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Chapter 1 Short overview of the subject

In the thesis we shall solve Diophantine problems effectively by various methods. To put

our results in the proper context we summarize some of the relevant history.

A Diophantine equation is an equation of the form f(x1,z,...,2,) = 0, where f is a
given function and the unknowns x1, 9, ..., x, are required to be rational numbers or to be
integers. As a generalization of the concept one may consider rational or integral solutions over

a number field. In the study of Diophantine equations there are some natural questions:

o Is the equation solvable?
o Is the number of solutions finite or infinite?

o Is it possible to determine all solutions?

In Diophantine number theory one general goal is to provide a kind of framework that can be
applied to a large family of equations, problems. Such collections of arguments exist for example
in case of Pellian equations, Runge type equations, Thue equations, elliptic-, hyperelliptic- and
superelliptic equations. In what follows we consider problems related to sequences, either to
arithmetic sequences/progressions or recurrence sequences. In the literature there are many nice
motivating examples, let us mention a few of them. In 1997 Darmon and Merel [47] proved
(following Wiles’ approach) that there are no 3-term (non-trivial) arithmetic progressions of

equal powers greater than two, that is they studied the equation

"yt =22"
Bugeaud, Mignotte and Siksek [35] applied a combination of Baker’s method, modular approach
and some classical techniques to show that the perfect powers in the Fibonacci sequence are 0,1,8

and 144, and the perfect powers in the Lucas sequence are 1 and 4, that is they considered the

Diophantine equations

n1 2

Fn, = and Ly, =y

There are two classes of problems we investigate in this thesis. In the first class we have a
general family of Diophantine equations and we are interested in solutions coming from a given
sequence. In the second class we deal with problems in which the corresponding Diophantine
equations contains certain type of sequences. Now we provide detailed descriptions of results

related to problems in these ballparks.

An arithmetic progression on a curve F'(x,y) = 0, is an arithmetic progression in either
the x or y coordinates. One can pose the following natural question. What is the longest
arithmetic progression in the x coordinates? In case of linear polynomials, Fermat claimed
and Euler proved that four distinct squares cannot form an arithmetic progression. Allison [3]
found an infinite family of quadratics containing an integral arithmetic progression of length

eight and Gonzalez-Jiménez and Xarles [63] proved that this family has not examples of length
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longer than eight. Arithmetic progressions on Pellian equations z? — dy? = m have been
considered by many mathematicians. Dujella, Pethd and Tadi¢ [50] proved that for any four-term
arithmetic progression, except {0, 1,2, 3} and {—3, —2, —1, 0}, there exist infinitely many pairs
(d,m) such that the terms of the given progression are y-components of solutions. Pethd and
Ziegler [101] dealt with 5-term progressions on Pellian equations. Aguirre, Dujella and Peral
[1] constructed 6-term arithmetic progression on Pellian equations parametrized by points on
elliptic curve having positive rank. Pethd and Ziegler posed several open problems. One of them
is as follows: "Can one prove or disprove that there are d and m with d > 0 and not a perfect
square such that y = 1,3,5,7,9 are in arithmetic progression on the curve 2> — dy?> = m?"
Recently, Gonzélez-Jiménez [60] answered the question: there is not m and d not a perfect
square such that y = 1,3,5,7,9 are in arithmetic progression on the curve 22 — dy? = m.
He constructed the related diagonal genus 5 curve and he applied covering techniques and the
so-called elliptic Chabauty’s method. Bremner [25] provided an infinite family of elliptic curve
of Weierstrass form with 8 points in arithmetic progression. Gonzélez-Jiménez [60] showed that
these arithmetic progressions cannot be extended to 9 points arithmetic progressions. Bremner,

3 — n2x, they

Silverman and Tzanakis [27] dealt with the congruent number curve y2 =z
considered integral arithmetic progressions. If I is a cubic polynomial, then the problem is to
determine arithmetic progressions on elliptic curves. Bremner and Campbell [37] found distinct
infinite families of elliptic curves, with arithmetic progression of length eight. Campbell [37]
produced infinite families of quartic curves containing an arithmetic progression of length 9. Ulas
[140] constructed an infinite family of quartics containing a progression of length 12. Restricting
to quartics possessing central symmetry MacLeod [88] discovered four examples of length 14
progressions. Alvarado [4] extended MacLeod’s list by determining 11 more examples of length
14 progressions. Moody [92] proved that there are infinitely many Edwards curves with 9 points
in arithmetic progression. Bremner [26] and independently Gonzdlez-Jiménez [60, 61] proved
using elliptic Chabauty’s method that Moody’s examples cannot be extended to longer arithmetic
progressions. Moody [93] produced six infinite families of Huff curves having the property that
each has rational points with z-coordinate © = —4, —3, ..., 3, 4. That is he obtained arithmetic
progressions of length 9. Choudhry [40] improved the result of Moody, he found infinitely many
parametrized families of Huff curves on which there are arithmetic progressions of length 9, as
well as several Huff curves on which there are arithmetic progressions of length 11. Buchmann
and Peth6 [32] found an interesting unit in the number field K = Q(«) with a” — 3 = 0. The
unit is given by

10 + 9 + 8a? + 7a + 6a* + 5a° + 4ab.

That is the coordinates (zo, . .., z) € Z" of a solution of the norm form equation N K/Q(To +

T+ ..+ :r6a6) = 1 form an arithmetic progression. In [17] Bérczes and Pethd considered
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norm form equations

nfl) —

Ngjo(ro + 10+ ... + Tp 10 m inxzg,T1,...,Tn-1 € Z, (1.1)

where K = Q(«) is an algebraic number field of degree n, and m is a given integer such that
Zo,T1,.-.,Tn—1 are consecutive terms in an arithmetic progression. They proved that (1.1) has
only finitely many solutions if neither of the following two cases hold:

o « has minimal polynomial of the form
" — bzt — . —br+ (bn+b—1)

with b € Z,

no”  _«a

an”—1 a—1

is a real quadratic number.
In 2006 Bérczes, Pethd and Ziegler [19] studied norm form equations related to Thomas polyno-
mials such that the solutions are coprime integers in arithmetic progression. Bérczes and Pethd
[18] considered (1.1) in cases where the defining polynomials of the number fields are given by
2" —T,(n > 3,4 <T < 100) and m = 1. They proved that the norm form equation has no
solution in integers which are consecutive elements in an arithmetic progression.

Let us define
fx,k,d)=z(x+d) - (z+ (k—1)d).

Erdés [52] and independently Rigge [105] proved that f(z, k, 1) is never a perfect square. A
celebrated result of ErdSs and Selfridge [53] states that f(x, k, 1) is never a perfect power of an
integer, provided x > 1 and k£ > 2. That is, they completely solved the Diophantine equation

flak,d) =y (1.2)
with d = 1. The literature of this type of Diophantine equations is very rich. First consider some
results related to [ = 2. Euler proved (see [48] pp. 440 and 635) that a product of four terms in
arithmetic progression is never a square solving (1.2) with k£ = 4,1 = 2. Oblath [95] obtained a
similar statement for £k = 5. Saradha and Shorey [110] proved that (1.2) has no solutions with
k > 4, provided that d is a power of a prime number. Laishram and Shorey [78] extended this
result to the case where either d < 10'°, or d has at most six prime divisors. Bennett, Bruin,
Gy6ry and Hajdu [14] solved (1.2) with 6 < k£ < 11 and [ = 2. Hirata-Kohno, Laishram, Shorey
and Tijdeman [73] completely solved (1.2) with 3 < £ < 110.

Now assume for this paragraph that [ > 3. Many authors have considered the more general
equation

fla,k,d) = by, (1.3)

where b > 0 and the greatest prime factor of b does not exceed k. Saradha [109] proved that (1.3)
has no solution with k£ > 4. Gy6ry [66] studied the cases k = 2, 3, he determined all solutions.
Gy6ry, Hajdu and Saradha [68] proved that the product of four or five consecutive terms of an
arithmetical progression of integers cannot be a perfect power, provided that the initial term

is coprime to the difference. Hajdu, Tengely and Tijdeman [71] proved that the product of &
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coprime integers in arithmetic progression cannot be a cube when 2 < k£ < 39. Gydry, Hajdu
and Pintér proved that for any positive integers =, d and k with ged(z,d) = 1 and 3 < k < 35,
the product z(x + d) - - - (z + (k — 1)d) cannot be a perfect power.

Erd6s and Graham [51] asked if the Diophantine equation
-

1 /@i k1) =92

i=1
has, for fixed » > 1 and {kq, ko, ..., k,} with k; > 4 fori = 1,2,...,r, at most finitely many
solutions in positive integers (z1, 2, ..., Zr,y) With z; + k; < x;41 for 1 < ¢ < r — 1. Skatba
[119] provided a bound for the smallest solution and estimated the number of solutions below
a given bound. Ulas [141] answered the above question of Erdds and Graham in the negative
when either r = k; = 4, or r > 6 and k; = 4. Bauer and Bennett [11] extended this result
to the cases » = 3 and r = 5, they also mention the case considered in the present work, it
is written that an argument of P. G. Walsh based on the ABC' conjecture makes it very likely
that in case of r = 2, k1 = kg = 4 there are only finitely many solutions. They also pointed
out the solution with x = 33. Bennett and Van Luijk [16] constructed an infinite family of
r > 5 non-overlapping blocks of five consecutive integers such that their product is always a
perfect square. Luca and Walsh [85] studied the case (7, k;) = (2,4). They used the identity
(r —1Daz(x+1)(z+2) = (22 +2 — 1) — 1 to reduce the original problem to a Pellian equation

(22 +2—1)2 —dy® =1,

where d > 1 is a squarefree integer. If (7',U) denotes the minimal solution of the equation

X2 — dY? = 1, then one obtains that
T,=2*+2-1

for some i, where T; + Ui\/g =(T+U \/E)Z Luca and Walsh conjectures that the equation
T, = z* + x — 1 implies that s € {1,2} and d = 39270. We note that it corresponds to the
solution

33 x 34 x 35 x 36 x 1680 x 1681 x 1682 x 1683 = 3361826160,

the one appearing in [11].

There are many articles concerning the Diophantine equation
R, = P(x),
where R, is a linear recursive sequence and P € Z[X] is a polynomial. Several papers have been

published identifying perfect powers, products of consecutive integers, binomial coefficients,

figurate numbers and power sums in the Fibonacci, Lucas, Pell and associated Pell sequences.
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These binary recurrence sequences are defined by

Fy=0, Fi=1 F,=F,_1+F,_qoforn>2

Lo=2, Ihn=1, Lp,=Ly 1+ Ly_oforn>2,

Py=0, P=1, PFP,=2P,_1+ P, oforn>2,

Qo=1, Q=1 Qn=2Qn-1+Qnoforn=>2.
It follows from a result by Ljunggren [82] that the only squares in the Fibonacci sequence are
Fy=0,F) = F, =1, F15 = 144. Later it was rediscovered by Cohn [42, 43] and Wyler [147].
Alfred [2] and Cohn [44] determined the perfect squares in the Lucas sequence. In case of
the Pell sequence Peth§ [99] and independently Cohn [45] obtained the complete list of perfect
squares. London and Finkelstein [83] and Pethd [97] proved that the only cubes in the Fibonacci
sequence are Fy = 0, F} = F5 = 1 and Fg = 8. London and Finkelstein [83] also showed the the
only cube in the Lucas sequence is 1. Higher powers were determined by Pethé [98]. Bugeaud,
Mignotte and Siksek [35] applied a combination of Baker’s method, modular approach and some
classical techniques to show that the perfect powers in the Fibonacci sequence are 0,1,8 and 144,
and the perfect powers in the Lucas sequence are 1 and 4.

Another interesting problem is to determine triangular numbers, numbers of the form

T, = % in binary recurrence sequences. Ming [86] proved that the only triangular numbers
in the Fibonacci sequence are Fy = 0, Fy = Fo = 1, Fy = 3, Fg = 21 and Fyg = 55. It was
shown by Ming [87] that L; = 1, Lo = 3 and Lyg = 5778 are the triangular numbers in the
Lucas sequence. In case of the Pell sequence McDaniel [91] proved that the only triangular

number is 1. Since T}, = (”2’) , it was a natural question to ask for all solutions of the Diophantine

fe () 2 ()
ro (i) @)

It was Szalay [130] who solved the equations F,, L, P, = (g) Later Szalay [129] also treated

equations

the equations F,, L, = (3) and Fy,, L,, P, = Y7, i*. Kovdcs [77] solved completely some

related combinatorial Diophantine equations, e.g.
x
n= ()

F,=1(z) =2(z+ 1)(z +2)(z + 3).

and

Tengely [133] determined the g-gonal numbers in the Fibonacci, Lucas, Pell and associated Pell

sequences for g < 20, where the m-th g-gonal number is defined by
m((g—2)m—(g—4))
5 .
In case of genus 2 curves there are two methods to compute the complete set of integral solutions

if the rank of the Mordell-Weil group of the curve is larger. One such method is due to Bugeaud,
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Mignotte, Siksek, Stoll and Tengely [36], it combines Baker’s method and the so-called Mordell-
Weil sieve. A different approach is the hyperelliptic logarithm method developed by Gallegos-
Ruiz [56]. These methods have been applied to combinatorial Diophantine equations that reduce
to genus 2 curves having Mordell-Weil ranks at least 3, see e.g. [57, 134, 135]. As a concrete
example consider binomial near collisions. Blokhuis, Brouwer and de Weger [22] provided the
following identities
<10> . (23) ’ (22) e (230) ’ (62) e (3598)
) 2 5 2 5 2

in these cases the problem can be reduced to genus 2 curves. Motivated by the above examples

Gallegos-Ruiz, Katsipis, Tengely and Ulas [57] determined the complete set of integral solutions

@>—<?>+¢w%—3§d§3

If d = 3, then the rank of the Mordell-Weil group is 6 and the non-trivial solutions with n > 5

<§>+3 _ (2)7
)0 = (3)
(3;5) L (34@;88>7
)

(356263)
+3 = o)

The rank of the Mordell-Weil group is also 6 if d = 1. In this case the non-trivial solutions are

of the equation

are as follows

as follows
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Chapter 2 Norm form equations and arithmetic

progressions

2.1 A problem of Pethé

In 2010 Pethd [96] collected 15 problems in number theory, Problem 6 is based on the
results given in [17].
Problem 2.1. (Problem 6 in [96]): Does there exist infinitely many quartic algebraic integers o
such that

4ot o

at—1 a-1

is a quadratic algebraic number?

The only example mentioned is x* + 22% + 522 + 42 + 2 such that the corresponding
element is a real quadratic number (that is a root of 2 — 4z 4 2). Moreover, Bérczes, Pethd in
[17] remark that there are many solutions if we drop assumption of integrality of .. As we will
see the problem in this case is equivalent to the study of existence of rational zeros of family
of four polynomials in six variables. Using Grobner bases techniques we reduce our problem
to the study of rational zeros of only one (reducible) polynomial. A careful analysis of the

corresponding variety allow us to get 2 infinite families of quartic polynomials defining quartic

4 . . o
Of‘f‘_ — —25 is quadratic. Unfortunately, in this

algebraic integers such that the algebraic number 1~

case we get real quadratic number only in finitely many cases. However, we are able to show that

40
1_

the set of quartic algebraic numbers such that the algebraic number -

o - -
T — ao7 18 quadratic, is

contained in a certain set given by (explicit) system of algebraic inequalities.
In particular the following is true:
There are infinitely many quartic algebraic integers defined by o* +aa® +ba? +ca+d = 0
for which

4ot (6
at—1 a-1

B =

is a quadratic algebraic number. Moreover, there are infinitely many quartic algebraic

numbers o such that (8 is real quadratic.

2.2 Auxiliary results

We provide two families with infinitely many quadratic polynomials, and we prove that each

of these families contains infinitely many irreducible polynomials.
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Let t € 7. The polynomials defined by

fi(x) =ax* + 223 + (262 + 2)x? + (42 — 4t +2)x + 62 — 4t + 1

are irreducible over Q if and only if t ¢ {0,1}.

Proof. If there is a linear factor of f;, then there is an integral root. Hence we have that
fi(x) = (z + s1) (2> + 5922 + s32 + 54).
By comparing coefficients one gets that
—s1—82+2 =
—S5189 + 22 — s3+2 =
—s183 + A2 — st — 4t 42 =

o o o o

—s184+ 67 —4t+1 =
Solving for so, and s3 from the first two equations and substituting in the others, we get
—s184+ 62 —4t+1 = 0
—53 — 25112+ 255 + 412 — 251 — s, — At +2 = 0.
The resultant of the two polynomials with respect to sy is quadratic in ¢. The discriminant of this
quadratic polynomial is
(—=8)(s1 — 1)%(sT — 253 + 452 — 251 + 1).
If s; = 1, then we obtain that ¢ = 0. In this case fi(z) = (z + 1)%(2% + 1) is reducible. If
s1 # 1, then —2(s — 253 + 457 — 251 + 1) = U?, since to get an integral ¢ the discriminant has
to be a square. This equations has no rational solution since —2(s] — 253 +4s2 —2s7 +1) <0

for all 51 € Q. If there are two quadratic factors, then
fi(z) = (2 + s17 + s2) (2% + 532 + 54).
As in the previous case we compare coefficients to obtain a system of equations
— 5259 — 28912 + 25189 + 55+ 612 — 259 —4t+1 = 0
—S‘I) — 25182 + 25% + 28189 + 4t2 — 28] — 289 — At +2 = 0.
The resultant of the above equations with respect to s is
(—1)(s% + 2t — 251 — 4t + 2)(s] + 2557 — 453 + 455t — 4s11° + 657 — 8s1t — 451 + 8t).
If s3 + 2t2 — 251 — 4t + 2 = 0, then we have a quadratic polynomial in ¢ with discriminant
—8s2 + 16s1. It is non-negative if 51 € {0,1,2}. If 51 € {0,1,2}, then t = 0 or t = 1. Earlier
we handled the case with t = 0, if t = 1, then we have fi(z) = (2® + 1)(z? + 2z + 3).
If s + 2s3t? — 453 + 453t — 4s1t? + 657 — 8s1t — 4s1 + 8 = 0, then the discriminant
with respect to t is

(—8)(s7 — 251 + 2)(sT — 453 + 257 + 451 — 4).

12
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2.2 Auxiliary results

It remains to determine the rational points on the genus 2 curve

C: (—=8)(s7 — 251 +2)(sT — 455 + 252 + 45, — 4) = U2
If s; ¢ [—1, 3] then the left hand side is negative, hence there are no rational points (s1,U) on C
with s; € Z. As s is an integer, it can take only the values —1,0, 1,2, 3. The values 0, 1, 2 were
considered earlier. If s; = —1 or 3, then the left hand side of C' is 40, which is not a square.

Lett € 7. The polynomials defined by

fo(z) = 2t + 2t + (2 + 2t + 2)2® + (22 + 20)x + 3t2 — 2t + 1

are irreducible over Q if and only if t ¢ {0,2}.

Proof. The approach we apply here is similar to that used in the proof of the previous lemma,
therefore here we only indicate the main steps. First we try to determine linear factors, that we
write

fo(x) = (z + s1) (2> + 5222 + s32 + 54).
By comparing coefficients one gets that
—S1 — SS9+ 2t =
—5189+ 12 —s3+2A+2 =
—S8183 + 2t2 — S84 +2t =

o o o o

—s154+ 32 =2t +1 =
Solving for s9, and s3 from the first two equations and substituting in the others, we get
—s184+3t2 =2t+1 = 0
3 2 2 2 _
—s1 + 257t —s1t° — 2516+ 2t° — 251 —sa+ 2t = 0.

The resultant of the two polynomials with respect to s4 is quadratic in ¢. The discriminant of this
quadratic polynomial is

(—8)(s] — 253 4+ 452 — 251 + 1).
This expression is negative for all rational s;, hence there exists no rational solution in ¢.

If there are two quadratic factors, then
fo(z) = (2 + s17 + 82) (2% + 537 + 54).
As in the previous case we compare coefficients to obtain a system of equations
— 5759 + 28159t — sot® + 83 — 29t + 32 — 259 —2t+1 = 0
—S‘I) + 25%7& — 51t2 + 25189 — 2581t — 289t + 2% — 2s1+2t = 0.
The latter equation can be written as

(—1)(—s1 +t)(—sT + st + 255 — 2t — 2) = 0.
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If s7 = t, then s% — 259t + 3t? — 2s9 — 2t + 1 = 0. The discriminant of this equation with
respect to sg is (—8)t(t — 2). Hence t € {0,2}. If t = 0, then fo(x) = (2% + 1)2. If t = 2,
then fo(x) = (22 + 2x + 3)2. Consider the case —s? + s1t + 259 — 2t — 2 = 0. We get that

s% —s1t+2t+2
S9 = -5

. Thus we obtain a polynomial equation only in s; and ¢ given by
(1/4)(—s] + 455t — 5sTt? 4+ 25113 — 457t + 85112 — 4> — 4s7 + 851t + 412 — 16t) = 0.
The discriminant with respect to s; factors as follows
(—1/32)t(t — 2)(t* — 8> + 40t> — 32t 4 16)>.
The latter expression is a square only if ¢ = 0 or ¢ = 2, so we do not get new reducible

polynomials.

2.3 Proof of Theorem 2.1

Proof. Let f(z) = 2* +ax3 + bx? + cx +d with a, b, ¢, d € Z be an irreducible polynomial in
Z[x]) and g(z) = 2?4 px+q with p, ¢ € Q. Assume that o is aroot of f(z) and = da' _ _a_

at—1 a—1
isarootof g(x). From g(3) = 0 we get a degree 6 polynomial for which « is aroot. Therefore it is
3

divisible by f(z). Computing the reminder we obtain a cubic polynomial e1 + eax + €322 + €42

which has to be zero. The coeflicients e, . . ., e4 are as follows:

er:  —3dpa® + 5dpa + 3dpb — 6dp — dqa” + 2dqa + dgb — 3dq — 9da” + 12da + 9db — 10d + ¢,

ey : 3dpa — 5dp + dga — 2dq + 9da — 12d — 3pa’c + 5pac + 3pbc — 6pc + p — qa’c + 2qac +
+qbe — 3qc + 2q — 9a®c + 12ac + 9be — 10¢,

€3 : —3dp — dg — 9d — 3pa®b + 5pab + 3pac + 3pb? — 6pb — 5pe + 3p — qab + 2qab + qac +
+qb® — 3gb — 2qc + 3¢ — 9ab + 12ab + 9ac + 9b*> — 10b — 12¢ + 1,

e4: —3pa® + 5pa® + 6pab — 6pa — 5pb — 3pc + 6p — qa® + 2qa® + 2qab — 3qa — 2qb — qc + 4q —
—9a® 4 12a” + 18ab — 10a — 12b — 9¢ + 4.

The Grobner basis (with respect to the lex ordering d > p > ¢ > a > b > ¢, the ordering used
throughout the section) for < ey, e, es, e4 > contains 19 polynomials. An element of this basis

factors as follows
<2;;3> (a—2b+c)-
-(233a® — 35243 + 108a3c + 168a> + 368ab* — 264a%bc —
—624a2b + 46a%c* — 184a%c — 544a® — 160ab® + 128ab’c +
352ab% — 16abc? + 64abe + 128ab — 4ac® — 8ac? + T68ac +
+640a + 48b* — 64b3c — 256b% + 32b%c? + 288b%c + 384b% —
—8bc® — 144bc* — 512be + ¢ + 24¢® + 96¢2 — 640¢ — 256).

Let us consider the case ¢ = 2b — a. Denote by €1, €2, €3, €4, the polynomials obtained

by substituting ¢ = 2b — a into e, es2, e3 and e4. Let us denote by G. the Grébner basis for

14
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< €1, €2, €3, €4, > and compute the ideal 1., , =< G. > N Q|a, b, d], i.e., we eliminate

the variables p, g. We get that
Iepg =< (9b—12a — 3d +5)* — 4(3a — 2)* + 48d > .

The equation (96 — 12a — 3d + 5)% — 4(3a — 2)? + 48d = 0 defines a curve, say C, defined
over Q(a) of genus 0 (in the plane (b, d), the conic is irreducible, the determinant of the matrix
of the conic is —46656). The standard method allows us to find the parametrization of C' in the

following form

1 1
36 36
However, with b, d given above and the corresponding ¢ = 2b — a we get

b= —(9a* +36a — 16 — 8u — u?), d= ——(9a® + 36a — 16 + Su — u?).

1
f@) = 35(62+u+3a—2) (62° + (3a — u +2)2* +2(3a — u — 1)z + 3(3a — u — 2)),
a reducible polynomial.

Let us consider the second factor that is
F(a,b,c) = 233a* —352ab + 108a3c + 168a> + 368a%b* — 264a%bc — (2.1)
—624a2b + 46a%¢® — 184a’c — 544a® — 160ab® + 128ab’c +
352ab® — 16abc® + 64abc + 128ab — 4ac® — 8ac® + 768ac +
+640a 4 48b* — 64b3¢ — 256b° + 32072 + 288b%c + 384b% —
—8bc® — 144bc? — 512bc + ¢* + 243 4 96¢? — 640¢ — 256.

First we compute the polynomial for some small fixed values of a. It turns out that F'(2,b, ¢) is

a reducible polynomial given by
(12b* — 4be — 96b + ¢* + 12¢ + 196) (4b% — 4bc — 16b + ¢ + 4c + 20).

Let us study this special case when a = 2. Consider the equation 12b% — 4bc — 96b + ¢ + 12¢ +
196 = 0. It follows that (¢ — 2b+ 6)% + 2(2b — 9)? = 2. The only integral solutions correspond
withb =4orb=5. If b =4, then ¢ = 2 and d = 3. We obtain the reducible polynomial
vt 4+ 222 + 42% + 22 + 3 = (22 + 1)(2? + 22 + 3). If b = 5, then it follows that ¢ = 4 and
d = 2, so we get the polynomial 2% 4 223 + 522 + 4x + 2. It is the polynomial that also appears
in Pethd’s paper. The set of rational solutions of (¢ — 2b + 6)? 4 2(2b — 9)? = 2 can be easily
parametrized with
8t2 +5 482 —t+1)

B RS A

With a = 2 and b, ¢ given above we easily compute the values
2 (3t =2t + 1)

¢ = 22 +1
4263 - 56>+t —1)

b= 4% 11 ’
2(4t —1) (3t* — 2t + 1)

“= - 4% 11 ‘

With p, ¢ given above one can easily check that the discriminant of 22 4 px + ¢ is positive for
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all t € R (and thus for all £ € Q).

Consider the other possibility, that is the equation 46> — 4bc — 16b + ¢* + 4c + 20 = 0. We
have

(2b — ¢)? + 20 = 4(4b — c).

Letu = 2b— cand v = 4b — ¢. We get that v = # and b = “2748“”0 ,C = “2784“”0. Thus
b = 2242,
¢ = 4t* —4t+2,
where u = 4t + 2. Let us denote by e, €}, ¢4 and € the corresponding polynomials e, ez, e3
and ey after the substitution @ = 2,b = 2t> 4 2, ¢ = 4t> — 4t + 2. Let G’ be the Grobner basis
of the ideal < €, €5, €4, €/, > with respect to the variables d, p, ¢ over polynomial ring Q[t]. We

get that
<G > n Q[t[d =
<t(d—144t —6t3) (3 + 1> —t —2),(d — 1+ 4t — 6t*)(7 + d + 12t — 6t* — 8%) >

and thus d = 6t2 — 4t + 1lort = 0.

Ift = 0, then d = —7 and f(z) is reducible z* + 223 + 222 + 22 — 7 = (v — 1)(2® +
322 4 5z + 7), a contradiction. If d = 6t2 — 4t + 1, then we have an infinite family of solutions

of Peth&’s question given by
a = 2,
b = 2242,
c = 4t* —4t+2,
d = 6t2—4t+1,

62 —6t+1
p = T e_t
18— 1824 Tt -1
¢ = 2(8 — 2)

It follows from Lemma 2.1 that there are infinitely many irreducible polynomials in this family.
By computing the discriminant of the polynomial 22 + px + g we observe that it has two real
roots for t € Q satisfying t € (1 —/2/2,1++v/2/2)\ {1}.

We computed all integral solutions of the equation F'(a, b, ¢) with —200 < a,b < 200. If
a = 2, then we have all solutions provided by the above formulas and we also obtain a = b =

¢ = 2and d = —7. The corresponding polynomial is reducible, it is (z — 1)(z3 +32% + 52 + 7).

16
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The remaining solutions are contained in the following table.

(—30,197,420,706) | (—12,26,60,121) | (6,17,24,22)
(—28,170,364,617) | (—10,17,40,86) | (8,26,40,41)
(—26,145,312,534) | (—8,10,24,57) | (10, 37,60, 66)
(—24,122,264,457) | (=6, 5,12, 34) (12,50, 84, 97)
(—22,101, 220, 386) | (—4,2,4,17) (14,65,112,134)
(—20,82,180,321) | (—2,1,0,6) (16,82, 144,177)
(—18,65,144,262) | (0,2,0,1) (18,101, 180, 226)
(—16,50,112,209) | (2,5,4,2)

(—14,37,84,162) | (4,10,12,9)

Integral solutions of the equation F'(a, b, ¢) with —200 < a,b < 200.

All these solutions can be described by the formulas
a = 21, (2.2)
b = 24242,
c = 2%+ 2,
d = 3t>—2t+1,

2(3t2 —5t+4
p = —- ( ) )

2 —2t+2
9B 12824 Tt -2
7 TB et

It follows from Lemma 2.2 that there are infinitely many irreducible polynomials in this family.
By computing the discriminant of the polynomial 22 4+ px + ¢ we observe that it has two real
roots for ¢ € Q satisfying ¢ € (0, 2).

Remark. We extended the search of the solutions of F'(a,b,c) = 0 up to —10* < a,b < 10*
and found no additional solutions.

Remark. One can prove that the polynomial f(x) = z* + az® + bz? + cz + d with

8t +5 42 —t+1) 2 (3t2 -2t +1)
a=2 b=-—" c=—m T =
22 41 2t2 +1 2t2 +1
has no rational roots for all t € Q. However, if t = (2 — s2)/(4s), where s € Q \ {0}, then
fa) 2, 4 s +4s+6 2+2§ +%%4m4
x)=|x x x T :
5242 5242 5242 5242

Let PP be the set of prime numbers, S C P U {oo}, and recall that a rational number
r=r1/ry € Q,ged(ry,r2) = 1, is called S-integral if the set of prime factors of 75 is a subset
of S. For given S, the set of S-integers is denoted by Zg.

Although we were unable to prove that there are infinitely many quartic algebraic integers
a such that the number 3 = 4a*/(1 — a*) — a/(a — 1) is real quadratic, from our result we can

deduce the following:
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Let S C P. Then there are infinitely many a,b, c,d € Zg such that for one of the roots of

z* + az® + bz + cx + d = 0, say o, the number (3 is real quadratic.

Proof. In order to get the result it is enough to use the parametrization (2.2) by taking ¢t € Zg
satisfying the condition ¢ € (0, 2). Because there are infinitely many such ¢’s we get the result.

2m+1
271

Remark. As an immediate implication of the above result we get that if ¢ = for some
m,n € N satisfying 0 < m < 2™ — 1, then there is a root « of the corresponding quartic
* 4+ ax® + b2 + cx + d € Zg[z], with a, b, ¢, d given by (2.2) and such that 3 = 4a*/(a? —
1) — a/(ax — 1) is real quadratic. It is quite interesting that in this case (and in fact for any
non-empty set S C P) we get positive solution of Pethd’s problem, where the phrase quartic
algebraic integer « is replaced by quartic algebraic S-integer o (in the sense that « is a zero of

a monic polynomial with coefficient in Zg).

Remark. Let us note that the equation F'(a,b,c) = 0, where F' is given by (2.1), defines (an
affine) quartic surface, say V. The existence of the parametric solution presented above leads to

the generic point (by taking t = a/2):

2

4

2

2
(a,b,c) = (a,a+a+2,a+a)

lying on V. This suggest to consider V' as a quartic curve defined over the rational function field

Q(a). We call this curve C. A quick computation in MAGMA [23] reveals that the genus of C is

0. This implies that C is

(a)-rational curve. Moreover, the existence of a Q(a)-rational point

on C given by P = (% +a+2, % + a) allows us to compute rational parametrization which

is defined over Q(a) as follows

where ¢t € Q and bn;(t), bd;(t) are given by

bn; (t)

bd; (t)

aw N = ol

[

663552 t4 — 2211840 t3 + 2764800 t% — 1536000 t + 320000
—331776 t* 4 1050624 t> — 1244160 t? + 652800 t — 128000
—41472¢3 + 105984 t2 — 90240 t + 25600

38016 t3 — 89280 t2 4 69696 t — 18080

12960 t* — 47520 t3 + 62928 t2 — 36240 ¢ + 7748

—3888t% + 11664 ¢> — 13248 t2 4 6792t — 1332

324t% — 8643 4+ 9002 — 432¢ + 81

331776 t* — 1105920 t3 + 1382400 t? — 768000 t 4+ 160000
—331776 t* + 1050624 t3 — 1244160 t + 652800 t — 128000
124416 t* — 373248 ¢3 + 419328 t2 — 209280 t + 39200
—20736 t* + 5875213 — 62784 t2 4 30048 t — 5440

1296 t* — 3456 ¢3 4 35282 — 1632t + 288

0

0

cn;(t) and cd;(t) are as follows
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[ [ ens(n) cd; () |
] 165888 t* — 552960 t> + 691200 t2 — 384000 ¢ + 80000
1 | 165888t — 552960 t3 + 691200 t? — 384000 ¢ + 80000 —165888 t* + 5253123 — 622080 t2 4 326400 t — 64000
2 | —82944t* + 2350083 — 241920t + 105600t — 16000 | 62208 t* — 186624 t> + 209664 t2 — 104640 t + 19600
3 | —20736t* + 86400t3 — 126720 t2 + 79296 t — 18080 —10368 t* + 29376 t3 — 313922 4 15024 t — 2720
4 | 20736t — 66528 t3 + 799202 — 42744 t + 8620 648t* — 17283 + 1764t — 816 ¢ + 144
5 | —4536t* + 13176 t3 — 14580 t2 + 7308 t — 1404 0
6 | 324t* —864t3 +900t% — 432t + 81 0
dn;(t) and dd;(t) are given by
[i [ enit) [ cdi(t)

QTR W N = O

331776 t* — 1105920 t3 4 1382400 t% — 768000 t + 160000
—663552 t* 4 2211840 t3 — 2764800 t> + 1536000 t — 320000
705024 t* — 2350080 t3 + 2939904 t2 — 1635840 t + 341600
—393984 t* 4 1271808 t3 — 1540224 t2 + 829536t — 167680
115344 t* — 353376 t> + 407880 t2 — 210624 t + 41148
—16848 t* + 483843 — 529922 4 26304 t — 5004

972t — 25923 4 27002 — 1296 ¢ + 243

331776 t* — 1105920 ¢> 4 1382400 t> — 768000 t -+ 160000
—331776 t* 4 1050624 t3 — 1244160 t> + 652800 t — 128000
124416 t* — 373248 t3 4 419328 t2 — 209280 t + 39200
—20736 t* + 5875213 — 62784 t2 4 30048 t — 5440

1296 t* — 3456 ¢3 4 352812 — 1632t + 288

0

0

The above parametrizations yield formulas for p and g as well, we have

S8 pni(t)al

P =S e
_ szoqnz(t) al

W = T8

where pn;(t) and pd;(t) are as follows

.

pn;(t)

0 N oUW N O

—328458240 0 + 1538403840 t°

—764411904 t% + 3853910016 t5 — 8095334400 t* + 9068544000 t3 — 5713920000 t2 + 1920000000 t — 268800000
1624375296 t8 — 8066138112 > + 16689659904 t* — 18417991680 t3 + 11433369600 t2 — 3785472000  + 522240000
—1576599552 5 + 7711801344 t5 — 15724855296 t* + 17109688320 t3 — 10477670400 t> + 3424128000 t — 466560000
901767168 t0 — 4328681472 t° + 8665989120 t* — 9262688256 t3 + 5575491072 t2 — 1792177920 t + 240364800

— 3007901952 t4 + 3143418624 t3 — 1852477056 t2 + 583908864 t — 76936320
77262336t — 350884224 t5 + 666600192 t* — 6785078403 + 3905107202 — 120573504 t + 15612432

—11384064 t5 + 49828608 t° — 91598688 t* 4 90593856 t3 — 50882400 t2 + 15399264 ¢ — 1963512

956448 t0 — 4012416 5 + 7116336 t* — 68325123 + 3747096 t% — 1113696 t + 140292

—34992t6 4+ 139968 t> — 239112 t% + 222912¢3 — 119556 t2 + 34992t — 4374

.

pd; (t)

W N O Uk W N = O

191102976 t5 — 955514880 > + 1990656000 t* — 2211840000 3 + 1382400000 t> — 460800000 t + 64000000
—382205952 8 + 1879179264 t5 — 3849928704 t* + 4206919680 t3 — 2586009600 t> + 847872000 ¢ — 115840000
3463741440 — 1676132352 % + 3381460992 t* — 3640578048 t3 4 2206264320 t2 — 713625600 t + 96256000
—185131008 t0 4 879869952 > — 1744478208 t* + 1847079936 t3 — 1101689856 t2 + 351010560 t — 46678400
63452160 t% — 294865920 t° + 572209920 t* — 593720064 t> 4 347511168 t2 — 108828288 ¢ + 14251040
—14183424 5 + 64074240 t5 — 121124160 t* + 122713920 t3 — 70316928 t2 + 21620544 t — 2788424

2006208 & — 8755776 t° + 16052256 t* — 15836256 t> + 88733522 — 2679360 t + 340884

—163296 t0 + 684288 t° — 1212408 t* + 1162944 t3 — 637200 t2 4 189216 t — 23814

583210 — 23328¢% + 39852t% — 371523 + 19926 t% — 5832 ¢ + 729

finally, the formulas for gn;(t) and qd;(t)

.

qn(t)

W N O Uk W N = O

—382205952 0 4 1911029760 t° — 3981312000 t* + 4423680000 > — 2764800000 t2 4 921600000 ¢t — 128000000
1242169344 t5 — 6210846720 t° + 12939264000 t* — 14376960000 t> + 8985600000 t> — 2995200000 t + 416000000

—1934917632t5 + 9650700288 t> — 20059840512 t* + 22242263040 t3 — 13875148800 t2 + 4617216000 t — 640320000
1821450240 t& — 9005727744 t5 + 18560544768 t* — 20410417152 3 + 12630919680 t2 — 4170854400 ¢ + 574144000
—1091377152 % 4 5298628608 t> — 10725198336 t* + 11586309120 t3 — 7046019072 t2 + 2287269120 t — 309668800
422143488 % — 1995010560 t° + 3934065024 t* — 4144690944 t3 + 2461317120 ¢> — 781454784 t + 103672320
—104789376 t8 + 478690560 t> — 914397984 t* + 9355219203 — 541037520 t2 + 167812512 — 21823272

16119648 t6 — 70777152 ¢° + 130483872 t* — 129400416 t3 + 72863136 t> — 22105152 ¢ + 2825172

—1399680 t% + 5878656 t> — 10437336 t* + 10031040 t3 — 5506488 t2 + 1638144 t — 206550
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l

qd; (t)

0

191102976 t® — 955514880 > + 1990656000 t* — 2211840000 3 + 1382400000 t2 — 460800000 ¢ + 64000000
—382205952 t8 + 1879179264 t5 — 3849928704 t* + 4206919680 t3 — 2586009600 t> + 847872000 ¢t — 115840000
3463741445 — 1676132352 t° + 3381460992 t* — 3640578048 t3 + 2206264320 t2 — 713625600 t + 96256000
—185131008 % + 879869952 7 — 1744478208 t* + 1847079936 t3 — 1101689856 t2 + 351010560 t — 46678400
63452160 t& — 294865920 t° + 572209920 t* — 593720064 > + 347511168 t2 — 108828288 t + 14251040
—14183424 ¢5 + 64074240 t5 — 121124160 t* + 122713920 t3 — 70316928 t2 + 21620544 t — 2788424

2006208 t% — 8755776 t° + 16052256 t* — 15836256 t> + 88733522 — 2679360 t + 340884

—163296 t0 4 684288 t° — 1212408 t* + 1162944 t3 — 637200t + 189216t — 23814

W N O U R W N = O

The reader interested in the details of mathematics behind the computation of parametrizations of
rational curves can consult the excellent book of Rafael Sendra, Winkler and Pérez-Diaz [115].

Let us also note that for p, ¢ given above the discriminant of P(z) = 22 + px + ¢ takes the form
Disc(P) = —2aP;(a,t) - Py(a,t)Q(a,t)?,

where () is a rational function, P is the polynomial of degree 2 (with respect to the variable t)

with negative discriminant for « € R\ {4} and
Pi(a,t) = (9a® — 1164 4 524a — 800)t* — 24(a — 5)(a — 4)%t 4 18(a — 4)3.

We thus see that the polynomial P(z) will have two real roots iff —aP; (a, t) > 0and Q(a, t) # 0.
We observe that if a < 0 then —aP(a,t) is always negative and we get no solutions. Indeed,
if @ < 0 then P(a,t) need to be positive. However, 9a3 — 116a? + 524a — 800 < 0 and
Disci(Py) = —72(a — 4)3(a — 2)%a < 0 and thus Pi(a,t) < 0 for all a,t € R. Ifa > 0
and a # 4 there are solutions but the analytic expressions are quite complicated. Instead, in
Figure 2.1, we present a plot of the solutions of the system —aP(a,t) > 0 A Q(a,t) # 0
satisfying (a,t) € [0,10] x [—10,10]. In particular, if a € (0,2) and ¢t € Q we get solutions
we are interested in. Unfortunately, we were not able to characterize all pairs (a, t) such that the
corresponding polynomial f(z) = x* 4 az® + b(t)x?® + c(t)z + d(t) is irreducible. It seems to
be a rather difficult question.

Finally, if a = 4 then we get (b,c,d,p,q) = (46/3,20,25,165/26,525/52) and the
polynomial 22 + pz + ¢ has complex roots.

We were trying to use the obtained parametrization to find other integer points on the surface
V' but without success. If « is not an algebraic integer, then using the above parametrizations

we may obtain real quadratic algebraic numbers. Indeed, if o is a root of the polynomial

. 4 .
z* + az3 + bx? 4 cx + d then write 8 = Ojf{l_l — 525 As an example let us consider the case

a = 1,t = 1. The above formulas provide that « is a root of the polynomial
zt 23 +97/242% + 3 /42 +17/8
then S is a root of the following polynomial having two real roots
x? —6/13z — 51/5.

We can also notice "near misses" solutions of Pethd’s problem, where among the numbers
a, b, c,d only one is genuine rational. All these solutions correspond to a = 2. More precisely,
if « is solution of

14
;&+2ﬁ+~§ﬂ+ax+1
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-10F

0 2 4 6 8 10
Figure 2.1: Real solutions of the inequality —aP;(a,t) > 0, (a,t) € [0,10] x [—10, 10], are in shaded
region

then (3 is a root of the polynomial
T N

Similarly, if « is a root of

13
:1:4+2x3+§a:2+4a:+4

then (3 is a root of

z2 + 35—6334— 12.

21
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progressions

3.1 Generalized Huff models of elliptic curves

In 1948 Huff [75] studied a geometric problem and related to it a family of curves now
called Huff curves. He considered rational distance sets. Given a,b € Q* such that a® # b.
Determine the set of points (z,0) € Q2 satisfying that d((0, +a), (z,0)) and d((0, &b), (z,0))
are rational numbers, where d denotes the usual Euclidean distance. Consider the Huff curve

ar(y?> — 1) = by(x? — 1). If there is a rational point (z,y) on the curve, then the point

P = (y%lf/l,()) is in the distance set. For example, with (a,b) = (2,5), then the curve

27(y? — 1) = 5y(x? — 1) contains the point (2, 4), and so

2.5-4 8
(#=1) - (50)

lies in the distance set.

Elliptic curves can be represented in different forms having different arithmetic properties.
Many models have been studied recently: Edwards curves, Huff curves, Montgomery curves,
Weierstrass curves, Hessian curves, Jacobi quartic curves and generalizations. In this section
we deal with arithmetic properties of two generalized Huff models introduced by Wu and Feng
[146] and by Ciss and Sow [41]. These models are as follows

Hup:  alay?—1) = y(ba® 1)

with a,b € Z and
Hg:g : azx(y® —¢) = by(z? — d)

with a, b, c,d € Z. We provide bounds for the size of integral solutions using Runge’s method
[107] combined with reduction method from [131]. In case of the family H,; all integral
solutions are classified and in case of H;’Zl the obtained bound is polynomial in a, b, ¢, d and in

case of many concrete equations the largest integral point is very close to this bound.
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Siegel [116] in 1926 proved that the equation
y? = apz" + a1z ..+ a, = f(x)

has only a finite number of integer solutions if f has at least three simple roots. In 1929 Siegel
[117] classified all irreducible algebraic curves over Q on which there are infinitely many integral
points. These curves must be of genus 0 and have at most 2 infinite valuations. These results
are ineffective, that is, their proofs do not provide any algorithm for finding the solutions. In the

1960’s Baker [6, 8] gave explicit lower bounds for linear forms in logarithms of the form

A:ibilogaﬁéO

i=1
where b; € Z fori=1,...,nand aq, ..., a, are algebraic numbers (# 0, 1), and
log o, . .., log a,

denote fixed determinations of the logarithms. Baker [7] used his fundamental inequalities

concerning linear forms in logarithms to derive bounds for the solutions of the elliptic equation
v =ax® + ba? +cx +d.

This bound were improved by several authors see e.g. [24, 69]. Baker and Coates [10] extended
this result to general genus 1 curves. Lang [80] proposed a different method to prove the finiteness
of integral points on genus 1 curves. This method makes use of the group structure of the genus
1 curve. Stroeker and Tzanakis [126] and independently Gebel, PethS and Zimmer [58] worked
out an efficient algorithm based on this idea to determine all integral points on elliptic curves.
The elliptic logarithm method for determining all integer points on an elliptic curve has been
applied to a variety of elliptic equations (see e.g. [127, 128, 137-139]). The disadvantage of this
approach is that there is no known algorithm to determine the rank of the so-called Mordell-Weil
group of an elliptic curve, which is necessary to determine all integral points on the curve.
There are other methods that can be used in certain cases to determine all integral solutions
of genus 1 curves. Poulakis [104] provided an elementary algorithm to determine all integral
solutions of equations of the form 32 = f(x), where f(x) is quartic monic polynomial with
integer coefficients. Using the theory of Pellian equations, Kedlaya [76] described a method to

solve the system of equations
z? —a1y® = by,
P(z,y) = 2%,

where P is a given integer polynomial.

In this section we characterize the arithmetic progressions in case of the curve H,; and
we provide infinite families of curves H ;’Z containing arithmetic progressions of length 9. It is

important to note that we only consider arithmetic progressions related to integral points.

24
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3.2 Integral points on generalized Huff curves

In the following theorem we characterize the integral points on the curve H,, .

Theorem 3.1 N

The Diophantine equation Hy,p :  z(ay? — 1) = y(bz?® — 1) with a,b,x,y € Z has
precisely the following solutions

(a,b,z,y) = (a,b,0,0)witha,b€ Z,

(a,b,z,y) = (a,a,x,z)witha,x € Z,

(a,b,z,y) = (1,1,-1,1),

(a,b,z,y) = (1,1,1,-1),

(a,0,z,y) = (=1,-1,-1,1),

(@bo,y) = (-1,-1,1,-1),

(a,b,z,y) = (a,2— , 1) witha € Z,

(a,b,z,y) = (a,2—a,1,—1)witha € Z.

A direct consequence of the above theorem is as follows.

Let (z1,y1), (x2,Y2), (23, y3) be solutions of the equation H y, for some a,b € Z such that
(1, x2, x3) forms an arithmetic progression and at most one solution (x;,y;) satisfies the

condition x; = vy;. Then (x1, 2, x3) = (—3,—1,1),(-1,0,1),(1,0,—1) or (1,—1,—3).

In case of the second family Hgg we have the following result. Define ¢(a,b,c,d) =
(a%c — 81)(a’c — 81 — b%d).

Theorem 3.2

Let a,b,c,d € 7 such that abcd(a*c — b*d) # 0. Define Ly, Ly, Uy, Uy as follows

L, = _% (,O(CL, b, c, d)7 U= é QO(GJ, b, c, d)’

—é\/—gp(a, b, —c, —d), Us = % v(a, b, —c, —d).
Letmo =min({0}U{L; :i=1,2,L; € ]R}) and My = max({0}U{U; : i =1,2,U; €
R}). If (z,y) is an integral point on H? b, then we have that either
_ V/(2a2¢c — t)(2a%c — t — 2b2d)

te{—161,...,161}

bv/2t
or
%9<x<——#b>0
M,
7°< < Yifb<0

176

Remark. In case of the curve Hy there is no solution coming from the formula for z, the
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boundis —29 < z < 29. The integral solutions are given by (z,y) € {(—27,—9),(0,0),(27,9)},
that is the largest solution is just 2 away from the bound.
On the curves Hg’g we consider the question of long arithmetic progressions, we have the

following statement.

There exist infinitely many tuples (a,b, c,d) € Z* such that there is a length 9 arithmetic

. . . g c,d
progression formed by x-coordinates of integral points on the curve H ab-

3.3 Proof of the results

In the proofs of the results the we use several time that the discriminant of a degree 2
polynomial (in some variable) must be a rational square. This is a necessary condition to obtain
integer solutions.

Proof. [Proof of Theorem 3.1] Consider the case a = b. We obtain that

ary(ly —z) =x —y.
Therefore x = y is a solution for all x € Z. Assume that x # y. We get that azy = —1. Hence
(a,b,z,y) € {(-1,—1,F1,£1),(1,1,F1,+£1)} are the possible solutions of the equation, and
one can check that these are in fact solutions.
We may assume that |a| > |b|. We rewrite the equation in the form
byz® 4+ (1 — ay?)z —y = 0.

A necessary condition to obtain integer solution is that the discriminant of the above quadratic
polynomial in x must be a rational square. Thus there exists an integer ¢ such that

F(y) == a®y* + (4b — 2a)y* + 1 = 12 (3.1)
We apply Runge’s method [107] to determine all the integral solutions. Define P(y) = ay? +
2’17_“. We have that

1\2 4b 2 42 4b 1
F(y)—<P(y)—> = 2y° +

a @ a a2 az a2’
1\2 4b 2 42 4 1
F(y)— (P - Y i M M e
(y) <(y)+a> R R R

These two quadratic polynomials have opposite signs if |y| > 3, since |a| > |b|. Therefore one

has that

(P - 1)2 <F) = < (P + 1)

a

if [y| > 3. It yields that t = 4(ay? + 22-2). Equation (3.1) implies that b = 0. In this case

a
c -1 " 1 n 1
y 2ax 4a222  a

26



dc_1892 21

3.3 Proof of the results

and we obtain that |y| < 1. Therefore we have that |y| < 3. It remains to check the cases

y € {0,£1,£2}. If y = 0, then it follows that z = 0. If y = +1, then
+b2® — (a — 1)z F 1 =0.
Hencex = £landb=aorb =2 — a. If y = +2, then we get that
+2bx% — (4a — )z F2 = 0.
Therefore x € {+1,4+2}. If z = £+2, then we get that a = b, a case that has been considered. If
x = =£1, then no solution exists.
Proof. [Proof of Theorem 3.2] Rewrite the equation of H ;:g as follows
azxy? — b(z* — d)y — acx = 0.
A necessary condition to obtain integer solution is that the discriminant of the above quadratic
polynomial in y must be a rational square. Hence there exists an integer u for which
G(X) := X* + (4d%c — 2v%d) X% + b1 d? = 2,
where X = bz. Let R(X) = X2 + 2a%c — b%d, that is the polynomial part of the Puiseux
expansion of \/@ . We obtain that
G(X) - (R(X)—162)% = 324X?—4a*c® +4ad*%cd +
648 a’c — 324 b%d — 26244,
G(X)— (R(X)+162)? = —324X%—4a*P® +4a°b%cd —
648 a’c + 324 b?d — 26244.

The roots of the above polynomials are defined in Theorem 3.2 as L1, Uy and Lo, Us respectively.

If X is not an element of the interval
[min(L1, La), max(Uy, Ua)],

then
G(X) > (R(X)—162)* and G(X) < (R(X) + 162)2.

Since G(X) = u? we get that u = +(R(X) — t) for some integer |t| < 162. It follows that

X 2a2c — t)(2a%c — t — 2b%d
oo X V(@aPe—1)(2ac ) t e {—161,...,161}.
b by/2t

It remains to bound the "small" solutions, that is to compute min(Lq, Lo) and max(Uy, Us), these

are roots of the above defined polynomials. We note that we fixed the number 162 appearing in
the above computation based on numerical experiences. It can be replaced by an other constant,
say T If @ and b are large, then a baby step - giant step type algorithm can be used to find a near
optimal value for 7', for which the number of integers in the intervals [min(L;, L2), max(Uy, Us)]

and [T+ 1,T — 1] is almost as small as possible.

Proof. [Proof of Theorem 3.3] First notice that if (z,y) € H®! then (—x, —y) € HY. Based
on numerical experience we fix b = ma and d = a + 1 for some integer m. The integral point

(0,0) is on the curve Hg’g for any integral tuple (a, b, ¢, d). If we have an integral solution with
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x = 1, then y? + amy — ¢ = 0 and a necessary condition to obtain integer solution is that the

discriminant of the above quadratic polynomial in y must be a rational square. Hence

n? —m?a®
C= ——
4
for some integer n. In a similar way o = 2 corresponds to an integral solution if 2y% — m(3 —

a)y — M = 0. Hence 4n? — 3m?(a® + 2a — 3) is a square. We look for solutions of the

form n = ua + v for some u, v € Z. We get that
(v —u)? — 4u? + 3m* = 0.

Parametric solution of the above equation is given by

—2p? +6¢% p* +3¢% 4pq )
Gpyg " Gpg Gpg'

for some integers p,q, where G, = gcd(—2p2 + 6¢%,p% + 342, 4pq). To obtain an integral

(v —u,u,m) = (

solution with x = 3, with a similar argument as the case z = 1 give us that the polynomial
9(a? — 2a + 1)p* — 2(37a® + T4a — 431)p*¢* + 81(a® + 6a + 9)q*
has to be a square. The quartic is singular when its discriminant is 0, so for a = -7, —4,2

or 5. Using the above formulas we obtain for z = 3 and each values of a the corresponding

y-coordinate of the point in H;:z where a, b, ¢, d are as above:

a y
~712(2p—q)(p+3q)
—4 | 365p+q)(p+3q) |
2 | 5(p+5q)(p+3q)
5 | 2(p—29)(p+3q)

We handle the case with a = 2, the other three can be treated in a similar way. When a = 2,

then a point on the curve with x = 4 demands
pt — 34p%¢% + 225¢* + 52pqy — 4? = 0,

so that necessarily its discriminant, p* + 135p%¢® + 225¢%, is square. Hence we have a genus 1

curve which has an affine model of the form
C : v? =u* +135u® 4 225, where u = p/q.

The quartic curve C' has the rational point [0 : 1 : 0], then it is an elliptic curve defined over Q.

A Weierstrass model for C'is
Fy:Y?= X34+ 45X? — 6300X,
and the isomorphism given in affine coordinates by:
w: C— Ey, o(u,v) = (30 + 2u® + 2v, 270u + 4u® + 4uw).

We use the computer algebra software Magma [8] to compute the generator of the Mordell-Weil

group of E. The points (60, 0), (0, 0) generate the torsion subgroup and the free part is generated
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by
(=30, 450), (—90, 450).

The point (z,y) = (3, 5(p+5q)(p+3q)) € Hg:g is supposed to be an integral point, therefore we
need to scale p and ¢ such that they have the same parity. To avoid cases with abcd(a?c—b*d) = 0
we need points in C' with u-coordinate different from +1,+3, £5, +15. That is the points that
are not coming from the following points on Fj:

(70, +£350), (—6,+198), (126, +1386), (—30, +450), (210, +£3150),

(=50, £550), (1050, £34650), (—90, £450), (6, 0), (0,0), (=105, 0).
As examples we compute the cases corresponding to the points 3(—90,450) and 2(—30, 450).
From 3(—90,450) we get that p/q = 182745/68681, so we do not need to scale. From
2(—30,450) we obtain that p/q = 8/13, so we fix (p,q) = (16,26) to make the y-coordinate
corresponding with the point with xz-coordinate equal to 3 an integer.
(p,q) (182745, 68681) (16,26)
(0,0) (0,0)

(+1,£1871528340) (+1,4+3534)
points (+2, +£31231340040) (£2,£5358)
on Hg? (£3,+102280403100) | (£3, £6862)

(+4, £164329281885) | (£4, £8322)

b 100408874760 3328
c 191420673028273854000 | 24250308

We note that for a = —7, —4, 5 the corresponding elliptic curve E, have positive ranks as well

(1, 2 and 1 respectively). More over Fo and E_4 (and E5 and E_~) are isomorphic over Q.
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Chapter 4 Markoff-Rosenberger triples with Fibonacci

components

4.1 Markoff and Markoff-Rosenberger equations

Markoff [89] obtained many nice results related to the equation
2+ y2 + 22 = 3xyz.
He showed that there exist infinitely many integral solutions. The so-called Markoff equation

defined above has been generalized in many directions by several authors. We focus on the

generalization considered by Rosenberger [106]
az? +by? + ¢2? = dayz. 4.1

Rosenberger proved that if a,b,¢,d € N are integers such that ged(a,b) = ged(a,c) =

ged(b, ¢) = 1 and a, b, c|d, then non-trivial solutions exist only if
(a,b,¢,d) € {(1,1,1,1),(1,1,1,3),(1,1,2,2), (1,1,2,4),(1,1,5,5), (1,2,3,6)}.

Silverman [118] studied equation (4.1) with a = b = ¢ = 1 over imaginary quadratic number
fields. Baer and Rosenberger [5] considered solutions of equation (4.1) over imaginary quadratic
number fields. Gonzdlez-Jiménez and Tornero [62] looked for solutions of equation (4.1) in
arithmetic progression that lie in the ring of integers of a number field. Gonzalez-Jiménez [59]
studied solutions of (4.1) whose coordinates belong to the ring of integers of a number field and

form a geometric progression. A well-known identity related to the Fibonacci numbers
1+ F5yy + Fioq = 3Fo 1 Fonga

shows that (z,y,z) = (1, Fon—1, Fony1) is a solution of the Markoff equation for any n € N.
Luca and Srinivasan [84] proved that there are infinitely many solutions (Fj, F}, F},) to the
classical Markoff equations (given by the above identity). In this section we extend the result of

Luca and Srinivasan, we determine the solutions (z,y, z) = (Fj, Fj, F}) of equation (4.1) for
(a,b,c,d) € {(1,1,1,1),(1,1,2,2),(1,1,2,4),(1,1,5,5), (1,2,3,6)}.

In the proofs, we simplify the strategy described by Luca and Srinivasan, by providing a direct

way to get a bound for k£ — j from above.
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4.2 Fibonacci components

Theorem 4.1

If (z,y,2) = (F;,Fj,Fy) is a solution of equation (4.1) and (a,b,c,d) €
{(1,1,1,1),(1,1,2,2),(1,1,2,4),(1,1,5,5),(1,2,3,6) }, then the complete list of so-

lutions are given by

(a,b,c,d) solutions

(1,1,1,1) {(3,3,3)}

(1,1,2,2) {(2,2,2)}

(1,1,2,4) {(1,1,1),(1,3,1),(1,3,5),(3,1,1),(3,1,5)}

(1,1,5,5) | {(1,2,1),(1,3,1),(1,3,2),(2,1,1),(3,1,1),(3,1,2)}

(1,2,3,6) {(1,1,1),(1,2,1),(1,2,3),(5,1,1)}

Proof. A well-known fact is that the n-th Fibonacci number can be written as follows
n __ Aan 1 1 —
Fn:M, where o = +\/5andﬁz \/5

a—f 2 2

We also have that forall n > 1

an—? < Fn < an—l.

We note that in the Markoff case, « = b = ¢ and the equation is fully symmetric in (x, y, z). This
symmetry is no longer present in the case of the Rosenberg equation. In the proof we assume
that © < y < z hence we need to consider not only the equation ax? + by? + cz? = dxyz but
also all the permutations of (a, b, ¢). We provide a bound for i for general (a, b, ¢, d) and we use

it to get an upper bound for £ — j. Based on inequalities from [84] we have

aF?2 + bF? k J o o o .
— e o' + ol 5" — )| < 3ad. (4.2)
k

YEI

Suppose (z,y, z) = (F;, Fj, Fy,) for i < j < k is a solution of

< (a+b)a,

aF} + bF} + cF{ = dF,F}Fy.

‘We obtain that

k it aF? + pF2 kg . o
(O g T B digi i - gy,
V5 5 Fy, V5 5
Taking absolute values and using the inequalities at (4.2) we obtain:
k itj J
o o o
— —d < —(5a + 5b 3d
- iti
and dividing by Nk
cak_i_j—i < 5a+5b+§+3d' 4.3)
Vb Vhai
Now define f(n) = ‘ca” — %‘ and let to € Z such that f(t9) < f(n) for any n € Z. Then
. ba+5b 3d
i a+950+c+ (4.4)
V5 [(to)
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Fora given tuple (a, b, ¢, d) equation (4.4) provides an upper bound for 7, denote it by ub(a, b, ¢, d).
For a given ¢ equation (4.3) yields an upper bound for k£ — j. For the concrete equations we consider

these bounds are as follows:

ub(1,1,1,1) =9,

ub(1,1,2,2) = 8,ub(1,2,1,2) = ub(2,1,1,2) = 9,

ub(1,1,2, 4)47ubU,2,1,4)—-ub(2;h1,4)478

ub(1,2,3,6) = ub(2,1,3,6) = 8,ub(1,3,2,6) = ub(3,1,2,6) = 7,
ub(2,3,1,6) = ub(3,2,1,6) = 11,

ub(1,1,5,5) = 7,ub(1,5,1,5) = ub(5,1,1,5) = 8.

For each (a, b, ¢, d) and any i < ub(a, b, ¢, d) one needs to compute the (finitely many) possibil-

ities for m = k — j. That is, fixing (a, b, ¢, d), i and m we study the equation

aF} +bF} + cF},,, — dF;FiFj = 0.

m

We note that the equation above only depends on j. To deal with the concrete cases we use the

following arguments.

(I) We eliminate as many values of ¢ as possible by checking solvability of quadratic equations
aF? +by* 4 cz* — Fiyz = 0.

(II) For fixed m we eliminate equations an-z + ij2 + cF?

4m — dF;F;Fj 4, = 0 modulo p,

where p is a prime.

; : 2 2 2
(IIT) We consider the equation aF}* + ij + cFJ m

—4b(aF? +cF7,

= dF;F;F},, as a quadratic in F;. Then

2 172 772
its discriminant d°F7F7,
for the Fibonacci and Lucas numbers (denoted by L,,, defined by Ly = 2,L; = 1 and

L,=1L,_1+ L,_oforn > 2) says that

) must be a square. A fundamental identity

L2 =5F2+4.
That is we have the system of equations
Y2 = 5X%+4
VP = d*F?X? —4b(aF}? + cX?),
where X = F},,. Multiplying these equations together yields
Y? = (5X2 +4)(d*F?X? — 4b(aF? + cX?)).

Therefore we reduce our problem to obtain integral points on the above quartic genus 1

curves. This will be realized using the Magma [23] function SIntegrall junggrenPoints.

We implemented the above procedure in SageMath [122] and the code can be downloaded
from the URL address http://shrek.unideb.hu/ tengely/MarkoffSolver.sage. De-

tailed computations can be found at

http://shrek.unideb.hu/"tengely/Markoff-Rosenberger-Fibonacci.pdf.
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4.2.1 The case with d = 1

We have that 2 < ¢ < 9. In this range the Diophantine equation Ff + 9% + 22 = Fyzis
solvable only for ¢ = 4. If ¢ = 4, then we have that 0 < k£ — 57 < 4. The equation 9 + Fj2 +

Fj2+m — 3FjFj4p, = 0 has no solution modulo 3 for m = 1,2, 3, and it is not solvable modulo
11 for m = 4. It remains to consider the case m = 0. We have that k = j, therefore the equation

is simply 9 = F]?. Hence, we get the solution (z,y, z) = (3,3, 3).

4.2.2 Cases with d = 2

Consider the tuple (a, b, ¢, d) = (1, 1,2, 2). The bound for i is 8, however only the quadratic
equation related to ¢ = 3 is solvable in integers. If i = 3, then 0 < k — j < 3. We eliminate
the cases m = 1,2 modulo 7 and the case m = 3 modulo 23. If £k = j, then we get that
4 = FjQ. Hence, we obtain the solution (x,y,z) = (2,2,2). There are 2 other subcases here,
(a,b,c,d) = (1,2,1,2) and (2, 1, 1, 2) having the same upper bound for 7, namely 9. In case of

(a,b,c,d) = (1,2,1,2) we can eliminate all values of i except i = 3 and 9. If i = 3 we have

4+ 2F + F}

j+m = AFjFjym =0,

where 0 < m < 5. Congruence arguments eliminate the cases with m € {1,2,3,4,5} as

follows:

m 1 12|13 (4|5
mod || 17| 7119 |3 | 13

The remaining value of m is 0O, that yields the equation 4 = FJZ, so we obtain the solution

(r,y,2) = (2,2,2). If : = 9, then the corresponding equation is

1156 + 2F7 + F

Jj+m 68F; Fjym = 0,

where 0 < m < 9. The following table contains the primes used to get a contradiction

m ||0|1]2 |3 [4 |5|6 |7|/8]9
mod || 3|7 |11 |19 |11 |5 |11 |7|3]29

In case of (a,b,c,d) = (2,1,1,2) we only need to handle i = 3 for which we get that
0 < m < 5. The equation is given by

8+ F} + F;

Jj+m 4FjFjym =0,

and we can eliminate all these (except m = 0) as the table below shows

m 1 12|13 (4|5
mod || 11 | 7|11 |3 | 13

If m = 0, then we have 8 = 2Fj2 and the only solution is (z,y, z) = (2,2, 2).
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4.2.3 Cases with d =4

If (a,b,c,d) = (1,1,2,4), then if follows that i = 2 or 4. If (a,b,c,d) = (1,2,1,4), then
we obtain that ¢ = 2 or 4. The last tuple to consider here is (a, b, c,d) = (2,1,1,4) and we get
that © = 2 or 5. We need to handle the equations

1+ F} +2F},,, —4FFjm = 0,
9+ F} +2F},,, —12F;Fjym = O,
14+ 2F7 + F},,, —4F;Fj1m = 0,
9+ 2F + F7,, — 12F;F; ., = O,

2+ F} + F}y,, — AFFjym = 0,
50 + F} + F}\,, — 20FFjp = 0.

We provide details in the case of the first equation, the other 5 can be solved in a similar way. We
consider the equation as a quadratic in F; and follow the argument described in (III). It remains

to solve the quartic Diophantine equations

y? = 102* — 1322 4 4, y? = 10z* + 322 — 4.
The integral solutions of these equations can be completely determined using the Magma [23]
procedure SIntegrall junggrenPoints. In the former case we get that x € {0,4+1, +5}. In

case of the latter equation we have that z € {£1}. It follows that F};,,, = 1 or 5 and we get the
solutions (z,y,2) = (1,1,1) and (z,y,2) = (1, 3,5).

4.2.4 Cases withd =5

Here, we get the following possibilities for ¢ for the 3 tuples
a,b,c,d) 1
1,1,5,5) | {2,3,4}
1,5,1,5) | {2,3,4}
5,1,1,5) | {2,3,5,7}
Consider the tuple (5,1,1,5). Ifi = 5,then 0 < m < 7and if i = 7, then 0 < m < 9. All these

(
(
(
(

cases can be eliminated using congruence arguments: if ¢ = 5, then we have

m 0j/1 |2 |3 |45 |6 |7
mod || 7|11 |11 |11 |3 |11 |17 |11

and if ¢ = 7, then we obtain

m 0|1 {2 |3 |4 |5 |6 |7 [8]|9
mod || 3|11 132911 |19 11|29 |3 |11

It remains to check the solutions for ¢ = 2 and 3. The equations can be written as follows

54 F) + F}yy —5FFjum = 0,
20+ F? + F?,, — 10F;Fjn = 0.
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As before we reduce the problem to genus 1 curves, we obtain the following 4 equations

y? = 105z* — 18422 + 80,
y? = 105z* — 1622 — 80,
> = 30z — 4922 + 20,
> = 30zt — 2% —20.

The complete set of possible values for F} is given by {1, 2,3,987}. We also know that F; €
{1,2}, hence one can easily determine F}. The solutions of the equation ? + y? + 522 =
5xyz from these cases are given by (x,y,2) = (1,2,1),(2,1,1),(1,3,1),(3,1,1),(1,3,2) and
(3,1,2).

4.2.5 Cases withd = 6

Let us consider the equation 2 + 2y? + 322 = 6x72. Here we can eliminate many quadratic

equations. In the table below we collect the remaining cases.

(a,b,c,d) i
(1,2,3,6) {2,5}
(2,1,3,6) {2,3}
(1,3,2,6) {2,5}
(3,1,2,6) {2,4}
(2,3,1,6) {2,3}
(3,2,1,6) | {2,4,11}

We provide details in case of the tuple (3,2,1,6) only, the remaining ones can be treated in a

similar way. We have three values for ¢, these correspond to the equations

2 2
3+2F7 + FFy,

—18F;jFjim = O,

—6F;Fj ym = 0,
27+ 2F; + F7y,,
23763 + 2F} + F7y,, — 534F;Fjym = 0.

The last equation corresponds to ¢« = 11. Here, we do not expect any solution so we compute
the possible values of m and try to get a contradiction modulo some prime. It turns out that
0 < m < 13 and all these cases can be handled using congruence arguments. We summarize

the computation in the following table

m |01 |2 |34 |5]6 |7 8|9 [10|11]12] 13
mod ([ 5 |17 |19 |7 |13 |5 |17 |13 |7 |17 |13 |13 | 17 | 29

Solving the remaining two equations as described in (III) we get that we need to find the
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4.2 Fibonacci components

integral solutions of the Diophantine equations
y? = 35zt — 4322 + 12,
v = 35zt 41322 — 12,
y? = 3952% — 45122 + 108,
y> = 395z + 18122 — 108.

We use the Magma function SIntegrall junggrenPoints to determine the integral solutions
and we get that F;; € {1,2}. The tuple we consider is given by (3,2, 1) and the corresponding
equation is 3F7 + 2F7 + F = GF;FjF},. Since i = 2 or 4 we have F; € {1,3}. These
possibilities yield the solutions (z,y, z) = (1,1,1),(1,1,5),(1,2,1) and (3,2, 1).
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Chapter 5 Erdds-Graham type Diophantine problems

5.1 Product of two blocks of length 4

In this section we consider the Diophantine equation
@+ )@+ 2@+ @ +me+m+ De+m+2)(@+m+3) =y’ G

where 4 < m € N is a parameter. We provide bounds for the size of solutions and an algorithm
to determine all solutions (z,y) € N2. The method of proof is based on Runge’s method

[64,72,107, 108, 112, 131, 145].

If (x,y) € N? is a solution of (5.1) then

1 <ax<1.08m.

We apply the above theorem to determine all positive integral solutions of (5.1) with

4 <m <108,

The only solution (x,7) € N? of (5.1) with 4 < m < 108 is
(z,y) = (33, 3361826160)

with m = 1647.

5.2 Proof of the results

Proof. [Proof of Theorem 5.1] We apply Runge’s method and we prove that large solutions
do not exists and we provide bound for size of the possible small solutions. A solution to the

equation (5.1) gives rise a solution to the equation
F(X):=X(X +m+2)(X +2m+2)(X +3m) =Y? (5.2)
where X = x2 + (m + 3)x. The polynomial part of the Puiseux expansion of F'(X)1/2) is
P(X)=X?+ (3m+2)X +m* + 3m.

We obtain that

F(X)—(P(X)—1)? = 2X?—(4m* —6m+4)X —m* —6m® — 7m? +6m — 1,
F(X)—(P(X)+1)? = —2X%—(4m?+6m+4)X —m* —6m> —11m? —6m — 1.



dc_1892 21
Chapter 5 Erd§s-Graham type Diophantine problems

Let o, aa be the roots of the quadratic polynomial F'(X) — (P(X) — 1)? and a3, ay be the
roots of F(X) — (P(X) + 1)%. We define 8;,7 = 1,2, 3,4 as follows
o; Ifo; € R,

i =

0 otherwise.

It follows that

F(X) = (P(X)=1)*>0, if X ¢ [min{g;}, max{B;}]
and

F(X) — (P(X)+1) <0, if X ¢ [min{5;}, max{5}].
Hence we get that

(P(X) = 1 < F(X) < (P(X) + 1%, i X ¢ [min{3:}, max{5,)].
If (X,Y) is a solution of (5.2) with X ¢ [min;{3;}, max;{5;}], then
Y = P(X).

It implies that
0=F(X)—-P(X)?=—4m*X —m* — 6m> — 9m?.

X:<m+3>2,
2

Since X = 22 + (m + 3)x we get that

That is

-m—3
€Tr =
2
It means that if there exists a large solution, then m has to be odd, x = 7”373 and y =
(m—3)(m—1{ém+1)(m+3). It is a contradiction since m > 4 and therefore 0 > *”373 = z.

It remains to deal with the small solutions that is those with
X e [miin{ﬁi}, mzax{,@’i}].

Hence we need to compute the roots of the polynomials F(X) — (P(X) — 1)? and F(X) —
(P(X) + 1)2. These are as follows

o = mz—%m—l—%\/6m4—|—15m2—|—6,
ay = m2—gm—1—f—%\/6m4+157712+67
a3 = —mQ—;m—l—%\/2m4—5m2+2,
ay = —mQ—;m—1+%\/2m4—5m2+2.

Since m > 4, we obtain that 6 m?* + 15m? + 6 > 0 and 2m* — 5m? + 2 > 0. Therefore
a1, e, a3, aq € R and we have

az < o < ap < Q9.
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5.3 Algorithm to solve (5.1) for fixed m

We need to solve the system of inequalities
0 < 224+ (m+3)z—asz,
0 > 2?2+ (m+3)z— an.

The first inequality is true for all z > 1. The second inequality implies that

1 1 3
—2m—2\/5m2—|—2\/6m4+15m2+6+5—2§1:
and
1 1 3
z§—§m+§\/5m2—+—2\/6m4—|—15m2—|—6—|—5—§.

The lower bound is negative if m > 0, hence we have that x > 0, in case of the upper bound we

obtain that x < 1.08m if m > 4.

5.3 Algorithm to solve (5.1) for fixed m

Theorem 5.1 says that if there is a solution (z,y) € N? of the Diophantine equation
(5.1), then 1 < z < 1.08m. If m is small, then one can easily enumerate all solutions since
the bound is linear in m. For larger values of m one can apply a sieve method similar to the
Sieve of Eratosthenes, which eliminates composite numbers using small primes. There are
many generalizations of the Sieve of Eratosthenes to solve different problems in number theory,
cryptography (see e.g. [120] II1.4.). We followed the steps described below to solve completely
(5.1) in case of 4 < m < 109.

(i) Define
fl@)=z(z+1)(z+2)(z+3)(z+m)(z+m+1)(z+m+2)(z+m+3),
F(p)={a:a€[0...p—1]and f(a) mod pis a square in F),} and for a given interval
1
St ={a:a e INNsuchthat f(a) is a square}.
(i) If 4 < m < 1000 one computes Sy 1 gn] by direct enumeration.
(iii) If m > 1000. Let N = logg, 1.08m and M = V/1.08m.
(iv) Let p1,p2,...,pon be primes such that
pr<p2<...<pN <M <pnjy1<...<poN.
(v) Compute F'(p;) foralli =1,2,...,2N.
(vi) Sort the sets F'(p;) such that
|F'(pi; )| - \F(pz'j+1)"
Pi; Pijiq
(vii) Using the Chinese remainder theorem determine I = {a : a € [1,1.08m]NN, a mod p;, €
F(pi,),a mod p;, € F(piy),...,amod p;iy € F(piy)}
(viii) Compute S;.

Note that here we used small primes around 30 having product about 1.08m. For very small

primes |F'(p)|/p is close to one since in this case for a given a € [0,...,p — 1] we have that a
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is aroot of f(x). As an example consider the case m = 1647. Here we have p;, = 47, p;, = 37

and

F i F f
i)l 0.4468, Fwi)l ¢ 5676,
Diq Dio
Using the Chinese remainder theorem we obtain a set  having cardinality 441. So the cardinality

of the search space is reduced by a factor about 4. We implemented the above algorithm in Sage

[122].

5.4 On products of disjoint blocks of arithmetic progressions

In this section we present some related Diophantine equations involving products of con-
secutive integers. Let us recall that Bauer and Bennett [11] proved that for each positive integer

janda j tuple (kq,...,k;) the Diophantine equation

J k=1
v =@+ )] [[@+0D (5.3)
i=1 =0
has infinitely many solutions in positive integers x, r1, . . . , 7. However, the proof they presented

produces solutions which grow exponentially. In the light of this result one can ask whether in
some cases we can find solutions in polynomials with integer coefficients. In this direction we
offer the following:

Theorem 5.3 N

The Diophantine equations

z(z+ Dy(y +1)(y +2) 22, (5.4)
s+ Dyly+ 1)y +2)(y+3) = 2° (5.5)

have infinitely many solutions in the ring Z[t]. Moreover, the Diophantine equation

z(z+Dyly+ 1)y +2)(y+3)(y +4) = 2° (5.6)

has at least two solutions in the ring Z]t].

Let us introduce the notation
flz,k,d) =z(x+d)--- (z+ (k—1)d).

The next results deal with the question of whether the product of disjoint blocks of consecutive

integers can be a product of two consecutive integers. We thus consider the Diophantine equation

[/ kD) =y +1). (5.7)

i=1
This question concerning the solvability in integers of the equation (5.7) can be seen as a

variation on Erdds and Graham question. We have the following:
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5.4 On products of disjoint blocks of arithmetic progressions

Theorem 5.4

The Diophantine equations
z(z+Dyly+1)(y+2) = z(z+1), (5.8)
zz+Dyly+ Dy +2Dw+3) = z(z+1) (5.9)

have infinitely many solutions in the ring Z[t]. Moreover, for ki = 3, r > 2 and each
r — 1-tuple ko, . . ., k. of positive integers the Diophantine equation (5.7) has at least six

solutions in the ring Z|xs, . . ., x,).

Theorem 5.5 N

The Diophantine equation

zz+Dyly+1)=2(z+1)(z+2)(2+3) (5.10)
has infinitely many solutions in positive integers satisfying the condition (z — z)(z — x +

2) # 0.

In [142] the second author proved that the system of Diophantine equations
zz+1)+yly+1) = plp+1)
yy+1)+2(+1) = qlg+1)
2(z+ 1) +x(x+1) = r(r+1)
has infinitely many solutions in integers satisfying the condition 0 < z < y < z. One can ask

whether similar phenomenon holds for the multiplicative version of the above system. More

precisely: does the system of Diophantine equations

z(z+1yly+1) = plp+1)
yly+1)z(z+1) = q(¢g+1) (5.11)
zZz+1Dz(x+1) = r(r+1)

have infinitely many solutions in integers satisfying the condition 1 < z < y < 2? Motivated

by this question we prove the following:

Theorem 5.6
The system (5.11) has infinitely many solutions in the ring of polynomials Z]t].

Consider the Diophantine equations

(z — b)a(x + b)(y — b)y(y + b) = 2> (5.12)

and

(x =b)x(x+b)(y—b)y(y+b) = (2 —b)z(z +b) (5.13)

where b € N is a parameter. If a solution (z,y, z) satisfies b | z and b | y, we call it trivial. If
b = 1, then Sastry [65] noted that (5.12) has infinitely many positive integer solutions (z, y, 2),
where y = 2z — 1 and (x + 1)(2x — 1) is a square. Zhang and Cai [148] proved that there exist
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infinitely many nontrivial positive integer solutions of the Diophantine equation (5.12) if b > 2
is an even integer. They note that it is likely that for odd b > 3 integers there are also infinitely
many solutions. They showed that (5.13) has infinitely many nontrivial positive integer solutions
for b = 1, and the set of rational solutions of it is dense in the set of real solutions for b > 1. They
posed the following question. Are all the nontrivial positive integer solutions of (5.13) forb = 1
with x < y given by (Fb,—1, Fopt1, F22n), n > 1?7 We prove that all “large” solutions have this
shape while “small” solutions belong to certain intervals. We have the following statements.

Theorem 5.7

Let (z,y, z) be a nontrivial positive integer solution of equation (5.12) and k = y — x.

Either
48D’k — 3k £2(4b” — k?)V—48b2 + 3 k2
T 6 (1662 — k2)
or
1 <z < max B;,
1<i<3
where

B, = 2max —6b2k2+§k4igk

8 b
3 3 1/2
By, = 2max —6b2k‘3+§k5:}362:|:§k‘2 ,
1 1 1 1 7| [
By = 2 b2 — Pkt - — kS Pk — k- —
g max 1 64 1 32 64

Corollary 5.1 §

If3 < b< 13 bisoddand 2b < k < 300, then all nontrivial positive integer solutions of
equation (5.12) are as follows

[b ] @y.2 [ b6 [ (.2 [b | @y.2 |
3 (5,12, 360) 5 (145, 343, 11083800) 7 (250, 507, 45103500)
3 (7,18, 1260) 5 (33, 280, 877800) 9 (15, 36, 9720)
3 | (4,21,504) 5 | (16,275,277200) 9 (21, 54, 34020)
3 | (8,33,3960),(35,60,95760) | 7 | (10,27,3060) 9 (12, 63, 13608)
3 | (10,42,8190) 7 | (105,128, 1552320) 9 (24, 99, 106920) , (105, 180, 2585520)
3 (7, 45, 5040) 7 | (8,42,2940), (41,75, 167280) 9 (11, 90, 17820)
3 (32, 87, 146160) 7 | (34,75,125460) 9 (30, 126, 221130)
3 (93, 245, 3437280) 7 | (9,56,7056) 9 (21, 135, 136080)
3 (125, 363, 9662400) 7 | (32,91, 152880) 9 (25, 153, 220320)
3 (77, 333, 4102560) 7 | (13,98,38220) 9 (10,171, 30780)
5 (7,30, 2100) 7 | (42,128, 388080) 9 (96, 261, 3946320)
5 | (11,49,11088) 7 | (8,105,11760) 11 (91,119, 1113840)
5 | (6,49,2772) 7 | (8,128,15840) 11 | (13,132,37752)
5 | (11,55,13200) 7 | (12,140, 55860) 11 | (12,253,66792)
5 (6, 55, 3300) , (21, 70, 54600) 7 | (18,169, 154440) 13 (22, 77, 55440)
5 (7,75, 8400) 7 | (32,189, 458640) 13 (14,169, 42588)
5 (19, 100, 79800) 7 | (11,169,61776) 13 (15, 182, 70980)
5 (3605, 3703, 48773919600) 7 (185, 363, 17387040) 13 (99, 288,4767840)

Table 1

Remark. We computed all nontrivial solutions with 3 < b < 25, bis odd and 2b < k£ < 300.

There are 144 such solutions, the list can be downloaded from http://math.unideb.hu/
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5.5 Proofs of the results

media/tengely-szabolcs/XblockYblockZ2.txt. We note that the total running time of our

calculations was 11.6 hours on an Intel Core 15 2.6GHz PC.

Theorem 5.8 N

Let (z,y, z) be a nontrivial positive integer solution of equation (5.13) with b = 1. Either

(2,9, 2) = (Fon—1, Fons1, Fs,)  for somen > 1

or

1,1
1§:c§—2k+2\/3k2+2k\/k:2+4+4,

where k = y — x.

Based on the previous theorem we have the following numerical result.

If 4 < k < 5000, then all nontrivial positive integer solutions of equation (5.13) with
b = 1 have the form (x,y, z) = (Fon_1, Fant1, F3,) for some n > 1.

5.5 Proofs of the results

Before we present the proofs let us note that if (Z’, X’) is a solution of the Diophantine
equation Z2 — AX? = Band (Z, X) is s solution of Z2 — AX? = 1 with X # 0, then for each
n the pair (Z,,, X,,), where

Z():Z/ X():X/, In=2 -Zn1+AX - X1, X=X -Z, 14+72 X1
is solution of Z2 — AX? = B.
In order to shorten the notation we write

fe(z) = flxe,k,)=xz(z+1)-...- (x+ k—1).

Proof. [Proof of Theorem 5.3] We observe that the equation (5.4) can be rewritten in the

following form

7% — f3(y) X* = —f3(y). (5.14)

with Z = 2z and 22 + 1 = X. In order to solve this equation we take y = > 4 1 and we observe
that the equation (5.14) has the solution
7' =tfzs(t*+1), X =t4+32 +1.

Moreover, we note that the Diophantine equation Z? — f3(t2 + 1)X? = 1 has the nontrivial
solution

Z=t"+3+1, X=t.

According to remark given at the beginning of the section we see that for each n the pair of
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polynomials (Z,,, X,,) defined by the recurrence relations

Zo = tfs(t*+1),

Xo = th43t24+1,

Zn = (432 +1)Z, 1 +tfz(t2+1) X1,
Xy = tZy 1+t +324+1)X,, 1,

is a solution of the equation (5.14). Tt is clear from the definition that Z,, X,, € Z[t] for
each n € N. Moreover, by simple induction on n we check that X,,(2t) = 1 (mod 2) and
Zn(2t) = 0 (mod 2) in the ring of polynomials Z[t]. As a consequence we get that for each n

the pair of polynomials
1 1
Tn(t) = §(Xn(2t) —1), ()= §Zn(2t)
is the solution of equation (5.4) in the ring Z[¢].

In order to get the polynomial solutions of the equation (5.5) we use the same method as

above. We take y = ¢, where ¢ is a variable and we rewrite our equation in the form
72 — f4() X% = —f4(t) (5.15)
with Z = 2z and X = 2z + 1. We found that
Z'=f1(t), X' =t>4+3t+1
is a solution of the equation (5.15) and the pair
Z=1"4+3t+1, X=1

solves the equation Z2 — f4(t)X? = 1. We thus see that for each n € N the pair of polynomials

(Zy, X,,) defined by the recurrence relations

Zy = fa(t),

Xo = t?4+3t+1,

Zn = (P+3t+1)Zu 1+ L)X 1,
Xp = Zpa+E+3t+1)X, 1,

\

is a solution of the equation (5.15) in the ring Z[t]. Similarly as in the previous case one can
easily check that X,,(2¢) = 1 (mod 2) and Z,,(2t) = 0 (mod 2) in Z[t] and in consequence, for

each n the pair of polynomials with integer coefficients

ealt) = 5(Xa(20) = 1), 2a(t) = 3 Zu(20)

is the solution of the equation (5.5).
Finally, in order to show that the equation (5.6) has polynomial solutions we performed
numerical search and found that triplets of polynomials
r=2t(t+1)(2t —1)(2t+3), y=4t2+4t—3, z="2x(y+2)(2t +1)(2t2 + 2t — 1),
r= 22+ 2t + 1)(4t2 + 4t +5), y= (2t +1)2,  z=da(y+2)2t+ 1)+t +1)
satisfy the equation (5.6).
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5.5 Proofs of the results

Proof. [Proof of Theorem 5.4] We proceed in the same way as in the proof of Theorem 5.3. This
time we take y = 4¢? + 1, where ¢ is a variable. In this situation our equation (5.8) is equivalent

with the following one:
Z% — f3(4t2 + 1)X2 =1 — f3(4t> + 1), (5.16)
where Z = 2z + 1 and X = 2z + 1. We found that the pair of polynomials
7' =128t7 + 192t — 16¢* + 883 — 122 + 12t — 1, X' =16t + 12t — 2t + 1
satisfies the equation (5.16). Moreover, the pair
Z=16t"+12t>+1, X =2t

satisfies the corresponding equation Z2 — f3(4t2 4+ 1) X? = 1. As a consequence we see that for

each n € N the pair of polynomials (Z,,, X,,) defined by the recurrence relations

Zo = 128t7 +192t° — 16t* 4+ 883 — 12¢% + 12t — 1,
Xo = 16t* + 12t — 2t + 1,

Zn = (161 +12t2 + 1) Z, 1 + 2tf3(4t2 + 1) X1,
X, = 2tZ, 1+ (161 + 122 + 1) X,, 4,

is a solution of the equation (5.15) in the ring Z[t]. A simple induction shows that for eachn € N

we have X, Z, = 1 (mod 2) in the ring Z[t] and thus the pair

1 1

is the solution of the equation (5.8) with y = 42 + 1.
We consider now the equation (5.9) with y = ¢. It is equivalent with the following one:
7 = [s() X7 = 1= [u(t), (5.17)
where Z = 2z 4+ 1 and X = 22 + 1. We found that the pair of polynomials
7' =215+ 18t° + 58t + 787 + 36t> — 1, X' =2t" + 127 + 20> + 6t — 1
satisfies the equation (5.17). Moreover, the pair
Z=1*4+3t+1, X=1

satisfies the corresponding equation Z2 — f4(¢)X? = 1. As a consequence we see that for each

n € N the pair of polynomials (Z,, X,,) defined by the recurrence relations
(

Zo = 2t0+18t° 4 58t* + 783 + 362 — 1,
Xo = 2t +12t3 +20t% + 6t — 1,

Zn = (BP43t+1DZp 1+ fat)Xn 1,

Xn = Zpa+ #+3t+1)X,-1,

\
is a solution of the equation (5.17) in the ring Z[t]. A simple induction shows that for eachn € N

we have Xo, (2t + 1) Z2,,(2t + 1) = 1 (mod 2) in the ring Z[t] and thus the pair

1 1
T = 5 (X020 +1) = 1), 2= 3(Zen(2t4+1) — 1)
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is the solution of the equation (5.9) with y = ¢.

Finally, in order to prove the last statement of our theorem let us put

-
A= Hf(ﬂﬁi,kud)
i=2
and consider the curve

C: Azx(z+d)(x +2d) = y(y + d).

From geometric point of view C' can be seen as a genus one curve defined over rational function
field Q(A, d). The Weierstrass equation for C'is given by
C': Y2 = X3+ 124dX? + 32A%d>°X + 16A%d?,
where the corresponding maps are the following:
p: C3(zr,y) +— (X,Y)=(44x,4A12y +d)) € C’,
e O (XY) o (my) = (f5. 55 €C
Now using the trivial points with y = 0 lying on C' we can define the points
b= ¢((0,0) = (0,4Ad),
P, = ¢((—d,0)) = (—4Ad,4Ad),
Py = ¢((—2d,0)) = (—8Ad,4Ad).
One can easily check that for each i,j € {1,2,3}, i # j the points 2P; and 2P; + 2P; have
polynomials with integer coefficients as coordinates and the same is true for the points =1 (2P;)
and ¢~ 1(2P; + 2P;). This leads us to the solutions of the equation defining C::
x = Ad® — d, y=—A%d3
x = Ad® — d, y = A%d® — d,
r=4Ad> +d, y=8A%d®+6Ad>
r=4Ad* +d, y=—-8A%d®—6Ad*>—d
x =4Ad?> — 3d, y=8A%d® —6Ad>
x=4Ad?> —3d, y=—8A%d> +6Ad*> —d.
From the definition of A we know that it is essentially a polynomial in Z[za, ..., x,| and hence

we get the statement of our theorem.

Proof. [Proof of Theorem 5.5] In order to get the statement of our theorem we consider the
intersection of the surface, say S, defined by the equation (5.10) and the plane L defined by the
equation
L:z+y=4z+5.
We then observe that S N L = Cy U Uy, where
Cr: (2z—4x+1)?-32c+1)? = -2,
Cy:  (2z+4x+5)% 52 +1)* = —4.

Using standard methods we find that all solutions in positive integers of corresponding Pell type
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5.5 Proofs of the results

equations U2 — 3V2 = —2and U'2 — 5V'2 = —4 are
Up = 1, Vo = 1, Un+1 =2U, + ?’Vn’ VnJrl =Up + 2Vn7
Ué =1, VO/ = 1> 7/z+1 = 9U’r/z + 20‘/7;’ 72—}-1 = 4U’r/z + QVA
respectively. One can easily check, by induction on n, that V,,V = 1 (mod 2) and U, U}, =
1 (mod 2) and in consequence, for each n € N the triplets
Tn=3Va—1), ypn=304Un+TVo—1), 2z, =3U,+2V, —3),
tn =3V, —1), yp=350V,—4U,—1), z,=21(U, —2V)-3)
are non-trivial solutions in non-negative integers of the equation (5.10).

Remark. Without much of work one can find that the related Diophantine equation
zz+Dyly+1)=2(z+1)(z +2)

has infinitely many solutions in positive integers satisfying the condition x + 1 < y, (y — 2)(y —
z — 1) # 0. In fact, the above equation has polynomial solutions of the following form:

z=t, y=t24+t—-2, z=(t—1)(t+2),

x=t, y=t2+t+1, z=t{t+1),

r=8+3, y=8t2+Tt+1, z=282+Tt+1),

r=8+4, y=8t2+9t+2, z=2(82+9t+2).

Proof. [Proof of Theorem 5.6] In fact we prove a slightly stronger result, i.e. that the system
(5.11) has infinitely many polynomial solutions with = = ¢. In order to do that let us observe

that the first equation from the system (5.11) is equivalent with the following one:

P2 —t(t+1)Y?=1—t(t+1), (5.18)
with P = 2p 4+ 1 and Y = 2y + 1. This equation has infinitely many solutions in polynomials
P,Y € Z][t]. Indeed, the equation (5.18) is satisfied by P = 1, Y = 1 and the related equation
P% — t(t +1)Y? = 1 has the solution

P =2t+1, Y =2
As a consequence we see that for each n € N the pair (P,,Y,,) of polynomials defined by the

recurrence relations

P =1
Yo =1

P, = (2t+1)P_1 +2t(t + 1)V,
Y, = 2P, 1+ 2t+1)Y,

is a solution of the equation (5.18). We thus see that the polynomials

Y=tyn=5Yn—1) p=pn=3(Pn—1)
Z = 2Zn = Yn+1 r'=Tn = Pnt1
satisfy the first and third equation in the system (5.11). In order to get the result it is enough to

prove that with our choice of z, y, z the second equation in the system (5.11) is satisfied too, i.e.
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y(y+1)z(z+1) = Yn(yn + D)Yn+1(yns1 + 1) = ¢(g+ 1) for some g € Z[t]. This is easy due
to the identity
F (u— 1> F <2v+ (2t + 1)u — 1) —f <(v —u)((2t* + 4t + Du+ (2t+3)v)>
2 2 A2 +t-1)
= (v? —t(t+ D)u® — 1+ t(t+1))H(u,v),

where 4(t? 4+t — 1) H is a polynomial in Z[u, v, t] and f(z) = x(x +1). If we put now u = Yy,
v = P, then we have the equalities
204+ (2t+1)u—1

2 )

1
yn:§(u_1)7 Yn+1 =

and simple induction reveals that
v—u=PFP,—Y,=0 (mod2(t*+t—1)) and ww=Y,P, =1 (mod?2)

in the ring Z[t]. As a consequence of our reasoning we see that for each n € N the function
(P = YR) (28 + 4t + 1)Y, + (2t + 3)Py)
" 42+t —1)
is a polynomial in Z[t] and thus we get the result.

Proof. [Proof of Theorem 5.7] In the proof we will use the following result of Fujiwara [55].

Putp(z) = Y1 a;z, a, # 0, where a; € R foralli =0,1,...,n. Then

1/2 l/n}

an—2
Gn

an—1
an

ao

5 g ey

2a,

max{|C| : p(¢) =0} < Qmax{

Without loss of generality we may assume & > 0. We apply Runge’s method to determine
a bound for the size of integral solutions. Let F'(z) = (x — b)x(z + b)(z + k — b)(z + k)(x +
k + b).The polynomial part of the Puiseux expansion of

((z = b)a(x + b)(z + k — b)(x + k) (z + k + b))/
is
P(x) :x3+glm2+ <—b2+:k2> x—%b%—%kg.
We have that
256F (z) — (16P(z) — 1)* = 322° + (—192b%k* + 12k" + 48k) 2* +
+ (—1920%K% + 12k° — 3207 + 12k%) 2 — 64b*k* — 16b°k* — k® — 16 6%k — 2% — 1,
256F (z) — (16P(z) + 1)? = —322% + (—1920%k* + 12k* — 48 k) 2% +
+ (—1920%K% + 12k° + 320% — 12k%) 2 — 64b'k* — 16 b°k* — k® + 16 0%k + 2 &% — 1.

Fujiwara’s result implies that all roots of these cubic polynomials satisfy |x| < maxj<;<3 B,
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where
21.2 3 4 3

Bi = 2max|—-6bk +§k: iik’

3 3 1/2
By = 2max —6b2k3+§k5$b2i§k2 ,

1 1 1 1 R
By = 2 - Sk - — kS Sk — k- —
3 max 1 64 1 32 64

Therefore if || > max;<;<3 B;, then either
(16P(x) 4 1)? < 256 F (x) = (16y)? < (16P(x) — 1)?
or

(16P(x) — 1)* < 256F () = (16y)? < (16P(x) + 1)°.

Hence y = +P(x). It remains to solve the equation F'(x) = P(z)2. It follows that
4807k — 3k +2 (467 — k?)V/—48b2 + 3 k2
6 (1662 — k2) '

€r=

Proof. [Proof of Theorem 5.8] We apply Runge’s method to determine an upper bound for the

size of possible positive integer solutions of the equation
Flz)=(x—-Dzx(z+1)(c+k—-1)(z+Ek)(z+k+1)=(z2—1)z(z+1),
where y = x + k for some positive integer k. We have that
(2% + kx —1)® < F(z) < (2 + kx)?

if x is large. In fact, the second inequality is true if £ > 1. The roots of the polynomial

F(z) — (2% + kx — 1)3 are as follows

11 1

S 2 2 ~ __

Sk 2\/3k FokVEZ 444 ~ 2k<\/5+1>,
11

By A 2 _ 2 ~

Sk 2\/3k 2k\Vk2 +4+4 k,
—;k+;\/3k2—2k\/k2+4+4 ~ %

11 1

_ _ 2 2 ~ _ _
2k:+2\/3k +2kVE2 +4+4 =~ 21<;(\/5 1).

Therefore if

1 1
x> —§k+§\/3k2+2k\/k:2+4+4,
then the first inequality is valid. Similarly we obtain that

(z—1P2 <(z=1)z(z+1) < (z+1)

if 2 ¢ {—1,1}. Assume thatz > —3k + % V3k2+2kVE2 +4+4and z ¢ {—1,1}. We
obtain that
(x> +kr -1 — (2 +1)P° <0< (2 + k2)® — (z - 1)%.

Itfollows that z = 2?2+ kx—1orz = 2% +kz. If 2 = 2% +kax, then (k2 +2kz+222—2)(k+x)x =

0 and we get that either x = 0,z = —k or |k| < 2. In the latter case k = 1 or 2 and we obtain
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overlapping blocks, a contradiction.

If 2z = 22 + kx — 1, then (k? — kz — 22 + 1) (k + 2)z = 0 and we have thatz = 0,2 = —k

or

1 1

Since z is a positive integer it follows that k& = Fby,. It yields that either x = F5,_1 or
x = —Fy, 1. The latter is negative so the only possible positive solution is x = Fa,_1. Since

y = x + k, we obtain that y = Fb,, 1. Thus (z,y, 2) = (Fan_1, Fant1, F2) provides solutions.

Proof. [Proof of Corollary 5.2] We wrote a Sage [122] code to determine all integral solution

of equation (5.13) with b = 1 in the interval provided by Theorem 5.8.

5.6 An additive Erdos-Graham type problem

Fork=0,1,2,... put

For the first few values of £ we have
folx)=2z, filx)=z+z(x+1)=1zx(x+2),

fo(x) =24+ 1) +z(z+1)(z+2) = z(z+2)2

In general, fx(x) is a monic polynomial of degree k + 1. Further, the coefficients of the fi(z)
are positive integers, which could easily be expressed as sums of consecutive Stirling numbers
of the first kind.

In this section we are interested in the equation

fu(@) =y" (5.19)
in integers x,y, k,n with £ > 0 and n > 2. Without loss of generality, throughout the section
we shall assume that n is a prime. Our first theorem gives a general effective finiteness result for
equation (5.19).

For the solutions of equation (5.19) we have the following:
i) ifk>1landy # 0,—1thenn < c1(k),
ii) ifk > 1and n > 3 then max(n, |z|, |y|) < c2(k),
iii) ifk > 1, k # 2, and n = 2 then max(|z|, |y|) < c3(k).

Here ci(k), ca(k), c3(k) are effectively computable constants depending only on k.

The following theorem describes all solutions of equation (5.19) for £ < 10.
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Theorem 5.10

Let 1 < k < 10 such that k # 2 if n = 2. Then equation (5.19) has the only solutions
(x,y) = (=2,0),(0,0), k,n arbitrary; (z,y) = (—1,—1), k,n arbitrary with n > 3;
(z,y,k,n) =(-4,2,1,3),(2,2,1,3),(2,2,2,5).

Remark. Note that the assumptions in Theorems 5.9 and 5.10 are necessary: equation (5.19)
has infinitely many solutions (x,y, k,n) with k = 0, with y = 0 or —1, and with k = 2, n = 2.

These solutions can be described easily.

5.7 Proof of Theorem 5.9

To prove Theorem 5.9 we need three lemmas. To formulate them, we have to introduce
some notation. Let g(x) be a non-zero polynomial with integer coefficients, of degree d and
height . Consider the Diophantine equation

g(z) =y" (5.20)

in integers z, y, n with n being a prime.

The next lemma is a special case of a result of Tijdeman [132]. For a more general version,

see [113].

If g(x) has at least two distinct roots and |y| > 1, then in equation (5.20) we have

n < cq4(d, H), where c4(d, H) is an effectively computable constant depending only on
d H.

The next lemma is a special case of a theorem of Brindza [28].

\

Suppose that one of the following conditions holds:

i) n > 3 and g(x) has at least two roots with multiplicities coprime to n,
ii) n = 2 and g(x) has at least three roots with odd multiplicities.

Then in equation (5.20) we have max(|x|, |y|) < c5(d, H), where c5(d, H) is an effectively

computable constant depending only on d, H.

J

The last assertion needed to prove Theorem 5.9 describes the root structure of the polynomial
family fx(x).

\

We have

folx) =2z, fi(zx)=z(x+2), faz)=z(z+ 2)2.

Beside this, for k > 3 all the roots of the polynomial fi(x) are simple. In particular, 0 is
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a root of f(x) forall k > 0, and —2 is a root of f(x) for all k > 1.

Proof. For k = 0,1, 2 the statement is obvious. In the rest of the proof we assume that k£ > 3.

It follows from the definition that x is a factor of fi(z) (or, 0 is a root of fi(x)) for all
k > 0. Further, since
r+z(z+1)=z(x+2),

the definition clearly implies that x + 2 is a factor (or, —2 is a root) of fy(z) for & > 1. So it
remains to prove that all the roots of f(z) (k > 3) are simple.

For this observe that by the definition we have

fr(1) >0, fr(-1)=-1<0, fu(=1.5)>0.
The last inequality follows from the fact that writing

Pi(z)=z(x+1)...(x+1)
fori = 0,1,2,..., we have that P;(—1.5) > 0 for i > 1. Hence fi(—1.5) > —1.5+ 0.75 +
0.375 + 0.5625 > 0 for k£ > 3. Further, as one can easily check, for: = —3,...,—k — 1 we

have
(—=1)" fu (i) > 0.
These assertions (by continuity) imply that f(z) has roots in the intervals
(—-1,1), (=1.5,—1), (=3,—-1.5), (—=4,-3), (=5,—-4), ..., (=k—1,—k).
(Note that in the first and third intervals the roots are 0 and —2, respectively.) Hence fi(z) has
deg(fr(z)) = k + 1 distinct real roots, and the lemma follows.

Now we are ready to give the proof of Theorem 5.9.

Proof. [Proof of Theorem 5.9] i) Let £ > 1. By Lemma 5.4 we have that fi(x) is divisible by
x(z + 2) in Z[z]. In particular, the polynomial fi(z) has two distinct roots, namely 0 and —2.
Further, observe that fi(x) does not take the value 1 for = € Z. Indeed, since x(x + 2) divides
fx(z), it would be possible only for z = —1. However, for that choice by definition we clearly
have fi(—1) = —1 for any & > 0. Hence equation (5.19) has no solution with y = 1, and our
claim follows by Lemma 5.2.

ii) Let £ > 1 and n > 3. Recall that n is assumed to be a prime. By the explicit form
of fi(z) and fo(x) we see that 0 and —2 are roots of these polynomials of degrees coprime to
n. Hence the statement follows from part i) of Lemma 5.3 in these cases. Let & > 3. Then by
Lemma 5.4, all the roots of f(z) are simple. Since now the degree k + 1 of f(x) is greater
than two, our claim follows from part i) of Lemma 5.3.

iii) Let k > 1, k # 2 and n = 2. In case of k = 1, equation (5.19) now reads as
z(z +2) = >

Since z(z + 2) = (x + 1) — 1, our claim obviously follows in this case. Let now k > 3. Then
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by Lemma 5.4, all the roots of fj(z) are simple. As now the degree k + 1 of fi(x) is greater

than two, by part ii) of Lemma 5.3 the assertion follows also in this case.

5.8 Linear forms in logarithms

In this section, we use linear forms in logarithms to give a bound for n for the solution
(u,v,n) of equations of the form

au” — " =c

under certain conditions. These bounds will be used in the proof of Theorem 5.10 for n > 3.
Such equations have been studied by many authors. Note that bounds for such equations were
obtained in [12, 67]. We refer to [12] for earlier results. However, in these papers the restrictions

put on the coefficients a, b, c are not valid in the cases we need later on.

We begin with some preliminaries for linear forms in logarithms. For an algebraic number

« of degree d over Q, the absolute logarithmic height h(«) of « is given by

d
1 4
h(a) = p <log la| + E log max(1, \a(z)])>

i=1
where a is the leading coefficient of the minimal polynomial of « over Z and the o(9)’s are the

conjugates of o. When o« = g € Q with (p, ¢) = 1, we have h(a) = max(log|p|, log|ql).

The following result is due to Laurent [81, Theorem 2].

Theorem 5.11

Let a1, a, h, 0 and i be real numbers with o > 1 and 1/3 < i < 1. Set

142 — p? h 1
g = T+ 2u /‘l”)\:glogg’H:i_i_i’
2 A O

1 1 1
=21 1+ — 0=4/1+— + —.
“ ('% +4H2>’ UPV:ERY
Let a1, g be non-zero algebraic numbers and let log a1 and log ag be any determinations
of their logarithms. Without loss of generality we may assume that |a1| > 1, |ag| > 1.

Let
A= |b210ga1 = bg]OgOé2| bl,bg & Z,bl > 0,b2 > 0,

where by, by are positive integers. Suppose that oy and g are multiplicatively independent.

Put D = [Q(a1,a2) : Q]/[R(aq, a2) : R] and assume that

by b
hzmm{DO%<l%—2>+@M+L%>+&%A,
ay

Dlog?2
as ’

a; > max {1, olog || — log |ai| + 2Dh(as)}, (i = 1,2), G2

al1an 2 )\2.
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Then

22 A . A\ 2
logA>-C(h+—| aqas —Vwl|h+—| —log|C'[h+—] aias
o o o

with
2
p (w1 [w? 8 wb/491/4 4 (1 1\ \w
C=s ottt ———t+-(—+=) 5|,
Ao \6 2V 9  3./qaHY/2 3\a1 a2/ H

Cowb
,_
C' = qli)\?’ﬂ .

We use Theorem 5.11 to give a bound for n for the equation au™ — bv™ = c. For this, we

need the following lemma.

:

Let a, b, c be positive integers with b > a > 0 and abc < 4 - 2018957 - 99 - 467. Then the

equation au”™ — bv™ = *cwithu > v > 1 implies

1.00462 if b < 100 and n > 1000

% < §1.00462 if b < 10000 and n > 2000 (5.22)
1.00267 if n > 10000
and
217 if b < 100 and n > 1000
u>v > 19217 if b < 10000 and n > 2000 (5.23)

375 if n > 10000.

Proof.  From au™ — bv" = +c, we get ()" = 2 + £ < b+ 1/4 since n > 1000 and

av™
¢ < 2199, Therefore

1000/100 + 1/4 if b <100 and n > 1000
U
- < § °Y/10000 + 1/4 if b < 10000 and n > 2000

1000‘\)/4 2018957 -99 - 467 + 1/4 if n > 10000
implying (5.22). The assertion (5.23) follows easily from (5.22) by observing that 1 < u —v <
0.00462v, 0.00462v,0.00267v according as b < 100,n > 1000 or b < 10000,n > 2000, or
n > 10000, respectively.

Proposition 5.1

Let a, b, c be positive integers with ¢ < 2ab. Then the equation

au” — bv" = +c (5.24)
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in integer variables u > v > 1,n > 3 implies
max{1000, 824.338log b + 0.258}  if b < 100
n < ¢ max{2000, 769.218logb + 0.258}  if 100 < b < 10000 (5.25)

max{10000, 740.683 log b + 0.234} if b > 10000.
In particular, n < 3796, 7084, 19736 when b < 100,10000,4 - 9 - 11 - 467 - 2018957,

respectively.

Remark. We note here that when ¢ < 3, we can get a much better bound, see [15]. However,
we will follow a more general approach.

Proof. We can rewrite (5.24) as

b (1) - 1' _ <
a \v au™
Let
A= nlogE —10gb'.
v a
Then A < ai‘; implying
2
log A < —nlogu + log (C) < —nlogu + log(4b) (5.26)
a

since ¢ < 2ab. We now apply Theorem 5.11 to get a lower bound for A. We follow the proof of

[81, Corollary 1, 2]. Let

U b
a1:77a2:77b1:n7b2:1
v a

so that h(ay) = logu, h(az) = logband D = 1. Let m = 8 and we choose o, i1, qo, ug, by as

follows:
b 0 % qo Ug bo
b <100 5.7 | 0.54 | log1.00462 218 log4
b < 10000 | 5.6 | 0.57 | log 1.00462 218 log 5
b > 10000 | 5.6 | 0.59 | log1.00267 | log376 | log 10000

By Lemma 5.5, we have u > g, log(u/v) < go and b > by. We take
ap = (Q_ ]-)QO +2logu, as = (Q+ ]_) logb’
and

1
h:mw{mmg(”+>+48LH%A}
az a1
Then (5.21) is satisfied. In fact, we have
h>m, a1 > (0 — 1)qo + 2logug, az > (o + 1) log bo.
As in the proof of [81, Corollary 1, 2], we get
log A > —Cy1, (0 + 1)(log b)((e — 1)go + 2logu), h*

where CV is the constant C” obtained in [81, Section 4, (28)] by putting h = m,a; =
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(0 —1)qo + 2logup and ag > (o + 1) log by. Putting Cy,, = CV (0 + 1), we get
log A > —Cy,(logb)((0 — 1)go + 2log u)(max(m, hn))27

where
n 1

- + Em,
(0+1)logh 210gu+(g—1)q0> m

h, = log <
and
(5.8821,2.2524) if b < 100,
(Cinsem) = 9 (5.4890,2.2570)  if b < 10000,

(5.3315,2.2662) if b > 10000.

Comparing this lower bound of log A with the upper bound (5.26), we obtain
-1 log 4b
(e )qo> 4 log

log u log u

—1 1 log4
e—Dao | L log
log ug log ug log ug

n < Cp(max(m, hy,))?(log b) (2 +
(5.27)

< Cpp(max(m, hy))?(log b) (2 + (

since u > ug. Recall that m = 8. We now consider two cases.

Assume h,, > 8. Then
1

— +1)logd
210gu+(@—1)qo}(g Jlog
and h,, = 8. Since the last expression of (5.27) is a decreasing function of n, we have for

n>mng:= {exp(m —€m,)

n > ng that
—1 log 4
0 <th%(10g b) (2 + (lgonggo + loglu()) + loogguo -n
- log b
(0—1) 1 log 4
<th%0 (log b) (2 + fogugo + 10gu0> + loogguo — o
- logb
— 1)qo 1 log 4
<Com? 2+ 12
=Hmin ( * log ug + log ug (logug)(logb)
o+1
—(o+1)exp(m — &) +
o+ 1) exp( m) 2logu + (0 — 1)qo
—1 1 log4
<com? (24 (0 —1)qo og
log x log ug (log up)(log by)

o+1

<0
2logug + (0 — 1)qo

—(e+1)exp(m —em) +

since u > ug and b > bg. This is a contradiction.

Therefore h,, < 8. Then from (5.27), we get
(e — Dgo 1 > log 4

n < Cpm?(logh) (2 + :
log ug log ug log ug

where m = 8. Hence we get the assertion (5.25) by putting explicit values of m = 8, Cy,, o, 1, qo, 2o, bo

in the above inequality. The statement following (5.25) is clear.
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5.9 Proof of Theorem 5.10 for n > 3

Throughout this section we assume that n > 3 is a prime.

Suppose first that k£ = 1 or 2. Then equation (5.19) can be rewritten as
z(x +2)F ="
We see that for every n odd, (x,n) = (—1,n) is a solution. Hence we may suppose that
x ¢ {—2,—1,0}. Hence gcd(z, z + 2) < 2 gives
z=2%", x4 2=2%"
with non-negative integers «, 5 and coprime integers u, v. This implies
2Py — 2%y" = 2(1)™.
Using now results of Darmon and Merel [47] and Ribet [105], our statement easily follows in

this case.

Let k£ > 3. Then equation (5.19) can be rewritten as

y" = fu(@) = z(z + 2)g(z)
where g (z) is a polynomial of degree £ — 1. We see that for every k, (z,n) = (—1,n) is
a solution. Hence we may suppose that x ¢ {—2,—1,0}. Then we have either x > 0 or
r<x+2<0.
We see that (z,x + 2) = 1,2 with 2 only if z is even, (z,gx(z))|gx(0) and (z +
2,9x(z))|gr(—2). Also gi(x) is odd for every xz. The values of g;(0) and —gx(—2) are
given in Table 5.1.

2 3[4 5 6 7 8 9 10
gr(0) |5 [ 17 | 7-11 | 19-23 | 2957 | 23117 | 204557 | 2018957
—ge(=2) [ 1] 3| 3% | 3-11 | 3%-17 | 32-97 | 3¥-73 | 3211467

Table 5.1: Values of g (0) and —gi(—2) for 3 < k < 10

If x = v", x + 2 = u™ are both n-th powers, then we have u"™ — v™ = 2 giving the trivial
solution x + 2 = 1, x = —1 which is already excluded. Hence we can suppose that either = or

x + 2 is not n-th power. Thus we can write
x =205 t7 R w4 2 = 22325010, gr(x) = 373 (s5182)" Uy taud,
where
s1t1|gx(0), sata|gr(—2) with (s1,t1) = (s2,t2) = 1,3 1 s182t1t2,
and
01,02 € {(0,0),(1,n—1),(n—1,1)},
and (v2,v3) = (0,0) or

v € {1,--- ,ords(gr(—2))}, v3 = n — vy or vice versa.
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Further, each of s;, ¢; is positive and u1, ug are of the same sign. From z 4+ 2 — xz = 2, we get
32 s9t1 (toug)"™ — sita(tiur)™ = 2t1ty if 1 = 6o = 0,9 < ordz(gr(—2));
Sot1(3toug)™ — 3% s1to(t1ur)"” =2 - 3t ta if 01 = 62 = 0,5 > ords(gr(—2));
325911 (2toug)™ — 4site(tiug)" = 4t1te if 61 = 1,19 < ords(gr(—2));
4 -39ty (taug)"™ — sita(2t1uy)"™ = 4tity if §3 = 1,5 < ords(gr(—2));
Sot1(6toug)"™ — 4 -3 s1ta(tiur)™ =4 - 3%t ta if 61 = 1,5 > ords(gr(—2));
4soty (Btouz)™ — 33 s1te(2t1uq)"™ = 4 - 3"t t9 if 62 = 1,19 > ords(gk(—2)).

These equations are of the form au™ — bv™ = ¢ with u, v of the same sign. Note that from the

equation au™ — bv™ = ¢, we can get back x, x 4+ 2 by

2bv™ 2au™
T = , T+2= .
c

c
We see from Table 1 that the largest value of max(a, b) is given by k£ = 10 and equation

(6-11-46Tug)™ — 4 -3%- 11 467 - 2018957u} = 4- 3% - 11 - 467.

We observe that |¢| < 292 < 2ab. Further, from (g;(0), gx(—2)) = 1, we get (sat1, s1to) = 1

§182 —

giving (a,b) = 1. We first exclude the trivial cases.

1. Leta = b. Then a = b = 1 since ged(a, b) = 1. Further sjtg = sot; = 1 and 3"2 =1
or 3”3 = 1 implying ¢ = 2 and we have u™ — v"™ = 2 for which we have the trivial solution
u=1,v=—1. Thenz = —1,z + 2 = 1 which gives f;(z) = (—1)" for all odd n which is a

trivial solution. Thus we now assume a # b and further x # —1.

2. Suppose uv = 1. Then c|2a and ¢|2b giving ¢ = 2 since (a,b) = 1 and hence we
have a — b = £2. This implies 3"2s9(41) — s1(£1) = 2 as in other cases, ¢ > 2. We find
that the only such possibilities are 3(1) — 1(1) = 2,9(—1) — 11(—1) = 2,9(1) — 7(1) = 2.
Hence x € {1,—11,7}. This with = 2%s;¢" tup = s1(%1) gives z = 1,k < 10 or
(x,k) € {(—11,5),(7,5)} and we check that z = 1,k = 2 is the only solution. Thus we now
suppose that uv > 1.

3. Suppose u = v. Then (a — b)v" = c implying —%; € Z. Further -4 = v" is an
n-th power. We can easily find such triples (a, b, ¢) and exponents n. For such triples, we have
T = % and we check for fj(z) being an n-th power. There are no solutions. Thus we can now

suppose u # v.

4. Suppose u = *+1. Then c|2a, v # £1 and v" = % € Z. We find all such triplets
(a, b, c) and the exponents n. Then z +2 = £2% or z = +£2¢ — 2. We check for f;(z) being an

n-th power. We find that there are no solutions. Hence we now assume u # +1.

5. Suppose v = +1. Then ¢|2b and u" = C_Tib € Z is a power. We find such triples
(a, b, c) and the exponent n. Then z = i%b and we check for fi(z) being an n-th power. There

are no solutions.
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5.10 Proof of Theorem 5.10 for n = 2

Hence from now on, we consider the equation au™ — bv™ = ¢ with
a>1,b>1,¢c>1,|ul >1,|v] >1and a # b,u # v.

If u, v is a solution of au™ — bv™ = ¢ with u, v negative, then we have a(—u)" — b(—v)" = —c
with —u, —v positive. Therefore it is sufficient to consider the equation au™ — bv™ = +c¢ with

u > 1,v > 1. Recall that abc < 4-9-11 -467 - 2018957. Hence we have for n > 40 that

(E) _ i%27—£>1+7 £ S 1ifa<b

v a v a 20— a 210

v\ a c a c 1 c

) ==+ —>-—- —>14+4>——>1if b.
(u) T A TR TR R

Thus for n > 37, we have u > v if a < band v > w if @ > b. By Proposition 5.1, we get
max{1000, 824.338log b + 0.258}  if b < 100
n < 4 max{2000, 769.218log b + 0.258} if 100 < b < 10000 (5.28)
max{10000, 740.683 log b + 0.234} if b > 10000.
when a < b. We now exclude these values of n.

For every prime n, let  be the least positive integer such that nr + 1 = p is a prime. Then

both u™ and v™ are r-th roots of unity modulo p. Since fx(x) = 3", fx(x) is also an r-th root of
unity modulo p. Let U(p, r) be the set of r-th roots of unity modulo p. Recall that x = 21’7”"

For every 3 < k < 10, we first list all possible triples (a, b, ¢). Given a triple (a, b, ¢), we
have a bound n < ng := ng(a, b, c) given by (5.28). For every prime n < ng, we check for
solutions aaw — b3 = +c modulo p for «, 5 € U(p,r). We now restrict to such pairs («, 3). For
any such pair («, 3), we check if fk(%) modulo p is in U(p, r). We find that there are no such
pairs («, 3). The case a > b can be handled similarly, and now new solutions arise.

Therefore, we have no further solutions (k, x, y) of the equation fx(x,y). Hence the proof

of Theorem 5.10 is complete for n > 3.

5.10 Proof of Theorem 5.10 for n = 2

For k = 1 equation (5.19) reads as
filz)=(z+1)2—1=1¢%

Hence the statement trivially follows in this case.

Let k = 3. Equation (5.19) has the form
ot + 723 + 1522 + 102 = z(z 4 2) (2 + 52 + 5) = >
Here we use the MAGMA [23] procedure
IntegralQuarticPoints([1,7,15,10,0])

to determine all integral points. We only obtain the solutions with z = 0, —2 and y = 0.

Consider the case k = 4. The hyperelliptic curve is as follows

x(z 4 2) (23 + 922 + 242 +17) = 2.
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‘We obtain that

r = dyul,

r+2 = dyul,

3 2 _ 2
x° 492" + 242 + 17 = d3us,

where d3 € {£1,+3,4+17,4+3-17}. It remains to determine all integral points on certain elliptic
curves defined by the third equation, that is we use the MAGMA procedure

IntegralPoints (EllipticCurve ([0, 9d3,0,24d3,17d31)).

We note that these procedures are based on methods developed by Gebel, Pethd and Zimmer [58]
and independently by Stroeker and Tzanakis [126]. Once again, we obtain the solutions with
z=0,—-2andy = 0.
We apply Runge’s method [64, 107, 145] in the cases k = 5,7,9. We follow the algorithm
described in [131]. First we determine the polynomial part of the Puiseux expansions of \/ fi ().
These expansions yield polynomials P; (), P>(z) such that either
& fi(x) — Pi(z)* > 0,
d* fi(x) — Pa(x)?

or
& fi(a) = Py(2)* < 0,
d2fk($) — PQ(I)2 >

for some d € Z and x ¢ Ij,, where I}, is a finite interval. We summarize some data in Table 5.2.

k d P1<$),P2(x> Ik
501 Pi(z) = 23 +82% + 162 + 5 [-10, 3]
Py(z) = 23 + 82% + 167 + 6

7116 Pi(7) = 162* + 23223 + 107022 + 1693z + 473 [—282,148]
Py(x) = 162" + 23223 + 107022 + 1693z + 474
9| 2 | Pi(z) =22° + 462* + 37823 + 133122 + 1819z + 528 | [—291, 278]
Py(x) = 225 + 462 + 37823 + 133122 + 1819z + 530

Table 5.2: Data corresponding to the values k = 5,7,9

We only provide details of the method in case of £ = 9, the other two cases can be solved

in a similar way. We obtain that
4fo(x) — Py(z)? = 42 — 104521 — 179582 — 10897322 — 284408z — 278784,
Afo(x) — Po(x)? = —425 — 122921 — 1947023 — 11429722 — 291684 — 280900.
If x > 278, then
(Pr(z) = 2y)(Pr(z) + 2y) <0 < (Pa(z) = 2y)(Pa(z) + 2y).

If Po(z) —2y < 0and Py(z) + 2y < 0O, then Pi(z) — 2y < —2 and Pi(z) + 2y < —2,
which implies that (P;(z) — 2y)(Pi(z) + 2y) > 0, a contradiction. If Py(z) — 2y > 0 and
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5.10 Proof of Theorem 5.10 for n = 2

Py(z) 4+ 2y > 0, then P (z) — 2y > —2 and P (z) + 2y > —2. It follows that
Pi(z)—2y=—1or P (z)+2y = —1.
Consider the case x < —291. Here we get that
(Pa() = 2y)(Po(x) +2y) < 0 < (P1(x) = 2y)(Pi(z) + 2y).
If Pi(z) — 2y > 0and P;(z) + 2y > 0, then we have a contradiction. If P;(z) — 2y < 0 and
Py(z) + 2y < 0, then Py(z) — 2y < 2 and Pa(x) + 2y < 2, therefore
Py(z) —2y=1or Py(x) +2y = 1.

Thus if we have a solution (x,y) € 7?2, then either x € Iy (provided in Table 2.) or y =
+ (2% + 232% + 18923 + 1331/22% + 1819/2z + 529/2). We obtain only the trivial integral
solutions (z,y) = (—2,0), (0,0).

It remains to handle the cases £ = 6,8, 10. Observe that since in this case the degree of
fr(z) is odd, the solutions to (5.19) with < 0 can be easily found. In fact, we get that all such
solutions have x = 0, —2. So in what follows, without loss of generality we may assume that

x> 0.

Consider the equation related to k& = 6. We have
r = dy?,
r+2 = dous,
2® 4 202 + 15123 4 52927 4 8332 + 437 = dzul,
with some positive integers dy, ds, d3. Checking the possible values of d;, do, d3, we get that
T o= 201197423952
T2 = 20139211%3,
2° 4202t 4 15123 + 52922 + 8332 4437 = 3°2119319%423% 2,

where «; € {0, 1} and u; € Z. Working modulo 720 it follows that the above system of equations

has solutions only if (ag, a3, ay, a5) €
{(0,0,0,1),(0,0,1,0),(0,0,1,1),(0,1,0,0),
(0,1,0,1),(0,1,1,1),(1,0,0,0),(1,0,0,1),
(1,0,1,1),(1,1,0,1),(1,1,1,0),(1,1,1,1)}.

We describe an argument which works for all cases except the one with (ag, g, g, 5) =

07 0, 0, 1). Combining the first two equati(ms yields
g
(:L’—i— 1)2 — 3921193199423 5(2 1'LL1’U,2)2 = 1,

a Pell equation. Computing the fundamental solution of the Pell equation provides a formula for

x. Substituting it into the equation
2° 4 20z + 1512% 4+ 52922 4 833z + 437 = 32113194235 /3

we get a contradiction modulo some positive integer m. The following table contains the possible
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tuples and the corresponding integer m.

(g, a3, a4, 5) | m | (o, a3,a4,a5) | m
(0,0,1,0) | 11| (0,0,1,1) |13
(0,1,0,0) 13 (0,1,0,1) 29
0,1,1,1) | 37| (1,0,0,0) | 5
(1,0,0,1) | 11| (1,0,1,1) |29
(1,1,0,1) | 13| (1,1,1,0) |29
(1,1,1,1) | 43

As an example we deal with (o, a3, ay, a5) = (0,1, 1, 1). The fundamental solution of the Pell
equation is

208 — 3v11-19-23.

If there exists a solution, then

(208 — 3v/11-19 - 23)% + (208 + 3v/11 - 19 - 23)% 1
2
for some k € N. If x satisfies the above equation, then

2° 4 2021 4 15123 + 52922 + 8332z 4 437  (mod 37) € {17, 20, 22,29}
and 11-19 - 23u2 (mod 37) €
{0,1,3,4,7,9,10,11,12,16, 21, 25, 26, 27, 28, 30, 33, 34, 36},

a contradiction. It remains to resolve the equation corresponding to the tuple (g, ag, g, av5) =
(0,0,0, 1). Here we have that

F(x) = x(z® 4 202 + 15123 4 52922 4 833z + 437) = (23uu3)?
a Diophantine equation satisfying Runge’s condition. Define
Pi(z) = 223 +202% + 51z + 18,
Py(z) = 2z + 2022 + 51z + 20.
The two cubic polynomials
4F(z) — Pi(2)? = 42> + 112? — 88z — 324
and
4F(z) — Py(z)? = —4a® — 6922 — 2922 — 400
have opposite signs if = ¢ [—12, 5]. The inequalities
Pi(x)? -4 < 0 < Py(z)? — 49,
Py(z)? —4y® < 0 < Py(x)* — 4y°
imply that if there exists a solution, then y = z2 + 1022 + %ﬂs + %. The polynomial

1 19)°
(x +2)F(x) — <a:3 + 1022 + 5?:1: + 29>
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5.11 The equation y™ = gp(zx) for T € A, withn > 3

has no integral root. Thus it remains to check the cases = € [—12,5]. We obtain only the trivial
solutions.

The above procedure also works in the cases k£ = 8 and 10. For k = 8 we get that

r = 2%123117%u2,

TH+2 = 2%3%297%y3,
Ssl@) - gaagrenngyizes,
x(x +2)

for some a; € {0,1} and u; € Z, and in case of k = 10 we can write
r = 2%12018957%u?,

T2 = 2M13921193467%u3,

10@) ey jes g670090180575

z(z +2)
for some «; € {0,1} and u; € Z. After that, we exclude as many putative exponent tuples
working modulo 720 as we can. The remaining exponent tuples are treated via Pell equations and
congruence arguments. Everything worked in a similar way as previously. The largest modulus

used to eliminate tuples is 37.

Remark. We note that the total running time of our calculations was only half an our on a
normal PC. The most time consuming part was the application of the Runge’s method, it took

approximately twenty minutes.

5.11 The equation y"" = gp(x) for T' € A,,, withn > 3

Let N denote the set of positive integers, Ny the set of non-negative integers and N>, will

denote the set of non-negative integers > k. For n € Ny we write

a

palx) = | |(:c+j).
i=0
Moreover, we define the set

Ap={(a1,...,ap) eNE: a; <ajy1fori=1,2,...k—1, ay <nandk € {1,...,n—1}}.

For given m € N>g and T = (aq, . .., a) € A, we consider the Diophantine equation
k
y" =gr(x), where gr(z):=py(x)+ Zpai (x). (5.29)
i=1

The cardinality of A,, is 2" — 1, hence for a given m we deal with 2" — 1 Diophantine equations.
We note that equation (5.29), in case of 7' = (0,1,...,n—1) € A,,, was studied in a paper
by Hajdu, Laishram and Tengely [70] see also Section 5.6. They proved that for n > 1 and
m > 2 (with n # 2 in case of m = 2) equation (5.29) has only finitely many integer solutions.
Moreover, they were also able to solve the equation explicitly for n < 10.
In this section we consider equation (5.29) for T € A,,n > 3 with some additional

constraints on the shape of the sequence T'. However, before we state our findings we will recall
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some general results concerning the solvability in integers x, y, m of Diophantine equations of

the form
Y™ = g(x), (5.30)

where g € Zxz] is fixed of degree d and height H, where by height of the polynomial g we

understand the maximum of the modulus of the coefficients.

The following lemma, due to Tijdeman [136], will be one of our main tools.

If g(x) has at least two distinct roots and |y| > 1, then in the Diophantine equation (5.30)
we have m < c¢1(d, H), where c¢1(d, H) is an effectively computable constant depending

only on d and H.

The next result is a special case of a theorem of Brindza [28].

Suppose that one of the following conditions holds:

1. m > 3 and g(x) has at least two roots with multiplicities co-prime to m,
2. m = 2 and g(x) has at least three roots with odd multiplicities.

Then all integer solutions of equation (5.30) satisfies max{|z|, |y|} < ca(d, H), where

ca(d, H) is an effectively computable constant depending only on d and H.

In order to apply the above results to our Diophantine equation (5.29) we collect basic
properties of the sequence of polynomials (g7)rc 4, in the following. We note that in [13]
the authors provided effective finiteness result for the equation g7 (z) = ay™ + b in case of
T=(0,1,...,n—1).

Letn € N>o, T = (ay,...,ax) € Apand ay > 1.
1. We have gr(x) = pa, (x)hr(z), where hr € Z[x] and deg hr =n — (a1 + 1).

2. Theroots xt = —i,1 = 0,...,a1 of the polynomial gr are simple. In particular, the

polynomial gr(x) has at least two roots with odd multiplicity.

3. Ifn>5and ay = 1,a2 = 3,a3 > 5, then the polynomial hr(x) is not a square of
a polynomial with integer coefficients. In particular, the polynomial g (x) has at
least three roots with odd multiplicity.

4. The equation gr(x) = %1 has no solutions in integers.

Proof. We have i
97(x) = pu(x) + > pa; (),
=1

where 1 < a1 < az < ... < ai < n. Inparticular, p,, (z)|pg, (z) fori = 1,..., k and obviously
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Pay (z)|pn(z). We also have the general identity

Pa+b(T) = pp(T)pa—1(z + b+ 1).

Consequently, we obtain the following relation

91(%) = pa, () (1 + g (2 + a1 + 1)),
where 77 = (ag —a; — l,a3 —a; — 1,...,ap —a; — 1,n — a; — 1). We thus have hp(x) =
14 g/ (z 4+ a1 + 1). Now, let us observe that for zo = 0,...,—a; and any a > a; we have
pa(xo 4+ a1 + 1) > 0. This implies that hy(xg) = 1 + g (xo + a1 + 1) > 0 and thus the roots
0,—1,...,—ay, of the polynomial gr(x) are all simple. Consequently, under our assumptions

on n and 7', the polynomial gr(x) has at least two roots with multiplicity equal to one.

Ifa; = 1,a2 = 3 and a3 > 5 then we get that

woogr(x) _ a
hT(O)—:lli%ix(x_'_l) =1+gr(2)=1+2-3=3 (mod 4),
hT(1):xgmlm:1+gT/(1):1+1-2:3 (mod 4).

In particular, the polynomial hp(x) cannot be a square of a polynomial with integer coefficients
and thus has at least one root of odd multiplicity. Consequently, the polynomial gr(z) has at

least three roots of odd multiplicity.

Let us observe that if gr(x) = +1 for some x € Z, then necessarily z - ... (x +a1) = +1,

which is clearly impossible for a; > 1.

Remark. We note that in general we cannot have similar result in the case a; = 0. Indeed, if
n=3and T = (0, 1) then
gr(z) = x(x + 2)3.

Consequently, the equation g7(x) = y* has infinitely many integer solutions of the form (x, %) =
(t3,¢(t® + 2)), where t € Z. Moreover, let us note that in this case the equation gr(z) = y*
has infinitely many rational solutions. Indeed, let us take y = ¢(x + 2). We get the equation

t*(x 4 2)* = 2(x + 2)3. Consequently, by solving for = we see that foreacht € Q \ {—1,1}

(2.) = 208 2t
R SR e

the pair

is a solution of our equation.

Remark. Let us observe that the above lemma can be further generalized. Indeed, instead of
working with the polynomial p,, (z) one can consider a more general form. Let us consider the

polynomial
n

Ppgn(x) = H(pa: +q),

=0

where p € N, ¢q € Z and |q| < p. Then, for T = (ay,...,a;) € Ap,n € N, a similar lemma can
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be proved for the polynomial

As an immediate consequence of the above lemmas we get the following result.

Theorem 5.12

Letn € N>o, T = (ai,...,ax) € Ap. If a1 > 20ray = 1,a2 = 3,a3 > 5 then for the

integer solutions of the Diophantine equation y™ = gp(x) we have:
1. ify #0, then m < c1(n),
2. ifm > 3, then max{m, |z|, |y|} < ca(n),
3. ifm = 2, then max{|z|, |y|} < c3(n).

Here c1(n), ca(n), c3(n) are effectively computable constants depending only on n.

Proof. The first part is an immediate consequence of Lemma 5.8 and Lemma 5.6.

In order to get the second part we note that the roots z = 0, —1 of the polynomial g7 ()
are simple. Moreover, the degree deg gr(x) = n + 1 is grater then two, and our claims follows
from the second part of Lemma 5.7.

Finally, in order to get the last part from the statement we note that the roots z = 0, —1, —2
of the polynomial g7 (x) are simple (in case of a; > 2) or that the roots z = 0, —1 are simple and
we have one more root with odd multiplicity of the polynomial A7 (z) (which is a consequence
of the third part of Lemma 5.8). Moreover, the degree deg gr(z) = n + 1 is grater then two,
and our claims follows from the second part of Lemma 5.7.

Remark. The crucial property which guarantees the finiteness of the set of integer solutions of

equation (5.29) is the number of multiple roots of the polynomial g7, with T' € A,,.

5.12 Rational solutions of the equation y* = gr(x) with

T e A,,n<5.

Let n € N and for given T' € A,, let us consider the algebraic curve Cyp : y2 = gr(x). Let
us write gen(T") := genus(Cr) - the genus of the curve C7 and Jr := Jac(Cr) - the Jacobian
variety associated with C. Moreover, we define 7(7") := rank(Jr) - the rank of the Jacobian
variety Jr. As usual, by C7(Q) we will denote the set of all rational points on the curve C and
by Cr(Z) - the set of integral points on Cp.

If T € Ay, A3 or Ay, then using standard method of parametrization of curves we get the
description of the set of rational points in cases such that gen(T") = 0, e.g. for T' = (0) we have
g7r(7) = z(2?+52+5)? and the description of the set C7(Q) is { (2, t(t* +5t2 +5)) : t € Q}.
If T € Ay, A3 or Ay and gen(T') = 1, then we get the list of integral points (rational points
in case of rank O curves) by MAGMA [23]. If T € Ay, then we also obtain genus 2 curves,
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fortunately, in each case, the rank of the Jacobian variety Jr associated with Cr is bounded
by 1. Thus in each case we can apply Chabauty’s method [39] in order to find complete set of
rational points on the curve C7. The procedures in case of genus 2 curves were implemented
in MagMma based on papers by Stoll [123-125]. For example, if n = 5 and T' = (4), then

gen(T') = 2,rp = 1 and the set of finite rational points on the curve C'r is as follows
Cr(Q) ={(-6,0),(—4,0),(-3,0),(-2,0),(-1,0),(0,0), (—12/7,4£720/7)}.
Similarly, if 7" = (2, 3,4) then gen(T") = 2,77 = 1 and
Cr(Q) = {(—38/11,+£1368/11), (—4,0), (—2,0), (0,0)}.

5.13 Application of Runge method for several equations

y" = gr(x).

Consider the Diophantine equations y? = gp(x) for T € As, A7, Ag, A11 and Aj3. In
all cases gr(x) is a monic polynomial of degree 6, hence Runge’s condition is satisfied. An
algorithm to solve such Diophantine equations is given in [131], we followed it to determine the

integral solutions. We note that in case of 7' € A3 there are 23

— 1 equations to be solved
and the bounds obtained by Runge’s method are of size 10%. Therefore we applied a modified
version of the reduction argument used in [131]. We illustrate the idea through an example. If

T =(2,3,4,5,7,9,10, 12), then the equation is given by

y? = (20 + 8527 + 320028 + 7021127 + 9933422° + 94585332 + 613039212 + 2666069902> +
74298249922 + 1194792102z + 838752409) (x + 4)(z + 2)(x + 1)z

The polynomial part of the Puiseux expansion of gT(ac)l/ 2 is given by
1693 5 15931 , 323643 5 212995 , 1953743 574129
"+ " + z°+ "+ r+ .

Pr(z) = 2" +46 25+

2 2 8 2 16 16
We obtain that
25697 (x) — (16 Pp(x) — 1)? has roots in the interval I, := [68, . ..,2.018 x 10°],
25697 () — (16Pp(x) 4 1) has roots in the interval I, := [—1.01 x 105,...,0].

Hence it remains to solve the equations
y* = gr(z)withz € [-1.01 x 105,...,2.018 x 10°],
Pr(z)? —gr(z) = 0.
Therefore the total number of equations to handle is 3026952. We compute the appropriate

intervals in case of two positive integers k1, ko :
25697 (x) — (16Pp(z) — k1)? has roots in the interval [,
25697 (x) — (16Pp(z) + ka)? has roots in the interval I5.
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For some fixed k1, ko we determine the integral solutions of the equations

= gr(z) withz € I U Iy,

(Pr(z) + k/16)> — gr(z) = 0 for some values of k depending on ki, ks.

The goal is to reduce the number of these type of equations. Based on numerical experiences
we start with ky = |1,|"/*, ko = |I,|'/*, where | - | denotes the number of integers in the given
interval. We compute the intervals I, I5 for these values of k1, k2. If the number of equations
is smaller than in the previous step, then ki = 2|I,|'/* and ko = 2|I,|'/*. Therefore at the end
we will have k1 = 41 \Ia]1/4 and k1 = i ]Ib\1/4 for some integers i1, i5. In the above example the
interval I, is reduced to [—69, ..., 2280] in 23 steps, so k1 = 851, the interval I}, is reduced to
[—1674,...,0] in 20 steps, thus ko = 620. The number of equations to handle before reduction

was more than 3 million, after the above reduction it is less than 6000.

We also note that equations for which ged(m,n + 1) > 2 can be solved using Runge’s

method. For example if n = 14 and T' = (10, 11, 12, 13), then we have
y™ = (2° + 3927 + 504z + 2157) (z + 12)p1o(z),

an equation that can be solved using Runge’s method for m = 3, 5 and 15. We note that in all cases
only the trivial solutions with y = 0 exist. In this way we were able to determine all solutions
of equation (5.29) with (m,n) € {(5,3),(8,3), (11, 3), (4,5),(9,5), (6,7)}. According to our
computations we see that there are very few solutions of the equation ™ = gp(x) with zy # 0.
This may suggest to treat the equation ¥ = gp(z) as an equation in infinitely many variables
and look for its solutions in m € N>o,n € N,T = (ay,...,a;) € Ay, and z,y € Z satisfying
the condition xy # 0. However, stating the problem in this way one can easily get infinitely
many solutions. We observed that the equation y* = z(z + 2)® = gr(z), with n = 3 and
T = (0, 1) has infinitely many solutions of the form (x, %) = (u?, (u(u® + 2)). Thus, by taking
u < 0, we see that for each n € N>3 and 7" € A,, of the form 7" = (0,1, as, . .., ax), where
as > |u| we have g7+ (u) = (u(u? + 2))3. This is a consequence of the vanishing of p,, (u) for
a; > |ul. Let us also note that essentially each negative value of 2 which is a solution of the
equation y™ = gr(z) for some m € Nand T' € A,, leads in the same way to infinitely many of

T’ such that y™ = g (z).

Let us introduce the set
N :={z € N : thereis (m,n,T) € N>g x N>g x A4, : y" = gr(z) for some y > 0}.
We saw that —u® € N for v € N. Let us also note that —9, —5, —4 € N. Indeed, the
pair (z,y) = (—9,252) is a solution of the equation y? = gp(x) forn = 5,7 = (3) and
(x,y) = (=5, —5) is a solution of the equation y*> = gr(x) for n = 4,T = (0). Moreover,
(z,y) = (—4,6) is a solution of the equation y? = gr(z) forn = 3,7 = (1). We do not know

any other elements of /. However, if we allow x to be rational, then we get some additional
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interesting solutions. Indeed, one can easily prove the identities:

2
Ak — 1 Ak —1 16k2 + 32k + 11 2=t
Pak+3 (- 5 ) + Pak—1 <— 5 > . ( T H (204+1)) ,

1=0

2k—1

2
4k — 1 4k — 1 4k — 1 4k + 3 Jr .
Pak+1 ( 5 ) + Dak ( 5 > + Pak—1 < 5 > = (2%“ H (2 + 1))

1=0

In order to prove the first equality we note paj3() + par_1(x) = pap_1(x)(2? + (8k + 3)z +

16k2 + 12k + 1)2. Moreover,

2k—1
4k —1 4k —1 4k —1
T A S Y 1 2k
e () S I ) ()
| 2=t 2k—1
= [J (4 —20-1Di+1) = 42kH2z+1
1=0 1=0
where last equality follows from the equality of sets {2 +1: i € {0,2k—1}} = {4k —2i—1:

i€{0,2k —1}}.
In order to prove the second equality it is enough to note the identity paxy1(x) + par(z) +
= pap—1(z)(x + 1)

We known only very few solutions of the equation from the question above.

Pak—1(x)
For the

convenience of the reader we collect them in the table below:

x| [m, n, T|
2,4, (0)],(2,5,(0,4)],(2,5,(0,1,2)],[2,6,(0)], 2,6, (3,4)],[2,7, (0,3, 4,5,6)],
2,8,(0,3,7)],[2,8,(0,1,2,5)], 2,9, (0,1,2,5,6,7],[2, 14, (0,1,2,6, .. ., 13)]
3,5,(0,1,2)], 15,3, (1,2)], [7, 4, (1, 2)]

2 1[2,3,2)12,5,(2,3)],[7,3, (0, 1)]

4112,6,(0,4)]

Solutions of the equation ¥ = gr(z) with positive values of z.

One can also ask about positive rational solutions but we were unable to prove anything

similar like in the case of negative solutions.

Let us also observe that the problem concerning the existence of solutions with x = 1
is equivalent with the problem of finding integer solutions of the Diophantine equation of

polynomial-factorial type
n

Yy = Z(ai +1)!
i=1
in non-negative integers aj,asg,... and y,m € N. This is a consequence of the equality

pa(l) = (CL + 1)'
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5.14 Some results concerning an additive version of Erdés-Graham

question

The problem of Erd6s and Graham [51] asking for the integer solution of the equation given

by
y" = Pp(z1,...,2,), (5.31)
where T' € By, Pr(z1,...,2%n) = Pa, (1) - - .. - Da, () and
B, = {(al,...,an) c N a; < Qi1 for 1 = 1,2,...77,— 1}.
Here we impose the natural condition for solutions: x; + a; < x;a1 fort =1,...,k — 1. In

the literature there are many nice results dealing with special cases of the problem of Erd&s and
Graham and its various generalizations. In order to get more information on this problem one
can consult the papers [11, 16, 85, 119, 141].

Motivated by research devoted to the study of equation (5.31) it is quite natural to consider
a multi-variable and additive version of the classical equation y™ = p,(x). as well. More
precisely, we are interested in the problem of existence of integer solution of the Diophantine
equation

2" = Grp(ry,...,2y,), (5.32)
where for a given T = (ay,...,a,) € B, we put

GT(ml, Ce ,:L‘n) = Zpai(xi>'
=1

In this section we study the problem of existence of integer solutions of the Diophantine
equation (5.32). We are mainly interested in the case when m = 2,3 and consider the related
Diophantine equations for certain sequences chosen from the set Bs.

From geometric point of view equation (5.32) defines an algebraic variety of dimension n
and degree max{m, a,, +n}. As usual, the general expectation (when dealing with Diophantine
equations with small degree and many variables) is the following. If m is not too large and
max{ay, ..., ay} isrelatively small compared with m, then equation (5.32) should have infinitely
many solutions in integers.

Remark. Let us recall that if a; = 2 or a; = ay = 3, then for each n — 2 tuple (as, ..., a,) €

B,,—o, the Diophantine equation

Y® = Pay (#1)Pay (22) - - - Pa,, ()
has infinitely many solutions in positive integers (x1, . . ., z,,) satisfying the condition z; 4+ a; <
ziy1 fore =1,...,n—1. This was proved by Bauer and Bennettin [11]. An (additive) analogue
of the above result of Bauer and Bennett can be obtained via the identities

pz—1)+z=22 pz—1)+z=2>

with z = Y"1 pa, ().

74



dc_1892 21

5.14 Some results concerning an additive version of Erd§s-Graham question

By applying results from the theory of Pellian equations combining with certain polynomial
identities we dealt with certain equations of the form 2" = p;(z) + p;(y). We proved that there
are infinitely many solutions (x, y, z) in integers (polynomials). For example, if m =1 (mod 2)

then the Diophantine equation

m

2" =pi(x) + pr(y)

has a polynomial solution
x =2 M 1, y= 2nT_ltm, z = 2%

Now we concentrate on the case m = 3 with (n,a1,a2) = (2,2,2), i.e., we consider the

Diophantine equation
2% = pa(x) + pa(y). (5.33)

From the general observation given on the beginning of this section we have the solution
x =t,y =t(t+1)(t+2)— 1, where ¢ is an integer parameter. We thus are interested in different
solutions (z, y, z) of equation (5.33), i.e., do not satisfying the relationy = z(z +1)(z +2) — 1.
However, before we present our result we will need a well known property of Pell type equations.
More precisely, if (X,Z) = (X’,Z’) is a particular solution of the Diophantine equation
X?2—AZ?=Band (X,Z) = (X", Z") with Z" # 0, is a solution of the equation X? — AZ? =
1, then for each n € N, the pair (X, Z) = (X,,, Zy,), defined recursively by Xo = X', Zy = Z’
and forn > 1 by

Xp=X" Xpn1+AZ" Zn, Zn=2" Xn-1+ X" Zn_1, (5.34)

is the solution of the equation X? — AZ? = B.

The Diophantine equation (5.33) has infinitely many solutions (x,y, z) in polynomials

with integer coefficients and satisfying deg, x = deg, y.

Proof.  The factorization po(z) 4+ pa(y) = (z + y + 2)(2* — zy + y* + = + y) suggests
a reasonable assumption that there are solutions of (5.33) satisfying the divisibility condition
(x+y+2)|z. After some numerical experiments we observed that the quotient z/(3(z +y + 2))
is square of an integer. We thus write z = 3t%(z + y + 2), where  is a variable taking integer
values. We cancel the common factor = + y + 2 and left with the equation of Pell type
U? —3(108t°5 — 1)V2 = 12(2916t5 — 135t° + 1), (5.35)

where

U=3(108t5 —1)(z+ 1), V = (54t5 + 1)z +2(27t5 — 1)y + 1085 — 1
or equivalently

U 3(108t° — 1)V — (545 + 1)U

_ Y = S
YT 30085 -1y Y 6(27t5 — 1)(108t6 — 1)

In other words, in order to construct polynomial solutions of equation (5.33) it is enough to

75



dc_1892 21
Chapter 5 Erd§s-Graham type Diophantine problems

prove that there are infinitely many polynomial solutions (U, V') of equation (5.35) satisfying the

congruence relations
U=0 (mod 3(108t5 — 1)),

0
3(108t% — 1)V — (54t° + 1)U =0 (mod 6(27t° — 1)(108t° — 1)).

We observe that equation (5.35) has the solution
U =3(6t> +1)(1085 — 1), V' =1085 4+ 18> — 1.
Moreover, the equation

U? —3(108t5 - 1)V? =1

has the solution
U" = (6t —1)(36t" + 6> + 1), V" =12,

Consequently, following the remark given before the statement of our theorem, we see that for
each n € Ny the pair (U,,, V;,) of polynomials, where Uy = U’, Vy = V' and

Un = (6t — 1)(36t* 4 6t2 + 1)Uy,_1 + 36(108t° — )3V}, _1,

Vi = 12630, 1 + (6t% — 1)(36t* + 6t% + 1)V}, _1,
for n > 1, is the solution of equation (5.35). First of all, we note that the leading coefficients
of the polynomials U,, and V}, are positive. Consequently, by induction on n, we easily get the

equalities:
degUpn(t) =3(2n+3), degV,(t) =6(n+1).

Moreover, having the values of degrees of our polynomials we can easily compute the leading

coeflicients:

LC(U,(t)) = %432”“, LC(V,(t)) = 2432““.

Next, we observe that Uy = 3(6t> + 1)(108t% — 1) = 0 (mod 3(108¢% — 1)) and from the
recurrence relation for U,, we get that for n > 1 the following congruence holds
U,=U,_1 (mod 3(108t5 — 1)).

Thus, by induction on n we immediately get that U, = 0 (mod 3(108t% — 1)) for each n € N.

The proof that for each n € Ny we have 3(108t5 —1)V,, — (54t°+1)U,, = 0 (mod 6(27t%—
1)(108t% — 1)) is more complicated. First of all we note that

3(108t° — 1)Vy — (5415 + 1)Uy = 6(1 — 6t3)(27t% — 1)(108t°5 — 1)
=0 (mod 6(27t5 —1)(108t° — 1)).

and thus the congruence we are interested in is satisfied for n = 0. In order to prove that the
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same is true for n € N, it is enough to prove the following congruences:

U, = (108t° — 1) (i(mn — A1)t + An> (mod A(t)),

Vi, = 9(63A4,, — 94,1 — 72)t° + 108A4,t° — Z(?An — A, 1 —32)t3 — A, (mod A(t)),
where \(t) = 6(27t® — 1)(108t° — 1), Ag = 1,47 = 15 and for n > 2 we have A, =

14A,_1 — A,—2. We omit the tiresome proof of the above congruences and the fact that
TA, — An—1 = 0 (mod 4) for n € N. It uses only induction and the recurrence relations

satisfied by the sequences (Uy, )neng, (Vi )nen, and (Ay)nen,-

Consequently, we get that for each n € Ny the polynomials z,,, y,, defined by
Un(t) 3(108t5 — 1)V, (t) — (5415 + 1)U, (1)
) = 3ogw -1y b )= 6(27t5 — 1)(108¢6 — 1)
with 2, (t) = 3t2(2,,(t) + yn(t) + 2) are the solutions of the Diophantine equation (5.33). Our

_17

theorem is proved.

For example, for n = 1, 2 we get the following polynomial solutions of equation (5.33):

z1 = 2(1296t° + 2165 — 9t3 — 1), Ty = 6t3(186624t12 + 31104¢° — 2160t° — 216t3 + 5),
yp = —2(1296tY — 216t0 — 93 + 1),  yo = —6t3(186624¢'2 — 31104¢° — 2160t5 + 216t + 5),
2 = 6t2(432t5 — 1), 29 = 6t2(186624t'2 — 1296t° + 1)

Remark. Tracing back our construction of the polynomials U,,, V,, from the proof of the above
theorem one can easily prove that
deg x,,(t) = degyn(t) = 3(2n+ 1)
for n € Ny and the expressions for the leading coefficients are as follows
LC(zn(t)) = —LC(yn(t)) = 6 - 432"
Moreover, one can prove (a rather unexpected) equality y,,(¢) = z,,(—t) foreachn € N.
Remark. The family of polynomial solutions of equation (5.33) constructed in the proof of
Theorem 5.13, has quite unexpected property: z,(t) = y,(—t) for each n € Ny. Moreover,
there are no n € Z such that both x,,(¢) and y,,(t) are positive. Consequently, an interesting
question arises whether there are infinitely many solution of equation (5.33) satisfyingy > x > 0
and y # xz(x + 1)(x + 2) — 1. In order to find such solutions we performed numerical search
and found that in the range 0 < x < y < 10° we have only 10 solutions satisfying required
conditions. The solutions are the following:
(x,y) =(97,277), (176,551), (263,1104), (495, 503), (1244, 2472), (3986, 31706),
(4505, 12781), (24047, 30599), (26642, 40684 ), (94743, 96255).

Remark. Inthe range 1 < x < y < 10°, equation 22 = pa(z) + p2(y) has 619 integer solutions.
This relatively large number suggests the existence of a polynomial solution. We were tried quite

hard to construct parametric solutions but we failed.
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Theorem 5.14

Let i € {3,4}. The equation z* = p;(z) + pi(y) has infinitely many solutions in positive

integers.

Proof. Inorder to get the result we are looking for rational numbers a, b such that the polynomial
Fop.i(2) := pi(x) + pi(ax + b) has multiple roots. The necessary and sufficient condition for
this property is the vanishing of the discriminant of the polynomial F7,; ;. We define the curve
in (a, b) plane in the following way:
C; : Disc(Fup,i(z)) =0.

Let ¢ = 3. The genus of the curve C5 is equal to 3. As a consequence of Faltings theorem we get
that there are only finitely many required pairs (a, b). Due to the identity p3(—x — 3) = p3(x)
we can consider the points on C'5 with ¢ > 0 only. Using MaGma procedure PointSearch
we found that there are only six pairs of required shape in the range max{H (a), H(b)} < 10°,
where H (r) is the height of the rational number r. There are in total 16 rational points on C3 in

this range. More precisely, we have (a,b) € Az, where

11 1 7
= (1,1),(1, - ~1 g I - D
A3 {( 9 )’( ) 3)7(37 )a(3a7)7<3a3)7<3a 3>}
One can also observe that the pairs of points (3, —1),(1/3,1/3) and (3,7), (1/3,—7/3) lead to

the same quadratic equations. We thus left with the pairs (1,1), (1, —3),(3,—1) and (3, 7).

If (a,b) = (1,1), then p3(x) + p3(z + 1) = 2(x + 1)(x + 3)(z + 2)?. The solutions of the

quadratic equation v? = 2(z + 2)? — 2 are given by
x= %((3 F2V2)" 4+ (3-2V2)") -2, v=V2((3+2vV2)" — (3-2v2)"),
and the corresponding value of z is then z = (x + 2)v.

Using exactly the same methods we cover the cases (a,b) = (3,—1),(3,7). In the former
case we deal with the equation v? = 2(4122 + 30z + 1), with non-trivial solution (z,v) =
(1,12) (the corresponding value of z is z = zv). In the letter case we deal with the equation
2(4122 + 2162 + 280) = 22, with non-trivial solution (x, v) = (4, 60) (the corresponding value
of z = (x 4 3)v. In both cases we get infinitely many positive solutions. We omit the standard
details.

If (a,b) = (1,—3) then p3(z) + p3(z — 3) = 2(2% + 11)2%. However, 2 is a quadratic
non-residue of 11 and we get no solutions.

If 7 = 4 then

Disc(Fop4(2)) = Gi(a,b)Ga(a,b),

where
Gi(a,b) = 24u* — 100u3v + 105u%0? — 40uv® + 5v*, where we put  w=a+1, v=>b+4.

The polynomial G is irreducible and the unique solution of the equation G'1(a,b) = 0 is given

by (a,b) = (=1, —4). Then ps(z)+ps(—z —4) = 0 and we get infinitely many integer solutions
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but with z = 0.
The second factor is a huge polynomial of degree 12 (with respect to each variable) which

defines the curve in (a, b) plane in the following way:
04 . Gg(a, b) =0.

The genus of the curve CYy is 3 (relative small with comparison of the degree of the defining
polynomial) and thus the set of rational points is finite. We used procedure PointSearch one
more time and find that the curve Cy contains relatively many rational points. Indeed, in the

range max{H (a), H(b)} < 10° we found 16 rational points. We have (a,b) € A4, where
1 15 1 13 11
= {(~1,-8),(—1,-6),(~1,2), (-1 il IO (e Y

Ay {( ) 8)7( ’ 6)7( 7)7( 70)7(47 4>a<4a 4>a<4>4>7

13 2 5 21 35
(DN NN
If (a,b) € A4\ {(—1,0), (—1,—2)}, then the equation 2% = p4(x) + ps(az + b) defines a genus
1 curve (and thus there are only finitely many integer solutions in this case) or defines a genus 0
curve with only finitely many integral solutions.

In the first case we have py(r) + ps(—2) = 202%(2? +5), i.e., 5(2 +5) need to be square.
Hence 5 divides x. Write x = 5¢. That is we obtain an equation of the form
v? —5t% = 4.
The solutions of the above equation are well-known: (v,t) = (Lo, Fby,) for some m € N,
where, as usual F}, denotes n-th Fibonacci number Fy = 0, Fy = 1, F,, = F,,_1 + F,,_2 and
L,, denotes n-th Lucas number defined recursively by Lo =2, Ly =1,L, = L1 + Ly—2. To

obtain integral solution the number F5,, has to be even, therefore m is divisible by 3. It follows

that if t = 5F,,,n € N, then the pair

—9Fen 25F12,
2 72
is the solution of the equation 22 = p4(z) + psa(—2).
Using similar approach one can easily check that if (a, b) = (—1, —2), then we get quadratic

equation with infinitely many solutions. We omit the details.

Remark. Let us note the identities
Pa(@)+pa(—2—6) = —10(2+2)(2+4) (+3)*, pa(x)+ps(—z—8) = —20(x’+8z+21)(x+4)?,
which can be used to prove that the equation —2? = p4(z) + p4(y) has infinitely many solutions
in integers.

Remark. It seems that the question concerning the existence of positive integer solutions of the

equation 22 = p4(x) + p4(y) is more difficult. We performed numerical search for solutions in

the range 0 < = < y < 10° and found any.
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6.1 A result by Nemes and Pethd

Let A, B, Ry, R, be integers. A binary linear recurrence sequence R, is defined by two

initial values (Rg, R1) and by the relation
Rn+1 = ARn - BRnfl,TL Z 1.

Such a sequence is called non-degenerate if |Ro| + |Ri| > 0 and the quotient of the roots,
aq, ag € C of the characteristic polynomial of R,, (defined by 22 — Az + B) is not a root of unity.
Let us introduce some additional notation. Let D = A% — 4B and C = R? — AR 1Ry + BRZ.
Let Tj(z) denote the Chebishev polynomial of degree k, defined by Tp(z) = 2,T1(z) = =
and T, 41(x) = 2T, (x) — Ty—1(x) for n > 1. The following elegant characterization is due to
Nemes and Pethd [94].

Theorem 6.1

Let R, be a non-degenerated second order recurrence with |B| = 1, and P =

ZZ:O AL X* be a polynomial with integer coefficients of degree d > 2. Let be
q = —B™C/D and E = 2(d — 1)A%_| — 4dAjAq—_». If the equation R,, = P(z)
has infinitely many integer solutions n, x, then
2d|Ad| | 2441
P(z) = e\/q1y < + ;
i WE  nWE

where € and 1) are either 1 or —1. Furthermore, either x is an integer root of P'(x)

or d|Aglx + Agq—1 is contained in the union of finitely many second order recurrence

sequences with discriminants D;, where D/ D; are squares of integers.

J

Based on this result Nemes and Pethd noted that the equation F,, = P(z) can have
infinitely many solutions only when the degree of P is odd. They also remarked that the
assumptions of the theorem are not sufficient, i.e., the equation R,, = P(z) may have finitely
many solutions even if the polynomial is of the expected form. In fact they noted that the equation
L, = P(x) = 32% — 2 = T»(\/3x) although of expected form, has no integer solutions. Thus,
it is quite natural to ask whether we can construct an explicit form of polynomial P such that the
equation L,, = P(x) has infinitely many integer solutions. Similar question can be asked for the
sequence of Fibonacci numbers (F),),en. As we will see such construction can be performed
for quite general class of Lucas sequences, with particular examples being Fibonacci and Lucas
sequences. Indeed, in Section 6.2 we consider the sequences (P, (a))nen, (@n(a))nen, Where

acC\{-1,0,1} and
Py(a) = a’—a Qn(a)=a"+a "

— 1
a—a
We show that for each £ € N_ there is a square-free polynomial Fy(a,t) € Q(a)[t] of degree
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2k — 1 such that the Diophantine equation Fj(a,t) = P,,(a) has infinitely many solutions
in positive integers ¢,m. Similarly, we prove that for each ¥ € N, there is a polynomial
G € Z]t] of degree k + 1 such that the Diophantine equation G (t) = Q.,(a) has infinitely
many solutions in positive integers ¢, m. By an appropriate specialization a = ag we get

polynomials F(ao,t), Gi(t) € Z][t] such that the equations
Fk(ao,t) :Fn, Gk(t) :Ln

have infinitely many solutions in integers. Moreover, an additional advantage of our construction
is the possibility to determine the explicit form of the discriminants of our polynomials. In Sec-
tion 6.3 we present results of our numerical calculations concerning the existence of degree two
polynomials f such that the Diophantine equation f(z) = F,,, where F,, is the mth Fibonacci
number, has at least four solutions in integers x, m. Moreover, based on our computations we
state several conjectures and certain general problems

Finally, in the last section we characterize integral solutions of several Diophantine equations
related to representations of Fibonacci numbers by shifted triangular numbers, that is we resolve
the equations

(;)er:Fn for — 20 < d < 20.

Moreover, by investigating certain genus two curves we characterize all integral solutions of

x
5

solutions of the equation (i) = F,, where k < 4.

the Diophantine equation ( ) = F,,. Our result complement earlier findings concerning integer

6.2 Polynomials representing infinitely many Fibonacci and related

numbers

Which polynomials P € Z[X] represent many different Fibonacci numbers? For a given
polynomial we may expect only finitely many solutions of the equation P(z) = F,,. Indeed, we
recall the identity L2 = 5F2 + 4 and thus, if we are interested in finding integer solutions of the
equation P(x) = F,, then it is enough to find all integer solutions of the Diophantine equation

y? = 5P(x)* + 4.
The above equation defines a hyperelliptic curve, say C. From Siegel theorem we know that if the
polynomial 5P(z)? 4 4 can not be represented in the form f; (x)? fo(x) for certain polynomials
f1, f2 € Q[x], where f5 is a square-free polynomial of degree > 3, then there are only finitely
many integral points on the curve C. In consequence, we have only finitely many solutions of
the related equation P(x) = F),.

We would like to determine polynomials P, of a given degree d > 1 such that the set
{P,(z) : © € Z} contains many Fibonacci numbers.

In case of d = 2 the polynomials P j(x) = 322 + (6k + 2)x + k(3k + 2) represent the
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Fibonacci numbers 0, 1, 5, 8,21, 4181 since
Pyp(—k)=0,Pp(—k—1)=1,Pp(—k+1) =5,
Py jp(—k—2)=8,Py;(—k —3) =21, Py, (—k + 37) = 4181.

Here we remark that obviously the above family comes from a given polynomial, namely 322+ 2z
by applying the substitution x := = + k. Therefore, if we consider the question of representability
of a given number by a polynomial Py(z) = Agz? + Ag_12% " + ... of degree d with A5 > 0,
then without loss of generality we can assume that |A4_1| < dAg4. Indeed, we can always write
Ag_1 = dAgk + r for some k € Z with 0 < r < dA, and thus after the substitution x := x + k

we get a polynomial in the required form.

It is clear from Lagrange interpolation formula that for a given d we may construct a
polynomial of degree d representing d + 1 Fibonacci numbers. For example in case of d = 3 we
use the points (0,0), (1,1), (2, 2), (3, F},) to obtain the polynomial

1 1 1 3 1
—E, -3+ (- Fy+ 2 ) 2?+ = Fua.
<6 2)3:4-(2 +2>x—|—3 x

The polynomial has integral coefficients if » = 0 (mod 4) and n # 0 (mod 3). Hence we may
take 16 = 987 to get 1643 — 49222 + 329z. The latter polynomial represents the Fibonacci
numbers 0, 1, 2, 987.

We prove that there exist odd degree polynomials representing infinitely many Fibonacci

numbers and related sequences.

Theorem 6.2

Fora € C\ {—1,0,1} let us consider the sequence (P, (a))ncn, where

n —-n

a
Then, for any given k € Ny there is a square-free polynomial Fy(a,t) € 7Z [%] [t] of
degree 2k — 1 such that the Diophantine equation Fy(a,t) = P, has infinitely many

solutions in integers t, n.

The most difficult part of the proof of the above theorem is square-freeness of polynomial
Fy(a,t). In order to do that we will compute discriminant of the polynomial Fy(a,t). Thus, we

recall below the notion of a resultant of two polynomials and a discriminant.

Let K be a field and consider the polynomials F, G € K|x] given by
F(x) = ant™ 4 an_12" '+ ... 4+ a1z + ag, 6.1)
G(z) = byp™ 4 by_12™ 1 + ..+ by + bo.

The resultant of the polynomials F’, G is defined as

Res(F,G) = a'bl, H H(Oli - ),

i=1j=1
where a1, ...,apand 8y, ..., By, are the roots of F' and G respectively (viewed in an appropriate
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field extension of K'). We define the discriminant of the polynomial ' in the following way:

(_1) n(n2—1)
Disc(F) = ~—————— Res(F, F").
Qn
We collect basic properties of the resultant of the polynomials F, G:
Res(F,G) = al [[ Glas) = b3, [ F(85), (6.2)
i=1 i=1
Res(F,G) = (—1)"" Res(G, F), (6.3)
Res(F, G1G2) = Res(F, G1) Res(F, G3). (6.4)

Moreover, if F'(z) = ag is a constant polynomial then, unless F' = G = 0, we have
Res(F, G) = Res(agp, G) = Res(G, ap) = ag". (6.5)

Finally, we recall an important result concerning the formula for the resultant of the polyno-

mial G and F, provided that F'(z) = ¢(z)G(x) + r(x). More precisely, we have the following.

Let F,G € K|z] be given by (6.1) and suppose that F(z) = q(x)G(x) + r(z) for some
q,r € K|[z]. Then we have the formula

Res(G, F) = bdeeF'=deer Reg(@, r).

The proof of the above lemma can be found in [102] (see also [49]).
Proof. [Proof of Theorem 6.2] We define the sequence ([} (a,t))nen, of polynomials in a

recursive way. More precisely, we put
1
Fi(a,t) =t, Fy(a,t) = —t((a® — 1)** + 3a?),
a

(a? — 1)t + 2a?
a?

Fk(a,t): Fk,l(a,t)—Fk,g(a,t), k23,

and prove that for each k,n € N the following identity holds
Fi(a, Py) = Por—1)n- (6.6)

From the recursive definition it is clear that deg Fy(a,t) = 2k — 1 for k € N.. The proof
that the polynomial Fy(a, t) has the property given by (6.6) can be easily performed by induction

on k. Indeed, we note that F} (a, P,) = P, and the identity

2
p3__ %

implies that Py, = = Py ((a® — 1)2P2 + 3a*) = Fy(a, P,). We thus proved that our statement

PSn_Pn)

is true for £ = 1,2. Assuming now that it is true for £ — 1 and £ — 2 and using the recurrence
formula, it easy (but a bit tiresome) calculation to see that our statement holds also for k. Indeed,

the only thing we need to check is that the following identity

a’® —1)%t? + 24>
( ) 5 Pyp—1)-1(a) — Pyp—2y—1(a)

Pog—1yn(a) = "
holds. We omit the simple details.

In order to finish the proof we need to show that for any given k, the polynomial Fj, is
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square-free, i.e., it has not multiple roots (in a suitable field extension). To prove our result we

compute the discriminant Disc(F}(a,t)). More precisely, we prove the formula

2 2(k—1)(2k—3)
a—1
Disc(Fj(a,t)) = (—=1)F+122k=1(9f _ 1)2k—1 <> '
a

Here, and in the sequel, by a discriminant or a resultant we mean discriminant and resultant with

respect to the variable ¢.

To compute the discriminant we are interested in, we will consider the polynomial Hy(a, t)
instead of Iy, (a, t), where Hy(a,t) = Fj(a,t)/t. Note that the sequence (H}(a, t))ren, satisfies
the same recurrence relation as the sequence (Fy(a,t))ren, . The reason that we consider the
polynomials Hy(a,t) is the non-vanishing of the value of Hy(a,0). In fact, by a simple induction
we get that Hy(a,0) = 2k — 1. It is clear that the computation of the discriminant of Fy(a,t)
is equivalent with the computation of the discriminant of Hy(a,t). Indeed, from the identity
Fy(a,t) = tHy(a,t) we get that F}(a,t) = Hy(a,t) + tH,(a,t). This allow us to get the
identity

Disc(Fy(a,t)) = (2k — 1)? Disc(Hy(a,t)).

In the sequel we will need the following formula connecting polynomials Hy_1(a,t),

Hy(a,t), Hj(a,t). More precisely, we have
fi(a,t)Hy(a,t) = fola,t)Hy(a,t) + 2(2k — 1)a*Hy_1(a, t),
where
fi(a,t) = 2((a* = 1)*(k — 1)t* + (2k — 3)a?),  fa(a,t) = t((a® — 1)*t* + 4a?).
The above identity can be easily proved by induction on k. We are in position to compute the

resultant of the polynomials Hy(a,t), H; (a,t) and hence the discriminant of Hy(a,t) via the

formula

a
a? —1

2(k—1)
Disc(Hy(a, t)) = (—1)*~DZk=3) < ) Res(Hy(a,t), Hj(a,1)). (6.7)

In order to simplify the notation we will write Hy, instead of Hy(a,t).

Instead of computing Res(Hj,, H,,) we compute
Res(Hy, f2) Res(Hy, H},) = Res(Hy, foHj},)
= Res(Hy, fiHy — 2(2k — 1)a’Hy_) by Lemma 6.1
::(e%;l)ak_l)RescH;,—2(2k-1)a2H¢,1) by (6.4)

5 A 8(k—1)

:<%;> Res(Hy, —2(2k — 1)a?) Res(Hy, H,_1) by (6.5)
8(k—1

- <@> : (2(2k — 1)a®)>*=Y) Res(Hy, Hy,—1).

a

We show that if V;, = Res(H},, Hy_1), then the sequence (Vj)ren, satisfies a recurrence

CL2—1 4(k—1)
e ()"

relation
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Indeed, we have the following chain of equalities
Vi = Res(Hy, Hy—1) = Res(Hj,_1, Hy) by (6.3)
= Res (Hj—1, 5 ((a® = 1)%t? + 2a*)H,_ — Hy_2)
5\ 8(k—2) 5\ 8(k—2)
_ (a —1) Res(Hj_1, Hy_o) = (70 a—l) Vi—1 by Lemma 6.1.

a

Using the identity V5 = Res(Hs, H1) = 1 we immediately get that for £ > 2 we have the

k 9 8(i—2) 9 4(k—1)(k—2)
H a“—1 a“—1

1=2

formula

To finish the computation of Res(Hj,, H},) we need to compute the value of Res(Hy, f2). The

following formula can be deduced from the definition of the resultant:

Res(Hy, f2) = Res(Hy, t) Res(Hy, (a® — 1)%? + 4a?)
= (2k — 1) Res(Hy, (a* — 1)** + 4a?)
= (2k — 1)(a® — 1)4k-1),

Finally, we obtain the formula for Res(Hj, H},) in the following form

Res Hk,fQH/ _ _
Res(Hy, Hy) = Re(S(kaQ)k) = 22(k=1)(9f — 1)%k1 <

and using the formula (6.7) we get the explicit value of Disc(Hy(a, t)).

a2 — 1>4(k1)2

a

Remark. One can check by induction on £ that each term of the sequence (Fj(a,t))ren,
corresponds to a solution of a certain Pell type equation. More precisely, for each k € N we

have the identity
(2k — 1)%((a® — 1)?Fy(a,t)* + 4a?) = ((a* — 1)*t* 4 4a*)F}(a, t)*.

Our general result allow us to prove the following.

Corollary 6.1 .

Ifa= 2“/5*1, where i2 = —1, then

2
Pun_3(a) = Fan—3, Pi_an(a) = Fan_1

and the polynomial Fy(a, t) has integer coefficients, and for each k € N, the Diophantine

F (i\/g_l,t> =F, (6.8)

equation

2

has infinitely many solutions in integers t, n.

Proof. From the Binet formula for the nth Fibonacci number we easily get the expressions

for Py,—3(a) and P;_4,(a). Moreover, we observe that for a = z’@,i2 = —1, we have
(a2 — 1)?/a® = —5 and thus from the definition of F}(a,t) we get that our polynomial has

integer coeflicients. The existence of infinitely many integer solutions of the equation (6.8) is
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also clear. Indeed, from Theorem 6.2 for each k,n € N we have the identity

V5 —1
F, (z, (~1)" Ry | = Flok—1)@2n-1)-

2

Example 6.1. First few polynomials F(a, (—1)¥*1t) fora = i\/ngl ,i2 = —1, are given in the
table below.

n | F(a, (1)1

2 | ¢ (5t* - 3)

3 | 5t (5¢* — 512 + 1)

4 | ¢ (125t% — 175¢1 4 7062 — 7)

5| ¢ (5t% —3) (125t5 — 150t* + 45¢% — 3)

6 | t (3125t — 6875t% + 5500t° — 1925¢* + 275¢% — 11)

7 |t (1562512 — 40625¢10 + 40625¢% — 19500¢° + 4550¢* — 455¢% + 13)

The polynomials F(a, (—1)**'t) for a = z‘/‘z Li2=—-1,andk=2,...,7.

Remark. It is not difficult to observe that for the sequence @, = Qn(a) = a™ + a™", where
a € C\ {—1,0,1}, one can construct a polynomial G}, € Z|[t] of degree k such that the equation
Gr(z) = Qm(a) has infinitely many solutions in z,m € N,. Indeed, in order to do see that it

is enough to observe that the following (easily to establish) identity holds:

Qrn(a) = Qn(a)Qr-1)n(a) — Q-2 (a).
Thus, if we define G1(t) = t,G2(t) = t? — 2 and Gi(t) = tGr_1(t) — Gr_a(t) for k > 2,
then we have G(Qy,) = Qk, and hence the result. Moreover, it is not difficult to show that
the polynomial G, is square-free. Indeed, essentially the same type of reasoning as presented
in the proof of second part of Theorem 6.2 can be used for the computation of Disc(G(t)).
Indeed, the only non-obvious fact we need to know is the existence of the formula connecting

G, G}, Gi—1. The mentioned formula takes the form
EtGr(t) = (t* — 4)G)(t) 4+ 2kGh_1 (1),

and the rest of the proof goes exactly in the same way as in the case of F(a,t). As a final result
we get the formula Disc(Gy(t)) = 2¥~'k*. Moreover, it is easy to prove (by induction on k)

that the following identity holds:
(k+1)%(Gi(t)* — 4) = (£* = )G} (1)
We omit the details.
In particular, if a = ‘[ L then one can easily check that Qs,,(a) = Loy, where L,, is nth
Lucas number. Thus, as consequence, we get that there is a polynomial Gy, € Z[t] of degree

k + 1 such that the Diophantine equation G(t) = L, has infinitely many solutions in integers

k,m. Indeed, it is enough to note the identity

Gk (LQn) = L2kn-
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6.3 Numerical and experimental results

In light of Theorem 6.2 it is natural to ask about construction of polynomials of even degree,
say d, which represent “many” Fibonacci numbers. We are very modest here and asks about the
existence of polynomials f € Qx| of degree d such that the Diophantine equation f(x) = F,,
has at least d + 2 solutions. We are especially interested in the case d = 2.

To find interesting examples we performed the following search strategy. We first generated
the set

A={(F,, F,F,,Fy): p,q,r,s€{2,...,100}}

and then for each quadruple with pairwise distinct elements v € A (there are exactly 3764376

elements of this kind in A) we looked for the degree two polynomial f such that

f(l):vaf(Q):anf(3) =Fy, f(4) = Fs. (6.9)
Note that a degree two polynomial is defined by three coefficients and thus our system of
equation (6.9) is over-determined. Thus, we cannot expect too many solutions (if any). In fact,
with this approach we found 93 polynomials with required properties. Browsing through the set
of solutions we were able to find three infinite families (f; n)nen,,7 = 1,2,3, of degree two

polynomials satisfying required conditions. More precisely, we define
Jin(@) = (Font1@ — Lon)((3Fan41 — Fon — Fon—3)x — 2Fon — 5Fpn—1 + Fon_s),
fon(x) = Fony3a® — (3Fonts — Fop)w + 2Fop13 — Fapo,
f3n(®) = (Fonx — Fopy1 + Fon—3)((Fong2 — Fon—2)r — 5Fp,_1).

With f; ,, defined above it is easy to check that the following equalities are true:
Jin(1) = Fgo fin(2) =Fan  [in(3) = Fanga  fin(4) = Fanys,
Jon(1) = Fon1 f20(2) = Fang1 fon(3) = Fangs  fon(4) = Fonsr,
f3n(1) = Fan—a  f30(2) = Fan—2  f31n(3) = Fang2  f3n(4) = Finya.
Note that from the result of Nemes and Pethé we know that foreachn € Ny andi € {1,2,3}
the Diophantine equation f; ,(z) = F},, has only finitely many solutions in integers.
It should be noted that among 93 polynomials found by the above described search, there is
only one which do not belong to the sequences ( f; , )nen, @ € {1, 2, 3}. This sporadic polynomial

is the following:

f(z) = %(xQ —z+4). (6.10)

Unexpectedly, it represents five Fibonacci numbers. More precisely, all non-negative integer

solutions (z, m) of the Diophantine equation f(z) = F,, are
(x,m) = (0,3),(1,3),(2,4),(3,5), (4,6), (22, 13).

For the proof of this result see Theorem 6.3 below. Let us also note that f(z) = t,—1 + 2,
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where ¢, = x(x + 1)/2 is the xth triangular number. Thus the problem of finding non-negative
solutions of Diophantine equation f(x) = F,, is equivalent with the finding triangular numbers
of the form F,,, —

We performed similar analysis in case of Lucas numbers and were able to spot one infinite
family (gn)nens,, where

gn(2) = Lpa® — (Lpyo + Ly_4)x 4+ 5L, o.
Then
9n(1) = Lyp—a,  gn(2) = Lu—2, gn(3) = Lns2, gn(4) = Ln+a.

Remarkably, if g € Z[z] is of degree 2 and satisfies

9(1) = Lp, 9(2) = Lq, 9(3) = Ly, g(4) = Ls
for p < ¢ < r < s <100 then there is n < 45 satisfying g(x) = g, ().

We performed similar search in the case of degree 4 polynomials. More precisely, we were
interested in finding examples of polynomials f € Q[x] of degree 4 such that f represents at
least 6 Fibonacci numbers. We first generated the set

B = {(Fy,F;, F,,Fs,F,,F,): p,q,rs,u,ve{2,...,60}}

and then for each sextuple with pairwise distinct elements w € B (there are exactly 45057474

elements of this kind in B) we looked for a polynomial f of degree < 4 such that

In the considered range we found only four polynomials of degree < 4 representing at least
six Fibonacci polynomials. They are given in the table below together with the known integer

solutions of the equation f(z) = F,,,m > 0.

f(t) Known solutions of f(x) = F,
(3 — 6t + 23t — 12) /6 1),(1,2),(2,4),(3,5),
6),(5,7),(6,8)

(

(1,
(4,
(1,3),(2,4),(3,11),
(4,13), (5,15),(6,17)
(245t* — 3080t + 13729¢% — 23290t + 12420) /12 | (1,3),(2,4), (3,13)
(4,1
(—4,
(3,

(101¢* — 1064¢* + 4369t — 7162t + 3780) /12

4), (5,15), (6,17)
10), (=2,7),(1,5),(2,6),
7),(4,8),(5,9),(6,10)

The polynomials f € Q[z] of degree 3 < d < 4 such that f(z) represents at least six Fibonacci

(t* — 6t 4 35t — 6t + 96) /24

numbers together with the set of known integral solutions of the corresponding Diophantine

equation f(x) = F,.

We note that in case of the polynomial f(x) = (23 — 622 + 23x — 12)/6 the Diophantine
equation f(z) = F}, can be reduced to genus 2 curves by using the identity L2 = 5F? + 4.
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Therefore one may try to apply the method developed in [36] to determine a complete list of
integral solutions. The hyperelliptic curves y> = 5f(z)? + 4 define genus 2 curves and their
Jacobians have rank 4. It turns out to be difficult to provide generators of the Mordell-Weil
groups that is required to apply the method based on Baker’s linear forms in logarithms and the
so-called Mordell-Weil sieve.

Remark. We note that for any given even d € N_ it is possible to construct a polynomial
Gq4 € Qlx] of degree d such that the equation G4(x) = F},, has at least d + 2 solutions in integers
x, m. Indeed, we learned that if we define (4 as the unique polynomial of degree d with rational

coeflicients satisfying the system of equations
G4(0) = Fyra, Ga(1) = Fyy3, - .., Ga(d — 1) = Foq, Ga(d) = Faqya,
then additional the equality G4(—1) = Fy1 holds [74, Equation (3.1)].

6.4 Fibonacci numbers represented by shifted triangular numbers

Motivated by the example given by (6.10) we deal with the family of equations

t$_1+d—<

T

2> +d=F, for —20<d<20. (6.12)

Theorem 6.3

All non-negative integral solutions n with —20 < d < 20 of equation (6.12) are as follows
d=-20,n€{1,2,6,13,15},d = —19,n € {3},d = —18,n € {4},
d=-16,n € {5,11},d=—15,n € {0,7,8},d = —14,n € {1, 2},
d=-13,n€{3,6},d=—-12,n € {4},d = —11,n € {9,10},d = —10,n € {0,5},
d=-9,ne{l,2,12},d=-8,ne {3,7},d=—-7,n € {4,6,8},d = —6,n € {0},
d=-5mn¢€{1,2,5,19},d=—4,n € {3},d = -3,n € {0,4, 16},
d=-2,n€{1,2,6,7,9,11},d = —1,n € {0,3,5,14},d = 0,n € {0,1,2,4, 8,10},
d=1,n€{1,2,3,17},d =2,n € {3,4,5,6,13},d =3,n € {4,7},d = 4,n € {5},
d=5n¢€{5,6},d=6,n¢c{8,9},d=7n¢€{6,7},d=38,n € {6,12,24},
d=10,n € {7,10},d =11,n € {8,11},d = 12,n € {7}d = 13,n € {7,9},
d=15,n € {8,15},d =18,n € {8},d = 19,n € {9,10},d = 20,n € {8}.

Proof. We use the following well-known identity related to the sequences F;, and L,,
L2 —5F% = 4(—1)™. (6.13)
The above identity yields the hyperelliptic curves
Caz:  y* =5z — 102 + (20d + 5)x* — 20dzx + 20d* + 16.

We searched for small solutions on these curves. If no points were found, then we used the

Magma procedure TwoCoverDescent () [30] to show that there exist no solutions. In case that

90



dc_1892 21

6.5 The Diophantine equations L,, = (¥) and F, = (})

certain small solutions exist we used the Magma procedure IntegralQuarticPoints () based
on results obtained by Tzanakis [137]. As an example consider the case d = —5. Since (0, —22)
is a point on the curve C_5 _ we used IntegralQuarticPoints([ 5, -10, -95, 100, 484
1, [0,-22]) to determine a complete list of integral solutions. It turns out that there are solutions
only if

xe{-91,-4,-3,-2,0,1,3,4,5,92}.

Similarly, (—3, —6) is a point on C_5 . Therefore via IntegralQuarticPoints([ 5, -10,
-95, 100, 516 1,[-3,-6]) it follows that

x € {-3,4}.

4
-5 = F =F
<2> 1 2,

-5 = F57

|
()-s -

Thus we have the solutions

6.5 The Diophantine equations L, = (}) and F,, = ()

Let us consider the Diophantine equations
X
L, = < 5 ) (6.14)

F, = (6.15)

TN
Slls
S~

with X > 5. We have the following results.

Theorem 6.4

The only positive solution of equation (6.14) with X > 5is (n, X) = (1,5).

Theorem 6.5 N

The integral solutions of equation (6.15) with X > 5 are given by (n,X) €

{(1,5),(2,5),(8,7)}-

6.5.1 Integral points via Baker’s method and the Mordell-Weil sieve

Consider the hyperelliptic curve
C: = F(z):= 2 + byt + bya® + by + bix + by, (6.16)
where b; € Z. Let a be a root of F' and J(Q) be the Jacobian of the curve C. We have that

T —a=krE
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where k, £ € K = Q(«) and k comes from a finite set. By knowing the Mordell-Weil group
of the curve C it is possible to provide a method to compute such a finite set. To each coset

representative y ., (P; — 00) of J(Q)/2.J(Q) we associate

m
K:H(’Yi—Oéd?),
i=1
where the set {P},..., Py} is stable under the action of Galois, all y(P;) are non-zero and

x(P;) = i/ d% where ; is an algebraic integer and d; € Z>1. If P;, P; are conjugate then we

may suppose that d; = d; and so +;, 7; are conjugate. We have the following lemma (Lemma

3.1 in [36]).

Let KC be a set of k values associated as above to a complete set of coset representatives
of J(Q)/2J(Q). Then K is a finite subset of Ok and if (x,y) is an integral point on the
curve (6.16) then x — o = k&2 for some k € K and € € K.

As an application of his theory of lower bounds for linear forms in logarithms, Baker [9]
gave an explicit upper bound for the size of integral solutions of hyperelliptic curves. This result
has been improved by many authors (see e.g. [20], [21], [28], [33], [103], [114], [121] and
[144]).

In [36] an improved completely explicit upper bound were proved combining ideas from
[33], [34], [35], [79], [90], [100], [144], [143]. Now we will state the theorem which gives the
improved bound. We introduce some notation. Let K be a number field of degree d and let
be its unit rank and R its regulator. For « € K we denote by h(«) the logarithmic height of the

element «. Let
log2 ifd=1,2,
O =

3
1 (loglogd .
4 ( log d > ifd>3

2\ 1/2
o= (1+2) |
K < *a%)

and

Define the constants

es(K) = cl(K)g;, ea(K) = rdes(K),
,r.r+1
C5(K) = W}dgl
Let
0.16| K :
oLk = max{[L :Q], [K: Qo , EKQ]} 7

where K C L are number fields. Define

C(K,n) :=3-30"™. (n+1)>°d* (1 + logd).
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The following theorem will be used to get an upper bound for the size of the integral solutions of

our equation. It is Theorem 3 in [36].

Theorem 6.6 N

Let o be an algebraic integer of degree at least 3 and k be an integer belonging to

K. Denote by o, ao, az distinct conjugates of a and by K1, ks, k3 the corresponding

conjugates of k. Let

K1 = Q(a1,a2,vk1k2), K= Q(au,as,\/kik3), Kz =Q(az,as,/kakK3),
and
L = Q(a1, a2, a3, \/k1k2, /K1K3).
In what follows R stands for an upper bound for the regulators of K1, Ko and K3 and r

denotes the maximum of the unit ranks of K1, Ko, K3. Let

c; = max c¢;(K;)

1<i<3
and
2
N = max |Normg,a)/q(ki(®i = a;))
and
log N
"7 minigis[KG Q) ()
Define
2r
Af =2H" - O(L,2r +1) - (e1)° O/ - (m aL/m) R,

and

A5 =2H" 4+ A7 + Al log{(2r + 1) - max{cy, 1}}.

If x € Z\{0} satisfies © — oo = K& for some & € K then

log|z| < 8A7log(4A7) + 8A5 + H* + 20log2 + 13h(k) + 19 h(«).

To obtain a lower bound for the possible unknown integer solutions we are going to use the
so-called Mordell-Weil sieve. The Mordell-Weil sieve has been successfully applied to prove the

non-existence of rational points on curves (see e.g. [29], [31], [54] and [111]).

Let C'/Q be a smooth projective curve (in our case a hyperelliptic curve) of genus g > 2.
Let J be its Jacobian. We assume the knowledge of some rational point on C| so let D be a fixed

rational point on C' and let j be the corresponding Abel-Jacobi map:

J:C —J, P~ [P—DJ.
Let W be the image in J of the known rational points on C and D1, ..., D, generators for the
free part of J(Q). By using the Mordell-Weil sieve we are going to obtain a very large and

smooth integer B such that
1(C(Q)) €W + BJ(Q).
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Let
p: 7" — J(Q), go(al,...,ar):ZaiDi,

so that the image of ¢ is the free part of J(Q). The variant of the Mordell-Weil sieve explained
in [36] provides a method to obtain a very long decreasing sequence of lattices in Z"
BZ"'=Lo2L12L22--- 2 Ly

such that
1(C(Q) € W + ¢(L;)

forj=1,... k.

The next lemma [36, Lemma 12.1] gives a lower bound for the size of rational points whose

image are not in the set .

Let W be a finite subset of J(Q) and L be a sublattice of Z". Suppose that 3(C(Q)) C
W + @(L). Let p, be a lower bound for h — h and

ug—max{ h(w) : wew}.

Denote by M the height-pairing matrix for the Mordell-Weil basis D1, ..., D, and let

AL, ..., A\ be its eigenvalues. Let

13 :min{\/)\j 3 = 1,...,7‘}
and m(L) the Euclidean norm of the shortest non-zero vector of L. Then, for any

P € C(Q), either 3(P) € W or

h(3(P)) > (usm(L) — p2)® + 1.

6.5.2 Proof of Theorem 6.4

In this section first we prove a lemma and than we use it to prove Theorem 6.4.

(a) The integral solutions of the equation

CT:Y? = X?(X +15)%(X 4 20) + 180000000 (6.17)
are

(X,Y) € {(25,—15000), (25, 15000)}.

(b) There are no integral solution of the equation

C™ Y%= X?(X +15)%(X 4 20) — 180000000. (6.18)

J

Proof. [Proof of Lemma 6.4] We start with the proof of part (a). Let J (Q)Jr be the Jacobian of
the genus two curve (6.17). Using MAGMA [23] we obtain that J (@)+ is free of rank 1 with
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Mordell-Weil basis given by
D = (25,15000) — oo.

The MAGMA programs used to compute these data are based on Stoll’s papers [123], [124],
[125]. The rank of the Jacobian of CT is 1, so classical Chabauty’s method (see e.g. [38], [39],
[46]) can be applied. The Chabauty procedure of MAGMA provides an upper bound for the
number of rational points on the curve and in this case it is equal to the number of known points.
Therefore

CT(Q) = {0, (25,£15000)}.

Now we deal with part (b). Let J(Q)~ be the Jacobian of the genus two curve (6.18). Using
MAGMA we determine a Mordell-Weil basis which is given by
Dy = (w1, —200w1) + (w1, —200w, ) — 200,
Dy = (w2, 120000) + (w2, 120000) — 200,
where w is a root of the polynomial 22 — 5 + 1500 and ws is a root of 2 4 195z 4 13500.
Let f = x?(x + 15)?(x + 20) — 180000000 and « be a root of f. We will choose for
coset representatives of J(Q)~ /2J(Q)~ the linear combinations 23:1 n;D;, wheren; € {0,1}.

Then

T —a = KE,

where k € K and K is constructed as described in Lemma 6.2. We have that K = {1, a? — 5a +
1500, & + 1950 + 13500, o* 4+ 1900 + 1402502 +225000a + 20250000} . By local arguments

it is possible to restrict the set K further (see e.g. [29], [30]). In our case one can eliminate
o — 5a + 1500, a® + 195a + 13500
by local computations in Q5 and
o' 4+ 1900 + 140250° 4 225000a + 20250000

by local computations in Q3. It remains to deal with the case x = 1. We apply Theorem 6.6 to
get a large upper bound for log |z|. A MAGMA code were written to obtain the bounds appeared
in [36], it can be found at

http://www.warwick.ac.uk/~maseap/progs/intpoint/bounds.m. We used the above
Magma functions to compute an upper bound corresponding to the case x = 1. It turned out to
be

1.58037 x 10

The set of known rational points on the curve (6.18) is {occ}. Let W be the image of this set in
J(Q)~. Applying the Mordell-Weil implemented by Bruin and Stoll and explained in [36] we
obtain that y(C'(Q)) € W + BJ(Q)~, where

B=20.32.52.72.112.13%.19-23-31-41--43-47-61-67-79-83-109 - 113 - 127,
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that is
B = 678957252681082328769065398948800.

Now we use an extension of the Mordell-Weil sieve due to Samir Siksek to obtain a very long
decreasing sequence of lattices in Z2. After that we apply Lemma 6.3 to obtain a lower bound

for possible unknown rational points. We get that if (x, y) is an unknown integral point, then
log || > 7.38833 x 101076,
This contradicts the bound for log |z| we obtained by Baker’s method.

Finally we prove Theorem 6.4.

Proof. [Proof of Theorem 6.4] We will use the following well known property of the sequences
F, and L,, :
L2 —5F% = 4(-1)".

X 2
<5> +4=5F2

The above equation can be reduced to two genus two curves given by (6.17) and (6.18), where

Y = 535!F, and X = 522 — 202. By Lemma 6.4 we have that X = 25 and we also have that

We have that

X = 52 —20z. That is it remains to solve a quadratic equation in 2. We obtain that z € {—1,5}.

Hence the only positive solution of equation (6.14) is (n,z) = (1, 5), that is

-=()

6.5.3 Proof of Theorem 6.5

Proof. In case of equation (6.15) by applying the identity (6.13) we obtain
X\ 2
5< ) +4=12.
5
Hence we need to compute the integral solutions of the equations
Cs : y? = 2?(z + 15)%(x + 20) + 4 - 5% - (51)% - 4,

where § € {—1,1} and x = 5X? — 20X. That is we deal with genus 2 curves. By using Magma
[23] we can determine generators of the Mordell-Weil groups based on Stoll’s papers [123],
[124], [125]. Let us denote the Jacobians of the curves Cy by Js, where 6 € {—1,1}. We get
that J_ is free of rank 2 with Mordell-Weil basis given by (in Mumford representation)

di =< z — 25,3000 >,
dy =< 2% + 75z + 1500, 600z + 24000 >
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and J is free of rank 4 with Mordell-Weil basis given by
Dy =< z,6000 >,
Dy =< 2 + 40,4000 >,
D3 =< 22 + 15z, 6000 >,
Dy =< z” + 15z — 1000, 200z + 4000 > .

Baker’s method [9] can be applied to get large upper bounds Bj for log |x|. Using the improve-

ments given in [36] and [56] we obtain that
B_1 =2.26-10" and By = 1.11 - 10°%,

Every integral point on the curves can be expressed in the forms

2 4
P—x= Zmidi and P — oo = an‘Dz‘,
i=1 i=1

where m1, mo, n1,no, n3 and ny are integers. According to Proposition 6.2 in [56] we compute

the period matrix and the hyperelliptic logarithms with 1200 digits of precision in case of both

curves. The hyperelliptic logarithms of the divisors d; are as follows

o(dy) = (—0.018478...+i0.009553...,—0.397546 ...+ i0.372090...) € C2,
(

p(da) =

In case of the rank 4 curve we obtain

o(D1) = (—0.020382...+10.004844 ... —1.182385... — i0.446046 . ..
o(Dy) = (—0.013432...—i0.004844 ...,—1.326128... — i0.446046 . ..
@(D3) = (—0.011009. ..+ i0.004844 ..., —0.854126 ... — i0.446046 . .

©(Dy) = (—0.007101...—0.004844 ..., —1.160439... — i0.446046 . ..

0.020606 . .. — i0.005882. .., —0.861905. .. + i0.814915...) € C*.

Based on Proposition 6.2 in [56] we set K := 10'°% for both curves and the reductions yield

that
|(m1,m2)|| < 45.65 and ||(n1,n2,n3,n4)|| < 103.27.

Repeat reductions with K := 102°,10'4, 10'2 provide the following bounds

[|(m1,m2)|| <6.36 and |[(n1,n2,n3,n4)|| < 13.73.
Enumeration of possible linear combinations up to these bounds provide that

x € {—40,-20,—-15,0,25,105,1425/4}.
It remains to determine the corresponding values of X, these are as follows
X €{-3,-1,0,1,2,3,4,5,7}.

Therefore X = 5,n = 1,2 and X = 7,n = 8 are the only non-trivial solutions.
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