H) ≤ 1,
so that

‖Λ−αh Ph‖Tr ≤ ‖Λ−αh ‖Tr =
Nh∑
j=1

λ−αh,j ≤
∞∑
j=1

λ−αj = ‖Λ−α‖Tr, α ≥ 0.(1.4.13)

With α = 2− β ≥ 0 and Q = I we obtain
‖Λβ−2

h PhQ‖Tr ≤ ‖Λβ−2
h ‖Tr ≤ ‖Λβ−2‖Tr = ‖Λβ−2Q‖Tr, 0 < h ≤ 1.

For case (ii) we use the fact that

‖Λ−
1
2

h PhΛ 1
2 ‖ ≤ C.

This follows by using ‖Λ
1
2
hwh‖ = ‖Λ 1

2wh‖ for wh ∈ V̇ rh in the calculation

‖Λ−
1
2

h Phf‖ = sup
vh∈V̇ rh

|〈Λ−
1
2

h Phf, vh〉|
‖vh‖

= sup
vh∈V̇ rh

|〈f,Λ−
1
2

h vh〉|
‖vh‖

= sup
wh∈V̇ rh

|〈f, wh〉|

‖Λ
1
2
hwh‖

= sup
wh∈V̇ rh

|〈f, wh〉|
‖Λ 1

2wh‖
≤ sup
v∈H

|〈f,Λ− 1
2 v〉|

‖v‖
=
∥∥∥Λ− 1

2 f
∥∥∥ .

Hence with β = 3
2 , we have

‖Λβ−2
h PhQ‖Tr = ‖Λβ−2

h PhΛ2−βΛβ−2Q‖Tr

≤ ‖Λ−(2−β)
h PhΛ2−β‖L(H)‖Λβ−2Q‖Tr ≤ C‖Λβ−2Q‖Tr.

Finally, for case (iii) we first note that Theorem 1.1.1 shows that (1.4.12) im-
plies that ‖Λβ−2Q‖Tr < ∞. For quasi-uniform mesh families we have the inverse
inequality ‖∇vh‖ ≤ Ch−1‖vh‖, vh ∈ V̇ rh , so that

‖Λh‖L(H) = max
1≤j≤Nh

λh,j = max
vh∈V̇ rh

‖∇vh‖2

‖vh‖2
≤ Ch−2.

Hence, using also Rh = Λ−1
h PhΛ and (1.3.22), we get

‖ΛhPhΛ−1f‖ = ‖ΛhPhΛ−1f − ΛhΛ−1
h PhΛΛ−1f + Phf‖

≤ ‖ΛhPh(I − Λ−1
h PhΛ)Λ−1f‖+ ‖Phf‖

≤ Ch−2‖(I −Rh)Λ−1f‖+ ‖f‖
≤ Ch−2Ch2‖f‖+ ‖f‖ ≤ C‖f‖.
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We conclude
‖ΛδhPhΛ−δ‖L(H) ≤ C, 0 ≤ δ ≤ 1.

With δ = β − 2 + α ∈ [0, 1] and (1.4.13) we obtain

‖Λβ−2
h PhQ‖Tr ≤ ‖Λ−αh ‖Tr‖Λβ−2+α

h PhΛ−(β−2+α)‖L(H)‖Λβ−2+αQ‖L(H)

≤ C‖Λ−α‖Tr‖Λβ−2+αQ‖L(H).

This completes the proof. � �

Finally, we comment on the cases (i) and (iii) in the previous theorem.
(i) The asymptotics λj ∼ j2/d, j → ∞, shows that ‖Λβ−2‖Tr < ∞, if β <

2− d
2 .

(iii) As mentioned in (i) above, we have ‖Λ−α‖Tr < ∞ if α > d
2 and hence it

is possible to choose β ∈ (0, 3− d
2 ). In particular, we may have β = 1 for

d = 1, 2, 3 and thus for r = 2 the (almost) optimal order can be achieved
in this case.

Remark 1.4.4. The weak convergence of the finite element space discretization
and backward Euler time discretization of stochastic heat equation with additive
noise was considered in [34]. The results there can be recovered using the well-
known deterministic estimates (see also Lemma 3.3.3 for a piecewise constant time-
interpolated version)

‖Enh,∆tPh − E(tn)‖L(H) ≤ C(h2 + ∆t)t−1
n

and
‖Aδ(Enh,∆tPh ± E(tn))‖L(H) ≤ Ct−δn , δ ∈ [0, 1

2 ],
together with Theorem 1.2.1 where H = L2(D), B = I, (A,D(A)) := (Λ, D(Λ)) as
defined in Subsection 1.3.1, Ah = Λh is defined by (1.3.23) with r = 2, E(t) = e−tA

and Enh,∆t = (I + ∆tAh)−n. The technicalities are the same as in the spatially
semidiscrete case [61, Theorem 4.1], or as the proof of Theorem 1.5.33 with ρ = 1,
under the same symmetric condition

‖A
β−1

2 Q
1
2 ‖HS <∞, β ∈ (0, 1].

We do not detail this here any further as it recovers a known result:

(1.4.14) |E g(XN
h,∆t)− E g(X(T ))| 6 C ln

(
T

h2 + ∆t

)
(∆tβ + h2β), β ∈ (0, 1],

with g ∈ C2(H,R) such that g′′ ∈ Cb(H,L(H)) and X0 ∈ L2(Ω,F0,P;H), only
with perhaps a more transparent proof. The rate in (1.4.14) is twice that of the
strong rate under the same assumption on Q found in [110], see also Theorem 2.3.2.

1.5. Stochastic Volterra integro-differential equations

As before, H denotes a real separable Hilbert space with inner product 〈·, ·〉
and associated norm ‖ · ‖ and (Ω,F , (Ft)t≥0,P) is a stochastic basis satisfying the
usual conditions. We consider the stochastic Volterra equation given in the abstract
Itô form as

(1.5.1) dX +
(∫ t

0
b(t− s)AX(s) ds

)
dt = dW, t ∈ (0, T ]; X(0) = X0,
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1.5. STOCHASTIC VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS 27

where the process (X(t))t∈[0,T ] is an H-valued stochastic process, A is a densely
defined, nonnegative self-adjoint unbounded operator on H with compact inverse
and domain of definition D(A), and W is a Q-Wiener process in U := H with
respect to the filtration (Ft)t≥0. We take X0 to be an F0-measurable, H-valued
random variable. The weak solution of (1.5.1) is a mean-square continuous H-
valued process satisfying

〈X(t), η〉+
∫ t

0

∫ r

0
b(r − s) 〈X(s), A∗η〉 dsdr = 〈X0, η〉+

∫ t

0
〈η, dW (s)〉 ,

for all η ∈ D(A∗) almost surely for all t ∈ [0, T ].
Having applications in mind stemming from the linear theory of viscoelasticity,

the Hilbert space H is typically a space of square integrable functions on a spatial
domain D, the operator −A is an elliptic differential operator like the Laplace
operator, the elasticity operator or the Stokes operator together with appropriate
boundary conditions. We will consider a family of convolution kernels b accordingly.

Our analysis will also use the Laplace transform. Let f : R+ → H be subex-
ponential; i.e., that for any ε > 0 the function t 7→ f(t)e−εt belongs to L1(R+;H).
We define the Laplace transform of f̂ : C+ → H by

f̂(z) =
∫ +∞

0
f(t)e−zt dt, Re z > 0,

where we have used the same notation H for the complexification of H. We denote
by ? the Laplace convolution product on [0, t] of two locally integrable subexpo-
nential functions f, g ∈ L1

loc(R+, H) defined as

(f ? g)(t) =
∫ t

0
f(t− s)g(s) ds.

It is well known that f ? g ∈ L1
loc(R+, H) is subexponential and

f̂ ? g (z) = f̂(z) ĝ(z), Re z > 0.

We make state our main assumptions on the kernel b.

Assumption 1.5.1. The kernel 0 6= b ∈ L1
loc(R+), is 3-monotone and

lim
t→∞

b(t) = 0.

Furthermore,

(1.5.2) lim sup
t→0,∞

1
t

∫ t
0 sb(s) ds∫ t

0 −sḃ(s) ds
< +∞.

It follows from [93, Proposition 3.10], see also [85], that for 3-monotone and
locally integrable kernels b, condition (1.5.2) is equivalent to

(1.5.3) ρ := 1 + 2
π

sup{|arg b̂(λ)|, Reλ > 0} ∈ (1, 2).

Also note that, by (1.5.3), we have that Re (̂b(λ)) ≥ 0 for Reλ > 0 and hence b is
a positive definite kernel is the sense that

(1.5.4)
∫ T

0

∫ t

0
b(t− s)f(s)f(t) dsdt > 0,
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for any continuous function f on [0, T ]. The parameter ρ in (1.5.3) plays a vital role
throughout the analysis as it quantifies the smoothing effect of the linear determin-
istic problem, see Propositions 1.5.6 and 1.5.9. An important example is the kernel
b(t) = 1

Γ(ρ−1) t
ρ−2e−ηt, 1 < ρ < 2 and η ≥ 0. When η = 0, then the corresponding

equation (1.5.1) can be viewed as a fractional-in-time stochastic equation.
When considering time discretisation we make a slightly stronger assumption

on b.
Assumption 1.5.2. The kernel b satisfies Assumption 1.5.1 and, in addition, b

is 4-monotone.
1.5.1. Resolvent family. Under the assumptions on A and b it follows from

[93, Corollary 1.2] that there exists a strongly continuous family (S(t))t≥0 such
that the function u(t) = S(t)u0, u0 ∈ H, is the unique solution of

(1.5.5) u(t) +A

∫ t

0
B(t− s)u(s) ds = u0, t ≥ 0,

with B(t) =
∫ t

0 b(s)ds. In fact, [93, Corollary 3.3] even shows that t → u(t) =
S(t)u0 is differentiable for t > 0 and u0 ∈ H and hence it is the unique solution of

(1.5.6) u̇(t) +A

∫ t

0
b(t− s)u(s) ds = 0, t > 0; u(0) = u0.

Note that the resolvent family does not satisfy the semi-group property because
of the presence of a memory term. It is well known that such assumptions on A
implies the existence of a sequence of nondecreasing positive real numbers (λk)k>1
and an orthonormal basis (ek)k>1 of H such that

Aek = λkek, lim
k→+∞

λk = +∞.

Then, the resolvent family can be written explicitly as

(1.5.7) S(t)x =
+∞∑
k=1

sk(t)〈x, ek〉ek, , x ∈ H,

where the functions sk(·) := sλk(·) are the solutions of the ordinary differential
equations

(1.5.8) ṡµ(t) + µ

∫ t

0
b(t− s)sµ(s) ds = 0, sµ(0) = 1, µ > 0,

with µ = λk.
Remark 1.5.3. The positivity of the kernel b defined in (1.5.4), together with

the positivity of the operator A already allows for the construction of a unique
solution to (1.5.6) using an energy argument, see [93, Corollary 1.2]. Assumption
1.5.1 gives further integrability and smoothing properties for (S(t))t≥0 as will be
discussed in the next subsection.

Remark 1.5.4. We note that since A is nonnegative self-adjoint, −A generates
an analytic contraction semigroup on H. Moreover, for any θ < π, there exists
Mθ > 1 such that the following holds:

(1.5.9) ‖(zI +A)−1‖L(H) 6
Mθ

|z|
, for any z ∈ Σθ,

where Σθ = {z ∈ C\{0}, |arg(z)| < θ}.
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1.5.2. Smoothing of the deterministic problem. To measure regularity,
we define, by means of the spectral decomposition of A, the fractional powers As
of A for s ∈ R. That is, for s ≥ 0 we set

(1.5.10) Asx =
∑
k≥1

λsk〈x, ek〉ek,

with domainD(As) being all x ∈ H for which the sum converges inH. In particular,
D(A0) = H. For s < 0 we define Asx as in (1.5.10) for all x ∈ H and D(As) to be
the completion of H with respect to the norm of ‖x‖2s := ‖Asx‖.

The next proposition summarizes the main properties of the functions {sk}k>1
when b satisfies Assumption 1.5.1.

Lemma 1.5.5. Suppose that b satisfies Assumption 1.5.1 and let ρ ∈ (1, 2) as
defined in (1.5.3). Then limr→∞ sk(r) = 0 for all k ≥ 1 and there exists C0 > 0
such that for any k > 1,

‖sk‖L∞(R+) 6 1,(1.5.11)
‖ṡk‖L1(R+) 6 C0,(1.5.12)

‖tṡk‖L1(R+) 6 C0 λ
−1/ρ
k ,(1.5.13)

‖sk‖L1(R+) 6 C0 λ
−1/ρ
k .(1.5.14)

Proof. Estimate (1.5.11) follows from [93, Corollary 1.2], inequalities (1.5.12)
and (1.5.13) can be found in [85, Proposition 6] and estimate (1.5.14) is shown in
[28, Lemma 3.1] where also the fact limr→∞ sk(r) = 0 for all k ≥ 1 is shown in the
proof of the lemma. �

Smoothing effects of the resolvent family (S(t))t≥0 when b satisfies Assumption
1.5.1 can be now easily proved using Lemma 1.5.5.

Proposition 1.5.6. Let b and ρ as in Lemma 1.5.5. Then there exist constants
C0, C1 > 0 such that for 0 6 s ≤ 2/ρ and 0 6 s′ ≤ 2,

‖As/2S(t)‖ 6 C0 t
−sρ/2, t > 0,(1.5.15)

‖A−s
′/2Ṡ(t)‖ 6 C1‖b‖s

′/2
L1(0,t) t

s′/2−1, t > 0,(1.5.16)

∫ t

0
‖S(s)x‖2 ds 6 C‖A−

1
2ρx‖, t > 0.(1.5.17)

Proof. For any δ ∈ (0, 1) and any k > 1, Hölder’s inequality, (1.5.12) and
(1.5.13) yields∫ +∞

0
uδ|ṡk(u)|du =

∫ +∞

0
uδ|ṡk(u)|δ|ṡk(u)|1−δ du

6

(∫ +∞

0
u|ṡk(u)|du

)δ (∫ +∞

0
|ṡk(u)|du

)1−δ

6 C0 λ
−δ/ρ
k .

Note, that the previous final estimate also holds for δ = 0, 1 by (1.5.12) and (1.5.13).
Then, since sk(t) = −

∫ +∞
t

u−δuδ ṡk(u) du as limr→∞ sk(r) = 0 for all k ≥ 1 by

dc_1541_18

Powered by TCPDF (www.tcpdf.org)



30 1. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

Lemma 1.5.5, we can conclude that

(1.5.18) |sk(t)| 6 C0 t
−δλ

−δ/ρ
k , t > 0, δ ∈ [0, 1].

Thus, for any s ∈ [0, 2/ρ] and x ∈ H, (1.5.18) with 0 ≤ δ = ρs/2 ≤ 1 implies

‖As/2S(t)x‖2 =
∑
k>1

λsk sk(t)2〈x, ek〉2 6 C0 t
−ρs/2‖x‖2,

which is (1.5.15). To show (1.5.16), we use [93, Corollary 3.3] which states that
under Assumption 1.5.1 and since 0 belongs to the resolvent set of A, there isM > 0
such that

(1.5.19) ‖Ṡ(t)x‖ 6Mt−1‖x‖, x ∈ H, t > 0.

On the other hand, we can bound Ṡ(t)x for x ∈ D(A) as follows:

(1.5.20)

‖Ṡ(t)x‖2 =
∑
k≥1

(ṡk(t))2〈x, ek〉2

=
∑
k≥1

λ2
k

(∫ t

0
b(t− s)sk(s)ds

)2

〈x, ek〉2 6 ‖b‖2L1(0,t)‖Ax‖
2,

where we have used (1.5.8) and (1.5.11). Interpolation between (1.5.19) and (1.5.20)
yields (1.5.16). Finally, (1.5.17) follows by (1.5.11) and (1.5.14) as∫ t

0
‖S(s)x‖2 ds =

∞∑
k=1

∫ t

0
s2
k(s) ds 〈x, ek〉2

≤
∞∑
k=1
‖sk‖L∞(R+)‖sk‖L1(R+)〈x, ek〉2 ≤ C0

∞∑
k=1

λ
−1/ρ
k 〈x, ek〉2 = C0‖A−

1
2ρx‖2.

�

When the kernel b satisfies the slightly stronger Assumption 1.5.2 we do get
an additional smoothing effect of Ṡ. First, recall the following important result
regarding L1 bounds for Laplace transforms which is essentially follows from [53,
Theorem 4.3].

Lemma 1.5.7. Let r be a bounded analytic function in the right halfplane with
boundary function g(x) = limε→0 r(ε + ix) for almost all x ∈ R. If g ∈ Lp(R) for
some 1 ≤ p < ∞ and r′ ∈ H1(C+) where H1(C+) denotes the Hardy space, then
there exists f ∈ L1(R+) with

∫∞
0 e−λtf(t) dt = r(λ) and

‖f‖L1(R+) ≤
1
2‖r

′‖H1(R).

Lemma 1.5.8. Suppose that the kernel b satisfies Assumption 1.5.2. Then there
exists C0 > 0 such that

‖ts̈µ‖L1(R+) 6 C0, µ > 0,(1.5.21)

‖t2s̈µ‖L1(R+) 6 C0µ
−1/ρ, µ > 0.(1.5.22)

Proof. We follow the idea of the proof of [85, Lemma 6]. To be more precise,
we show that the Laplace transforms f1

µ = t̂s̈µ and f2
µ = t̂2s̈µ of ts̈µ and t2s̈µ,

respectively, are bounded in C+, f1
µ(i·), f1

µ(i·) ∈ Lp(R) for some 1 ≤ p < ∞ and
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their derivatives are in the Hardy space H1(C+) with a suitable estimate. It then
follows from Proposition 1.5.7 that

‖ts̈µ‖L1(R+) 6
1
2‖(f

1
µ)′‖H1(C+) and ‖t2s̈µ‖L1(R+) 6

1
2‖(f

2
µ)′‖H1(C+).

In order to match notation with the proof of [85, Lemma 6], we define g and
rµ by ṡµ = −µrµ for µ > 0 and g = b̂.

Thanks to rµ(0) = 0, using integration by parts, we find

f1
µ(λ) =

∞∫
0

e−λttµṙµ(t)dt =
∞∫

0

(λt− 1) e−λtµrµ(t)dt = −µλh′µ(λ)− µhµ(λ),

f2
µ(λ) =

∞∫
0

e−λtt2µṙµ(t)dt =
∞∫

0

(
λt2 − 2t

)
e−λtµrµ(t)dt = −µλh′′µ(λ) + 2µh′µ(λ),

where we have set hµ = r̂µ. Note that the Laplace transform of the solution of
equation (1.5.8) is given by

ŝµ(λ) = 1
λ+ µb̂(λ)

= 1
λ+ µg(λ) , Reλ > 0, µ > 0.

By definition sµ(0) = 1, and by the operational properties of the Laplace transform,
we thus obtain

hµ(λ) = r̂µ(λ) = − 1
µ
̂̇sµ(λ) = − 1

µ
(λŝµ(λ)− 1) = g(λ)

λ+ µg(λ) , Reλ > 0, µ > 0.

Therefore, an elementary calculation shows that

|f1
µ(λ)| =

∣∣∣∣µg′(λ)λ2 + µ(g(λ))2

(λ+ µg(λ))2

∣∣∣∣ ,
|f2
µ(λ)| =

∣∣∣∣µµλ2g′′(λ)g(λ)− 2µλ2(g′(λ))2 + λ3g′′(λ)− 4λ2g′(λ)
(λ+ µg(λ))3

+µ2µg(λ)2 + 4λg(λ)
(λ+ µg(λ))3

∣∣∣∣ .
Since a 4-monotone kernel is 3-regular it follows that

|λng(n)(λ)| 6 C|g(λ)|, Reλ > 0, µ > 0, n = 0, 1, 2, 3.(1.5.23)
Moreover, the estimate

|λ+ µg(λ)| > C|λ|+ µ|g(λ)|, Reλ > 0, µ > 0,(1.5.24)

holds, see [85, (5.16)].
We thus obtain

|f1
µ(λ)| 6C |µg(λ)λ|+ |µ2(g(λ))2|

(|λ|+ µ|g(λ)|)2 6 C, Reλ > 0, µ > 0,

|f2
µ(λ)| 6C |µ

2g2(λ)|+ |µλg(λ)|
(|λ|+ µ|g(λ)|)3 6

C

|λ|+ µ|g(λ)| 6 C, Reλ > 0, µ > 0,

i.e. f1
µ and f2

µ are bounded in C+. Furthermore, by [93, Proposition 3.9],

2
∫ 1
|ρ|

0
b(t) dt > |g(iρ)| > (2

√
2)−1

∫ 1
|ρ|

0
b(t) dt, ρ 6= 0,
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and hence f1
µ(i·), f2

µ(i·) ∈ Lp(R) for all p > 1. Next, the product rule yields

(f1
µ)′ =− µh′µ − µλh′′µ − µh′µ = −2µh′µ − µλh′′µ,

(f2
µ)′ =− µh′′µ − λµh′′′µ + 2µh′′µ = µh′′µ − λµh′′′µ .

We first consider (f1
µ)′. Since ‖µh′µ‖H1(C+) 6 C, µ > 0 has already been established

in [85, Lemma 6], it is enough to consider the term λµh′′µ. By (1.5.23) and (1.5.24),
we obtain

|λµh′′µ(λ)|

=
∣∣∣∣µλµλg′′(λ)g(λ)− 2µλ(g′(λ))2 + λ2g′′(λ) + 2µg′(λ)g(λ)− 2λg′(λ) + 2g(λ)

(λ+ µg(λ))3

∣∣∣∣
6 C

µ|g(λ)|
(|λ|+ µ|g(λ)|)2 , Reλ > 0, µ > 0.

Following the estimates for h′µ in the proof of [85, Lemma 6], we end up with
‖λµh′′µ‖H1(C+) 6 C, µ > 0 and (1.5.21) follows.

Next, we turn our attention to (f2
µ)′. Since ‖µh′′µ‖H1(C+) 6 C|µ|−1/ρ, µ > 0

is already shown in [85, Lemma 6], it is enough to consider the term λµh′′′µ . An
elementary but rather long calculation gives

h′′′µ (λ) = g′′′(λ)
λ+ µg(λ) −

3g′′(λ)(1 + µg′(λ)) + 3µg′(λ))g′′(λ) + µg(λ)g′′′(λ)
(λ+ µg(λ))2

+ 6g′(λ)(1 + µg′(λ))2 + 6µg(λ))(1 + µg′(λ))g′′(λ)
(λ+ µg(λ))3 − 6g(λ)(1 + µg′(λ))3

(λ+ µg(λ))4 .

Using the estimates (1.5.23), (1.5.24) and the identity
g′′′(λ)

λ+ µg(λ) −
µg(λ)g′′′(λ)
(λ+ µg(λ))2 = λg′′′(λ)

(λ+ µg(λ))2 ,

we obtain

|λµh′′′µ (λ)| 6 C |µg
′(λ)|+ |µλg′′(λ)|+ 1 + |λ2µg′′′(λ)|

|λ+ µg(λ)|2 , Reλ > 0, µ > 0.

It follows from [93, Proposition 3.8] that

|tn−1g(n)(it)| 6 C|t|n−1
∫ 1/|t|

0
τnb(τ) dτ ≤ CΨ(1/|t|), t ∈ R \ {0}, n = 1, 2, 3,

where Ψ(s) =
∫ s

0 tb(t)dt, s > 0. We thus arrive at

|itµh′′′µ (it)| 6CµΨ(1/|t|) + 1
|t|+ µg(|t|)|2 , t ∈ R \ {0}, µ > 0,

and the proof of the estimate for h′′µ given in [85, Lemma 6] shows that

‖λµh′′′µ (λ)‖H1(C+) 6 C|µ|−1/ρ, µ > 0.

The proof is complete. �

The next result specifies the key smoothing property of the derivative of the so-
lution operator of the linear, homogeneous, deterministic problem with 4-monotone
kernels.
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Proposition 1.5.9. Suppose that the kernel b satisfies Assumption 1.5.2. Then

‖AsṠ(t)‖ 6 Ct−sρ−1, t > 0, s ∈ [0, 1/ρ],(1.5.25)

Proof. To show (1.5.25) first note that s = 0 is included in (1.5.16). Let
µ > 0. Next we use Lemma 1.5.8 and Hölder’s inequality to conclude that, for
0 < δ < 1,∫ ∞

0
tδ+1|s̈µ(t)|dt =

∫ ∞
0
|t2s̈µ(t)|δ|ts̈µ(t)|1−δ dt

≤
(∫ ∞

0
|t2s̈µ(t)|dt

)δ (∫ ∞
0
|ts̈µ(t)|dt

)1−δ
≤ C0µ

− δρ .

Note that this estimate also holds for δ = 1, by (1.5.22). Therefore, taking into
account that limt→∞ ṡµ(t) = 0 by (1.5.16) with s′ = 0, we have that

|ṡµ(t)| =
∣∣∣∣∫ ∞
t

s̈µ(r) dr
∣∣∣∣ =

∣∣∣∣∫ ∞
t

r−δ−1rδ+1s̈µ(r) dr
∣∣∣∣ ≤ C0t

−δ−1µ−
δ
ρ .

That is,

|µsṡµ(t)| ≤ C0t
−1−ρs, 0 < s ≤ 1

ρ
.

Hence,

‖AsṠ(t)x‖2 =
∞∑
k=1

(λskṡk(t))2 〈x, ek〉2 ≤ C0t
−2−2ρs‖x‖2

and (1.5.25) follows. �

1.5.3. Regularity of the continuous stochastic problem. Next we recall
an existence result for the problem (1.5.1) and, for the sake of completeness, we
indicate a proof (see [28, Theorem 2.1] and we refer to [101] for more general noise).

Proposition 1.5.10. Suppose that ‖A(β− 1
ρ )/2Q1/2‖HS < +∞ for some β ≥ 0,

X0 is F0-measurable with X0 ∈ L2(Ω,F0,P;D(A
β
2 )) and let b satisfy Assumption

1.5.1. Then there exists an unique H-valued weak solution X ∈ L2(Ω;D(A
β
2 )) of

(1.5.1) given by the variation of constants formula

(1.5.26) X(t) = S(t)X0 +
∫ t

0
S(t− s) dW (s).

Furthermore, if β > 0, then the stochastic convolution term has a version whose
trajectories are a.s. θ-Hölder continuous for any θ < min( 1

2 ,
ρβ
2 ).

Proof. Analogously to [31, Theorem 5.4], it is sufficient to show that the
stochastic convolution is well-defined and has the required regularity. It follows by
Itô’s Isometry and the fact that ‖S(t)‖ ≤ 1 that

E‖X(t)‖2β ≤ 2E‖X0‖2β + 2
∫ t

0
‖Aβ/2S(s)Q1/2‖2HSds.
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Let (ek, λk) be the eigenpairs of A. Then, by monotone convergence, the self-
adjointness of A and S, and Lemma 1.5.5, it follows that∫ t

0
‖Aβ/2S(s)Q1/2‖2HSds =

∞∑
k=1

∫ t

0
‖Aβ/2S(s)Q1/2ek‖2 ds

=
∞∑

j,k=1

∫ t

0
〈Aβ/2S(s)Q1/2ek, ej〉2 ds =

∞∑
j,k=1

∫ t

0
〈Q1/2ek, S(s)Aβ/2ej〉2 ds

=
∞∑

j,k=1
〈Q1/2ek, λ

β/2
j ej〉2

∫ t

0
s2
j (s) ds

≤
∞∑

j,k=1
〈Q1/2ek, λ

β/2
j ej〉2‖sj‖L∞(R+)‖sj‖L1(R+)

≤ C0

∞∑
j,k=1

〈Q1/2ek, λ
β/2
j ej〉2λ−1/ρ

j = C0

∞∑
j,k=1

〈Q1/2ek, λ
β/2− 1

2ρ
j ej〉2

= C0‖A(β− 1
ρ )/2Q1/2‖2HS.

Finally, the proof of the Hölder regularity in time of X uses similar techniques and
is omitted. �

1.5.4. Strong convergence of a semidiscretization in time. Time dis-
cretization of (1.5.1) is achieved via the classical backward Euler scheme and, con-
cerning the convolution in time, via a quadrature rule introduced in [76, 77]. Let
∆t > 0 and we set tn = n∆t for any integer n ≥ 0. We consider an approximation
Xn

∆t of X(tn) defined by the recurrence

(1.5.27) Xn
∆t −Xn−1

∆t + ∆t
(

n∑
k=1

ωn−k AX
k
∆t

)
= W (tn)−W (tn−1), n > 1,

with initial condition X0
∆t = X0. The coefficients (ωk)k>0 of the quadrature are

chosen such that

(1.5.28)
+∞∑
k=0

ωkz
k = b̂

(
1− z
∆t

)
, |z| < 1.

In the sequel we derive a discrete mild formulation (variation of constants
formula) for (1.5.27). This formulation can not be made easily explicit as a function
of the operators A, Q and the kernel b, because of the memory effect in the drift.
First consider the deterministic algorithm

(1.5.29) vn − vn−1 + ∆t
(

n∑
k=1

ωn−k Av
k

)
= 0, n > 1; v0 = x.

Taking the z-transform, using the notation

V̂ (z) =
∞∑
k=0

vkzk and ω̂(z) =
∞∑
k=0

ωkz
k,

we get
V̂ (z)− x− zV̂ (z) + ∆tω̂(z)A(V̂ (z)− x) = 0.
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Thus,
V̂ (z) = (I + ∆tω̂(z)A)((1− z)I + ∆tω̂(z)A)−1x := B̂(z)x,

where

B̂(z)x =
∞∑
k=0

Bk∆txz
k.

This means that vk = Bk∆tx, k = 0, 1, ... Note that B0
∆t = B̂(0) = I. For the

stochastic equation it will be useful to rewrite B̂(z)x as
(1.5.30)

B̂(z)x =((1− z)I + ω̂(z)∆tA)−1(I + ω̂(z)∆tA)x
= ((1− z)I + ω̂(z)∆tA)−1x+ ω̂(z)∆tA((1− z)I + ω̂(z)∆tA)−1x

= ((1− z)I + ω̂(z)∆tA)−1x− (1− z)((1− z)I + ω̂(z)∆tA)−1x+ x

= (z((1− z)I + ω̂(z)∆tA)−1 + I)x.

Now, we consider the stochastic case (1.5.27) which reads, after taking the z-
transform, rearranging, and using the notation wn = W (tn)−W (tn−1) for n ≥ 1,
w0 = 0, and

ŵ(z) =
∞∑
k=0

wkzn and Û(z) =
∞∑
k=0

Xk
∆tz

k,

as

Û(z) = B̂(z)x+ ((1− z)I + ω̂(z)∆tA)−1ŵ(z)

= B̂(z)x+ B̂(z)− I
z

ŵ(z) = B̂(z)x+ B̂(z) ŵ(z)
z
− 1
z
ŵ(z),

where we also used (1.5.30) to rewrite the stochastic term in the previous calcula-
tion. This yields the discrete variation of constants formula, taking into account
that w0 = 0 and that B0

∆t = I,

(1.5.31) Xn
∆t = Bn∆tX0 +

n∑
k=0

Bn−k∆t wk+1 − wn+1 = Bn∆tX0 +
n−1∑
k=0

Bn−k∆t wk+1.

The importance of this formula lies in the fact that it connects the deterministic
case to the stochastic case with the deterministic time-discrete solution operators
Bn∆t explicitly appearing in the formula. We have the following representation of
Bn∆t.

Lemma 1.5.11. Suppose that he resolvent family (S(t))t≥0 of (1.5.6) is strongly
continuous and uniformly bounded in t. Then, B0

∆t = I and

(1.5.32) Bk∆tx =
∫ ∞

0
S(∆ts)xfk(s) ds for k ≥ 1,

where

fk(s) := e−ssk−1

(k − 1)! , k ≥ 1.

Proof. The Laplace Transform of (S(t))t≥0 is given by

Ŝ(z)x = (zI + b̂(z)A)−1x.
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Using (1.5.28) and (1.5.30) we see that the z-transform B̂x of {Bn∆tx}n is given by

B̂(z) = z
1

∆t Ŝ(1− z
∆t )x+ x = x+ z

∫ ∞
0

S(∆ts)e−sezs ds

= x+
∞∑
k=1

zk
∫ ∞

0
S(∆ts)xe

−ssk−1

(k − 1)! ds.

Therefore, we conclude that B0
∆t = I and that

Bk∆tx =
∫ ∞

0
S(∆ts)xe

−ssk−1

(k − 1)! ds for k ≥ 1.

�

1.5.4.1. Deterministic estimates: stability, smoothing and rate of convergence
of Lubich’s convolution quadrature of order 1. The results of this section are inter-
esting in their own right. They will be later on used to show that Lubich’s convolu-
tion quadrature based on the backward Euler scheme have remarkable qualitative
properties: it preserves the Lp-norm of the orbits and admits smooth and non-
smooth data estimates under mild assumptions on the family (S(t))t≥0. In case
S is a strongly continuous semigroup of bounded linear operators, the operator
Bk∆t corresponds to k backward Euler steps when approximating the corresponding
Cauchy problem.

We state and prove the results in Banach spaces as the proofs do not use Hilbert
space techniques. We start with a result on stability.

Lemma 1.5.12. Let X be a Banach space with norm ‖ · ‖ and let v be a contin-
uous X-valued function. If

v ∈ Lp((0,∞);X)
for some 1 ≤ p ≤ ∞ and

(1.5.33) bk∆t =
∫ ∞

0
v(∆ts)e

−ssk−1

(k − 1)! ds for k ≥ 1, ∆t > 0,

then

∆t
n∑
k=1
‖bk∆t‖p ≤

∫ ∞
0
‖v(t)‖p dt, 1 ≤ p <∞,

and
sup
k≥1
‖bk∆t‖ ≤ ‖v(·)‖L∞(R+).

Proof. Note that fk ≥ 0, ‖fk‖L1(R+) = 1 and hence a probability density.
Therefore, if p =∞, we immediately obtain from (1.5.33) that

sup
k≥1
‖bk∆t‖ ≤ ‖v(·)‖L∞(R+).

If 1 ≤ p <∞, then we use Jensen’s inequality in (1.5.32) to get

∆t
n∑
k=1
‖bk∆t‖p ≤

n∑
k=1

∆t
∫ ∞

0
‖v(∆ts)‖pfk(s) ds

=
∫ ∞

0
‖v(t)x‖p

n∑
k=1

fk( t

∆t ) dt ≤ sup
t>0

∞∑
k=1

fk(t)
∫ ∞

0
‖v(t)‖p dt.
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Finally, the observation that
∑∞
k=1 fk ≡ 1 completes the proof. �

Next we state and prove the main error estimate for the sequence {bk∆t}. We
note that the method of proof of Theorem 1.5.13 (a) is essentially contained in [21]
in a probabilistic language (M. Haase 2014, personal communication).

Theorem 1.5.13. Let X be a Banach space with norm ‖ · ‖ and suppose that v
is a twice strongly continuously differentiable X-valued function for t > 0.

(a) If sup
s>0
‖s2v̈(s)‖ <∞, then

‖bn∆t − v(tn)‖ ≤ 1
n− 1 sup

s>0
‖s2v̈(s)‖, n ≥ 2, ∆t > 0.

(b) If sup
s>0
‖sv̈(s)‖ <∞, then,

‖bn∆t − v(tn)‖ 6 ∆t sup
s>0
‖sv̈(s)‖, ∆t > 0.

Proof. As v is twice strongly continuously differentiable, we have, by Taylor’s
theorem, that

v(s)− v(t) = (s− t)v̇(t) +
∫ s

t

(s− r)v̈(r)xdr.

Note that

(1.5.34)
∫ ∞

0
sfn(s) ds = n.

Therefore, using that tn = n∆t,

(1.5.35)
bn∆t − v(tn) =

∫ ∞
0

v(s∆t)fn(s) ds−
∫ ∞

0
v(tn)fn(s) ds

=
∫ ∞

0

∫ s∆t

tn

(s∆t− r)v̈(r) drfn(s) ds.

(a) Suppose that sup
s>0
‖s2v̈(t)‖ <∞. We have, by (1.5.35), that

(1.5.36) ‖bn∆t − v(tn)‖ 6
∫ ∞

0

∥∥∥∥∥
∫ s∆t

tn

s∆t− r
r2 r2v̈(r) dr

∥∥∥∥∥ fn(s) ds.

Next, we write∥∥∥∥∥
∫ s∆t

tn

s∆t− r
r2 r2v̈(r) dr

∥∥∥∥∥
= (s∆t− tn)2

×
∥∥∥∥∫ 1

0

1− τ
(tn + τ(s∆t− tn))2 (tn + τ(s∆t− tn))2v̈(tn + τ(s∆t− tn)) dτ

∥∥∥∥
6 sup

s>0
‖s2v̈(s)‖(s∆t− tn)2

∫ 1

0

1− τ
(tn + τ(s∆t− tn))2 dτ

6 sup
s>0
‖s2v̈(s)‖(s∆t− tn)2

∫ 1

0

1
(tn + τ(s∆t− tn))2 dτ

= sup
s>0
‖s2v̈(s)‖(s∆t− tn)

(
1
tn
− 1
s∆t

)
.
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Therefore, using (1.5.34) again, we conclude from (1.5.36) that

(1.5.37) ‖bn∆t − v(tn)‖ 6 sup
s>0
‖s2v̈(s)‖

(∫ ∞
0

tn
s∆tfn(s) ds− 1

)
.

Finally, we have that∫ ∞
0

tn
s∆tfn(s) ds = n

∫ ∞
0

fn(s)
s

ds = n

∫ ∞
0

e−ssn−2

(n− 1)! ds

= n

n− 1

∫ ∞
0

fn−1(s) ds = n

n− 1 .

Thus, the claim in (a) follows from (1.5.37).

(b) Suppose now that sups>0 ‖sv̈(s)‖ ds <∞. Then, by (1.5.35),

(1.5.38) ‖bn∆tx− v(tn)‖ 6
∫ ∞

0

∥∥∥∥∥
∫ s∆t

tn

(s∆t− r)v̈(r) dr

∥∥∥∥∥ fn(s) ds.

Next, by noticing that tn + τ(s∆t− tn) = tn(1− τ) + τs∆t ≥ 0 for 0 6 τ 6 1, we
obtain
(1.5.39)∥∥∥∥∥
∫ s∆t

tn

(s∆t− r)v̈(r) dr

∥∥∥∥∥ =

∥∥∥∥∥
∫ s∆t

tn

s∆t− r
r

rv̈(r) dr

∥∥∥∥∥
= (s∆t− tn)2

∥∥∥∥∫ 1

0

1− τ
tn + τ(s∆t− tn) (tn + τ(s∆t− tn))v̈(tn + τ(s∆t− tn)) dτ

∥∥∥∥
6 sup

s>0
‖sv̈(s)‖(s∆t− tn)2

∫ 1

0

1− τ
tn + τ(s∆t− tn) dτ

= sup
s>0
‖sv̈(s)‖(s∆t− tn)2

∫ 1

0

1− τ
tn(1− τ) + τs∆t dτ 6 sup

s>0
‖sv̈(s)‖(s∆t− tn)2 1

tn
.

Thus, inserting (1.5.39) into (1.5.38) we obtain

(1.5.40) ‖bn∆t − v(tn)‖ 6 sup
s>0
‖sv̈(s)‖ 1

tn

∫ ∞
0

(s∆t− tn)2fn(s) ds.

Finally, similarly as above, we may explicitly calculate∫ ∞
0

(s∆t− tn)2fn(s) ds = ∆t2
∫ ∞

0
s2fn(s)ds− 2tn∆t

∫ ∞
0

s2fn(s)ds+ t2n

= ∆t2(n+ 1)n− 2tn∆tn+ t2n = n∆t2 = tn∆t,

and the proof of the claim in (b) is complete in view of (1.5.40). �

1.5.4.2. Deterministic estimates: convergence rates for deterministic Volterra
equations. In this subsection we apply the results from the previous subsection to
the deterministic time stepping scheme (1.5.29)

We start with stability.

Corollary 1.5.14. If b satisfies Assumption 1.5.1, then, for all x ∈ H,

sup
k≥1
‖Bk∆tx‖ ≤ ‖x‖ and ∆t

n∑
k=1
‖Bk∆tx‖2 ≤ C‖A

− 1
2ρx‖2, n ≥ 1.
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Proof. The statement follows from Lemma 1.5.12 applied to t 7→ v(t) = S(t)x
taking into account the integral representation of Bk∆t from Lemma 1.5.11 together
with (1.5.17) and the fact that ‖S(t)‖ ≤ 1 for t ≥ 0. �

Next, we derive error estimates. We first need the following regularity result.

Proposition 1.5.15. Suppose b satisfies Assumption 1.5.2. Then
(1.5.41) sup

s>0
‖s2S̈(s)‖ <∞,

and for any ε > 0 there is Cε > 0 such that
(1.5.42) sup

s>0
‖sS̈(s)x‖ ≤ Cε‖A1+εx‖.

Proof. As b satisfies the sector condition (1.5.3) and A satisfies (1.5.9) it
follows that (1.5.5) is parabolic by [93, Proposition 3.1]. Furthermore, b is 4-
monotone and thus 3-regular and so is B(t) =

∫ t
0 b(s) ds. Therefore, (1.5.41) follows

immediately from [93, Theorem 3.1]. To show (1.5.42), first note that by (1.5.41)
we have that
(1.5.43) ‖sS̈(s)x‖ 6 Cs−1‖x‖ 6 Ks−1‖A1+εx‖,
whence

sup
s≥1
‖sS̈(s)x‖ 6 K‖A1+εx‖.

If x ∈ D(A), then u(t) = S(t)x is a strong solution of (1.5.6), see [93, Proposition
1.2]; that is, u(t) = S(t)x satisfies (1.5.6) with f ≡ 0 for all t > 0. Then,

S̈(t)x+
∫ t

0
b(t− s)AṠ(s)xds+ b(t)Ax = 0, t > 0.

As b is non-negative and non-increasing we have that

(1.5.44) |tb(t)| 6
∫ t

0
b(s)ds = ‖b‖L1(0,t).

Therefore,

(1.5.45) ‖tS̈(t)x‖ 6 t
∫ t

0
b(t− s)‖Ṡ(s)Ax‖ ds+ ‖b‖L1(0,t)‖Ax‖.

We have, by (1.5.44), that∫ t

0
b(t− s)‖Ṡ(s)Ax‖ds =

∫ t
2

0
b(t− s)‖Ṡ(s)Ax‖ ds+

∫ t

t
2

b(t− s)‖Ṡ(s)Ax‖ ds

6 b( t2)
∫ t

2

0
‖Ṡ(s)Ax‖ ds+ sup

s∈[ t2 ,t]
(‖Ṡ(s)Ax‖)

∫ t

t
2

b(t− s) ds

62t−1‖b‖L1(0,t)

∫ t

0
‖Ṡ(s)Ax‖ds+ ‖b‖L1(0,t) sup

s∈[ t2 ,t]
‖Ṡ(s)Ax‖.

Furthermore, for 0 < s < 1,
‖A−εṠ(s)x‖ 6 Cs−1+ε‖x‖,

and hence ∫ t

0
b(t− s)‖Ṡ(s)Ax‖ ds 6 Cεt−1+ε‖b‖L1(0,t)‖A1+εx‖.
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Inserting this to (1.5.45) we obtain that
(1.5.46) ‖tS̈(t)x‖ 6 C̃εtε‖b‖L1(0,t)‖A1+εx‖ 6 K̃ε‖A1+εx‖, 0 < t < 1.
Finally, (1.5.42) follows from (1.5.43) and (1.5.46). �

Corollary 1.5.16. Suppose that b satisfies Assumption 1.5.2. Then the fol-
lowing statements hold.

(a) For every ε > 0, there exits, C = C(ε)
(1.5.47) ‖Bn∆tx− S(tn)x‖ 6 C‖A1+εx‖∆t, ∆t > 0, x ∈ D(A1+ε).

(b) There exists C > 0 such that

(1.5.48) ‖Bn∆tx− S(tn)x‖ 6 C

tn
∆t ‖x‖, n > 1.

(c) There exists C = C(T, γ, ρ) such that

(1.5.49)
(

∆t
n∑
k=0
‖Bk∆tx− S(tk)x‖2

)1/2

≤ C∆tγ‖A(s− 1
ρ )/2x‖, n∆t = T,

for all 0 6 γ < ρs
2 where 0 < s ≤ 1

ρ .

Proof. To show (1.5.47) we apply Theorem 1.5.13 (b) to t 7→ v(t) = S(t)x
taking into account the integral representation of Bk∆t from Lemma 1.5.11 and
(1.5.42) from Proposition 1.5.15. The bound in (1.5.48), for n ≥ 2, follows from
Theorem 1.5.13 (a) applied to t 7→ v(t) = S(t)x taking into account the integral
representation of Bk∆t from Lemma 1.5.11 and (1.5.41) from Proposition 1.5.15. For
n = 1, it follows from Corollary 1.5.14 and the fact that ‖S(t)‖ ≤ 1 for t ≥ 0. To
show (1.5.49), note that it follows from (1.5.15), with s = 1/ρ − ε, and Corollary
1.5.14 that there is a constant C = C(ε, T ) such that, for 0 < ε ≤ 1

ρ ,(
∆t

n∑
k=0
‖Bk∆tx− S(tk)x‖2

)1/2

≤ C‖A(ε− 1
ρ )/2x‖, n∆t = T, ε > 0,

where we also used the fact that B0
∆t = S(0) = I. Furthermore, since

‖S(tk)−Bk∆t‖ ≤ 2
by Corollary 1.5.14, it follows from (1.5.48) that

‖Bk∆tx− S(tk)x‖ 6 C∆t 1
2−εt

ε− 1
2

k ‖x‖, k ≥ 1,
and thus, for some C = C(ε, T, ρ),(

∆t
n∑
k=0
‖Bk∆tx− S(tk)x‖2

)1/2

≤ C∆t 1
2−ε‖x‖.

Interpolation finishes the proof. �

Finally we will need a Hölder type estimate on the resolvent family (S(t))t≥0.

Lemma 1.5.17. If b satisfies Assumption 1.5.1, then there is C = C(T, γ) > 0
such that(

n∑
k=1

∫ tk

tk−1

‖(S(tn − tk−1)− S(tn − s))x‖2 ds
)1/2

≤ C∆tγ‖A(s− 1
ρ )/2x‖, n∆t = T,
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for all 0 6 γ < ρs
2 where 0 < s ≤ 1

ρ .

Proof. It follows from (1.5.15), with s = 1
ρ − ε, that there is a constant

C = C(ε, T ) such that, for 0 < ε ≤ 1
ρ ,(

n∑
k=1

∫ tk

tk−1

‖(S(tn − tk−1)− S(tn − s))x‖2 ds
)1/2

≤ C‖A(ε− 1
ρ )/2x‖, n∆t = tn = T.

Next, it follows from Lemma 1.5.5 that
n∑
k=1

∫ tk

tk−1

‖(S(tn − tk−1)− S(tn − s))x‖2 ds

=
∞∑
i=1

(x, ei)2
n∑
k=1

∫ tk

tk−1

(si(tn − tk−1)− si(tn − s))2 ds

≤ 2
∞∑
i=1

(x, ei)2
n∑
k=1

∫ tk

tk−1

|si(tn − tk−1)− si(tn − s)|ds

≤ 2
∞∑
i=1

(x, ei)2
n∑
k=1

∫ tk

tk−1

∫ tn−tk−1

tn−s
|ṡi(t)|dtds

≤ 2
∞∑
i=1

(x, ei)2
n∑
k=1

∫ tk

tk−1

∫ tn−tk−1

tn−tk
|ṡi(t)|dtds

≤ 2∆t‖x‖2 sup
i≥1
‖ṡi‖L1(R+) ≤ C∆t‖x‖2.

Finally, interpolation gives the desired result. �

1.5.4.3. Strong error estimate for the stochastic problem. We can now state and
prove a strong error bound for the semidiscretization in time of (1.5.1).

Theorem 1.5.18. Suppose that ‖A(β− 1
ρ )/2Q1/2‖HS < +∞ for some 0 < β 6

1
ρ , X0 ∈ L2(Ω,F0,P;H), and let b satisfy Assumption 1.5.2. For T > 0, let
(X(t))t∈[0,T ] be the unique weak solution of (1.5.1) and let XN

∆t be the solution
of the scheme (1.5.27) with T = N∆t = tN . Then for any γ < ρβ

2 , there is C > 0
and K = K(T, γ, ρ) > 0 such that

(1.5.50) ‖XN
∆t −X(T )‖L2(Ω;H) 6 CT

−1∆t‖X0‖L2(Ω;H) +K∆tγ , tn = n∆t = T.

Proof. If eN = XN
∆t−X(T ) = XN

∆t−X(tN ), then (1.5.26) and (1.5.31) yields

eN = (BN∆t − S(tN ))X0 +
N∑
k=1

[∫ tk

tk−1

(BN−k+1
∆t − S(tN − s)) dW (s)

]
.

Taking the expectation of the square of the H-norm of en gives, by independence
and Itô’s isometry,

E‖eN‖2 ≤ 2(a+ b),
where a denotes the deterministic part of the error:

a = E‖(BN∆t − S(tN ))X0‖2,
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and b the stochastic part

b =
N∑
k=1

∫ tk

tk−1

‖(BN−k+1
∆t − S(tN − s))Q1/2‖2HS ds

=
+∞∑
i=1

N∑
k=1

∫ tk

tk−1

‖(BN−k+1
∆t − S(tN − s))Q1/2ei‖2 ds.

Owing to (1.5.48), a can be bounded as

a 6
C

t2N
∆t2E‖X0‖2, n > 1.

Finally, we use Corollary 1.5.16 and Lemma 1.5.17 to bound b as

b 6 2
∞∑
i=1

N∑
k=1

∫ tk

tk−1

‖(S(tN − tk−1)− S(tN − s))Q1/2ei‖2 ds

+ 2
∞∑
i=1

N∑
k=1

∫ tk

tk−1

‖(BN−k+1
∆t − S(tN − tk−1))Q1/2ei‖2 ds

≤ C∆t2γ
∞∑
i=1
‖A(β− 1

ρ )/2Q1/2ei‖ = C∆t2γ‖A(β− 1
ρ )/2Q1/2‖2HS.

for all γ < ρβ
2 . �

Remark 1.5.19. In particular, if Q = I then d = 1 and β < 1
ρ −

1
2 whence

γ < 1/2 − ρ
4 . For trace class noise; that is, when Tr(Q) < ∞, we can take s = 1

ρ

and hence γ < 1/2. Remarkably, this is the same rate as for the heat equation
[110] independently of the value of ρ.

Remark 1.5.20. If the initial data satisfies X0 ∈ L2(Ω,F0,P;D(As(1+ε))), for
some ε > 0 and 0 < s 6 1, then the deterministic part of the estimate in (1.5.50);
that is, the first term on the right hand side, modifies to C∆ts‖As(1+ε)X0‖L2(Ω;H)
with no singularity at T = 0 using the smooth data estimate (1.5.47), stability, and
interpolation.

1.5.5. Strong convergence of a Galerkin finite element semidiscretiza-
tion for a model problem. The theory in the previous sections covers a whole
class of problems where the linear operator A is specified via abstract spectral
properties. To demonstrate ideas behind the convergence analysis of a semidiscrete
Galerkin finite element approximation scheme we consider a concrete setting for
A and H but the error analysis can be carried out along the same lines for more
complicated operators and spaces as well. To this end, we let D be a bounded
convex domain in Rd, H := L2(D) and let A := −∆ be the Laplace operator
with D(A) = H2(D) ∩ H1

0 (D); that is, (A,D(A)) := (Λ, D(Λ)), where Λ is de-
fined precisely in Subsection 1.3.1. Below, we will use some notation introduced in
Subsection 1.3.1, in particular the definition of the smoothness spaces Ḣβ and the
corresponding norms.

We discretize (1.5.1) in space by a Galerkin finite element method. We shall
derive strong error estimates for the spatially semidiscrete problem for smooth
initial data only imposing Assumption 1.5.1 on b. Let {Vh}0<h<1 be a family of
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finite dimensional subspaces of H1
0 (D). As in Subsection 1.3.3, the deterministic

error analysis is based on the Ritz projection
Rh : H1

0 (D)→ Vh, 〈∇Rhv,∇χ〉 = 〈∇v,∇χ〉, v ∈ H1
0 (D), χ ∈ Vh.

We assume that Rh satisfies the error bound
(1.5.51) ‖Rhv − v‖ ≤ Chγ‖v‖Ḣγ , v ∈ Ḣ

γ , 1 ≤ γ ≤ 2,
which coincides with (1.3.22) for r = 2. Recalling Remark 1.3.10, the subspaces Vh
can be chosen, for example, to be the space of continuous piecewise linear functions
on a triangulation of D with maximal mesh-size h and the estimate in (1.5.51) holds
as D is a bounded convex domain.

In order to derive the finite element formulation we look for a Vh-valued process
Xh such that 〈dXh(t), χ〉 +

∫ t

0
b(t− s)〈∇Xh(t),∇χ〉 dsdt = 〈dW (t), χ〉, χ ∈ Vh, t > 0,

〈Xh(0), χ〉 = 〈X0, χ〉.

As before, we introduce the discrete Laplacian
(1.5.52) Ah : Vh → Vh, 〈Ahψ, χ〉 = 〈∇ψ,∇χ〉, ψ, χ ∈ Vh,
and the orthogonal projector

Ph : H → Vh, 〈Phf, χ〉 = 〈f, χ〉, χ ∈ Vh.
It is clear that the operator Ah is a positive definite bounded operator on Vh. Let us
note also that using the definition (1.5.52) of Ah, the following uniform inequality
can be easily derived

‖A−1/2
h Phx‖ 6 ‖A−1/2x‖, x ∈ H,

see the proof of Theorem 1.4.3. Then, using the L2-stability of Ph and some inter-
polation theory, we also have that

(1.5.53) ‖A−δh Phx‖ ≤ ‖A−δx‖, δ ∈ [0, 1
2 ], x ∈ H.

Similarly to −A, the operator −Ah generates an analytic contraction semigroup on
Vh and satisfies the uniform resolvent estimate

‖z(z +Ah)−1Ph‖ = ‖zR(z,Ah)Ph‖ ≤Mφ,

for z ∈ Σφ = {z ∈ C : | · (z)| < φ < π}. Since AhR(z,Ah) = I − zR(z,Ah), it
follows that
(1.5.54) ‖AhR(z,Ah)Ph‖L(H) 6Mφ + 1, z ∈ Σφ.
Then, we can rewrite the spatially semidiscrete problem in the same form as the
original one asdXh +

(∫ t

0
b(t− s)AhXh(s) ds

)
dt = Ph dW (t), t > 0,

Xh(0) = PhX0,

with weak solution given by

Xh(t) = Sh(t)PhX0 +
∫ t

0
Sh(t− s)Ph dW (s).
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The resolvent family (Sh(t))t≥0 can be written explicitly, with dim (Vh) = Nh, as

(1.5.55) Sh(t)Phu0 =
Nh∑
k=1

sh,k(t)〈u0, eh,k〉eh,k.

Here (λh,k, eh,k) are the eigenpairs of Ah and sh,k(t) are the solutions of the ODEs

ṡh,k(t) + λh,k

∫ t

0
b(t− s)sh,k(s) ds = 0, sh,k(0) = 1.

We have the following stability result.

Lemma 1.5.21. If b satisfies Assumption 1.5.1, then for some C > 0,∫ t

0
‖Sh(s)Phx‖2 ds ≤ C‖x‖2

Ḣ
− 1
ρ
, t > 0, h > 0.

Proof. As the constants in (1.5.11) and (1.5.14) do not depend on λk, similarly
to the proof of (1.5.17), we obtain∫ t

0
‖Sh(s)Phx‖2 ds ≤ C0‖A−1/2ρ

h Phx‖2.

Since −1/2 < −1/2ρ < −1/4, using (1.5.53) with δ = 1/(2ρ), the statement follows.
�

Next we prove an L2((0,∞);H) error estimate for the space semidiscretization
of the deterministic problem. It is an extension of the result in [27] where the
special kernel b(t) = 1

Γ(β)e
−ttβ−1 was considered.

Proposition 1.5.22. If b satisfies Assumption 1.5.1, then there is C > 0 such
that ∫ ∞

0
‖Sh(t)Phx− S(t)x‖2 dt ≤ Ch2s‖x‖2

Ḣ
s− 1

ρ
, 0 ≤ s ≤ 2.

Proof. It follows from (1.5.17) and Lemma 1.5.21 that
(1.5.56)∫ t

0
‖(Sh(s)Ph − S(s))x‖2 ds ≤ 2

∫ t

0
‖Sh(s)Phx‖2 + ‖S(s)x‖2 ds ≤ C‖x‖2

Ḣ
− 1
ρ
.

To prove an error estimate of optimal order we set

e(t) := Sh(t)Phx− S(t)x := vh(t)− v(t)
= vh(t)− Phv(t) + Phv(t)− v(t) := θ(t) + ρ(t).

For ρ, using the best approximation property of Ph, we obtain by (1.5.17) and
(1.5.51) that

(1.5.57)
∫ ∞

0
‖ρ(t)‖2 dt ≤

∫ ∞
0
‖(Rh − I)v(t)‖2 dt ≤ Ch4‖x‖2

Ḣ
2− 1

ρ
.

In a standard way one derives an equation for θ which reads as θ̇(t) +
∫ t

0
b(t− s)Ahθ(s) ds = AhPh

∫ t

0
b(t− s)(I −Rh)v(s) ds, t > 0,

θ(0) = 0.
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Taking Laplace transforms of both sides yields

zθ̂(z) + b̂(z)Ahθ̂(z) = AhPh(I −Rh)v̂(z)̂b(z).

Therefore,

(1.5.58) θ̂(z) = AhR( z

b̂(z)
, Ah)Ph(I −Rh)v̂(z).

It can be shown that b̂ extends continuously to iR \ {0}, see, for example, [85].
Therefore, using (1.5.3), it follows that ik

b̂(ik)
∈ Σφ, k ∈ R \ {0}, with φ < π.

Thus, ‖AhR( ik
b̂(ik) , Ah)Ph‖L(H) ≤ (Mφ + 1) by (1.5.54). Therefore, setting z = ik,

k ∈ R \ {0}, in (1.5.58) and using the isometry property of the Fourier transform
we obtain, by (1.5.17) and (1.5.51), that

(1.5.59)
∫ ∞

0
‖θ(t)‖2 dt ≤ (Mφ + 1)

∫ ∞
0
‖(I −Rh)v(t)‖2 dt ≤ Ch4‖x‖2

Ḣ
2− 1

ρ
.

Interpolation using (1.5.56), (1.5.57), and (1.5.59) yields∫ ∞
0
‖e(t)‖2 dt ≤ 2

∫ ∞
0

(
‖ρ(t)‖2 + ‖θ(t)‖2

)
dt ≤ Ch2s‖x‖2

Ḣ
s− 1

ρ
, 0 ≤ s ≤ 2.

�

Next, using the error analysis from [81], noting that the proofs of that paper
remain valid under (1.5.51) on Rh, we have the following pointwise smooth data
estimate for the spatially semidiscrete scheme.

Proposition 1.5.23. If b satisfies Assumption 1.5.1, then for every ε, T > 0
there is C = C(T, ε) such that

‖Sh(t)Phx− S(t)x‖ ≤ Chs‖x‖Ḣs(1+ε) , 0 ≤ s ≤ 2, t ∈ [0, T ].

Furthermore, if b satisfies Assumption 1.5.2, then C = C(ε) is independent of T .

Proof. As already observed, Assumption 1.5.1 (and hence also Assumption
1.5.2) implies that b is a positive definite kernel. Therefore, the proof of [81, Theo-
rem 2.1] yields under assumption (1.5.51) on Rh, using also the best approximation
property of Ph together with (1.5.51) with β = 2, that

‖Sh(t)Phx− S(t)x‖ ≤ Ch2
(
‖x‖Ḣ2 +

∫ t

0
‖Ṡ(s)x‖Ḣ2 ds

)
.

If b satisfies Assumption 1.5.1, then Proposition 1.5.6 implies that

(1.5.60)
∫ t

0
‖Ṡ(s)x‖Ḣ2 ds =

∫ t

0
‖A−εṠ(s)A1+εx‖ds ≤ C(T, ε)‖x‖Ḣ2+2ε .

Furthermore, if b satisfies Assumption 1.5.2 then, by Proposition 1.5.9 we also have
that

‖Ṡ(t)x‖Ḣ2 6 Ct−ρε−1‖A1−εx‖ 6 Cεt−ρε−1‖x‖Ḣ2+2ε ,

and hence the bound in (1.5.60) can be chosen to be independent of T . Finally,
since ‖S(t)− Sh(t)Ph‖L(H) ≤ 2, interpolation finishes the proof. �
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Theorem 1.5.24. Suppose that ‖A(β− 1
ρ )/2Q1/2‖HS < +∞ for some 0 < β ≤ 2,

X0 ∈ L2(Ω,F0,P; Ḣβ(1+ε)) for some ε > 0, and let b satisfy Assumption 1.5.1.
Then, there is C = C(T, ε, β) such that

‖Xh(t)−X(t)‖L2(Ω;H) ≤ Chβ , t ∈ [0, T ].

Proof. By the variation of constants formula,

Xh(t)−X(t) = Sh(t)PhX0 − S(t)X0 +
∫ t

0
(Sh(t− s)Ph − S(t− s)) dW (s).

Thus,

E‖Xh(t)−X(t)‖2 ≤ 2E‖Sh(t)PhX0 − S(t)X0‖2

+ 2E
∥∥∥∥∫ t

0
(Sh(t− s)Ph − S(t− s)) dW (s)

∥∥∥∥2

:= e1 + e2.

It follows from Proposition 1.5.23 that

e1 ≤ Ch2βE‖X0‖2Ḣβ(1+ε) .

Finally, to bound e2 we use Itô’s Isometry and Proposition 1.5.22 to obtain

e2 = E
∥∥∥∥∫ t

0
(Sh(t− s)Ph − S(t− s)) dW (s)

∥∥∥∥2

=
∫ t

0
‖(Sh(t− s)Ph − S(t− s))Q1/2‖2HS ds

=
∞∑
k=1

∫ t

0
‖(Sh(t− s)Ph − S(t− s))Q1/2ek‖2 ds

≤ Ch2β
∞∑
k=1
‖A(β− 1

ρ )/2Q1/2ek‖2 = Ch2β‖A(β− 1
ρ )/2Q1/2‖2HS.

�

Remark 1.5.25. In particular, if Q = I, then d = 1 and β < 1
ρ −

1
2 . For trace

class noise; that is, when Tr(Q) <∞, we can take β = 1
ρ .

1.5.6. Strong convergence of a fully discrete scheme for a model prob-
lem. In this section we derive strong error estimates for a fully discrete scheme for
(1.5.1) with smooth initial data in the specific setting described in the beginning of
Section 1.5.5. As the fully discrete scheme, similarly to the time semidiscretization
(1.5.27), we consider the recurrence
(1.5.61)

Xn
h,∆t −Xn−1

h,∆t + ∆t
(

n∑
k=1

ωn−k AhX
k
h,∆t

)
= Ph(W (tn)−W (tn−1)), n > 1,

with X0
h,∆t = PhX0. Again, analogously to (1.5.31), the solution is given by the

discrete variation of constants formula

Xn
h,∆t = Bnh,∆tPhX0 +

n−1∑
k=0

Bn−kh.∆tPhw
k+1,
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where ∆wk+1 = W (tk+1) −W (tk) and (Bkh,∆t)k>0 is a family of linear bounded
operators on Vh with B0

h.∆t = I and representation, similarly to formula (1.5.32)
representing Bk∆t from Lemma 1.5.11,

(1.5.62) Bkh,∆tvh =
∫ ∞

0
Sh(∆ts)vhfk(s) ds for k ≥ 1, vh ∈ Vh,

where
fk(s) := e−ssk−1

(k − 1)! , k ≥ 1.

In order to use the analysis directly from the previous sections, we need the
following lemmata.

Lemma 1.5.26. Let (S(t))t≥0 and (Sh(t))t≥0 be the resolvent families given by
(1.5.7), respectively, (1.5.55) with corresponding time stepping operators (Bn∆t)n∈N
and (Bnh,∆t)n∈N given by (1.5.32), respectively, (1.5.62). Then, for v ∈ H,

(1.5.63) ∆t
n∑
k=1
‖Bkh,∆tPhv −Bk∆tv‖2 6

∫ ∞
0
‖Sh(t)Phv − S(t)v‖2 dt, n ≥ 1

and
(1.5.64) ‖Bnh,∆tPhv −Bn∆tv‖ 6 sup

t>0
‖Sh(t)Phv − S(t)v‖, n ≥ 1.

Proof. The statement follows immediately from Lemma 1.5.12 applied to t 7→
Sh(t)Phv − S(t)v. �

Lemma 1.5.27. Suppose that b satisfies Assumption 1.5.2. If (Bnh,∆t)n∈N is
given by (1.5.62), and x ∈ Ḣ2s(1+ε) for some 0 6 s 6 1, then

‖Bnh,∆tPhx− S(tn)x‖ ≤ C(∆ts + h2s), n = 0, 1, ...
Proof. Let n ≥ 1. We have that
Bnh,∆tPhx− S(tn)x = Bnh,∆tPhx−Bn∆tx+Bn∆tx− S(tn)x = e1 + e2.

To bound e1 we use (1.5.64) from Lemma 1.5.26 together with Proposition 1.5.23
to conclude that that there is C = C(ε) > 0 such that

‖e1‖ ≤ Ch2s‖x‖Ḣ2s(1+ε) .

It follows from (1.5.47), stability and interpolation that that there is C = C(ε) > 0
such that

‖e2‖ ≤ C∆ts‖x‖Ḣ2s(1+ε) .

Finally, for n = 0, using the best approximation property of Ph together with
(1.5.51) with γ = 2, stability and interpolation we get

‖B0
h,∆tPhx− S(t0)x‖ = ‖(Ph − I)x‖ 6 Ch2s‖x‖Ḣ2s ,

which concludes the proof. �

Theorem 1.5.28. Suppose that ‖A(β− 1
ρ )/2Q1/2‖HS < +∞ for some 0 < β 6 1

ρ ,
X0 ∈ L2(Ω,F0,P; Ḣ2s(1+ε)), for some ε > 0 and 0 6 s 6 1, and let b satisfy
Assumption 1.5.2. For T > 0, let (X(t))t∈[0,T ] be the unique weak solution of
(1.5.1) and let XN

h,∆t be the solution of the scheme (1.5.61) with T = N∆t = tN .
Then there is C > 0 and K = K(T, γ, ρ) > 0 such that
‖XN

h,∆t −X(T )‖L2(Ω;H) ≤ C(∆ts + h2s)‖X0‖L2(Ω;Ḣ2s(1+ε)) +K(∆tγ + hβ),
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where γ < ρβ
2 .

Proof. We decompose the error as
XN
h,∆t −X(T ) = BNh,∆tPhX0 − S(T )X0

+
N∑
k=1

[∫ tk

tk−1

(BN−k+1
h,∆t Ph −BN−k+1

∆t ) dW (s)
]

+
N∑
k=1

[∫ tk

tk−1

(BN−k+1
∆t − S(tN − s)) dW (s)

]
:= e1 + e2 + e3.

We bound e1 using Lemma 1.5.27 as

(E‖e1‖2)1/2 ≤ C(∆ts + h2s)(E‖X0‖2Ḣ2s(1+ε))1/2.

Next, by Itô’s isometry and independence,

E‖e2‖2 =
N∑
k=1

∫ tk

tk−1

‖(BN−k+1
h,∆t Ph −BN−k+1

∆t )Q1/2‖2HS ds

=
+∞∑
i=1

∆t
N∑
k=1
‖(BN−k+1

h,∆t Ph −BN−k+1
∆t )Q1/2ei‖2

6
+∞∑
i=1

∫ ∞
0
‖(Sh(t)Ph − S(t))Q1/2ei‖2

≤ Ch2β
∞∑
k=1
‖A(β− 1

ρ )/2Q1/2ek‖2 = Ch2β‖A(β− 1
ρ )/2Q1/2‖2HS,

where we have used (1.5.63) from Lemma 1.5.26 and the deterministic error estimate
from Proposition 1.5.22. Finally, e3 can be bounded using Theorem 1.5.18 with
X0 = 0, by

(E‖e3‖2)1/2 ≤ K∆tγ

for all γ < ρβ
2 , where K = K(T, γ, ρ) > 0, and the proof is complete. �

Remark 1.5.29. We would like to highlight three important special cases.
Firstly, if Q = I then d = 1 whence β < 1

ρ−
1
2 and γ < 1/2− ρ

4 . If Tr(Q) <∞, then
we may set β = 1

ρ . Thus, the time order is almost 1/2, the same as for the heat
equation with trace class noise, but the space order is less than 1, which is the space
order for the heat equation, see [110]. Finally, suppose that there exist some real
numbers κ and α > 0 such that AκQ ∈ L(H), Tr(A−α) <∞ and α− 1/ρ < κ 6 α.
Then, since

‖A
β−1/ρ

2 Q
1
2 ‖2HS 6 ‖AκQ‖L(H)Tr(Aβ−1/ρ−κ),

we recover a space order β < 1/ρ− (α− κ) and a time order γ < 1
2 (1− ρ(α− κ)).

1.5.7. Weak convergence of a fully discrete scheme for a model prob-
lem. In order to give a weak error estimate of optimal order we have to impose
another assumption on b. This kind of assumption; that is, the existence of an an-
alytic extension of b̂ to a sector beyond the left halfplane, is fairly standard in the
existing deterministic literature, see, for example, [38, 76, 78, 79], but it clearly
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represents a major restriction compared to Assumption 1.5.1. However, it allows
us to use the deterministic nonsmooth data estimate [78, Theorems 2.1 and 3.2,]
in the proof of Theorem 1.5.32 below.

Assumption 1.5.30. The Laplace transform b̂ of b can be extended to an an-
alytic function in a sector Σθ with θ > π/2 and |̂b(k)(z)| ≤ C|z|1−ρ−k, k = 0, 1,
z ∈ Σθ.

An important example of a family of kernels satisfying both Assumptions 1.5.1
and 1.5.30 is given by b(t) = Ctβ−1e−ηt, 0 < β < 1 and η ≥ 0.

Next we state the smoothing properties of the resolvent family (Sh(t))t≥0 sim-
ilar to that of (S(t))t≥0 from Proposition 1.5.6.

Lemma 1.5.31. Suppose that the kernel b satisfies Assumption 1.5.1 and let
(Sh(t))t≥0 be the resolvent familiy given by (1.5.55). Then, there exist a constant
C > 0, independent of t > 0 and h > 0, such that for any 0 6 s ≤ 2/ρ,

(1.5.65) ‖As/2h Sh(t)‖ 6 C t−sρ/2, t > 0.

Proof. The proof is completely analogous to that of Proposition 1.5.6 and
therefore it is ommited. �

Let σ(t) := d t∆te and define the piecewise constant operator function

(1.5.66) B̃h,∆t(t) := B
σ(t)
h,∆tPh, 0 ≤ t ≤ T = N∆t.

Theorem 1.5.32. If b satisfies Assumptions 1.5.1 and 1.5.30, then the following
estimates hold for some C > 0 where F̃h,∆t(t) = B̃h,∆t(t) − S(t), N∆t = T and
h > 0:

(1.5.67) ‖S(t)− S(s)‖ ≤ C s−α|t− s|α, 0 ≤ α ≤ 1, 0 < s ≤ t;

(1.5.68) ‖A ν
2 B̃h,∆t(t)‖ ≤ C t−ρν/2, 0 ≤ ν ≤ 1

ρ
, 0 < t ≤ T ;

(1.5.69) ‖F̃h,∆t(t)‖ ≤ C t−ρν(∆tρν + h2ν), 0 ≤ ν ≤ 1
ρ
, 0 < t ≤ T ;

(1.5.70) ‖A
1/ρ−ν

2 F̃h,∆t(t)‖ ≤ C t−
1
2−

ρν
2 (∆tρν + h2ν), 0 ≤ ν ≤ 1

ρ
, 0 < t ≤ T.

Proof. It follows from [93, Corollary 3.3] that ‖Ṡ(t)x‖ ≤ Ct−1‖x‖ for all
x ∈ H and t > 0. Thus, for 0 < s ≤ t, we have

‖S(t)x− S(s)x‖ ≤
∫ t

s

‖Ṡ(r)x‖ dr ≤ C‖x‖
∫ t

s

r−1 dr ≤ C‖x‖s−1|t− s|.

Since we also have that ‖S(t)x− S(s)x‖ ≤ 2‖x‖, the inequality in (1.5.67) follows.
To show (1.5.68), first note that it follows from Lemma 1.5.12 applied to

t 7→ Sh(t)Phx and the fact that ‖Sh(t)‖ 6 1 for all t ≥ 0 taking into account
representation (1.5.62) that

(1.5.71) ‖Bkh,∆t‖ ≤ 1, for all k ≥ 1, h > 0.
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From (1.5.62) and (1.5.65) s = 2/ρ we conclude that, for k ≥ 2 and h > 0,
(1.5.72)

‖A1/ρ
h Bkh,∆tPhx‖ ≤ C‖x‖(∆t)−1

∫ ∞
0

e−ssk−2

(k − 1)! ds

= C‖x‖((k − 1)∆t)−1
∫ ∞

0

e−ssk−2

(k − 2)! ds = C‖x‖t−1
k−1 = C‖x‖ k

k − 1 t
−1
k ≤ C‖x‖t

−1
k .

For k = 1, by (1.5.65), we have

(1.5.73)
‖AγhB

1
h,∆tPhx‖ ≤

∫ ∞
0
‖AγhSh(∆ts)x‖e−s ds

≤ C∆t−ργ
∫ ∞

0
s−ργ ds‖x‖ = Cγ(∆t)−ργ‖x‖, γ < 1/ρ.

By interpolation, using (1.5.71), (1.5.73) and (1.5.72) we conclude that

‖A
ν
2
hB

k
h,∆tPh‖ ≤ Ct

− ρν2
k , 0 ≤ ν ≤ 1

ρ
, k ≥ 1, h > 0.

Since for δ ∈ [0, 1/2] and vh ∈ Vh we have that ‖Aδvh‖ ≤ ‖Aδhvh‖ it also follows
that

‖A ν
2Bkh,∆tPh‖ ≤ Ct

− ρν2
k , 0 ≤ ν ≤ 1

ρ
, k ≥ 1, h > 0.

Finally, for t ∈ (tj−1, tj ], j ≥ 1, we see that

‖A ν
2 B̃h,∆t(t)‖ = ‖A ν

2Bjh,∆tPh‖ ≤ Ct
− ρν2
j ≤ Ct−

ρν
2 , 0 ≤ ν ≤ 1

ρ
, h > 0,

and the proof of (1.5.68) is complete.
Next we prove (1.5.69). First, we write

‖Bkh,∆tPh − S(tk)‖ ≤ ‖Bkh,∆t − Sh(tk)‖+ ‖Sh(tk)− S(tk)‖ := e1 + e2.

It follows from in [78, Theorems 2.1 and 3.2] that if b satisfies Assumptions 1.5.1
and 1.5.30, then

e1 ≤ Ct−1
k ∆t and e2 ≤ Ct−ρk h2, k ≥ 1, h > 0.

Furthermore, we also have that max{e1, e2} ≤ 2, and thus

(1.5.74) ‖Bkh,∆tPh − S(tk)‖ ≤ Ct−ρνk (∆tρν + h2ν), 0 ≤ ν ≤ 1/ρ, k ≥ 1, h > 0.

Next, for t ∈ (tk−1, tk], k ≥ 1, we have by (1.5.67) and (1.5.74), that

‖F̃h,∆t(t)‖ ≤ ‖Bkh,∆tPh − S(tk)‖+ ‖S(tk)− S(t)‖

≤ Ct−ρνk (∆tρν + h2ν) + Ct−ρνk ∆tρν

≤ Ct−ρν(∆tρν + h2ν), 0 ≤ ν ≤ 1/ρ, k ≥ 1, h > 0,

which finishes the proof of (1.5.69).
Finally, by interpolation, for 0 ≤ α ≤ 1/(2ρ) have that

‖AαF̃h,∆t(t)‖ ≤ ‖F̃h,∆t(t)‖1−2ρα‖A1/(2ρ)F̃h,∆t(t)‖2ρα

≤ ‖F̃h,∆t(t)‖1−2ρα
(
‖A1/(2ρ)S(t)‖2ρα + ‖A1/2ρB̃h,∆t(t)‖2ρα

)
.

Setting α = 1/ρ−ν
2 , 0 ≤ ν ≤ 1/ρ, and using (1.5.15) from Proposition 1.5.6, (1.5.68)

and (1.5.69) all with ν = 1/ρ the estimate in (1.5.70) follows. �
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Theorem 1.5.33. Suppose that b satisfies Assumptions 1.5.1 and 1.5.30. For
T > 0, let (X(t))t∈[0,T ] be the unique weak solution of (1.5.1) and let XN

h,∆t be the
solution of the scheme (1.5.61) with T = N∆t = tN . Let g ∈ C2(H,R) such that
g′′ ∈ Cb(H,L(H)) and suppose that X0 ∈ L2(Ω,F0,P;H). If ‖A(β− 1

ρ )/2Q1/2‖HS <
∞, 0 < β ≤ 1/ρ, then there exists a constant C = C(T, β, g,X0) > 0, which does
not depend on h and N , such that for h2/ρ + ∆t < T ,

(1.5.75) |Eg(XN
h,∆t)− Eg(X(T ))| 6 C ln

(
T

h2/ρ + ∆t

)
(∆tρβ + h2β).

Proof. We use Theorem 1.2.1 with U = H, G = g, Y (0) = S(T )X0, E(t) =
S(t), Ỹ (0) = B̃h,∆t(T )X0, B = B̃ = I and S̃(t) = B̃h,∆t(t). Using (1.1.4) and
(1.5.68) with ν = 0, we have that

‖B̃h,∆t(t)Q
1
2 ‖HS = ‖PhB̃h,∆t(t)Q

1
2 ‖HS ≤ C‖Ph‖HS, t ∈ (0, T ).

Therefore, as Vh is finite dimensional, it follows that S̃ ∈ L2((0, T ),L2(U0, H)).
Furthermore,

∫ T

0
‖S(t)Q 1

2 ‖2HS dt <∞,

as shown in Proposition 1.5.10. Thus, Theorem 1.2.1 is applicable.
We estimate the first term in Theorem 1.2.1 in a similar fashion as in the proof

of Theorem 1.3.6, using Proposition 1.5.10 and (1.5.69),
(1.5.76)∣∣∣E ∫ 1

0

〈
ux
(
0, Y (0) + θ(Ỹ (0)− Y (0))

)
, Ỹ (0)− Y (0)

〉
dθ
∣∣∣

6
∫ 1

0

∥∥g′(Z(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
))∥∥

L2(Ω;H)dθ ‖F̃h,∆t(T )X0‖L2(Ω;H)

6 C
(
1 +

∫ 1

0

∥∥Z(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
)∥∥
L2(Ω;H)dθ

)
× T−ρβ(∆tρβ + h2β) ‖X0‖L2(Ω;H)

6 C
(
1 + ‖A−1/2ρQ1/2‖HS + ‖X0‖L2(Ω;H)

)
‖X0‖L2(Ω;H) T

−ρβ(∆tρβ + h2β).

Next we estimate the trace term. Using that the operators B̃h,∆t(r), and S(r),
r ∈ [0, T ], are self-adjoint, and taking inequalities (1.1.3), (1.1.4) and (1.1.7) into
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account, we have∣∣∣E∫ T

0
Tr
(
uxx(t, Ỹ (t))

× [B̃h,∆t(T − t) + S(T − t)]Q[B̃h,∆t(T − t)− S(T − t)]∗
)

dt
∣∣∣

=
∣∣∣E∫ T

0
Tr
(
uxx(t, Ỹ (t))[B̃h,∆t(T − t) + S(T − t)]∗

×A
1/ρ−β

2 A
β−1/ρ

2 Q
1
2Q

1
2A

β−1/ρ
2 A

1/ρ−β
2 Eh,N (T − t)

)
dt
∣∣∣

=
∣∣∣E∫ T

0
Tr
(
uxx(t, Ỹ (t))(A

1/ρ−β
2 [B̃h,∆t(T − t) + S(T − t)])∗

×A
β−1/ρ

2 Q
1
2Q

1
2A

β−1/ρ
2 A

1/ρ−β
2 F̃h,∆t(T − t)

)
dt
∣∣∣

≤ E
∫ T

0
‖uxx(t, Ỹ (t))(A

1/ρ−β
2 [B̃h,∆t(T − t) + S(T − t)])∗A

β−1/ρ
2 Q

1
2 ‖HS

× ‖Q 1
2A

β−1/ρ
2 A

1/ρ−β
2 F̃h,∆t(T − t)‖HS dt

≤ sup
(t,x)∈[0,T ]×H

‖uxx(t, x)‖L(H)‖A
β−1/ρ

2 Q
1
2 ‖2HS

×
∫ T

0
‖A

1/ρ−β
2 (B̃h,∆t(t) + S(t))‖L(H)‖A

1/ρ−β
2 F̃h,∆t(t)‖L(H) dt.

Next we split the integral from 0 to ∆t + h2/ρ and from h2/ρ + ∆t to T . Then,
using (1.5.15) and (1.5.68),∫ ∆t+h2/ρ

0
‖A

1/ρ−β
2 (B̃h,∆t(t) + S(t))‖L(H)‖A

1/ρ−β
2 F̃h,∆t(t)‖L(H) dt

≤ 2
∫ ∆t+h2/ρ

0

(
‖A

1/ρ−β
2 B̃h,∆t(t)‖2L(H) + ‖A

1/ρ−β
2 S(t)‖2L(H)

)
dt

≤ C
∫ ∆t+h2/ρ

0
t−1+ρβ dt ≤ C(∆tρβ + h2β).

Furthermore, by (1.5.15), (1.5.68) and (1.5.70), it follows that∫ T

∆t+h2/ρ
‖A

1/ρ−β
2 (B̃h,∆t(t) + S(t))‖L(H)‖A

1/ρ−β
2 F̃h,∆t(t)‖L(H) dt

≤ C
∫ T

∆t+h2/ρ
t−1/2+ρβ/2(∆tρβ + h2β)t−1/2−ρβ/2 dt

= C ln
(

T

∆t+ h2/ρ

)
(∆tρβ + h2β).

This finishes the proof considering that
sup

(t,x)∈[0,T ]×H
‖uxx(t, x)‖L(H) ≤ sup

x∈H
‖g′′(x)‖L(H).

�

Remark 1.5.34. The dependence on T of C in (1.5.75) can be removed if
we assume, for example, that X0 ∈ L2(Ω,F0,P; Ḣ2(1+ε)) and that b satisfies the
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slightly stronger Assumption 1.5.2 instead of Assumption 1.5.1 using the determin-
istic estimate for smooth initial data from Lemma 1.5.27 in (1.5.76).

Remark 1.5.35. Below we give examples of the rate of convergence obtained
in Theorem 1.5.33 in some typical cases.
(i) IfQ = I (white noise), then we must have d = 1 and the rate of weak convergence
in time is (1− ρ/2)− and in space it is (2/ρ− 1)−.
(ii) If Q is of trace class, then we may take β = 1/ρ and almost recover the
deterministic order; that is, 1− in time and an order 2/ρ− in space.
(iii) Suppose that there exist some real numbers κ and α > 0 such that AκQ ∈
L(H), Tr(A−α) <∞ and α− 1/ρ < κ 6 α. Then, since

‖A
β−1/ρ

2 Q
1
2 ‖2HS 6 ‖AκQ‖L(H)Tr(Aβ−1/ρ−κ),

we recover a space weak order of convergence (2/ρ − 2(α − κ))− and a time weak
order of (1− ρ(α− κ)−.

All these are twice the strong orders (modulo the logarithmic term and for
smooth initial data) respectively in space and in time found in Theorem 1.5.28,
c.f., Remark 1.5.29.
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CHAPTER 2

Semilinear stochastic PDEs driven by additive
Wiener noise

2.1. Preliminaries

Let (S(t))t∈[0,T ] be a strongly continuous evolution family of bounded, self-
adjoint, linear operators on a separable Hilbert space (H, ‖ ·‖, 〈·, ·〉), not necessarily
enjoying the semigroup property. Related to (S(t))t∈[0,T ] is a densely defined, linear,
self-adjoint, positive definite operator A : D(A) ⊂ H → H with compact inverse.
Let (Aα)α∈R denote the fractional powers of A, which are well defined via spectral
calculus, let (Ḣα)α∈R denote the spaces Ḣα = D(Aα/2) for α > 0 with dual spaces
Ḣ−α = (Ḣα)∗. We assume that (S(t))t∈[0,T ] is strongly differentiable on (0, T ] with
derivative (Ṡ(t))t∈(0,T ] and that there exist ρ ∈ [1, 2) and constants (Ls)s∈[0,2] so
that

∥∥Amin(1,s)
ρ S(t)x

∥∥+
∥∥A s−1

ρ Ṡ(t)x
∥∥ 6 Lst−s‖x‖, t ∈ (0, T ], x ∈ H, s ∈ [0, 2].

(2.1.1)

If (S(t))t∈[0,T ] is the analytic semigroup generated by −A, then (2.1.1) holds with
ρ = 1. If (S(t))t∈[0,T ] is the solution operator of the Volterra equation,

u̇(t) +
∫ t

0
b(t− s)Au(s) ds = 0, t ∈ (0, T ]; u(0) = x;

that is, u(t) = S(t)x, where b : (0,∞)→ R is the Riesz kernel b(t) = tρ−2/Γ(ρ− 1)
for some ρ ∈ (1, 2), then (S(t))t∈[0,T ] satisfies (2.1.1). In Subsection 2.4.2 we verify
(2.1.1) more general kernels b.

In this chapter we will consider the stochastic evolution equation

X(t) = S(t)x0 +
∫ t

0
S(t− s)f(X(s)) ds+

∫ t

0
S(t− s) dW (s), t ∈ [0, T ],(2.1.2)

where W is a Q-Wiener process in H on a stochastic basis (Ω,F , (Ft)t∈[0,T ] P) with
respect to the filtration (Ft)t∈[0,T ] and f : H → H is a nonlinear mapping. The
initial value x0 is deterministic and satisfies

x0 ∈ Ḣ3 := D(A 3
2 ).(2.1.3)

For Hilbert spaces U , V the space Gkb(U, V ) consists of all, not necessarily
bounded, functions φ : U → V , whose Gâteaux derivatives of orders 1, . . . , k are
bounded, symmetric and strongly continuous, see Subsection 2.1.1. The non-linear
drift f : H → H is assumed to satisfy, for some δ ∈ [0, 2/ρ),

f ∈ G1
b(H,H) ∩ G2

b(H, Ḣ−δ).(2.1.4)

55
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This assumption includes interesting cases where f 6∈ G2
b(H,H), e.g., Nemytskii

operators on H = L2(D) for a spatial domain D ⊂ Rd, with δ > d/2.
The regularity of the noise is measured by a parameter β ∈ (0, 1/ρ], by assuming∥∥A β−1/ρ

2 Q
1
2
∥∥

HS <∞.(2.1.5)

The smoothest case β = 1/ρ corresponds to trace class noise as (2.1.5) reduces to
‖Q 1

2 ‖HS =
√

Tr(Q) < ∞. The motivation to consider (2.1.2) is that semilinear
parabolic SPDEs and stochastic integro-differential equations of Volterra type with
additive noise have a mild formulation given by (2.1.2) and hence we can study
these type of equations simultaneously.

2.1.1. Spaces of functions and operators. Let (U, ‖ · ‖U , 〈·, ·〉U ), (V, ‖ ·
‖V , 〈·, ·〉V ) be real separable Hilbert spaces. For k > 1, let L[k](U, V ) be the Banach
space of all bounded multilinear mappings b : Uk → V , equipped with the norm

‖b‖L[k](U,V ) = sup
u1,...,uk∈U

‖b(u1, . . . , uk)‖V
‖u1‖U · · · ‖uk‖U

.

It is clear that L[1](U, V ) = L(U, V ). As before, we denote by C(U, V ) the space
of all continuous mappings U → V and further by Cstr(U,L[k](U, V )) the space of
strongly continuous mappings U → L[k](U, V ), i.e., mappings B : U → L[k](U, V )
such that for u1, . . . , uk ∈ U , the mapping

U 3 x 7→ B(x)(u1, . . . , uk) ∈ V,
is continuous. A function φ : U → V is said to be k times Gâteaux differentiable if
the recursively defined (directional) derivatives, φ(l) : U l+1 → V , l ∈ {1, . . . , k},

φ(l)(x)(u1, . . . , ul)

= lim
ε→0

φ(l−1)(x+ εul)(u1, . . . , ul−1)− φ(l−1)(x)(u1, . . . , ul−1)
ε

,

exist for u1, . . . , ul, x ∈ U , l ∈ {1, . . . , k}, as limits in V , where φ(0) = φ. This class
of functions is large and fails to have natural properties, e.g., Gâteaux differentia-
bility does not imply continuity and the mapping φ(l)(x) may not be multilinear
and symmetric. We therefore introduce a smaller class, with useful properties. For
k > 1, let Gk(U, V ) ⊂ C(U, V ) be the subset of all k-times Gâteaux differentiable
mappings φ ∈ C(U, V ), whose Gâteaux derivatives φl(x), l ∈ {1, . . . , k}, are multi-
linear, bounded and symmetric at every x ∈ U and φ(l) ∈ Cstr(U,L[l](U, V )). This
is a weaker assumption than requiring φ(l) ∈ C(U,L[l](U, V )), l ∈ {1, . . . , k}, which
would imply (continuous) Fréchet differentiability. For integers k ∈ {0, . . . ,m} and
φ ∈ Gk(U, V ), let

|φ|Gk,mp (U,V ) = sup
u∈U

‖φ(k)(u)‖L[k](U,V )

(1 + ‖u‖m−kU )
,

and let Gk,mp (U, V ) be the space of φ ∈ Gk(U, V ) such that |φ|Gl,mp (U,V ) < ∞ for
l ∈ {1, . . . , k}. Let G∞p (U, V ) be the space of all infinitely often differentiable
mappings φ : U → V such that φ and all its derivatives satisfy a polynomial bound.
Let Gkb(U, V ) denote the space of φ ∈ Gk(U, V ) such that

|φ|Glb(U,V ) = sup
u∈U
‖φ(l)(u)‖L[l](U,V ) <∞, l ∈ {1, . . . , k}.
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For φ ∈ G1(U,R) we can identify the derivative with the gradient φ′(u) ∈ U∗ = U ,
by the Riesz Representation Theorem. For m > 1, φ ∈ G1,m

p (U, V ), the map
[0, 1] 3 λ 7→ φ′(y+λ(x− y)) · (x− y) ∈ V is continuous and Bochner integrable and
therefore

φ(x) = φ(y) +
∫ 1

0
φ′(y + λ(x− y)) · (x− y) dλ, x, y ∈ U.(2.1.6)

ByMT we denote the space of all finite Borel measures on the interval [0, T ].
For ν ∈MT we write |ν| = ν([0, T ]) and for a Banach space V we let Lpν((0, T );V ))
be the Bochner space of ν-measurable mappings Z : [0, T ]→ V such that∥∥Z∥∥

Lpν(0,T ;V ) =
(∫ T

0

∥∥Z(t)
∥∥p
V

dνt
) 1
p

<∞,

with the usual modification for p = ∞. When ν is Lebesgue measure we write
Lp((0, T );V ).

The next lemma is used in the proof of Malliavin regularity by a limiting
procedure in Proposition 2.3.4.

Lemma 2.1.1. Let X , Y be separable Hilbert spaces such that the embedding
X ⊂ Y is continuous. If x ∈ Y and (xn)n∈N ⊂ X satisfies xn → x weakly in Y as
n→∞ and supn∈N ‖xn‖X <∞, then x ∈ X .

Proof. Any closed ball in X is weakly compact and since (xn)n∈N is a bounded
sequence in X , there exists a subsequence (xnk)k∈N and x̃ ∈ X such that xnk → x̃
weakly in X . Therefore, xnk → x̃ also in the weak topology of Y because Y∗ ⊂ X ∗
is continuous. By assumption xn → x weakly in Y, as n→∞, so x = x̃ ∈ X . �

We need a generalized Gronwall, see [36, Theorem 6.1]. Here, and later, we
use the convention that an empty sum equals 0.

Lemma 2.1.2. Let T > 0, N ∈ N, ∆t = T/N , and tn = n∆t for 0 6 n 6 N . If
ϕ0, . . . , ϕN > 0 satisfy for some M0,M1 ≥ 0 and 0 < ν < 1 the inequality

ϕn 6M0 +M1 ∆t
n−1∑
j=0

t−1+ν
n−j ϕj , 0 6 n 6 N,

then there exists a constant M2 = M2(ν,M1, T ) such that

ϕn 6M0M2, 1 6 n 6 N.

2.1.2. Malliavin calculus. Let W be a Q-Wiener process in H on a sto-
chastic basis (Ω,F , (Ft)t∈[0,T ],P) with respect to the filtration (Ft)t∈[0,T ] and let
H0 = Q

1
2 (H) be the Cameron–Martin space endowed with inner product 〈u, v〉H0 =

〈Q− 1
2u,Q−

1
2 v〉, where Q− 1

2 denotes the pseudo-inverse of Q 1
2 if it is not injective.

By L0
2 = L2(H0, H) we denote the space of Hilbert–Schmidt operators H0 → H.
For Φ ∈ L2((0, T );L0

2) the Wiener integral
∫ T

0 Φ(t) dW (t), is well defined and is
a random variable in Lp(Ω;H), p ∈ [2,∞). Furhermore, the following consequence
of the Burkholder inequality for deterministic integrands holds for p > 2,

∥∥∥∫ T

0
Φ(t) dW (t)

∥∥∥
Lp(Ω;H)

6
p(p− 1)

2
∥∥Φ
∥∥
L2((0,T );L0

2), Φ ∈ L2((0, T );L0
2),

(2.1.7)
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see, for example, [31, Lemma 7.2]. By taking H = R and noting the isomor-
phisms H0 ∼= H∗0

∼= L2(H0,R) we see that a function φ ∈ L2((0, T );H0) defines
an integrand in L2((0, T );L2(H0,R)) for the stochastic integral and the integral∫ T

0 φ(t) dW (t) ∈ L2(Ω) is real-valued. As Lp((0, T );H0) ⊂ L2((0, T );H0) for p > 2
the stochastic integral is well defined for φ ∈ Lp((0, T );H0).

We now recall some concepts from Malliavin calculus introduced in [2]. For
q ∈ [2,∞] let Sq(R) be the class of smooth cylindrical random variables of the form

F = f
(∫ T

0
φ1(s) dW (s), . . . ,

∫ T

0
φn(s) dW (s)

)
,

f ∈ G∞p (Rn,R), (φk)nk=1 ⊂ Lq((0, T );H0), n ∈ N.

For F ∈ Sq(R) with the above representation, we define the Malliavin derivative(
DtF

)
t∈[0,T ] =

(
n∑
j=1

∂jf
(∫ T

0
φ1(s) dW (s), . . . ,

∫ T

0
φn(s) dW (s)

)
⊗ φj(t)

)
t∈[0,T ]

.

Let V be a separable Hilbert space. We define Sq(V ) to be the space of all V -valued
random variables of the form Y =

∑m
i=1 vi⊗Fi with (vi)mi=1 ⊂ V , (Fi)mi=1 ⊂ Sq(R),

m ∈ N. The Malliavin derivative of Y ∈ Sq(V ) of the above form is given by
DtY =

∑m
i=1 vi ⊗DtFi. As (DtFi)t∈[0,T ] is an H0-valued process, (DtY )t∈[0,T ] is a

V ⊗H0 = L2(H0, V )-valued process.
For p ∈ [2,∞), q ∈ [2,∞], Sq(V ) ⊂ Lp(Ω;V ) is dense by [2, Lemma 3.1] and

the operator D : Sq(V ) → Lp(Ω;Lq((0, T );L2(H0, V ))) is closable by [2, Lemma
3.2]. Let M1,p,q(V ) denote the closure of Sq(V ) with respect to the norm

‖Y ‖M1,p,q(V ) =
(
‖Y ‖pLp(Ω;V ) + ‖DY ‖pLp(Ω;Lq((0,T );L2(H0,V )))

) 1
p

.

We also use the corresponding seminorm

|Y |M1,p,q(V ) = ‖DY ‖Lp(Ω;Lq((0,T );L2(H0,V ))).

The spaces M1,p,q(V ) are Banach spaces, densely and continuously embedded into
L2(Ω;V ). Thus, M1,p,q(V ) ⊂ L2(Ω;V ) ⊂ M1,p,q(V )∗ is a Gelfand triple. By
[2, Theorem 3.5] the following inequality holds for p ∈ [2,∞), q ∈ [2,∞] with
1
q + 1

q′ = 1:

∥∥∥∫ T

0
Φ(t) dW (t)

∥∥∥
M1,p,q(V )∗

6
∥∥Φ
∥∥
Lq′ ((0,T );L2(H0,V )), Φ ∈ L2((0, T );L2(H0, V )).

(2.1.8)

What makes this duality theory useful is the possibility of taking q′ close to 1,
c.f., (2.1.7) where the exponent is 2. Following [2] we refer to M1,p,q(H) for
q > 2 as refined Sobolev–Malliavin spaces. The spaces M1,p,2(V ) are the classical
Sobolev–Malliavin spaces, often denoted D1,p(V ). For p = q we write M1,p(V ) :=
M1,p,p(V ).

We next state a modified version of [2, Lemma 3.10]. It provides a local Lips-
chitz bound that enables us to prove an error estimate in the M1,p(H)∗-norm by a
Gronwall argument in Lemma 2.3.6 below. More precisely, [2, Lemma 3.10] gives
a local Lipschitz bound from G1,p(U)∗ to G1,p(V )∗ for mappings σ ∈ G2

b(U, V ),
where G1,p(U) = M1,p(U) ∩ L2p(Ω;U). The Lipschitz constant depends on the
M1,2p,p(U)-norms of the random variables. By restriction to random variables in
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M1,p(U) with Malliavin derivative bounded over Ω, Lemma 2.1.3 provides a more
natural bound, obviating the need for the spaces G1,p(V ). The Lipschitz constant
now depends on the M1,∞,p(U)-seminorm. It is proved in the same way as [2,
Lemma 3.10], by application of a modified version of [2, Lemma 3.8], based on
Hölder’s inequality with exponents 1, ∞ instead of 2, 2. We omit the details. In
the subsequent Lemma 2.1.4 we cite parts of [2, Lemma 3.9].

Lemma 2.1.3. Let U, V be separable Hilbert spaces, σ ∈ G2
b(U, V ), and p ∈

[2,∞). For Y 1, Y 2 ∈ M1,p(U) with DY 1, DY 2 ∈ L∞(Ω;Lp((0, T );L(H0, U))), it
holds that∥∥σ(Y 1)− σ(Y 2)

∥∥
M1,p(V )∗ 6 max

(
|σ|G1

b(U,V ), |σ|G2
b(U,V )

)
×
(

1 +
2∑
i=1

∣∣Y i∣∣M1,∞,p(U)

)∥∥Y 1 − Y 2∥∥
M1,p(U)∗ .

Lemma 2.1.4. Let p ∈ [2,∞), q ∈ [2,∞]. Then for all S ∈ L(H), Y ∈ L2(Ω;H)
it holds that ‖SY ‖M1,p,q(H)∗ 6 ‖S‖L(H)‖Y ‖M1,p,q(H)∗ .

2.2. Existence, uniqueness and regularity

Throughout this section we assume that (2.1.1) and (2.1.5)–(2.1.3) hold with
ρ ∈ [1, 2), β ∈ (0, 1/ρ]. We begin by proving existence, uniqueness, and Malliavin
regularity of the solution of (2.1.2). Recall that two stochastic processes X1, X2 are
modifications of each other if for all t ∈ [0, T ] it holds that P(X1(t) 6= X2(t)) = 0.

Proposition 2.2.1. There exists an, up to modification, unique stochastic
process X : [0, T ] × Ω → H such that X ∈ C((0, T ), Lp(Ω;H)) for p ∈ [2,∞),
X ∈ C((0, T ),M1,p,q(H)) for p ∈ [2,∞), q ∈ [2, 2

1−ρβ ), and which satisfies equation
(2.1.2) P-a.s..

Proof. Existence is proved by a standard application of Banach’s Fixed Point
Theorem, see, e.g., [56, Theorem 1] or [6, Theorem 3.3]. We note that for proving
existence and uniqueness in C((0, T ), Lp(Ω;H)) it is not crucial whether (S(t))t∈[0,T ]
is a semigroup or not. For the C((0, T ),M1,p,q(H)) regularity, see Proposition 2.3.4
below. �

The next proposition states the temporal Hölder regularity ofX in the Lp(Ω;H)
and M1,p,q(H)∗ norms. Note that the Hölder exponent in the M1,p,q(H)∗ norm is
twice that in the Lp(Ω;H) norm.

Proposition 2.2.2. Let X be the solution to (2.1.2). For γ ∈ (0, β), p > 2,
q = 2

1−ργ , there exists C > 0 such that∥∥X(t2)−X(t1)
∥∥
Lp(Ω;H) 6 C

∣∣t2 − t1∣∣ ργ2 , t1, t2 ∈ [0, T ],∥∥X(t2)−X(t1)
∥∥

M1,p,q(H)∗ 6 C
∣∣t2 − t1∣∣ργ , t1, t2 ∈ [0, T ].

Proof. Fix γ ∈ (0, β), p > 2. In order to treat both cases simultaneously
we define V2 = Lp(Ω;H), cp,2 = p(p − 1)/2, and Vr = M1,p,r(H)∗, cp,r = 1 for
r ∈ (2,∞]. In view of (2.1.7) and (2.1.8) it holds that

∥∥∥∫ T

0
Φ(t) dW (t)

∥∥∥
Vr
6 cp,r

∥∥Φ
∥∥
Lr′ ((0,T );L0

2), Φ ∈ L2((0, T );L0
2), r ∈ [2,∞],

(2.2.1)
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where 1
r + 1

r′ = 1. Let t2 > t1. The difference X(t2)−X(t1) can be written in the
form

X(t2)−X(t1) =
(
S(t2)− S(t1)

)
x0 +

∫ t1

0

(
S(t2 − s)− S(t1 − s)

)
f(X(s)) ds

+
∫ t2

t1

S(t2 − s)f(X(s)) ds

+
∫ t1

0

(
S(t2 − s)− S(t1 − s)

)
dW (s) +

∫ t2

t1

S(t2 − s) dW (s).

Taking Vr-norms, using the continuous embeddings H ⊂ Lp(Ω;H) ⊂ L2(Ω;H) ⊂
M1,p,r(H)∗, yields∥∥X(t2)−X(t1)

∥∥
Vr
6
∥∥(S(t2)− S(t1)

)
x0
∥∥

+
∥∥∥∫ t1

0

(
S(t2 − s)− S(t1 − s)

)
f(X(s)) ds

∥∥∥
Lp(Ω;H)

+
∥∥∥∫ t2

t1

S(t2 − s)f(X(s)) ds
∥∥∥
Lp(Ω;H)

+
∥∥∥∫ t1

0

(
S(t2 − s)− S(t1 − s)

)
dW (s)

∥∥∥
Vr

+
∥∥∥∫ t2

t1

S(t2 − s) dW (s)
∥∥∥
Vr
.

First, by (2.1.1) and (2.1.3), we obtain∥∥(S(t2)− S(t1)
)
x0
∥∥ =

∥∥∥∫ t2

t1

Ṡ(t)A−
1
ρA

1
ρx0 dt

∥∥∥ 6 L0
∥∥A 1

ρx0
∥∥(t2 − t1).

It is straightforward to show that the terms containing f are bounded up to a
constant by |t2 − t1|1−ε, and |t2 − t1| respectively, for every ε ∈ (0, 1). For the case
ρ = 1 see the proof of [2, Proposition 3.11].

By (2.2.1), (2.1.5), and (2.1.1) we get∥∥∥∫ t1

0

(
S(t2 − s)− S(t1 − s)

)
dW (s)

∥∥∥
Vr

6 cp,r
(∫ t1

0

∥∥(S(t2 − s)− S(t1 − s)
)
A

1−βρ
2ρ
∥∥r′
L

∥∥A βρ−1
2ρ
∥∥r′
L0

2
ds
) 1
r′

6 cp,r
∥∥A βρ−1

2ρ
∥∥
L0

2

(∫ t1

0

(∫ t2

t1

‖Ṡ(t− s)A
(3−βρ)/2−1

ρ ‖L dt
)r′

ds
) 1
r′

6 cp,r
∥∥A βρ−1

2ρ
∥∥
L0

2
L 3−βρ

2

(∫ t1

0

(∫ t2

t1

(t− s)−
3−βρ

2 dt
)r′

ds
) 1
r′
.

Bounding the integrals yields, for η ∈ (0, 1/ρ) to be chosen,(∫ t1

0

(∫ t2

t1

(t− s)−
3−βρ

2 dt
)r′

ds
) 1
r′

6
(∫ t1

0

(
(t1 − s)−

1−(β−2η)ρ
2

∫ t2

t1

(t− t1)−1+ηρ dt
)r′

ds
) 1
r′

= (t2 − t1)ηρ

ηρ

(∫ t1

0
(t1 − s)−

r
r−1

1−(β−2η)ρ
2 ds

) r−1
r

.
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For r = q = 2/(1− γρ) and η < (β + γ)/2, the exponent is
r

r − 1
1− (β − 2η)ρ

2 = 1− βρ+ 2ηρ
1 + ργ

< 1.

In particular, we can take η = γ as required since γ < β. For r = 2, the analogous
condition is η < β/2 and we can take η = γ/2. Next, similarly,∥∥∥∫ t2

t1

S(t2 − s) dW (s)
∥∥∥
Vr
6 cp,r

(∫ t2

t1

∥∥S(t2 − s)A
1−βρ

2ρ
∥∥r′
L

∥∥A βρ−1
2ρ
∥∥r′
L0

2
ds
) 1
r′

6 cp,rL 1−βρ
2

∥∥A βρ−1
2ρ
∥∥r′
L0

2

(∫ t2

t1

(t2 − s)−
r
r−1

1−βρ
2 ds

) r−1
r

6 cp,rL 1−βρ
2

∥∥A βρ−1
2ρ
∥∥r′
L0

2
(t2 − t1)

r−1
r −

1−βρ
2 .

For r = q = 2/(1− γρ) we have the Hölder exponent
r − 1
r
− 1− βρ

2 = ρ(β + γ)
2 > γρ,

and for r = 2 the Hölder exponents equals βρ/2 > γρ/2. �

2.3. Weak and strong convergence

This section contains the main result of the chapter and its proof. Theorem
2.3.7 states a weak error estimate for abstractly defined approximations of quantities
of the form E[Φ(X)] = E[

∏K
i=1 ϕi(

∫ T
0 X(t) dνit)] for (νi)Ki=1 ⊂ MT , (ϕi)Ki=1 ⊂

G2,m
p (H,R), m > 2, and X being the solution to (2.1.2). Theorem 2.3.2 provides

a strong error estimate for approximations of X. For parabolic problems, weak
convergence, more precisely, convergence of approximations of E[ϕ(X(t))] for fixed
t ∈ [0, T ] has been considered [2], and for Volterra equations in Subsection 1.5.7
but only in the linear case f = 0. The rate of convergence for E[Φ(X)] is twice
the strong rate as expected. We begin by presenting a family of abstractly defined
approximations.

2.3.1. Approximation. Assume that (2.1.1), (2.1.5)–(2.1.3) hold. Suppose
that (Vh)h∈(0,1) is a family of finite-dimensional subspaces of H and let Ph : H → Vh
be the orthogonal projector. Let ∆t ∈ (0, 1) and tn = n∆t, n = 0, . . . , N , where
tN < T 6 tN + ∆t. Let (Bh,∆t)h,∆t∈(0,1) be a family of operator-valued functions
Bh,∆t : {0, . . . , N} → L(H,Vh) such that Bnh,∆t = Bnh,∆tPh, and let (Ah)h∈(0,1) be
a collection of linear operators Ah : Vh → Vh such that for n = 1, . . . , N it holds
that ∥∥A s

ρ

hB
n
h,∆tx

∥∥ 6 Lst−sn ‖x‖, x ∈ H, 0 6 s < 1,(2.3.1)

with the same constants (Ls)s∈[0,1] as in (2.1.1). For other constants (Kε)ε∈(0,∞)
and (Rs)s∈[0,1], let the corresponding error operator (Fh,∆t)h,∆t∈(0,1), given by
Fnh,∆t = Bnh,∆t − S(tn) for n = 0, . . . , N , satisfy the smooth data error estimate∥∥Fnh,∆tx∥∥ 6 Kε

(
hσ + ∆tσ2

)
‖x‖Ḣσ(1+ε) , 0 6 σ 6 2, ε > 0,(2.3.2)

and the non-smooth data error estimates, for n = 1, . . . , N , t > 0,∥∥A s
2ρFnh,∆tx

∥∥ 6 Rs(hσρ + ∆tσ2
)
t
−σ+s

2
n ‖x‖, 0 6 σ 6 2, 0 6 s 6 1− σ/2,(2.3.3) ∥∥(e−tAhPh − e−tA)x∥∥ 6 R0h

σt−
σ
2 ‖x‖, 0 6 σ 6 2,(2.3.4)
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where (e−tA)t>0 and (e−tAh)t>0 are the analytic semigroups generated by −A and
−Ah, respectively. As before, we introduce the piecewise continuous operator func-
tion F̃h,∆t : [0, T ]→ L(H) given by F̃h,∆t(t) = Bnh,∆t−S(t) for t ∈ (tn−1, tn] and n =
1, . . . N with F̃h,∆t(0) = F 0

h,∆t. By (2.1.1) and (2.3.2) the family (F̃h,∆t(t))t∈[0,T ]
satisfies for t ∈ (0, T ] the bound∥∥A s

2ρ F̃h,∆t(t)
∥∥ 6 Rs(hσρ + ∆tσ2

)
t−

σ+s
2 , 0 6 σ 6 2, 0 6 s 6 1− σ/2.(2.3.5)

The discrete and continuous stochastic convolutions are defined by

WS(t) =
∫ t

0
S(t− s) dW (s), t ∈ [0, T ]; Wn

Bh,∆t
=
n−1∑
j=0

∫ tj+1

tj

Bn−jh,∆t dW (t),

n = 1, . . . , N.

We now define approximations of equation (2.1.2). For h,∆t ∈ (0, 1), let
(Xn

h,∆t)Nn=0 be given by

Xn
h,∆t = Bnh,∆tx0 + ∆t

n−1∑
j=0

Bn−jh,∆tf(Xj
h,∆t) +Wn

Bh,∆t
, n = 1, . . . , N,(2.3.6)

and X0
h,∆t = B0

h,∆tx0.

2.3.2. Strong convergence. Boundedness in the Lp(Ω;H)-sense of the ap-
proximate family (Xn

h,∆t)Nn=0 is stated in the next proposition. For a proof in the
parabolic case, i.e., for ρ = 1, see [2, Proposition 3.15]. The general case is proved
in the same way but using the different smoothing property in (2.3.1).

Proposition 2.3.1. Let the setting of Section 2.3.1 hold. For p > 2 it holds
that

sup
h,∆t∈(0,1)

max
n∈{0,...,N}

∥∥Xn
h,∆t

∥∥
Lp(Ω;H) <∞.

We next prove strong convergence. This is interesting in itself, but it is also
used in our proof of the Malliavin regularity of X in Proposition 2.3.4.

Theorem 2.3.2. Let the setting of Section 2.3.1 hold, let X be the solution of
(2.1.2) and let (Xh,∆t)h,∆t∈(0,1] be given by (2.3.6). For γ ∈ [0, β), p ∈ [2,∞), there
exists C > 0 such that

max
n∈{0,...,N}

∥∥Xn
h,∆t −X(tn)

∥∥
Lp(Ω;H) 6 C

(
hγ + ∆t

ργ
2
)
, h,∆t ∈ (0, 1).

Proof. For n = 0 the estimate holds by (2.3.2). For n > 1, we take the
difference of (2.1.2) and (2.3.6) to obtain the equation for the error:

Xn
h,∆t −X(tn) =

(
Bnh,∆t − S(tn)

)
x0 +

n−1∑
j=0

∫ tj+1

tj

(
Bn−jh,∆t − S(tn − t)

)
f(X(t)) dt

+
n−1∑
j=0

∫ tj+1

tj

Bn−jh,∆t
(
f(Xj

h,∆t)− f(X(t))
)

dt+Wn
Bh,∆t

−WS(tn).

(2.3.7)
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The deterministic nature of the first two terms allows us to obtain twice the rate
of convergence compared to the other terms. This will be used later in the proof of
Lemma 2.3.6. Recall that

F̃h,∆t(t) = Bkh,∆t − S(t)
for t ∈ (tk−1, tk] and n = 1, . . . , N . Then, we get∥∥Xn

h,∆t −X(tn)
∥∥
Lp(Ω;H) 6

∥∥Fnh,∆tx0
∥∥
H

+
∥∥∥∫ tn

0
F̃h,∆t(tn − t)f(X(t)) dt

∥∥∥
Lp(Ω;H)

+
∥∥∥ n−1∑
j=0

∫ tj+1

tj

Bn−jh,∆t
(
f(Xj

h,k)− f(X(t))
)

dt
∥∥∥
Lp(Ω;H)

+
∥∥Wn

Bh,∆t
−WS(tn)

∥∥
Lp(Ω;H).

Using (2.1.3), (2.3.2) with σ = 2ργ, ε = (3− 2γρ)/2γρ we obtain
max

n∈{0,...,N}

∥∥Fnh,∆tx0
∥∥ 6 K 3−2γρ

2γρ

(
h2ργ + ∆tργ

)
‖x0‖Ḣ3 .(2.3.8)

By Proposition 2.2.1, (2.1.4), (2.3.5) it holds that

∥∥∥∫ tn

0
F̃h,∆t(tn − t)f(X(t)) dt

∥∥∥
Lp(Ω;H)

6
∫ tn

0

∥∥F̃h,∆t(tn − t)∥∥∥∥f(X(t))
∥∥
Lp(Ω;H) dt

6 R0
(
h2γ + ∆tργ

)
|f |G1

b(H,H)

(
1 + sup

t∈[0,T ]

∥∥X(t)
∥∥
Lp(Ω;H)

)∫ tn

0
(tn − t)−ργ dt

6 C(h2γ + ∆tργ).

(2.3.9)

Using (2.1.4), (2.1.6), (2.3.1), and Proposition 2.2.2 yields∥∥∥ n−1∑
j=0

∫ tj+1

tj

Bn−jh,∆t
(
f(Xj

h,∆t)− f(X(t))
)

dt
∥∥∥
Lp(Ω;H)

6 |f |G1
b(H,H)

n−1∑
j=0

∫ tj+1

tj

∥∥Bn−jh,∆t
∥∥∥∥Xj

h,∆t −X(t)
∥∥
Lp(Ω;H) dt

6 L0|f |G1
b(H,H)

n−1∑
j=0

∫ tj+1

tj

(∥∥Xj
h,∆t −X(tj)

∥∥
Lp(Ω;H)

+
∥∥X(tj)−X(t)

∥∥
Lp(Ω;H)

)
dt

6 L0|f |G1
b(H,H)

(
CT∆t

ργ
2 + ∆t

n−1∑
j=0

∥∥Xj
h,∆t −X(tj)

∥∥
Lp(Ω;H)

)
.

For the error of the stochastic convolution we write the difference in the form

(2.3.10)
Wn
Bh,∆t

−WS(tn) =
n−1∑
j=0

∫ tj+1

tj

(
Bn−jh,∆t − S(tn − t)

)
dW (t)

=
∫ tn

0
F̃h,∆t(tn − t) dW (t).
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By (2.1.7) and (2.3.5) with σ = γρ, and s = 1− βρ, we obtain the estimate∥∥Wn
Bh,∆t

−WS(tn)
∥∥
Lp(Ω;H) 6

(p(p− 1)
2

∫ tn

0

∥∥A βρ−1
2ρ
∥∥2
L0

2

∥∥A 1−βρ
2ρ F̃h,∆t(t)

∥∥2
L dt

) 1
2

6 CR1−βρ

(∫ tn

0
tρ(β−γ)−1 dt

) 1
2 (
hγ + ∆t

ργ
2
)
6 C(hγ + ∆t

ργ
2 ).

Collecting the estimates yields that, for all n = 0, . . . , N ,

∥∥Xn
h,∆t −X(tn)

∥∥
Lp(Ω;H) 6 C

hγ + ∆t
ργ
2 + ∆t

n−1∑
j=0

∥∥Xj
h,∆t −X(tj)

∥∥
Lp(Ω;H)

 .

The proof is concluded by using Gronwall’s lemma. �

2.3.3. Regularity and weak convergence. Here we state and prove our
main result on weak convergence. It is based on a strong error estimate in the
M1,p(H)∗ norm combined with boundedness of X and Xh,∆t in M1,p,q(H) for
suitable p, q. The methodology was introduced in [2], but here we exploit it further
in a more general setting. We begin by proving the Malliavin differentiability of
Xh,∆t.

Proposition 2.3.3. Let the setting of Section 2.3.1 hold, and let Xh,∆t be given
by (2.3.6). For p ∈ [2,∞), q ∈ [2, 2

1−ρβ ), it holds that

sup
h,∆t∈(0,1)

max
n∈{0,...,N}

(∥∥Xn
h,∆t

∥∥
M1,p,q(H) +

∣∣Xn
h,∆t

∣∣
M1,∞,q(H)

)
<∞.

Sketch of proof. Note first that DX0
h,∆t = 0 as X0

h,∆t is deterministic.
Therefore, it follows inductively that Xj

h,∆t, j = 0, . . . , N , are differentiable and
the derivative satisfies the equation

DrX
n
h,∆t = ∆t

n−1∑
j=0

Bn−jh,∆tf
′(Xj

h,∆t)DrX
j
h,∆t +

n−1∑
j=0

χ[tj ,tj+1)(r)Bn−jh,∆t.

The proof is performed by straightforward analysis of this equation using the dis-
crete Gronwall’s lemma, see [2, Proposition 3.16] for details in the parabolic case
ρ = 1. The general case is treated analogously. �

The Malliavin regularity of X is next obtained by a limiting procedure.

Proposition 2.3.4. Let the setting of Section 2.3.1 hold and let X be the solu-
tion to (2.1.2). For p ∈ [2,∞), q ∈ [2, 2

1−ρβ ), it holds that X ∈ C((0, T ),M1,p,q(H)).
Furthermore, we have that

sup
t∈[0,T ]

∣∣X(t)
∣∣
M1,∞,q(H) <∞.

Proof. Let X̃h,∆t(t) = Xn
h,∆t for t ∈ [tn, tn+1), n = 0, . . . , N−1, h,∆t ∈ (0, 1).

By Proposition 2.3.3 it holds, in particular, that the family (X̃h,∆t)h,∆t∈(0,1) is
bounded in the Hilbert space X = L2((0, T ); M1,2,2(H)). From Proposition 2.2.2
and Theorem 2.3.2 it follows that X̃h,∆t → X as h,∆t→ 0 in the Hilbert space Y =
L2((0, T );L2(Ω;H)). Therefore, by Lemma 2.1.1, X ∈ X = L2((0, T ); M1,2,2(H)).
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By [41, Lemma 3.6] it holds that also∫ ·
0
S(· − s)f(X(s)) ds ∈ L2((0, T ); M1,2,2(H))

with Dr

∫ t
0 S(t− s)f(X(s)) ds =

∫ t
r
S(t− s)f ′(X(s))DrX(s) ds, for 0 6 r 6 t 6 T ,

and
∫ ·

0 S(· − s) dW (s) ∈ L2(0, T ; M1,2,2(H)) with Dr

∫ t
0 S(t− s) dW (s) = S(t− r),

for 0 6 r 6 t 6 T . We remark that [41, Lemma 3.6] is formulated for semigroups,
but the semigroup property is not used in the proof. We have thus proved that we
can differentiate the equation for X term by term, and obtain the equation

DrX(t) =
{
S(t− r) +

∫ t
r
S(t− s)f ′(X(s))DrX(s) ds, t ∈ (r, T ],

0, t ∈ [0, r].

A straightforward analysis of this equation, by a Gronwall argument, as in the proof
of [2, Proposition 3.10] completes the proof. �

In the proof of [2, Lemma 4.6], which is the analogue of Lemma 2.3.6 below, a
bound

‖A−
δ
2

h Phx‖ 6 ‖A
δ
2
hPhA

− δ2 ‖‖A− δ2x‖ 6 C‖A− δ2 x‖,(2.3.11)

was used in the special case δ = 1. This estimate is true for all δ ∈ [0, 1] for both
the finite element method and for spectral approximation. For δ > 1 it holds only
for spectral approximation. As we need δ ∈ [0, 2/ρ) we cannot rely on (2.3.11). In
[103, Lemma 5.3] it is shown that for finite element discretization and for δ = 0, 1, 2
it holds

‖A−
δ
2

h Phx‖ 6 C
(
‖A− δ2 x‖+ hδ‖x‖

)
, x ∈ H.

The next lemma is a generalization of this result, assuming the availability of a non-
smooth data estimate of the form (2.3.4). It will be used in the proof of Lemma 2.3.6
below with X = M1,p(H)∗ for a certain p. By using it we don’t have to rely on
(2.3.11) and this way we may include finite element discretizations under the same
generality as spectral approximations.

Lemma 2.3.5. Let the setting of Section 2.3.1 hold and let X be a Banach space
such that the embedding L2(Ω;H) ⊂ X is continuous. For κ ∈ [0, 2), σ ∈ [0, κ),
there exists C > 0 such that for Y ∈ L2(Ω;H) it holds that∥∥A−κ2h PhY

∥∥
X 6

∥∥A−κ2 Y ∥∥X + Chσ
∥∥Y ∥∥

L2(Ω;H), h ∈ (0, 1).

Proof. By the continuous embedding L2(Ω;H) ⊂ X we get that∥∥A−κ2h PhY
∥∥
X 6

∥∥A−κ2 Y ∥∥X +
∥∥(A−κ2h Ph −A−

κ
2
)
Y
∥∥
X

6
∥∥A−κ2 Y ∥∥X + C

∥∥A−κ2h Ph −A−
κ
2
∥∥
L(H)

∥∥Y ∥∥
L2(Ω;H).

By [87, Chapter 2, (6.9)] we have that

A
−κ2
h Ph −A−

κ
2 = 1

Γ(κ/2)

∫ ∞
0

t
κ
2−1(e−tAhPh − e−tA) dt.
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Therefore, by (2.3.4),∥∥A−κ2h Ph −A−
κ
2
∥∥
L(H) 6

1
Γ(κ/2)

∫ ∞
0

t
κ
2−1∥∥e−tAhPh − e−tA∥∥L(H) dt

= 1
Γ(κ/2)

∫ h−2

0
t
κ
2−1∥∥e−tAhPh − e−tA∥∥L(H) dt

+ 1
Γ(κ/2)

∫ ∞
h−2

t
κ
2−1∥∥e−tAhPh − e−tA∥∥L(H) dt

6 C

(
h
κ+σ

2

∫ h−2

0
t
κ−σ

4 −1 dt+ h2
∫ ∞
h−2

t
κ
2−2 dt

)
= C

(
4hσ

κ− σ
+ 2

2− κh
2h2−κ2

)
6 Chσ.

�

The next result is a strong error estimate in the M1,p(H)∗ norm. Together
with the regularity stated in Propositions 2.3.3 and 2.3.4 it is the key to the proof
of Theorem 2.3.7 below on weak convergence.

Lemma 2.3.6. Let the setting of Section 2.3.1 hold, let X be the solution of
(2.1.2), and let Xh,∆t be given by (2.3.6). For γ ∈ [0, β), p = 2

1−ργ , there exists
C > 0 such that

max
n∈{0,...,N}

∥∥Xn
h,∆t −X(tn)

∥∥
M1,p(H)∗ 6 C

(
h2γ + ∆tργ

)
, h,∆t ∈ (0, 1).

Proof. The proof is similar to that of Theorem 2.3.2. First note that we have
the continuous embeddings H ⊂ Lp(Ω;H) ⊂ L2(Ω;H) ⊂M1,p(H)∗. Therefore, for
n = 0 the statement follows from (2.3.2). For n = 1, . . . N it follows from (2.3.7)
that∥∥Xn

h,∆t −X(tn)
∥∥

M1,p(H)∗ 6
∥∥Fnh,∆tx0

∥∥
H

+
∥∥∥∫ tn

0
F̃h,∆t(tn − t)f(X(t)) dt

∥∥∥
Lp(Ω;H)

+
∥∥∥ n−1∑
j=0

∫ tj+1

tj

Bn−jh,∆t
(
f(Xj

h,∆t)− f(X(t))
)

dt
∥∥∥

M1,p(H)∗

+
∥∥Wn

Bh,∆t
−WS(tn)

∥∥
M1,p(H)∗ .

The first two terms was already estimated as desired in (2.3.8) and (2.3.9). Choose
κ so that max(δ, 2γ) < κ < 2/ρ, where δ is the parameter in (2.1.4). Since ρκ < 2,
we have, by Lemma 2.1.4 and (2.3.1) with s = ρκ/2, that∥∥∥ n−1∑

j=0

∫ tj+1

tj

Bn−jh,∆t
(
f(Xj

h,∆t)− f(X(t))
)

dt
∥∥∥

M1,p(H)∗

6
n−1∑
j=0

∫ tj+1

tj

∥∥Bn−jh,∆tA
κ
2
h Ph

∥∥
L(H)

∥∥A−κ2h Ph
(
f(Xj

h,∆t)− f(X(t))
)∥∥

M1,p(H)∗ dt

6 Lκρ
2

n−1∑
j=0

∫ tj+1

tj

t
−κρ2
n−j

∥∥A−κ2h Ph
(
f(Xj

h,∆t)− f(X(t))
)∥∥

M1,p(H)∗ dt.
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Applying Lemma 2.3.5 with X = M1,p(H)∗ and σ = 2γ < κ yields∥∥A−κ2h Ph
(
f(Xj

h,∆t)− f(X(t))
)∥∥

M1,p(H)∗

6 Ch2γ∥∥f(Xj
h,∆t)− f(X(t))

∥∥
L2(Ω;H) +

∥∥A−κ2 (f(Xj
h,∆t)− f(X(t))

)∥∥
M1,p(H)∗ .

For the first term we get by (2.1.4), Propositions 2.2.1, and 2.3.1 that

sup
t∈[0,T ]

max
j∈{0,...,N}

∥∥f(Xj
h,∆t)− f(X(t))

∥∥
L2(Ω;H)

6 |f |G1
b(H,H)

(
max

j∈{0,...,N}

∥∥Xj
h,∆t

∥∥
L2(Ω;H) + sup

t∈[0,T ]

∥∥X(t)
∥∥
L2(Ω;H)

)
<∞.

By duality in the Gelfand triple M1,p(Ḣ−δ) ⊂ L2(Ω; Ḣ−δ) ⊂ M1,p(Ḣ−δ)∗ we
compute that for Y ∈ L2(Ω; Ḣ−δ),

‖Y ‖M1,p(Ḣ−δ)∗ = sup
Z∈M1,p(Ḣ−δ)

〈
Z, Y

〉
L2(Ω;Ḣ−δ)

‖Z‖M1,p(Ḣ−δ)

= sup
Z∈M1,p(Ḣ−δ)

〈
A−

δ
2Z,A−

δ
2Y
〉
L2(Ω;H)

‖Z‖M1,p(Ḣ−δ)

= sup
Z∈M1,p(Ḣ−δ)

〈
Z,A−

δ
2Y
〉
L2(Ω;H)

‖A δ
2Z‖M1,p(Ḣ−δ)

= sup
Z∈M1,p(H)

〈
Z,A−

δ
2Y
〉

‖Z‖M1,p(H)
= ‖A− δ2Y ‖M1,p(H)∗ .

Therefore, by Lemma 2.1.4 and Lemma 2.1.3 applied with U = H, V = Ḣ−δ, σ = f
we get ∥∥A−κ2 (f(Xj

h,∆t)− f(X(t))
)∥∥

M1,p(H)∗

6
∥∥A−κ−δ2

∥∥
L(H)

∥∥A− δ2 (f(Xj
h,∆t)− f(X(t))

)∥∥
M1,p(H)∗

=
∥∥A−κ−δ2

∥∥
L(H)

∥∥f(Xj
h,∆t)− f(X(t))

∥∥
M1,p(Ḣ−δ)∗

6
∥∥A−κ−δ2

∥∥
L(H) max

(
|f |G1

b(H,Ḣ−δ), |f |G2
b(H,Ḣ−δ)

)
×
(

1 + sup
j∈{0,...,N}

∣∣Xj
h,∆t

∣∣
M1,∞,p(H) + sup

t∈[0,T ]

∣∣X(t)
∣∣
M1,∞,p(H)

)
×
(∥∥Xj

h,∆t −X(tj)
∥∥

M1,p(H)∗ +
∥∥X(tj)−X(t)

∥∥
M1,p(H)∗

)
.

By Propositions 2.2.2, 2.3.3 and 2.3.4, we conclude that∥∥A−κ2 (f(Xj
h,∆t)− f(X(t))

)∥∥
M1,p(H)∗ 6 C

(
∆tργ +

∥∥Xj
h,∆t −X(tj)

∥∥
M1,p(H)∗

)
.

Thus, ∥∥∥ n−1∑
j=0

∫ tj+1

tj

Bn−jh,∆t
(
f(Xj

h,∆t)− f(X(t))
)

dt
∥∥∥

M1,p(H)∗

6 C

h2γ + ∆tργ + ∆t
n−1∑
j=0

t
−κρ2
n−j

∥∥Xj
h,∆t −X(tj)

∥∥
M1,p(Ḣ−δ)∗

 .
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By (2.3.10), (2.1.8), and (2.3.5), with s = 1− βρ, σ = 2γρ, and since p = 2
1−ργ

and p′ = 2
1+ργ , we get∥∥Wn

Bh,∆t
−WS(tn)

∥∥
M1,p(H)∗

6
(∫ tn

0

∥∥A βρ−1
2ρ
∥∥ 2

1+ργ
L0

2

∥∥A 1−βρ
2ρ F̃h,∆t(t)

∥∥ 2
1+ργ
L dt

) 1+ργ
2

6 R1−βρ
∥∥A βρ−1

2ρ
∥∥
L0

2

(∫ tn

0
t
ρ(β−γ)
1+ργ −1 dt

) 1+ργ
2 (

h2γ + ∆tργ
)
.

Altogether we have that for every n = 0, . . . , N it holds that∥∥Xn
h,∆t −X(tn)

∥∥
M1,p(H)∗

6 C

h2γ + ∆tργ + ∆t
n−1∑
j=0

t
−κρ2
n−j

∥∥Xj
h,∆t −X(tj)

∥∥
M1,p(H)∗

 .

Lemma 2.1.2 finishes the proof. �

We next state our main result on weak convergence. Note that this is a more
general type of weak convergence result than the ones in the previous chapter which
concern the convergence of |E[ϕ(Xn

h,∆t)−ϕ(X(tn))]| for fixed tn ∈ [0, T ]. This is a
special case of the following theorem.

Theorem 2.3.7. Let X be the solution of (2.1.2) and let Xh,∆t be given by
(2.3.6). Let X̃h,∆t(t) = Xn

h,∆t, for t ∈ [tn, tn+1), n ∈ {0, . . . , N−1} and X̃h,∆t(t) =
XN
h,∆t, for t ∈ [tN , T ]. For K > 1, m1, . . . ,mK > 2, ϕi ∈ G2,mi

p (H,R), νi ∈ MT ,
i = 1, . . . ,K, Φ(Z) =

∏K
i=1 ϕi(

∫ T
0 Z(t) dνi,t), γ ∈ [0, β), there exists C > 0 such

that ∣∣E[Φ(X̃h,∆t)− Φ(X)
]∣∣ 6 C(h2γ + ∆tργ

)
, h,∆t ∈ (0, 1).

Proof. We start by observing that by (2.1.6) we have
K∏
i=1

ϕi(xi)−
K∏
i=1

ϕi(yi)

=
K∑
l=1

l−1∏
i=1

ϕi(xi)
K∏

j=l+1
ϕj(yj)

(
ϕl(xl)− ϕl(yl)

)
=

K∑
l=1

〈
l−1∏
i=1

ϕi(xi)
K∏

j=l+1
ϕj(yj)

∫ 1

0
ϕ′l(yl + λ(xl − yl)) dλ, xl − yl

〉

=:
K∑
l=1
〈γl(x1, . . . , xl, yl, . . . , yK), xl − yl〉.

Here we use the convention that an empty product equals 1. We get

∣∣E[Φ(X̃h,∆t)− Φ(X)
]∣∣ =

∣∣∣ K∑
l=1

〈
γl(Y lh,∆t),

∫ T

0

(
X̃h,∆t(t)−X(t)

)
dνl,t

〉
L2(Ω;H)

∣∣∣,
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where

Y lh,∆t =
(∫ T

0
X̃h,∆t(t) dνl,t, . . . ,

∫ T

0
X̃h,∆t(t) dνK,t,∫ T

0
X(t) dν1,t, . . . ,

∫ T

0
X(t) dνl,t

)
.

By duality in the Gelfand triple M1,p(H) ⊂ L2(Ω;H) ⊂M1,p(H)∗ we obtain∣∣E[Φ(X̃h,∆t)− Φ(X)
]∣∣

6
K∑
l=1

∥∥γl(Y lh,∆t)∥∥M1,p(H)

∥∥∥ ∫ T

0

(
X̃h,∆t(t)−X(t)

)
dνl,t

∥∥∥
M1,p(H)∗

6
K∑
l=1

(
sup

h,∆t∈(0,1)

∥∥γl(Y lh,∆t)∥∥M1,p(H)

)∥∥X̃h,∆t −X
∥∥
L1
νl

((0,T );M1,p(H)∗).

Here γl ∈ G1,r
p (HK+1;H) and Y lh,∆t ∈M1,rp(HK+1) with r =

∑K
i=1mi−1. There-

fore [2, Lemma 3.3] applied with U = HK+1 and V = H gives for l ∈ {1, . . . ,K}
the bound

sup
h,∆t∈(0,1)

∥∥γl(Y lh,∆t)∥∥M1,p(H) 6 Cl
(

1 + sup
h,∆t∈(0,1)

∥∥Y lh,∆t∥∥rM1,rp(HK+1)

)
.

Propositions 2.3.3 and 2.3.4 ensure that
sup

h,∆t∈(0,1)

∥∥γl(Y lh,∆t)∥∥M1,p(H)

6 C̃l
(

1 +
K∑
i=1

(
sup

h,∆t∈(0,1)

∥∥X̃h,∆t
∥∥r
L1
νi

((0,T );M1,rp,p(H)) +
∥∥X∥∥r

L1
νi

((0,T );M1,rp,p(H))

))
<∞.

Let X̃ be the process X̃(t) = X(tn) for t ∈ [tn, tn+1), n ∈ {0, . . . , N − 1}. For
l ∈ {1, . . . ,K}, Proposition 2.2.2 and Lemma 2.3.6 yield∥∥X̃h,∆t −X

∥∥
L1
νl

((0,T );M1,p(H)∗)

6
∥∥X̃h,∆t − X̃

∥∥
L1
νl

((0,T );M1,p(H)∗) +
∥∥X̃ −X∥∥

L1
νl

((0,T );M1,p(H)∗)

6 C
(
h2γ + ∆tργ

)
.

This completes the proof. �

Finally, we formulate a corollary of Theorem 2.3.7 that can be used to prove
convergence of covariances and higher order statistics of approximate solutions. We
demonstrate this for covariances; higher order statistics can be treated in a similar
way.

Corollary 2.3.8. Let X be the solution of (2.1.2) and let Xh,∆t be given by
(2.3.6). Let X̃h,∆t(t) = Xn

h,∆t, for t ∈ [tn, tn+1), n ∈ {0, . . . , N−1} and X̃h,∆t(t) =
XN
h,∆t, for t ∈ [tN , T ]. Then, for K > 1, φ1, . . . , φK ∈ H, t1, . . . , tK ∈ (0, T ],

γ ∈ [0, β), there exists C > 0 such that∣∣∣E[ K∏
i=1

〈
X̃h,∆t(ti), φi

〉
−

K∏
i=1

〈
X(ti), φi

〉]∣∣∣ 6 C(h2γ + ∆tργ
)
, h,∆t ∈ (0, 1).
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70 2. SEMILINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE WIENER NOISE

In particular, for φ1, φ2 ∈ H and t1, t2 ∈ (0, T ], it holds that∣∣Cov
(〈
X̃h,∆t(t1), φ1

〉
,
〈
X̃h,∆t(t2), φ2

〉)
− Cov

(〈
X(t1), φ1

〉
,
〈
X(t2), φ2

〉)∣∣
6 C

(
h2γ + ∆tργ

)
, h,∆t ∈ (0, 1).

Proof. The first statement follows from Theorem 2.3.7 by setting ϕi = 〈φi, ·〉,
νi = δti , i ∈ {1, . . . ,K}, where δti is the Dirac measure concentrated at ti. The
second is a consequence of the first and the fact that

Cov
(〈
X̃h,∆t(t1), φ1

〉
,
〈
X̃h,∆t(t2), φ2

〉)
− Cov

(〈
X(t1), φ1

〉
,
〈
X(t2), φ2

〉)
= E

[〈
X̃h,∆t(t1), φ1

〉〈
X̃h,∆t(t2), φ2

〉]
− E

[〈
X(t1), φ1

〉〈
X(t2), φ2

〉]
− E

[〈
X̃h,∆t(t1), φ1

〉
−
〈
X(t1), φ1

〉]
E
[〈
X(t2), φ2

〉]
− E

[〈
X̃h,∆t(t1), φ1

〉]
E
[〈
X̃h,∆t(t2), φ2

〉
−
〈
X(t2), φ2

〉]
.

�

2.4. Examples

In this section we consider two different types of equations and write them
in the abstract form of Section 2.1. We verify the abstract assumptions in both
cases. Numerical approximation by the finite element method and suitable time
discretization schemes are proved to satisfy the assumptions of Section 2.3. We start
with parabolic stochastic partial differential equations and continue with Volterra
equations in a separate subsection.

2.4.1. Stochastic parabolic partial differential equations. Let D ⊂ Rd
for d = 1, 2, 3 be a convex polygonal domain. Let ∆ =

∑d
i=1

∂2

∂x2
i
be the Laplace

operator and g ∈ G2
b(R,R). We consider the stochastic partial differential equation:

(2.4.1)
u̇(t, x) = ∆u(t, x) + g(u(t, x)) + η̇(t, x), (t, x) ∈ (0, T ]×D,
u(t, x) = 0, (t, x) ∈ (0, T ]× ∂D,
u(0, x) = u0(x), x ∈ D.

The noise η̇ is not well defined as a function, as it is written, but makes sense
as a random measure. We will study this equation in the abstract framework
of Section 2.1. Let H = L2(D), A : D(A) ⊂ H → H be given by A = −∆
with D(A) = H1

0 (D) ∩ H2(D). Let (S(t))t∈[0,T ] denote the analytic semigroup
S(t) = e−tA of bounded linear operators generated by −A. Assumption 2.1.1 is
satisfied with ρ = 1, as is easily seen by a spectral argument. The drift f : H → H
is the Nemytskii operator determined by the action (f(r))(x) = g(r(x)), x ∈ D,
r ∈ H. Condition (2.1.4) for f is verified in [106] for δ = d

2 + ε. With these
definitions we may write (2.4.1) is the abstract Itô form

dX(t) +AX(t) dt = f(X(t)) dt+ dW (t), t ∈ (0, T ]; X(0) = x0,

with mild solution given by (2.1.2).
Let (Th)h∈(0,1) denote a family of regular triangulations of D where h denotes

the maximal mesh size. Let (Vh)h∈[0,1] be the finite element spaces of continuous
piecewise linear functions with respect to (Th)h∈(0,1) and Ph : H → Vh be the
orthogonal projector. Let the operators Ah : Vh → Vh be defined by (1.5.52).
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Remark 2.4.1. If the domain D is such that the pairs of eigenvalues and
eigenfunctions (λn, en)n∈N of A are known, e.g., D = [0, 1]d, then instead of finite
element discretization one can consider a spectral Galerkin approximation. Let the
eigenvalues be ordered in increasing order so that λn 6 λn+1 for every n ∈ N.
Further, let h = λ

− 1
2

N+1 and Vh = span{φn : n 6 N}. By Ph : H → Vh we denote
the orthogonal projector and we define Ah = APh = PhA = PhAPh.

We discretize in time by a semi-implicit Euler-Maruyama method. By defining
B1
h,∆t = (I + ∆tAh)−1Ph and Bnh,∆t = (B1

h,∆t)nPh for n > 1, the discrete solutions
(Xn

h,∆t)Nn=0 are recursively given by

Xn
h,∆t = B1

h,∆tX
n−1
h,∆t + ∆tB1

h,∆tf(Xn−1
h,∆t) +

∫ tn

tn−1

B1
h,∆t dW (s), n = 1, . . . , N,

X0
h,∆t = Phx0.

Iterating the scheme gives the discrete variation of constants formula (2.3.6). For
both finite element and spectral approximation the assumptions (2.3.1), (2.3.2),
(2.3.3), (2.3.4), are valid, see, for example, [103].

2.4.2. Stochastic Volterra integro-differential equations. Consider the
semi-linear stochastic Volterra type equation
(2.4.2)

u̇(t, x) =
∫ t

0
b(t− s)∆u(t, x) ds+ g(u(t, x)) + η̇(t, x), (t, x) ∈ (0, T ]×D,

u(t, x) = 0, (t, x) ∈ (0, T ]× ∂D,
u(0, x) = u0, x ∈ D.

Suppose that b satisfies Assumptions 1.5.1 and 1.5.30. We write (2.4.2) in the
abstract Itō form

dX(t) +
(∫ t

0
b(t− s)AX(s) ds

)
dt = f(X(t)) dt+ dW (t), t ∈ (0, T ]; X(0) = x0,

(2.4.3)

with A, f , W , x0 as in Subsection 2.4.1. Here one needs δ = d
2 + ε < 2

ρ and this
requires ρ < 4

3 and ε small in the case d = 3 but causes no restrictions in the case
d = 1, 2. Under the above assumptions there exist a resolvent family of operators
(S(t))t∈[0,T ] defined by (1.5.7) and the mild solution of (2.4.3) is given by (2.1.2).
By Propositions 1.5.6 and 1.5.9 condition (2.1.1) holds for S. Thus, the setting of
Section 2.1 is applicable.

Using the notation from Subsections 1.5.6 and 1.5.7 we now turn our attention
to the numerical approximation via the semilinear variant of (1.5.61):

Xn
h,∆t −Xn−1

h,∆t + ∆t
(

n∑
k=1

ωn−k AhX
k
h,∆t

)

= ∆tPhf(Xn−1
h,k ) +

∫ tn

tn−1

Ph dW (t), n = 1, . . . , N,

X0
h,k = Phx0.
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It is possible to write (Xn
h,k)Nn=0 as a variation of constants formula (2.3.6) with

Bnh,∆t defined by (1.5.62). The stability (2.3.1) holds by (1.5.71), (1.5.72), (1.5.73)
and interpolation. The smooth data error estimate (2.3.2) was proved in Lemma
1.5.27. It remains to verify (2.3.3). By (1.5.74) there exist C̃ so that∥∥Fnh,∆t∥∥ 6 C̃t− δ2n

(
h
δ
ρ + ∆t δ2

)
, 0 6 δ 6 2, n = 1, . . . , N.

Let 0 6 δ 6 2. Interpolation with 0 6 s 6 1 yields∥∥A s
2ρFnh,∆t

∥∥ 6 ∥∥Fnh,∆t∥∥1−s∥∥A 1
2ρFnh,∆t

∥∥s
6
∥∥Fnh,∆t∥∥1−s

(∥∥A 1
2ρS(tn)

∥∥+
∥∥A 1

2ρBnh,∆t
∥∥)s

6
(
C̃t
− δ2
n

(
h
δ
ρ + ∆t δ2

))1−s(
2L 1

2
t
− 1

2
n

)s
6 C̃1−s(2L 1

2
)st−

δ(1−s)+s
2

n

(
h
δ(1−s)
ρ + ∆t

δ(1−s)
2
)
.

Setting σ = δ(1− s) and Rs = C̃1−s(2L 1
2
)s yields the estimate∥∥A s

2ρFnh,∆t
∥∥ 6 Rst−σ+s

2
n

(
h
σ
ρ + ∆tσ2

)
, 0 6 σ 6 2, 0 6 s 6 1− σ

2 ,

for n = 1, . . . , N . Therefore (2.3.3) holds.
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CHAPTER 3

Linear stochastic PDEs driven by additive Lévy
noise

3.1. Preliminaries

To describe the problem in an abstract setting, let H be a real separable Hilbert
space and (Ω,F , (Ft)t≥0,P) be a stochastic basis satisfiying the usual conditions,
L = (L(t))t>0 be a square-integrable cylindrical Lévy process in a real separable
Hilbert space U with respect to the stochastic basis (Ω,F , (Ft)t>0,P), taking values
in a possibly larger Hilbert space U1 ⊃ U , and B : U → H is a bounded linear
operator. Consider an H-valued stochastic convolution process

(3.1.1) X(t) = E(t)X0 +
∫ t

0
E(t− s)B dL(s)

where (E(t))t∈[0,T ] is a family of bounded linear operators on H and X0 is an F0-
measurableH-valued random variable. Without loss of generality, all Hilbert spaces
are assumed to be infinite-dimensional. Important examples of such processes are
weak solutions (X(t))t>0 of certain SPDEs driven by additive Lévy noise; these can
be written as abstract Itô stochastic differential equations

(3.1.2) dX(t) +AX(t) dt = B dL(t), t > 0; X(0) = X0,

where −A is the generator of a strongly continuous semigroup (E(t))t>0 on H. In
particular, we consider the stochastic heat equation

(3.1.3) dX(t) + ΛX(t)dt = dL(t), t > 0; X(0) = X0,

and the stochastic wave equation, written as a first order system,

(3.1.4)
dX1(t)−X2(t)dt = 0, t > 0; X1(0) = X0,1,

dX2(t) + ΛX1(t)dt = dL(t), t > 0; X2(0) = X0,2.

In both cases Λ := −∆ = −
∑d
j=1 ∂

2/∂ξ2
j is the Laplace operator on L2(D) where

D ⊂ Rd is a bounded domain supplemented by Dirichlet zero boundary conditions.
For the precise abstract setup of these equations we refer to Sections 3.3 and 3.5.
Similarly to the Gaussian case discussed in Chapters 1 and 2, we do not require
that (E(t))t>0 enjoys the semigroup property so that the abstract framework can
accommodate stochastic Volterra-type evolution equations as well, see Subsection
3.4 for details.

Consider an approximation X̃ = (X̃(t))t∈[0,T ] of the process (X(t))t∈[0,T ] given
by

(3.1.5) X̃(t) = Ẽ(t)X0 +
∫ t

0
Ẽ(t− s)B dL(s),

73
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where (Ẽ(t))t∈[0,T ] is a family of bounded linear operators on H, which is again
not necessarily (extendable to) an operator semigroup. For example, the family
(Ẽ(t))t∈[0,T ] may be a time-interpolated solution operator family of a space-time
discretized stochastic evolution problem, when H is an L2-space of some spatial
domain D. As is Chapter 1 we study the weak error
(3.1.6) e(T ) := E

(
G(X̃(T ))−G(X(T ))

)
for suitable test functions G : H → R. At the heart of the chapter are the error
representation formulae for e(T ), Theorem 3.2.6 and Corollary 3.2.8. The proof
of Theorem 3.2.6 is based on Kolmogorov’s backward equation for the martingale
Y (t) = E(T )X0 +

∫ t
0 E(T −s)B dL(s), t ∈ [0, T ], which has the important property

that Y (T ) = X(T ). The introduction of such an auxiliary process Y is well-known
for linear equations with additive Gaussian noise, and it was used extensively in
Chapter 1.

3.1.1. The driving Lévy process L. The process L = (L(t))t>0 in (3.1.2)
is a Lévy process with values in a real and separable Hilbert space U1, defined on
a stochastic basis (Ω,F , (Ft)t>0,P) satisfying the usual conditions (cf. [88]) if L is
(Ft)-adapted and for t, h > 0 the increment L(t+h)−L(t) is independent of Ft. We
always consider a càdlàg (right continuous with left limits) modification of L, i.e.,
a modification such that L(t) = lims↘t L(s) for all t > 0 and L(t−) := lims↗t L(s)
exists for all t > 0, where the limits are pathwise limits in U1. Our standard
reference for Hilbert space-valued Lévy processes is [88].

We assume that L is square-integrable, i.e., E‖L(t)‖2U1
< ∞, and that it has

mean zero, i.e., EL(t) = 0 in U1. Moreover, we assume that the Gaussian part of
L vanishes; see Remark 3.2.9 below for a comment on how to treat the case of a
non-vanishing Gaussian part. Let ν be the jump intensity measure (Lévy measure)
of L. Note that the jump intensity measure ν of a general Lévy process in U1
satisfies ν({0}) = 0 and

∫
U1

min(1, ‖y‖2U1
)ν(dy) < ∞, cf. [88, Section 4]. Due to

our assumptions we have

(3.1.7)
∫
U1

‖y‖2U1
ν(dy) <∞,

and the characteristic function of L is given by
(3.1.8)

Eei〈x,L(t)〉U1 = exp
{
− t
∫
U1

(
1− ei〈x,y〉U1 + i〈x, y〉U1

)
ν(dy)

}
, t > 0, x ∈ U1.

Conversely, any U1-valued Lévy process L satisfying (3.1.7) and (3.1.8) is square-
integrable, with mean zero and vanishing Gaussian part.

Let Q1 ∈ L1(U1) be the covariance operator of L. It is determined by the jump
intensity measure ν via

(3.1.9) 〈Q1x, y〉U1 =
∫
U1

〈x, z〉U1〈y, z〉U1ν(dz), x, y ∈ U1,

see [88, Theorem 4.47]. Further, let

(U0, 〈 · , · 〉U0) :=
(
Q

1/2
1 (U1), 〈Q−1/2

1 · , Q−1/2
1 · 〉U1

)
be the reproducing kernel Hilbert space, or Cameron–Martin space, of L, where
Q
−1/2
1 denotes the pseudo-inverse of Q1/2

1 , see [88, Section 7]. Recall that the
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operator B in (3.1.2) is defined on the Hilbert space U . We assume that
(3.1.10) U0 ⊂ U ⊂ U1,

and that the inclusions (3.1.10) define continuous embeddings. We denote the
embedding of U0 into U by J0 ∈ L(U0, U) and set
(3.1.11) Q := J0J

∗
0 ∈ L(U).

The nonnegative and symmetric operator Q is the covariance operator of L con-
sidered as a cylindrical process in U , cf. Remark 3.1.1 below. As a consequence
of Douglas’ theorem as stated in [88, Appendix A.4], compare also [91, Corollary
C.0.6], the reproducing kernel Hilbert space of L has the alternative representation

(U0, 〈 · , · 〉U0) =
(
Q1/2(U), 〈Q−1/2 · , Q−1/2 · 〉U

)
.

Remark 3.1.1. Suppose w.l.o.g. that U is dense in U1, identify U and U∗ via
the Riesz isomorphism, and consider the Gelfand triple U∗1 ⊂ U∗ ≡ U ⊂ U1. Then
it is not difficult to see that

E〈L(t), x〉〈L(t), y〉 = t〈Qx, y〉U , t > 0, x, y ∈ U∗1 ,
where 〈 · , · 〉 : U1×U∗1 → R is the canonical dual pairing; compare [88, Proposition
7.7]. The unique continuous extensions of the linear mappings U∗1 3 x 7→ 〈L(t), x〉 ∈
L2(P), t > 0, to the larger space U∗ determine a 2-cylindrical U -process in the sense
of [84], compare with also [4], [94], [95].

Remark 3.1.2. Note that, using (1.1.4), we have L(U1, H) ⊂ L2(U0, H) since

‖C‖L2(U0,H) = ‖CQ1/2
1 ‖L2(U1,H) 6 ‖C‖L(U1,H)‖Q

1/2
1 ‖L2(U1)

for all C ∈ L(U1, H) and ‖Q1/2
1 ‖L2(U1) = TrQ1 = ‖Q1‖L1(U1) <∞.

Remark 3.1.3. Unlike in the case of a mean-zero (cylindrical) Q-Wiener pro-
cess in U , the covariance operators Q ∈ L(U) and Q1 ∈ L1(U1) do not determine
the distribution of the Lévy process L, but the jump intensity measure ν does so ac-
cording to (3.1.8). Note that the law of a general Lévy process is determined by its
characteristics (Lévy triplet), cf. [88, Definition 4.28], and that the characteristics
of L are (−

∫
{‖y‖U1>1} y ν(dy), 0, ν). Nevertheless, the operator Q in (3.1.11) will

play an important role in our error analysis. Let us briefly make the connection of
our setting to the construction of a cylindrical Q-Wiener process in U as described
in [31], [91], see also, Chapter 1. To this end, let (fk)k∈N be an orthonormal basis
of U1 consisting of eigenvectors of Q1 with eigenvalues (λk)k∈N and consider the
orthonormal basis (ek)k∈N of U0 given by ek := λ

1/2
k fk. To simplify notation we

suppose for the moment that all eigenvalues λk of Q1 are strictly positive. Then,
compare [88, Section 4.8], the real-valued Lévy processes Lk = (Lk(t))t>0, k ∈ N,
given by

Lk(t) := λ
−1/2
k 〈L(t), fk〉U1

are uncorrelated, i.e., ELk(t)Lj(s) = 0 if k 6= j, they satisfy E(L2
k(t)) = t, and we

have
(3.1.12) L(t) =

∑
k∈N

Lk(t)ek.

The infinite sum in (3.1.12) converges for all finite T > 0 in the space M2
T (U1)

of càdlàg square-integrable U1-valued (Ft)-martingales M = (M(t))t∈[0,T ] with
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norm ‖M‖M2
T

(U1) = (E‖M(T )‖2U1
)1/2. In contrast to the Gaussian case, where

uncorrelated coordinates are always independent, the coordinate processes Lk, k ∈
N, are in general only uncorrelated but not independent.

Conversely, suppose that we are given an arbitrary symmetric and nonnegative
operator Q ∈ L(U), an orthonormal basis (ek)k∈N of U0 = Q1/2(U), and a family
Lk, k ∈ N, of real-valued Lévy processes on (Ω,F , (Ft)t>0,P) that satisfy the
following conditions:

• Each Lk is (Ft)-adapted and for t, h > 0 the increment Lk(t+ h)− Lk(t)
is independent of Ft;

• each Lk is square-integrable with ELk(t) = 0 and E(L2
k(t)) = t;

• the processes Lk, k ∈ N, are uncorrelated;
• for all n ∈ N the Rn-valued process ((L1(t), . . . , Ln(t))>)t>0 is a Lévy
process;

• the Gaussian part of each Lk is zero.
Then, if U1 is a Hilbert space containing U such that the natural embedding of
U0 = Q1/2(U) into U1 is Hilbert-Schmidt, the infinite sum in (3.1.12) converges in
M2

T (U1) and defines a Lévy process L with reproducing kernel Hilbert space U0
that fits into our setting.

We end this subsection with some examples of Lévy processes L. We suppose
that all processes are defined relative to the stochastic basis (Ω,F , (Ft)t>0,P) and
that their increments on time intervals [t, t+ h] are independent of Ft.

Example 3.1.4 (Subordinate cylindrical Q̃-Wiener process). LetW be a cylin-
drical Q̃-Wiener process in U in the sense of [91, Section 2.5.1], where Q̃ ∈ L(U)
is a given nonnegative and symmetric operator. Assume that W takes values in a
possibly larger Hilbert space U1 ⊃ U such that the natural embedding of U into
U1 is continuous. Let Q̃1 ∈ L1(U1) be the covariance operator of W considered
as a Wiener process in U1, i.e., E〈W (t), x〉U1〈W (s), y〉U1 = min(s, t)〈Q̃1x, y〉U1 for
x, y ∈ U1, s, t > 0. Let Z = (Z(t))t>0 be a subordinator, i.e., a real-valued increas-
ing Lévy process in the sense of [98, Definition 21.4], [99]. Assume that W and Z
are independent, that the drift of Z is zero, and that the jump intensity measure ρ
of Z satisfies

(3.1.13)
∫ ∞

0
s ρ(ds) <∞.

The latter is equivalent to assuming that Z has first moments, E|Z(t)| < ∞. Ac-
cording to [98, Remark 21.6], the Laplace tranform of Z(t) is given by

(3.1.14) E(e−rZ(t)) = exp
(
− t
∫ ∞

0
(1− e−rs)ρ(ds)

)
, r > 0.

In this situation, subordinate cylindrical Brownian motion

L(t) := W (Z(t)), t > 0,

defines a U1-valued Lévy process L = (L(t))t>0 that fits into the general framework
described above. Indeed, L has stationary and independent increments. More-
over, the independence of W and Z, the identity Eei〈x,W (s)〉U1 = e−s

1
2 〈Q̃1x,x〉U1 ,

Eq. (3.1.14) and the symmetry of the distribution P(W (1) ∈ ·) = N(0, Q1) imply
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that characteristic function of L(t) is given by

Eei〈x,L(t)〉U1 =
∫ ∞

0
e−s

1
2 〈Q̃1x,x〉U1 P(Z(t) ∈ ds)

= exp
[
− t
∫ ∞

0
(1− e− 1

2 〈Q̃1x,x〉U1s)ρ(ds)
]

= exp
[
− t
∫ ∞

0

∫
U1

(1− ei〈x,
√
sy〉U1 + i〈x,

√
sy〉U1)

P(W (1) ∈ dy)ρ(ds)
]
.

As a consequence, (3.1.8) holds with

(3.1.15) ν =
(
P(W (1) ∈ ·)⊗ ρ

)
◦ κ−1,

where κ : U1× (0,∞)→ U1 is defined by κ(y, s) =
√
sy; compare [95, Lemma 4.8].

(Note that, by the scaling property of W , (3.1.15) is equivalent to the standard
formula ν =

∫∞
0 P(W (s) ∈ ·) ρ(ds), where the measure-valued integral is defined

in a weak sense, cf. [98, Section 30]). Moreover, (3.1.7) holds due to (3.1.13)
as we have the equality

∫
U1
‖y‖2U1

ν(dy) =
∫∞

0 s ρ(ds)E(‖W (1)‖2U1
) according to

(3.1.15). It follows that L is a U1-valued, square-integrable, mean-zero Lévy process
with vanishing Gaussian part. It is also not difficult to show that the covariance
operators Q1 ∈ L1(U1) and Q ∈ L(U) of L in (3.1.9) and (3.1.11) are given by Q1 =∫∞

0 s ρ(ds) Q̃1 and Q =
∫∞

0 s ρ(ds) Q̃. Subordinate cylindrical Wiener processes
have been considered, e.g., in [26].

Example 3.1.5 (Independent one-dimensional Lévy processes). Let Q ∈ L(U)
be symmetric, nonnegative and let (ek)k∈N be an orthonormal basis of U0 :=
Q1/2(U) ⊂ U . Let Lk = (L(t))k∈N, k ∈ N, be independent real-valued square-
integrable Lévy processes with vanishing Gaussian part and ELk(t) = 0, E(L2

k(t)) =
t. Let U1 ⊃ U be another Hilbert space such that the natural embedding of U0
into U1 is a Hilbert-Schmidt operator. Then, the series (3.1.12) converges for all
T ∈ (0,∞) in the spaceM2

T (U1) and defines a Lévy process L = (L(t))t>0 satisfiy-
ing (3.1.7) and (3.1.8) with jump intensity measure

ν =
∑
k∈N

νk ◦ π−1
k ,

where νk is the Lévy measure of Lk and πk : R → U1 is defined by πk(ξ) := ξek;
compare with [88, Section 4.8.1].

Example 3.1.6 (Impulsive cylindrical process). Let µ be a Lévy measure on R
such that

∫
R σ

2µ(dσ) < ∞. Let O ⊂ Rd be a bounded domain and Z = (Z(t))t>0
an impulsive cylindrical process on U := L2(O) = L2(O,B(O), λd) with jump size
intensity µ in the sense of [88, Definition 7.23]. Here, λd denotes d-dimensional
Lebesgue measure. The process Z is a measure-valued process defined, informally,
by Z(t, dξ) =

∫ t
0
∫
R σπ̂(ds,dξ,dσ), where π̂ is a compensated Poisson random mea-

sure on [0,∞) × O × R with reference measure λ1 ⊗ λd ⊗ µ; see [88, Section 7.2]
for details. Let Q̃ ∈ L(U) be symmetric and nonnegative, (bk)k∈N an orthonor-
mal basis of U , and U1 ⊃ U a Hilbert space such that the natural embedding of
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U0 = Q̃1/2(U) ⊂ U into U1 is Hilbert-Schmidt. Then the series

(3.1.16) L(t) := Q̃
1
2Z(t) :=

∑
k∈N

∫ t

0

∫
O

∫
R
σbk(ξ)π̂(ds,dξ,dσ)Q̃ 1

2 bk, t > 0,

converges for all T ∈ (0,∞) in M2
T (U1) and defines a Lévy process that fits into

our general framework with Q =
∫
R σ

2µ(dσ)Q̃ and

ν = (λd ⊗ µ) ◦ φ−1,

where φ ∈ L2(O×R, λd⊗µ;U1) is defined by φ(ξ, σ) =
∑
n∈N σbk(ξ)Q̃ 1

2 bk (conver-
gence in L2(O×R, λd⊗µ;U1)). In [75] weak approximation of the stochastic heat
equation driven by an impulsive process of the form (3.1.16) was considered. The
results in Section 3.3.1 improve the results of [75] in several aspects.

3.1.2. Linear stochastic evolution equations with additive noise. We
are mainly interested in equations of the type (3.1.2), where A : D(A) ⊂ H →
H is an unbounded linear operator such that −A is the generator of a strongly
continuous semigroup (E(t))t>0 ⊂ L(H), B ∈ L(U,H), L = (L(t))t>0 is a square-
integrable Lévy process with reproducing kernel Hilbert space U0 ⊂ U as described
in Subsection 3.1.1, and X0 ∈ L2(Ω,F0,P;H). It is well known that if

(3.1.17)
∫ T

0
‖E(t)B‖2L2(U0,H)dt <∞

for some (and hence for all) T > 0, then there exists a unique weak solution X =
(X(t))t>0 to (3.1.2) which is given by the variation-of-constants formula (3.1.1),
see, e.g., [88, Chapter 9]. Similarly, if (Ẽ(t))t∈[0,T ] ⊂ L(H) is given by some
approximation scheme such that t 7→ Ẽ(t)B is a measurable mapping from [0, T ]
to L2(U0, H), then the condition

(3.1.18)
∫ T

0
‖Ẽ(t)B‖2L2(U0,H)dt <∞

ensures that the approximation X̃ = (X̃(t))t∈[0,T ] of (X(t))t∈[0,T ] in (3.1.5) exists
as a square-integrable H-valued process. We refer to [88, Chapter 8] for details on
the construction and properties of the stochastic integral w.r.t. Hilbert space-valued
Lévy processes.

It turns out that our general error representation formula for the weak error
e(T ) in (3.1.6) does not require the semigroup property of the strongly continuous
family of operators (E(t))t>0. This paves the way for analysing a more general
class of Lévy-driven linear stochastic evolution equations, including, for example,
stochastic Volterra-type integro-differential equations as considered in Section 1.5
for the Gaussian case, see Subsection 3.4 for details. For such equations, the weak
solution still has the form (3.1.1) but the solution operator family (E(t))t>0 ⊂ L(H)
is not a semigroup anymore. Therefore, we weaken our abstract assumptions and
summarize them as follows.

Assumption 3.1.7. We will use the following assumptions:
(i) H, U and U1 are real and separable Hilbert spaces;
(ii) L = (L(t))t>0 is a U1-valued Lévy process with vanishing Gaussian part on

(Ω,F , (Ft)t>0,P) with zero mean and finite second moments and reproducing
kernel Hilbert space U0 such that U0 ⊂ U ⊂ U1 as described in Subsec-
tion 3.1.1;
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(iii) X0 ∈ L2(Ω,F0,P;H);
(iv) B ∈ L(U,H) and (E(t))t∈[0,T ] ⊂ L(H) is a strongly continuous family of

linear operators such that (3.1.17) holds;
(v) for all ε > 0 there exists Φε ∈ L2(U0, H) and Cε > 0 such that

‖E(t)Bx‖H 6 ‖Φεx‖H , (t, x) ∈ [ε, T ]× U0;
(vi) (Ẽ(t))t∈[0,T ] ⊂ L(H) is a family of linear operators such that t 7→ Ẽ(t)B is a

measurable mapping from [0, T ] to L2(U0, H) and (3.1.18) holds;
(vii) X = (X(t))t∈[0,T ] and X̃ = (X̃(t))t∈[0,T ] are H-valued stochastic processes

given by (3.1.1) and (3.1.5).
Remark 3.1.8. If (E(t))t>0 is an operator semigroup, then 3.1.7(v) is a con-

sequence of 3.1.7(iv). Indeed, if (3.1.17) holds then E(t0)B ∈ L2(U0, H) for some
t0 ∈ (0, ε) and hence

‖E(t)Bx‖H ≤ ‖E(t0)Bx‖H sup
t∈[t0,T ]

‖E(t− t0)‖L(H), (t, x) ∈ [ε, T ]× U0.

Hence, one may take Φε := cE(t0)B where c := supt∈[t0,T ] ‖E(t− t0)‖L(H).
To fix notation, let us briefly recall the Itô isometry for stochastic integrals

w.r.t. L. It has the same form as the Itô isometry for stochastic integrals w.r.t.
Hilbert space-valued Wiener processes. We set ΩT := Ω× [0, T ] and PT := P⊗ λ,
where λ is Lebesgue measure on [0, T ]. The predictable σ-algebra on ΩT w.r.t.
(Ft)t∈[0,T ] is denoted by PT . For operator-valued processes Φ = (Φ(t))t∈[0,T ] in

L2(ΩT ,PT ;L2(U0, H)) := L2(ΩT ,PT ,PT ;L2(U0, H)),
we have

(3.1.19) E
(∥∥∫ t

0
Φ(s)dL(s)

∥∥2
H

)
= E

∫ t

0
‖Φ(s)‖2L2(U0,H)ds, t ∈ [0, T ],

and the integral process (
∫ t

0 Φ(s)dL(s))t∈[0,T ] belongs to the spaceM2
T (H) of càdlàg

square-integrable H-valued (Ft)-martingales. The usual norm inM2
T (H) is defined

by ‖M‖M2
T

(H) = (E‖M(T )‖2H)1/2, M = (M(t))t∈[0,T ] ∈ M2
T (H). Note, however,

that the integral processes given by the stochastic integrals in (3.1.1) and (3.1.5)
are in general not martingales since the (deterministic) operator-valued integrands
also depend on t.

3.2. An error representation formula

In this section, we state and prove a general representation formula for the weak
approximation error e(T ) in (3.1.6) within the abstract setting described above.

For the formulation and the proof of the error representation formula, we in-
troduce auxiliary drift-free Itô processes Y = (Y (t))t∈[0,T ] and Ỹ = (Ỹ (t))t∈[0,T ]
such that

X(T ) = Y (T ), X̃(T ) = Ỹ (T ).
To this aim, we set

(3.2.1) Y (t) := E(T )X0 +
∫ t

0
E(T − s)B dL(s), t ∈ [0, T ],

and

(3.2.2) Ỹ (t) := Ẽ(T )X0 +
∫ t

0
Ẽ(T − s)B dL(s), t ∈ [0, T ].
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Moreover, we consider the auxiliary problem

dZ(t) = E(T − t)B dL(t), t ∈ [τ, T ]; Z(τ) = ξ,

where τ ∈ [0, T ) and ξ is an H-valued Fτ -measurable random variable. Its solution
is given by

(3.2.3) Z(t, τ, ξ) := ξ +
∫ t

τ

E(T − s)B dL(s), t ∈ [τ, T ],

and we use it to define for G ∈ C2(H,R) with supx∈H ‖G′′(x)‖L(H) <∞ a function
u : [0, T ]×H → R by

(3.2.4) u(t, x) := EG(Z(T, t, x)), (t, x) ∈ [0, T ]×H.

As noted in (1.1.18) and (1.1.19), the boundedness of G′′ implies quadratic and
linear growth of G and G′, respectively. That is,

(3.2.5) |G(x)| 6 C(1 + ‖x‖2H), ‖G′(x)‖H 6 C(1 + ‖x‖H)

for all x ∈ H and a constant C ∈ (0,∞) that does not depend on x. It is also not
difficult to see that u is twice Fréchet differentiable w.r.t. x and we have

(3.2.6) ux(t, x) = EG′(Z(T, t, x)), uxx(t, x) = EG′′(Z(T, t, x)).

All expectations appearing in (3.2.4) and (3.2.6) make sense due to (3.2.5), the
assumption supx∈H ‖G′′(x)‖L(H) <∞, (3.1.17) and Itô’s isometry (3.1.19).

3.2.1. Poisson random measures and a comparison of stochastic in-
tegrals. Before stating the representation formula, we show in the following lemma
how operators in L2(U0, H) can be identified with functions in

L2(U1, ν;H) := L2(U1,B(U1), ν;H)

and how processes in L2(ΩT ,PT ;L2(U0, H)) can be identified with elements in

L2(ΩT × U1,PT ⊗ ν;H) := L2(ΩT × U1,PT ⊗ B(U1),PT ⊗ ν;H).

These identifications will be used throughout this chapter, see Remark 3.2.2 below.
They also lead to a generic identification of integrals w.r.t. (cylindrical) Hilbert
space-valued Lévy processes of jump type and integrals w.r.t. the associated Poisson
random measures.

Lemma 3.2.1. Let (fk)k∈N ⊂ U0 be an orthonormal basis of U1 consisting of
eigenvectors of the covariance operator Q1 ∈ L1(U1) of L and let (λk)k∈N ⊂ [0,∞)
be the corresponding sequence of eigenvalues.

(i) Given Φ ∈ L2(U0, H), the series

ι(Φ) :=
∑

k∈N,λk 6=0
〈 · , fk〉U1Φfk

converges in L2(U1, ν;H) and the linear mapping

ι : L2(U0, H)→ L2(U1, ν;H), Φ 7→ ι(Φ)

is an isometric embedding.
(ii) Given Φ ∈ L2(ΩT ,PT ;L2(U0, H)), the series

κ(Φ) :=
∑

k∈N,λk 6=0
〈 · , fk〉U1Φ( · )fk
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converges in L2(ΩT × U1,PT ⊗ ν;H) and the linear mapping

κ : L2(ΩT ,PT ;L2(U0, H))→ L2(ΩT × U1,PT ⊗ ν;H), Φ 7→ κ(Φ)

is an isometric embedding. For PT -almost all (ω, t) ∈ ΩT we have κ(Φ)(ω, t, · ) =
ι(Φ(ω, t)) in L2(U1, ν;H), where ι is the embedding from (i).

Proof. (i) W.l.o.g. all eigenvalues λk are strictly positive. Let (ek)k∈N be the
orthonormal basis of U0 given by ek := λ

1/2
k fk. For m,n ∈ N with m 6 n we have∥∥∥ n∑

k=m
〈 · , fk〉U1Φfk

∥∥∥2

L2(U1,ν;H)
=
∫
U1

∥∥∥ n∑
k=m
〈x, fk〉U1Φfk

∥∥∥2

H
ν(dx)

=
n∑

j,k=m
λ
−1/2
j λ

−1/2
k

∫
U1

〈x, fj〉U1〈x, fk〉U1ν(dx) 〈Φej ,Φek〉H =
n∑

k=m
‖Φek‖2H ;

in the last step we used (3.1.9). Since
∑
k∈N ‖Φek‖2H = ‖Φ‖2L2(U0,H) < ∞, this

shows that the partial sums
∑n
k=1〈 · , fk〉U1Φfk, n ∈ N, are a Cauchy sequence in

L2(U1, ν;H) and ∥∥∥ ∞∑
k=1
〈 · , fk〉U1Φfk

∥∥∥
L2(U1,ν;H)

= ‖Φ‖L2(U0,H).

(ii) The first two assertions can be shown as in the proof of (i). The last
assertion is due the fact that the iterated integral∫

Ω

∫ T

0

∫
U1

‖ι(Φ(ω, t))(x)− κ(Φ)(ω, t, x)‖2H ν(dx) dtP(dω)

equals zero, which follows from an approximation argument. �

Remark 3.2.2. From now on we will identify operators Φ ∈ L2(U0, H) with
the corresponding mappings ι(Φ) ∈ L2(U1, ν;H) and write

Φx = ι(Φ)(x), x ∈ U1.

Analogously, we identify processes Φ ∈ L2(ΩT ,PT ;L2(U0, H)) with the correspond-
ing mappings κ(Φ) ∈ L2(ΩT × U1,PT ⊗ ν;H) and write

Φ(ω, t)x = κ(Φ)(ω, t, x), (ω, t, x) ∈ ΩT × U1.

For processes Φ ∈ L2(ΩT ,PT ;L2(U0, H)) both identifications are compatible P⊗λ-
almost everywhere on ΩT in the sense that we have κ(Φ)(ω, t, · ) = ι(Φ(ω, t)) in
L2(U1, ν;H) for P⊗ λ-almost all (ω, t) ∈ ΩT .

The proof of Theorem 3.2.6 below is based on Itô’s formula for Banach space-
valued jump processes driven by Poisson random measures as presented in [80].
Alternatively, one could use Itô’s formula as proved in [44], but the formula in
[80] is more convenient in our setting. Therefore, we use Lemma 3.2.1 to relate
our setting to the setting in [80] and state a suitable version of Itô’s formula for
integral processes (

∫ t
0 Φ(s) dL(s))t∈[0,T ].

It is well-known that the jumps of a Lévy process determine a Poisson random
measure on the product space of the underlying time interval and the state space.
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We refer to [88, Section 6] for a definition and properties of Poisson random mea-
sures. For (ω, t) ∈ Ω×(0,∞) we denote by ∆L(t)(ω) := L(t)(ω)− lims↗t L(s)(ω) ∈
U1 the jump of a trajectory of L at time t. Setting

N(ω) :=
∑

∆L(t)(ω) 6=0

δ(t,∆L(t)(ω)), ω ∈ Ω,

defines a Poisson random measure N on ([0,∞) × U1,B([0,∞)) ⊗ B(U1)) with
intensity measure (or compensator) λ⊗ ν, where λ is Lebesgue measure on [0,∞)
and ν is the jump intensity measure of L. This follows, e.g., from Theorem 6.5 in
[88] together with Theorems 4.9, 4.15, 4.23 and Lemma 4.25 therein. We denote
the compensated Poisson random measure by

q := N − λ⊗ ν.

Let V be a (real and separable) Hilbert space. The stochastic integral with
respect to q of functions in L2(ΩT ×U1,PT ⊗ν;V ) = L2(ΩT ×U1,PT ⊗B(U1),PT ⊗
ν;V ) is constructed as a linear isometry

L2(ΩT × U1,PT ⊗ ν;V )→M2
T (V ), f 7→

(∫ t

0

∫
U1

f(s, x) q(ds,dx)
)
t∈[0,T ]

.

In particular, the V -valued integral processes have càdlàg modifications; we will
always work with such a càdlàg modification. Using a standard stopping proce-
dure, the stochastic integral can be extendend to functions f ∈ L0(ΩT × U1,PT ⊗
B(U1),PT ⊗ ν;V ) such that

P
(∫ T

0

∫
U1

‖f(s, x)‖2V ν(dx) ds <∞
)

= 1.

We refer to [80], [90] and the references therein for details on stochastic integration
w.r.t. Poisson random measures, compare also [88, Section 8.7].

Remark 3.2.3. Stricty speaking, in [80] the integrands f do not have to be
predictable but only Ft ⊗ B(U1)-adapted and F ⊗ B([0, T ]) ⊗ B(U1)-measurable.
However, it is clear that in the case of predictable, i.e., PT ⊗ B(U1)-measurable,
and square integrable Hilbert space-valued integrands f the stochastic integral in
[80] coincides with the stochastic integral considered in [88], [90]. See [96] for a
detailed comparison of the different spaces of integrands.

Since E
∫ T

0
∫
U1
‖x‖2U1

ν(dx)dt is finite for all T <∞, it follows that the integral
process (

∫ t
0
∫
U1
x q(ds,dx))t>0 is uniquely determined (up to indistinguishability) as

a U1-valued square-integrable càdlàg martingale. Taking into account the assump-
tions on the Lévy process L, the Lévy-Khinchin decomposition [88, Theorem 4.23],
the definition of q, and the construction of the stochastic integral w.r.t. q, it is not
difficult to see that the processes L and (

∫ t
0
∫
U1
x q(ds,dx))t>0 are indistinguishable,

i.e.,

(3.2.7) P
(
L(t) =

∫ t

0

∫
U1

x q(ds,dx) ∀ t > 0
)

= 1.

Using Lemma 3.2.1, we are now able to identify stochastic integrals w.r.t. L
and stochastic integrals w.r.t. the compensated Poisson random measure q. Recall
from Remark 3.2.2 that we identify processes Φ ∈ L2(ΩT ,PT ;L2(U0, H)) with the
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corresponding functions κ(Φ) ∈ L2(ΩT × U1,PT ⊗ ν;H). Thus, for such Φ the
integral process (

∫ t
0
∫
U1

Φ(s)x q(ds,dx))t∈[0,T ] is defined.

Lemma 3.2.4. Given Φ ∈ L2(ΩT ,PT ;L2(U0, H)), the H-valued càdlàg integral
processes (

∫ t
0 Φ(s) dL(s))t∈[0,T ] and (

∫ t
0
∫
U1

Φ(s)x q(ds,dx))t∈[0,T ] are indistinguish-
able. That is,

P
(∫ t

0
Φ(s) dL(s) =

∫ t

0

∫
U1

Φ(s)x q(ds,dx) ∀ t ∈ [0, T ]
)

= 1.

Proof. We first assume that Φ is a simple L(U1, H)-valued process of the form

Φ(s) =
m−1∑
k=0

1Fk1(tk,tk+1](s)Φk, s ∈ [0, T ],

with 0 6 t0 < t1 < · · · < tm 6 T , m ∈ N, Fk ∈ Ftk and Φk ∈ L(U1, H). Recall
from Section 3.1.2 that L(U1, H) is a subspace of L2(U0, H). Using (3.2.7) and
applying standard arguments for the evaluation of stochastic integrals, we obtain
for fixed t ∈ [0, T ], P-almost surely,∫ t

0
Φ(s) dL(s) =

m−1∑
k=0

1FkΦk(L(tk+1 ∧ t)− L(tk ∧ t))

=
m−1∑
k=0

1FkΦk
(∫ T

0

∫
U1

1(tk∧t,tk+1,∧t](s)x q(ds,dx)
)

=
m−1∑
k=0

∫ T

0

∫
U1

1Fk1(tk∧t,tk+1,∧t](s)Φkx q(ds,dx)

=
∫ t

0

∫
U1

Φ(s)x q(ds,dx).

Since both processes are right-continuous, we see that the processes

(
∫ t

0
Φ(s) dL(s))t∈[0,T ]

and (
∫ t

0
∫
U1

Φ(s)x q(ds,dx))t∈[0,T ] are indistinguishable.
For general Φ ∈ L2(ΩT ,PT ;L2(U0, H)), take a sequence (Φn)n∈N of simple

L(U1, H)-valued process such that Φn → Φ in L2(ΩT ,PT ;L2(U0, H)); see, e.g.,
[91, Proposition 2.3.8] for a proof of the existence of such a sequence. Then, the
processes ∫ ·

0
Φn(s) dL(s) =

(∫ t

0
Φn(s) dL(s)

)
t∈[0,T ]

and
∫ ·

0
∫
U1

Φn(s)x q(ds,dx) = (
∫ t

0
∫
U1

Φn(s)x q(ds,dx))t∈[0,T ] are indistinguishable
for all n ∈ N, and we have the convergence

∫ ·
0 Φn(s) dL(s) →

∫ ·
0 Φ(s) dL(s)

in M2
T (H) by the construction of the stochastic integral w.r.t. L. According to

Lemma 3.2.1, the convergence Φn → Φ in L2(ΩT ,PT ;L2(U0, H)) entails the con-
vergengence κ(Φn)→ κ(Φ) in L2(ΩT × U1,PT ⊗ ν;H), so that we also have∫ ·

0

∫
U1

Φn(s)x q(ds,dx)→
∫ ·

0

∫
U1

Φ(s)x q(ds,dx)
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inM2
T (H). Thus,

∫ ·
0 Φ(s) dL(s) =

∫ ·
0
∫
U1

Φ(s)x q(ds,dx) as an equality inM2
T (H),

which yields the assertion. �

As a direct consequence of Lemma 3.2.4 and [80, Theorem 3.6] we obtain the
following version of Itô’s formula. By C1,2

b ([0, T ] × H,R) we denote the space of
continuous and bounded functions F : [0, T ] ×H → R, (s, x) 7→ F (s, x) such that
the Fréchet partial derivatives Fs, Fx and Fxx exist and are continuous and bounded
on [0, T ]×H.

Theorem 3.2.5. Let F ∈ C1,2
b ([0, T ] ×H,R), Φ ∈ L2(ΩT ,PT ;L2(U0, H)) and

M = (M(t))t∈[0,T ] be the H-valued càdlàg process given by

M(t) = M(0) +
∫ t

0
Φ(s) dL(s)

with M(0) ∈ L2(Ω,F0,P;H). Then, P-almost surely,∫ T

0

∫
U1

∣∣F (s,M(s) + Φ(s)y)− F (s,M(s))
∣∣2 ν(dy) ds <∞,∫ T

0

∫
U1

∣∣F (s,M(s) + Φ(s)y)− F (s,M(s))−
〈
Fx(s,M(s)),Φ(s)y

〉
H

∣∣ ν(dy) ds

<∞,

and the following equality holds for all t ∈ [0, T ]:

F (t,M(t)) = F (0,M(0)) +
∫ t

0
Fs(s,M(s)) ds

+
∫ t

0

∫
U1

{
F (s,M(s−) + Φ(s)y)− F (s,M(s−))

}
q(ds,dy)

+
∫ t

0

∫
U1

{
F (s,M(s) + Φ(s)y)− F (s,M(s))−

〈
Fx(s,M(s)),Φ(s)y

〉
H

}
ν(dy) ds.

3.2.2. Formulation of the result. Next state the main result of this section.

Theorem 3.2.6. Let Assumption 3.1.7 hold and let G ∈ C2(H,R) such that
supx∈H ‖G′′(x)‖L(H) <∞. Then, for the process (Ỹ (t))t∈[0,T ] from (3.2.2) and the
function u : [0, T ]×H → R from (3.2.4) it holds that

(3.2.8)
E
∫ T

0

∫
U1

∣∣∣u(t, Ỹ (t) + Ẽ(T − t)By
)
− u
(
t, Ỹ (t) + E(T − t)By

)
−
〈
ux(t, Ỹ (t)),

(
Ẽ(T − t)B − E(T − t)B

)
y
〉
H

∣∣∣ ν(dy) dt < ∞.

Furthermore, the weak error e(T ) in (3.1.6) has the representation
(3.2.9)
e(T ) = E

{
u(0, Ẽ(T )X0)− u(0, E(T )X0)

}
+ E

∫ T

0

∫
U1

{
u
(
t, Ỹ (t) + Ẽ(T − t)By

)
− u
(
t, Ỹ (t) + E(T − t)By

)
−
〈
ux(t, Ỹ (t)),

(
Ẽ(T − t)B − E(T − t)B

)
y
〉
H

}
ν(dy) dt.
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Remark 3.2.7. The terms E(T − t)By and Ẽ(T − t)By appearing in (3.2.8)
and (3.2.9) are defined for λ ⊗ ν-almost all (t, y) ∈ [0, T ] × U1. This follows from
(3.1.17), (3.1.18), Lemma 3.2.1 and Remark 3.2.2.

We will prove Theorem 3.2.6 in the next subsection. Let us briefly record an
alternative representation of e(T ) which follows from Taylor’s formula. It will be
the starting point for our error estimates in Sections 3.3 and 3.5. For t ∈ [0, T ],
θ ∈ [0, 1] and y ∈ U1 set
F (t) := Ẽ(t)B − E(t)B,
Ψ1(t, θ, y)

:= (1− θ)
〈
uxx
(
t, Ỹ (t) + E(T − t)By + θF (T − t)y

)
F (T − t)y , F (T − t)y

〉
H
,

Ψ2(t, θ, y) :=
〈
uxx
(
t, Ỹ (t) + θE(T − t)By

)
E(T − t)By , F (T − t)y

〉
H
.

Corollary 3.2.8. In the setting of Theorem 3.2.6 we have

(3.2.10) E
∫ T

0

∫
U1

∫ 1

0

{
|Ψ1(t, θ, y)|+ |Ψ2(t, θ, y)|

}
dθ ν(dy) dt <∞,

and the following alternative error representation holds:

(3.2.11)
e(T ) = E

{
u(0, Ẽ(T )X0)− u(0, E(T )X0)

}
+ E

∫ T

0

∫
U1

∫ 1

0

{
Ψ1(t, θ, y) + Ψ2(t, θ, y)

}
dθ ν(dy) dt.

Proof. The integrand of the iterated integral in (3.2.9) can be rewritten as
u
(
t, Ỹ (t)+Ẽ(T − t)By

)
− u
(
t, Ỹ (t) + E(T − t)By

)
−
〈
ux(t, Ỹ (t)), F (T − t)y

〉
H

=
{
u
(
t, Ỹ (t) + Ẽ(T − t)By

)
− u
(
t, Ỹ (t) + E(T − t)By

)
−
〈
ux
(
t, Ỹ (t) + E(T − t)By

)
, F (T − t)y

〉
H

}
+
〈
ux
(
t, Ỹ (t) + E(T − t)By

)
− ux(t, Ỹ (t)), F (T − t)y

〉
H

=
∫ 1

0

{
Ψ1(t, θ, y) + Ψ2(t, θ, y)

}
dθ,

where the last step is due to an application of Taylor’s theorem to the function
θ 7→ u

(
t, Ỹ (t) + E(T − t)By + θ

(
Ẽ(T − t)By − E(T − t)By

))
(using the integral

form of the remainder for the second order expansion about 0) and an application
of the fundamental theorem of calculus to the function θ 7→ Ψ2(t, θ, y). By (3.2.8)
we have

E
∫ T

0

∫
U1

∣∣∣ ∫ 1

0

{
Ψ1(t, θ, y) + Ψ2(t, θ, y)

}
dθ
∣∣∣ ν(dy) dt <∞.

The stronger assertion (3.2.10) follows from the boundedness of G′′ : H → L(H),
Lemma 3.2.1, (3.1.17) and (3.1.18). �

Remark 3.2.9. Let us note that Theorem 3.2.6 can be generalized with an
analogous proof to stochastic convolution processes of the form X(t) = E(t)X0 +∫ t

0 E(t−s)B d(W+L)(s), t ∈ [0, T ], and respective approximations X̃(t) = Ẽ(t)X0+∫ t
0 Ẽ(t−s)B d(W +L)(s), t ∈ [0, T ], where L is as described in Subsection 3.1.1 and
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W is a (cylindrical) Wiener process on U whose reproducing kernel Hilbert space is
continuously embedded in U0, say. Replacing L by W +L in the definitions (3.2.1),
(3.2.2), (3.2.3) and (3.2.4), the corresponding error e(T ) = E

(
G(X̃(T ))−G(X(T ))

)
can be represented by adding to the right hand side of (3.2.9) the term

1
2 E

∫ T

0
Tr
{
uxx
(
Ỹ (t), t

)(
Ẽ(T − t)BQWB∗Ẽ(T − t)∗

− E(T − t)BQWB∗E(T − t)∗
)}

dt,

where QW ∈ L(U) is the covariance operator of W , defined by

E〈W (1), x〉U 〈W (1), y〉U = 〈QWx, y〉U , x, y ∈ U,

see Theorem 1.2.1, in particular, equation (1.2.6) in its proof. Similarly, the con-
siderations in Sections 3.3–3.5 below can be generalized by using arguments from
Chapter 1.

3.2.3. Proof of the error representation formula. In this subsection, we
give the proof of Theorem 3.2.6.

For ξ ∈ L2(Ω,Ft,P;H) we have

E
(
G(Z(T, t, ξ))

)
=
∫
H

∫
H

G(x+ y)P
(∫ T

t

E(T − s)B dL(s) ∈ dy
)
P(ξ ∈ dx)

= E
(
u(t, ξ)

)
by (3.2.3), (3.2.4), the independence of

∫ T
t
E(T − s)B dL(s) and Ft, and Fubini’s

theorem. Since X(T ) = Y (T ) and X̃(T ) = Ỹ (T ) it follows that

(3.2.12)

e(T ) = E
(
G(Ỹ (T ))−G(Y (T ))

)
= E

(
G(Z(T, T, Ỹ (T )))−G(Z(T, 0, Y (0)))

)
= E

(
u(T, Ỹ (T ))− u(0, Y (0))

)
= E

(
u(0, Ỹ (0))− u(0, Y (0))

)
+ E

(
u(T, Ỹ (T ))− u(0, Ỹ (0))

)
.

By (3.2.1) and (3.2.2), the first term in the last line equals E(u(0, Ẽ(T )X0) −
u(0, E(T )X0)).

To handle the second term in the last line of (3.2.12), we first assume that
G : H → R and G′ : H → H are bounded, so that G ∈ C2

b(H,R). We will
remove this restriction later on. We now want to apply Itô’s formula to the function
(t, x) 7→ u(t, x) and the martingale Ỹ = (Ỹ (t))t∈[0,T ]. For this we need the following
properties of u.

Proposition 3.2.10. Let Assumption 3.1.7 hold and G ∈ C2
b(H,R). The func-

tion u : [0, T ] × H → R, (t, x) 7→ u(t, x) defined in (3.2.4) and its Fréchet partial
derivatives ux, uxx are continuous and bounded on [0, T ]×H. The time derivative
ut of u exists on [0, T ) × H and is continuous. Moreover, for every ε > 0 there
exists some Cε <∞ such that

(3.2.13)
∫
U1

∣∣u(t, x+E(T − t)By
)
−u(t, x)−

〈
ux(t, x), E(T − t)By

〉
H

∣∣ ν(dy) < Cε
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for all t ∈ [0, T − ε], and u satisfies the backward Kolmogorov equation
(3.2.14)
ut(t, x)

= −
∫
U1

{
u
(
t, x+ E(T − t)By

)
− u(t, x)−

〈
ux(t, x), E(T − t)By

〉
H

}
ν(dy),

(t, x) ∈ [0, T )×H,
u(T, x) = G(x), x ∈ H.


Proof. We begin with the continuity and boundedness of u, ux and uxx.

The boundedness is obvious by the definition (3.2.4) of u and by (3.2.6). Pick
0 6 s 6 t 6 T , x, y ∈ H. Using (3.2.4), Jensen’s inequality, the mean value
theorem, (3.2.3) and Itô’s isometry, we have

|u(t, x)− u(s, y)|2 6 E
(
|G(Z(T, t, x))−G(Z(T, s, y))|2

)
6 sup
x∈H
‖G′(x)‖2H E

(∥∥x− y − ∫ t

s

E(T − r)B dL(r)
∥∥2
H

)
6 2 sup

x∈H
‖G′(x)‖2H

(
‖x− y‖2H +

∫ t

s

‖E(T − r)B‖2L2(U0,H) dr
)
.

Thus, the continuity of u follows from (3.1.17) and the boundedness of G′. Since
ux(t, x) = EG′(Z(T, t, x)), the continuity of ux : [0, T ]×H → H follows analogously
from the boundedness of G′′. To show the continuity of uxx : [0, T ] ×H → L(H),
define F ∈ Cb(H ×H;R) by

F (x, y) := ‖G′′(x)−G′′(y)‖L(H), x, y ∈ H,

and fix (t, x) ∈ [0, T ] × H, ((tk, xk))k∈N ⊂ [0, T ] × H with (tk, xk) → (t, x) as
k → ∞. Note that Z(T, tk, xk) → Z(T, t, x) in L2(Ω;H) by Itô’s isometry. As a
consequence, (Z(T, t, x), Z(T, tk, xk)) → (Z(T, t, x), Z(T, t, x)) in distribution (on
H ×H) and we obtain

‖uxx(t, x)− uxx(tk, xk)‖L(H) 6 EF
(
Z(T, t, x), Z(T, tk, xk)

)
k→∞−−−−→ EF

(
Z(T, t, x), Z(T, t, x)

)
= 0,

yielding the continuity of uxx.
By Taylor’s formula and Lemma 3.2.1,∫
U1

∣∣u(t, x+ E(T − t)By
)
− u(t, x)−

〈
ux(t, x), E(T − t)By

〉
H

∣∣ ν(dy)

6
1
2 sup
x∈H
‖G′′(x)‖L(H)

∫
U1

‖E(T − t)By‖2Hν(dy)

= 1
2 sup
x∈H
‖G′′(x)‖L(H)‖E(T − t)B‖2L2(U0,H).

Using Assumption 3.1.7(v), condition (3.2.13) follows with

Cε = 1/2 sup
x∈H
‖G′′(x)‖L(H)‖Φε‖2L2(U0,H).

In order to verify the Kolmogorov equation (3.2.14), we first note that for fixed
t ∈ [0, T ] the H-valued random variables

∫ t
0 E(s)B dL(s) and

∫ T
T−tE(T −s)B dL(s)
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have the same distribution, so that

(3.2.15) v(t, x) := EG
(
x+

∫ t

0
E(s)B dL(s)

)
= u(T − t, x), (t, x) ∈ [0, T ]×H.

Next, we fix x ∈ H and apply Itô’s formula as stated in Theorem 3.2.5 to the
function H 3 y 7→ G(x + y) ∈ R and the martingale M = (M(t))t∈[0,T ] :=
(
∫ t

0 E(s)B dL(s))t∈[0,T ] ∈M2
T (H). We obtain

(3.2.16)
G(x+M(t))

= G(x) +
∫ t

0

∫
U1

{
G
(
x+M(s−) + E(s)By

)
−G

(
x+M(s−)

)}
q(ds,dy)

+
∫ t

0

∫
U1

{
G
(
x+M(s) + E(s)By

)
−G

(
x+M(s)

)
−
〈
G′
(
x+M(s)

)
, E(s)By

〉
H

}
ν(dy) ds,

where q is the compensated Poisson random measure on [0,∞)×U1 associated with
L and where the term E(s)By is defined for λ ⊗ ν-almost all (s, y) ∈ [0, T ] × U1
according to (3.1.17), Lemma 3.2.1 and Remark 3.2.2. The integrand appearing in
the integral w.r.t. q belongs to L2(ΩT ×U1,PT ⊗ ν;R) as a consequence of Taylor’s
formula, the boundedness of G′, Lemma 3.2.1 and (3.1.17). Similarly, the second
integral in (3.2.16) exists for all ω ∈ Ω and belongs to L1(Ω;R) since∫ t

0

∫
U1

∣∣G(x+M(s) + E(s)By
)
−G

(
x+M(s)

)
−
〈
G′
(
x+M(s)

)
, E(s)By

〉
H

∣∣ ν(dy) ds

6
1
2 sup
x∈H
‖G′′(x)‖L(H)

∫ t

0
‖E(s)B‖2L2(U0,H)ds.

Taking expectations in (3.2.16) and using the martingale property of the integral
w.r.t. q yields
(3.2.17)

v(t, x) = G(x)+
∫ t

0

∫
U1

{
v(s, x+E(s)By)−v(s, x)−〈vx(s, x), E(s)By〉H

}
ν(dy) ds.

By the fundamental theorem of calculus, (3.2.14) follows from (3.2.15), (3.2.17) if
the mapping
(3.2.18)

(0, T ] 3 s→
∫
U1

{
v(s, x+ E(s)By)− v(s, x)− 〈vx(s, x), E(s)By〉H

}
ν(dy) ∈ R.

is continuous.
Note that we cannot apply directly the continuity theorem for parameter-

dependent integrals to show the continuity of the mapping (3.2.18). The rea-
son is that the term E(s)By in the integral in (3.2.18) is defined only in an
L2([0, T ] × U1, λ ⊗ ν;H)-sense, cf. Lemma 3.2.1 and Remark 3.2.2, so that we
have no information about the continuity of (0, T ] ∈ s 7→ E(s)By ∈ H for fixed
y ∈ U1. Therefore, we use an approximation argument: For s ∈ (0, T ], x ∈ H,
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y ∈ U1 and k ∈ N set

f(s, x, y) := v(s, x+ E(s)By)− v(s, x)− 〈vx(s, x), E(s)By〉H ,
fk(s, x, y) := f(s, x,Πky),

where Πk is the orthogonal projection of U1 onto span{f1, . . . , fk}, (fk)k∈N ⊂ U0
being an orthonormal basis of U1 as in Lemma 3.2.1. For fixed x ∈ H, f(s, x, y) is
defined in an L2([0, T ]×U1, λ⊗ ν;R)-sense whereas fk(s, x, y) is defined pointwise.
The continuity theorem for parameter-dependent integrals and the strong continuity
of (E(t))t>0 yield the continuity of in

∫
U1
fk(s, x, y)ν(dy) in (s, x) ∈ [0, T ] × H.

Moreover, we have fk(s, x, ·) k→∞−→ f(s, x, ·) in L1(U1, ν;R), uniformly in (s, x) ∈
[ε, T ]×H for all ε > 0. Indeed, setting Πky := y−Πky and using Taylor’s theorem,
Lemma 3.2.1 and Assumption 3.1.7(v), we obtain∫

U1

|f(s, x, y)− fk(s, x, y)| ν(dy)

6
∫
U1

∫ 1

0

∣∣〈vxx(s, x+ E(s)B(Πky + θΠky)
)
E(s)BΠky,E(s)BΠky

〉
H

∣∣
× (1− θ) dθ ν(dy)

+
∫
U1

∫ 1

0

∣∣〈vxx(s, x+ θE(s)BΠky
)
E(s)BΠky,E(s)BΠky

〉
H

∣∣ dθ ν(dy)

6 sup
x∈H
‖G′′(x)‖L(H)

(
‖E(s)BΠk‖2L2(U0,H)

+ ‖E(s)BΠk‖L2(U0,H)‖E(s)BΠk‖L2(U0,H)
)

6 sup
x∈H
‖G′′(x)‖L(H)

(
‖ΦεΠk‖2L2(U0,H) + ‖ΦεΠk‖L2(U0,H)‖ΦεΠk‖L2(U0,H)

)
for all s ∈ [ε, T ] and some Φε ∈ L2(U0, H). The expression in the last line tends
to zero as k →∞. As a consequence,

∫
U1
fk(s, x, y)ν(dy) k→∞−−−−→

∫
U1
f(s, x, y)ν(dy)

uniformly in (s, x) ∈ [ε, T ] × H. Thus, the continuity of
∫
U1
fk(s, x, y)ν(dy) in

(s, x) ∈ [0, T ] × H implies the continuity of
∫
U1
f(s, x, y)ν(dy) in (s, x) ∈ (0, T ] ×

H. In particular, we obtain the continuity of the mapping (3.2.18) as well as the
continuity of ut on [0, T )×H. �

For G ∈ C2
b(H,R), the regularity assertions in Propostition 3.2.10 allow us to

apply Itô’s formula as stated in Theorem 3.2.5 to the function (t, x) 7→ u(t, x) and
the H-valued martingale Ỹ = (Ỹ (t))t∈[0,T ] defined in (3.2.2). For T ′ ∈ (0, T ) we
obtain
(3.2.19)

u(T ′, Ỹ (T ′)) = u(0, Ỹ (0)) +
∫ T ′

0
ut(t, Ỹ (t)) dt

+
∫ T ′

0

∫
U1

{
u
(
t, Ỹ (t−) + Ẽ(T − t)By

)
− u(t, Ỹ (t−))

}
q(dt, dy)

+
∫ T ′

0

∫
U1

{
u
(
t, Ỹ (t) + Ẽ(T − t)By

)
− u(t, Ỹ (t))

−
〈
ux(t, Ỹ (t)), Ẽ(T − t)By

〉
H

}
ν(dy) dt;
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as before, q is the compensated Poisson random measure on [0,∞)×U1 associated
with L as described previously and the term Ẽ(T − t)By is defined for λ ⊗ ν-
almost all (t, y) ∈ [0, T ]×U1 according to (3.1.18), Lemma 3.2.1 and Remark 3.2.2.
Using the boundedness of u, ux and uxx, (3.2.14), (3.1.17) and applying similar
arguments as in the proof of Proposition 3.2.10, one sees that all terms in (3.2.19)
are well-defined and integrable w.r.t. P. Thus, we can take expectations and use the
martingale property of the integral w.r.t. q and the backward Kolmogorov equation
(3.2.14) to obtain
(3.2.20)

E
(
u(T ′, Ỹ (T ′))− u(0, Ỹ (0))

)
=

E
∫ T ′

0

∫
U1

{
u
(
t, Ỹ (t) + Ẽ(T − t)By

)
− u
(
t, Ỹ (t) + E(T − t)By

)
−
〈
ux(t, Ỹ (t)),

(
Ẽ(T − t)B − E(T − t)B

)
y
〉
H

}
ν(dy) dt

for all T ′ ∈ (0, T ). Taking the limit T ′ → T on both sides of (3.2.20), we can
replace T ′ by T . Here we used the stochastic continuity of Ỹ and the continuity
of u for the limit on the left hand side. For the limit on the right hand side we
used (3.2.8), which is again a consequence of Taylor’s formula, the boundedness of
G′′, (3.1.17), (3.1.18) and Lemma 3.2.1, using similar arguments as in the proof
of Proposition 3.2.10. The combination of (3.2.12) and (3.2.20) yields the error
representation formula (3.2.9) for the case G ∈ C2

b(H,R).
Finally, we consider the general case of a test function G ∈ C2(H,R) such that

supx∈H ‖G′′(x)‖L(H) <∞. For ε > 0, define Gε ∈ C2
b(H,R) by

Gε(x) := e−ε‖x‖
2
HG(x), x ∈ H.

The Fréchet derivatives G′ε(x) ∈ H and G′′ε (x) ∈ L(H) are given by

G′ε(x) = e−ε‖x‖
2
H
(
G′(x)− 2εG(x)x

)
,

G′′ε (x) = e−ε‖x‖
2
H
[
G′′(x) + 2ε

(
〈G′(x), · 〉Hx− 〈x, · 〉HG′(x)

)
− 4ε2G(x)〈x, · 〉Hx

]
,

so that the boundedness of Gε : H → R, G′ε : H → H and G′′ε : H → L(H) follows
from (3.2.5). Moreover, note that Gε(x) ε→0−−−→ G(x) in R and G′ε(x) ε→0−−−→ G′(x)
in H for all x ∈ H, as well as supε∈(0,1] supx∈H ‖G′′ε (x)‖L(H) < ∞. The latter is a
consequence of (3.2.5) and the standard estimate sups>0 s

ne−s < n!, n ∈ N. We
set

uε(t, x) := EGε(Z(T, t, x)), (t, x) ∈ [0, T ]×H.
By what has been shown above, the assertion of Theorem 3.2.6 holds with u re-
placed by uε. By a dominated convergence argument using (3.2.5), we obtain that
uε(t, x) ε→0−−−→ u(t, x) in R and (uε)x(t, x) ε→0−−−→ ux(t, x) inH for all (t, x) ∈ [0, T ]×H.
For all t ∈ [0, T ] and y ∈ U1, we have

(3.2.21)

∣∣∣uε(t,Ỹ (t) + Ẽ(T − t)By
)
− uε

(
t, Ỹ (t) + E(T − t)By

)
−
〈
(uε)x(t, Ỹ (t)),

(
Ẽ(T − t)B − E(T − t)B

)
y
〉
H

∣∣∣
6 sup
ε∈(0,1]

sup
x∈H
‖G′′ε (x)‖L(H)

(
‖Ẽ(T − t)By‖2H + ‖E(T − t)B‖2H

)
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due to Taylor’s theorem and the fact that (uε)xx(t, x) = EG′′ε (Z(T, t, x)). Note that
the term right hand side of (3.2.21) is integrable w.r.t. dt ν(dy) as a consequence
of (3.1.17), (3.1.18) and Lemma 3.2.1. Thus, considering (3.2.8) and (3.2.9) with u
replaced by uε, we can use dominated convergence as ε→ 0 to finish the proof.

3.3. Stochastic equations of parabolic type

3.3.1. The stochastic heat equation. Here we give a detailed error analysis
of a space-time discretization of the linear stochastic heat equation with additive
Lévy noise. We will use some notation introduced in Subsection 1.3.1, in particular
the smoothness spaces Ḣα. Let D ⊂ Rd be a bounded convex domain and let
Λ := −∆ = −

∑d
j=1 ∂

2/∂ξ2
j be the Laplace operator on L2(D) with zero-Dirichlet

boundary condition, i.e., with domain D(Λ) := {v ∈ H1
0 (D) : Λu ∈ L2(D)} = Ḣ2

as described in Subsection 1.3.1. Then, setting

H := U := L2(D), (A,D(A)) := (Λ, D(Λ)), B := idL2(D),

the abstract equation (3.1.2) becomes the stochastic heat equation (3.1.3). It is
not difficult to see that the condition ‖A−1/2Q1/2‖L2(H) = ‖A−1/2Q1/2‖HS < ∞
implies (3.1.17), where

(3.3.1) (E(t))t>0 := (e−tA)t>0 ⊂ L(H)

is the semigroup generated by −A. Hence, there exists a unique weak solution
X = (X(t))t>0 to Eq. (3.1.3), given by the variation-of-constants formula (3.1.1).
Furthermore, for some C > 0 independent of T ,

(3.3.2) ‖X(T )‖L2(Ω;H) ≤ C(‖A−1/2Q1/2‖HS + ‖X0‖L2(Ω;H)).

As before, for the spatial discretization of (3.1.3), we consider a family of finite-
dimensional spaces (Vh)h>0 ⊂ H1

0 (D). As before, by Ph : H → Vh and Rh : Ḣ1 →
Vh we denote the orthogonal projections with respect to the inner products in H
and Ḣ1, respectively. The discrete Laplacian Ah : Vh → Vh is defined by (1.5.52).
Our assumption on the spatial approximation, as in Chapter 1, is that Rh satisfies
(1.5.51).

The time discretization of (3.1.3) on a finite interval [0, T ] is done via the
backward Euler scheme with time step ∆t = T/N , N ∈ N, and grid points tn =
n∆t, n = 0, . . . , N . For h > 0 and N ∈ N, the discretization (Xn

h,∆t)n=1,...,N of
(X(t))t∈[0,T ] in space and time is given as the solution to
(3.3.3)
Xn
h,∆t −Xn−1

h,∆t + ∆tAhXn
h,∆t = Ph(L(tn)−L(tn−1)), n = 1, . . . , N ; X0

h,∆t = PhX0.

Remark 3.3.1 (strong error). If the covariance operator Q ∈ L(H) of L is such
that

(3.3.4) ‖A
β−1

2 Q
1
2 ‖HS <∞

for some β > 0, then the solution X(t) takes values in Ḣβ for all t > 0. For
the Gaussian case, i.e., the case where L in (3.1.3) is a Q-Wiener process, it has
been shown in [110, Theorem 1.2] (see also Theorem 2.3.2) that, if (3.3.4) holds
and X0 ∈ L2(Ω,F0,P; Ḣβ) for some β ∈ (0, 1], then the scheme (3.3.3) has strong
convergence of order β in space and β/2 in time:

‖Xn
h,∆t −X(tn)‖L2(Ω;H) 6 C(hβ + ∆t

β
2 ), n = 0, . . . , N.
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Unlike weak error estimates, strong L2-error estimates are the same in the Gauss-
ian case and in our setting, since the only stochastic tool that is needed is Itô’s
isometry (3.1.19) which looks the same if the driving noise is a Lévy process which
is an L2-martingale. Thus the strong error result in [110, Theorem 1.2] carries over
to our setting.

Remark 3.3.2. The Vh-valued random variables Ph(L(tn)−L(tn−1)) in (3.3.3)
can be defined in two ways. On the one hand, we may set

Ph(L(tn)− L(tn−1)) := L2(Ω;Vh)- lim
K→∞

K∑
k=1

(Lk(tn)− Lk(tn−1))Phek,

with an orthonormal basis (ek)k∈N of U0 and real-valued uncorrelated Lévy pro-
cesses Lk = (Lk(t))t>0, k ∈ N, as in Remark 3.1.3. The limit exists since, by
the finite-dimensionality of Vh, one has Ph ∈ L2(H,Vh) = L2(U, Vh) ⊂ L2(U0, Vh).
On the other hand, we can extend the orthogonal projection Ph : H → Vh to a
generalized L2-projection Ph : Ḣ−1 → Vh defined by

〈Phv, w〉H = 〈v, w〉Ḣ−1×Ḣ1 , v ∈ Ḣ−1, w ∈ Vh.

Then, the assumption ‖A−1/2Q1/2‖HS <∞ implies that we can take
U1 := D(A−1/2) = Ḣ−1

as the state space of L, so that the expression Ph(L(tn) − L(tn−1)) makes sense
ω-wise. Obviously, both definitions are compatible. In practice, one has to find
a suitable way to sample (an approximation of) the discretized noise increment
Ph(L(tn)− L(tn−1)). We do not treat this problem here but refer to [18, 37] and
[75, Remark 4] for related considerations.

With R(λ) := 1/(1 + λ) and Eh,∆t := R(∆tAh) := (I + ∆tAh)−1 as well as
Enh,∆t := Rn(∆tAh) := ((I + ∆tAh)−1)n, the scheme (3.3.3) can be rewritten as

Xn
h,∆t = Enh,∆tPhX0 +

n∑
j=1

En−j+1
h,∆t Ph(L(tj)− L(tj−1)), n = 0, . . . , N.

For t ∈ [0, T ], let Ẽ(t) = Ẽh,∆t(t) ∈ L(H) be defined by

(3.3.5) Ẽ(t) = Ẽh,∆t(t) := 1{0}(t)Ph +
N∑
n=1

1(tn−1,tn](t)Enh,∆tPh

and set

(3.3.6) X̃(t) = X̃h,∆t(t) := Ẽh,∆t(t)X0 +
∫ t

0
Ẽh,∆t(t− s) dL(s).

Then Xn
h,∆t = X̃h,∆t(tn), P-almost surely. This follows from the construction of the

stochastic integral, using an approximation argument and Itô’s isometry (3.1.19).
The following deterministic estimates will be used in the proof of our weak

error result stated in Theorem 3.3.4 below.

Lemma 3.3.3. The operators E(t) and Ẽ(t) = Ẽh,∆t(t) defined in (3.3.1) and
(3.3.5) satisfy the error estimates

‖Ẽ(s)− E(s)‖L(H) 6 C(h2 + ∆t)s−1,(3.3.7)
‖AαE(s)‖L(H) + ‖AαẼ(s)‖L(H) 6 Cs

−α, 0 6 α 6 1/2,(3.3.8)
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s ∈ (0, T ], where C > 0 does not depend on h, ∆t and s.

Proof. Estimate (3.3.7) follows from

(3.3.9) ‖Enh,∆tPh − E(tn)‖L(H) 6 C(h2 + ∆t)t−1
n ,

see, for example, [103, Theorem 7.7]. We note here that while the latter result is
proved under the assumption that D has smooth boundary, the proof remains valid
under (1.5.51) on Rh, which is our basic assumption, and hence (3.3.9) is valid in
our setting. For s ∈ (tn−1, tn] we have

‖(E(tn)− E(s))v‖H = ‖AE(s)(E(tn − s)− idH)A−1v‖H
6 ‖AE(s)‖L(H)‖(E(tn − s)− idH)A−1v‖H
6 Cs−1∆t‖v‖H ,

where we used [87, Chapter 2, Theorem 6.13(c),(d)] on analytic semigroups. Esti-
mate (3.3.8) is due to [87, Chapter 2, Theorem 6.13(c)], [103, Lemma 7.3], inter-
polation, and the fact that ‖Aαvh‖ 6 ‖Aαhvh‖ for vh ∈ Vh, 0 6 α 6 1/2. The latter
follows from the basic identity ‖A1/2vh‖ = ‖A1/2

h vh‖ and interpolation. �

Next we state our result concerning the weak error of the discretization of the
stochastic heat equation. Note that the rate of convergence is the same as in the
Gaussian case under identical regularity assumptions, c.f. Remark 1.4.4.

Theorem 3.3.4. Assume that X0 ∈ L2(Ω,F0,P;H) and ‖A(β−1)/2Q1/2‖HS <
∞ for some β ∈ (0, 1]. Let (X(t))t>0 be the weak solution (3.1.1) of (3.1.2) and let
(Xn

h,∆t)n=0,...,N be given by (3.3.3). If g ∈ C2(H,R) with supx∈H ‖g′′(x)‖L(H) <∞,
then there exists a constant C = C(g, T ) > 0, that does not depend on h and ∆t,
such that

∣∣E(g(XN
h,∆t)− g(X(T ))

)∣∣ 6 C(h2β + ∆tβ)| log(h2 + ∆t)|

for h2 + ∆t 6 1/e.

Proof. We are in the setting of Section 3.1 with H = U = L2(D), B = idH ,
and (E(t))t>0, (Ẽ(t))t∈[0,T ] = (Ẽh,∆t(t))t∈[0,T ], (X̃(t))t∈[0,T ] = (X̃h,∆t(t))t∈[0,T ]
being given by (3.3.1), (3.3.5), (3.3.6) respectively. In particular, Assumption 3.1.7
is fulfilled. Since XN

h,∆t = X̃(T ), we can use Corollary 3.2.8 with G := g to estimate
the weak error. Let F (t) := Ẽ(t)− E(t) be the deterministic error operator.

We begin with the first term on the right hand side of (3.2.11) in Corol-
lary 3.2.8. The stability estimate (3.3.2) and the deterministic estimate (3.3.7)
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yield, for max(h2,∆t) 6 1,
(3.3.10)∣∣E{u(0, Ẽ(T )X0)− u(0, E(T )X0)

}∣∣
=
∣∣E{u(0, Ỹ (0))− u(0, Y (0))

}∣∣
=
∣∣∣E∫ 1

0

〈
ux
(
0, Y (0) + θ(Ỹ (0)− Y (0))

)
, Ỹ (0)− Y (0)

〉
H

dθ
∣∣∣

=
∣∣∣E∫ 1

0

〈
E
(
g′(Z(T, 0, x))

)∣∣
x=Y (0)+θ(Ỹ (0)−Y (0)), Ỹ (0)− Y (0)

〉
H

dθ
∣∣∣

6
∫ 1

0

∥∥g′(Z(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
))∥∥

L2(Ω,H)dθ ‖(Ẽ(T )− E(T ))X0‖L2(Ω,H)

6 C
(
1 +

∫ 1

0

∥∥Z(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
)∥∥
L2(Ω,H)dθ

)
× (h2 + ∆t)T−1 ‖X0‖L2(Ω;H)

6 C
(
1 + ‖A−1/2Q1/2‖HS + ‖X0‖L2(Ω;H)

)
‖X0‖L2(Ω;H) T

−1 (h2β + ∆tβ).

Next, we consider the second term on the right hand side of (3.2.11). We
estimate the integrals of the functions Ψ1 and Ψ2 separately. Using Lemma 3.2.1
and Remark 3.2.2, we obtain

(3.3.11)

∣∣E∫ T

0

∫
U1

∫ 1

0
Ψ1(t, θ, y) dθ ν(dy) dt

∣∣
6 sup
x∈H
‖g′′(x)‖L(H)

∫ T

0

∫
U1

‖F (T − t)y‖2H ν(dy) dt

= sup
x∈H
‖g′′(x)‖L(H)

∫ T

0
‖F (T − t)‖2L2(U0,H) dt

6 C sup
x∈H
‖g′′(x)‖L(H)(h2β + ∆tβ).

The last step is due to the fact that, by Itô’s isometry (3.1.19), the integral in
the penultimate line is the square of the strong error ‖XN

h,∆t − X(T )‖L2(Ω;H) for
zero initial condition X0 = 0, which can be estimated as in the Gaussian case
[110, Theorem 1.2], compare with Remark 3.3.1. Further, by the Cauchy-Schwarz
inequality, Lemma 3.2.1, and the fact that U0 = Q1/2(U),
(3.3.12)∣∣E∫ T

0

∫
U1

∫ 1

0
Ψ2(t, θ, y) dθ ν(dy) dt

∣∣
6 sup
x∈H
‖g′′(x)‖L(H)

∫ T

0

∫
U1

‖E(T − t)y‖H‖F (T − t)y‖H ν(dy) dt

6 sup
x∈H
‖g′′(x)‖L(H)

∫ T

0
‖E(T − t)‖L2(U0,H)‖F (T − t)‖L2(U0,H) dt

6 sup
x∈H
‖g′′(x)‖L(H)‖A

β−1
2 Q1/2‖2L2(H)

∫ T

0
‖E(t)A

1−β
2 ‖L(H)‖F (t)A

1−β
2 ‖L(H) dt.

By (3.3.8) we have

(3.3.13) ‖E(t)A
1−β

2 ‖L(H) = ‖A
1−β

2 E(t)‖L(H) 6 Ct
− 1−β

2
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and

(3.3.14) ‖AαF (t)‖L(H) 6 Ct
−α, 0 6 α 6 1/2.

Interpolation between (3.3.7) and (3.3.14) with α = 1/2 gives

(3.3.15) ‖A
1−β

2 F (t)‖L(H) 6 C‖F (t)‖βL(H)‖A
1
2F (t)‖1−βL(H) 6 C(h2 + ∆t)βt−

1+β
2 .

Note that ‖F (t)Aα‖L(H) = ‖AαF (t)‖L(H) due to the self adjointness of Ẽ(t), E(t)
and Aα. Altogether, using (3.3.13), (3.3.14) and (3.3.15), the integral in the last
line of (3.3.12) can be estimated by

(3.3.16)

∫ T

0
‖E(t)A

1−β
2 ‖L(H)‖F (t)A

1−β
2 ‖L(H) dt

=
(∫ h2+∆t

0
+
∫ T

h2+∆t

)
‖A

1−β
2 E(t)‖L(H)‖A

1−β
2 F (t)‖L(H) dt

6 C
∫ h2+∆t

0
t−

1−β
2 t−

1−β
2 dt+ C

∫ T

h2+∆t
t−

1−β
2 (h2 + ∆t)βt−

1+β
2 dt

= C(h2 + ∆t)β(1 + | log(h2 + ∆t)|)
6 C(h2β + ∆tβ)| log(h2 + ∆t)|

for h2 + ∆t 6 1/e, where C > 0 depends on T . The combination of (3.3.10),
(3.3.11), (3.3.12) and (3.3.16) finishes the proof. �

3.4. Stochastic Volterra integro-differential equations

Here we consider a stochastic integro-differential equation of Volterra-type
where the deterministic equation exhibits a parabolic character. The error analysis
is basically analogous to the heat equation and therefore we skip some computa-
tional details. The weak solution of the Volterra-type stochastic evolution equation,
a simple model of viscoelastic materials in the presence of noise,

(3.4.1) dX(t) +
(∫ t

0
b(t− s)AX(s) ds

)
dt = dL(t), t ∈ (0, T ]; X(0) = X0 ∈ H,

is also given by (3.1.1), where E(t) := S(t) is the solution operator of the linear, ho-
mogeneous deterministic problem as described in Subsection 1.5.1 and (A,D(A)) :=
(Λ, D(Λ)) as in the Section 3.3. Using a finite element approximation in space as
for the heat equation and a convolution quadrature in time, in exact analogy with
the Gaussian case (1.5.61), we consider the following recurrence,

(3.4.2) Xn
h,∆t−Xn−1

h,∆t+∆t
(

n∑
k=1

ωn−k AhX
k
h,∆t

)
= Ph(L(tn)−L(tn−1)), n > 1,

with X0
h,∆t = PhX0 and convolution weights (ωk)k≥0 chosen according to(

1− z
∆t

)1−ρ
=
∑
k>0

ωkz
k, |z| < 1.
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Let Ẽ(t) = B̃h,∆t(t) = Ẽh,∆t(t), where B̃h,∆t(t) is defined in (1.5.66) and let
(X̃(t))t∈[0,T ] be given according to (3.3.6). Suppose that that b satisfies Assump-
tions 1.5.1 and 1.5.30. Then, according to Theorem 1.5.32 and Proposition 1.5.6,

‖Ẽ(s)− E(s)‖L(H) 6 C(h2/ρ + ∆t)s−1,(3.4.3)
‖AαE(s)‖L(H) + ‖AαẼ(s)‖L(H) 6 Cs

−ρα, 0 6 α 6 1/(2ρ),(3.4.4)

s ∈ (0, T ], where C > 0 does not depend on h, ∆t and s. Note further, that if
‖A−1/(2ρ)Q1/2‖L2(H) <∞, then using Itô’s isometry, we get the stability estimate
as in the Gaussian case (see the proof of Proposition 1.5.10 with β = 0),

‖X(T )‖L2(Ω,H) ≤ C(‖A−1/(2ρ)Q1/2‖HS + ‖X0‖L2(Ω,H)),
and, in particular, Assumption 3.1.7 (iv) holds. Furthermore, for t ∈ [ε, T ] and
x ∈ H, we have that

‖E(t)x‖H = ‖A1/(2ρ)E(t)A−1/(2ρ)x‖H
≤ ‖A1/(2ρ)E(t)‖L(H)‖ ‖A−1/(2ρ)x‖H ≤ ‖Φεx‖H .

Therefore, Assumption 3.1.7 (v) holds with

Φε := sup
t∈[ε,T ]

‖A1/(2ρ)E(t)‖L(H)A
−1/(2ρ),

where the supremum is finite because of (3.4.4). Hence, via an analogous calculation
as for the heat equation above using now (3.4.3) and (3.4.4), setting H = U =
L2(D), B = idH we arrive at the following result.

Theorem 3.4.1. Suppose that b satisfies Assumptions 1.5.1 and 1.5.30. As-
sume further that ‖A

β−1/ρ
2 Q

1
2 ‖2HS < ∞, β ∈ (0, 1/ρ) and X0 ∈ L2(Ω,F0,P;H).

Let (X(t))t>0 be the weak solution of (3.4.1) and let (Xn
h,∆t)n=0,...,N be defined by

(3.4.2). If g ∈ C2(H,R) with supx∈H ‖g′′(x)‖L(H) <∞, then there exists a constant
C = C(g, T ) > 0, that does not depend on h and ∆t, such that∣∣E(g(XN

h,∆t)− g(X(T ))
)∣∣ 6 C(h2β + ∆tρβ)| log(h2/ρ + ∆t)|,

for h2/ρ + ∆t 6 1/e.

This is essentially twice the strong rate where the latter is the same as in the
Gaussian case found Theorem 1.5.28, as the strong error analysis carries over to
our setting, cf. Remark 3.3.1. Note also that the weak rate agrees with the one in
the Gaussian case from Theorem 1.5.33 under the same regualrity assumptions on
the data.

3.5. The stochastic wave equation

Here, we apply the general error representation from Section 3.2 to a discretiza-
tion of the stochastic wave equation (3.1.4).

Let D ⊂ Rd be a convex bounded domain and let the spaces Hα be defined by
(1.3.3). We set

H := H0 = Ḣ0 × Ḣ−1 = L2(D)×H−1(D), U := Ḣ0 = L2(D)
and let A : D(A) ⊂ H → H and B ∈ L(U,H) defined by (1.3.4) and let the
semigroup (E(t))t>0 generated by −A be given by (1.3.5). Then abstract equa-
tion (3.1.2) becomes the stochastic wave equation (3.1.4) with H-valued solution
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3.5. THE STOCHASTIC WAVE EQUATION 97

(X(t))t>0 = ((X1(t), X2(t))>)t>0. As in the Gaussian case, cf. Theorem 1.3.3, one
sees that the condition ‖Λ−1/2Q1/2‖HS < ∞ implies (3.1.17) and hence the exis-
tence of a unique weak solution X = (X(t))t>0 given by (3.1.1), provided that the
initial condition X0 = (X0,1, X0,2)> is H-valued and F0-measurable. Furthermore,

(3.5.1) ‖X(T )‖L2(Ω,H) ≤ C(‖X0‖L2(Ω,H) + T
1
2 ‖Λ−1/2Q1/2‖HS).

The discretization of (3.1.4) is done via finite elements in space and an I-stable
rational single step scheme of order in time as in Subsection 1.3.3. Indeed, let the
discretization Ah : V rh,0 × V rh,0 → V rh,0 × V rh,0 of the operator A : D(A) ⊂ H → H

be defined by (1.3.25) and let (Eh(t))t>0 ⊂ L(V rh,0 × V rh,0) denote the strongly
continuous semigroup generated by −Ah given by (1.3.27). We consider for N ∈ N
a uniform grid tn = n∆t = n(T/N), n = 0, . . . , N , on a finite time interval [0, T ].
We approximate the operators Enh,∆t ∈ L(V rh,0 × V rh,0) by

Enh,∆t := (R(∆tAh))n,

where R is a rational function that fullfills (1.3.16) for some positive integer p.
The numerical scheme for the stochastic wave equation (3.1.2) can now be

formulated as follows: For h > 0 and N ∈ N, the discretization (Xn
h,∆t)n=0,...,N of

(X(t))t∈[0,T ] in space and time is given as the solution to
(3.5.2)
Xn
h,∆t = Eh,∆t

(
Xn−1
h,∆t + PhB(L(tn)− L(tn−1))

)
, n = 1, . . . , N ; X0

h,∆t = PhX0,

where Ph = [Ph,1, Ph,2]T with Ph,1 : Ḣ0 → V rh,0 and Ph,2 : Ḣ−1 → V rh,0 being the
orthogonal projectors defined by 〈Ph,1f, χ〉 = 〈f, χ〉, ∀χ ∈ V rh,0, for f ∈ Ḣ0 and
〈Ph,2f, χ〉 = 〈f, χ〉Ḣ−1×Ḣ1 , ∀χ ∈ V rh,0, for f ∈ Ḣ−1. As in the Gaussian case, we
assume that the Ritz projection Rh satisfies (1.3.22).

Remark 3.5.1 (strong error). As observed for the discretization of the heat
equation in Remark 3.3.1, strong L2-error estimates for the scheme (3.5.2) carry
over from the Gaussian case in the Lévy L2-martingale case since they only use
Itô’s isometry (3.1.19). Arguing as in the proof of Theorem 1.3.14, we obtain that,
if

(3.5.3) ‖Λ
β−1

2 Q
1
2 ‖HS <∞ and X0 ∈ L2(Ω,F0,P;Hβ)

for some β > 0, then the scheme (3.5.2) approximates the first component X1 =
P 1X of the solution X to (3.1.2) with strong order min(βr/(r + 1), r) in space
and min(βp/(p + 1), 1) in time, where P 1 : H → Ḣ0 is defined as P 1x = x1 for
x = [x1, x2]T ∈ H:

‖Xn
h,∆t,1 −X1(tn)‖L2(Ω;Ḣ0) 6 C

(
hmin(β r

r+1 ,r) + ∆tmin(β p
p+1 ,1)), n = 0, . . . , N.

Here we have set Xn
h,∆t,1 := P 1Xn

h,∆t. The condition (3.5.3) implies that the
solution X = (X(t))t>0 takes values in Hβ , cf. Theorem 1.3.3.

The solution to the scheme (3.5.2) is given by

Xn
h,∆t = Enh,∆tPhX0 +

n∑
j=1

En−j+1
h,∆t PhB(L(tn)− L(tn−1)), n = 0, . . . , N.
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For t ∈ [0, T ], define operators Ẽ(t) = Ẽh,∆t(t) ∈ L(H) by

(3.5.4) Ẽ(t) = Ẽh,∆t(t) := 1{0}(t)Ph +
N∑
j=1

1(tn−1,tn](t)Enh,∆tPh.

Then, analogously to the corresponding argument in Section 3.3, one sees that the
V rh,0 × V rh,0-valued process (X̃(t))t∈[0,T ] = (X̃h,∆t(t))t∈[0,T ] defined by

X̃(t) = X̃h,∆t(t) := Ẽh,∆t(t)X0 +
∫ t

0
Ẽh,∆t(t− s)B dL(s)

satisfies Xn
h,∆t = X̃(tn) P-almost surely. We need the following deterministic error

estimate.

Proposition 3.5.2. Let α > 0. The operators E(t) and Ẽ(t) = Ẽh,∆t(t)
defined by (1.3.5) and (3.5.4), respectively, satisfy the error estimate
(3.5.5)

sup
t∈[0,T ]

(
‖P 1(Ẽ(t)− E(t))‖L(Hα,Ḣ0) + ‖P 1(Ẽ(t)− E(t))B‖L(Ḣ(α/2)−1,Ḣ−α/2)

)
6 C

(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,1)),

for ∆t 6 1, where C = C(T ) > 0 does not depend on h and ∆t.

Proof. We use the estimates
(3.5.6)

sup
n∈{0,...,N}

‖P 1(Enh,∆tPh − E(tn))‖L(Hα,Ḣ0) 6 C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p)

)
and

(3.5.7) ‖E(t)− E(s)‖L(Hδ,H) 6 C|t− s|δ, t, s > 0, δ ∈ [0, 1].

from Corollary 1.3.12 and Lemma 1.3.5. Because of the ‘piecewise’ definition of
Ẽ(t) in (3.5.4), the combination of (3.5.6) and (3.5.7) gives

(3.5.8)

sup
t∈[0,T ]

‖P 1(Ẽ(t)− E(t))‖L(Hα,Ḣ0)

6 sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))‖L(Hα,Ḣ0)

+ sup
n∈{1,...,N}

sup
t∈(tn−1,tn)

‖E(tn)− E(t)‖L(Hα,H)

6 C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p) + ∆tmin(α,1))

= C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,1))

for ∆t 6 1. It remains to show that
(3.5.9)

sup
t∈[0,T ]

‖P 1(Ẽ(t)− E(t))B‖L(Ḣ(α/2)−1,Ḣ−α/2) 6 C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,1)).

To this end, we will prove the estimate

(3.5.10) sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ(α/2)−1,Ḣ−α/2)

6 C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p)

)
.
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Then, (3.5.9) follows from (3.5.10) and (3.5.7) arguing similarly as in (3.5.8) and
using the fact that

‖P 1(E(tn)− E(t))B‖L(Ḣ(α/2)−1,Ḣ−α/2) = ‖Λ−α4 P 1(E(tn)− E(t))BΛ 1
2−

α
4 ‖L(Ḣ0)

= ‖P 1(E(tn)− E(t))BΛ
1−α

2 ‖L(Ḣ0)

6 ‖P 1(E(tn)− E(t))‖L(Hα,Ḣ0)‖BΛ
1−α

2 ‖L(Ḣ0,Hα),

where ‖BΛ 1−α
2 ‖L(Ḣ0,Hα) = ‖B‖L(Ḣα−1,Hα) = 1.

In order to show (3.5.10), we distinguish the cases α > 2 and 0 6 α 6 2. For
α > 2 we have by (3.5.6)

(3.5.11)

sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣα−1,Ḣ0)

6 sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))‖L(Hα,Ḣ0)‖B‖L(Ḣα−1,Hα)

6 C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p)

)
.

As the operator P 1(Ẽ(t)− E(t))B ∈ L(Ḣ0) is symmetric in Ḣ0 and since Ḣ−α+1

can be identified with the dual space of Ḣα−1, we have

‖P 1(Ẽ(t)− E(t))B‖L(Ḣα−1,Ḣ0) = ‖P 1(Ẽ(t)− E(t))B‖L(Ḣ0,Ḣ−α+1)

and therefore also

(3.5.12) sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ0,Ḣ−α+1)

6 C(T )
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p)

)
.

Next, we use the fact that Ḣ(α/2)−1 and Ḣ−α/2 can be represented as the real
interpolation spaces (Ḣ0, Ḣα−1)θ,2 and (Ḣ−α+1, Ḣ0)θ,2, respectively, where θ =
((α/2)− 1)/(α− 1) ∈ (0, 1), cf. Remark 1.3.1. Thus, interpolation between (3.5.11)
and (3.5.12) yields

sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ(α/2)−1,Ḣ−α/2)

6 sup
n∈{0,...,N}

C(α)‖P 1(Ẽ(tn)− E(tn))B‖1−θL(Ḣ0,Ḣ−α+1)

× ‖P 1(Ẽ(tn)− E(tn))B‖θL(Ḣα−1,Ḣ0)

6 C(T, α)
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p)

)
,

see, e.g., Definition 1.2.2/2 and Theorem 1.3.3(a) in [104].
For 0 6 α 6 2, we note that

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ0,Ḣ−1) = ‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ1,Ḣ0)

6 ‖P 1(Ẽ(tn)− E(tn))‖L(H2,Ḣ0)‖B‖L(Ḣ1,H2),

where we used again the symmetry of P 1(Ẽ(t) − E(t))B ∈ L(Ḣ0). By (3.5.6) we
obtain
(3.5.13)

sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ0,Ḣ−1) 6 C(T )
(
hmin(2 r

r+1 ,r) + ∆tmin(2 p
p+1 ,p)

)
,
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which is (3.5.10) for α = 0. Moreover, also by (3.5.6),
(3.5.14)

sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ−1,Ḣ0)

6 sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))‖L(H,Ḣ0)‖B‖L(Ḣ−1,H) 6 C(T ),

i.e., we have (3.5.10) for α = 2. Finally, if α ∈ (0, 2), interpolation with θ =
(α/2)− 1 ∈ (0, 1) between (3.5.13) and (3.5.14) gives

sup
n∈{0,...,N}

‖P 1(Ẽ(tn)− E(tn))B‖L(Ḣ(α/2)−1,Ḣ−α/2)

6 sup
n∈{0,...,N}

C(α)‖P 1(Ẽ(tn)− E(tn))B‖1−θL(Ḣ0,Ḣ−1)

× ‖P 1(Ẽ(tn)− E(tn))B‖θL(Ḣ−1,Ḣ0)

6 C(T, α)
(
hmin(2 r

r+1 ,r) + ∆tmin(2 p
p+1 ,p)

)α
2

= C(T, α)
(
h2 r

r+1 + ∆t2
p
p+1
)α

2

6 C(T, α)
(
hmin(α r

r+1 ,r) + ∆tmin(α p
p+1 ,p)

)
. �

We are now in the position to prove the following result concerning the weak
error of the approximation XN

h,∆t,1 := P 1XN
h,∆t of the first component X1(T ) =

P 1X(T ) of the solution to the stochastic wave eqation (3.1.2) at time T .
Theorem 3.5.3. Let X0 ∈ L2(Ω,F0,P;H2β) for some β > 0 and g ∈ C2(Ḣ0,R)

with supx∈Ḣ0 ‖g′′(x)‖L(Ḣ0) < ∞. Suppose that either of the following conditions
holds.

(i) ‖Λ(β−1)/2Q1/2‖HS <∞ and

(3.5.15) sup
x∈Ḣ0

‖Λ
β
2 g′′(x)Λ−

β
2 ‖L(Ḣ0) <∞.

(ii)

(3.5.16) lim
m→∞

∫
U1

‖Λ− 1
2 pmy‖Ḣ0‖Λβ−

1
2 pmy‖Ḣ0 ν(dy) <∞,

where pm denotes the orthogonal projection from Ḣ0 to span{ϕ1, . . . , ϕm},
(ϕk)k∈N being an orthonormal basis of Ḣ0 consisting of eigenvectors of Λ.

Then, there is a unique weak solution (X(t))t>0 to Eq. (3.1.2) given by (3.1.1).
Let (Xn

h,∆t)n=0,...,N be given by (3.5.2). Then, there exists a constant C =
C(g, T ) > 0, that does not depend on h and ∆t, such that for ∆t 6 1,∣∣E(g(XN

h,∆t,1)− g(X1(T ))
)∣∣ 6 C(hmin(2β r

r+1 ,r) + ∆tmin(2β p
p+1 ,1)).

Proof. First suppose that (i) holds. We apply Theorem 3.2.6 and Corol-
lary 3.2.8 with G = g ◦ P 1. Note that G′(x) = (P 1)∗g′(P 1x) ∈ H and

G′′(x) = (P 1)∗g′′(P 1x)P 1 ∈ L(H)
for all x ∈ H, where (P 1)∗ ∈ L(Ḣ0, H) is the Hilbert space adjoint of P 1 ∈
L(H, Ḣ0). Using (3.2.6) one obtains that

(3.5.17)
ux(t, ξ) = E

(
(P 1)∗g′(P 1Z(T, t, x))

)∣∣
x=ξ,

uxx(t, ξ) = E
(
(P 1)∗g′′(P 1Z(T, t, x))P 1)∣∣

x=ξ
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3.5. THE STOCHASTIC WAVE EQUATION 101

for all H-valued random variables ξ and t ∈ [0, T ].
We combine (3.5.1), (3.5.17) and the deterministic error estimate (3.5.5) with

α = 2β in order to estimate the first term on the right hand side of the error rep-
resentation formula (3.2.11) in Corollary 3.2.8. We have, where the first inequality
follows similarly as for the stochastic heat equation, that

(3.5.18)

∣∣E{u(0, Ẽ(T )X0)− u(0, E(T )X0)
}∣∣

6
∫ 1

0

∥∥g′(P 1Z
(
T, 0, Y (0) + θ(Ỹ (0)− Y (0))

))∥∥
L2(Ω,Ḣ0) dθ

× ‖P 1(Ẽ(T )− E(T ))X0‖L2(Ω,Ḣ0)

6 C
(
1 +

∫ 1

0

∥∥Z(T, 0, Y (0) + θ(Ỹ (0)− Y (0))
)∥∥
L2(Ω,H) dθ

)
× ‖P 1(Ẽ(T )− E(T ))‖L(H2β ,Ḣ0) ‖X0‖L2(Ω;H2β)

6 C
(
1 + ‖X0‖L2(Ω;H) + T

1
2 ‖Λ−1/2Q1/2‖HS

)
‖X0‖L2(Ω;H2β)

×
(
hmin(2β r

r+1 ,r) + ∆tmin(2β p
p+1 ,1)).

Using (3.5.17), Lemma 3.2.1 and Remark 3.2.2, the integral of the function Ψ1 in
the second term on the right hand side of the formula (3.2.11) can be estimated as
follows:
(3.5.19)∣∣∣E∫ T

0

∫
U1

∫ 1

0
Ψ1(t, θ, y) dθ ν(dy) dt

∣∣∣
=
∣∣∣E∫ T

0

∫
U1

∫ 1

0
(1− θ)

〈
E
(
g′′
(
P 1Z(T, t, x+ E(T − t)By + θF (T − t)y)

))∣∣
x=Ỹ (t)

× P 1F (T − t)y, P 1F (T − t)y
〉
Ḣ0

dθ ν(dy) dt
∣∣∣

6 sup
x∈Ḣ0

‖g′′(x)‖L(Ḣ0)

∫ T

0
‖P 1F (T − t)‖2L2(U0,Ḣ0)dt

6 sup
x∈Ḣ0

‖g′′(x)‖L(Ḣ0)C
(
hmin(β r

r+1 ,r) + ∆tmin(β p
p+1 ,1))2.

The last step in (3.5.19) is due to the fact that, by Itô’s isometry (3.1.19), the inte-
gral in the penultimate line is the square of the strong error ‖XN

h,k,1−X1(T )‖L2(Ω;Ḣ0)
for zero initial condition X0 = 0; it can be estimated as in the Gaussian case, see
(1.3.32).

Concerning the integral of the function Ψ2 in the second term on the right
hand side of (3.2.11), we have by (3.5.17), Lemma 3.2.1, (1.1.4) and since U0 =
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102 3. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE LÉVY NOISE

Q1/2(U) = Q1/2(Ḣ0), that
(3.5.20)∣∣∣E∫ T

0

∫
U1

∫ 1

0
Ψ2(t, θ, y) dθ ν(dy) dt

∣∣∣
=
∣∣∣E∫ T

0

∫
U1

∫ 1

0

〈
E
(
g′′
(
P 1Z(T, t, x+ θE(T − t)By)

))∣∣
x=Ỹ (t)

× P 1E(T − t)By, P 1F (T − t)y
〉
Ḣ0

dθ ν(dy) dt
∣∣∣

=
∣∣∣E∫ T

0

∫
U1

∫ 1

0

〈
E
(
Λ
β
2 g′′
(
P 1Z(T, t, x+ θE(T − t)By)

)
Λ−

β
2
)∣∣
x=Ỹ (t)

× Λ
β
2 P 1E(T − t)BΛ

1−β
2 Λ

β−1
2 y, Λ−

β
2 P 1F (T − t)Λ

1−β
2 Λ

β−1
2 y
〉
Ḣ0

dθ ν(dy) dt
∣∣∣

6 sup
x∈Ḣ0

‖Λ
β
2 g′′(x)Λ−

β
2 ‖L(Ḣ0)‖Λ

β−1
2 Q

1
2 ‖2HS

×
∫ T

0
‖Λ

β
2 P 1E(T − t)BΛ

1−β
2 ‖L(Ḣ0)‖Λ

− β2 P 1F (T − t)Λ
1−β

2 ‖L(Ḣ0) dt.

Note that
(3.5.21)
‖Λ

β
2 P 1E(T − t)BΛ

1−β
2 ‖L(Ḣ0) = ‖Λ

β−1
2 S(T − t)Λ

1−β
2 ‖L(Ḣ0) = ‖S(T − t)‖L(Ḣ0) 6 1,

and thus it remains to estimate the integral∫ T

0
‖Λ−

β
2 P 1F (T − t)Λ

1−β
2 ‖L(Ḣ0)dt =

∫ T

0
‖P 1F (t)‖L(Ḣβ−1,Ḣ−β)dt

=
∫ T

0
‖P 1(Ẽ(t)− E(t))B‖L(Ḣβ−1,Ḣ−β)dt.

To this end, it suffices to apply the deterministic error estimate (3.5.5) with α = 2β.
The combination of (3.5.18), (3.5.19) and (3.5.20) finishes the proof.

Next, suppose that (ii) holds. By Lemma 3.2.1 we have that

‖pmΛ(β−1)/2Q1/2‖2L2(Ḣ0) = ‖Λ(β−1)/2pmQ
1/2‖2L2(Ḣ0) =

∫
U1

‖Λ(β−1)/2pmy‖2Ḣ0 ν(dy)

=
∫
U1

〈Λ−1/2pmy,Λβ−1/2pmy〉Ḣ0 ν(dy)

6
∫
U1

‖Λ−1/2pmy‖Ḣ0‖Λβ−1/2pmy‖Ḣ0 ν(dy),

whence,

‖Λ(β−1)/2Q1/2‖2HS = ‖Λ(β−1)/2Q1/2‖2L2(Ḣ0) = lim
m→∞

‖pmΛ(β−1)/2Q1/2‖2L2(Ḣ0) <∞,

proving that there is a unique weak solution (X(t))t>0 to Eq. (3.1.2) given by
(3.1.1). To estimate the weak error, we apply an approximation procedure and
consider for m ∈ N the H-valued random variables X [m](T ) := E(T )X0 +

∫ T
0 E(T−

s)Bpm dL(s) and X̃ [m](T ) = X̃
[m]
h,∆t(T ) := Ẽ(T )X0 +

∫ T
0 Ẽ(T −s)Bpm dL(s). Using

Itô’s isometry and the fact that ‖(I − pm)Λ−1/2Q1/2‖L2(Ḣ0) → 0 as m → ∞, we
get that X [m](T ) m→∞−−−−→ X(T ) and X̃ [m](T ) m→∞−−−−→ X̃(T ) in L2(Ω;H). As a
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3.5. THE STOCHASTIC WAVE EQUATION 103

consequence of this and (3.2.5), we obtain

e[m](T ) := E
(
G(X̃ [m](T ))−G(X [m](T ))

) m→∞−−−−→ e(T ).

Thus, it suffices to show the desired rate for the error e[m](T ) with a constant that
does not depend on m. To this end, we observe that the estimate (3.5.18) can
be used without any changes, and that the analogue to the estimate (3.5.19) gives
indeed the desired rate if we use that ‖pmΛ(β−1)/2Q1/2‖HS 6 ‖Λ(β−1)/2Q1/2‖HS <
∞. Finally, the estimate corresponding to (3.5.20) reads as∣∣∣E∫ T

0

∫
U1

∫ 1

0

〈
E
(
g′′
(
P 1Z [m](T, t, x+ θE(T − t)Bpmy)

))∣∣
x=Ỹ [m](t)

× P 1E(T − t)Bpmy, P 1F (T − t)pmy
〉
Ḣ0

dθ ν(dy) dt
∣∣∣

=
∣∣∣E∫ T

0

∫
U1

∫ 1

0

〈
E
(
g′′
(
P 1Z [m](T, t, x+ θE(T − t)Bpmy)

))∣∣
x=Ỹ [m](t)

× P 1E(T − t)BΛ1/2Λ−1/2pmy, P
1F (T − t)Λ1/2−βΛβ−1/2pmy

〉
Ḣ0

dθ ν(dy) dt
∣∣∣

6 sup
x∈Ḣ0

‖g′′(x)‖L(Ḣ0)

∫ T

0
‖P 1E(T − t)BΛ1/2‖L(Ḣ0)‖P

1F (T − t)Λ1/2−β‖L(Ḣ0) dt

×
∫
U1

‖Λ−1/2pmy‖Ḣ0‖Λβ−1/2pmy‖Ḣ0 ν(dy),

where Z [m] and Ỹ [m] are defined by replacing B by Bpm in the definitions of Z and
Ỹ . By (3.5.5) with α = 2β and the fact that ‖B‖L(Ḣα−1,Hα) = 1 we have that

sup
t∈[0,T ]

‖P 1F (T − t)Λ1/2−β‖L(Ḣ0) = sup
t∈[0,T ]

‖P 1(Ẽ(t)− E(t))BΛ1/2−β‖L(Ḣ0)

= sup
t∈[0,T ]

‖P 1(Ẽ(t)− E(t))B‖L(Ḣ2β−1,Ḣ0) 6 C
(
hmin(2β r

r+1 ,r) + ∆tmin(2β p
p+1 ,1)).

Finally, by (3.5.16) and (3.5.21) with β = 0, the proof is complete. �

Finally, we state two remarks and discuss some examples where the conditions
of Theorem 3.5.3, in particular (3.5.15) and (3.5.16), are satisfied.

Remark 3.5.4. It follows from Lemma 3.2.1 and the fact that Λαpm ∈ L2(Ḣ0)
for all α ∈ R and m ∈ N, that the terms Λ−1/2pmy and Λβ−1/2pmy in (3.5.16) are
defined in an L2(U1, ν(dy); Ḣ0)-sense. Note that the sequence(

‖Λ−1/2pmy‖Ḣ0‖Λβ−1/2pmy‖Ḣ0

)
m∈N

is monotonically increasing for ν-almost all y ∈ U1, so that the limit in (3.5.16)
is in fact a supremum. Moreover, if we explicitly choose U1 = Ḣβ−1 as the state
space of L, then the condition (ii) is equivalent to assuming that supp ν ⊂ Ḣ2β−1

and ∫
Ḣ2β−1

‖Λ− 1
2 y‖Ḣ0‖Λβ−

1
2 y‖Ḣ0 ν(dy) <∞.

This choice of U1 is possible w.l.o.g. whenever ‖Λ(β−1)/2Q1/2‖HS < ∞, since then
the natural embedding of U0 = Q1/2U = Q1/2Ḣ0 into Ḣβ−1 is Hilbert-Schmidt and
we can re-expand L in the form (3.1.12) as an Ḣβ−1-valued martingale, compare
Remark 3.1.3. However, in the spirit of, e.g., [4, 94, 95], we prefer a formulation
of our results that is independent of the specific choice of the state space U1.
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104 3. LINEAR STOCHASTIC PDES DRIVEN BY ADDITIVE LÉVY NOISE

Remark 3.5.5. Instead of the symmetric condition ‖Λ(β−1)/2Q1/2‖HS < ∞,
the sufficient asymmetric condition ‖Λβ−1/2QΛ−1/2‖Tr <∞ is imposed in Theorem
1.3.13 in the Wiener case in order to double the rate of strong convergence for the
wave equation. The asymmetric condition (3.5.16) appearing in (ii) above, which
is again sufficient for ‖Λ(β−1)/2Q1/2‖HS < ∞, resembles the same situation in the
present case.

Example 3.5.6. An important example which satisfies (3.5.15) is g(x) = ‖x‖2
Ḣ0 .

Example 3.5.7. As another example for a function g satisfying (3.5.15) con-
sider g(x) := f(〈ϕ1, x〉Ḣ0 , . . . , 〈ϕn, x〉Ḣ0), x ∈ Ḣ0, where f ∈ C2(Rn,R) has
bounded second order derivatives and (ϕk)k∈N ⊂ D(Λ) is an orthonormal basis
of Ḣ0 = L2(D) consisting of eigenfunctions of Λ with corresponding eigenvalues
(λk)k∈N ⊂ (0,∞). Then, for x, y ∈ Ḣ0,

Λβ/2g′′(x)Λ−β/2y =
n∑

j,k=1
λ
−β/2
j λ

β/2
k (∂j∂kf)

(
〈ϕ1, x〉Ḣ0 , . . . , 〈ϕn, x〉Ḣ0

)
〈ϕj , y〉Ḣ0ϕk

and (3.5.15) holds. More generally, (3.5.15) is satisfied by all g ∈ C2(Ḣ0,R) of the
form g = g̃ ◦ Λ−β/2 with g̃ ∈ C2(Ḣ0,R) satisfying supx∈Ḣ0 ‖g̃′′(x)‖L(Ḣ0) <∞. For
such g we have g′′(x) = Λ−β/2g̃′′(Λ−β/2x)Λ−β/2.

Example 3.5.8. Consider the situation of Example 3.1.5; that is when

ν =
∑
k∈N

νk ◦ π−1
k ,

where νk is the Lévy measure of Lk and πk : R → U1 is defined by πk(ξ) := ξek.
Let us assume that ek = √qk ϕk, where (qk)k∈N is a bounded sequence of positive
numbers and (ϕk)k∈N is an orthonormal basis of Ḣ0 consisting of eigenfunctions
of Λ with corresponding eigenvalues (λk)k∈N. Then, with pm as in (ii) in Theorem
3.5.3, we have that

lim
m→∞

∫
U1

‖Λ− 1
2 pmy‖Ḣ0‖Λβ−

1
2 pmy‖Ḣ0 ν(dy)

=
∑
k∈N

∫
R
ξ2qk‖Λ−

1
2ϕk‖Ḣ0‖Λβ−

1
2ϕk‖Ḣ0 νk(dξ)

=
∑
k∈N

∫
R
ξ2qkλ

− 1
2

k ‖ϕk‖Ḣ0λ
β− 1

2
k ‖ϕk‖Ḣ0 νk(dξ)

=
∑
k∈N

∫
R
ξ2qk‖Λ

β−1
2 ϕk‖Ḣ0‖Λ

β−1
2 ϕk‖Ḣ0 νk(dξ)

= lim
m→∞

∫
U1

‖Λ
β−1

2 pmy‖Ḣ0‖Λ
β−1

2 pmy‖Ḣ0 ν(dy) = ‖Λ
β−1

2 Q
1
2 ‖2HS,

where we used Lemma 3.2.1 in the last step. That is, when ν is concentrated
on the eigenspaces {rϕk : r ∈ R}, k ∈ N, of Λ, then the abstract asymmetric
condition (3.5.16) coincides with the familiar symmetric Hilbert-Schmidt condition.
The situation is similar in the Wiener case when Λ and Q commute, c.f. (1.1.10).
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Summary

In this dissertation we develop techniques to study the weak rate of conver-
gence of finite element approximations of certain class of linear and semilinear
SPDEs driven by additive Wiener noise or Lévy noise of pure jump type. The
main challenge is to prove optimal rates of weak convergence that corresponds to
twice the rate of strong convergence, where the latter usually coincides with the
root-mean-squared regularity of the solution of the SPDE. Below we summarise the
main results of the dissertation, all of them being own results of the author.

The main weak convergence results of Chapter 1 are based on a general ab-
stract error representation formula, stated in Theorem 1.2.1, which allows one to
treat several different kind of linear stochastic equations driven by additive Wiener
noise, parabolic, hyperbolic and Volterra type, from a common structural point of
view. Important results from this chapter are Theorem 1.3.13 and Theorem 1.3.14
which consider the weak, respectively, the strong rate of convergence of a finite
element approximation of the linear stochastic wave equation with additive noise.
Furthermore, we establish the strong and weak rate of convergence, in Theorem
1.5.28, respectively, in Theorem 1.5.33, for a finite element approximation scheme
for a class of stochastic Volterra integro-differential equations, with convolution
kernels typical is the theory of linear viscoelasticity.

In Chapter 2 we consider mild solutions of semilinear parabolic type stochastic
equations driven by additive Wiener noise, in particular, mild solutions of the semi-
linear heat equation and a class of semilinear Volterra integro-differential equations.
We treat these equations in a common framework as their mild solutions satisfy the
same integral equation with the only difference being the deterministic evolution
operator appearing in the equation with various degree of smoothing property. We
use tools from Malliavin calculus and a duality argument to obtain the main weak
convergence result of the chapter, Theorem 2.3.7, which we apply to a finite element
discretization of a semilinear heat equation, in Subsection 2.4.1, and then to a class
of semilinear stochastic Volterra integro-differential equations in Subsection 2.4.2.
We would like to point out that we allow the test functions to depend on the paths
of the solution in a special way and therefore we obtain convergence rates of ap-
proximations of covariances and higher order statistics of the solution in Corollary
2.3.8. The rate of strong convergence for these equations, which is half that of the
weak convergence rate, is stated in Theorem 2.3.2.

In Chapter 3 we consider linear equations driven by additive square integrable
Lévy noise of pure jump type. As in Chapter 1, but requiring significantly more ef-
fort, we develop a general abstract error representation formula, stated in Theorem
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106 SUMMARY

3.2.6, which we then use to study the rate of weak convergence of finite element
approximations of the linear stochastic heat equation, in Theorem 3.3.4, a class
of of stochastic Volterra integro-differential equations, in Theorem 3.4.1, and the
stochastic wave equation in Theorem 3.5.3. The other main contributions in this
chapter, which are applicable, but not directly related to the numerical analysis
of SPDEs, are Lemma 3.2.4, where we establish the equivalence of two different
integration theories for infinite dimensional Lévy processes and Proposition 3.2.10,
where we develop a backward Kolmogorov equation associated with an infinite di-
mensional drift-free Lévy-Itô integral process.

There are some new unpublished results in the dissertation in Sections 1.5.4
and 1.5.6. In [69] the strong convergence results result on semidiscretization in time
([69, Theorem 4.6], Theorem 1.5.18 here) and also the full discretization ([69, The-
orem 5.1], Theorem 1.5.28 here) is stated and proved assuming that the convolution
kernel satisfies Assumptions 1.5.1 and 1.5.30. Note that the latter assumption im-
plies that the kernel can be extended to an analytic function in a sectorial region
around the positive half-axis. Instead, here, we assume that kernel satisfies As-
sumption 1.5.2 which is just a little stronger than Assumption 1.5.1 but it allows
for non-analytic kernels and hence avoids the heavy restriction posed by Assump-
tion 1.5.30. One price to pay is that one has to assume smooth initial data in
Theorem 1.5.28 compared to [69, Theorem 5.1] as there are no non-smooth data
estimates available for the finite element method for such general kernels. The key
deterministic result is stated in Theorem 1.5.13 which in turn can be used to prove
estimates (1.5.48) and (1.5.49). The latter estimates correspond to the result in
[69, Proposition 4.4] (which is [78, Theorem 3.2]) and [69, Corollary 4.5], respec-
tively. The smoothing property (1.5.42) is also new which is then used, together
with Theorem 1.5.13, to prove the smooth data estimate (1.5.47) and the error
estimate in Lemma 1.5.27.

Finally, we mention that, in order to make the dissertation concise and focused,
results from the author’s other main research area, fractional order PDEs and
related topics, contained in [7, 8, 9, 10, 11, 12, 13, 14, 15, 58] and further
results concerning strong convergence of numerical approximations of SPDEs from
[42, 59, 60, 63, 64, 65] are not presented in the dissertation.
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