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Introduction

The goal of this dissertation is to describe some new results on the integrals of modular
forms along certain closed curves. We will refer to these integrals as cycle integrals of mod-
ular forms. When interpreted classically the curves of integration are closed geodesics on
the so called modular surface, the quotient of the hyperbolic plane of Bolyai-Lobachevsky
by a distinguished discrete group of isometries. In this language the simplest modular forms
are eigenfunctions of the Laplace-Beltrami operator. However for certain applications it is
better to view them as functions on PSLy(R) the isometry group of the hyperbolic plane.
In this version modular forms have a natural representation theoretic interpretation. The
lift of closed geodesics then become periodic orbits of the geodesic flow, and the integral of
modular forms along them give interesting information about these periodic orbits, such
as their linking numbers.

For example when the discrete group in question is Slo(Z), the right-coset space
SLy(Z)\ SLy(R) as a 3-manifold is diffeomorphic to the complement of the trefoil knot
in S3, as realized as the link of the surface singularity of 22 = w? at the origin. E. Ghys
showed that the linking number of this trefoil knot with a periodic orbit of the geodesic flow
(called a modular knot in this case) is given by the Rademacher symbol. This symbol is a
close relative of the classical Dedekind symbol which arose historically in the computation
of cycle integrals of the logarithmic derivative of Dedekind’s eta function. In his 2006 ICM
talk Ghys brought attention to the intriguing question of understanding linking numbers
between modular knots either combinatorially or from an arithmetic point of view. These
linking numbers have to be properly interpreted as H;(S?\ Trefoil) = Z. A natural path to
take is to consider the symmetrized link of a modular knot, these arise as the union of the
periodic orbits corresponding to some «y,y~! € SLy(Z). One of the problems considered in
this thesis concerns the construction of analogues of Dedekind’s eta function whose cycle
integrals produce the linking numbers between these symmetrized links. This is Chapter
5 of the present thesis, based on the paper [42].

Another interesting application of cycle integrals presented in this dissertation concerns
mock modular forms. Their theory was outlined by Ramanujan in his last letter to Hardy,
a few month before his untimely death at age 32. It was only recently in 2002 that Zwegers
found an intrinsic description of the elusive idea of what Ramanujan’s mock modular forms
are. Surprisingly, cycle integrals of PSLy(Z)-invariant functions with respect to arc length
give a natural construction of these objects [40]. This material is presented in Chapter 4.

There is yet another problem that arose recently concerning immersed surfaces on the
modular surface whose boundary is one of the closed geodesics. It is natural to expect that
the push-forward measure of the natural hyperbolic metric on these surfaces gets equidis-
tributed as the discriminant (a natural invariant of the geodesics) approaches infinity. This
problem too leads to cycle integrals, this time of PSLy(Z)-invariant differential forms, and
require a generalization of formulas due to Maass, and Katok-Sarnak [43]. This general-
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ization and the resulting equidistribution results are presented from [43] and they form
Chapters 2 and 3 of the thesis.

Finally cycle integrals are closely related to sums of certain exponential sums named
after Salie and this is what we consider in the last chapter. This has interesting applica-
tions to the equidistribution of the so-called angles of these sums, or equivalently to the
distribution of the roots of quadratic congruences to prime moduli. A conceptual back-
ground for why one expects such equidistribution is given for example in [112]. The major
result of this chapter is from [123], which establishes these equidistribution results.

We will now put the results presented here in the framework of recent advances in auto-
morphic forms. This thesis deals with generalizations of work of Katok, Sarnak, Borcherds,
Zagier, Ghys, and many others and leads to some surprising new applications. It is with-
out doubt that for the general public the most exciting new developments in modular form
theory are related to Langland’s program on the relation between automorphic forms and
Galois representations. Instances such as Lafforgue’s proof of the Langlands’ conjectures
for the general linear group GL(n, K) for function fields or Ngo’s proof of the fundamen-
tal lemma for general reductive groups received Fields medals. (Lafforgue’s work contin-
ued earlier research of Drinfeld, another Fields medalist, who treated the case GL(2, K).)
Widely known by the general public is Wiles’ work on the modularity of Galois repre-
sentations associated to elliptic curves that allowed him to prove Fermat’s last theorem.
Borcherds’ achievements for which he too was awarded a Fields medal were more con-
nected to classical modular forms. Another major development is Lindenstrauss proof of
the quantum unique ergodicity (QUE) conjecture of Rudnick and Sarnak for arithmetic
surfaces for which he received the Fields medal in 2010. Also highly praised is this year’s
Fields medalist Venkatesh’” work that very successfully brought in homogeneous dynamics
into the subject. In both Lindenstrauss’ and Venkatesh’ work the role of number theory,
while somewhat hidden, is significant. The research presented in this thesis is in different
directions but in the same vain as theirs. Analysis and geometry in the classical sense play
a more accentuated role than number theory but arithmetic considerations are crucial in
most of the results presented below.

The organization of the dissertation is as follows. Chapter 1 gives a very short intro-
duction to modular forms to set up notation. In Chapter 2 we develop a formalism to deal
with cycle integrals of Poincaré series, this formalism will be used on several occasions.
The first of these applications is this same chapter’s main result about the extension of the
Katok-Sarnak formulas taken from [43]. Chapter 3 is about the resulting two-dimensional
equidistribution problem from [43]. Chapter 4 gives a brief description of mock modular
forms and describes how these can be constructed from cycle integrals [40]. It also includes
a construction of certain modular integrals used in connection with linking numbers in the
chapter that follows. In that chapter, Chapter 5, we review Ghys’ work on the geodesic
flow and derive our results from [42] on linking numbers between symmetrized modular
knots. Finally we prove the equidistribution of the angles of Salie sums in Chapter 6 [123].
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Chapter 1

Background on modular forms

1.1 Hyperbolic geometry in the upper half plane
model

One of the major discoveries of Janos Bolyai [56] was the fact that hyperbolic space contains
a surface (the so called parasphere or horopsphere) on which the natural geometry satisfies
the axioms of Fuclid. Beltrami observed that the projection of a hyperbolic plane to
this surface gives models of hyperbolic geometry on an open disc in the Euclidean plane.
One of these models is conformal, and can be taken to the upper half plane via Cayley’s
transformation. This model was rediscovered and popularized by Poincaré while working
on Fuchsian funtions, and is usually named the Poincaré upper half plane [121].
Let H={2€ C:Imz > 0}. The group
GLy (R)={[2%] : a,b,c,d € R,ad — bc > 0}

[

acts on C via Mobius transformations, for g = [ 4] € GL3 (R)

az+b
z = .
g cz+d
If z € H then Im gz = det 9|c,IzmTz\2 and so gz is also in H. One checks easily that this is

a left action of GLj (R) on H, (g192)(2) = g1(g2(2)). By an easy application of Swartz’s
lemma one sees that all holomorphic automorphisms of H are given by such Mobius trans-
formations. These automorphisms as a group are easily seen to be isomorphic to PSLy(R).

The metric .
"
is invariant under the action of PSLy(R) (and has constant curvature -1). It follows that
the conformal isomorphisms are the orientation preserving isometries.

One verifies easily that vertical lines are geodesics, and then so are their PSLy(R)-
translates, which lead to semi-circles whose center lies on the real line. These are then the
hyperbolic lines of the model.

Define the cross ratio of z1, 29, 23, 24 € C by

ds* = —(dx® + dy?)

(21 — 23)(22 — 24)

[21, 29,23, 2’4] = (21 — 2,’2)<z3 _ 24) . (]_]_]_)
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A useful formula for the distance between z and z* in H is given by
d(z,z%) = log |[w, z, 2%, w*]|, (1.1.2)

where w, w* € R are the points where the geodesic arc joining z to z* intersects R and
where the order in which this arc passes through the points is given by w, z, z*, w* (see e.g.

[90).-

If d(z,w) is the distance, then in terms of Cartesian coordinates it is easier to work
with
coshd(z,w) =1+ 2u(z,w)

where

( ) |z — w)|?
uz,w) = ———
’ 4Tm z Imw

The measure associated to the metric is also invariant and is given by
dxdy
Y2
The hyperbolic Laplace operator is defined on smooth functions as the operator

A= (Ay) =y*(02 + 07) = (y*Ag2).

M:

One can show that —A is a non-negative operator on various L2-spaces (see below),
and so the normalization of the eigenvalues is as follows. If
Af+Xf=0
then we call A an eigenvalue. With this understanding the eigenvalues that arise for us are
non-negative and we can write them using additional parameters:
1 2
)\:Z+r =s(l—s).

Here r € R orir € [_%’ %] and s = % +ir. So each \ # }l corresponds to two r values =+r,
and two s values s = 5 +

1.2 SLy(Z)

Let I' = PSLy(Z), it is a discrete subgroup of PSLy(R) and so acts totally discontinuously
on H. From the Euclidean algorithm or otherwise one shows that I' = (S,T), where as

Mobius transformations S(z) = —1 and T(z) = z + 1. We will occasionally overload the
notation by identifying S and 7" with the matrices
S=0%1 and  T=[51]

or their image in PSLy(Z).
A fundamental domain for I' is given by F = {z € H : |[Rez| < 1/2 and |z| > 1}, see
the figure. This means that

1. For each z € H there is v € T such that vz € F.

2. If 2,20 € F and v € I are such that yz; = 2, then 21,2, € OF, where OF is the
boundary of F.
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(S L

Figure 1.1:

1.3 Invariant functions

The primary object of study in this thesis are functions invariant under I': f(vz) = f(2)
for all v € T'. These function can be identified with functions f : I'\H — C, and for the
purposes of spectral theory they can also be identified with functions on F. In what follows
we will freely move between these interpretations.

Define now the inner product of two invariant functions via:

(f,9) Z/F\Hfﬁdu=/Jrf§du

(This doesn’t depend on the choice of the fundamental domain F), and let
LAI\H) = {f : {f. f) < o0}.

Then A is an unbounded symmetric operator with respect to this inner product and
the goal is the ”spectral decomposition” of A on L*(T\H).

Fourier expansion

Let
Do = {£[}4]: ke Z}.

Because of ' -invariance, invariant functions have Fourier expansions of the form

f(z) = anly)e(nz)

nez

where as usual e(nx) = €™ If Af + \f = 0, then by separation of variables the Fourier
coefficients will satisfy

dl(y) + (s(1 = 5) /3 — dx*n?)an(y) = 0.

When n = 0 two independent solutions are provided by 3*, y'~%, except at s = 1/2, when
they are y'/2, y'/?logy. When # 0, the two independent solutions are given by |/yK,_1,2(y)
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and /yI;_1/2(y) [100, Chapter 10]. Since I, is exponentially growing as y — oo, it is clear
that for an L2-eigenfunction we have

an(y) = 2a(n)/yKs1/2(27[nly).

for some a(n) € C. This is one of many possible normalizations for a(n), but will be used
in this thesis.

Now the Fourier expansion, which in its general form exist for all invariant functions
gives a distinguished subspace given by those forms whose ” constant term” ag(y) is 0 almost
everywhere, as a function of y. It is called the space of cusp forms

L?usp ={fe L*T\H) : /0 flz+iy)de =0 (a.e. y)}

They are easy to characterize in another way that we will now describe.

Incomplete Eisenstein series.

The easiest construction of an invariant function is to average over the group I'. This can
be done for example if we start with a smooth compactly supported function x : H — C

and take
> k(v2)

gel

(The sum is even locally finite and clearly invariant.)
A variant, which is even more important is that we start with a function v that is
already I', invariant and consider

> W(ya).

gET \I'

(This is just like the first construction if we let (z) = > k(z +n).)
nez
Here, and in what follows, summation over left, or right coset spaces mean that the

sum is over a representative set of each coset. Implicit in these definitions is the (usually
trivial) fact that the sum does not depend on this choice of representatives.

In this second construction we can take the Fourier series components of ¢ to reduce to
the case when ¢ (z) = ¢(y)e(ma). These are the Poincaré series that are the main objects
of study in what follows.

The simplest case is when m = 0 where we define

E(z¢)= ) ¢(Im(yz))

gl \I'

and let
& = closure of {E(z,¢) : ¢ smooth, compactly supported on R*}

Note that in the definition of E(z,¢), we may replace compactly supported ¢ with
functions that satisfy ¢(y) = O(y®) as y — 0T, for some o > 1. The resulting series are
locally uniformly convergent in norm, without any condition on the growth as y — ooc.
Such conditions at infinity are required however if one wants F(z, ¢) to be in L.



dc_1553 18

CHAPTER 1. BACKGROUND AND NOTATION 8

By unfolding the sum that defines F(z, ¢), one gets that u is orthogonal to E(z, ¢), if
and only if

% d
/ b(w)an(y) L = 0.
0 Yy
and so
L*T\H)=E@ L2

cusp®
2

cusp

Interestingly, although £ and L are defined group theoretically, they have the fol-

lowing spectral description:

e A has a pure discrete spectrum on Lgusp: there is a basis (in the Hilbert space sense)

consisting of eigenfunctions. (Called eigenforms.)

e A has a pure continuous spectrum on & except for the constant function which comes
as a residue of the Eisenstein series defined below.

1.4 Eisenstein series

The resolution of the space £ of incomplete Eisenstein series is the theory of the Eisenstein
series E(z, s) defined for Re(s) > 1 by

E(z,s) = Z (Im~z)* = 3(Im 2)° Z ez +d| ™%, (1.4.1)
YEL oo \I' ged(e,d)=1
where T'y, is the subgroup of T" generated by T'. Clearly E(z, s) is an eigenfunction of
=292 4 A2
with eigenvalue A = s(1 — s). If we define E*(z,s) = A(2s)E(z, s), the Fourier expansion
of E*(z,s) is given by (see e.g. [74])
E*(2,5) = A@s)y +A2—25)y' =252 3 [0l V20, (), (2nlnly)e(nz), (1.4.2)
n#0
where A(s) = 77%/*T'(£)((s). Then E*(z, s) is entire except at s = 0,1 where it has simple
poles and satisfies the functional equation
E*(z,1—3s) = E*(s). (1.4.3)
Furthermore we have that
Res,—1E*(z,5) = —Res,—oE*(2,5) = 3. (1.4.4)

The residue at s = 1 gives rise to constant term ¢y in ((1.4.5)).
Let ¢ : (0,00) — C and consider its Mellin transform:

os) = / N ¢<y>y8d—j

By Mellin inversion, if we choose 0 > 1 where the Eisenstein series converges absolutely

we get
B(ev6) = 5 | E(a9)ils)ds.
(@)

211

We can move the line of integration to ¢ = 1/2. When doing so we pickup a residue at
s =1, a constant function. Then we have the following version of the spectral theorem:
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Theorem 1.4.1. If f is a smooth function in £ then
1 o0
f(Z) =cCy+ 4—/ C(t)E(Z, % + it)dt (145)
™ —00

where

— (£, 1)1 /f )z

c(t) = {f, E(z,1/2 +it)) = /]Ef(z)E(z7 1/2 +it)dp(z)

The complementary statement about the cuspidal part of L? is the following

Theorem 1.4.2. The eigenfunctions u; of A in L2, form a Hilbert-space basis of L?

cusp cusp*

The associated eigenvalues \; form a discrete set, and \; — oo. If f € Lcusp s smooth
then o)
u.
f) = Y
<uj’uj> ’

1.5 Invariant integral operators and the resolvent ker-
nel

Because of the role it plays in our arguments we outline the proof of the spectral resolution
for the cuspidal part. This is merely a sketch, details can be found in [65] and [72].

Let k(z,w) = k(u(z,w)) where k is smooth, compactly supported on (0, 00), or suf-
ficiently fast decaying at 0 and at co. This is a point pair invariant, in the sense that
k(gz, gw) = k(z,w), and it follows that A,k = A,k. Therefore we also have for smooth
f:H— Cand

Lf = /H (2, w) f (w)dpu(ow)

that ALf = LAY.
If in the above f is I'-invariant we can express Lf as

Lf= /sz Jdpu(w)

using the kernel

= Zk(z,vw}.

~yel

This is an integral operator on L*(I'\H), and maps LZ,,, to itself, since taking the 0-th
Fourier coefficient commutes with L.

In general the kernel K is not a bounded function, and the problem of the growth at
the cusp is solved by subtracting

> bz yw)
gET \I

where

h(z,w):/]Rk(z,w+t)dt.
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H(z,w) is an incomplete Eisenstein series (in w), and so the integral operator with kernel

A

K(z,w) = K(z,w) — H(z,w)
which is bounded on F x F acts the same way on Lgusp as L. Therefore L as an operator
on Liusp is compact and has discrete spectrum. Since it commutes with A we almost get
that A has discrete spectrum in Lgusp, but this requires the construction of a kernel whose

image is dense. This is easiest done via the resolvent.

We will say that A is in the resolvent set for A if there is a bounded operator R, such
that (A + AN)Rf = f for all f, and R(A + \)f = f, whenever defined.

A typical A\ is in the resolvent set, when it is not we say A is in the spectrum. In what
follows it is better to use the A = s(1 — s) description, we will refer to s as being in the
resolvent set, or the spectrum.

To construct R = R, for any Res > 1 one looks at geodesic polar coordinates. Start
with a function ks(u) = ks(u(z,w)) such that

Aypgs(u) + s(1 — s)kg(u) =0,
where 0, is Dirac’s § at z. Explicit computations show that g, has to satisfy
w(u+1)g¢(u) + (2u+ 1)gy(u) + s(1 = s)gs(u) =0

and gs(u) ~ Cllogu| as u — 0%. The solutions are standard [100, 48] but their explicit
form is not needed for us, only that

> 95z, qw)

gel

converges to (G5 absolutely and locally uniformly on Res > 1. By a suitable choice, say
s = 2, this gives that L2, is spanned by the eigenfunctions of (A —2)~', but then they
are eigenfunctions of A as well.

To justify the analysis it is convenient to look at G, — G, for some a # b,Rea,Reb > 1.
Then the singularities of G,(z,w), Gy(z,w) at z = w cancel each other out, and one may
use Hilbert’s identity

Ra— Ry = (a(1 — a) — b(1 — b)) R, R,

where Ry = (A +s(1—s))7 L.
We therefore have

2
cusp*

Theorem 1.5.1. The eigenfunctions u; of A in L2, form a Hilbert-space basis of L

cusp
The associated eigenvalues from a discrete set, and \; — oco. If f € L2, then

f(Z) _ Z <f7uj>

Uy
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1.6 Residues of the Green function

It is easy to compute the spectral resolution of the resolvent kernel, at least heuristically.

If
Ga(z,w) = ¢y + Z ¢j(2)¢;j(w) + Eisenstein part
®
then
@+ a1 =a) [ Gulerwlgwldutu) = (2
which gives ¢;(2) = mqﬁj(z)

Again this can be made precise by considering G, — Gy,

Gao(z,w) — Gp(z,w) = p(a,b,0) + ﬁ / pla,b, s)E(z, s)E(w, s)ds+

(1/2)

> p(a,b,5;)0(2) 5 (w).

where
1 1

plabs) = S T —a) s =) — (=)
It is an important fact that p as a rational function of s is O(1/s*). Note that N(T)
the number of eigenvalue parameters s; less than 7' in magnitude is O(T?).
From the spectral expansion above we conclude that the Green function has a mero-
morphic continuation. The two parts behave differently

1. The Eisenstein part has an analytic continuation to Re s € (0,1) with no poles.

2. If s; = 1/2 +it; is one of the spectral parameters then
Reso—s, Ga(2,w) = Y _(i0,9) " p(2)p(w).

©
We will take the Fourier expansion of G4(z,w) as in [48]. We have
Gs(z,w) = VImw Z F_ (2, 8)Ks_1/2(2m|m| Imw)e(m Re w), (1.6.1)
meZ
where

Fu(z,8)= Y fu(y2:5), (1.6.2)

Y€Eloo\I'
where fo(z,s) = y® and for m # 0

m|=1/2 T(s
Fmnl(2,8) = 4" Lo pp(2m|mly)e(ma) = =g LM, s (dn[m|y)e(ma).

By the above we get

Proposition 1.6.1. For any m # 0 we have that F,,(z,s) has meromorphic continuation
in s to Re(s) > 0 and that

Res,_1.50(25 — D Fu(z,9) = Y (g, ¢) "2a(m)p(2),

where the (finite) sum is over all Hecke-Maass cusp forms ¢ with Laplace eigenvalue %—{—72

and a(m) is defined in .
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1.7 Congruence subgroups and cusps

A congruence subgroup is the preimage (under the natural map) of a subgroup of
SLy(Z/NZ), for some N. In this thesis we will only use

Lo(q) ={[¢8] €T :ec=0 mod g},

and except for the last chapter even this we will only need for ¢ = 4. If I is a finite index

Figure 1.2: A fundamental domain for I'y(4).

subgroup of T it acts on P'(Q) = QU {oo} and has finitely many orbits. These orbits of
I are called the cusps of I'V. They are frequently identified with a representative that is in
the closure of a fundamental domain in % when viewed as a subset of P!(C). If ¢ is a cusp,
we let I". be the stabilizer of one of its representatives, (choosing a different representative
leads to a I conjugate subgroup). If ¢ = a/c, (a,¢) =1 and v = [¢4] € T, then ¢ = yoo,
and so 7Ty fixes oo, and as such is a finite index subgroup of I'y,. We call this index
the width of ¢.

Some simple observations follow [72] . Let ¢ be a cusp of I'y(¢). Then ¢ is equivalent to
some ¥ for which v|g. Moreover *, and Z—: give rise to the same cusp, if and only if v = v/,
and u = v’ mod (v, ¢/v). The width of the cusp ¥ is -

For example, when g = 4, there are 3 cusps, oo, 0, and 1/2, of width 1, 4 and 1 see the
figure above.

1.8 Half integral weight modular forms

Half integral weight modular forms generalize the (modified) Jacobi theta series,

0(z) = Im(z)"* Z e(n?z),

nez
which is a modular form of weight 1/2 for I'y(4). Set
7
J(v,2) = brz) for v € T'y(4). (1.8.1)

0(z)
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Say F' defined on #H has weight 1/2 for I'g(4) if
F(yz) = J(v,2)F(2) for all v € Ty(4).

There is a parallel (yet more intricate) development for Maass forms of weight 1/2. The
invariant Laplace operator of weight 1/2 is given by

A Maass form of weight 1/2 for I'g(4) has weight 1/2, is smooth and satisfies Ay F" +
AF =0, where we write A = A(F)) = 1 4 ()2 Such a form has Fourier expansion

V() =D bW gy i (4 nfy)e(na). (1.8.2)
n#0

Usually we also require some growth conditions as well in the three cusps of I'y(4). In
particular, a Maass cusp form F is in L?(Tg(4)\H,du) and has the further property that
its zeroth Fourier coefficient in each cusp vanishes.

The resolvent kernel G, (2,2'; s) for Ay, in this case was also studied by Fay [48] (see
also [106]). It satisfies

(Arp + s(1—s)) /F . G%(z, 25 s u(z)du(z) = u(2') (1.8.3)

for u € L*(To(4)\H,dp) with weight 1/2. By Theorem 3.1 of [48] we have the Fourier
expansio

Gis(2, 23 8) ZFl/m 2,8) 1 signn,s— (47T|n|y’)€(—n:c’)

valid for Im 2’ > Im z, where for n # 0 and Re(s) > 1

I'(s—isignn _
Fion(z,8) = % Z J(v,2) 7 frram (72, 8) (1.8.4)
~ETs\To(4)
with
fijom(2,8) = My ! signn,s— (47T|n| Im z)e(n Re 2).

As in the weight 0 case, we have the followmg

Proposition 1.8.1. Fi), ,(2,s) has a meromorphic continuation to Re(s) > 0 with simple
poles at the points % + 5 gwing the discrete spectrum of Ayjp and that
Res,_1

stiir(2s = 1)Gypa(2, 2) = le

r
2 2

and
Res 1, (25 = 1) Fypon(2, ) Zb (1.8.5)

Here the sum is over an orthonormal basis {1} of Maass cusp forms for V. and b(n) is as
1.5.2.

I Note that in the notation of Fay, Fi san(2,8) = —F,(2,5). The minus sign comes from his definition of

Ay /3. We are also using his (38), which gives G1/,(z, 2';5) = 51/2 (2, 2;8). Observe as well that for weight
1/2 his k = 1/4.
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1.9 Hecke operators and Shimura-Shintani correspon-
dence

In this section we denote by U the space of cusp forms of weight 0 and U, the space of
cusp forms of eigenvalue 1/4 + r2. Similarly V is the space of weight 1/2 cusp forms, and
V. those cusp forms with spectral parameter 1/2 + ir/2.

For each m one also has the Hecke operator T'(m) acting on U [72], these operators
commute with each other and A, therefore preserving U,. If ¢ is also an eigenform of the
Hecke operators then one knows that a(1) # 0, and we may assume that a(1) = 1. We will
call such a form Hecke-normalized.

It is known that the space U, has a basis of Hecke-normalized eigenforms {¢}.

Furthermore we can also assume that a(—n) = a(—1)a(n) = +a(n). If a(—=1) = 1 we
say that ¢ is even, otherwise odd since p(—%) = a(—1)¢(z). Thus the associated L-function
has an Euler product (for Re(s) > 1):

L(s;ip) =Y almn™* = [ (t—alpp*+p )" (1.9.1)

n>1 p prime

The space V is equipped with Hecke operators Tj,(m?) [118]. There is an important
distinguished subspace of V;., denoted by V. and called after Kohnen [82] the plus space,
that contains those Maass cusp forms ¢ € V. whose n-th Fourier coefficient b(n) vanishes
unless n = 0,1 mod 4. It is clearly invariant under A ;.

It is shown in [77] that V,* has an orthonormal basis B, = {1} consisting of eigenfunc-
tion of all Hecke operators T} 5(p?) where p > 2 is prime. Fix such a basis B,.

Given ¢ € B, with Fourier expansion

0(=) = S BWy g s (lnly)e(na) (192)
n#0

and a fundamental discriminant d with b(d) # 0 the Hecke relation T} /2(p*)¢) = ay(p)y
implies that

La(s +3) 3 bldn®)n=*" = b(d) [T(1 = ay(p)p~ +p7>) "

n>1 p

Define the numbers a,(n) via

[[O = awpp™ +p7>)" = ay(n)n™ (1.9.3)

p n>1

and let
Shim t(z) = y'/? Z 2ay(|n|) K (2m|n|y)e(nx). (1.9.4)
n#0

Note that for some d we must have that b(d) # 0 so that this is always defined.

Theorem 1.9.1 (Shimura lift). If ¢ € V, is an eigenfunction of all 1/2-weight Hecke
operators, then Shimy € U, and is also an eigenform of all weight 0 Hecke operators.
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1.10 Holomorphic modular forms and functions

Let IV < T' BE a subgroup of finite index, and let f : H — C be a holomorphic function
that satisfies

az+b k
f <cz+d) = (cz+d)"f(2) (1.10.1)

whenever [¢ %] € I". Such a form is called weakly holomorphic. We will now assume that
[ =T. In particular we have T" € I and so we have

fz+1) = f(2).
It follows from this that there is f : {0 < |g| < 1} — C, holomorphic such that
1) = Fe=) (1102)

We will say f is holomorphic (resp. meromorphic) at oo if f is holomorphic (resp.
meromorphic) at 0. For ease of notation we will denote

q =" (1.10.3)

so that by (1.10.2)) we have
F(2) = anq" (1.10.4)

n

for some a,, € C, called the Fourier coefficients of f.

Definition 1.10.1. We let

M, ={f:H — C: f satisfies [1.10.1} f(2) = Z a,q", for some ng}

n=no

Similarly let

My ={f:H — C: f satisfies |1.10.1] f(z) = Zanq"}
n=0

and

[e.e]

S ={f:H — C: fsatisfies[1.10.1] f(z) = Y anq"}

n=1

For example let

3.n
Eyz)=1+240)
n=1 —q
o0 n5qn
E =1-504
6(2) 50 ; 1—gn
and ]

Then E4 € My, Eg € Mg and A € Si5. Moreover A does not vanish on H and the

function
_ Ei(»)

i2) =R B
is invariant. Clearly it is in M}, the space of meromorphic modular functions, and it is
well known classically that My = C(j). The map j : H — C is conformal except at the
orbits of ¢ and —3 + \/752 It establishes a bijection between I'\'H and C.
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1.11 Closed geodesics

There are three closely related ways to describe closed geodesics. All three will appear in
the thesis.

Hyperbolic elements

Let o be hyperbolic, with fixed points wy, ws. The geodesic S, connecting the two endpoints
becomes a closed geodesic in I'\H. This requires some clarifying because I'\H is only an
orbifold. Since o is hyperbolic, it has real eigenvalues say A; > A, which we may assume
are positive after replacing ¢ by —o if necessary. Then we have

wy we|  |wi wa| (A1 0
S I T I R T B N W

w1 Wa )\i 0 w1 Wa -
o(t) = {1 1] [0 Ag} [1 1] '

If we now fix a point zy on Sy, then the image of the (parametrized) curve t — o(t)z
becomes periodic on ['\H with period 1. This may not be the minimal period, if it is we
call o primitive. Then o is primitive if and only if it is not a positive power of another
hyperbolic element. Since the eigenvalues A;, Ao are units in the maximal order O of
K, =Q(y/(a+ d)? — 4), o is primitive if and only if the eigenvalues are the totally positive
fundamental units ep > 1/ep, where D is the discriminant of O. The above parametrization
is not by arc-length, the length of a primitive closed geodesic is easy to compute and is

and we can define

length(C4) = 2logep. (1.11.1)

where €p is the totally positive fundamental unit in O.
It is easy to see that conjugate hyperbolic elements give the same curve in ['\'H.

Real quadratic extensions

Let K/Q be a real quadratic field. Then K = Q(+v/D) where D > 1 is the discriminant of
K. Let w — w' be the non-trivial Galois automorphism of K and for a € K let N(«a) = ac’.
Let C17(K) be the group of fractional ideal classes taken in the narrow sense. Thus two
ideals a and b are in the same narrow class if there is a @ € K with N(«) > 0 so that
a = (a)b. Let h(D) = #C1"(K) be the (narrow) class number and ep > 1 be the smallest
unit with positive norm in the ring of integers Ok of K. We denote by I the principal class
and by J the class of the different (\/5) of K, which coincides with the class of principal
ideals (o) where N(a) = ao’ < 0. Then

CI(K) = CI"(K)/J

is the class group in the wide sense. Clearly J # [ iff Ok contains no unit of norm —1.
In this case each wide ideal class is the union of two narrow classes, say A and JA. A
sufficient condition for J # [ is that D is divisible by a prime p =3 (mod 4).

For a fixed narrow ideal class A € C17(K) and a = wZ + Z € A with w > w' let S,
be the geodesic in ‘H with endpoints w’ and w. The modular closed geodesic C4 on I'\H
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is defined as follows. Define ,, = £[¢ %] € I, where a,b,c,d € Z are determined by

epw =aw + b (1.11.2)

€p =cw +d,

with ep our unit. Then 7, is a primitive hyperbolic transformation in I" with fixed points
w’ and w. Since
(cw+d) 2 =e? <1,

we have that w is the attracting fixed point of ~,. This induces on the geodesic S, a
clock-wise orientation. Distinct a and w for A induce I'-conjugate transformations 7,,. If
we choose some point zp on S, then the directed arc on S,, from 2y to 7, (20), when reduced
modulo T, is the associated closed geodesic C4 on I'\H. It is well-defined for the class A
and gives rise to a unique set of oriented arcs (that could overlap) in F. We also use Cy4
to denote this set of arcs. Again it is well-known and easy to see using that

length(C4) = 2logep. (1.11.3)

Binary quadratic forms

In place of ideal classes, it is sometimes more convenient to use binary quadratic forms
Q(x,y) = [a,b, ] = az® + by + cy?,

where a,b, ¢ € Z and D = b* —4ac. Quadratic forms are especially useful when one wants to
consider arbitrary discriminants D. For fundamental D all quadratic forms are primitive
in that ged(a,b,c¢) = 1 and we have a simple correspondence between narrow ideal classes
of K and equivalence classes of binary quadratic forms of discriminant D with respect to
the usual action of PSL(2,Z). This correspondence is induced by a — Q(x,y), where
a = wZ + Z with w? < w and

Q(z,y) = N(z — wy)/N(a)

The map takes the narrow ideal class of a to the I'-equivalence class of (). The inverse map
is given by Q(z,y) — wZ + Z where

-b++vD
w=—"-
2a

provided we choose @ in its class to have a > 0. The following table of correspondences is
useful. Suppose that @ = [a, b, ¢] represents in this way the ideal class A. Then

[a, —b,c] represents A~ (1.11.4)

[—a,b,—c| represents JA (1.11.5)

[—a,—b, —c] represents JA™!. (1.11.6)

For a primitive quadratic form Q(x,y) = [a/,V', ] with any non-square discriminant

d > 1 its group of automorphs in I' is generated by

t—b'u

e vl | (1117

au
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where (t,u) gives the smallest integer solution with ¢,u > 1 to
t?—du* =4

(seeIf[108]).
Q(z,y) = N(x — wy)/N(a)

as above then g = v, and ep = %ﬁ. Therefore the closed geodesic associated to the
hyperbolic element - agrees with the closed geodesic associated to the narrow class A.

Using we see that the closed geodesic Cj4-1 has the same image as C4 but with
the opposite orientation.

It is also possible to describe the primitive quadratic form associated to a hyperbolic
element. If o = (CCL 2) is a primitive hyperbolic element, then let u = ged(c,d — a,b) and
set J b
Ty 4 -y?,

QU(Z) - _§X2+ B

then (), is primitive and its group of automorphs is generated by g, = 0.
When D > 0 and @ is primitive and n € Z* define C,g = Co. When D < 0 let
20 = =bivVD 9y if Q) = [a,b, c] and let wg be the number of automorphs of @ in I'.

- 2a

Remark 1.11.1. The arcs of C4 might retrace back over themselves. When this happens
C4 is said to be reciprocal. In terms of the class A, it means that JA~™! = A or equivalently
A% = J. Sarnak [I10] has given a comprehensive treatment of these remarkable geodesics
for arbitrary discriminants.

1.12 Genus characters

We need to define genus characters for arbitrary discriminants. We will mainly use the
language of binary quadratic forms. Let Qp be the set of () with discriminant D that
are positive definite when D < 0. For = [a, b, ¢| with discriminant D = d'd where d is
fundamental we define

Q) = (%) if (a,b,c,d) =1 where @ represents m and (m,d) = 1,
Y700, i (abed) > 1.

Now assume that d is a fundamental discriminant and that D = dd’. We need an
associated exponential sum, defined for ¢ =0 (mod 4) by

Suld dic) = > x([5.0, 5L])e (22b) . (1.12.1)

b(mod c)
b2=D (mod c)

Clearly
S_m(d d;c) = Sp(d,d; ¢) = Sp(d, d; ).

We have the identity

Xa(—Q) = (sgnd)xa(Q). (1.12.2)
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A crucial ingredient in what follows is an identity connecting the weight 1/2 Klooster-
man sum with S,,(d, d’; ¢) above. In a special case this identity is due to Salié and variants
have found many applications in the theory of modular forms. We shall use a general
version due essentially to Kohnen [83]. To define the weight 1/2 Kloosterman sum we
need an explicit formula for the theta multiplier in J (v, z) = 6(vz)/6(z) introduced above.
This may be found in [II8, p. 447]. As usual, for non-zero z € C and v € R we define
2V = |z|” exp(iv arg z) with arg z € (—m, ]. We have

J(2) = (ez+a)' %1 (5) for v ==%[5] € To(4),

a

where (g) is the extended Kronecker symbol and

. 1 ifa=1 (mod4)
“ )i ifa=3 (mod4).

For ¢ € Z* with ¢ =0 (mod 4) and m,n € Z let

Kip(monic) = ) (£)eae (24522)

a(mod ¢)
be the weight 1/2 Kloosterman sum. Here @ € 7Z satisfies
aa =1 (mod c).

It is convenient to define the modified Kloosterman sum

1 ife/di
K+(mon;e) = (1—i)Kyp(mynic) x 4 ¢/4 s even (1.12.3)
2 otherwise.
It is easily checked that
Kt (m,n;c) = KT (n,m;c) = K+(n,m;c). (1.12.4)

The following identity is proved by a slight modification of the proof given by Kohnen in
[83, Prop. 5, p. 259] (see also [35], [75] and [124]).

Proposition 1.12.1. For positive ¢ =0 (mod 4), d,m € Z with d = 0,1 (mod 4) and D
a fundamental discriminant, we have

Su(d, Dic) = > (2) /2 K* (a,28:2).
)

i
By Mobius inversion in two variables this can be written in the form

¢ V2 K*(d,m*D,c) = Z 1(n) () Spyn (d, D; <) . (1.12.5)
nl(m.§)

Note that this gives an identity for K*(d,d’,c¢) for any pair d,d = 0,1 (mod 4). An
immediate consequence of ([1.12.5)) and the obvious upper bound

Sm(d, D;c) <,
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is the upper bound
K*(d,d,c) <. ¢t/*, (1.12.6)

which holds for any € > 0. Furthermore, since for any m,n € Z we have
Kijo(m,n;c) = %K1/2(4m,4n;4c),
implies that for any m,n € Z
Kija(m,n,c) <. ct/2te,

This elementary bound correspond to Weil’s bound for the ordinary (weight 0) Kloosterman

sum
Ko(m,nic) = ) e(m#e),

a(mod ¢)
(a,c)=1

which states that (see [128], [66, Lemma 2])

Ko(m,n;c) <. (m,n,c)?c /e (1.12.7)
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Chapter 2

The Shimura-Shintani
correspondence and formulas of
Katok-Sarnak type

2.1 Background and statements of results

Correspondences between automorphic forms on different groups have a long and rich
history as can be seen in the works of Doi-Naganuma, Shimura, Langlands and many
others. The Shimura-Shintani [118| [119] correspondence lead to many applications via the
formulas of Waldspurger [125] and Kohnen-Zagier [84]. The analogous formula in case of
Maass forms was given by Katok and Sarnak[77]. A particularly important application of
such formulas is due to Duke on the equidistribution of CM points and closed geodesics
[35]. There are various methods for proving this family of formulas that use either theta-
kernels, or spectral methods [II]. Recently an extension of the Katok-Sarnak formula was
developed in [41] with applications to a new type of equidistribution result. In this chapter
we will present the part of the paper where this extension is proved.

2.1.1 Katok-Sarnak type formulas

Let u(z) = E(z,s),. We recall a version of a classical formula of Hecke. Let L(s, xq4) be
the Dirichlet L-function with character given by the Kronecker symbol y,(:) = (4) and for
o = 3(1 —signd) define the completed L-function

A(s, xq) = W*S/QF(%C‘)MP/QL(S, Xd)- (2.1.1)

Theorem 2.1.1. For the genus character x associated to D = d'd and Re(s) = % we have

fCQ 10,E*(z,s)dz  ifd,d <0
A(s, xa)A(s,xa) = D xX(Q) § Jo, B (20 8)y ™ |dz| if d'd >0
@€ 2/7Twpt B*(2a,8)  ifd'd < 0.

This formula is due to Hecke except when d’, d < 0. Theorem can be expressed in
terms of Maass forms of weight 1/2.
Set for fundamental d

b(d,s) = (4m)"4d|73/*A(s, xq)

21
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and define b(dm?, s) for m € Z* by means of the Shimura relation

mz n"2 (%) b(mn—zd, s) =m* 201 _55(m)b(d, s).
nlm
n>0

Then it follows from [40, Proposition 2 p.959] that

Bl (2, 5) = A(28)2°y3 75 + A(2 — 25)2'yi 73 4
Z b(n’S)Wi Sgnn’%_i(élﬂnly)e(nx)

n=0,1(mod 4)
n#0

has weight 1/2 for I'y(4). The idea behind this example originates in the papers of H.
Cohen [27] and Goldfeld and Hoffstein [51]. See also [117], [34].
The formula

A(s, xa)A(s, xq) = 2v/7 | DPPb(d’, 5)b(d, s) (2.1.2)

in connection with Theorem hints strongly as to what should take place for cusp
forms; this is the extension (and refinement) of the formula of Katok-Sarnak mentioned
carlier. Their result from [77], together with [§], gives the case d = 1 in the following]

Theorem 2.1.2 ([43]). Let
o(z) = 2y*/? Z a(n) K (2w |n|y)e(nz)
n#0

be a fized even Hecke-Maass cusp form for I'. Then there exists a unique nonzero F(z)
with weight 1/2 for T'o(4) with Fourier expansion

Fz)= ) bm)Wig,=@nlnly)e(ne),
n=0,1(mod 4)
n#0

such that for any pair of co-prime fundamental discriminants d' and d we have

ki@@) ifd',d <0
12/7[ D3 b(d')b(d )Y @R S, )y Yz ifd,d >0 (2.1.3)
@e Qﬁw[) o(zg) ifdd<0,

where x 1is the genus character associated to D = d'd. Here (F,F) = fF0(4)\H |F]2du =1

and the value of b(n) for a general discriminant n = dm? for m € Z* is determined by
means of the Shimura relation

mZn 2 (4 m—) = a(m)b(d).

n>0

'Except that when d’ < 0 we get in (2.1.3) on the RHS 2y/7wp,' instead of their (2¢/7wp)~?
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Remarks. The /7 in and is an artifact of the normalization of the Whit-
taker function. Also, if we choose F' in Theorem so that (F, F) = 6, which is the
index of I'y(4) in I', then we get 2 in the LHS of instead of 12, which matches the
Eisenstein series case . Perhaps not coincidentally,

Res,—1 E} (2, 5) = 560(2)

and by [26] we have (10(z), 360(2)) = 6.

It is also possible to evaluate |b(d)|?>. When d = 1 this was done in [77] and in general
by Baruch and Mao [§]. Here we quote their result in our context. Under the same
assumptions as in Theorem [2.1.2| we have

127|d|[b(d)[* = (¢, ) 'T(3 + & — sendyp(d — & siendyp Lo ), (2.1.4)

where
L(s, ¢, xa) = ZXd(”)a(n)”fs-
n>1

Hence in the cuspidal case our problem also reduces to obtaining a sub-convexity bound,
this time for a twisted L-function.

Results like Theorem [2.1.2]and ([2.1.4]) have a long history, especially in the holomorphic
case. Some important early papers are those by Kohnen and Zagier [84], Shintani [119]
and Waldspurger [125]. All of these relied on the fundamental paper of Shimura [118].

Examples

It is interesting to evaluate numerically some examples of Theorem [2.1.2] This is possible
thanks to computations done by Stromberg [122]. Note that half-integral weight Fourier
coefficients, even in the holomorphic case, are notoriously difficult to compute.

For example, for p(z) we take the first occurring even Hecke-Maass form with eigenvalue

A =190.13154731 - = 1 4+ 7%,
where /2 = 6.889875675 . ... We have
(o, p) = 7.26300636 x 107,

A large number of Hecke eigenvalues for this ¢ are given (approximately, but with great
accuracy) in the accompanying files of the paper of Booker, Strombergsson and Venkatesh
[14]. The first six values to twelve places are given in Table [2.1]

A few values of b(d) for fundamental d (except for d = 1, which we computed indepen-
dently) are computed from Stromberg’s Table 5 and given in our Table

Let us illustrate Theorem in a few cases. Consider first the quadratic field Q(v/3),
for which D = 12 = 4 - 3. There are 2 classes: the principal class I with associated cycle
(4)) and J with cycle ((2,3)). For D =12 = (1)(12)

12U4VGF60)602)::2<@’¢>]l/‘ o(2)y~dz| = —1.94029 x 10°
0Fr
and for D = (—3)(—4)

1f”v%bp3w04):A@%¢>1/)¢@ym@»:1o4m9x1wq
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Table 2.1: Hecke eigenvalues
p a(p)

2 1.549304477941
0.246899772453
0.737060385348
-0.261420075765
-0.953564652617
0.278827029162

Do N ot w

Table 2.2: Weight 1/2 coefficients

d>0 b(d) d<0 b(d)
1 10894.40532 -3 6404.69711
5 89431877 -4 11927.63292
8  2191.95607 -7  8495.02618
12 -1298.74136 -8  -4512.60385

Two examples when D < 0: D = (1)(—3)

18 34 b(1)b(—3) = (p, ) "p(HL=2) = 2.86296 x 10°

and D = (1)(—4)
12 434 b(1)b(—4) = (p, ) L(i) = 4.41046 x 10°.

In these examples the integrals and special values were computed by approximating ¢ by
its Fourier expansion and using the Fourier coefficients given in the files accompanying [14].

2.2 Proofs

2.2.1 Maass forms and the resolvent kernel

Our proof of Theorem [2.1.2] is similar in spirit to that of Hecke’s for the Eisenstein series
case. We will employ resolvent kernels for the Laplacian of weight 0 and weight 1/2. The
residue of such a resolvent at a spectral point gives the reproducing kernel for the associated
eigenspace. Our principal reference here is the paper of Fay [48]. Other references include
Hejhal [65] and Roelcke [106].

We begin with the case of Maass cusp forms of weight 0 for I. For Re(s) > 1 consider

the Poincaré series
Fm(za 3) = Z fm(fyza 3)7
V€T \T

(2.2.1)

where fo(z,s) = y* and for m # 0

m -1/2 p s
= I LM s (4 m]y)e(ma).

fn(z,8) = y'2 L, o(2mmly)e(ma)
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The function F,(z,s), which was first studied by Neunhoffer [98] and Niebur [99], is a
[-invariant eigenfunction of A:

AF,(z,8) = s(1 — s)F(z, ).
As in Proposition we will get to the Maass cusp forms through residues of F,,(z, s).

Proposition 2.2.1. For any m # 0 we have that F,,(z,s) has meromorphic continuation
in s to Re(s) > 0 and that

Res,_1,(25 — D) Fn(z,8) = Y (g, ¢) "2a(m)p(2),

©

where the (finite) sum is over all Hecke-Maass cusp forms ¢ with Laplace eigenvalue %—{—72
and a(m) is defined in :

For comparison with the weight 1/2 case that we will treat next, it is instructive to
carry the analysis one step further. The Fourier expansion of F,(z,s) is given by (see

48], [40])

m 1/2—50. .o m s
Fin(2,8) = fn(2,8) + 2 gsamtlthy!= 4 2y 12 " (m, n; s) K, 1 (27 |n[y)e(nz),
n#0

where for Re(s) > 1

mns

{1'231(47r\/\mn| cl) ifmn<0
Zc (m,n;c) L
= Jos—1(4m\/|mn| ) if mn > 0.
Here K(m,n;c) is the Kloosterman sum
K(m,n;c) = Z e(m“T’L"a).
a(mod c)
(a,c)=1

It follows that for fixed m,n with mn # 0 the function ®(m,n;s) has meromorphic con-
tinuation to Re(s) > 0 and

Res,_y., (25 = D®(—m, m55) =2, ) alman),

where the sum is over all Hecke-Maass cusp forms ¢ for I' with eigenvalue }l + 72,
There is a parallel (yet more intricate) development for Maass forms of weight 1/2 as
outlined in Section 1 By Theorem 3.1 of [48] we have the Fourier expansionﬂ

G, (?, 23 5) ZFl/M (z,5) blgnnS_,(47r|n|y/)e(—nggl>

valid for Im 2’ > Im z, where for n # 0 and Re(s) > 1

I'(s—1signn) 1
Fyan(2,8) = —mires) Yo I3 fipa(rzs) (2.2.2)
’YGFOO\FO(4)
2 Note that in the notation of Fay, Fi san(2,8) = —F,(2,5). The minus sign comes from his definition of

Ay /3. We are also using his (38), which gives G1/,(z, 2';5) = 51/2 (2, 2;8). Observe as well that for weight
1/2 his k = 1/4.
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with
fipom(2,8) = M1 ! ignm,s— (47r]n] Im z)e(nRez).

As above it follows that Fi,,(2,s) has a meromorphic continuation to Re(s) > 0 with
simple poles at the points % + % giving the discrete spectrum of A/, and that

Res,_ 1y %(28— 1)G12(2, 2) Zw
and
Res,_1, iz (25 — 1) Fijp(2, 5) Zb (2.2.3)

Here the sum is over an orthonormal basis {1} of Maass cusp forms for V, and b(n) is

defined by
= D ()W gy e (47[n]y)e(na). (2.2.4)

n#0

2.2.2 Plus space

There is an important distinguished subspace of V., denoted by V. and called after Kohnen
the plus space, that contains those Maass cusp forms 1 € V,. whose n-th Fourier coefficient
b(n) vanishes unless n = 0,1 (mod 4). It is clearly invariant under A; ;. We shall apply to

Fij3n(z,s) from (1.8.4)) the projection operator prt : V, — V,* deﬁned by prt = 2WU + 1,
wher

%I&

3
Udp(z) = Zwi and W ih(z) = €7 (F) (=)
=0

We will need an expansion of each of the Fourier coefficients of pr* F', ,,,(2, s) when m = 0, 1
(mod 4). These involve certain Kloosterman sums of weight 1/2 that we now recall. Let
(£) be the extended Kronecker symbol (see [I18]) and set

1 ifa=1 (mod 4)
€4 =
i ifa=3 (mod4).

Then for ¢ € Z* with ¢ =0 (mod 4) and m,n € Z

Kijp(m,n;c) = Z (£)eqe (Mmatna) (2.2.5)

a(mod ¢)

defines the weight 1/2 Kloosterman sum. Here @ € Z satisfies aa = 1 (mod ¢). It is
convenient to define the modified Kloosterman sum

1 ife/di
K (myn;) = (1= i)Kyalm, mic) x 4 L 164 15 even
2 otherwise.

It is easily checked that

K*(m,n;c) = K" (n,m;c) = K*(n,m;c). (2.2.6)

1/4

3The constant /2 which is not present in [40] is due to the factor '/4 that comes from our normalization.
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It followsE| from 40, Proposition 2 p.959] that for Re(s) > 1 and d any non-zero integer
with d = 0,1 (mod 4) we have

2 F(S . signd)
. ) M%signd,sfl(llﬂ‘d‘y)e(dm) (227>

3 4r|d|T(2s
b3 B d W) g (Arlnly)e(n)
n=0,1(4)

priFi,a(z,s) =

where for n # 0 we have

. . 4/ |nd .
Bt dis) — L D= SR — ) 5 Ko Loy ()it nd < 0
n —48 L . 74/ |n
|”d| 3y/m 2272 T'(2s — 3) c=0(4) ¢ Jos—1 (4 c' dl) if nd > 0.
c>0

(2.2.8)

As in [48, Cor 3.6 p.178] we have that ®*(n, d; s) has a meromorphic continuation to all s
and it is now straightforward to get from (2.2.7) and (|1.8.5) the following residue formula.

Theorem 2.2.2. For fized discriminants d',d the function ®*(d',d;s) has meromorphic
continuation to Re(s) > 0 and

. + (.7 /
Res,_1, 5 (25 — 1) (d', d; 5) Zb (d')b

where the sum is over an orthonormal basis of cusp forms ¢ for V¥ and b(d) is the Fourier

coefficient of ¥ as in .

2.2.3 Cycle integrals of Poincaré series

We next give an identity from which the extended Katok—Sarnak formula will be derived.
Our main source is [40], where other relevant references are also given. As in the previous
section, we will deal with general discriminants. This causes no essential new difficulties
and makes it easier to quote some of our previous results. It also makes it clear how one
could approach our main theorem for non-fundamental discriminants.

As further preparation for the proof of Theorem [3.2.3] in this section we will compute
the cycle integrals of certain general Poincaré series, which we will then specialize. This
will be used both here and in Chapter 5. To begin we need to make some elementary
observations about cycle integrals. For ) € Qg4 with d > 0 not a square let Sg be the
oriented semi-circle defined by

alz|* +bRez +c =0, (2.2.9)
directed counterclockwise if a > 0 and clockwise if a < 0. Clearly
SgQ = gSQ, (2210)

for any g € I'. Given z € Sg let Cq be the directed arc on S from z to g,z, where g,
was defined in . It can easily be checked that Cg has the same orientation as Sg. It
is convenient to define

Vddz

Q(z,1)

4There is a typo in (2.19) of [40]. It should read P (z,s) = 2prT(Py(z,s)).

dzg = (2.2.11)
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On the geodesic corresponding to () we have the dzg = % =ds. If 2/ = gz for some g € '
we have
dz,q = dzq. (2.2.12)

For any I'invariant function f on H the integral fCQ f(#2)dzg is both independent of
z € Sg and is a class invariant. This is an immediate consequence of the following lemma
that expresses this cycle integral as a sum of integrals over arcs in a fixed fundamental
domain for I'. This lemma will also be used in Chapter 5 as well. Let F be the standard
fundamental domain for I'

F={2€H;—3 <Rez<0,]z] >1}U{z € H;0 <Rez < 3,|z| > 1}.

Lemma 2.2.3. Let Q € Qg be a form with d > 0 not a square and F' = gF be the image
of F under any fized g € I'. Suppose that f is I'-invariant and continuous on Sq. Then for
any z € Sg we have

f 2)dzg = Z/ (2)dz,, (2.2.13)

SyNF!

where (Q)) denotes the class of Q.

Proof. Let f(z) = f(z) if z € F' and f(z) = 0 otherwise, so f(z) = > ger f(gz) with only
a discrete set of exceptions. Thus

f sz—/ ngzsz— Z Z/ fgazsz— Z fgzsz

CQ ger g€l'/Tq o€l g€l'/Tq

Take gz as a new variable. By (2.2.10)) and (2.2.12)) we get

f z)dzq = Z/ f(2)dzgq,

gel'/Tq

which immediately yields (2.2.13)). O]

The general Poincaré series are built from a test function ¢ : R™ — C assumed to be
smooth and to satisfy ¢(y) = O.(y*™¢), for any € > 0. For any m € Z let

Gm(z,¢) = Z e(mRegz) p(Im gz). (2.2.14)

g€\

This sum converges uniformly on compacta and defines a smooth I'-invariant function on
H. We will express its cycle integrals in terms of the sum S,,(d, d’; ¢) from ((1.12.1]). Define
for t > 0 the integral transform.

D, (t) = /07r cos(2mmt cos 0)p(t sin 0) ,de

sin 8

For ¢ as above we see that this integral converges absolutely and that ®,,(t) = O.(t'7).
As we have seen, we may assume without loss that d, D > 0.
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Proposition 2.2.4. Suppose that d,d" > 0 with D = dd' not a square. Then for allm € Z
> @ / Gn(2,0)dzg = D Snl(d:d';c)0n(22E).
QET\Qyr Ca 0<c=0(4)
Proof. For each @, interchanging the sum defining G,, and the integral yields
/ Gm(z,¢)dzg = Z / e(mRegz)p(Im gz)dzg. (2.2.15)
Caq gET \I

Now I'g, the group of automorphs of @, acts freely on I';,\I' so we have that

/ e(mRegz)p(Im gz)dzg =

g€lo\I' 7 C

> DL / e(mRegoz)p(Im goz)dzg =

gEFOO\F/FQ G’GFQ

/ e(mRegz)p(Im gz)dzg.
Sq

g€l \I'/Tq

Applying (2.2.12)) and (2.2.10) in the last expression, we get from ([2.2.15) that

Gm(z,0)dzg = Z / e(mRe z)p(Im 2)dz,q

Cq g€l \I/T
and hence that
Z X(Q)/ Gm(z,¢)dzg = Z X(Q)/ e(mRez)o(Im 2)dzg.
QEMQap Co Q€lsc\Qup 5o
We now need to parameterize the cycle explicitly. Let

—b ivd

2.2.16
Q=5 g oal’ ( )

which is easily seen to be the apex of the circle Sp. We can parameterize Sg by 6 € (0, )
via _
Rezg+e?Imzg  ifa>0
z= .
Rezg — e~ Imzg ifa<0.
With this parameterization we find that
Qz,1) =

d e _ 1 ifa>0
da e 20_1 ifa<0

and hence that dzg = df/sin6. If x(—Q) = —x(Q) the integrals cancel each other. When
X(Q) = x(—Q) we arrive at the identity

> M@ [ Gulzdig=2 X x(@elmRez)b(m )

Qe Qap Qe \ Q1)

The proof of Proposition [2.2.4]is thus reduced to the following lemma. O]
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Lemma 2.2.5. Let ¢ be as above and suppose that dd' = D is not a square. Then for all
m € Z we have the identity

Z x(Q)e(mRe zg)p(Im 2g) = Z Sm(d,d’;c (ﬁ>

o\ OF 0<c 0(4

where zq is defined in .

Proof. Under the growth condition on ¢ both series are absolutely convergent, and can be
rearranged at will. Consider the left hand side. For ¢ = £(} %) € T and Q = [a,b, ] €
Qp, 9Q = [a,b — 2ka, x| and so the map

[a, b, c] — (a,bmod 2a)

is I'o-invariant. Thus

Z x(Q)e(mRezg)p(Im zg) = Z ( )Zx([a,b, thD])e(—’;—:).

I'so\QF a=1 b(2a)

The sum in b is restricted to those values for which I’Z;GD is an integer. This happens

exactly when b = D (mod 4a). Thus the inner sum is

Z X([aa b7 bzzl_(lD])e(_Tgn_;) - % Z X([a7b7 bQ@D])e(_%TTZb) = %Sm(d7 d/;4a)'

b(2a) b (4a)
b?=D (4a) b2=D (4a)
Replace 4a by c¢ to finish the proof. n

We remark that the positive definite version of Lemma is following well-known
formula for dd' = D < 0:

Y wo'v(@ LY Sa(ddse ( WD». (2.2.17)

QEMQp 0<c 0(4)

This formula is an immediate consequence of Lemma [2.2.5
The following is the weight 2 analog of Proposition [2.2.4] Because the proof requires
minor modifications of the proof presented above for Proposition [2.2.4] it will be omitted.

Proposition 2.2.6. Suppose that d';d < 0 and that dd’ = D is not a square. Then for all

m € 7
> v Zde’ W (22)

Qer\Qp Co 0<c=0(4

where

wm@):it/weonmms@¢@smexﬁd9 (2.2.18)
0

The following result together with Propositions and [2.2.2, will be used to derive
the extended Katok-Sarnak formula. The first and second parts follow directly from [40],
but we include them here for the sake of completeness. Recall that F;, was defined in

(L62) and &+ in (2:2.9).
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Theorem 2.2.7 ([43]). Let m # 0 and Re(s) > 1. Suppose that d is a fundamental
discriminant and that d' is any discriminant such that D = d'd is not a square. Then

) =

=

n2

64 DIl S n (4) @ (155
nlm
n>0

2\/_wQ (ZQ, s) ifdd <0,
> X@) 3 fo, Fnlzs)y dz| if did >0, (2.2.19)
QeT\Qp fCQ Za F (Z, s)dz Zf dl, d < 0.

Lemma 2.2.8. Form # 0, d'd < 0 and Re(s) > 1 we have

> X(Quwg'Fnlzg,s) =272DIV* Y~ 8 <dfd Sm( @A 1o (dm|m|¥R),
QEMQp 0<c=0(4)
Proof. This follows directly from the above. See also [40, Prop.4 p.970]. n
Similarly we have for the second case the following.
Lemma 2.2.9. Form # 0, d',d > 0 with d'd not a square and Re(s) > 1 we have

e D) c
3 MQ) [ Fules)y | = 2D ST S g | 42,
Q

QeT\Q F( ) 0<c=0(4)
D c=

Proof. Note that Q*(/E dz =y 'dz| on Cg. Therefore Proposition [2.2.4] is applicable. The
result follows from Appendu- A.2| where the associated transform & is evaluated for the
Poincaré series above. []

The third case requires some new computations.
Lemma 2.2.10. For m # 0, d',d < 0 with d'd not a square and Re(s) > 1 we have
: _ 571/21—‘(%)2 1/4 Sm/(d',d;c) VD
Z x(@Q) 10:Fp(z,8)dz =2 WD Z TJ5—1/2(47T‘7”’T)-
QeMQp Ca 0<c=0(4)

Proof. Now ([1.6.2)) and a calculation using differentiation formulas for the Whittaker func-
tions in [93], p.302] gives for that for Re(s) > 1

( 2)

=200, Fy ( Z fom(vz,s)
YET o \I'
where
Fam(2) = —s|m|™?(2my) T 555 Magn(m) 51 /2 (47 |my) e(mix). (2.2.20)

We can now apply Proposition [2.2.6] for the Poincaré series

> f(VZ)dElf)

YEL\T
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formed by f(z) = e(mRe z)¢(Im z) where
(b(t) = _S‘m’71/2<2ﬂ-y)71%Msgn(m),s—lﬂ(élﬂ-‘m’y)'

Recall that in this case

> M@ [ Paao)iz= 3 Suddictn(2)

QEM@p Ce 0<c=0(4)

where

U, (t) =it /7r e(mt cos 0)¢(t sin §) e df (2.2.21)
0

The proof of the theorem is now reduced to the following lemma about special functions.

Lemma 2.2.11. For p € C, t > 0 and Re(s) >0

T de
/ﬁeﬂ@ww+WUWE&LQ@t$n@gﬁg-G%auﬁ”%k_yﬂﬂ (2.2.22)
0
where 25T (25)
G(s, p) = e(£p/4)(2m)*? i
(S :u) 6( :u/ )( ﬂ-) F(s+;+u)r(s+;f,u)
Proof. See Appendix [A.3] O

The following identity, which allows us to relate the cycle integrals to the spectral
coefficients, is proved by a slight modification of the proof given by Kohnen in [83, Prop.
5, p. 259] (see also [35], [75] and [124]).

Lemma 2.2.12. For positive ¢ = 0 (mod 4), d,m € Z with d = 0,1 (mod 4) and d a
fundamental discriminant, we have

Suld,dic) = Y (2) /2 K" (4, 2).
al(m?)

Proceeding as in [40], Proposition follows from Lemmas [2.2.92.2.10| and [2.2.12]
O]

Remarks. For the purpose of proving the extended Katok—Sarnak formula by the method
of spectral residues we actually have many choices of Poincaré series to use since we can
add a holomorphic form without changing the residues. Thus we could employ the Poincaré
series originally used by Selberg [114] (see also [55]). This might make some of the cal-
culations somewhat simpler but that would not give an exact formula like we obtain in
Proposition 2.2.7, One advantage of an exact formula is that we can also use it to show
that cycle integrals of modular functions give weight 1/2 weak Maass forms. This was done
in [40] for the first two cases of Proposition m The last case can also be applied in this
way. It is also possible to prove Theorem by these methods.



dc_1553 18

CHAPTER 2. KATOK-SARNAK FORMULAS 33

2.2.4 Proof of Theorem [2.1.2]

Recall the plus space V. of Maass cusp forms of weight 1/2 defined in Section above.
It is shown in [77] that V. has an orthonormal basis B, = {1} consisting of eigenfunction
of all Hecke operators T)2 where p > 2 is prime. Fix such a basis B,. Given ¢ € B, with
Fourier expansion

= D bWy g (47 lnly)e(na) (2.2.23)

n#0
and a fundamental discriminant d with b(d) # 0 the Hecke relation 7,2t = a,(p)y implies

that
+ 3 b(dn®)n =t = b(d) [ (1 = ay(p)p +p7>) 7"

n>1 p

Define the numbers ay(n) via

[T —aw@p+p)" = aym)n (2.2.24)

p n>1

and let
Shim ¥ (z) = y/* Y _ 2ay(|n|) Ky (2|n|y)e(nz). (2.2.25)
n#0
Note that for some d we must have that b(d) # 0 so that this is always defined.
It is convenient to define

2y/mwg o(zg) i dd <0

Z x(Q) ch o(z)y~Ydz| ifd,d>0,
QGF\QD fCQ i0,0(2)dz ifd,d<0,

T’I’d7d/(

<

Theorem follows easily from the next Proposition.

Proposition 2.2.13. For any even Hecke-Maass cusp form o for I with Laplace eigenvalue
%+r2 there is a unique 1 € B, with Fourier expansion given in so that ¢ = Shim ¢
and such that for d a fundamental discriminant and d' any discriminant such that D = d'd

is not a square we have _ B
Traa(p) = 1202 D1b(d')b(d),

where x 1is the genus character associated to the factorization D = d'd.

Proof. Let m > 0 and suppose that D = d'd > 1 where d is fundamental. First we will

show that _ ~
1272 D% Y b(d)b(d)ay(m) =Y a(m)Trea(p), (2.2.26)

YEB, ¥

where ¢ is summed over all Hecke-Maass cusp forms with Laplace eigenvalue % +72. We
have from Propositions [1.6.1] and [2.2.7] that for every m # 0

67T2D4]m\2n 2 (4) Res, 7+ir(25—1)<1>+(d md. s+
njm
n>0

Z 26L TTd d’ )

(2.2.27)

ule
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Observe that

Res,_1,;,.(2s = 1)®* (d',d;$ + 1) =2ir lim (s— (3 +ir))®* (d.d;+ 1)
: s—>§+ir
=dir lim (w— (3 +%))0" (d,d;w)

27
1 ar
w—>2+2

which, setting s = 2w —

=4Res 1, ir (25 - Hot (d,d;s).

573772
Therefore, Proposition gives

Res,_y (25 — )q>+<d’,fg—id;§ i):leb(d’)B(

where the sum is over an orthonormal basis of cusp forms {¢} for V" and b(d) is the

Fourier coefficient of ¢ as in ). By (2.2.27 m we get

247wz Dim Z b(d')Zn_5 ) ZQa )Traa(p),
YEB, nlm
n>0

and we obtain ([2.2.26]) by using the Hecke relation
mZn 2 (4) 7) = ay(m)b(d).

nlm
n>0
It follows from (2.2.26)) and ((1.9.4) that
1272 D34 " b(d')b(d)Shim (1) ZTrd & (2.2.28)
(4

This identity is valid for all discriminants d,d" where d is fundamental, and dd’ is not a
square. As in the proof of Theorem 1 on p.129 of Birc’) in [11] one can conclude that

Shim(7)) is a weight 0 Maass form with eigenvalue +7r% and by (1 it is some . This

leads to
1272D¥AN " N b(d)b(d)e = Y Traa(e)e
% Shim(y)=¢ ¢
The linear independence of the Maass forms ¢ now gives the following version of the
proposition:
1272D¥4 N b(d)b(d) = Traaw(p).
Shim(¢)=¢

Finally, it is known (see [8, Theorem 1.2]) that 1) — ¢ = Shim(v)) gives a bijection between
B, and the even Hecke-Maass cusp forms ¢ with Laplace eigenvalue % + 72, thus finishing

the proof of Proposition [2.2.13]
]

Remarks. Some of our arguments in the proof of Theorem are quite similar in spirit
to those of Biré in [11], who applies the Kuznetsov formula to prove a generalization of the
Katok-Sarnak formula to general levels, but still for only positive discriminants d.

The method employed by Katok-Sarnak to prove their formula is based on a theta
correspondence. This idea, which is a refinement of that introduced by Maass [92], was
first used by Siegel to study indefinite quadratic forms. It would be interesting to apply
this method to give our extension.



dc_1553 18

Chapter 3

A new geometric invariant for real
quadratic fields

The purpose of this chapter is to give a geometric interpretation and related applications
of the new case in the extension of Katok-Sarnak formula.

3.1 Background and statements of results

3.1.1 Fuchsian groups

Suppose that I' C PSL(2,R) is a non-elementary Fuchsian group (see [9] for background).
Let A be the limit set of I'. The group I' is said to be of the first kind when A = R,
otherwise of the second kind. In general, R — A is a countable union of mutually disjoint
open intervals. Let A be the intersection of the (non-Euclidean) open half-planes that
lie above the geodesics having the same endpoints as these intervals. This N is called
the Nielsen region of I". It is shown in [9, Thm 8.5.2] that Ar is the smallest non-empty
I-invariant open convex subset of H. Clearly Ny = H exactly when T is of the first kind.

Suppose now that I' is finitely generated. Let H* be the upper half-plane with all
elliptic points of I' removed. Then I'\H* becomes a Riemann surface of genus g with
t < oo conformal disks and finitely many points removed. The group I' is said to have
signature (g;mq, ..., m.;s;t) where mq,...,m, are the orders of the elliptic points and
there are s parabolic cusps of T'\H*. The boundary circle of each removed disk is freely
homotopic in T\H* to a unique un-oriented closed geodesic (see e.g. [47, Prop. 1.3]). These
geodesics are the image in I'\H* of the boundary of the Nielsen region.

Thus T'\Ar is a Riemann surface with signature having ¢ geodesic boundary curves,
s cusps, and r orbifold points. Let F C H be a fundamental domain for T\Nr. For
simplicity we will identify the surface with Fp. This should cause no confusion as long as
it is understood that for us OFr denotes the boundary of the surface (as a subset of H)
and not of the fundamental domain as a subset of H. In other words, we will not count as
part of the boundary of Fr those sides of Fr that are identified by I'. The Gauss-Bonnet
theorem [0, Thm 10.4.3] gives

sarea(Fr) =2(g — 1) +s+t+) (1-1). (3.1.1)
j=1

Suppose now that I' = PSL(2,7Z) is the usual modular group. As is well-known, I is

35
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generated by
S=%[%4] and T ==[}1]

and has signature (0;2,3;1,0). Let F denote the standard fundamental domain for I :
F={2€H;—-1/2<Rex <0 and |z| >1}U{z € H;0 <Rex < 1/2 and |z| > 1}.

iy

By (3.1.1) or otherwise we have that area(F) = %.

An interesting question whether a closed geodesic is the boundary of an immersed
surface in I'\'H. We will show that this the case, if we are not looking at immersed disks,
immersions of a disk from which a point os removed.

Theorem 3.1.1. There is a Fuchsian group of the second kind with signature

0;2,...,2;1;1).
J4
times

The hyperbolic Riemann surface Fa thus has genus 0, contains ¢ points of order 2 and
has one cusp and one boundary component. The boundary OF 4 is a simple closed geodesic
whose image in F is Ca.

We will also prove that these immersed surfaces when averaged over genera become
equidistributed as the discriminant approaches oo.

3.2 Proofs

3.2.1 Minus continued fractions

Each ideal class A € CI"(K) contains fractional ideals of the form wZ + Z € A where
w € K is such that w > w?. Consider the minus (or backward) continued fraction of w:

1

w = [ag, a1, as,...] =ag—

a] —

1

aS_...

a9 —

where a; € Z with a; > 2 for j > 1. This continued fraction is eventually periodic and has
a unique primitive cycle (n1,...,ny)) of length ¢, only defined up to cyclic permutations.
Different admissible choices of w lead to the same primitive cycle. The continued fraction
is purely periodic precisely when w is reduced in the sense that

0 < wigma<1<w

(see [61], [132]). The cycle ((ni,...,ns)) characterizes A; it is a complete class invariant.
The length ¢ = ¢4, which is also the number of distinct reduced w, is another invariant as
is the sum

m =my="ny+- -+ ny. (3.2.1)

The cycle of A~! is given by that of A reversed:
(ng,...,n1)). (3.2.2)

To see this observe that A~! is represented by (1/w'igma)Z + Z and by [135, p.128] the
continued fraction of 1/w’igma has (3.2.2)) as its cycle.
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3.2.2 Hyperbolic surfaces

The basic object we will study is a certain hyperbolic surface with boundary associated to
A. This surface is built out of the cycle (ny,...,n.)) of A. For each class A choose once
and for all a fixed wZ + Z € A with w reduced, hence a fixed ¢-tuple (nq,...ny). For each
k =1,...¢ define the elliptic element of order 2 in I

Sj = Tmatme) gp=(mtme) (3.2.3)
Consider the subgroup of the modular group
FA = <Sla SQ, ey Sg,Tm> = <S, Sl7 ceey Sg,l, jﬂ"m>7 (324)

where m was defined in (3.2.1)). We will show below in Theorem [4.1.1]that I'4 is an infinite
index (i.e. thin) subgroup of I'; hence a Fuchsian group of the second kind. A different
choice of wZ + 7Z € A with reduced w leads to a conjugate subgroup I'y in I'; in fact
conjugate by a translation. In case ¢ = 1 we have that T'y = (S,7™), which is among
those studied by Hecke [64].

Let M4 = Nr, be the Nielsen region of I' 4 and F4 = Fr, the associated surface. Before
giving its properties, it is useful to see some examples.

Example

Consider the quadratic field Q(y/7), for which D = 28 = 4 - 7. There are 2 classes: the
principal class I with associated cycle ((3,6)) and J with cycle ((3, 3, 2,2, 2)).

Figure 3.1: Fundamental Domain for I'; when d = 28.

0 1 2 3 4 5 6 7 8 9

Figure 3.2: The Surface Fj.
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Figure 3.3: The Surface Fi.

The fundamental norm one unit is €33 = 8 + 3V/7. The class I contains
CHOZ+Z

with reduced w = 3£ = [3,6]. A fundamental domain for the Fuchsian group of the

2
second kind

Ly = (S, T°ST 3 T°)

is indicated in Figure 3.1} It has signature (0;2,2;1,1). The surface F; is depicted in
Figure [3.2) and is bounded from below by the simple closed geodesic F; consisting of the
two large circular arcs. The length of dF; is 21log(8 4+ 3v/7) and the area of F; is 2.
Another depiction is in Figure |3.3] where the two distinguished points are the points of
order 2 and segments connect them to the boundary geodesic.

1 2 3 4 5

Figure 3.4: Fundamental Domain for I'; in case d = 28.

L : 1
2 3 4

Figure 3.5: The Surface F;.
The other class J contains the ideal (5+T‘ﬁ)Z + Z with reduced

VT = [373,2,2,2].
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A fundamental domain for the Fuchsian group of the second kind
;= (S, T3ST 3, 1°ST ¢, T8ST 8, T0ST~1° T'?)

is indicated in Figure It has signature (0;2,2,2,2,2;1,1). The surface F; is pictured
in Figure It has area 5. The closed geodesic that bounds F; also has length 2log(8+
3V7).

When either surface F; or F; is mapped to F we obtain overlapping polygons and the
image of their boundaries are the closed geodesics C; and C;, which have the same image
as sets but with opposite orientations. This is depicted in Figure (3.6

-04 -0.2 0.2 0.4

Figure 3.6: Projection of F; and 0F; to the modular surface.

Theorem 3.2.1. The group I's defined in is Fuchsian of the second kind with
signature
0;2,...,2;:1;1).
——
0 times

The hyperbolic Riemann surface Fa thus has genus 0, contains ¢ points of order 2 and
has one cusp and one boundary component. The boundary OF 4 is a simple closed geodesic
whose image in F is Co. We have

length(0F4) =2logep and  area(F4) = wly. (3.2.5)
The conformal class of Fa determines A.

Proof. The first two statements of Theorem follow easily from an examination of the
fundamental domain for

FA = <S7 Sla s 7S€—1>Tm>

constructed like in the examples above. That this construction is valid is an easy con-
sequence of the Poincaré theorem for fundamental polygons [104] (see also [94]). It also
follows that I'4 is isomorphic to the free product

VEVAVY/EREREYNVY/E
Zt?gles
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Note that the unique boundary circle of I'4\H* can be visualized by identifying endpoints
of the intervals on R bounding the fundamental domain using elliptic elements and the
translation of I'4.

We next show that the boundary component of F4 is a simple closed geodesic whose
image in ['\#H is C4. Using the minus continued fraction of w we have by [76] that for v,

from
Yo = S150 -+ S T™, (3.2.6)

where S}, is given in (3.2.3) and m in (3.2.1). In particular,
Yo €14 = <Sl, So, ..., Sg,Tm>.

Recall that we have fixed a choice of reduced w for each ideal class A. Consider the point
2z, the intersection of the unit circle with the geodesic in ‘H with endpoints w’igma and w,

which exists since w is reduced. We have by (3.2.6|) that
Yw(z) =(z) = 5152+ - S T™(z), so

T7™Sp - S2817(2) = 2. (3.2.7)

The circular arc from z to y(z) will intersect the circle with equation (x —n;)?+y? =1
at some z*, say, since by the construction of the backward continued fraction expansion we
have that n; — 1 < w < n;. The image of the arc from z* to 7(z) under S; covers another
part of the boundary of F,4. Again the excess arc from S;(2*) to S1y(z) will intersect the
circle (x — ny — ny)* + y* = 1 at some 2™ since again n; + ny — 1 < Si(w) < ny + ng.
Using now Sy we can map the new excess arc from Sy(2**) to S9517(2). We can repeat
this process of cutting off arcs until we have applied S;. Now observe that by , upon
application of T~ we have returned to z. Since the maps are isometries we see the
bounding geodesic arcs piece together to give exactly one copy of C4, known to have length
2logep.

See Figure for an illustration of the proof when w = 3+T‘ﬁ from our first example
above. Here v = T2ST®S = (17 =3) while 2* = 3 g, (2*) = T3 and S1y(2) =
174—2\/31‘_

0 . 1 2 3 : 4 5 6 7 8 ) 9
Figure 3.7: Cutting up 0F 4.

Clearly the constructed geodesic is freely homotopic to the boundary circle of T4\ H*
and hence by uniqueness is the boundary curve of Fj4.
The fact that the area of F, is 4 is an immediate consequence of (i3.1.1]).
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Finally we must show that the conformal type of F4 determines A to complete the proof
of Theorem [3.2.1] We will do this by demonstrating that this conformal type determines
the cycle ((n,...mny)). By the above construction of F4, each elliptic fixed point in Fu
determines a unique point on the boundary geodesic that is closest to it. The boundary
geodesic (which is simple and oriented) determines an ordering of these points, which is
unique up to cyclic permutations. This determines an ordering of the elliptic fixed points.
Using we compute the cycle of hyperbolic distances between successive fixed points
of Sp, S1,...S¢in H. Thisis given by (V(n1), V(na), ...V (n)), where V(z) is the monotone

increasing function
V(z) = log (g (\/x2 +4+m> + 1) :

The cycle of distances is a conformal invariant since these distances and the orientation of
the boundary geodesic are preserved under conformal equivalence. The cycle of distances
clearly determines the cycle ((ny,...ny)) since V' is monotone increasing.

This completes the proof of Theorem [3.2.1] O

Remark 3.2.2. Although this is not needed for us, note that the shaded region in the figure
can be described as the convex polygon U that is the intersection of the strip 0 < Rez <
m with the closed hyperbolic half-planes that lie above the geodesics whose endpoints
are Si...S1w'igma and Sj...Siw, and the closed hyperbolic half-planes that lie above the
geodesics given by T™ " (' where C' is the unit semi-circle. It is easy to see that U
is contained in the closure of Nielsen region of I' (since the semi-circles with endpoints
Sk...S1w'igma and Sy...Sjw are). The image of U in I'4\'H is then part of the closure of
["\WN4 with the same boundary, and so must equal to it, (since the latter is path-connected).
This shows that the shaded region in the figure is the intersection of the (closure of the)
Nielsen region with the (closure of the) fundamental domain for I'4.

3.2.3 Uniform distribution

In this section we state the main result of this paper. To obtain satisfactory results about
the uniform distribution of F,4, we average over a genus of ideal classes of K. A genus is
an element of the group of genera, which is (isomorphic to) the quotient group

Gen(K) = CI"(K)/(CI"(K))2. (3.2.8)
It is classical that Gen(K) = (Z/27)“(")~! so if Gp is a genus in C1*(K) then
#Gp = 21Dy (D), (3.2.9)
where w(D) is the number of distinct prime factors of D.

Theorem 3.2.3. Suppose that for each positive fundamental discriminant D > 1 we choose
a genus Gp € Gen(K). Let  be an open disc contained in the fundamental domain F for
' =PSL(2,Z) and let T'Y be its orbit under the action of I'. We have

3 Z area(Fa NI'Q) ~ area() Z area(Fa), (3.2.10)
AeGp AeGp

as D — oo through fundamental discriminants.
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In view of Theorem [3.2.1} the uniform distribution of closed geodesics proven in [35]
(generalized to genera) can be stated in the following formﬂ:

3 Z length(0F4 NT'Q) ~ area(S) Z length(0F4) (3.2.11)
AeGp AeGp

as D — oo through fundamental discriminants.

The statement of given in [35] has averaging over the entire class group. Unlike
(3.2.11)), (3.2.10) is actually trivial when one averages over the whole group since we get
an even covering in that case and the ~ can be replaced by equality. The reason is that
Fa and Fj,-1 are complementary in that their union covers F evenly and the images of
their boundary geodesics are the same as sets but with opposite orientations. For instance,
the surfaces F; and F; are complementary. In general, is trivial when J is in
the principal genus. This happens if and only if D is not divisible by any primes p = 3
(mod 4) or, equivalently, when D is the sum of two squares (see e.g. [59, Prop. 3.1]). In
particular, for any class A that satisfies A? = J, so that Cy4 is reciprocal, we have that F4
covers F evenly.

An interesting special case for which is non-trivial is when D = 4p where p = 3
(mod 4) is prime. The case p = 7 was illustrated above. There are exactly two genera, one
containing I and the other containing J. Cohen and Lenstra [28] have conjectured that [
and J are the only classes in their respective genera for > 75% of such p. This happens
exactly when K has wide class number one. Suppose that arbitrarily large such p exist.
Then Theorem [3.2.3| and ([3.2.11)) imply that as p — oo through such p we have that

area(F;y NTQY)  area(Q) n length(0F; NI'Q)  area(Q)
area(Fy) area(F) length(0F7) area(F)

Remarks. Since F; and F; are complementary, their distribution properties are directly
related. A pretty class number formula of Hirzebruch and Zagier [61] (see also [I31]) states
that for such p > 3

g] - g[ = 3h(—p),

where h(—p) is the class number of the imaginary quadratic field Q(1/—p). Upon using
that area(Fa) = ml4, this is equivalent to the area formula

area(F;) — area(Fr) = 3wh(—p).

There is a third hyperbolic distribution problem, one associated to imaginary quadratic
fields. For K = Q(\/E) with D < 0 we may again associate to each ideal class A a geometric
object, a CM point we denote by z4 € F where 247 + Z € A. Choose for each D a genus
Gp, noting that (3.2.8)) and (3.2.9) are valid for D < 0. Then by [35] generalized to genera
we have that

5 #{A € Gp|za € Q} ~area(Q) #Gp (3.2.12)

as D — —oo through fundamental discriminants.

3.2.4 The analytic approach

Here we give a brief review of the analytic method and then state the extensions of formulas
of Hecke and Katok-Sarnak that we will use to prove Theorem [3.2.3] Since it creates no

'Recall our convention concerning OF 4.
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new difficulties, we will allow both positive and negative D and set things up so that
only obvious modifications are needed to prove the other two uniform distribution results
and . The analytic approach that we follow is based on the spectral theory
of the Laplacian for automorphic forms and strong sub-convexity estimates for L-values, or
equivalently non-trivial estimates of Fourier coefficients of modular forms of half-integral
weight. Standard references for this section are Hejhal’s book [65], the book of Iwaniec
[72] and that of Iwaniec and Kowalski [74]. Some other related distribution problems are
treated in Sarnak’s book [I11].

In this paper we will make use of many standard special functions, including the Bessel
functions I, J;, K and the Whittaker functions M, s, W, ;. Some standard references for
their properties are [93] and [126].

The initial idea is to employ hyperbolic Weyl integrals, which are analogous to the usual
Weyl sums used in proving the uniform distribution of sequences of points on a circle. One
approximates the characteristic function of I'Q2 from above and from below by smooth I'-
invariant functions with compact support. If f : H — R* is such a function we expand it
spectrally:

f(z) =co+ i /OO c()E(z, % + it)dt + Z c(p){p, ) to(2), (3.2.13)

where (p, ¢) = [ |o(z)?du(z). Here E(z,s) is the Eisenstein series as in of weight 0
given for Re(s) > 1 by

E(z,s)= Y (Imyz)*=3Imz)* > |ez+d| >, (3.2.14)

YEL\T ged(e,d)=1

where ', is the subgroup of I' generated by T

The second sum in ([1.4.5)) is over the countably infinite set of Hecke-Maass cusp forms .
Like the Eisenstein series, these are Maass forms in that they are I'-invariant eigenfunctions
of A with Ay = Ay, where we express the eigenvalue uniquely as

A=Ap)=1+1° (3.2.15)

and choose r > 0. Being a Hecke-Maass cusp form means that, in addition, ¢ is an
eigenfunction of all the Hecke operators, that [|¢[|? = (¢, ) < oo and that the constant
term in its Fourier expansion at ioco is zero. We can and always will normalize such a
Hecke-Maass cusp form ¢ so that this Fourier expansion has the formE|

p(z) = 29" " a(m) Ky (27 |my)e(ma), (3.2.16)
m7#0

where a(1) = 1. We can also assume that
a(—n) = a(—1)a(n) = xa(n).

If a(—1) = 1 we say that ¢ is even, otherwise odd since p(—2z) = a(—1)p(z) or equivalently
©(z) = a(—1)p(z). Thus the associated L-function has an Euler product (for Re(s) > 1):

L(s;ip) =Y amn™* = [ (t—app+p )" (3.2.17)

n>1 p prime

2Note the 2 in front!
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Furthermore, its completion

A(s;p) = m T ()L (2=42<) L(s; ), (3.2.18)

is entire and satisfies the functional equation A(s; ) = (—1)°A(1—s; ), where € = I_QT(_I)

Remark 3.2.4. Note that the Eisenstein series is also an even Hecke eigenform and that
its associated L-function

L(s;t) = Z no_gu(mym=* = ((s + it)¢(s — it),

defined for a fixed ¢, satisfies A(s,t) = 7 *T (54D (55%) L(s, t) = A(1—s,t). Unlike A(s; @),
it has poles, reflecting the fact that E(z,s) is not a cusp form.

Weyl’s law gives that as © — oo

#{wpww)éaﬁrvf%. (3.2.19)

The first five values of A to five decimal places (see [14]) are
91.14134, 148.43213, 190.13154, 206.41679, 260.68740. (3.2.20)

It appears to be likely that each A is simple but this is open. The eigenvalues in (3.2.20)),
all belong to odd forms except the third.
For our f the spectral expansion ((1.4.5)) converges uniformly on compact subsets of H.

Hyperbolic Weyl integrals

The Weyl integrals give the remainder terms in the asymptotics and are of two types de-
pending on whether they come from the Eisenstein series or the Hecke-Maass cusp forms.
Let u(z) denote either F(z,s) for Re(s) = 1/2 or (¢, »)'¢(z). Note that E(z,s) is abso-
lutely integrable over F, for Re(s) = 1/2 by . To pick out genera we need genus
characters, or what is the same thing, real characters of C1"(K). These are in one to one
correspondence with factorizations D = d'd where d’, d are fundamental discriminants. See
Section for more information about the genus characters. Given such a y define

5 Jr, u(z)du(z)  ifd,d<0
Weyl(u,x) = Y x(A)S for, ulz)y Ydz| ifd,d>0 (3.2.21)
AeCIH(K) é u(z4) if d'd <0.

Here wp = 1 except that w_3 =3 and w_4, = 2.

To prove uniform distribution by the analytic method we need estimates for Weyl(u, x)
for real y that are non-trivial in the D-aspect and uniform (but weak) in the spectral
aspect. This is enough since the Weyl integral in (3.2.21]) in the first case is zero when
d',d > 0 as is that in the second case when d’,d < 0.
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3.2.5 Proof of Theorem [3.2.3

To get the surface case of Theorem [2.1.1) we need to express the Weyl surface integrals in
terms of cycle integrals. Of course, the main tool for this is Stokes’ theorem. We do the
cusp form case at the same time.

Lemma 3.2.5. For u as in (3.2.21]) we have

’5\/ u(z)dp(z) = / i 0u(z)dz. (3.2.22)
Fa Ca

By an integral over C4 we always mean the integral from zy € S, to 7, (20) € Sy along
the arc on §,,, assuming that the integral is independent of z.

A little more generally we have the following lemma. Recall that m was defined in
(13.2.1)).

Lemma 3.2.6. Suppose that F(z) is any real analytic T 4-invariant function on H that
satisfies
AF = _yz(Fxm + Fyy

and the growth condition fom 0.F(x+iY)dx =0

=s(1—s)F (3.2.23)

1) as Y — oo. Then we have

)
(

@/f F(2)du(z) :/ 10, F(2)dz. (3.2.24)

0F 4

Proof. By Stokes’ theorem we have

0:(0.F(2))dzdz = — 0.F(2)dz + / 0.F(x +iY)dx,
Fa(Y) OFa 0

where FA(Y) = {z € Fa;Im(z) < Y'}. Using that dz dzZ = —2idx dy, we have by (3.2.23)
0:0.F(z)dzdz = 1s(1 — s)F(z)du(z).
By our growth assumption on F' we get (3.2.24) by letting Y — oo. O]

To deduce Lemma [3.2.5] note that both E(z,s) and ¢(z) satisfy and that the
growth condition for ¢ is clear while that for E(z,s) when Re(s) = 1/2 follows from its
Fourier expansion ((1.4.2)). Finally, since both ¢(z) and FE(z,s) are I'-invariant we may
replace the integrals over OF4 by integrals over Cy.

We now show how to deduce Theorem (and (3.2.11)) and (3.2.12)) from Theorems
[2.1.1) and [2.1.2l In order to show that we actually have an asymptotic formula we need a
lower bound for the main term that is larger than the remainder terms. The main term
comes from the constant ¢q in the spectral expansion @ It is a little more complicated
to obtain a lower bound for the main term in (3.2.10|) than the corresponding bounds for

geodesics or CM points, which we get almost directly from Siegel’s theorem. For the
geodesic case we have by the class number formula and ([3.2.9) that

Z length(0F ) = 2> “P)h(D)log ep.
A€eGp

Similarly, when D < 0 we have

#Gp = 217+PIp(D).
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By Siegel’s theorem we obtain that the main term in either case is . |D|'/?7¢ for any
e > 0, where the implied constant is not effective.

Unlike the lengths of the closed geodesics, the areas of the surfaces F4 are not the same
for different A! Still, we have the needed lower bound.

Proposition 3.2.7. For any € > 0 we have that

Z area(F4) > DY, (3.2.25)

AeGp
The implied constant is not effectively computable for a given e.

Proof. We have by Theorem that

Z area(F4) = Z ly. (3.2.26)

A€EGDp AeGp

We have the identity (see [I35, p.167] or [I35] p.138])

[T w=en (3.2.27)

w reduced

Now for a reduced w there are a,b,c € Z with D = b* — 4ac and
a,c>0anda+b+c<0

so that w = %ﬁ. Thus
@Z%ﬁzw—w’igma>w—l.

We conclude that w < v/D + 1, so (3.2.27) easily implies that

logep

a4 > oD 1) (3.2.28)

Using (3.2.26)), (3.2.28)), (3.2.9) and Siegel’s theorem (see [30]), we derive ({3.2.25)).

]

Remark 3.2.8. It is also possible to give an upper bound for ¢4. For example, Eichler
[44] gave a general argument that yields for the modular group that

ly < clogep
for an explicit c.
We now turn to estimating the Weyl integrals.
Proposition 3.2.9. There is a constant C' > 0 such that for any € > 0 we have

Weyl(E(-, 5), X) < |s|“|D|7/10% (3.2.29)
Weyl((g, 0) "o, x) < 77| D|**/25+ (3.2.30)

where Re(s) = 1/2 and ¢ is any even Hecke—Maass cusp form with Laplace eigenvalue
1,2

7+

1
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Proof. By Theorem and standard estimates for the gamma function quotient and for
((2s), we have for Re(s) = 1/2 that

Weyl(s, x) < [s||L(s, xa)L(s, xa)| D"/**<. (3.2.31)

Thus (3.2.29) now follows from the subconvexity bound of Burgess [23] made uniform in s
(see [T4, Theorem 12.9 p.329]): for any € > 0 we have

L(s, xa) < |slld]****,

where the implied constant depends only on e.

Part (3.2.30) of Proposition follows straight from Theorem and Theorem 5
of [35]. O

To see that it is enough to restrict to even Maass cusp forms observe that for an odd
form all the Weyl integrals are identically zero. To see this first observe that x(A) =
X(A™1). There is a symmetry under A — A~! of all the geometric objects that forces the
corresponding sum of integrals for A and A~! to cancel for an odd form . For example,
when d',d < 0 we have that

/F o(2)dpu(z) = - / o(2)dp(z). (3.2.32)

A Fa

To get (3.2.32)) observe that by (3.2.2)) the cycle for A= is that for A reversed. This has the
effect of making a left translate by T~™4 of the fundamental domain F4-1 a mirror image
in the imaginary axis of F,4. Here we are using the fundamental domains constructed in
the proof of Theorem [3.2.1] The cases d’,d > 0 and d’'d < 0 are handled similarly by using
(T11.4).

Theorem follows from Propositions [3.2.7 and [3.2.9] and the fact that the spectral

coefficients in ([1.4.5)) satisfy
c(t) < |s|™ and clp) < |r|™*
for any A > 0 and by the Weyl law (3.2.19)). See e.g. [72].

Remarks. There has been a lot of progress on subconvexity estimates since the paper
[35] that we quote was written. We were content to use the result of [35] here since any
strong non-trivial estimate is enough to get the uniform distribution results. By “strong”
we mean a power savings in the exponent, and this is required due to our use of Siegel’s
theorem for the main term.

After the fundamental paper of Iwaniec [71], techniques for dealing directly with the
L-functions were developed in a series of papers starting with [38]. See also [39]. Currently
the best known subconvexity bound for the L-functions was obtained in the break-
through paper [29] of Conrey and Iwaniec, which gives the exponent 1/3 + ¢ of |D| in both
estimates of Proposition but under the technical assumption that D is odd. This
result was improved by Young [130], who gives the same value 1/3 + € for the exponent of
C' in these estimates. See also the paper of Blomer and Harcos [12]. Although we have not
pursued this here, such explicit hybrid estimates would allow one to improve the ranges of
certain parameters in the distribution results.

In a different direction, it would be interesting to see if the methods of arithmetic ergodic
theory could be applied here along the lines of the paper [45] of Einsiedler, Lindenstrauss,
Michel and Venkatesh.
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Mock modular forms and cycle
integrals

4.1 Background and statements of results

One of the early appearance of modular forms is the generating series

> p(n)g

of the partition function p(n). With a slight modification we see that

—1/24 n__ _—1/24 _
q > p(n)g" =q [[——=-—"—

Here ¢ = €2™* and 7(z) is Dedekind’s function, which is a modular form of weight 1/2.
An interesting identity follows from considering the Durfee square of the Ferrers diagram
of the partition. This is the maximal square that can be fit in the Ferrers diagram.

Figure 4.1: The Durfee square of the partition 3 +4 + 7+ 8 = 22

If we let b,,(n) be the number of partitions of n with a Durfee square of size m x m,
then

m?2

q
Zb R ECET PR ErDE

since T qé) e is the closed form of the generating series of the number of partitions

of n into parts not exceeding m. Putting the above together we get the Eulerian series
identity

m2

Zp q—HZl—q 1—¢1) (1—gm)?

48
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The modularity of n allowed Ramanujan and Hardy to derive [60], via the circle method,
the asymptotic expression
™V 2n/3

p(n) o

Mock modular forms, introduced by Ramanujan in his last letter to Hardy, play an

important role in extending such considerations to more constrained partitions. Consider
for example the g-series

(4.1.1)

n2

f(z) = q_1/24 Z e q o) (q =e(z) =€ 2 € H)

n>0

Up to the factor ¢~'/?* this is one of Ramanujan’s original mock theta functions, and
is related to the number of partitions of even ranks. Ramanujan’s original definition of
what a mock modular forms should be was somewhat vague, his examples are holomorphic
functions that have at rational numbers the same asymptotics as (meromorphic) modular
forms. This is clearly motivated by the desire to extend the circle method to such restricted
partitions.

Ramanujan’s ideas, while motivating, were hard to conceptualize, despite work by many
great mathematicians, including Watson, Selberg, Andrews and others 3], 113] 127]. This
has changed recently, due to the discovery of Zwegers [136] [137] that Ramanujan’s mock
theta functions of weight 1/2 can be completed to become modular by the addition of a
certain non-holomorphic function on the upper half plane . This complement is associated
to a modular form of weight 3/2, the shadow of the mock theta function. To illustrate on

the above example f(z) = ¢7/*Y g Mﬁ’ the shadow of f is the weight 3/2

1+¢™)
cusp form (a unary theta series)

gz) = > ng"*

nel4-6Z

The Eichler integral of g is

g(z)= > sen(n) B(%L) ¢/ (y=1Im=z).

nel+6Z

Here ((x) is defined for x > 0 in terms of the complementary error function and the
standard incomplete gamma function by

[e o]

ﬁ(:v):erfc(\/ﬁ):%ﬂ%,ﬂx), where T(s,z) = / fret i, (4.1.2)

T

Observe that the Fourier expansion of the non-holomorphic Eichler integral ¢g*(z) mirrors
that of g(z).
It is proved in [I37] that the completion

~

f(z) = f(2) +97(2)

transforms like a modular form of weight 1/2 for I'(2), the well known congruence subgroup
of ' = PSL(2,Z).
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The appearance of the Eichler integral is best explained via the £ operator introduced
n [20]. Let f:H — C and define

&(f) = 2iy" oL,
It is easily checked that

& ((cz +d) 7" f(g2)) = (cz + d)* (& f)(92)

for any g = £[2 5] € PSL(2,R). Thus if f(z) has weight k for I" then & f has weight 2 — k
and & f = 0 if and only if f is holomorphic. The weight k Laplacian, first introduced by
Maass, can be conveniently defined by

Ap=—Ey poby (4.1.3)

If f is a real analytic function on H of weight k for I' that is harmonic on H in the sense
that
Arf=0

then f will have a Fourier expansion at ico each of whose terms has at most linearly
exponential growth. Such an f is called harmonic weak Maass form if it has only finitely
many such growing terms. The space of all such forms is denoted by Hj. It is clear that
the space of weakly holomorphic modular forms M, is a subset of H;. It follows easily from
its general properties that &, maps Hj, to Mj_, with kernel M;.

In addition to leading to a number of new results about mock theta functions, the work
of Zwegers has stimulated the study of other kinds of mock modular forms as well (see
[T01] and [133] for surveys on some of these developments). For example ¢g* satisfies

51/29* (2) = ? Z qn2/24

n€l+6Z

and the right hand side of of the above identity is a a cusp form of weight 3/2, (that above we
called, following Zagier, the shadow of f). An explicit determination of the transformation
formula allowed Bringmann and Ono to derive an exact formula of Rademacher-type for the
coefficients of Ramanujan’s mock theta function f(q). This formula refines Ramanujan’s
first order asymptotic (.1.1)), and had been conjectured by Andrews and Dragonette (see
[36] for references). Combined with Rademacher’s formula it gives exact formulas for the
number of partitions with even (resp. odd) ranks. The work of Zwegers also stimulated
numerous other results about mock theta functions. See the surveys [36, 10T, T33].

4.1.1 Cycle integrals of the j-function and mock modular forms

In this section we will consider mock modular forms of weight 1/2 for I'g(4). In some
sense this is the simplest case, but has not been treated before our work in [40] because
the associated shadows, if not zero, cannot be cusp forms. We will show that they are
nevertheless quite interesting, and have remarkable connections with cycle integrals of the
modular j-function and modular integrals having rational period functions. First let us
define mock modular forms precisely in this context. Let

0(2) =1+2q+2¢"+2¢"+2¢" +---
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be the Jacobi theta series, which is a modular form of weight 1/2 for I'y(4). Set
J(v,2) =0(y2)/0(z) for v € I'x(4). (4.1.4)
For k € 1/2+Z say that f defined on H has weight k for I'g(4) (or simply has weight k) if

f(y2) = J(v, 2)* f(2) for all v € To(4).

Let M; be the space comprising functions holomorphic on H of weight k for T'y(4) whose
Fourier coefficients a(n) in the expansion f(z) = > a(n)¢" are supported on integers
n > ng, for some ny € Z, with (—1)*1/2n = 0,1 (mod 4).

Specializing now to the case of weight 1/2, let £(z) be the entire function given by any
of the following formulas

! 2 erf >
E(z) = T 4.1.5
@)= [ = -3 s 2 (1.15)

n=

For any g(z) = >, b, q" € M, Jo we define the non-holomorphic Eichler integral of g by

= —4/y Zb Edny)qg " + Z (4ny)q (4.1.6)

n<0 n>0

where B(z) is as in - Let f(z) = >, ang" be holomorphic on #H and such that
its Coefﬁments a, are supported on mtegers ng < n, ng € 7Z, and also satisfying n =
0,1 (mod 4). We will say that f(z) is a mock modular form of weight 1/2 for I'g(4) if there
exists a g € M3/2, its shadow, so that

f(z2) = f(2) +9°(2)

has weight 1/2 for I'y(4). Denote by M s, the space of all mock modular forms of weight 1/2
for T'g(4). Obviously M|} 2 © M2 but it is not at all clear that there are any non-modular
mock modular forms.

Nevertheless they exist as I showed with Duke and Imamoglu in [40]. In fact they are
closely related to the work of Borcherds and Zagier on traces of singular moduli of the
classical j-function

§(2) = q ' + 744 + 196884 g + - - - .

It is well-known and easily shown that C[j], has a unique basis {j,,}m>0 whose members
are of the form j,,(z) = ¢7™ + @O(q). For example

Jo=1, ji=j—T44, jo=j2— 1488] + 159768, .... (4.1.7)

Here ji(z) is the normalized Hauptmodule for T'. In this paper, unless otherwise specified,
d is assumed to be an integer d = 0,1( mod 4) and is called a discriminant if d # 0. For
each discriminant D let Qp be the set of integral binary quadratic forms of discriminant
D that are positive definite if D < 0. The forms are acted on as usual by I', resulting in
finitely many classes I'\Qp. Let I'g be the group of automorphs of @ (see section for
more details).
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Suppose that D < 0. For Q € Qp and zg a root of @ in H, the numbers J1(zg) are
known by the classical theory of complex multiplication to form a Gal(Q/Q)-invariant set
of algebraic integers, so that their weighted sum

Trp(j) = Z Col™"j1(2q) (4.1.8)
QeMgp

is an integer. A beautiful theorem of Zagier [134] asserts that these integers give the Fourier
coefficients of a weight 3/2 weakly holomorphic form in T_(z) € M} /ot

T (2)=—q¢ ' +2+ Z Trp (1) Dlg™ (4.1.9)

D<0
— ' +2-248¢° +492¢" — 4119¢" + 7256 ¢° + - - -

A natural question is whether one can give a similar statement for the numbers Trp(j;)
defined for non-square D > 0 by

Tro(i) =% Y jﬁ, N (4.1.10)

QeF\Q

Here Cj is any smooth curve from any z € H to g,z, where gq is a certain distinguished
generator of the infinite cyclic group I'g of automorphs of Q). Note: Trp(j1) is well-defined.
In [40] we proved that the generating function

— j{:fIvﬂ(jl)qd (4.1.11)
(with a suitable definition of Trp(j;) when D is a perfect square) defines a mock modular
form of weight 1/2 for I'y(4) with shadow T_(z) from (4.1.9).
Theorem 4.1.1 ([A0]). The function T (z) on H defined by

Ty (z) = Ty (2) + TZ(2)

Trp(Jj1)
—ZTT’D 71)q” + 4y E(— 4y)q—8\/_+z
D>0 D<0 \/|D|

has weight 1/2 for T'o(4).

Zagier [134] showed that g;(z) = T_(z) from (4.1.9) is the first member of a basis
{9p}o<p=0,1(2) for M3/2, where for each D > 0 the function gp(z) is uniquely determined

B4|D|y) ¢

by having a q expansion of the formﬂ

gp(2) = —¢ P + Z a(D,n)q‘”'. (4.1.12)
nzo,f(gn?od 1)
We define a(D,n) = 0 unless d,n = 0,1 (mod 4).
For D < 0 consider the “dual” form

2)=q"+) a(n,D)g". (4.1.13)

n>0

!This is the negative of the gp(z) defined in [134].
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As was shown in [134], the set {fp}p<o coincides with the basis given by Borcherds [15]
for M, jo- Thus fo(z) = 0(z) and the first few terms of the next function are

fos(z) = ¢ — 248¢ + 26752¢" — 85995¢° + 1707264¢° + - - - .

One of the main results in [40] is that Borcherds’ basis extends naturally to a basis
for M /. The construction of this extension relies heavily on the spectral theory of Maass
forms.

Theorem 4.1.2 ([40]). For each D > 0 there is a unique mock modular form fp(z) € M,
with shadow gp(z) having a Fourier expansion of the form

fo(2) =) a(n,D)q" (4.1.14)

n>0

These Fourier coefficients a(n, D) satisfy a(n, D) = a(D,n). The set { fp}a=0,1( mod 1) gives
a basis for M, ;.

We have thus defined a(n,d) for all d,n with n > 0. We use them to evaluate certain
twisted traces, which we now define. Suppose that d > 0 is a fundamental discriminant.
There is a function x4 : Qqar — {—1, 1} that restricts to a real character (a genus character)
on the group of primitive classes and can be used to define a general twisted trace for
dd' = D not a square by

\/Lﬁ ZXd(Q”Ferjm(zQ)a ifdd <0 ;

~ . (4.1.15)
5r 2o Xa(Q) [, dm(2) gy if dd' >0,

Traa(jm) = {

each sum being over @) € T'\Qp.
In the paper [40] we established the following evaluation, which generalizes a well-known
result of Zagier [134, (25)] to include positive d.

Theorem 4.1.3 ([40]). Let a(n,d) be the mock modular coefficients defined in and
(14.1.14). Suppose that m > 1. For d = 0,1 (mod 4) and fundamental d > 0 with dd" not
a square we have
Traw(jm) = Z (md—//n> na(n’d,d). (4.1.16)
nlm
Together with Theorem |4.1.2] Theorem [4.1.3] implies Theorem |3.2.1| after we define

Trp(j1) to be equal to a(D, 1) when D is a perfect square.
In particular, for non-square dd’ with d > 0, Theorem [£.1.3] gives

L 71 > . I .
a(d,d) = {EZX(QMFQL Jl(z?lz), it dd/ <0;
ﬁZX(Q) fCQ ]1(Z)Q(Z,l)’ lf dd > 07

where each sum is over @ € I'\ Qup.

The proof in [40] that we reproduce below uses Poincaré series and a Kloosterman sum
identity that generalizes a well-known result of Salié.

Concerning the case m = 0, there exists an interesting “second order” mock modular
form Z. (z) of weight 1/2 that is almost, but not quite, in M , with Fourier expansion

Z.(2) =) Tra(l)q" (4.1.18)

(4.1.17)
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Here Try(1) must be defined suitably for square d while for d > 1 a fundamental discrimi-
nant we have
Trq(1) = 7 1d=2 h(d) log e,

where h(d) is the narrow class number of Q(v/d) and ¢4 is its smallest unit > 1 of norm
1. A (generalized) shadow of Z,(z) is the completion of the mock modular form Z_(z)
of weight 3/2 with shadow 60(z) discovered by Zagier in 1975 [I31] (see also [62]) whose

Fourier expansion is
= Trq(1)g". (4.1.19)
d<0

Here for any d < 0 we have that Try(1) = H(|d|), the usual Hurwitz class number, whose
first few values are given by

HO)=-L, H@) =1 H4)=1L HT=1,. ..

120

The completion of Z_(z), which has weight 3/2 for I'y(4) is given by

2_(2) = 167T ZF L arn?y)g™ (4.1.20)

nez

Define for y > 0 the special function
= \/_y/ t~Y21og(1 + t)e ™ dLt.
dr ),

The next result shows that Z_ (z) from (4.1.18) has Z_(z) as a generalized shadow.

Theorem 4.1.4 ([40]). The function 2+(2) whose Fourier expansion is given by

= " Tra(1) ¢ N Z Trd BAldly)g” + ) a(4n’y)g™ — = logy,

d>0 d<0 n#0
(4.1.21)

has weight 1/2 for I'g(4).

The automorphic nature of 2+(z) gives some reason to hope that there might be a
connection between the cycle integrals of j and abelian extensions of real quadratic fields.

4.1.2 Modular integrals with rational period functions

The last result we quote form [40] concerns an unexpected connection between mock mod-
ular forms of weight 1/2 and modular integrals having rational period functions. Define
for each D = 0,1( mod 4)

Fp(z) =-=Trp(1 Z (Zna (n? D ) (4.1.22)

m>1 n|m

Note that Fpp(z) is the derivative of the formal Shimura lift of fp. When D < 0 Borcherds
showed that Fp is a meromorphic modular form of weight 2 for I' having a simple pole
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with residue |Tg|™" at each point zg € H of discriminant d. Thus one has corresponding
properties of the infinite product

q—TTD(l) H (1 o qm>a(m27D)'

m>1

In case D = 0 one finds that this product is A(z)'/2, and we have that

Fo(z2) =15 — QZa(m)qm = S Eo(2).

This is a holomorphic modular integral of weight 2 with a rational period function:

Fo(Z) — 272F0(—%) = —L 271.

21

Another important result of [40] is the following
Theorem 4.1.5 (J40]). For each D > 0 not a square the function Fp defined in

1s a holomorphic modular integral of weight 2 with a rational period function:
1
Fp(z) — 2z 2Fp(—1) == 4+ - 4.1.23
p(z) =2 *Fp(—1) = — Z (az® + bz +¢) (4.1.23)

b2 —4ac=D

The Fourier expansion of Fp(z) can be expressed in the form

Fa(z) = = 3 Tep(jm) 4™

m>0

Note that the period function has simple poles at certain real quadratic integers of
discriminant D, in analogy to the behavior of Fp(z) when D < 0. The existence of a
holomorphic F satisfying with growth conditions was proved by Knopp [85], [86].
He used a certain Poincaré series built out of cocycles, however, it appears to be very
difficult to extract explicit information about F' from this construction. At the end of
their paper [25], Choie and Zagier raised the problem of explicit construction of a modular
integral with a given rational period function. Parson [102] gave a more direct construction
in weights k£ > 2 using series of the form

Z(azQ + bz 4 ¢) M2,

a>0

which are partial versions of certain hyperbolic Poincaré series studied by Zagier, but they
do not converge when k£ = 2. In any case, the expression of the Fourier coefficients as sums
of cycle integrals is not immediate from this construction, although it is possible to deduce
such expressions this way, at least in higher weights, using methods from [40].

For the rational period functions that occur in the modular integral given by
Fp(z) also gives a real quadratic analogue of (the logarithmic derivative of) the Borcherds
product. Also note that the function Fp is closely related to the modular integrals con-
sidered in the next chapter. The underlying technical achievement of that chapter is the
general transformation formula for these functions under an arbitrary modular substitution
just as in the case of the Dedekind 7 function, Dedekind’s main result is the determina-
tion of the transformation formula of logn under all modular substitutions, and not just
inversion.
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4.2 Proofs

4.2.1 Weakly harmonic modular forms

We begin by proving Theorem using the theory of weakly harmonic forms. Set
ke l1/24+7Z. If f of weight k for I'g(4) is smooth, for example, it will have a Fourier
expansion in each cusp. For the cusp at 100 we have the Fourier expansion

F(z) = 3 aln y)e(na) (4.2.1)

n

which, if f is holomorphic, has a(n;y) = a(n)e(niy). Set

fo) =Y a(me(r) and  fo(z) = > a(n;§e(R)e("E). (4.2.2)

n=0(2) n=1(2)

Suppose that the Fourier coefficients a(n;y) satisfy the plus space condition, meaning that
they vanish unless (—1)*7%/2n = 0,1 (mod 4). An easy extension of arguments given in
[84, p.190] shows that such an f satisfies

(Z) ML) =afz)  and  (EBDHGED) —af(z)  (423)

where
a = (—1)F okt

In particular, the behavior of such an f at the cusps 0 and 1/2 is determined by that at
100. Thus to check that such a form is weakly holomorphic, meaning it is holomorphic on
‘H and meromorphic in the cusps, one only needs look at the Fourier expansion at ico, as
we have done in the Introduction. As there, let M} denote the space of all such forms. Let
M;" C M denote the subspace of holomorphic forms (having no pole in the cusps) and
S;F € M,' the subspace of cusp forms (having zeros there).

Consider the Maass-type differential operator &, defined for any k£ € R through its
action on a differentiable function f on H by

&(f) = 2iy*SL.
This operator is studied in detail in [20]. It is easily checked that
& ((vz+0)7"f(g2)) = (v2 + )" *(& ) (92)

for any g € PSL(2,R). Thus if f(z) has weight k for I'q(4) then & f has weight 2 — k and
& f = 0 if and only if f is holomorphic. Also & preserves the plus space condition. The
weight k& Laplacian can be conveniently defined by

Ap =~ 1 0.

Specializing now to k = 1/2, suppose that h is a real analytic function on H of weight
1/2 for T'y(4) that is harmonic on H in the sense that
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By separation of variables every such h has a (unique) Fourier expansion in the cusp at oo
of the form

Z b(n e(nx) + Z Je(nx). (4.2.5)

The functions W, (y) and M, (y) in the Fourier expansion (4.2.5)) are defined in terms
of the functions 3(x) and &(z) from (4.1.2) and (4.1.5)) by

(|n| =2 B(4Inly) if n <0,
Wi(y) =e 2™ { —4y3 if n =0, (4.2.6)
kn_% if n >0,
— B(4|n] y) if n <0,
My (y) =™ 1 if n =0, (4.2.7)
\4(ny)% E(—4ny) ifn > 0.

We remark that W, (y) and M,,(y) are special cases of Whittaker functions, (see (4.2.17))
and we use the notation VW and M to suggest this relation. More importantly, the defini-
tions and make possible the complete symmetry of the Fourier coefficients of
the basis to be given in the next Proposition. It becomes clear after working with them that
one can define the normalization for the Fourier coefficients in different reasonable ways,
each with advantages and disadvantages. Note that the function W, (y) is exponentially
decaying while M,,(y) is exponentially growing in y (see (A.1.4))).

Let H} /o denote the space of all real analytic functions on H of weight 1/2 for I'g(4)
that satisfy , whose Fourier coefficients at oo are supported on integers n with
n = 0,1(mod4) and that have only finitely many non-zero coefficients b(n). As before
this is enough to control bad behavior in the other cusps. We will call such an h € Hi /2
weakly harmonic | This space was identified by Bruinier and Funke [19] as being interesting
arithmetically. It follows easily from its general properties that &, maps Hi /o tO M:,L 9
with kernel M, Jo- This is also directly visible after a calculation from and
yields the formulas

ifn>0

4.2.8
if n <0. ( )

&1 (Malyle(na)) =2nl2q"  &p(Waly)e(na)) = {Figqn

Given % in ([4.2.5) with b(n) = 0 for all n, we infer that & »h € ]\43/2 = {0}. This implies

that h € S, =

= {0}, and proves the following uniqueness result.

Lemma 4.2.1. Ifh € Hi/2 has Fourier expansion

Z b(n e(nx) + Z Je(nx), (4.2.9)

then h =0 if and only if b(n) =0 for alln = 0,1 (mod 4).

2The definition of harmonic weak Maass forms, for example as given in [2I] and elsewhere, is more
restrictive and does not apply to the non-holomorphic h € H i /2> 80 We use the terminology weakly harmonic
to avoid confusion.
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It is now easy to explain the relation between mock modular forms and weakly harmonic

ones (c.f. [133]). It follows easily from (4.2.6)), and ([£.2.§), or directly, that for
9(z) € Mi!’,/Q

51/2 g*(z) =2 9(2)7
where ¢*(z) was defined in . As a consequence we see that if f € M/, and if
f = f+ g¢* is its completion, then f € Hi/g since &2 f(2) = —2¢(2) so Al/gf = 0.
Also f (z) satisfies the plus space condition. In fact it is easy to see that f +— f defines
an isomorphism from M,/ to Hi/Q. Given h € Hi/z let g = —%£1/2<h) € Mé/Q and take

ht = h — ¢*. It is easily checked that h — hT gives the inverse of f — f. Call AT the
holomorphic part of h. In terms of the Fourier expansion (4.2.5))

ht(z) = Z b(n)q"™ + Z a(n)n~Y2q". (4.2.10)

The next result gives one natural basis for H} /2-

Proposition 4.2.2. For each d = 0,1 (mod 4) there is a unique hy € Hi/2 with Fourier
expansion of the form

ha(z) = Ma(y)e(de) + D aa(n)Wa(y)e(nz). (4.2.11)

n=0,1(4)

The set {ha}ti=o,1 (1) forms a basis for Hi/z- The coefficients aq(n) satisfy the symmetry
relation

aq(n) = a,(d) (4.2.12)
for all integers n,d = 0,1 (mod 4). When d > 0 we have
E1/2 ha(2) = —2d7 ga(2), (4.2.13)

where gq € ]\4?!)/2 has Fourier expansion given in .

Theorem is an immediate consequence of this proposition. We see that for d <0
we have that hy = f; from (4.1.13) and a(n,d) = n="/2a4(n) unless n = d < 0, in which
case ag(d) = |d|V/2. If d > 0let f4(2) = >~ a(n, d)q" be the holomorphic part of d~/2 hy.
This gives the f4(2) from Theorem and we find that for n > 0 we have

a(n,d) = (dn)"2ay(n). (4.2.14)

We remark that the fact we quoted from [134] that { f}4<o from (4.1.13)) gives the Borcherds
basis for Mi /9 also follows from the symmetry relation (4.2.12)) and (4.2.13) of Proposition
122

We now turn to the construction of hy. We will give a uniform construction using
Poincaré series. Due to some delicate convergence issues that arise from this approach, we
will define them through analytic continuation. For fixed s with Re(s) > 1/2 and n € Z
let

Moy, s) = F(Qs)_1(47f|n|y)7iM%Sgnn,s_%(47T|n|y) if n #0,
o y i ifn=0
W(y. 5) = {|”|_3F<5+ B ) (4y) AW g, 1 (dlnly), i 1 £ 0
e - _ 2-% 3_g .
(23—12)1“(2271/2) ys ifn=0,
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Where M and W are the usual Whittaker functions (see Appendix E By (A.1.6) and
, for n # 0 we have that

M, (y) = M, (y,3/4) and W, (y) = Wh(y,3/4) (4.2.15)

where M,,(y) and W, (y) were given in (4.2.7) and (4.2.6). However, My(y) = Wh(y, 3/4)
and Wy(y) = Mo(y,3/4)F] We also need the usual I and J-Bessel functions, defined for
fixed v and y > 0 by (see e.g. [89])

y/2 1/+2k B 0 1 y/2)u+2k
E:HFu+k+U and _E;'Fu+k+w (42.16)
For m € Z let
Ym(2,8) = Mp(y, s)e(mz). (4.2.17)

It follows from (A.1.3) and (4.1.3)) that
Avjatm(z,8) = (s = 1)(3 = 8)¥m(z, ).
Define the Poincaré series

Pu(zs) = > §(9,2) " ¥mlg2,9),

geroo\FO (4)

where 'y is the subgroup of translations. By this series converges absolutely
and uniformly on compacta for Res > 1. The function Fy(z,s) is the usual weight 1/2
Eisenstein series. It is clear that for Re(s) > 1 and any m the function P,,(z, s) has weight
1/2 and that P,, satisfies

A1j2Pr(z,8) = (s — 1)(3 — ) Pu(z, 5).

As in [83], in order to get forms whose Fourier expansions are supported on n = 0,1
(mod 4) we will employ the projection operator prt = %(U4 o Wy) + %, where

(ULf)(= and  (Wif)(2) = (2) 72 f(=1/42).
Vmod4
For each d = 0,1 (mod 4) and Re(s) > 1 define
Pf(z,s) = pr(Pi(z,s)). (4.2.18)

Proposition 4.2.3. For any d = 0,1 (mod 4) and Re(s) > 1 the function PJ(z,s) has
weight 1/2 and satisfies

AippPi(z,5) = (s = 1)(§ = $)Pf (2. 9).

4

3 This notational switching is inessential but gives a cleaner statement of Proposition and some
other results.
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Its Fourier expansion is given by

Pf(z,8) =My, s)e(dx) + Z ba(n, $)Wh(y, s)e(nx), where (4.2.19)
n=0,1(4)
)

2%7T|dn|ic*1]25_1 (L ”'dn‘> if dn < 0;

1 1 4”\/@ .
baln, ) = > K (dmie) x § 22mldnlie 1les_1( ) ipdn > o,
0<e=0(4) motald 4l Tac® ifdn=0,d+n#0,
(222572 T(25) 2 ifd=mn=0,

(4.2.20)

where KT (d,n;c) is the modified Kloosterman sum defined in below. The sum
defining each by(n, s) is absolutely convergent.

Proof. The first statement is clear. So is the last statement using the trivial bound for

K*(d,n;c) and the definitions (4.2.16)).

For the calculation of the Fourier expansion we employ the following lemma, whose
proof is standard and follows from an application of Poisson summation using an integral
formula found in [48, p. 176]. See [81, Lemma 2, p. 20] or [83] for the prototype result.

Lemma 4.2.4. Let [2 5] € SL(2,R) have ¢ > 0 and suppose that Re(s) > 1/2. Then for
U, defined in with any m € Z, we have

_ a(z+7r)+b —

+ +d 1/2 m( 3 ) =2 1/2 amtnd Wn )
;(c(z r)+d)” i td s ) Z e () W, (y, s)e(nz)
cHmn|t Jas_1 (47 /[mnlc)  if mn >0
cHmn|i Ly (47\/[mnlc™)  if mn <0
PRET st You |m—|—n\s’i ifmn =0, m+n=#0,
772 (2¢)72°1(2s) ifm=n=0,

where both sides of the identity converge uniformly on compact subsets of H.

With this Lemma, the computation of the Fourier coefficients parallels so closely that
given in [81, pp. 18-27] in the holomorphic case that we will omit the details. O

It is a well-known consequence of the theory of the resolvent kernel that P(z,s) has
an analytic continuation in s to Re(s) > 1/2 except for possibly finitely many simple poles
in (1/2,1). These poles may only occur at points of the discrete spectrum of A/, on the
Hilbert space consisting of weight 1/2 functions f on H that satisfy

J/ [f()Pydp <oco  (dp =y *dudy),
T\H

and this space contains the residues.ﬂ It is easily seen from (4.2.18)) that P (z,s) also has
an analytic continuation to Re(s) > 1/2 with at most finitely many simple poles in (1/2,1).

4See [48], p.179 | and its references, especially [106] and [46]. A very clear treatment when the weight
is 0 and the multiplier is trivial is given in [98]. In particular, see Satz 6.8 p.60; the case of weight 1/2 is
similar.
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Actually, such poles can only occur in (%, 3], since by (1.12.6) and (4.2.16) the series in

(4.2.20) giving the Fourier coefficient by(n, s) converges absolutely for Re(s) > 3/4. Thus
for Re(s) > 1/2 away from these poles the function P (z, s) has weight 1/2 and satisfies

AijpPf(z,8) = (s — 1)(2 — s)Pf (2, 5).

Furthermore a residue at s = 3/4 is a weight 1/2 weakly harmonic form f € H i J2- In fact,
the Fourier expansion of f can be obtained from that of P} in by taking residues
term by term, a process that is easily justified using the integral representations for the
Fourier coefficients since the convergence is uniform on compacta. This shows that the
Fourier expansion of f is supported on n with n = 0,1 (mod 4) and that it can have no
exponentially growing terms. Another way to see these facts is to observe that f is the

projection of the residue of P;, which comes from the discrete spectrum. Thus by Lemma
applied to f — b(0)0, we obtain the following result.

Lemma 4.2.5. For each d and each z € H the function P (z,s) has an analytic continu-
ation around s = 3/4 with at most a simple pole there with residue

ress—3/4P; (2,8) = pa0(2), (4.2.21)
where pg € C.

When d = 0 this result is well-known. In fact, by(n, s) can be computed in terms of
Dirichlet L-functions. We have the following formulas (see e.g. [69]).

Lemma 4.2.6. For m € Z* and D a fundamental discriminant we have that

LD(QS — %)

(s = 1) and (4.2.22)

ST (L) bo( 22, 5) =22t nsmd 2| D gy ()
nim
C(4s — 2)

amo,s)._wé23-6sr(2s)5(15t?55,

(4.2.23)

where Lp is the Dirichlet L-function.
By Moébius inversion, (4.2.22)) gives for m # 0 the identity

1 LD(25 - 1/2) D 2_95
4m ;M(m/n) (m—/n> n2 Foy, o(n). (4.2.24)

bo(Dm?, s) = 22 4o+ | D|*~
This yields a direct proof of Lemma in case d = 0. Since by(d, s) = by(0, s), which is
clear from ({1.12.4)) and (4.2.20)), a calculation using (4.2.24)) and the (4.2.23)) also gives the
constant py in (4.2.21)):

2 ifd=0,
P = %\/E if d is a non-zero square, (4.2.25)
0 otherwise.

We are finally ready to define the basis functions hy. For d # 0 let

. bd(O, 8)

hd(Z, 5) = PJF(Z’ S) b0<07 3)

Py (z,s). (4.2.26)
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It has the Fourier expansion

ha(z,s) = Ma(y, s)e(dr) — ijzgg’ z;ys_}l + Z aq(n, s) Wy (y, s)e(nz), where
’ 0#£n=0,1(4)
. (4.2.27)
aa(n, 5) =ba(n, ) — 220 $)bo(n 5) (4.2.28)

bo(O,S)

Lemma 4.2.7. For each nonzero d = 0,1 (mod 4) the function hy(z, s) defined in
has an analytic continuation to s = 3/4 and

hd(z,3/4) = hd(Z) S Hi/Q'

The Fourier expansion of each such hq at 0o has the form (4.2.11), where for each nonzero
n=0,1 (mod 4) we have

ag(n) = Sii?%+ aq(n, s).

Furthermore, ag(0) = 2v/d if d is a square and aq(0) = 0 otherwise.

Proof. Observe that hy(z, s) defined in is holomorphic at s = 3/4, since otherwise
by Proposition it would have as residue there a nonzero multiple of 6(z), which
cannot happen since does not yield the constant term in 6. From (4.2.27)) its
Fourier expansion is given by

ha(z) = Ma(y)e(dz) + ) aa(n)Wa(y)e(nz),

n=0,1(4)

where aq(n) = lim,_,3/4+ aq(n, s) for n # 0 and, after recalling the definition of Wy(y) from
(4.2.6), we have that
bd(O, S)

im ——=.
s—3/4+ 4by (0, s)
Here again we use the integral representations for the Fourier coefficients and the fact that
ha(z,8) — ha(z) uniformly on compacta as s — 3/4". Thus hy € H,,, for all d # 0.
The last statement of Lemma can easily be obtained from (4.2.29)), (4.2.24) and
[2.23). 0

Continuing with the proof of Proposition[4.2.2] we next show that the symmetry relation

(4.2.12) holds. By (1.12.4]) and (4.2.20) we have that bg(n, s) = b,(d, s), hence by (4.2.28))
ag(n,s) = ay(d, s). (4.2.30)

aq(0) = (4.2.29)

Now (4.2.12)) follows from Lemma 4.2.7] and (4.2.30), where we use that hy = 6 in case
nd = 0. Note that ag(0) = 0. A direct calculation using (4.2.8]) together with (4.2.12)

yields (4.2.13). This completes the proof of Proposition 4.2.2] and hence of Theorem |4.1.2

4.2.2 Cycle integrals of Poincaré series

As further preparation for the proof of Theorem in this section we will compute the
cycle integrals of certain general Poincaré series, which we will then specialize in order to
treat j,,. To begin we need to make some elementary observations about cycle integrals.
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As in (2.2.9) for Q) € Q4 with d > 0 not a square let Sg be the oriented semi-circle defined
by
alz|* +bRez +c =0, (4.2.31)

directed counterclockwise if a > 0 and clockwise if a < 0. Clearly

SgQ = gSQ, (4232)

for any g € I'. Given z € Sg let Cq be the directed arc on Sg from z to g,z, where g,
was defined in Section . It can easily be checked that Cg has the same orientation as
Sg- It is convenient to define

Vddz

Q(z,1)

dzo (4.2.33)

If 2/ = gz for some g € I we have
dz,q = dzq. (4.2.34)
For any I'invariant function f on A the integral | Co f(2)dzg is both independent of z € Sg

and is a class invariant.
Now we will specialize the Poincaré series GG, from ([2.2.14]) and construct the modular
functions j,,. Let G, (2, $) = G(2, m.s), where

y° ifm=20
Om.s(y) = 11 .
2nlm|by3 L,y (2nlmly) it m 0,

1
2
with I,_; /5 the Bessel function as before. The resulting I'-invariant function satisfies
NoG(z,8) = s(1 — )Gz, s).

The function Gy is the usual Eisenstein series while G,,, for m # 0 was studied by Neunhoffer
[98] and Niebur [99], among others. The required analytic properties of G,,(z,s) in s are
most easily obtained from their Fourier expansions. For the Eisenstein series we have the
well known formulas (see e.g. [74])

Go(z,$) = y° + (0, s)yl_S + co(n, s)K,_1(27|n|y)e(nz),
;A 2
n#0

where K1 is the K-Bessel function (see e.g. [89]),

— 1/2
% and for n # 0 co(n,s) = ??Ts)

with £(s) = 772(s/2)((s). For m # 0 the Fourier expansion of G,, can be found in [48],
and is given by

co(0,5) = [ /2

o1-2s(|n]),

Gn(z,5) = 2n|m|2y2 I,_1 (27 |m|y)e(ma) + (0, 5)y'

1
3
w22 S 0|2 (n, ) K,y (2x|nly)e(na),
n#0
where 1
_Ar|m| o (Im])

(0, 8) = (25 — 1)&(2s)
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and
Irs 1(4 -1 if
cm(n;s) = ZC_IKo(m,n;C) ) Lo (dmy/|mn| ¢™) 1 mn < 0
>0 Jos_1(4my/|Imn| 7t if mn > 0.

Define for m € Z* and Re(s) > 1
2m1_5023,1(m)
7+ D(s + $)¢(2s — 1)

It follows from its Fourier expansion, Weil’s bound ([1.12.7)) and (4.2.16)) that j,,(z, s) has
an analytic continuation to Re(s) > 3/4. Furthermore, since a bounded harmonic function

is constant, for m € Z* we have

Jm(z,8) = G_p(z,8) — Go(z, ). (4.2.35)

Jm(z,1) = jm(2), (4.2.36)

where j,,, was defined above (4.1.7) (c.f. [99]). Alternatively, we could apply the theory of
the resolvent kernel in weight 0 to get the analytic continuation of j,,(z, s) up to Res > 1/2.

In view of , in order to compute the traces of j,,(z, s) it is enough to compute
them for G,,(z, s). We have the following identities, which are known when m = 0 (Dirich-
let/Hecke) and when dD < 0 (see e.g. [37], [35], [21]). For the convenience of the reader
we will give a uniform proof.

Proposition 4.2.8. Let Re(s) > 1 and m € Z. Suppose that d and D are not both negative
and that dD 1is not a square. Then, when dD < 0 we have

S§— c

N _ e=01) ’
Z w m(ZQ7 S) - 95=114D $ So(d,Dsc) ) =0
QeT\Qap | | :2024) < =0

Vorm|taD|t Y Spey (VIR i 20

while when dD > 0 we have

V2rlm|tdD|t Y SR (VIR ipn £ 0

XUQ)L/’ P "
Z Gm(z,8)dzg = X e=0(4)
Qer\Qap B<S) Co 9s—1 |dD|2 Z So(ti,sD, )

ifm=0,
c=0(4)

where B(s) = 2°T'($)?/I'(s).

Proof. By ([2.2.17)) the proof of Proposition reduces to the case dD > 0. Applying
Lemma 2.2.4 when m = 0 we use the well-known evaluation

" : s—1 _ S—IF(%)2
/0(81n9) df =2 T(s)

When m # 0 we need the following not-so-well-known evaluation to finish the proof. [

Lemma 4.2.9. For Re(s) > 0 we have

g . TG
/0 cos(tcos@)[s_%(tsmﬁw—? stfl/Q(t)'

Proof. See Appendix [A.2] O
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4.2.3 The traces in terms of Fourier coefficients

In this section we complete the proofs of Theorems |4.1.3| and 4.1.4L We need to express
the traces of j,, in terms of the Fourier coefficients of our basis hy. This is first done for
Jm(z, s) with Re(s) > 1 by applying Proposition to transform the sum of exponential
sums in Proposition [4.2.8| into a sum of Kloosterman sums, which is then related to the
coefficients of h4(z, s). The method of using Kloosterman sums in this way was first applied
by Zagier [131] to base change, then by Kohnen [83] to the Shimura lift and more recently
to weakly holomorphic forms in [18], [35], [75] and [21].

Theorem follows from Lemma , and the next result by taking the
limit as s — 17 of both sides of (1.2.37). Also we use the relationship between a(n,d) and
aq(n) given in and above equation (4.2.14). We remark that we actually get a slightly more
general result than Theorem [4.1.3[in that we may allow D < 0, but the general result is
best left in terms of the coefficients aq(n).

Proposition 4.2.10. Let m € Z* and Re(s) > 1. Suppose that d and D are not both
negative and that dD is not a square. Then
Yo X(Qwg im (2, 5) if dD <0,
> (D aa(nP 5 +1) = (4.2.37)
nlm B(s)™' 3o x(Q) fCQ Jm(z,8)dzg if dD >0,

where each sum on the right hand side is over Q € I'\Qqp.

Proof. 1t is convenient to set for any m € Z

T (s) = ZQX( Jwg' Gim(2q, 5) if dD < 0,
" B(s)T ZQX ) fo, Gm(2,8)d2q  if dD >0,

where each sum is over @ € I'\Qup. By Propositions |4.2.8 and [1.12.1| we have for m # 0

and Re(s) > 1 that
o (4%«/2?—5|Dd|) if dD < 0,
Tn(s) = m[2m|2 |dD| > (2) n~2 Z UK (d, R )
nlm =0(4 Ty (%,/fg—j dey) if dD > 0,

while when m = 0 we have

To(s) =227 |dD|? Lp(s) D ¢ *"V2K*(d,05c).

1

S—

N|=

[un

c=0(4)
Thus by (4.2.20]) of Proposition we derive that
S (2) ba(5P 5+ 2), if m # 0
Tp(s) = (4.2.38)

s+1

21~ |D|% Lp(s)ba(0,5 + 1) if m = 0.

In view of (4.2.35)), in order to prove Proposition [4.2.10|it is enough to show that

DY, (mD s 1y _ N 2m' =Sy, 1(m) )
2 (W eanig+3) =Tnld) = pr o g TR (4239)

nlm
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By (4.2.28]) and the first formula of (4.2.38]) the left hand side of (4.2.39) is

0a(0, 5 + 1) 2
Tm o ’2 4 Qb m-D s l'
)~ 0 3+ 4y 2 (RO )

nlm

Hence by the second formula of (4.2.38]) we are reduced to showing that

QSWS/Q|D|S/2m178025—1(m)LD(3)
(s + 1)((2s — 1) |

b0, 5+ 17 (2) bo(m2, 5+ 1) =

njm

which follows by Lemma [4.2.6] This finishes the proof of Proposition [£.2.10] hence of
Theorem E.1.3] O

We now give a quick proof of Theorem By (4.2.25) we have

Res :%P@L(z,s) = 20(z).

s 7

The function 2+(z) can now be defined through the limit formul

s—5

Z,(2) =} lim (P;(z,s) - %) . (4.2.40)

It follows from (4.2.40) that Z, (z) has weight 1/2 and satisfies
Avjp(Zy) = —L0. (4.2.41)

Finally, using when m = 0 and the fact that Gy(z, s) has a simple pole at s = 1
with residue 3/7, one shows that 2+(z) has a Fourier expansion of the form (4.1.21)).

The statement that Z_ (z) has generalized shadow Z_(z) from can now be made
precise since it follows from and the easily established identity

§3/2 2: - ﬁea
that R R
51/2 2, =-27_.

4.2.4 Rational period functions

We now prove Theorem First we give a rough bound for the traces in terms of m
when d > 0 is not a square that is sufficient to show that F; is holomorphic in H.

Proposition 4.2.11. For d > 0 not a square and m € Z* we have for all ¢ > 0 that

Tra(jm) <a.e m>/4+e.

®We remark that a similar limit formula was considered in [34].
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Proof. 1t follows from [67, Thm 1. p. 110] that for fixed d not a square and x > 0, we have
for all € > 0 that
> Sld, 1;4n) g (ma) (m®* + 2¥4), (4.2.42)

O<n<x

after replacing d by 4d if necessary. For 1 < s < 2 we have by (1.12)) and the well-known
bound (see e.g. [89, pp. 122])
Ju(y) <o 9_1/2

3" S(d,1;4n) \/%Js_% (m/m %) <o mite.

0<n<m

By (4.2.16]) we have for x > m

Z Sy (d, 1;4n)\/§JS_% (W\/E%) Lgem

m<n<x

Summation by parts and (4.2.42)) give

that

Z S (d, 1;4n)n

m<n<x

m® Z S (d, 1;4n)n =% < g m®/4Fe.

m<n<x

Now Proposition |4.2.11| follows by Proposition and (4.2.35) by taking s — 17 in the
resulting uniform inequality

Z ijzssz<<d€ m®/4te
Qer\Qq

and using (4.2.36)). ]

It follows from Theorem and Proposition that the function Fj; defined in
(4.1.22)) for d > 0 not a square can be represented by the series

=) Tra(jm) 4™ (4.2.43)

which gives a holomorphic function on H. The basis {j,, }m>0 has a generating function
that goes back to Faber (see e.g. [4]):

ij(z)qm = %, where j'(z) = = d—] (4.2.44)

Note that this formal series converges when Im(z) > Im(z) and that for fixed z not a zero

of j it has a simple pole at z = z with residue (272)~!. It follows from (4.2.44)) and (4.2.43))
that for Im(z) sufficiently large we have

1 j'(z) dz
ZCR DV e e e 24

QeM\Qy

where we take for Cp an arc on Sg, the semi-circle defined in (2.2.9). Let F/ = —F !
be the image of the standard fundamental domain under inversion z — —1/z. By (4.2.45)
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and Lemma [2.2.3| applied to each class of Q4 and to each fundamental domain F and F’,
we can write

1 7(2) dz J'(2) dz
Fa(z) = 4 Z </Smej(Z) j(2) Q(2,1) +/5Qﬂf’ (2) —i(2) @ (2’1)>‘

QEQq

Now it is easily seen that each of these integrals is invariant under ) — —(@, so we may
restrict the sum to QF, giving

1 j) e je) e
Pl =57 2 </wy<z>—y<> ST o T T @ <z,1>>' (4240

QeQf

Recall from [25] that an indefinite quadratic form @ = [a, b, ¢] is called simple if ¢ < 0 < a.
It is easily seen that Q € Q, is simple if and only if Q € Q) and Sg intersects "’ = FUF".
For simple ) let Ag = Sg N F” be the arc in F” oriented from right to left. Clearly Ag
must connect the two “vertical” sides of 7"/ Thus from (4.2.46)) we obtain the identity

1 J'(z) dz
Fa(z) = 5 ) /AQj(z) i(z) Q(z,1)

Q simple
b2 —4ac=d

Now we deform each arc Ag in the sum of integrals to Bg, which is within F” and has
the same endpoints as Ag, but travels above z. By evaluating each resulting residue at z,
we get the formula

dz 1 _1
o 2 /B SO S sty O QD

Q simple Q simple
b2—4ac=d b2—4ac=d

which is also valid at —1/z. A simple calculation now shows that (4.1.23) holds in a
neighborhood of z, hence for all z € H. Thus Theorem follows.

Finally, for fixed m € Z* the inequality (4.2.42)) can be used to show that the series in
Proposition 4.2.8| converges when s = 1. They yield the formula upon using the elementary

evaluation
Jij2(y) = \/ ﬂ_Qy siny.

SFor example, when d = 12 the simple forms are [1,0, —3],[1, -2, 2], [1,2, -2],[3,0, —1],[2, 2, —1],[2, =2, —1].
A diagram showing the corresponding arcs Ag in this case is given in Figure 1.
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Modular cocycles and linking
numbers

5.1 Background and statements of results

5.1.1 The Rademacher symbol as a linking number

The Dedekind n-function, Dedekind’s symbol and the Rademacher
symbol

Let G = SL(2,R) and I' = SL(2,Z). The homogeneous space I'\G is diffeomorphic to the
3-manifold M the complement of a trefoil knot in the 3-sphere S3. (This is due to Quillen,
see below.) Recall the diagonal geodesic flow on I'\G. Suppose that v = (‘g 2) elisa

primitive hyperbolic element with an eigenvalue € > 1. Fixa g € G so that g 1yg = (6 1(/)5 )
Then

t

e 0
I'g—Tyg {O et}

where ¢ € [0,log €] gives a primitive oriented closed orbit in I'\G which depends only on
the conjugacy class of 7. The image of this orbit in M is a modular knot. Below we will
review Ghys [52] beautiful result that the linking number of this knot with the trefoil (with
some orientation) is given by the Rademacher symbol

U(y) = ®(y) — 3sign(c(a + d)). (5.1.1)
Here ®(7) is the Dedekind symbol defined for all v = (g Z) el by
b ifc=0
O(y) = {ZH (5.1.2)

e — 12signc- s(a,c) if ¢ #0,

[

where s(a, ¢) is the Dedekind sum defined for ged(a,c) =1, ¢ # 0 by

le[-1

o= 5 () () o1

n=1

As usual, ((z)) =0 if 2 € Z and otherwise ((z)) =z — [z] — 1/2.

69
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The Rademacher symbol defined for all v € " by (5.1.1)) is a conjugacy class invariant
[105] and, for v hyperbolic, it is the homogenization of the Dedekind symbol ® () [7] [24].
More precisely,

¥(y) = lim 207 (5.1.4)

n—oo n

In addition to its role here, the Dedekind sum s(a,c) occurs in surprisingly diverse
contexts (see e.g. [6], [105], [79]). Among its many properties we note here only the
famous reciprocity formula for a,c > 0

s(a,c) — s(—c,a) = & <M> — }1. (5.1.5)

12 ac

The Dedekind symbol arose in Dedekind’s [31] evaluation of the transformation law for the
logarithm of

n(z)=q¢"* [0 -qm)

m>1

or equivalently that of log A, where

Alz) =q @ —qm)*

m>1
Here as usual ¢ = e(z) = *™* for z € H. Thus for any v = (‘C‘ Z) € I' we have
log A(yz) — log A(2) = 6log(—(cz + d)?) + 2mi® (), (5.1.6)

where ®(v) is given by the formula (5.1.2)) and where we choose arg(—(cz +d)?) € (—m, 7).

Quillen’s identification

Let E,, Es be the Eisenstein series of weight 4 and 6. They provide a realization of
SL2(Z)\ SLa(R) as follows. Any function of weight k& can be lifted to SLy(R) via

f(9) = f(g99)r(g,7)
where ji(g, 2) = (cz + d)™%. We will first map SLy(R) into C? via
F: g~ (Es(9), Ea(9))-

Since F3(z) — E2(z) does not vanish on H the image of F' avoids the set V = {(z,w) :
22 —w? = 0}. We can act by R* on C? via

(z,w) = X (z,w) = (NP2, Nw).

Then it is clear that if (z,w) € V then so is A- (z,w), and conversely if (z,w) € V then
A (z,w) € V.
We need the following

L. if g1, g2 € SLy(R) and I\ > 0 such that
A Fg1) = F(g2)

then 4y € I' such that vg; = ¢».
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2. For g € SLy(R) Jg € G, X > 0 such that (z,w) = X - F(g) satisfies |z]* + |w|* = 2
This A depends smoothly on g.

3. If (z,w) € C?% is such that |2|*> + |w|?> = 2 and 2® — w? # 0 then g € G, A > 0 such
that
(z,w) = A- Flg).

These are standard and follow from properties of the modular invariant j, see the
appendix.

Instead of S? we will use X = {(z,w) : |2|? +|w|? = 2} which is clearly homeomorphic
to S but is a more convenient normalization.

By the above for each (z,w) € X \ V there is a unique g € I'\G, and a unique A > 0
such that

(z,w) = A- Flg)

and this maps I'\G one-to-one and onto X \ V. One easily checks that this is a homeo-
morphism (g — A(g) is continuous).

It remains to identify X NV. Assume (z,w) € X and 2% = w®. Then

Jw|® + Jw]? = 2
which is only possible if |w| = 1, in which case we also have |z| = 1. Therefore
XNV ={(z,w) €S : 2 =w}.

This set is clearly homeomorphic to St via e — (€37 %) and so is a knot. It
is not difficult to construct a knot diagram that identifies this knot with the trefoil, or
alternatively we may just take this construction as the definition of the trefoil knot.

The geodesic flow. Periodic orbits.
Let x € I'\ SLy(R) and consider the map ¢; : I'\ SLy(R) — I'\ SLy(R)
x — xP(t)

where
o) =[5 2]

It is easy to see that ¢y s = ¢; 0 ¢s, the resulting flow is called the geodesic flow. When
I\ SL2(R) is identified with unit tangent bundle with I'\'H this is the geodesic flow in the
geometric sense, the flow induced by geodesics.

The periodic orbits of ¢; correspond to conjugacy classes of primitive hyperbolic con-
jugacy classes {7} in I'. Here hyperbolic means that « have distinct real eigenvalues, and
primitive refers to non-divisibility, there is no o € I" such that ¢" = « for some n.

To make the relation between hyperbolic elements and periodic orbits explicit note that
if v € T" has try > 2 and fixed points w’ < w then both v and y~! are diagonalized by

M = \/ﬁ [ww']. By replacing v with v~ if necessary we may assume that
e 0
VM_Mh1A

where € > 1. When a + d > 2 this is equivalent to ¢ > 0. Both

5.(t) = Mo(t) and 5 (t) = MS6(1)
are periodic orbits of the geodesic flow g — g¢(t) on I'\ SLy(R).
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Ghys’ theorem
As above define A : SLy(R) — C by

A(g) = A(gi)ji2(g.17)
where for g = [2 8] € SLy(R)

gi2(g,2) = (cz +d)™".
Similar lifts Ey, Fg of the classical Eisenstein series Fy and Eg give an embedding of
'\ SLy(R) into C?. The 3-manifold {(E4(g), Fs(g) : g € SLa(R)} is disjoint from the
hypersurface V = {(z,w) : 2* = w?} and is easily seen to be homeomorphic to the comple-

ment of V N 53, the trefoil knot, in S3. Let v € SLy(R) be hyperbolic, with try > 2. We
are looking for the linking number of the closed periodic orbit 4, with the trefoil (after

the above identification). Since E43 — E62 = A, a general topological argument shows that
this linking number is the same as the winding number of A(7,(¢)) around 0. This in turn
can be computed as follows

. dA dA dj
zmmd(A(mt)),O):/ T:/ A dhe
3 A At A Fi J12
The first integral can be evaluated from the transformation formula of log A from
4(0)i = Mi = zo to ¥4 (loge)i = vz

log A(vz9) — log A(z) = 12log (CZ(? i d) + 2mid ()

1signc

with ®() as in (5.1.2]). (See [105] equation (60) on page 49.)
Similarly the value of the second integral is 12log(czo + d) and the linking number of
the closed orbit of a hyperbolic v is given by

i(bgc%+d)—bgmm+@>+¢W)

i 1signc

Finally for Im z5 > 0

d
L (log (CZO . > — log(czp + d)) = —3signc

m 1sign c

leading to Ghys’ theorem.

5.1.2 Generalizations of the Dedekind symbol

At the end of his paper Ghys mentions the problem of interpreting the linking number
between two modular knots. In this section we will approach this question by giving an
appropriate generalization of the Dedekind symbol. To do this we give an equivalent but
slightly different approach to the above results about the Dedekind symbol: it arises as a
limiting value of the weight 0 cocycle whose derivative is Cﬁc ~. This limiting value is an
integer and its homogenization is also an integer that gives the linking number with the
trefoil.

To put this into perspective, let P be the space of holomorphic functions f on H such

that f(z) < y* + y~* for some « depending on f. For any integer k € 2Z, v € I" acts on
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P by the usual slash action defined via f|yy = (cz + d)~*f(7z). A 1-cocycle of weight k
for T" with coefficients in P is a map I' — P given by v — r(7, z) with

r(ov,2) = (o, 2) kv +7(7, 2)

for all 7,0 € T'. Now given a 1-cocycle r(v, z) of weight 2 for I' there will be a unique
1-cocycle R(7, z) of weight 0 for T" such that

d

£R<77 Z) = 7“("}/, 2)7 (517>

the uniqueness following from the fact that H*(T',C) = {0}. We call R(v, z) the primitive

of r(v, 2).
The weight 2 cocycle relevant to the Dedekind sum is given for v = [¢ 4] by

12¢
r(1,2) = cz+d

which, up to a constant, appears in the transformation formula of the weight 2 Eisenstein
series Fs(z) (and which therefore equals a multiple of A’(z)/A(z)). It follows from ({5.1.6)
that the primitive for this cocycle is

R(v, 2) = 6log(—(cz + d)?) + 2mi®(v),
provided ¢ # 0, from which we have the limit formula for ®() in (5.1.2):

O(y) = %ylggo Im R(~,iy). (5.1.8)

As an attempt to generalize the linking number formula of Ghys to two closed orbits,
we will associate to any conjugacy class C of hyperbolic ¢ € " with tro > 2 the weight
two 1-cocycle defined for ¢ # 0 and v = (‘CL 3) eI by

1 1
re(y,2) == 562 ol (5.1.9)

where the sum is over the fixed points w’, w of o € C, satisfying v’ < —d/c < w and

1 if -1
@:{ ifogo™ (5.1.10)

2 ifo~ot

If ¢ =0 we let 7¢(v, 2z) = 0.
With Duke and Imamoglu we proved the following theorems.

Theorem 5.1.1. Let re(y, z) be defined as in (5.1.9). Then re(v, z) is a weight 2 cocycle
for T

Let C be a primitive conjugacy class of I'. Theorem has an immediate corollary
for the functional equation of the function

Fe(2) = Z ac(m)e?™m=

m=0
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where the coefficient ac(n) is given by the cycle integral

ozo
ac(m) :\/D?/ (2 0. (5.1.11)
20

Here 0 = (%Y%) € C is primitive and we set Q,(z) = z* + (d' — d')z — b and D’ =

d d
(@' + d')* — 4. The path of integration can be taken as any path from zy to 0z. In
particular, if X is the eigenvalue > 1 of o2 then

a’C(O) = log Av
assuming that tro > 2.

Theorem 5.1.2. For the function F¢ defined above satisfies

Fe(v2)(cz +d) ™2 — Fe(2) = re(7, 2).

This is extends Theorem to an arbitrary element of I, to a slightly more general
function then F; (which arises as the sum of certain Fe-s.)
Concerning the generalization of Dedekind’s symbol let

1 = ac(m) o
G _ 0 - Timz
c(z) = ac(0)z + 5 mZ:1 e
be a primitive of F¢(z) and Re(7, 2) be the unique primitive of r¢(7, z) which is a 0-cycle,
so that we have

Yz
Gelyz) = Gel) = [ Felw)duw = Rel,2)
Next we define the Dedekind symbol for C and any v € I' by

®c(y) = 2 lim Im Re(y, iy) (5.1.12)

Y—00

We also extended ((5.1.8)) form logn to the functions Fg.

Theorem 5.1.3. $¢(7) exists and is an integer.

5.1.3 Linking number between symmetric modular links

In order to define the linking number of two cycles in a manifold we must assume that they
are each homologous to 0 and that they don’t intersect. For two orbits as above one can
either fill in the trefoil appropriately to get S®, as is done in [53], or restrict attention to
orbits that are null-homologous as in [32]. It is not immediately clear what role modular
forms may play in the first approach as the S Lo-geometry is then lost. In the second course
one may use a theorem that goes back to Birkhoff to show that the link determined by
a primitive hyperbolic element and its inverse is null-homologous in M. Our main result
with Duke and Imamoglu is that for two such distinct symmetric links, denoted also by
C,, and C,, their linking number Lk(C,,C,) is given by the homogenization of ®¢ . More
precisely
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Theorem 5.1.4. If C is a hyperbolic conjugacy class then

lim —(I)C" (7 ) .

n— 00 n

exists.

The value of the limit, called the homogenization of ®¢ will be denoted by W¢_ (7).
Recall that Ghys result interprets the homogenization of the Dedekind symbol as a linking
number. The natural extension of this to W¢ is the following

Theorem 5.1.5. Let C, and C, denote also the links associated to two different primitive

conjugacy classes. Then
Lk(c‘77 C’V) - \cha (7)

5.1.4 Reciprocity

With Duke and Imamoglu I also gave an expression for ®¢(7) in terms of a special value of
a certain Dirichlet series that has some properties analogous to the Dedekind sum s(a, c)

from (5.1.3)), including the reciprocity formula (5.1.5). That something like this might be
possible is indicated by the fact that for the Dirichlet series

L(s,a/c) = Z a(n)e(n)n™*,

n>1
where o(n) is the usual divisor sum, we have the limit formula

s(a,c) = 5= lim [L(s, 2) + 5], (5.1.13)

2mi g1 25—2

assuming ¢ > 0.

The Dirichlet series associated to the cocycles of Theorem [5.1.1] are given explicitly as
follows. For each m > 0 let j,, be the unique modular function holomorphic on H whose
Fourier expansion begins

Jm(2) ="+ O(q)
and define for a € QQ the Dirichlet series
Le(s,a) = Z ac(n)e(na)n™?, (5.1.14)

n>1

where the coefficient ac(n) is given by the cycle integral

020
ac(m) = \/D‘// Jn(2) 0. (5.1.15)
20
as in (5.1.11]).
Our next theorem gives the connection of this Dirichlet series to ®¢(7y).

Theorem 5.1.6. Lety = (¢}) € I' with ¢ # 0 and and Le(s,a/c) be the Dirichlet series as
in (9.1.14). Then L¢(s,a/c) converges for Re(s) > 9/4, has a meromorphic continuation

to s > 0 and s holomorphic at s = 1. Moreover

Pe(y) = =5 ReLe(1,a/c). (5.1.16)



dc_1553 18

CHAPTER 5. MODULAR COCYCLES AND LINKING NUMBERS 76

It is interesting that ®¢(7y) depends only on a/c mod 1. Furthermore, we have the
following reciprocity formula:
For z; € CU {00}, let

(21 — 23)(22 — 24)
(21 — 22)(23 — 21)

[217 224 %3, Z4] -
denote the cross ratio. We assume that (a,c) = 1 and ac # 0. Then

i[Lc(l,a/c)—LC(l,—c/a)]:—2<Lcﬂ>log)\—|—£c S logl2,w,w,—£] (5.1.17)

T
w!' <0<w

Here we interpret the imaginary part of the logarithm of a negative real number to be 7.
Note that (5.1.17) is in some sense analogous to (5.1.5)) and allows for a fast calculation
of Le(1,a/c). Now we restrict ourselves to the imaginary part of Re(7,2). Recall that

Pe(y) = 2 lim Tm Re(7,iy) = =25 Re Le(1, a/c).

We start with

Theorem 5.1.7. Let v € I" be a hyperbolic element. Then ®c(vy) = —|Ic(—d/c,i00)| where
|Ic(—d/c,i00)| counts the number of intersections of image of the half line {—d/c+it : t >
0} and the closed geodesic associated to C.

Note that since L¢(1,a/c) depends only on a/c mod 1, so does ®¢(y) and hence for
¢ # 0 we can write ®¢(a/c) = Pe(y). The following theorem is an analogue of Dedekind’s
reciprocity formula. It allows for, via Euclid’s algorithm, a quick computation of ®¢(7).

Theorem 5.1.8. Let C be a hyperbolic conjugacy class and v = [*4]. For ac # 0 we have
de(ajc) = <I>C(—c/a)+50 > (1 —sign[,w,w', —£]) (5.1.18)
w’ <0<w
5.2 Proofs

5.2.1 Dirichlet series associated to weight 2 cocycles

Recall that a (strongly) parabolic cocycle of weight & for I' with coefficients in P is a map
' — P given by 7 +— r(7, z) with
T(U’% Z) = T(O-v Z)‘k’)/ + T(/% Z)

for all 7,0 € T" which also satisfies r(T', z) = 0.
It follows from a more general result of Knopp [88] that given a parabolic cocycle r (v, z)
for T there is F(2) = Y, - an€*™* with a, < n¢ for some C' > 0 such that ¥y € T,

Fliv(z) = F(z) + (v, 2).

The function F'(z) is called the modular integral associated to r(v,z). We now restrict
ourselves to the case of k = 2 and let (7, z) be a cocycle of weight 2. We associate to
r(v, z) and its modular integral a Dirichlet series

an
—S
L(F,s,a/c) = 5 ane )

n>1
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In this section we will first prove a general theorem giving the relation of the special value
of L(F,1,a/c) to the unique weight 0 cocycle R(v, z) which satisfies R'(v, z) = r(v, 2).

This is based on the fact the function G(z) = apz + Y_,. 722-€*™" is a primitive of
F(z) and satisfies £ (G(vz) — G(z)) = r(7, 2). This gives a relation between R(7, z) and

Yz
[ (F(w) — ap)dw, which in turn expresses lim,_,, R(7, iy) in terms of the “period-integral”

/ (F(w) — ag)dw. If F were a weight 2 cusp form, it is well known that this period
a/e
integral is expressible in terms of the central value of a twisted Dirichlet series of F'. The

next theorem shows the case of modular integrals is similar. More precisely we have the
following theorem.

Theorem 5.2.1. Let r(7,z) € P be a cocycle of weight 2 and F(z) = Y, - a.q" be its
modular integral. Assume that a, < n® for some a > 0. For v = (‘g 3), let

_s an
A(s, %) = A(F,s5,2) = (Z)7°T(s) Y ane(—)n"* (5:2.1)
(%) ; ;
and o
a a . 1—s ap ag
H<S>Z) = A(&E) +/ T(fya —d/C—i—Zt/C)t dt + ? - 9 s (522>
! _
Then H(s,%) is entire and satisfies the functional equation H(s,%) = —H(2 — s,=%).
Moreover if
R("}/,Z) = %H(l’ %) + / . r(’y,w)dw + ag (aid> (523)
—ete

Then R(7, z) is the weight zero cocycle such that R'(vy, z) = (7, 2).
Proof. Let z = _Td + é so that yz; = ¢ + % and cz; +d =i/t. Then

A(s,a/c) :/OOO(F(yzt) — ap)t*dt
:/O (F(vz) — ag)t*dt + /IOO(F(fyzt) — ap)t*'dt

Qa o N — —s > 5—
Z—;O—/ F(yz0)(it) "t dt+/ (F(v2) = ao)t™dt
1 1
a > - -
—— 2 [P + Ozt [ (Fom) - ae s
1 1
ag aop o 1—
__% - £odt
R bzﬁ (v, 21/t)

- /1 T (F () — ao)t—dt + /1 T (Flys) — ao)tdt

Hence

Qo
2—5

' ¢

H(s,2) =A(s,2) + / (v, —d/c+it/e)t' " dt + T
. s

=—[ﬂF%m—%W”ﬁ+[mwwm—%wlﬁ (5.2.4)
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Both integrals in converge for all s € C due to the exponential decay of the
integrands proving the analytic continuation of H(s, %) to the whole complex plane. The
functional equatlon H(s,a/c) = —H(2 — s,—d/c) also follows easily from since
zl/t———i—— and vz, = ——|—“

We next take the limlt s — 1 to get

c

H(1,g):_;/ (F(2) — ag)dz + -
z1

oo 59

where G(2) = apz + ), 5, 5m-q". Since G'(z) = F(2),

=00

\
|
)
O
&

27rzn

Gw@—m@:/ﬂwmww+@w

21

with ®(y) = (G(yz1) — G(=1))-

Hence

m%@=/3wwww+wwm—Gw»=Gwa—mw

Z1
is a cocycle being the boundary of a function G. This finishes the proof of the theorem
since clearly R'(v, z) = r(v, 2). O

As an immediate corollary of Theorem we prove the limit formula (5.1.13)) for the
classical Dedekind sums defined as in (5.1.3)).

Corollary 5.2.2. Let s(a,c) be the Dedekind sum and
L(s,a/c) = Z o(n)e(n)n*,

Then

s(a,0) = 55 lim [L(s,2) + 53] -

Proof. We apply Theorem in the case of Eisenstein series F(z) = Ey(z) = 1 —
2437 0(n)g" and its cocycle 7(y,2) = &—t=, so that L(F,s a/c) = —24L(s,a/c). For
simplicity assume ¢ > 0. As a primitive of r(7, 2z) we choose & —log (C d). Using 1)

and ((5.2.3) we have

24 6 1 6 (7 & a+d
| _ L — d 2.
R(v.2) slgi[ 271 (s,afe) - zs—l}—i_m/d/cﬂ-/ccw%—d w+< c ) (5:2.5)
12 +d
:T]og €z y —{—CI)(*)/) (526)
e 1

where

®(y) = lim |:—BL(S a/c) — 6 1 } N (a+d>

s—1 v ms—1 c

The limit formula ((5.1.13]) now follows from Dedekind’s formula (5.1.2)) for ®(v). O
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5.2.2 Weight 2 rational cocycles for the modular group

In this section we restrict ourselves to cocycles of weight 2 which are rational functions.
The simplest example is (7, z) = 12¢/(cz + d) whose poles are in Q. In the case r(v, z) is
a rational cocycle whose poles are not rational it is known that (S, z) can be written as a
finite linear combination of functions of the form

sign A
VD 2.
A;O Az24+ Bz +C (5:2.7)

where Q(X,Y) = AX? + BXY + CY? runs over quadratic forms in the class C (see
[5, 25] 102, T03]). Rational period functions were introduced by Knopp in the 1970s [86], 7]
who showed using results from [85] that they have modular integrals. His construction
arises from a meromorphic Poincaré series formed out of cocycles and is very difficult
to compute (see also [44]). On the other hand in [40] and [4I] certain explicit modular
integrals were constructed whose Fourier coefficients are given by cycle integrals of weakly
holomorphic forms. These functions are parametrized by classes of indefinite quadratic
forms C and are given by the Fourier expansion

Fe(z) =) ac(m)e(mz). (5.2.8)

m>0

with

ac(m) =D / ” Jm(2) 5. (5.2.9)

Here jy, is the unique modular function whose Fourier expansion has the form ¢~ + O(q),
@ is any quadratic form in the class C, o = o0 is a distinguished generator of the group
of automorphs of (). The value of the integral is independent of the path and the point
zp € H. In [40] it is shown that the function F¢ arises from the cycle integral of the Green
function j(zgl_(j.)(w). The cycle integral of this Green function is modular but with jump
singularities along the geodesic. Fp is then the analytic continuation from the connected
component of the cusp. It is holomorphic, but no longer invariant.

The association () — o¢ sets up a bijection between elements of the class C of the
quadratic form () and the conjugacy class of og, which by abuse of notation will also be
denoted by C. Since it is more convenient for us to express our results in terms of the
hyperbolic conjugacy class, we briefly recall this correspondence. If Q(X,Y) = AX? +
BXY + CY? has discriminant D = B? — 4AC, and t,u are the smallest positive solutions
of Pell’s equation t?> — Du? = 4 then

S
O'Q: .

2
t—Bu
Au t=pu

Conversely if o = (‘Cl,/ 3’,) € C is a primitive hyperbolic element and we set @Q,(z) =
(X? 4 (d —d)XY = bY?), and Q = =1Q, with u = ged(¢,d’' — o/, V) then o = 0. It

follows that with D’ = (a' + d')? — 4 we also have

020
ac(m) =V D// jm(z)foz)
20

as in ([.1.11]).
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As in [40] one can show that ac(m) < m®*+ for any € > 0 and F¢ satisfies the
transformation property

1 1
“2F(—1/2) — e . . 2.
27 Fe(—1/2) — Fe(2) = ec po e (5.2.10)
we <0<wg

Note that the rational function on the right hand side above is the same as in ([5.2.7)).
Here for Q € C, wy < wq are the two roots of Q(¢,1) = 0. If ¢ = 0 then these are
also the fixed points w/, < w, of o, and e¢ is defined as in ({5.1.10)).
If C denotes the class of @) or the class of the hyperbolic element oy we let

We = {(wp,wg) : Q € C} = {(w,,w,) : 0 € C} (5.2.11)

the ordered pairs of roots of () € C or equivalently the fixed points of o.
For a fixed v € SLy(Z), we let as in ((5.1.9)),

1 1
re(7, 2) 3:€czz_w—z_w,

where the sum is over (w',w) € W, satisfying w’ < —d/c < w if ¢ # 0 and r¢(v,2) =0
otherwise.

Remark 5.2.3. Although the set W, is infinite, the sum defining r¢(7, 2) is finite. To
see this note that in the case that —d/c is an integer the number of terms is the same as
the number of quadratic forms [A, B, C] for which AC' < 0. Otherwise consider a form

[A, B, C] satisfying %ﬁ < =4 < %ﬁ, then the form [A,cB, ¢*C] has discriminant

c?D and its roots are separated by —d, and integer.

For later use we give another description of r¢(7v,z). For ¢ € C a fixed hyperbolic
element, let w,,w, be its two fixed points, Ty, = {g € T : g~ log = o}, and S, be the
semicircle whose endpoints are w, and w’,. Let 0H = R Uioco and H = H U OH.

For 2z, z5 € H we denote the geodesic segment joining z; and zp by £, .,. Let

Ie(z1,22) = {a € I'/T, : aS, intersects ,, ., }. (5.2.12)

and let |I¢(21, 22)| denote the cardinality of I¢(z1, 22).
Note that if we define the net of o, N, as the preimage of the closed geodesic associated

to o in ‘H so that
N, = U gS, = U Sg-15¢, (5.2.13)
gerl’ gerl’
then |I¢(a, B)| counts the number of intersections of the geodesic segment ¢, 5 with the
semicircles in N, the net of 0. Moreover W, is simply the set of end points of the geodesics
in the net N.
With the above notation we also have

re(v,2)= ) sign(awg—aw;)< L1 ) (5.2.14)

) z—Qw, z—aw.
a€le(—d/c,ico)

Theorem 5.2.4. For any v,0 € I', with v = (‘Cl Z)

re(o7,2) = re(o,v2)(cz + d) 2 +re(y, 2) (5.2.15)
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Proof. To ease the notation the dependence on C, which is fixed, is suppressed. As usual
let T and S denote the two generators of I' corresponding to the translation z — 2z + 1 and
the inversion z — —1/z respectively. First note that (7", z) = r(7, z). Hence if we prove

7(Sy, 2) = 7(S,v2)(cz + d) > + (v, 2) (5.2.16)

the proposition follows by induction on the word length expressing ¢ in terms of the
generators S and 7. Recall that for z,w € Cand vy € T’

,qu - vflw’
(z =y tw)(z — v 1w)

(vz —w)(yz — ')

Since Sy = [;c *bd] to prove , using we have to prove that
1 1 1 1
Z (z—w_z—w’)_ Z (z—w_z—w’):

w'<—b/a<w w'<—d/c<w
1 1
S - (5.2.18)
-1 - ,Y—lw/

Z —
w!' <0<w v

(cz+d) %= (5.2.17)

all sums over pairs (w', w) € W.

Assume first that ac > 0 so that —d/c < —b/a. On the left hand side of (5.2.18) we

have
> (Z_lw—z_lw/> - > (Z_lw—z_lw,) (5.2.19)

—d/c<w'<—b/a<w w'<—d/ec<w<—b/a

On the other hand we can write for the right hand side of ([5.2.18))

> () -
z—y"tw  z—~v"lw B

w!' <O0<w

1 1 1 1
- — 2.2
2 (z—v”w Z—V*W)+ 2 (2—74w z—v*w) (5:220)

w'<0<w<a/c w'<0<a/c<w

Now note that

TETETL 2(z—a/c)
and the function z — —¢ — 62(+_a/0) is monotonic for z € (—o0,a/c) and also for x €

(a/c,0).
It follows that for v’ < 0 < w < a/e,

—dfe <y < =bla <y w (5.2.21)
and similarly that for w' < 0 < a/c < w

vy lw < —dfe <y < —b/a. (5.2.22)
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Using (5.2.21)) and ((5.2.22)) in (5.2.20) we get that

> (-
z—y"lw  z—~yt

w! <0<w

1 1 1 1
-2 (z—VJw_z—v*w)%_ 2 (z—v*w_z—v*w)

w'<0<w<a/c w'<0<a/c<w

= > <ij—2jw)— > (ziw—zjw) (5.2.23)

—d/c<w'<—=b/a<w w'<—d/c<w<—b/a

This proves (5.2.18) when ac > 0. The case ac < 0 follows in the same manner. The case
ac = 0 can be checked easily since ¢ = 0 corresponds to v = T™ whereas a = 0 rises from
v =STm".

This proves Theorem and hence also Theorem from the introduction. ]

Extending our earlier work we show that

Theorem 5.2.5. For any hyperbolic conjugacy class C the function Fe(z) is holomorphic
on H and satisfies
(cz+d) 2 Fe(vz) = Fe(2) +re(7, 2) (5.2.24)

Proof. The claim is trivial for T and has been established for the generator S = [{ '] in
[41]. It is possible to give a proof of the general case along the lines of the proof of
given in [4I]. However the algebraic proof above already established that the rational
function r¢ (7, z) defined in is a weight 2 cocycle. Since it agrees with the cocycle
associated to Fg(z) for the generators v = S = [ '] and T = [} 1] the difference is a
1-cocycle that vanishes on both S and 7" and so must vanish identically. ]

5.2.3 The Dirichlet Series associated to F¢(z2)

Guided by the example of the Eisenstein series Fs(2) and its primitive log A(z), it is natural
to study a primitive of a general modular integral, and the associated weight zero cocycle
that appears in its transformation property.

We look at this problem in the case of the function F¢(z) and determine the unique
weight 0 primitive Re(7,2) of the cocycles r¢(7, 2) in terms of the special values of the
Dirichlet series L(Fe,s,a/c).

The next theorem and its corollary, which are based on Theorem [5.2.1] proves Theo-
rem [5.1.6] from the introduction.

Theorem 5.2.6. Let Fe(z) be the modular integral in and Le(s,afc) =
L(Fe,s,a/c) be its associated Dirichlet series. Then Le(s,a/c) converges for Re(s) > 9/4,
has a meromorphic continuation to s > 0 and is holomorphic at s = 1. Moreover if Re(7y, 2)
is the unique weight 0 cocycle such that R, (7, z) = r¢(7y, 2) then

a+d

Re(v,2) = ¢ec Z log(z — w) —log(z — w') + 5= Le(1,a/c) + ac(0) ( ) (5.2.25)

d

w<_7<w’
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Proof. The convergence of L¢(s,a/c) for Re(s) > 9/4 follows from the bound ac(m) <
m®/4+¢ which was proved in Proposition 6 of [40)].

To prove ((5.2.25)), in Theorem we let (v, 2) = 1e(7,2) = €6 D wic ajecw 7w

As a primitive of re(7, z) we choose

ec Z log(z — w) — log(z — w').

w'<—d/c<w
Once again using (5.2.2)) and ((5.2.3) we have
7 2 —s o0
Re(7, 2) S lin} [(1) ['(s)Le(s,a/c) +/ re(y, —d/c+it/c)t' " dt (5.2.26)
Cc s— c 1

+ / re(, w)dw + ac(0) (“ *Cr d)

21

where 2 = —d/c+i/c.
Contrary to the case of Ey, the Dirichlet series L¢(s,a/c) has no pole at s = 1. This is
due to the fact that at s = 1 the first integral in ([5.2.26)) has the finite value

e Z log(z1 — w) — log(z; — w'").

w'<—d/c<w

To finish the proof of Theorem we combine the two integrals in ([5.2.26|) to get

z

Re(7, 2) =——Ie(1, afe) +/

2mi .

re(y, 2)dw + ac(0) (a 1— d) (5.2.27)

:LLC(l, a/c) + ec Z log(z — w) —log(z — w') + ac(0) (a 1— d) :

2m
w/'<—d/ec<w

Since ac(0) = log A is real, the following corollary easily follows from (/5.2.25))
Corollary 5.2.7. Let ®¢(y) = 2 lim, o, Im Re(7,iy). Then

®e(y) = =5 ReLe(1,a/c).

In the rest of the section we will give two applications of Theorem [5.2.6/and the cocycle
relation

Re(0, 2) = Re(o,72) + Re(7, 2).

The first one is an analog of the Dedekind’s reciprocity formula (5.1.5)) for the Dirichlet
series L¢(1,a/c). More precisely we have

Theorem 5.2.8. Let (a,¢) =1 and ac # 0. Then

L re(t,a/e) = Le(1, —c/a)] = —2 (2241 log A — ve(a/c)) (5.2.28)

1T ac

e =ze 3 s (220) s (1220)].

w! <0<w

where

Here we interpret the imaginary part of the logarithm of a negative real number to be
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Proof. Let v =[24] and S = [{ ' ]. From (5.2.27) we have

Re(r,9) = grteltafe) + [ relrwdu+ac0) (“2)

2mi oo
Since Re(7, z) is a cocycle it satisfies
Re(S7,2) = Re(S,7z) + Re(7, 2). (5.2.29)

Hence

1 i b—c
Re(S7, 2) :%Lc(l, —c/a) —i—/ re(Sy, w)dw + ac(0) ( - ) (5.2.30)
1 i~ 100
=—1L¢(1,0) +/ re(S, w)dw
2mi ico

L Te(1ae) + / re(, w)dw + ac(0) (a i d)

2mi o

We let 2z — 00 to get

o= [Le(1, ~¢fa) — Le(1, /)] =ac(0) (%CC“) (5.2.31)
—|—%LC(1,O) —|—/;/CTC(S, w)dw (5.2.32)
Hence
o Le(l,~c/a) — Le(1,0/c)]

ac 271

— ac(0) (Eiitfijll) o Le(1,0)

tee Y log(% —w) — log(% W) (5.2.33)

w! <0<w

Now replacing the roles of —c¢ with a and a with ¢ gives

L Le(t,afe) - Le(1, —a/e)

2mi
= —ac(O) ( + —,Lc(l, 0)

a?+cc+1 1
211

ac

tee Y log(%c —w) — log(%c —w') (5.2.34)

w' <0<w

Finally noting that ac(0) = log A and taking the difference of the last two equations prove

(5.2.29). O

As a second application we have the following geometric interpretation of the special
value of the Dirichlet series L¢(s, a/c).
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Theorem 5.2.9. Let L¢(s,a/c) be the Dirichlet series associated to Fe(z). Then

1
o [Le(L,a/e) + Le(1, ~d/o) (5.2.35)
=—cc Y log(=¢ —w)—log(L — ') (5.2.36)
w’<%d<w
=—c¢cc | 2log tan Ou +am 1] (5.2.37)
: 2
w'<t<w w'<=t<w

where the sum and the product runs over elements (w', w) € We that are separated by _Td.
0. is the angle of intersection of the vertical line (—d/c, —d/c 4 ioco) with the semicircle
with end points w' and w. Here 0,, is the angle containing the line segment connecting this
intersection to w'.

Proof. Let v = [2%]. Using the cocycle relation 0 = Re (7,7 *2) + Re(y7, 2), the formula
and taking the limit as z — oo leads to the first equality (5.2.36). Since —d/c, w, w’
all lie on the real axis, the argument of each logarithm term in the sum in is .
Here we interpret the imaginary part of the logarithm of a negative real number to be 7.
This proves that the imaginary part of (]mp is indeed given by 7 =i 1.

The fact that the real part (5.2.36|) is given as in (5.2.37]) follows easily using elementary
geometry. (See also [9] p.116.)

]

5.2.4 Intersection numbers

In this section we restrict ourselves to the imaginary part of Re (7, z). Recall from ((5.2.7)
that
Pe(v) = % lim Im Re (v, iy) = —ﬂ% Re L¢(1,a/c).

Yy—00

Our first goal is to prove that ®¢(7) is an intersection number, hence an integer.
We start by noting that Theorem gives

Pe() +Pe(v ) =2 > 1
w’<%d<w
and hence as a simple corollary we have

Proposition 5.2.10. Let C be the conjugacy class of a hyperbolic element o, v = [ 4]
another hyperbolic element in T' and Io(y !(ic0),i00) = Ic(—d/c,ioc0) be as defined in

. Then
Ce(7) + Pe(y™) = —2|le(—d/c,ic0)]

The next result shows that ®¢ () is already an integer.

Theorem 5.2.11. Let v € I' be a hyperbolic element. Then ®c(y) = —|Ic(—d/c,ic0)| and
hence ®¢(7y) € Z.
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Proof. For v = [ii Zi ], Y2 = [’é; Zz }, two not necessarily hyperbolic elements of T, let

oc(71,72) = Pe(1172) — Pe(n1) — Pe(72).

Note that Io(—d;/c1,i00) = Ie(y; tico,i00). We will show that

dc(m,72) = |Ic(’yf1ioo,ioo)] + ][c(’y;lioo,ioo)\ - |IC((7172)’1ioo,ioo)]. (5.2.38)

This will prove the theorem since this then v — ®¢(y) + |Ic(y tico, i00)| is a homomor-
phism of I' into C and so is identically 0.

First note that if either v, or v is T™ for some n € Z then d¢(y1,72) = 0 and the
identity holds trivially. So we assume that 7, v, are not parabolic.

To prove ((5.2.38) note that from definition (5.1.12)) of ®¢ () and the cocycle property

we have 5
Ec .. . )
6C(71>72) = =€ hfgo Im(Rc(’71772@y) - RC(%, Zy))

T y—
which by (5.2.27)) equals
2ec Q1Y — W
— i
2t | s (250 ) - ene (55

the sums are over (w',w) € We, w' < —dy/c; < w . The second sum in the limit clearly
goes to zero. Since Yoty — as/cy when y — 00

dc(71,72) = 2een(n,72) (5.2.39)

where n(y; ', 72) is the number of (w’,w) € W, for which w’ < —d; /c1,az/ca < w. By the
definition ([5.2.12) we have

een(vit,72) = |Le(7y tico, ioo) N Ie(v2ic0, i00)|

Any geodesic that does not go through the vertices of an ideal hyperbolic triangle
intersects exactly two sides of the triangle if it intersects the triangle at all. Applying this
fact to the ideal hyperbolic triangle with vertices ico, as/ca = voioco and —d; /¢y = 71 Lioo
shows that the sets

Ie(yy tioo, i00) N Ie(Yaico, i0o),
Ie (71 00, i00) N I¢(y2i00, 71 Hico) and

Ie (200,77 1i00) N Ie (72100, 00)
are mutually disjoint. A standard inclusion exclusion argument then gives
0c(71,72) = e (1 tioo, i00)| + | Ie (72100, i00)| — |Ie(77 00, 72i00)|

Finally we use that |I¢(29, 21)| = [le(21, 22)| = |[Ie(y21,722)| for all v € T to establish
that

Sc(v1,72) = |Le(77 tico, ic0)| + |Ie(y; Hico, ioo)| — |Ie(v5 'y Hico, ico)). (5.2.40)
0
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Note that formula for the co-boundary d¢ of @ allows one to calculate ®¢(7)
successively by writing v in terms of some set of generators of the group I'. We give an
alternative approach for establishing that ® takes integer values. This method does not
identify &, geometrically but also gives a fast algorithm to compute it.

Note that since L¢(1,a/c) depends only on a/c mod 1, so does ®¢(7y) and hence for
¢ # 0 we can write ®¢(a/c) = ®¢(7). The following is a simple corollary of Theorem [5.2.9]

and Corollary
Lemma 5.2.12. Let S =[9 ']. Then

The following theorem is an analogue of Dedekind’s reciprocity formula. It allows for,
via Euclid’s algorithm, a quick computation of ®¢ (7).

Theorem 5.2.13. Let C be a hyperbolic conjugacy class and v = [24]. For ac # 0 we
have

Be(a)c) = Do(—c/a) — %Im vela/e) (5.2.41)

Proof. The formula follows from Theorem and Corollary Note that our defini-
tion of the argument gives Imlogx = 0 for a positive real number z, and Imlogx = 7 for
a negative real number x. O

Remark 5.2.14. Note that

1 —<—w 4 —w
%Imuc (a/c) = —ec Z 81gn( 5 )—sign(;_w/)

w’' <0<w ¢
and
—c_w e _w
3 C
sign (_g w’) — sign (2 w’)
a &
is non zero only for those v’ < 0 < w for which exactly one of {%, —£} is in the open interval

(—w',w). Therefore once all the conjugates of o € C whose fixed points are separated by
0 are listed (an easy task, see Remark the right hand side in the above theorem is
an easily computable elementary function of . This in turn allows a fast calculation of
De(a/c) in view of ®p(2) = De(*2€) for any n € Z. Since $¢(0) is an integer, it also
establishes that ®¢(%) is an integer.

We finish this section by collecting some results about the hyperbolic geometry that will
be needed to prove Theorem [5.1.5] from the introduction In particular it will be important
for us to compare |Ic, (v 20, 20)| and |I¢, (v tico zoo)] We start with a simple lemma
about hyperbolic quadrangles. Recall that for 2, 2z, € H the geodesic segment connecting
21 and 2y is denoted by £, .,.

Lemma 5.2.15. Let z1,20 € H and x1,x5 € OH. If { is a geodesic that intersects neither
the geodesic half line ., 5, nor the geodesic half line £, 5, then £ intersects either both {y, ,,
and {, ., or it intersects neither of them.
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Proof. By applying a hyperbolic isometry we may assume that ¢ = {;,-. The geodesic
arc from z; to x; does not intersect ¢ = (0,i00), so x; and Re(z;) have the same sign.
Similarly the geodesic arc from zy to x5 does not intersect (0,i00), so z2 and Re(z2) have
the same sign. Finally the arc from z; to 2, intersects (0,i00) if and only if their real parts
have opposite signs. This proves that ¢ either intersects both the arc from z; to 25 and the

geodesic from 1 to x5 or that intersects neither of them.
O

Proposition 5.2.16. Let 0, be hyperbolic elements, and fix a point zo € S,. Then
’ \Icg(fy_lz(),zoﬂ — | Ie, (v tioco, ico)] ‘ < 2|1¢, (29, i00)|. (5.2.42)

Note that we do not assume ~ to be primitive.

1 1

Proof. Let v = [24]. Consider the geodesic circular arc L; connecting v~ 'z to v 'ico =

—d/c and the half-line Ly connecting zy to ico. Assume that a.S, intersects neither L; nor
L. Then it follows from Lemma that either oS, intersects both the arc from zj to
7712 and the line from —d/c to ico or a.S, intersects neither of them.

Hence we have shown that the symmetric difference of the sets I¢(—d/c,ioco) and
Ie(20,7 120) is a subset of Ic(zg,i00) U Ie(—d/c, v 20);

Ie(—d/c,ic0) Ale (20,7 ' 20) C Ie(20,i00) U Ie(—d /e,y 20,)
Since
| He(z0,7 20)| = [e(=d/e,i00)| | < |Ie(=d]/e,io0) Ae(z0,7 ™ 20))|

and I¢(zp,100) and I¢(—d/c,y '2y) have the same cardinality |I¢, (29,400)| this proves the
proposition.

[]

5.2.5 Linking numbers in ['\SLy(R)

In this section we prove Theorem [5.1.5. This is based on results of the previous section
and a theorem of Birkhoft [10].

If v is a primitive hyperbolic element such that tr~ > 2 there is an associated closed
periodic orbit of the geodesic flow whose linking number with the trefoil is given by the
Rademacher symbol (see [6], [7],[52]).

@ n
U(vy) = ®(y) — 3signe(a + d) = lim M
n—o00 n
For the convenience of the reader we sketch Ghys’ argument for the identification of
the Rademacher symbol with the linking number with the trefoil in the Appendix.

Our goal in this section is to provide the background for a similar interpretation for the
homogenization of ®¢(7) of Theorem [5.1.5]

Ue(y) := lim e(r")

n—oo n

as a linking number.
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As alluded above this is based on Theorem [5.2.19 originally due to Birkhoff, (cf. [10])
which relates this linking number to the geometry of the net N, of a primitive hyperbolic
element o € C. Birkhofft’s theorem [10, Section 27] which proves the existence of a certain
surface bounding symmetric curves which is a surface of section of the geodesic flow, is
more general than what is needed for us. This theorem was popularized by Fried [49] who
named them Birkhoff sections. The theorem holds in even more generality as shown in
[T, 2, 58], [70]. As is clear from this rich history there are a number of proofs of this theorem
especially for compact hyperbolic surfaces (see e.g. [22] and the references therein, also
[32] and esp. section 3 of [33]). For the convenience of the reader we also give one which
is self contained and very elementary; it is based on a simple computation of the sign
of the triple product of three vectors in the Lie-algebra sly(R), (Proposition [5.2.18). The
relation to the invariant We(y) follows from a careful book-keeping of potential multiplicities
(Lemmas [5.2.21} [5.2.22] and [5.2.23]).

To make this explicit note that if v € I" has try > 2 and fixed points w’ < w then both

~ and v~ are diagonalized by M = \/ﬁ [ww']. By replacing v with y~! we may assume
that
e 0
M =M [0 1/ 5}

where € > 1. When a + d > 2 this is equivalent to signc > 0. Both

Y+ (t) = M¢(t) and () = MS¢(t)

are periodic orbits of the geodesic flow g — g¢(t) on I'\SLy(R). Here ¢(t) = [¢ 2, ].

0 e

We now move on to interpret linking numbers combinatorially as intersection numbers.
Let [7,] and [7_] be the homology class of the curves t — Me(t), t € [0,loge] and ¢ —
MS¢(t), t € [0,loge], respectively. Note that 7, ()i, t € [0loge] maps into a geodesic arc in
‘H connecting Mi to yMi on the semicircle with endpoints w and w’. On the quotient space
['\H this is a closed geodesic, and 4_(t)i simply travels this closed geodesic backwards.
The natural Seifert surface bounding [7,] and [§_] is just formed by the collection of unit
tangent vectors rotating counterclockwise continuously through 180 degrees from the one
orientation of the circle to the other. This is the geometric content of the following

Lemma 5.2.17. [¥] + [J-] is null-homologous in I'\SLy(R).

Proof. In fact we even have that M¢(t) and M S¢(—t) are homotopic via

h: [0,loge] x [0,7/2] — G
(t,0) — Mo(t)k(0)

where as usual

sinfl  cosf

k() {cose —-SH]Q}'

]

Note the image of h is an immersed sub-manifold X, in the quotient space I'\'SLy(RR).
This follows readily from the fact that ¢(¢1)k(61) = ¢(t2)k(f2), for §; € [0,7/2] implies
t1 = tg, 61 = 05 and so the image of h when viewed in SLy(R) is an embedded submanifold.
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Now assume that C, and C, are two (different) primitive conjugacy classes. The above
construction of the null-homologous chains associated to o, have a well-defined linking
number [54], [90] which we denote by Lk(C,,C,). (This is well defined as the chains
themselves depend only on the conjugacy class.) A geometric interpretation of this linking
number between the trivial homology class [¥4] + [J-] and [64] 4+ [6_] is given as the
number of signed intersections of X, (the surface defined above by the homotopy map h)
and 7, (s) and 6_(s), s € [0,log \], the closed orbits associated to o. The geodesic flow
has the interesting property that all intersections of X, and ¢, have the same sign.

We fix the sign by fixing an orientation as follows. We think of SLy(R) as a subspace
of the space of real 2 x 2 matrices. The tangent space at the identity is the set of 2 x 2
real matrices with trace 0 where we fix the basis (see [68] pg 27)

0 1 00 10
ol (R A AL P}

and we say the orientation of three tangent vectors tangent to SLy(R) at g is positive, i.e.
three matrices vy, v9, v3 are positively oriented if g='vy, g~'va, g =13, are positively oriented
at the identity. We then have the following proposition.

Proposition 5.2.18. Let N = \/ﬁ [“’f’ “’157} , where w,,w! are the two fixved points of

o. Assume that the trajectory N¢(s) is disjoint from [y1] + [J-] and intersects X5 at a
point g. Then the sign of the intersection is negative.

Proof. Let
g = Mo(D)k(8) = No(s)

To compute the sign of the intersection we have to compute the determinant of the coeffi-
cient matrix of the tangent vectors

g M ()k(0), g Me(t)x'(0) and g N/(s).
Since ¢'(t) = ¢(t)h and «/'(0) = k(0)(y — x) we have

g M¢'(t)k(0) = k(—0)hk(0),

and
g~ 'N¢'(s) = h.

Since k(—0) [§ %] k(0) = [ %28, ~5n2%] = —sin26x — sin 20y + cos 26h the value of

the determinant we need to compute is —2sin 26, always negative since 6 € (0,7/2).
O
An immediate consequence of Proposition [5.2.18is the following theorem.
_ 1 wy W _ 1 we wh :

Theorem 5.2.19. Let M = v [ 5 1”] , N = Wy = [ o |, with {wy,w!} and

{wy,w! }, the fized points of v and o respectively so that

VM:ME]iLUN:Nﬁlxl
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and let
A= {(s,t,0) € [0,log \) x [0,loge) x [0,7/2) : Ja € T, Mo(t)k(0) = aNo(s)} (5.2.43)
and
B ={(s,,0) € [0,log \) x [0, loge) x [0,7/2) : Ja € T, Mo(t)k(8) = aNSé(s)}. (5.2.44)
For the linking number we have

LK(C,,C,) = ~|A| - |B|.

Proof. By definition each point in the set A corresponds to an intersection of the surface
X, with the curve [67] and similarly points in B correspond to intersections of X, with
the curve [~ ]. Hence for the linking number, using Proposition [5.2.18| we have

Lk(Cs,Cy) = —[A] = | B]
which proves Theorem [5.2.19] O

Note that it is natural to interpret (see for example [32]) the elements of A as values
{(s,t) € [0,log A\) x [0,loge) : Mp(t)i = No(s)i € T'\H}, i.e. the number of intersections
of the closed geodesics in I'\H associated to 7, o, and similarly for B, since each time the
underlying path of ¢ in H crosses the underlying curve of ~, precisely one of its two lifts
will intersect the Seifert surface. The proper interpretation of this geometric idea requires
care due to both multiplicities arising from self-intersections and the presence of elliptic
elements in I' = SLy(Z). To avoid these complications we go directly to |l (2o, 720)| which
counts the group elements in I¢(29,7v20). In this notation Birkhoff’s theorem takes the
following form:

Theorem 5.2.20 (Birkhoff). If we let zp = Mi € S, then

Lk(C,,Cy) = —|Ic, (20, 720)]

The theorem will follow from a series lemmas relating |A| + |B| to |I¢, (20, v20)]-

Lemma 5.2.21. For A, B as in (5.2.43)), (5.2.44) we have AN B = (.

Proof. Recall that each point in A, (resp in B) corresponds to an intersection of X, with
the curve 6, (resp o_).
Assume that (s,t,0) € AN B with Mo(t)k(0) = aN¢(s) and Mo(t)k(0) = BNS¢(s)

for some o, 3 € I. It follows that S~'a = NSN~!. Recall that N = m [we e ],

where w,,w, are the two fixed points of . Now a simple matrix multiplication shows
that the matrix NSN~! cannot have integer entries, contradicting 8~ o € SL(2, Z). Hence
ANB=0. O




dc_1553 18

CHAPTER 5. MODULAR COCYCLES AND LINKING NUMBERS 92

Lemma 5.2.22. There is a bijection between B in (5.2.44) and
B ={(s,t,0) € [0,log\) x [0,loge) x [7/2,7) : Ja € T, Mp(t)k(0) = aNg¢(s)}

gien for s # 0 by
(s,t,0) — (log\ —s,t,0 +7/2).

and for s =0 by
(0,t,0) — (0,t,60 +m/2)

Proof. Assume (s,t,6) € B. The case s = 0 is trivial and otherwise Ja € I such that
Mo(t)k(0) = aNS¢(s).

Since N = N¢(log )
Mo(t)k(9) = ac ' Np(log X — 5)8S.

This gives the claim since S~ = —k(7/2). O

Lemma 5.2.23. There is a bijection between the set AU B' and I¢,(zo,v20) and hence
|[AU B'| = |I¢(20,720)]|-

Proof. We define a map
fAUB =TT, (5.2.45)
(s,t,0) — al,. (5.2.46)
Here « is the unique element in I' given by
Mot)k(@)p(—s)N~' = a. (5.2.47)
To see that f is injective let f(s,t,0) = f(s',t',0") with Mp(t)k(0)¢p(—s)N~' = a and
Mot k(0 )p(—s" )Nt = 5. Then ac* = 3 for some k € Z. Hence
S(t)k(0)p(—s)N~' 0" N = ¢(t')k(0)(~5").
Since N~1o*N = ¢(klog \) we have

ot —tk(O)p(klog\ — s+ s') = k().
Now a simple matrix multiplication shows that this equality holds only if (s,t,6) =
(s',t',0"), proving the injectivity of f.
To show that f(s,t,0) € Ic(20,720), let (s,t,60),a be such that

Mo(t)k(6) = aN(s).

Now M¢(t)i is in A, the geodesic arc connecting zp = Mi and yzy where as N¢(s)i is in
S, and hence al', € I¢(z0,720)-

Finally to see that this map is onto I¢, (20, 720), let @ be such that o', € I¢, (20, 720)
so that there is z € S, for which az € A, and so az = M¢(t)i for some t € [0,loge), and
also z = o*N¢(s)i for some s € [0,log\). Since the stabilizer of i in SLy(R) is SO(2),
there exists 6 € [0, 2m), such that

Mo(t)k(0) = ac”Ne(s).

Replacing o by —a if necessary we may assume that 6 € [0, 7) proving surjectivity.
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Proof of the Theorem [5.2.20.

By Birkhoft’s theorem for the linking number we have
Lk(C,.C,) = —|A] - |B].

By Lemmal5.2.21], ANB = () and we have Lk(C,,C,) = —|AUB|. Finally by Lemma/5.2.22

and Lemma [5.2.23] |A U B| = |I¢, (20, 720)]-
This finishes the proof of the Theorem [5.2.20} O

We are now ready to prove

Theorem 5.2.24. Let C, and C., be different primitive conjugacy classes. Then
Lk(Cy,C,) = Ve, (7)
Proof. By Theorem [5.2.20| we have
Lk(Cs,Cyn) = —|Ic(20,7"20)]
and by Theorem [5.1.

Pe(7") = —[Le(y oo, ico))|
Clearly Ic(z0,7 "20) = Ic(20,7™20) and hence

[nLk(Co,Cy) — P, (7")] = | He(20, 7" 20)| — [Le(y™"i00, ic0)]
Now using Proposition [5.2.16| we have

@, (1), _ 2llelz0,i0)|
n

Since |I¢(zg,100)| is independent of n this proves

ILK(C,.C) —

n

@ n
Lk(C,,C,) = lim L, (") _ We, (7).

n—00 n
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Chapter 6

Equidistribution of roots of quadratic
congruences to prime moduli

6.1 Background and statements of results

Let F(x) € Z[z] be a primitive, irreducible polynomial. By Lagrange’s theorem the con-
gruence

F(xz) =0mod p

cannot have more than deg I solutions, when p is prime. A natural question is to investigate
the distribution of the roots among the various congruence classes. When deg F' is at least
2, and irreducible, one conjectures that for any 0 < a < b < 1 the frequency of roots
v mod p satisfying a < v/p < b approaches b — a as p runs through all prime numbers.

The main result of the paper is the proof of this conjecture for quadratic polynomials.
As a corollary we get a similar statement about the equidistribution of the angles of the
Salié sum S(m,n;p) (defined below) as p runs through primes.

Our main theorem and the corollary extends a result of Duke, Friedlander, and Iwaniec
[37]. They obtained the same result under the assumption that the discriminant of F is
negative (or mn < 0 in the corollary).

We now proceed to give more precise statements of the results and an overview of the
history of the problem. A sequence z,, € [0,1] is said to be uniformly distributed with
respect to Lebesgue measure (or simply uniformly distributed) if

1<n<N:
lim #{1<n< a <z, <b}

N—oo N =b—a

An equivalent requirement is that

N

: 1 2mikx,
Jim 2 =0

n=1

for all k& # 0. This criterion, which is due to Weyl [15], is the most convenient to use in
practice.

Since the equidistribution, or lack of it, depends on the sequence and not on the set of
points {z,, : n € N} C [0, 1], we make the following natural choice of ordering of the set

X ={(n,v):n<z, F(rv)=0modn,0 <v <n}.

94
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Let (n,v) < (m, p) if either n < m or n = m, v < p. In view of the estimate
#{v:F(v)=0modn,0 <v<n}<Kn

the ordering of the roots for a fixed modulus n is unimportant. When we speak of the
distribution properties of the roots of the congruence F'(x) = 0 we are actually interested
in the distribution of the sequence of points {v/n € [0,1] : (n,v) € X} (with the above
ordering). Similarly, we consider the subsequence {v/p : (p,v) € X, p prime}. We simply
say that (these sequences of) the roots are ordered by their denominators.

For linear functions the roots are not uniformly distributed (see Section [6.2.2] When
deg F' is at least 2, Hooley [67] showed that at least if the moduli are not restricted to
primes but are allowed to take any positive integer as a value, the sequence v/n is uniformly
distributed when ordered by denominators.

Hooley’s result is established via Weyl’s criterion through the estimation of certain
exponential sums. For congruences of degree 2, Hooley’s techniques lead to better estimates
(see [67]) but still do not yield an easy extension to prime moduli. However, for quadratic
polynomials of negative discriminant, Duke, Friedlander, and Iwaniec [37] have succeeded
in proving that the sequence v/p arising from the solutions of the quadratic congruence is
uniformly distributed in [0, 1].

Both of the above-mentioned results as well as this work are based on estimates of sums
of Kloosterman sums defined below. As is usual in analytic number theory, we use the
notation e(x) = ™,

Definition 6.1.1. The Kloosterman sum is
mx + ny
K ip) = —
g = 3 e (M)
zy=1(c)

By Weil’s famous result [128] there is an angle 0 < 6p < 7 so that
K(m,n;p) = /p(e’ + e7)

12 Some elementary transformation properties of K (m,n; c) then

and so |K(m,n;p)| < 2p
lead to
K(m,n;c) < (m,n,c)"?c?r(n)

where 7(n) is the number of positive divisors of n. Since (2) uses the Riemann hypothesis
for curves over finite fields, it is somewhat surprising that, for the Salié sum defined by

T mx + ny
st~ 3 () (252
(m,n;c) Z )¢ ( . )
zy=1(c)
an estimate of the same quality is elementary in view of the identity (see [124]).
Theorem 6.1.2 ([124]). The Salie sum is

swan=a(5)7, ()

y2=4mn(p)

(Here €, = 1 or i, depending on whether p =1 or —1 mod 4 and (%) 1s the Legendre

symbol.)



dc_1553 18

CHAPTER 6. ROOTS OF QUADRATIC CONGRUENCES 96

Our main result is the following.

Theorem 6.1.3. Let P(z) = Ax? + B+ C be such that B> —4AC' is not a square. Let S
be an arithmetic progression that contains infinitely many primes. Then, as p runs through
the prime numbers in S, the roots of the congruence

P(v) =0 modp
are uniformly distributed with respect to Lebesque measure.

Corollary 6.1.4. Fiz m,n so that mn is not a square. As p runs through the set of prime
numbers in S the angles of the Salié sum S(m,n;p) are uniformly distributed with respect
to Lebesgue measure.

(This is again in contrast with Kloosterman sums that are conjectured to follow a
Sato-Tate distribution.)

The results of this paper are based on sieve results of [3] that we summarize in Section
7.2.2. What needs to be done is essentially an estimation of certain exponential sums,
which can be transformed into sums of Kloosterman sums in the spirit of Hooley’s work.
This is the content of Section 7.2.5.

Although the possibility of this approach was suggested already in [67], two obstacles
arise for an F with positive discriminant. Omne is the presence of the infinite group of
automorphs U. This is handled using a U-invariant partition of unity.

Another less conceptual difficulty is the appearance of certain exponential sums whose
expression in terms of classical Kloosterman sums would require considerable effort. Since
the basic idea is to use Lagrange’s presentation of a root of F'(¥) =0 ( mod p) in terms
of quadratic forms, we overcome both of these obstacles by working on the group SL(2,Z)
(and on certain congruence subgroups) instead of the homogeneous space of quadratic
forms. Since our estimations would require transferring all the sums of Kloosterman sums
into this form anyway, this approach bypasses a significant amount of simple but tedious
calculations.

The Kloosterman sums on congruence subgroups are reviewed in Section 7.2.4, where
the estimation of the sums of Kloosterman sums in question is achieved along the lines of
[34]. The estimates are completed in last section.

6.2 Proofs

6.2.1 Salie’s identity

There are a number of proofs for Theorem see e.g. [107, 129]. We present one from
[124] that is shortest. Recall that

x mx + nx
st = 5 (2)o(22222)
2Z=1(p) p p

We may assume (p,mn) = 1, otherwise the sum is trivial. Then S(m,n;p) =

(%) S(mmn, 1;p). Consider now
2y
> (%)

y2=mn(p)
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We may write this as

> 5.2 () ()

ymodp® z modp

Interchanging the two sums leads to 0 when z = 0 mod p and otherwise to a Gauss sum

S () () () () 5 ()

y mod p y mod p t mod p

whose evaluation is well known and this immediately leads to

sein-u()or, 2, )

y>=4mn(p)

(Here €, = 1 or 4, depending on whether p =1 or —1 mod 4 and <%> is the Legendre

symbol.)

6.2.2 Criterion for the uniform distribution of roots of congru-
ences

In order for the interested reader to develop some feel for the subject, we briefly mention the
case of a linear function F(x) = ax + b. For an integer a, @ stands for the multiplicative
inverse of a to a modulus whose value should always be clear from the context. Now,
assuming (p 1 a) = 1, the only solution of ax = b mod p is @b mod p, and so

= (5)- () o
In view of

a p 1
2yl ez
pa ap

the second sum above can be transformed to

Ze (@> = Ze (W) + O(log log ).
p<w p p<w “
Since the right-hand side depends only on the values of p mod a, the estimation of the above
sums is equivalent to the prime number theorem for arithmetic progressions. However, this
case is uncharacteristic; the roots tend to accumulate around the ¢(a) points of {k/a €
[0,1] : gcd(k,a) = 1}, and this shows that the conditions of Theorem 1.2 are necessary.
Higher-order polynomials present some difficulties because the natural ordering of the
roots of the polynomial congruences mod p cannot be enumerated using an explicit ex-
pression. However, for S = {n = ny mod s} and S(z) = {n € S:0 <n <z}, we have the
following asymptotic:

05$
log

#(p,v) :p€ S(x),F(v) =0mod p} ~
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where the constant Cg, whose value depends on the field extension K = Q((, 2), is
never zero (( is a primitive s-th root of unity, and z is any root of F'(z)). When deg F' = 2,
the result is an easy corollary of quadratic reciprocity and the prime number theorem for
arithmetic progressions. (In general one needs the Chebotarev density theorem for the
normal closure of the field K.)

Weyl’s criterion now takes the following form: the roots of the polynomial congruence
F(z) = 0mod p give rise to a sequence that is uniformly distributed with respect to
Lebesgue measure if and only if, for every k # 0,

e Y% ()
peS(x
To simplify notation, we follow [67] and [37] and introduce
kv
wi= 3 ()
F(v)=0(n)

Thus, to verify Weyl’s criterion, we need to estimate Y x(p)px(p) for all Dirichlet characters
x mod s. However, there does not seem to be a way to convert this problem into a result
about the non-vanishing of a Dirichlet series, and the only way to proceed is through sieve
methods.

In [37] a sieve powerful enough to give a simple criterion for any polynomial is developed,
and we now recall this theory.

Theorem 6.2.1. Let pi(n) be as above, and let 0 < ¢ < 1/3 be arbitrary. Assume that
when summing over ¢ < xY/?7 and nq < x, we have

ZZAQX n)pr(qn) (10§$)2 max{| 4|}, (6.2.1)

and also assume that when summing over p < x'/7% and {(n,p) =1 :n < x/p}, we
have that

YD anbppr(pn) < Wmax{m 18,1} (6.2.2)
p n

holds in case f3, is supported on primes. (The character values are now absorbed in the

Qy, Bp.) Then
ZX P)pk(p

<z

limsup —— < 10e

T—00 7T

It is also established in [37], and this is crucial, that the second condition (6.2.2)) can
be reduced to the first one (6.2.1]) based on the following. Let B(N, P) = > a,f8,px(np).
Here N <n <2N,P <p < 2P, pis restricted to primes and ged(n,p) = 1.

Theorem 6.2.2. Assume that, for some e, > 0,

> pulgn) < N'

n<N

uniformly in the range h < q < N'7¢. If P> < N'"¢  then

B(N, P) < N*"” P max{|a,3,]}.
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Proof. O

. See [37) Section 5, pp. 432-433]. The lemma is not stated in this form explicitly, but
the proof works without any modifications.

6.2.3 Kloosterman sums

In this section we derive the estimates for sums of Kloosterman sums. We briefly review
the history of these sums and their relation to spectral properties of congruence subgroups,
which culminates in the Kuznecov formulas and their various generalizations for Fuchsian
groups of the first kind. For a nice introduction see [72]. Motohashi’s book [96] is also
useful, although he concentrates on the full modular group.

After setting up notation we illustrate the power of this machinery by deriving estimates
in the style of Deshouillers and Iwaniec [34]. Our treatment concentrates on estimates
with specific application to our problem. For a more complete treatment, see the above-
mentioned book by Iwaniec and the references therein. Recall the definition of the classical

Kloosterman sum
mx + ny
K(m,n;c) = el ——= .
s = 3 e m0E)

zy= 1(c)

What is needed in most applications is a good estimate for sums of Kloosterman sums,
such as

Z %K(m, n;c) (6.2.3)

For an individual term, Weil’s bound K (m,n;c) < 7(n)(m, n, ¢)*/?c'/? is the best possi-
ble, but Linnik [91] and Selberg [114] conjectured that is majorized by any positive
power of x whenever ged(m,n)'/? < x.

We now define general Kloosterman sums for congruence subgroups. Let a,b be two
cusps for I' = T'y(¢), and let T'y, I, be the corresponding stabilizer subgroups of these cusps
in I". For any cusp ¢ we can choose o, € SLy(R) such that

o 'To.=B={£[}}] ke Z}. (6.2.4)

Definition 6.2.3. The Kloosterman sum K, ,, (m,n) (corresponding to the above choices)
is defined to be

ma + nd
e = T (25)

a *

where the sum is over g = [2] € B\o,'T'oy/B or, equivalently, over the set {g :
0agoy ' € T\I'/Ty}.

Some simple observations follow [72] . Let ¢ be a cusp of I'y(¢). Then ¢ is equivalent to

some * for which v|g. Moreover *, and % give rise to the same cusp, if and only if v = v/,
and u = v’ mod (v, ¢/v). The width of the cusp % is -

Definition 6.2.4. If ¢ = “ be a cusp for I'y(¢q) we will denote (v, q/v) by C(c).
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Lemma 6.2.5. Assume that

gchFagu = {(ié kfl] ke Z}
and

9o Toge = {(£{ ] k e Z}

Let also o, = g, [\/OZ 1/?/2} and similarly oy = gy [‘/OE 1/?/5] . Then

1. 04,04 satisfy and
ma  nd
Koo oy(m,n;cVAB) = Z <Ac + ) ,
where the sum is over {g: go [% 5] 95" € Ta\I'/Ts};

2. if ga, 9o € SLo(Z), then

Ky, 0,(m,n;cVAB) < (m,n, ABc)"*(ABc)"*1(ABc)
Lemma 6.2.6. Assume that I = g~'T'g. Let o), = gos, 0, = go,. Then we have

KL _(m,n,c) = K};(,;og(m, n,c);

Oq,0p

Remark 6.2.7. This lemma is particularly useful for us in the following situation. Let
I =Ty(M [M, N]), and let

I'={[*%] € SL(2,Z):b=0mod N,c=0mod [M,N]}.

Then we can use the lemma with g = [‘/ON 1/%} .

Let u;(z) be an orthonormal basis in the space of Maass forms for I'y(g). Then \; =
1/4+t? > 0; Selberg conjectured that A\; > 1/4 with the exception of Ay = 0, that is, when
u(z) is constant. It is well known that u;(z) have a Fourier expansion at each cusp of the
form

uj(022) = y* Y paj(n) Kir, (27|nly)e(na)
n#0

We normalize the Fourier coefficients by taking

1/2
i (222 oo
“ " \ cosh 7t YA

From now on all Kloosterman sums are for I'y(¢) for some ¢ (or sums that can be trans-
formed into them by the remark above). Let f be of compact support; then Kuznetsov’s
formula (see [8], [2], and [1]) states that

Z Kabmnc ( ) Zf Va] Vb]()_'_"'?
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where the contribution from the Eisenstein series and holomorphic modular forms is sup-
pressed. The transform f is given by

— [ Nato)t @)

Here N, (x) depends on the sign of mn as follows:

Ny(z) = {<2sin<7w/2>>1u_y<x> ~ Ju(a))  when mn > 0
’ K, () when mn < 0.

The Bessel transforms of f that arise can be estimated in terms of the following quantities

(s [31): 0= [ oy L),
ol o

A:/O | f(x)]|2~3/2dx.

By splitting the spectral sums at 7' = 1+ Ay/A; and using the large sieve inequalities for
the Fourier coefficients such as

Z Z anVq;(n)

|tj |<T | nN

2
< (% + ¢ 'Nlog Nllan|[3),

one arrives at (see [72] ) the following theorem.

Theorem 6.2.8. Let a, b be cusps of T'o(q), and assume that C(a),C(b) < 1 (Defl6.2.4)).
Then

Zanz K(m, ) (“—'m"’)

m 1/2 N 1/2
< {(AO +Ay) <1 + 5) (1 + ?) + (A1) + Ev(g, f)}

X (log 2mN)|lall,

where E, n(q, f) is the contribution from the exceptional spectrum, for which we have
the following estimate:

(e, f) < @(q ) g+ N>1/4<mN>1/4) « (log 2mN)Jal.

It is conjectured by Selberg that exceptional eigenvalues do not exist for I'y(¢) and,
therefore, E,, n(q, f) = 0. At present the best result due to Kim and Sarnak [78§] is that,
for all eigenvalues, A > 975/4096 = 0.238.... The above estimate for E,, y(q, f) uses density
theorems for the exceptional spectrum to get around this problem.

We now proceed to derive some estimates that are used in the last section.
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Theorem 6.2.9. Let N,C > 1, G(n,c) be supported in [N,2N]| x [C,2C], and suppose
that, fori,7 =0,1,2,

o G N~C™
@y <
Let
1
A= Z - Z a,G(n, c)Kq(m,n;c).
Then

1/2 N 1/2 01/2
A< Jlal| { (1 + %) (1 + E) + . (q+m)*(qg+ N)1/4} log? mNCq.

Proof. We start by defining
e 4m/
F(t,x) = / G (u, T mu> e(tu)du.
_ x

[e.9]

Then

& 1 41/mn
A= —F |t
[ S ()

We apply Theorem 3.3 for each individual ¢ and then integrate over t. It is easy to
establish that
Ay < N(1+log(mNCq))
and that

A; < N fori=1,2.

This is used for small ¢.
For large values of t we use

F(t,z) = /_ Z dd—; {G (u 47“;%)] ji:22d:c

Then |F(t,z)| < 1/Nt?, and so

1+ log(mNCq)

Ap(t
o(t) < Nt?

and

Ai(t) < !
' N¢?

fori=1,2

Combining these estimates,

A ——(1+1 N
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and
N
A (t _
) <1 vp

fori=1,2.
Note that A is needed to estimate the contribution from the exceptional eigenvalues.
Since |F(t,z)| < N and |F(t,z)| < 1/Nt?, we have

N
1+ N2’
where [X, 2X] is the support of F(t,-), X ~vmN/C; that is,

Alt) < X712

ct? N
< .
vmN 1+ N2t

The theorem follows after integrating Theorem with respect to t. O]

A1)

6.2.4 Reduction to sums of Kloosterman sums

Recall that with pp(n) = >  e(kv/n) we want to estimate
P(v)=0(n)
n
L0 = 5wt (2) (6:25)
X<n<2X 5

or the more general sum

L) =D pe(n)f(n), (6.2.6)
n=0(q)

where the function f has support in [¢X,2¢X]. (The factor e(nj/s) is absorbed in f.) At
first any f will do, but later it will be convenient for us to use a smooth f instead of the
characteristic function of the interval [¢X,2¢X]. In the rest of the section we transform
L,(f) into sums of Kloosterman sums based on the theory of binary quadratic forms. In
this transformation a small error term arise, and we must keep track of the dependence
on k,q and X as this is crucial in applying the sieve argument, dependence on other fixed
factors will be ignored.

Although this transformation could be done as in [[67], without ever mentioning the
congruence subgroups I'g(q), we follow a slightly different path. Apart from some technical
simplifications, the main advantage is that we arrive at the generalized Kloosterman sums
to which the results of Section 3 are directly applicable.

Let P(x) = Az?> + Bz + C , with discriminant D = B? — 4AC.

Lemma 6.2.10. We have
_ . (=*B) ky
prln) =e ( 2An ) Z ‘ (2An>
YyEY,

Y, = {y mod 2An : y = B mod 24 and y* = D mod 4An}. (6.2.7)

where
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Proof. Assume P(v) = Omod n, and let y = 2Av + B. Then y mod 2An is uniquely
determined by v mod n, y = B mod 24 and y?> = D mod 4An.
O

To handle £,(f) we use the classical correspondence between solutions of y*> = D and
representations of the modulus by quadratic forms as in [5].

Let Q(X,Y) = MX?+2RXY + NY? be a quadratic form of discriminant 4D so that
R?* — MN = D. On occasion we will write [M, R, N| for  and also identify it with the
matrix [4 £].

Recall that one of the many possible action of g = [¢4] € SLy(Z) on Q is

9gQ =g} Rlg".

This is clearly a left-action, (g192)@ = 91(g2Q). We will need the the explicit form of this
action

g (MX?*+2RXY + NY?) = M(g)X?+2R(g)XY + N(g)Y2
Here for g = [CCLZL M(g) = Q(aab>7 N(g) = Q(C7 d)? and R(g) = [ab] [1\}% ]I\%f] [ccl]’ 50

M(g) = Ma* + Rab+ Nb? (6.2.8)
R(g9) = Mac+ R(ad + bc) + Nbd (6.2.9)
N(g) = Mc* + Red + Nd2. (6.2.10)

Definition 6.2.11. Let
A={[2%]:b,c=0mod 24},

Lemma 6.2.12. [f

V={(M,R,N):R* —~MN =D,R=DB (2A),M =0 (44)}
then V' is invariant under the action of A and Y, in Lemma 18 1 bijection with
A\V.

Proof. 1f y is in Y,, it gives rise to an element in V' via

Qy: [(yZ—D)/n,y,n} .

Note, that y; = y» mod 2An if and only if the corresponding quadratic forms transform
into one another by an element of the form [} %] € A. O

It is well known that A\V is finite, and we choose a finite set {Q;(X,Y) = M;X? +
2R; XY + N;Y?:j=1,..,h}, so that

h
V= {JA- (M, R;, Ny).

=1

Remark 6.2.13. By an old theorem of Weber we may even choose (); in such a way as
to make sure that N; is prime. This is unnecessary for the moment, and is only needed to
simplify an elementary argument in Section [6.2.5

We summarize the above in the next proposition.
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Proposition 6.2.14.

h

- n n) — q ' e —kB) e kRj(g)
Gl = 3 fonin =3 (Z rooe (5o ) (2ANj<g))>,

n=0(q j=1

where Y7 restricts the sum to those g € A \AJU; for which Q;(c,d) =0 mod q. Since
N(t-Q) = N(Q) for every Q and every T € Ay this property does not depend on the
representative of the Ao-coset. The group U; is the group of automorphs of Q) in A,

Up={geN:g-Q;=Q;}
The functions R;(g), Nj(g) are those defined in and for Q.

Remark 6.2.15. The change of notation to U; for the stabilizers is to further emphasize
the fact that we are now using a different action of SLy on quadratic forms.

Definition 6.2.16. Let Q be a quadratic form, U its group of automorphs in A. A partition
of unity for the group U is a function ¥ : SLy(R) — [0, 1] with the following properties

W(rg) = (g) for T € Ay and
> d(gu) =1

ueU

for all g for which N(g) = Q(go1, g22) is positive.

Of course in the case D < 0, #U; < oo , and one could simply use the constant
function ¥ (g) = (#U;)~'. For positive discriminants the existence of a partition of unity
is established in the following

Proposition 6.2.17. Let U € SLy(R) be of hyperbolic type, with row eigenvectors (1,w;)
and (1,ws), wy < wy. Then there exists a smooth function b on SLy(R), such that for all
9 =[5 3] € SLa(R) for which wi < gaz/go1 < wa:

> w(gU*) =1.

k=—o00
In addition we may assume that ¥ (g) = ¢(gaa/ga1) for some smooth, compactly supported
function ¢ whose support is contained in (w1, ws), and therefore Y([§1]g) = ¥(g), for any
t e R.

Proof. Since the action of U on the second row (gs1, geo) is linear, we can consider the
induced fractional linear transformation on ¢t = ga9/¢go1:

(1:¢) — (1: Z:ii)

We will denote this map ¢t Zi‘z by U. Since detU = 1, U(t) = ‘El — CleJrac, and

so it is continuous and strictly increasing on both (—oo, —%) and (—%,00). Moreover if

t1 < —% < ty, then ¢*y + ac < 0 < *t3 + ac, and so U(tl) > U(tg). It follows, that if
wy < wy are the fixed points of U, then —2 ¢ (w1, wy), and so U takes this open interval
to itself bijectively.

Consider now s(t) = % Since [1 9] U = [} a] [1wr] we have that

S(O(1) = 535(0).
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The rest of the argument now follows the standard proof of a partition of unity. By
replacing U by U~ if necessary, (which we can, since the proposition is about the cyclic
group generated ny U), we may assume that A > 1.

Let hg be smooth non-negative function on (0,00), which is supported on [1/A%, \?],
such that it is strictly positive (say 1) on [1/A, A]. Then the function hy(s) = Y, ., ho(A*s)
is smooth since the sum is locally finite.

We also have that hy < hy, and that hy(A\%s) = hy(s). It follows that h; is everywhere
positive on (0,00) and we may therefore define h(s) = ho(s)/hi(s), which is smooth.
Clearly >, ., h(A*s) =1 for all s € (0, 00).

Finally let

o) =h(i55)  and  b(g) = blom/om). (6.2.11)

The property Y 7= ¢(gU") = 1is valid by the above construction. Since the function
1 only depends on gaa/ g1, the property ¥ ([ ] g) = ¥(g), holds trivially for any t € R. [

Proposition 6.2.18. Let Q = (M, R, N) with N < 0, R* — MN = D, and stabilizer U.
Let ¢ and ¢ be as in the proposition above for the group of automorphs of Q, and let

Pled) = £(Q(ed)o (fl) |

C

Assume also that supp f C [¢X,2¢X]. With the notation and (6.2.10) we have

5 s (i) (sivt) -

9EN\A/U

> ¢(54) Fled + Ok los(ax)),

gEA\A

where on both sides Y. restricts the sums to g = [ Y] for which Q(c,d) = 0 mod q. The
implied constant depends on M, R, N, A, B and max |f|, but does not depend on k,q or X.

Proof. By the construction of 1),

ger.i\A/uf(N(g»e (22?\%)) = g€§\Af (N(9)v(g)e ( 2?%%) _
S st (2)e (SR = 3 pie e (M)

gEAL\A gEA\A

The main idea going back to [67] is to use Bruhat decomposition which leads to the
identity

Mac + R(ad + bc) + Nbd _ a Rc+ Nd
Mc2 +2Red+ Nd> ¢ c¢(Mc?+2Red + Nd?)’

Therefore we have
() = () (Faen™)
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k(Re+Nd) _ k(R+Nd/c)
Qed) —  Qed KX

() 1o k)

the implied constant depending on the form [M, R, N] only. We therefore have

‘ kR @ [ ka whe 1
> e () = X' e(55) oW X" g

gEA\A/U gEA\A gEA\A

L < Dy our assumptions, and so

and here

a.f,¢ o . . .o
where Z now indicates that the sum is over those (¢, d), for which d/c is in the

support of ¢, Q(c,d) is in the support of f and also Q(c¢,d) = 0 mod ¢q. The simplest way
to estimate this sum is to compare it to

[ha

where Q = {(z,y) € R? : y/x € [t1,ta], Q(x,y) € [¢X,2¢X]}, where supp ¢ C [ty,t2]. This
leaves the congruence condition out, but still gives a satisfactory answer. The integral
is easily evaluated by the change of variables t = z/y, s = \/Q(x,y), and leads to the
log(¢X) error term. O

Alternatively, we may remove the log ¢ term, by noticing that {(c,d) : d/c € [t1,ts] :
Q(c,d) = n} < C7(n), where 7(n) is the number of divisors of n. (In fact with the
construction in Proposition [6.2.17] m we may chose C' to be 2.), Applying Dirichlet’s theorem
on the sum of 7(n) gives the improvement, which plays no role here, and therefore the

details are omitted.
Let I' =T'(q,A) = To(q) NA.

Remark 6.2.19. We will not show the dependence on ¢, which is fixed for the identity
that we are about to derive. It would also make the sub-index indicating the stabilizer of
a cusp very inconvenient to show. Note, that

o ={g €l goo =00} = {[§1] = Aw.

Recall from Definition 3.1 that, for the congruence subgroup I', and cusps a,b of I,
the generalized Kloosterman sum is

Kap(m,n) =) e (maT—knd) ,

the sum being over {o,go, ' € [',\I'/Ts}. We are now ready to state the main proposition.

Theorem 6.2.20. Assume the notation of Proposition [6.2.18

Here Kooo(m, k; ¢) is a Kloosterman sum for the group I, the sum is over certain cusps
¢ whose description is given in the proof, and where m € Z, and ¢ € qwZ, w being the
width of the cusps ¢. The function G is defined by

Ge(m,c) = /_oo Fle,y)e (-Zy> dy

o0
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Proof. First, if g = [¢%] we will overload the notation and use F(g) for the function
g— F(c,d).

Recall that > 7 means that g is subject to the condition Q(c,d) = 0 mod ¢q. To handle
this condition we split the sum as follows:

> Foe (5) - DI ahe (57

gEA\A

where gh = [% %], and where ¢ runs through FOO\F, and the sum in h is over those h € I'\A
for which N(h-Q) = 0 mod ¢. This is well defined since for all g € I'; and for any quadratic
form Q:

N(g-Q) = N(Q) mod g.

Note that as g runs through I'.,\I', gh runs through I' ., ,\I'h. Let w be the width of the
cusp ¢ = h(c0), and let
1 mw
b {1 ™) ez
Now let g = [¢b], then

S roe(ap)= T e(gh) St

gET o \Th 9ET o \T'h/ By
By Poisson summation the inner sum equals
Z / (550 ]) e(—ma)de.
mEZL
After the change of variable x =t — d/wc, the whole sum becomes
ka  md o
S % (ot ™) [ R adm
meZ gel' oo \I'h/Buw
Since hB,, = I'¢:h, we recognize the sum
Z ma + kd
2Ac
gh— 1€l \T'/T

as a Kloosterman sum K (m, k;cvV2Aw). (Use Lemma with a = o0, g, = 1,
b=c, and g, = h.)
Finally substituting y = cwt we have

/_OO F (¢, cwt) e(—mt)dt = = /_00 F(c,y)e(—2%) dy = G.(m,c)

o0

O

Remark. By Lemma6.2.6{the above Kloosterman sums can be replaced by Kloosterman
sums for the group I'g(¢A?), and we make this identification in what follows.
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6.2.5 Proof of the main theorem

For the estimation of the right-hand side of (13), the sum in m is split at some parameter
to be defined later. It is best to denote this parameter ¢M for some M > 1 to ease the
notation in the final estimates.

We will first bound the sum of Kloosterman sums that arose for our problem in the
range when
Im| > qM,

where we simply use Weil’s bound
K(m, k;evV2Aw) < 7(c)(m, k, we)Y?(we)/?

together with some elementary estimates.
First we need the following

Proposition 6.2.21. The function

G(m,c) = /OO F (c,cwt) e(—mt)dt

decays rapidly in m:
G(m,c) < wttmt (6.2.12)
for any L, the implied constant depending on L only.

Since
F(c, cwt) = f(Q(c, cwt))p(wt)

the proposition is a simple consequence of the following lemma.

Lemma 6.2.22. Let f(z) be supported in [X,2X]. Let

Cy = max{| X7 f9(z)| : z € [X,2X],7 < 1}.
Let u(z) = Q(c, cwt) for some quadratic form Q. Assume ¢ < XY2. Let D = d/dt.
Then
D'(f(u(t))) < Crw',

where the implied constant only depends on the degree of the derivation | and the coef-

ficients of Q.

Proof. The derivative in question is a sum of monomials of the form (see e.g.[120, Chapter
5] for a more precise form)

f(j) (u) <02ul)2jfl(02u//)lfj

and this is bounded by C;X (X w)%~{( Xw?)!. 0

Proof of the Proposition. Now (|6.2.12)) is a standard property of Fourier integrals that
follows from Lemma 5.1 after integrating by parts. O]
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Since |I' : A is large (about ¢), we still need to establish that the number of h € I'\A
that contribute to the sum is negligible. This is shown by first grouping the cosets according
to what cusp arises as h(co) and then counting for each cusp separately.

Definition 6.2.23. Let Q = [M, R, N], and let

A=Y"1
h

(o0)=¢
where h € T\A, N(h) = 0 mod q.

Lemma 6.2.24. In Definition choose ¢ = h(oco) = % such that c|q. (This can
always be done.)

a) Let the cusp ¢ = h(oo) = & be as above. If ¢ fN then A. = 0.

b) Make the assumption that N is prime. (See Remark . Then, when A, # 0, it

is magjorized by 7(q).

Proof. Tt is well known that the representative elements in I'\A can be chosen so that c|q.
Now, assume h = [¢ %] € T'\A has the property that ¢|N(h) = Q(c,d). By our choice
c|q, and this implies that ¢|Nd?, and since ged(c, d) = 1, ¢|N. This restriction on h shows
that only the above-specified cusps can arise as h(oco) with property A, # 0 .
From now on we will make the simplifying assumption that N is prime, see Re-

mark [6.2.13]

First,t he number of cusps that arise in the estimates have either ¢ = 1, with width
w = ¢, or they have ¢ = N, with width ¢/(g, N?).

We now bound the number of & for each of the two types. If h(oco) = h/(c0), then there
is 7 € A such that i/ = 7h. Suppose 7 = [} 7] . The condition N(h') = 0 mod ¢ leads to
the following quadratic congruence for m : (2Rc? + 2Ncd)m + Nc*m? = 0 mod ¢,. Write
q = N%q, with (¢1, N) = 1 to conclude that this has at most O(7(gq)) solutions with an
absolute implied constant. O

Corollary 6.2.25. Let ¢ be a cusp of I' such that A, # 0 . Let w be the width of ¢. Then
w < q.

We are now ready to prove the following

Proposition 6.2.26. For any positive integer L, we have

1
S 5 LG o ke ) A
&

qM<|m| ¢
where the implied constant depends on L only.

Proof. We will use the Weil-bound from Lemma |6.2.5
| K (m, k; 2evV/ Aw)| < (m, k, 24¢)Y?(2Awe)Y?1(2 Awc)

Since

G(m,c) = /OO F (e, cwt) e(—mt)dt = /OO F(Q(c, cwt))p(wt)e(—mt)dt

—00
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in ¢ its support is contained in {c : f(c?Q(1,cwt)) # 0}. Now the construction of the
partition of unity ¢ in Proposition shows that for wt in the support of ¢, Q(1, wt)
is positive, and so there are constants 0 < puq, p2, such that when ¢(wt) # 0, we have
p1 < Q(1,wt) < po. (These depend on @, and ¢ only.) Therefore ¢ < 1/¢X. Now use
Proposition with L+ 1 instead of L and sum all these estimates get the Proposition.

]

We now move to the treat the sum over the range m < qM

Lemma 6.2.27.

1
Z Z EGC(C, Y) Kooe(m, k; eV2Aw) < ¢4 X34 M.

|m|<gM ¢

Proof. We interchange the sums and the integral that defines G(m,¢). For simplicity we
make the substitution y = cwt. If we split the interval [0, ¢M] into dyadic intervals, then
we are in position to apply Theorem for each individual 9E| Note that the conditions
of Theorem are satisfied with C' = C(y) < v/¢X and N = ¢M, giving

2. F (¢, ) Kooc(m, k; V2Awc)

k 2 M (QX)1/4 1/4 1/4 2 \/M
<<{(1+5) Oﬁ~;>+- . (g+ k)" g+ M) (bngX}75.

Under the assumptions k < ¢ we have by Corollary 5.4 that

1 X\ 14
Z_FC(C’ y)Kooc(m, k?;C\/ 2AC) <K <—> M.
¢ q

The integration is along an interval of length /¢ X, and the lemma follows. O]

The estimates depend on L, that is, the bounds on the first L derivatives of f, and
on M. For the unsmoothing below, we choose M = ¢'/%) for some integer L to get (for
g < X)

L,(f) < q1/4X3/4(1+1/(2L))

(the implied constant depending on L).

The passage from the estimation of £,(f) to that of £,(X) gives rise to a loss in the
quality of the estimates. However, the new estimates still suffice to prove the analogue of
(6.2.1]).

Proposition 6.2.28. Let L,(X) be as in (6.2.5). We have

£,00) < (L) xe

where the implied constant depends on L, the coefficients A, B, C' of the original quadratic
equation, but independent of q or X.

1To be more precise, one needs a smooth version of this; the error that results can be estimated trivially
using the above Proposition.
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Proof. Fix a positive integer L and a function g(u,t) such that g(u,t) =0 when ¢ < 1 or
2 < t, such that g(u,t) = p& when 1+ p <t < 2 — u. Note that for 0 < p < 1/4 the first
L derivatives (9/0t)?(u,t) < 1 with a constant that depends on our choice of g (that is L)
but not the other parameters ¢ and X.

To apply our estimates for primes in arithmetic progressions to some modulus s we
choose our f in L,(f) to be

F@) =g (i 2 ) e (2).
The exponential factor is harmless, and will have no effect in the estimates that follow.

First,
Ly(X) = p "Ly (f) + O(pX)log X.

Here in the intervals [X, X +uX], [2X —uX, 2X] we trivially estimate using |px(n)| < 7(n).
We choose p = [(q/X)V/AX /D)L By (15),

g\ 1/
ﬁq(f)<<<}> xren,

where the implied constant depends on L only. Therefore,

1/(4L)
L,(X) < (%) X

as claimed. n
Finally we have the following

Theorem 6.2.29. Let 0 < ¢ < 1/3, and assume that ¢ < />~ . Then there exists an
n > 0 such that

Do Aa ) pulan) < o' max{|A, [}

g<xl/2—e  qn<z

holds with a constant that depends on € alone.

Proof. Choose L > 2/e in (16). Then
D> A ) prlqn) < max{[A[}a'
g<zl/2-c <z
with = (1/200)e2.
[l

In view of the criteria of Theorems 2.1 and 2.2, this concludes the proof of Theorem
1.2.
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Special functions

A.1 Whittaker functions

A standard reference for the theory of Whittaker functions is [126, Chap. 16]. Another
good reference is [93]. For the convenience of the reader we will record here some of the
properties of these special functions that we need.

For fixed p,v with Re(v & p + 1/2) > 0 the Whittaker functions may be defined for
y > 0 by [93, pp. 311, 313]

1
T I'(1+2v) vpu—1 v—nu—L1
Mu,u(y) =Yy 2e2 F(V-HH-;)F(I/—[H-;)\/O t # 2(1—t) ® 2e y dt and (A]_]_)
vl * aul vl _
Wou(y) =y 2e> F(u1u+;)/1 TR (- 1) R ze Y gt (A.1.2)

Both M, ,(y) and W, (y) satisfy the second order linear differential equation

d*w _ _
d—y2+<—i+uy Y (1 )y 2>w=0- (A.1.3)

Their asymptotic behavior as y — oo for fixed p, v is easily found from (A.1.1)) and (A.1.2))
by changing variable t — t/y:

M,

M?V

(1) ~ sty y e and W (y) ~ yre V2. (A.1.4)

In particular, they are linearly independent. For small y we get directly from (A.1.1)) that

My (y) =yt (1 + @u,y(y))- (A.1.5)

It is also apparent from and that when v — = 1/2 we have
My (y) + (20 + D)W, (y) = T(2p + 2)y e, (A.1.6)
while when v + p = 1/2 we have from that
Wuly) = yte /2. (A.1.7)
The I-Bessel and K-Bessel functions are special Whittaker functions [93]:

L(y)=2"""T(v+ 1)y "My, (2y)  and K, (y) = \/Z Wo.(2y).

Their asymptotic properties for large y thus follow from (A.1.4]).

113
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A.2 An integral

We give the proof of the following evaluation. For Re(s) > 0 we have

. do L)’
I 1 (tsind) —— = 271 2%
/0 cos(tcos0)I,_1(tsin0) (sin )12 ['(s)

Proof. Denote the left hand side by L(t). We use the definition of I,_1in (4.2.16)) to get

Js—1/2(t).

0 t/2 5+2k‘ 1/2
Z EIT( s+ k44

k=0

)/ cos(t cos ) (sin 0)*2*~1dp.

Lommel’s integral representation [125, p. 47 | gives for Rev > —1/2 that

(y/2)" " o
)/0 cos(y cos 0)(sin 0)="d6.

MO T Drd)

Thus for Re(s) > 0 we have that

B =T Y S T 2 e ),

This Neumann series can be evaluated (see [125, p.143,eq.1]) giving for Re(s) > 0

L(3)C(5)
Ls(t) - %Js—l Q(t)
KGs+3) "
The result follows by the duplication formula for I'(s). O

A.3 Another integral

In this appendix we give a proof of the following integral formula which was given in Lemma
2.2.11] For p € C, ¢t > 0 and Re(s) > 0

= G(s, 1)t o) (A3.1)

" gilteost+ud) N p (2tsin ) i
=172 sin
0

where
27°T'(2s)

S =e ™ 3/2 .
G( ,,U,) (iu/4)(2 ) F(s—&—;—l—u)r(sﬂ-;—u)

Proof. To prove the lemma we will restrict to the case when the signs in (A.3.1]) are positive
since the formula with negative signs follows by complex conjugation. To prove the Lemma
we will prove that both sides of (A.3.1)) satisfy the same order differential equation and
that the Taylor series coefficients of both sides agree up to order 2.
Let A =5 —1/2 and g(t) = t'/2J,(t). A simple computation shows that
52 [g" (1) + (L+ (1/4 = N2) /) g(t)] = 2T (t) + tJL(2) + (¢ — A2 Ja(t) = 0.
Hence we want to show that the left hand side of (A.3.1)) also satisfies

P + (14 (1/4 = N /1) f(t) = 0.
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Factoring out the t-dependent part we need to compute

R(t) + (1 + M) h(t)

12

for h(t) = et M, (2t sin 6).
The fact that the Whittaker function M, , satisfies the differential equation

Mﬂﬂ%gnm::(i—Qégg—iggéi)A@m%gnm
and
R"(t) = [~ cos® 0 M,, \(2t sin ) + 4 sin® oM (2t sin 0)]e’ i(tcos)
+4i cos 0 sin O M), , (2t sin 0)e’ i(tcos)
leads to

R"(t) + (1 — M) h(t) = (2sin® 0 — 2500) k(1) + 2i sin 205D M | (2t sin 6).

12 t

Using this last equation gives for the integral in (A.3.1])

& 1/4 — )2 do
z(tcos@—l—,u@) :
<dt2 + (1+—t )) /0 M”’)‘<2tsme>sin9

& 2 ) & ) )
= / (2 sinf — TM> h(t)e* ?df + 2 / 2 cos Qez(tcosg)ﬂ“eML’)\(Zt sin 6)d6.
0 0

Now we use LM, ,(2tsin§) = M, (2t sin 0)2t cos § and integration by parts to get
. i(tcosO+ub) q st 2 d i(tcosf+ub) :
2i [ e MM, \ (2t sin 0)2 cos 0df) = —— 70 (e HO)) M, A (2t sin 6)df
0 0

as [e'(teos0THO L\ (2t sin 9)]3 = 0. Finally, since

2 T g | . |
__Z = (ez(tcose+u0)) M, \(2tsin0)dh = / (TM — 2sin 8) h(t)e”‘(’de
0
0

P 14— 2\ [~ , dé
el 1 z(tcosOJruG)M 2t si _
(dt2 ! ( T ))/o ’ a2t B) 57 =0

This proves that both sides of (A.3.1]) satisfy the same differential equation.
To prove the Lemma we still need to check the Taylor coefficients. To this end we use
the Taylor expansions of the exponential function and of the Whittaker function, namely

Mus 1/2 x/2 SZ

we have
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Then
T do
1(tcos€+,u9)M 2t si
/0 e s—1/2( tsm&)sme
S OO<S lu’)” ns( )m 1(m n+s
— ZZ @2l (2t)"T 4 ()0 (gin 9)" =1 dp
n=0 m=0 nee 0

Using the integral formula (see [105, p 511, 3.892(1)])

L i7r,6’/2F
/ e gin ! xdr = ;Z =) Sf; =)
0 F( 2 >F< 2 )

and (a), = Fgl(Jr)” ) gives

/ 6(t0059+“9)M s—1/2(2tsin 6)
0 sin

_ (2m)e (,U/4 Z Z —1)"I'(s — p+n)l'(s+n) P (A39)

m!n!T( 23 + n)F(n+s+7;"+H+1)F(n—i—s—?;l—u-i—l)

{=0 m+n=~¢

On the other hand using the Taylor expansion

N T
H2 o ZZ

rIT( s+1/2+r)

gives for the right hand side of (A.3.1))

T 3/26 2—2s s > _1\ro—2r 0
G“*m””*”“”:(Zxﬁ§g§@%35)53ﬂ§3352+mﬁ+ (A.3.3)

A straightforward calculation shows that the coefficients of ¢5, ¢! and #*72 in (A.3.2)
and (|A.3.3)) match, which is more than what is needed to finish the proof of the Lemma.
O]
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