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I. INTRODUCTORY THOUGHTS ABOUT MOLECULAR QUANTUM THEORY

Application of quantum mechanics to atoms and molecules is as old as quantum mechanics itself. The characteristic
‘energy resolution’ of a typical wet-lab chemical experiment (e.g., experiments of the great Emil Fischer) has been
determined by the value of kT, the Boltzmann constant times the room temperature, to be ca. 0.03 eV or 0.001 E,, = 1 mEy,
for activation barriers or conformational energy di erences, etc. This also means that for any prediction to be useful
for traditional chemical transformations, the relevant molecular energy di erence must be accurate within ca. 1 mg;,.

This requirement naturally led quantum theorists during the 1920s, immediately a er the new theory has turned
out to be useful to explain atomic spectra, to start adapting it to molecular systems. A plausible assumption was
the separability of the quantum mechanical motion of the electrons and atomic nuclei. Nowadays, this separation
is connected to the great pioneer of quantum mechanics, Max Born and his doctoral student, Robert Oppenheimer [1],
although the idea of this separability was ‘in the air’ already during the years of the ‘old quantum theory’.

Another very natural ‘decision’ was to ‘immediately’ start using Schr dinger’s [2] (Born’s, Jordan’s, and Heisenberg’s
[3 5]) non-relativistic quantum mechanics to describe molecules as many-particle quantum systems, in fact, as
many-electron quantum systems, in the fixed Coulomb field of the atomic nuclei. It is very well understandable that
the pioneers did not consider for this purpose Dirac’s (Lorentz covariant) at-the-time new one-electron equation [6, 7],
which was problematic to generalize to many-electron systems [8 10]. Furthermore, the Dirac equation had only a
‘minor’ energetic e ect in comparison with the energy resolution of chemical-molecular experiments available at that
time.

Non-relativistic & Born Oppenheimer approximations

Electronic structure theory ' Nuclear motion theory

Figure 1. Present-day quantum chemistry with the two major elds: electronic structure theory and nuclear motion theory that are
de ned by the two fundamental approximations. The potential energy surface computed by electronic structure theory provides the
‘e ective’ interaction for the motion of the atomic nuclei.

Based on these foundations (Figure 1), quantum chemistry has taken o , to conquer almost all experimental
laboratories around the world within a hundred years. This 100 years was spent with hard work in theoretical and
computational chemistry laboratories to systematically develop (or sometimes just to accidentally find) theoretical,
algorithmic, and computational methodologies and to write computer programs for later use by millions of educated
practitioners. Initially, the chemist community had reservations about the new computational tool, it was not a simple
plug-and-play formula, but required heavy mathematics and computer algebra, or at least use of digital computers,
understood in detail only by the expert. By the beginning of the 21st century, ordinary citizens, including the chemists
themselves, have got used to ‘black-box’ gadgets in every-day life, and the lab-PC equipped with one of the modern
quantum chemistry packages happened to be just another ‘gadget’, which was found to be useful in every-day research.

Although the non-relativistic and the Born Oppenheimer (BO) approximations define two major fields for quantum
chemistry (Fig. 1), electronic structure theory and quantum nuclear motion theory, it was primarily the electronic
energy that was essential to have meaningful energetic predictions in relation with (organic) chemistry experiments. In
addition, local minima of the electronic energy with respect to the nuclear configurations made it possible to compute
and picture the (classical) structure of molecules, which, in spite of, having problematic origins in quantum theory
[11 13], was wonderfully in agreement with the chemist’s mental picture of molecules invented by organic chemistry
much before quantum mechanics [14].

In the meanwhile, molecular experiments also developed, and the molecular world became ‘visible’ in great more
detail. It is widely appreciated that the nuclei also move, and their motion must be described also by quantum
mechanics. At the same time, the simplest quantum harmonic oscillator model about a local minimum had remained
su icient for a long time. The first (correct) quantum harmonic oscillator calculation, which later served as a simplest
model also for molecular vibrations, is due to Born and Jordan in 1925 [4], one year before Schr dinger’s partial
di erential equation [2].

Modern molecular experiments do see ‘e ects’ which can be understood only by rigorous solution of the nuclei’s
Schr dinger equation with an accurate potential energy surface (PES). For molecular interactions, experimental
spectroscopy in conjunction with quantum nuclear motion theory has become a stringent tool to test the interaction
representation of dimers and larger clusters. Molecular quantum dynamical databases, collecting the rovibrational
energy di erences and corresponding transition moments, are required and used by other branches of science, most
importantly, by astrophysics, atmospheric modelling, and strong-field laser science. All these directions require the
development of so-called exact quantum dynamics methodologies (quantum nuclear motion theory) both in terms of
(a) completeness, i.e., by extending the energetic coverage of the database; as well as in terms of (b) molecular system
size and complexity, which makes it necessary to improve the ‘scaling’ of the computational cost with the number of
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vibrational degrees of freedom. The theoretical background and recent developments realized in my group in these
directions are reviewed in Chapter II.

Furthermore, there is a third, (c) dimension of computational molecular spectroscopy: the accuracy of predictions. A
computed molecular spectrum, but most importantly the line positions are directly comparable with the experimental
data. If the computed result agrees with the experimental result, within the uncertainty of both, and over a reasonably
wide range of energies and systems, then, we can say that the molecular theory most likely covers all relevant physical
processes (and can be used for predictions where experiment may not be feasible).

For understanding, interpreting an experimental molecular spectrum, a good albeit non-perfect agreement may
be su icient, unless the spectral density of the experiment is very high. Obviously, the accuracy of the PES is a
limiting factor for the accuracy of quantum-nuclear motion computations, but assuming that the PES representation is
su iciently good, the two fundamental approximations, BO and non-relativistic, remain that will ultimately limit the
accuracy of the computations in comparison with high-resolution spectroscopy experiments.

With recent developments of precision spectroscopy techniques and manipulation of atomic and molecular quantum
states, extraordinarily precise spectral information is becoming available for a range of calculable systems. Calculable
means that, the system is so small, that the underlying equations can be solved, evaluated to an almost ‘arbitrary’
numerical precision. Hence, the accuracy of the computation is determined by the fundamental equations and relations
used to describe atoms and molecules and our ability to use them. Hence, the increasing amount of very high-quality
experimental data challenges us to revise the fundamental theory of molecular ma er, by abandoning the two
approximations that had been central to quantum chemistry over the past hundred years.

Development of a (non-relativistic) pre-Born Oppenheimer theory does not have major fundamental di iculties,
although there are a few theoretically interesting aspects [11 13, 15], and the main challenge lies with converging
the solutions of the known equations to the necessary numerical precision [15 20]. On the contrary, going beyond
the non-relativistic approximation, with the aim of helping precision spectroscopy and creating a useful and versatile
methodological and computational framework, has been truly challenging. | have been thinking about this direction
over the past decade (12 years), for many years without any visible research output. In the meanwhile, | have learned
how to pinpoint the known perturbative relativistic and leading-order QED correction values with a precision necessary
for spectroscopy. It has only been during the past 3-4 years that a promising research direction to pursue practical
relativistic QED developments for atoms and molecules has started to emerge.

| have reviewed my pre-Born Oppenheimer research a few years ago [13], so it is not presented in a great detail
in this thesis. Instead, Chapter I11 is fully devoted to recent progress and my near-future plans in relation with the
development of a computational (BO or pre-BO) relativistic QED framework for atoms and molecules in relation with
precision spectroscopy, and ultimately, for testing and further developing the fundamental theory of molecular ma er.

Il. EXACT QUANTUM DYNAMICS DEVELOPMENTS FOR FLOPPY MOLECULAR SYSTEMS AND COMPLEXES

Molecular rotation, vibration, internal rotation, isomerization, tunneling, intermolecular dynamics of weakly and
strongly interacting systems, intra-to-inter-molecular energy transfer, hindered rotation and hindered translation
over surfaces are important types of molecular motions. Their fundamentally correct and detailed description can
be obtained by solving the nuclear Schr dinger equation on a potential energy surface. Many of the chemically
interesting processes involve quantum nuclear motions which are ‘delocalized’ over multiple potential energy wells.
These ‘large-amplitude’ motions in addition to the high dimensionality of the vibrational problem represent challenges
to the current (ro)vibrational methodology. A review of the quantum nuclear motion methodology is provided, current
bo lenecks of solving the nuclear Schr dinger equation are identified, and solution strategies are reviewed based
on Ref. 21. Technical details, computational results, and analysis of these results in terms of limiting models and
spectroscopically relevant concepts are highlighted for selected numerical examples.

A. Introduction

Molecules are never at rest, they constantly vibrate and rotate, and most interesting molecular phenomena involve
nuclear motions extending over multiple potential energy wells. These multi-well motions are called large-amplitude
motions that is in contrast to small-amplitude motions that correspond to small nuclear displacements localized to the
bo om of a single potential energy well. Although atomic nuclei are ‘heavy’ particles and several types of molecular
motion exhibit (semi-)classical features, the fundamentally correct theoretical description of molecules in motion [22]
is based on quantum mechanics [23].

The basic quantum mechanical models of the most common types of nuclear motion, i.e., rotation and
small-amplitude vibration, are the rigid rotor and the harmonic oscillator approximations that are almost as old
as quantum mechanics [4] and they are taught in established chapters of the undergraduate curriculum [24]. The
equilibrium rotational constants and harmonic frequencies are built-in features in most quantum chemical program
packages and are 0 en computed to obtain theoretical guidance in relation with experimentally recorded spectra.
Perturbative corrections [25] to these equilibrium guantities can be computed in electronic structure packages, but the
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simplest approach has limitations. As to the corrections of the harmonic frequencies, if there are several zeroth-order
vibrational states close in energy, which is a common situation in polyatomic molecules, ‘resonance e ects’ introduce
erroneous shi s in the perturbative correction. Furthermore, the quantum harmonic oscillator approximation is
qualitatively wrong for large-amplitude motions that are common and important types of motions in molecular systems.

A straightforward solution to the beyond-harmonic-oscillator-problem accounting for large-amplitude motions,
anharmonicities, mode coupling, etc., which is free of resonances, is 0 ered by variational-type approaches. A direct
variational solution of the rovibrational Schr dinger equation provides the direct or numerically ‘exact’ solution
corresponding to a given potential energy surface (PES). Hence, the common name, ‘exact quantum dynamics’ is used to
distinguish this approach from other techniques trying to ‘simulate’ quantum ‘e ects’ by extending classical mechanical
simulation of the nuclear motion.  antum e ect simulations by (imaginary-time) path-integral techniques have a
favorable scaling property with the system size, but apart from very special exceptions they can have large errors on
the vibrational band origins.

On the contrary, exact quantum dynamics methods can be used to systematically approach the numerically exact
solutions of the nuclear Schr dinger equation. The severe shortcoming of the exact quantum approach is connected
with an unfavorable, exponential scaling of the computational cost with the vibrational dimensionality.

This chapter starts with a general theoretical framework for the (ro)vibrational methodology, the Hamiltonian and
curvilinear coordinates (Secs. 11 B 1 and I B 2), basis functions and matrix representation (Secs. |1 B 3) and lists some
common algorithmic elements. This introduction leads us to identify the main bo lenecks (Sec. 11 B 4), and to review
possible strategies to eliminate or at least a enuate the computational cost increasing rapidly with the dimensionality
(Secs. I1B5 and 1l B 6). The review is continued with analysis tools and spectroscopic limiting models for the computed
rovibrational states (Sec. Il C), simulation of (ro)vibrational infrared and Raman spectra (Sec. 11 D). To respect the
length limitations and to avoid unnecessary repetition of already documented material (cited in the reference list),
computational results from our own recent work are showcased during the course of the presentation of the theoretical
and algorithmic background.

B. Theoretical framework for quantum nuclear motion theory
1. Nuclear Schr dinger equation and coordinate transformation

The time-independent Schr dinger equation is considered for the motion of the atomic nuclei on a potential energy
surface (PES, V),

d+v) =E . 1)

The direct solution of this di erential (eigenvalue) equation can provide all stationary states of the system. The T
nuclear kinetic energy operator for N nuclei (in Hartree atomic units) is

1
T = o 2 +p2 +PL )
i=1
where B; = i@=@R; are the nuclear momenta conjugate to the R; , = X,Y,Z laboratory-frame (LF) Cartesian

coordinates.

For an isolated system, the PES is invariant to the molecule’s translation (and rotation), so it is convenient to
separate the overall translation from the internal motion by defining r; translationally invariant, body-fixed Cartesian
coordinates [26],

Ri=O( )ri+Rem, =1, N, (3)

where translational invariance means that r; is a function of the laboratory coordinates which remain invariant to an
overall translation of the system,

r=fi(R)=fi(R) with R=Rj+d, 8d2R’. (4)
The overall translation of the system is described by the center of mass coordinates of the nuclei,
X

m; .
Rem = R with mpy= m, ®)
iz M2 N i=1




Edit MAtyus: From molecular spectroscopyqo(;rm-egﬁlg p§y55|es-(g2;l)' 7

Figure 2. Examples for internal coordinates: (a) full 9D model for the formic acid monomer [29]; (b) intermolecular-plus-torsional,
8D model for the formic acid dimer [30]; (c) full 12D model of the CHs F  complex using the g1, gy normal coordinates for the
methane fragment and (R, , ) spherical polar coordinates for the relative ion-methane motion [31 34].

and the center of the body-fixed frame can be fixed at the origin,
mir; =0 (6)

with the m; masses associated to the nuclei. In Eq. (3), O( ) with = (14, I,, I3) describes the 3-dimensional rotation
which connects the orientation of the body-fixed (BF) frame [27] and the laboratory frame.

The commonly used normal coordinates (coordinates underlying the harmonic oscillator approximation) are defined
as the linear combination of the r; Eckart’s [28] body-fixed Cartesian coordinates with respect to a reference structure
fixed at a PES minimum, and minimize the kinetic and potential couplings at the reference structure (Sec. [ B 7) [24].

For an e icient description of quantum nuclear motion beyond small-amplitude vibrations about a local minimum,
non-linear functions of r; are commonly defined,

gk =ao(), k=1, 3N 6 7

to e iciently describe the (extended) internal motion. g (r) is typically a function of scalar products of the r; body-fixed
Cartesian coordinates (hence independent of the frame definition), distance- and angle-type variables (Fig. 2). It has
been shown that beyond four-particle systems, 3N 6 distance- and angle-type variables are not su icient to uniquely
characterize all molecular structures [35]. So, beyond N = 4, torsion-like coordinates (including some vector-type
product of r;j’s) must be also included to uniquely characterize the internal structure with 3N 6 variables.

The variable change

(X1, Y1,Z1, X2, Y2, Z2, , Xan, Yan, Zan) D
(1 v an) =002 G 6 Y1, Y2, Y3, Xem, Yom, Zom) )
corresponds to a curvilinear coordinate ‘transformation’, which can be characterized by the Jacobi matrix. The Jacobi

matrix collects derivatives of the ‘old’ coordinates with respect to the ‘new’ ones, Jix = @Rj=@ . For a vibrational degree
of freedom, ¢ =qx (k =1, ,3N 6), the Jacobian elements can be wri en as

__ORi _@[Ori+Rem] _ @i _ o
i = @ « @0 O@Qk O tic. ®)

where we defined the ‘vibrational t-vector’ as

@ax '

For a rotational degree of freedom, sy ¢+a = Ya, Which is a rotation angle about the a = 1(x), 2(y), 3(z) axis of the
body-fixed frame, we can write

tik k=12 ,3N 6. (10)

ORi  _ @[O( )ri +Rewml
@ 3N 6+ 01,

= wh =O[ea ri]=Otisn 6+, )

Ji,3N 6+a —
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where the ‘rotational t-vector’ was defined as
ti,3N 6+a = ea rI 1 a-= l(x)l Z(Y), 3(2) 1 (12)

and e, is the unit vector pointing along the (positive direction of the) coordinate axis, (ea)n = an (N = 1,2, 3).

To obtain Eq. (11), we used the following relation regarding the derivative of an abstract three-dimensional rotational
operation, wri en in the Euler Rodrigues’ form, with respect to the rotation angle 1 about the axis pointing in the
direction of the unit vector k = (ky, ky, k;) with jkj = 1:

@

WO:@@![|+KSin!+K(l cos1)] =Kcos ¥ +K?sin I, (13)

where | is the three-dimensional unit matrix and K is the ‘cross product matrix’, Kri =k rj,

o 1
0 kz ky
K=@k, 0 KA. (14)
k, k« O

Then, by using the K® = K identity, we can write

OK=[I+KsinT +K(1 cos!)]K
=K+K?sin1 +K3(1 cos!)
=Kcos ! +K?sin1, (15)

and hence, the relation, used in Eq. (11), is obtained as

@
7@ 10 Orj = OKirj = O(k ri) . (16)
Finally, for a translational-type degree of freedom in the laboratory frame, sy 3+ = Rcm, , = 1(X),2(Y),3(Z), we

can write

_ @Ry _0[O(11, 12, Ya)ri + Rew] —e
@ an 3+ @Rcwm,

Jian 3+

Having the Jacobi-matrix elements at hand, Egs. (9), (11), and (17), we can calculate the mass-weighted metric tensor
elements,

X @Rrﬁ

O = ~ mi@ik@| )

(18)
where the introduction of the mass weights corresponds to mass-scaled Cartesian coordinates, R; = pﬁiRi.

For the rotation-vibration block of g, k,1=1,2, ,3N  3,is

Oui . IR
X
= mitﬁ(OTOt"
i=1
X
= mitﬂ(t“ , (19)
i=1

where orthogonality of the rotation matrix, OTO = |, allowed us to express the rovibrational gi; elements solely in terms
of body-fixed quantities, i.e., using the vibrational and rotational t-vectors, Egs. (10) and (12), respectively. Regarding
the translation-vibration and translation-rotation blocks, we use the fact that the translational Jacobi matrix elements
are coordinate independent (constant), and we fixed the origin of the body-fixed frame at the nuclear center of mass,
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3N 3 (rovib)
3N 6 (vib) 3 (rot) J.3.(trans).
9f1 O 9ip Orx Ty Oix
4 Y. 9%
3]
©
)
8 &
o
zZ g\:{;D g‘ll);D
@ A% r r r 3N
gl;x gx;x gx;y gx;z
=
g oy Gyix Oy Oy
o
g?{l g;;X g;:y g;:Z
' t
'@; 9x;x l
g Ov:v
m 0%z
3N

Figure 3. Mass-weighted metric tensor: vibrational (v), rotational (r), rovibrational (rv, vr), and translational (t) blocks of g. The dots
stand for ‘0’ entries, i.e., the kinetic coupling is exactly zero between the rovibrational and the translational degrees of freedom.

Eq.(6), =1(X),2(Y),3(Z)and1=1,2, ,3N 3,

X @R @R
O3N 3+ | = mj ——
o 0N e @
X Or:
= mieT@ Fi
i=1 @
0 X
=e' =0 mr=0. (20)
e
The translational matrix elements are
X T
O3n 3+ 3N 3+ = Me'e =mpy . (21)

i=1
The resulting structure of the mass-weighted metric tensor, g, is highlighted in Fig. 3.

Next, let us define the 3N-dimensional gradient operator, (gradg)i = @ = @=@R; , and write the nuclear
Schr dinger equation, Eq. (1), as

2(v E) =divggradgy =div grad (22)
which is understood with the normalization of  iswri en as
Z Z
1= dr = g2 d . (23)

In the second equation, due to the coordinate change, the determinant of the Jacobi matrix, det J, appears, which equals
the square root of the determinant of the metric tensor, detJ = g*=2 with g = det g. We can say in short that the ‘volume
element’ corresponding to integration in the new coordinates is

dv? 291:2 did, dan. (24)

In curvilinear coordinates, the divergence of an F vector field is wri en (using Einstein’s summation convention and
the covariant and contravariant labelling) as

div F=g “@g"F*, (25)
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and the gradient of a  scalar field is
grad =@ =g“0 |, (26)

where g4 is the contravariant metric tensor, which is the inverse of the (covariant) metric tensor, Eq. (18). As a result,
we can write the ‘divgrad’ operator in curvilinear coordinates as

div grad =g "ag"%gYe (27)

and the integrals are calculated ‘with’ the dV volume element, Eq. (24). A more symmetric form of the di erential
operator appears, if we ‘merge’ (the square root of) the Jacobi determinant in the wave function, so that we can use the
simple normalization condition

z
1= d 1 d 3N - (28)

This implies that =g * , and we obtain the Schr dinger equation for as

2V E) =g 00 e (29)
2V E)y ** =g "0 Meg (30)
2(V E) =g 1=4@kgl=29k|@Ig 1=4 , (31)
which can be rearranged to
%g egg"eg +v =E (32)
or wri en in the more traditional form,
' #
1 x x 1=4 1=2 1=4
2 g Tk Gupg T +V =E (33)
k=1 1=1

with the px = i@=0 ¢ ‘generalized momenta’ and the ‘big’ G matrix
G=g ' (34)

In the physical chemistry literature, the Eq. (33) form of the kinetic energy operator is commonly referred to as
the ‘Podolsky form’ [36]. In 1928, Boris Podolsky drew Paul Dirac’s a ention to the correct form of the Laplace
(‘divgrad’) operator in curvilinear coordinates (that had been known in mathematics for decades). Podolsky’s choice
for the normalization of the wave function resulted in a symmetric form of the operator, which is convenient for
variational-type applications of the Schr dinger equation in curvilinear coordinates.

It is important to note that the curvilinear form of the operator can be expressed with the metric tensor, and it is
not necessary to use the Jacobian matrix. Egs. (19), (20), and (21) (see also Fig. 3) show that the metric tensor can be
calculated from body-fixed quantities, i.e., rotational and vibrational t-vectors and the constant masses associated to
the nuclei, and it depends neither on the rotation angles, nor the translational coordinates. The metric tensor can be
wri en as a function of the vibrational coordinates and of the body-fixed frame definition (e, vectors).

Due to the block-diagonal structure of g in terms of the rovibrational and the translational coordinates (Fig. 3) and
since g does not depend on the translational coordinates, the kinetic energy operator is the sum of a rovibrational and
a translational part,

" #
} M 3}<3 1=4 1=2 1=4 1 2 —
> g TPk Guplg T+ M PemtV  =E (35)
M2 N
k=1 I=1
withPcy, = i@=@Rcm . The complete Eg. (35) must be used to describe molecules in interaction with solid materials

or their motion in cages [37, 38].

At the same time, for an isolated molecular system, V is independent of the translational degrees of freedom, and
then, it is convenient to subtract the center-of-mass kinetic energy, PZ,,=(2m;2 ) from the operator and separate the
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continuum spectrum of free translation. Thereby, we obtain the rovibrational Hamiltonian for an isolated molecule as

|L\|I’VP 1 % % 1=4 1=2 1=4
"= g TPkg Gupig (36)
k=1 11
L XX
2 1 1

1 XX
+ —

g =pGugpig

(PkGk p+a + Gk p+aPk)da
k=1 a=1

2
+>  Gpsapeads

1 X X
+ Gpsap+b[a, b1+ +V 37)

a=l b>a

where D = 3N 6 applies. Eq. (37) was obtained from Eq. (36) by exploiting the fact that g does not depend on the
rotational coordinates [39]. Furthermore, we used that the derivative with respect to the ath rotational angle, is the
body-fixed angular momentum component, 3, = i@=@1!.. [}, 3,]- labels the anti-commutator of J, and 3, [40]. We also
note that the body-fixed angular momentum operators satisfy the (anomalous) commutation relations, expressed with
the 4 Levi-Civita symbol,

[jav jAb] =i abcjc: a,b,c= 1(X)v Z(y), 3(2) (38)

The AP Podolsky form of the rovibrational Hamiltonian was found to be advantageous in some computer
implementation [41], because it was possible to arrive at a stable numerical code using only first-order coordinate
derivatives (vibrational t-vectors computed by finite di erences). E icient use of the Podolsky form assumes that the
truncated resolution of identity in the finite vibrational basis provides an accurate matrix representation (Mx) for the
operator identity Mx(pﬁ) Mx(pk) Mx(px) for the vibrational derivative operators (k =1, ,D).

If this approximation is inaccurate in the vibrational basis, then, it is be er to use the ‘fully-rearranged’ form of
the Hamiltonian [31, 32, 42, 43], which is obtained from the vibrational Podolsky form by mathematically equivalent
manipulations,

}XX 0 @ 1 X 0

AY = Gu——=— = B—+U+V, (39)
2 o G0c@q 2 0q
where
X @
B = @7Gk| , (40)
k=1 POk
and the potential-like term [41, 43],
" 14

Gu@g 8y, 8 Galy

1 XX 640909,,0
9% @ox @i @qx g @q

U=
82 k=1 1=1

are functions of the vibrational coordinates only (similarly to Gy and V).

Evaluation of B; and U assumes the evaluation of higher-order coordinate derivatives (vibrational coordinate
derivatives of the t-vectors, up to third order, i.e., @3r;=@qx@q,@qm). In this case, evaluation of the derivatives by finite
di erences requires the use of increased precision arithmetic (quadruple precision in Fortran) [41], alternatively analytic
derivatives, e.g., for Z-matrix coordinates [43], or automated di erentiation [44] can be used.

The idea of developing a general and unifying approach to the rovibrational kinetic energy operator has an at least
half-a-century history, and we only cite here some of the prominent examples [42, 43, 45 48]. During the rest of this
work, developments will be reviewed in relation with the numerical kinetic energy operator approach of Ref. 41 and its
applications within the GENIUSH (GENeral Internal-coordinate USer-defined Hamiltonians) program [41, 49 51].
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2. Geometrical constraints and reduced-dimensionality models

The number of vibrational degrees of freedom increase linearly with the number of atoms in the system and result
in a rapid scale-up of the computational cost of variational applications (Secs. IIB3 11B5). Toa enuate this growth, it
is possible to introduce constraints on the motion of the nuclei.

Geometrical constraints, e.g., fixing certain bond lengths or angles, can be implemented in the outlined formalism
by ‘deleting’ the corresponding rows and columns of the g matrix corresponding to the constrained coordinate [41].
Zeroing rows and columns in the G matrix does not correspond to imposing a rigorous geometrical constraint, but
it corresponds to fixing the ‘generalized’ momenta corresponding to the selected coordinate. Although ‘zeroing’ in
the G matrix (within some specific computational setup) may result in a be er numerical approximation to the
full-dimensional result, the numerical values depend on the coordinate representation used for the constrained fragment,
which is conceptually problematic.[41]

The (ro)vibrational Hamiltonians corresponding to rigorous geometrical constraints take the same fromas in Egs. (36),
(37)and (39),but D < 3N 6 and it labels the number of the active vibrational degrees of freedom. The g and G functions
in the Hamiltonian are obtained by (a) constructing the full g 2 RN 3 GN 3 matrix (the block-diagonal translational
block can be inverted separately, if needed); (b) deleting the last Dsixeg rows and columns of the full g corresponding to
the constrained degrees of freedom,; (c) the remaining D-dimensional ‘reduced’ g matrix is used to calculate g and to
obtain G by inversion.

Experience shows these reduced dimensionality-models (with fixed geometrical parameters) can be useful in weakly
interacting systems [31, 32, 51 54], but they can introduce large errors within bound molecules [29]. It remains a
question to be explored whether the error of (a qualitatively meaningful) reduced-dimensionality model is introduced
due to the lack of ‘quantum coherence’ of the discarded modes with the active degrees of freedom or it is rather a
structural e ect due to the dissection of a certain D-dimensional cut of the full-dimensional PES corresponding to
some fixed coordinate values.

All in all, ideally we can aim for an systematically improvable (series of) approximate solution(s) of the nuclear
Schr dinger equation by including all vibrational degrees of freedom as dynamical variable.

3. Avariational rovibrational approach: basis set and integration grid for the matrix representation of the Hamiltonian

In bound-state quantum mechanics, a common and powerful approach for solving the wave equation, a di erential
equation with no known analytic solution, is provided by the variational method. This method can be straightforwardly
applied to the rovibrational problem, since the rovibrational Hamiltonian is bounded from below. According to Walther
Ritz’ [55] linear variational procedure from 1909, the variationally best linear combination coe icients of a fixed
(orthonormal) basis set are obtained by diagonalization of the matrix-eigenvalue problem

Hc, = Ench (42)

which provides the best approximation to the exact wave function over the space spanned by the | basis functions,
(rv)

n= Cnl 1 (43)

and E, approaches the nth exact eigenvalue from above.
These rigorous variational properties apply if the Hamiltonian matrix is constructed exactly, which assumes
evaluation of integrals for the Hamiltonian with the pre-defined basis functions

Hy=h jA Ji. (44)

In all applications reviewed in this work, the h |j ;i = |; orthonormality applies.
The | multi-dimensional basis functions are o en defined as

= W o, )= i g M), (45)

where ,&JM)( ) and (g1, ,0x) label rotational and vibrational basis functions, respectively. The choice of the
rotational and vibrational basis functions is motivated by analytically solvable quantum mechanical models, and most
importantly, those of the rigid rotor and the harmonic oscillator approximations [24, 56].

a. Rotational basis functions and matrix elements Basis functions for the rotational part are obtained from
eigenfunctions of the symmetric top problem, jJKMi (K = J, ,J)[56]. TheJ = 0,1, and M = J, ,Jquantum
numbers correspond to the total rotational angular momentum and its laboratory-frame projection, which are exact
quantum numbers for isolated molecules. For every JM pair, the 2] + 1 symmetric top eigenfunctions corresponding to
di erentK = J, ,Jvalues span the rotational subspace.
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For a variational-like computation, the matrix representation of the Hamiltonian, Eq. (37), must be constructed over
the basis set. Matrix elements including the 3, angular momentum operators and the jIK Mi rigid-rotor functions are [40,
49, 56]

- . 1P
hIK Mjd,ja(K DMi=2"J0+1) KK 1) (46)
NKMjL K DM = %pJ(J+1) KK 1) (47)
hIK Mjd, jiKMi = K . (48)

To avoid complex-valued Hamiltonian matrix elements, instead of jJK Mi, their linear combination, the so-called called
Wang-functions [57] are used, K = jKj =0, ,J,

8 . .. .

gp% JKMi+jl  KMi , forevenK, =0
M) _ B85 JKMi jJ KMi  forevenK, =1 (@9)
<" Tzd UKMi 1 KMi foroddK, =0

= 8; JKMi+jl KMi , foroddK, =1

b. Vibrational basis functions and matrix elements A common and straightforward choice for a multi-dimensional
vibrational basis function is a product form,

v (k)
i@, gp)=  7i’(a), (50)
k=1

where the *{ (ic = 1, ,Npk) functions are 1-dimensional (1D) functions of the vibrational coordinates forming
an orthonormal basis set, e.g., Hermite functions, obtained from the analytic solution of the harmonic oscillator
eigenproblem [24, 56].

As to the matrix representation of the Hamiltonian, the matrix representation for the py di erential operator is
known in analytic form for all commonly used 1D basis function types. At the same time, the potential energy is, in
general, a complicated (3N  6)-dimensional function, and its matrix elements can be computed only by numerical
integration, unless some special form is assumed for the function representing the potential energy (Sec. 11 B 6). For
special coordinate choices, the curvilinear kinetic energy operator can be wri en in a closed analytic form, which can
be integrated by analytic expressions for the vibrational basis. But, if we aim for a ‘black-box-type’ vibrational procedure,
we consider Gy, ¢, Bj, and U as general, vibrational-coordinate dependent functions, similar to the V potential energy,
which is integrated by numerical techniques. Furthermore, the coordinates which are most convenient for fi ing
the potential, most commonly, interatomic distances, do not represent a good choice for doing the rovibrational
computation.

A 1D numerical integral,

Z, P4
W(QF(@) dg = w; F(q) (51)

a i=1

can be most e iciently calculated by some Gaussian quadrature. If an appropriate Gaussian quadrature rule (w;
weights and the ¢; points) exists for the a and b boundaries and the w weight function, then, the numerical result
is exact if F is at most a (2k  1)-order polynomial of g, and 2k 1 is called the (1D) accuracy of the Gaussian
quadrature [58]. A straightforward generalization of 1D quadratures to multi-dimensional integration relies on forming
a multi-dimensional, direct-product quadrature of the 1D rules,

Zb1 ZbD
wi(a;) w°(@p)F(gr, ,9p)day dap
aqu( a;g(
Wii,  Wpjip F(Auiss dpip) (52)

i1:1 iD:].

with the wy; weights and gy points (k = 1, ,D) corresponding to the 1D quadrature rule of the kth degree of
freedom. We note, that in some cases (for periodic coordinates), we do not use orthogonal polynomial functions, but
sine and cosine functions. Integrals of periodic functions can be very e iciently integrated by a trapezoidal (equidistant)
quadrature that converges exponentially fast with respect to the number of grid points.

In the vibrational methodology, a finite basis and finite grid representation used to construct the Hamiltonian
matrix is called the finite basis representation (FBR). Since we assume a general V function representing the PES, the
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Figure 4. Singular behaviour of a G matrix element, ‘Gss’, for the example of the CH4 H,O dimer along the cos coordinate.The
de nition of the intermolecular coordinates, (R, , , , , ), is also shown. The cot-DVR points [64] (green) have a higher density
than Legendre DVR (red) near the singularities,cos = 1land +1.

integration is in general non-exact, but the exact value of the integrals for the basis set can be approached (arbitrarily
close) by increasing the number of quadrature points.

For the special case of an equal number of basis functions and quadrature points for the kth degree of freedom
(Nok = k}), it is possible to define a similarity transform of the finite basis with the prescription that the transformed
basis functions diagonalize the gx coordinate operator matrix. This choice results in the discrete variable representation
(DVR) of the basis, and the eigenvalues of the coordinate operator provide us with the DVR grid points [59 61]. This
representation became popular in the vibrational community in conjunction with the approximation

(@) (o akij = ki ij » (53)

which relies on multiple (n 1) insertion of the truncated resolution of identity (in the finite basis), and allows us
to approximate any function of the coordinates by a diagonal matrix. For a finite grid (and basis), this is certainly an
approximation, which spoils the rigorous variational property (and convergence of the eigenvalues from ‘above’) of
the computations. In practice, beyond a certain minimal number of grid points, the eigenvalues properly converge to
their ‘numerically’ exact value upon a systematic increase of the number of grid points (equal to the number of basis
functions). Eq. (53) allows to straightforwardly include any complicated function of the coordinates in a ‘black-box’
fashion. Complicated functions of the coordinates, e.g., V, Gy, ¢, By, U (Sec. Il B 1), are ubiquitous in the vibrational
theory. These general coordinate-dependent functions do not need to be explicitly represented with polynomials of
the coordinates, but it is assumed that they are smooth functions of the coordinates and their change with the
coordinates is characterized by not too high-order polynomials (the maximal polynomial order is not too high), and
hence, the numerically exact results can be systematically approached by increasing the number of quadrature points.
This is generally the case for the V PES corresponding to an isolated electronic state over the dynamically relevant
coordinate range. Certain terms in the kinetic energy operator (G, ...) may become singular over the dynamically
relevant coordinate range, which commonly happens in floppy molecular systems (singularity of some elements of the
G matrix is highlighted for the example of the methane-water dimer in Fig. 4). In practice, this singular behaviour can
be determined (either from the analytic formulation of the kinetic energy or) by numerically ‘measuring’ the behaviour
upon the change of the coordinates [31]. Most 0 en an appropriate (Gaussian-)quadrature can be found, in which the
weight function, Eqg. (51), corresponds to this singular behaviour. Ref. 31 presents an example, when this is not the case,
and the DVR-FBR approach used. Another option would be to deal with singularities using special functions of multiple
coordinates. Most importantly, singularities due to spherical motion can be treated by using spherical harmonics [62]
or Wigner D-functions [63], but this alternative would mean losing a product basis set (of one-particle basis functions),
which allows a general implementation.

The size of the direct-product basis and the direct-product grid grows exponentially with the number of active
vibrational degrees of freedom. The corresponding computational cost can be mitigated by e icient algorithmic and
implementation technigues, most importantly by (a) evaluating nested sums, e.g., Eq. (52), sequentially [63, 65 70]; (b)
using an iterative (Lanczos) eigensolver [71, 72], which requires only multiplication of a trial vector with the Hamiltonian
matrix without storage or even explicit construction of the full matrix [41, 72, 73]. Nevertheless, even in the most e icient
implementation, a few vectors of the total size of the basis (and the grid) must be stored, which grows exponentially
with the vibrational dimensionality. The matrix-vector multiplication can be parallelized with the OpenMP protocol (as
it is described in Ref. 73, for example).

During the course of the Lanczos eigensolver iterations, one eigenpair is converged a er the other. The computational
e ort, which is determined by the number of matrix-vector products is determined by the number of required
eigenvalues, which means that, in practice, up to a few hundred (a thousand) states can be e iciently computed. The
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Figure 5. Complexity of the vibrational problem. In general, the PES is a multi-dimensional function.
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Figure 6. lllustration of a possible strategy to attenuate the double-exponential scale-up of the vibrational problem: system-adapted
curvilinear coordinates, basis pruning, and grid pruning.

smallest (or largest) eigenvalues of the Hamiltonian matrix can be e iciently computed. To compute a spectral window
(from an arbitrarily chosen range of the entire spectrum), there is currently no known methodology that would be
more e icient than computing all states up to the desired range [73]. A truly e icient computation of solely a spectral
window is still an open problem.

An e icient implementation and available computing power typically allows us to use this simple, ‘direct’(-product)
methodology up to 6 10 fully coupled vibrational degrees of freedom [30, 50 53, 74].

To be able to solve the vibrational Schr dinger equation beyond this system size (or for challenging floppy systems
up to a higher energy range already with up to ca. 10 degrees of freedom), it is necessary to develop vibrational
methodologies which a enuate the rapid increase of the computational cost with the dimensionality.

4. Computational bo leneck of the variational vibrational methodology

While the electronic structure problem scales exponentially with respect to the basis size, the general vibrational
problem su ers from a double exponential scale-up: the computational e ort grows exponentially fast with the
dimensionality with respect to the basis set size and also with respect to the integration grid size (Fig. 5).

This double exponential scale-up is due to the fact that the potential energy surface (PES) is in general amulti (3N 6)
dimensional function, for which the matrix representation must be constructed by means of numerical integration
(hence, the exponentially growing integration grid).

Over the past decade, there have been important developments in the qguantum nuclear motion methodology that
make it possible toa enuate the exponential scaling of the vibrational problem in a systematic manner. In the following
subsection (Sec. |1 B5), we present a strategy that we used and developed during the past few years, and it is followed
by a short overview of other possible strategies in Sec. |1 B 6.

5. A possible strategy for e icient vibrational computations: Smolyak quadrature and pruning

A possible strategy to a enuate the rapidly increasing computational cost of solving the vibrational Schr dinger
equation relies on a systematically improvable reduction of both the basis set size and the integration grid size.

The foundations of this direction were laid down by Avila and Carrington about a decade ago [75 77]. More recently,
we have ‘embedded’ this approach, originally used for semi-rigid systems, in computations involving both floppy and
semi-rigid parts [29, 31 33].

The strategy is highlighted in Fig. 6. An initial pre-requisite for practical usefulness of this approach is to find good
curvilinear coordinates, which make the kinetic and potential coupling small.

a. Towards optimal internal coordinates To be able to e iciently truncate the product basis set, Eq. (50), we need
good coordinates. For good coordinates, both the kinetic and the potential energy coupling is small. For semi-rigid
molecules, like methane, CH,4, and ethene, C,H,, a reasonably good coordinate representation is immediately provided
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Figure 7. Optimized coordinates ensure small coupling (light blue).

by the commonly used rectilinear coordinates. By construction (vide infra) both the kinetic and the potential coupling
is zero at the equilibrium structure, and since the vibrations are of small amplitude, the coupling remains small over
the dynamically relevant coordinate range. Hence e icient basis pruning is possible, and grid pruning was introduced
for these systems used as examples in Refs. 75 77.

At the same time, finding optimal coordinates for floppy systems is non-trivial. Fortunately, a very broad and
chemically important class of floppy molecular systems have just a few large-amplitude motions (LAMs) and
many small-amplitude motions (SAMSs), examples include, NH3, methanol, CH3OH [78], ethane, CH3CHj3, ethanol,
CH3CH,OH, or glycine, NH,CH,COOH. For these types of systems, a simple strategy is to accept that a small
number of vibrational degrees of freedom, i.e., the LAMs, are strongly coupled (among themselves and with the
small-amplitude ones), and hence basis and grid truncation is ine icient. At the same time, the remaining coordinates
are small-amplitude motions for which good coordinates can be constructed (Fig. 7). For doing this, we need to abandon
the equilibrium structure as reference, and use instead a reference path (surface, volume, hyper-volume...) which
depends on the LAMs. With respect to this (multi-dimensional) reference ‘path’, we can define linear combination
of the small-amplitude coordinates, which minimize both the kinetic and the potential energy coupling among the
small-amplitude modes. These ‘good’ small-amplitude coordinates are constructed similarly to the (curvilinear) normal
coordinates.[25, 79, 80]

Paputek and co-workers pioneered this direction of research starting from the 1970s with first applications for the
ammonia molecule described by one large-amplitude and many (5) small-amplitude degrees of freedom [25, 81]. For
the case of using rectilinear normal coordinates for representing the small-amplitude vibrations and a one-dimensional
path, the ‘so-called’ reaction-path Hamiltonian [82] has been formulated and used in many applications [82, 83],
whereas for two large-amplitude degrees of freedom, the reaction-surface Hamiltonian [84] has been formulated, but
never used in computations to the best of our knowledge.

Anharmonicities of one-dimensional bond-stretching and bending-type motions are be er represented by the
curvilinear bond stretching- and bending-type coordinates, than by rectilinear ‘analogues’ [29], and this motivates
the definition of curvilinear normal (c-normal) coordinates, Q. Although the analytic kinetic energy operator is not
immediately available for these coordinates, the kinetic energy coe icients can be straightforwardly computed over a
grid using ideas of Sec. I B 1.

So, let us consider some physically motivated ‘primitive’ internal coordinates, ; (bond distances, angles, etc.), to
describe the small-amplitude vibrations. Then, the curvilinear normal coordinates, Q, are defined with respect to the
reference structure, ©, obtained as the minimum of the PES for a selected value of the LAM coordinates,

()= 90)+L()Q, (54)

where the linear combination coe icient matrix, L, solves the L !GFL = equation with normalization LG 'L =1,
and thereby minimize the coupling both in the potential and in the kinetic energy near the © reference structure [25].
G( ©, )isthe small-amplitude block of the ‘big’ G matrix, Eq. (34), corresponding to the reference structure for ( @, ),
and (F); = 02v=@ ;0 jl( @, ) is the force-constant matrix at the same structure.

Whether it is necessary to determine L( ) for ‘every’ (in practice, carried out over a grid and interpolated or fi ed
to have a functional representation) [29] or some ( independent) averaged L is su icient for the relevant range of
the dynamics, depends on the system and energy range, and, in principle, should be always checked (hnumerically).

The more common rectilinear normal coordinates [24], Q; could be obtained as

r=r9%+1Q, (55)

where | = TOL, and (TO)y = ti(f) collects the vibrational t-vectors, Eq. (10), corresponding to the semi-rigid degrees of
freedom at structure ( ©, ).

For practical computations with c-normal coordinates, it is necessary to pay a ention to the domain of the various
coordinates. The primitive internal coordinates are typically angle- and distance-type coordinates, and they are
calculated as linear combination of the c-normal coordinates, defined on the entire real axis, Qx 2 R. ‘Mapping
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functions’ were used in Ref. 29 to ensure that the calculated coordinate values are in the mathematically correct range.

b. Basis pruning If good coordinates are found, which ensure that the coupling of the di erent degrees of
freedom is small (0 -diagonal Hamiltonian matrix elements less than ca. 30 % of the corresponding diagonal elements),
then, some product basis functions are not required in order to converge the lowest energy levels and they can be
discarded [85, 86], assuming that reasonably good one-dimensional basis functions can be found. We note that for
basis (and grid) pruning, we use FBR, since (unfortunately), there is no known e icient way to prune a DVR, in which
the basis and grid representations are inherently coupled.

Discarding basis functions from a direct-product basis means that instead of writing the vibrational ansatz as
XX \'g
i(qlv qu) = Cing, o ’nk (qk) ) (56)

n=1 np=1 k=1

we choose an f(n;, ,np) function of the basis function ‘excitation’ indices to define basis combinations of
one-dimensional basis functions, which are important,

> 'd
i(qlv ) qD) = Cing, o 7 Nk (qk) ) (57)
f(nl, ,nD) b k=1

and discard the rest without loosing from the accuracy of the results. The simplest possible pruning function is the sum
of the basis excitation indices,

)X
f(ng, Ng) = Ng =Ng +  +Ngp . (58)
i=1

This function can be improved by weighting ‘down’ the contribution from the ny excitation ‘quanta’ of the
lowest-energy (D  1)th and Dth) vibrations, e.g.,

1
f(nqm ’an) = Ng, + o+ 5Ngp 4 + (59)

2 gnQD :

For an a priori assessment of the importance of a basis function, the following considerations can be made. Regarding
the (un)importance of an jn’i basis state (n° collects the basis indexes) in a wave function dominated by the jni basis
state, the largeness (smallness) of the ratio,

CAG (s
hnjAjnli (60)
Y EYD

can be indicative. The ratio is small, i.e., the jn’i basis function can be neglected, either if (a) the coupling through the
Hamiltonian matrix (nominator) is small, or (b) the zeroth-order energy di erence (denominator) is large. The order of
magnitude of the Hamiltonian matrix element can be estimated by considering the Taylor expansion of the potential
and the kinetic energy wri en in good coordinates. Pruning is almost a separate field within theoretical spectroscopy,
since there are infinitely many possible choices (and many possible physically motivated arguments). For example, there
are pruning choices that are e ective only to compute fundamental vibrations and other pruning choices are useful to
compute thousands of states [87 89].

c. Grid pruning Reducing the basis size allows us to tackle part of the problem (Figs. 5, 6), the exponential scale-up
of the overall variational procedure can be a enuated only if the integration grid is also pruned. A general approach
to the variational grid-size problem is provided by the non-product Smolyak quadrature grid approach first introduced
by Avila and Carrington [75] in vibrational computations, and, since then, it has been used to e iciently describe the
semi-rigid skeleton of a variety of systems [29, 31, 32, 76 78, 90].

In an abstract manner, we can write the direct-product quadrature rule as

O, k™, | KkI>) = @ ®, (61)

i1=l iD=1

to generate the sum in Eq. (52). This direct-product quadrature could be used to integrate all matrix elements of the full,
direct-product basis, Eq. (56), but it is ‘too good’ to integrate the matrix elements of a pruned basis. It is also important
to note that the basis pruning, Eq. (57), has some structure, determined by the f(n;, ,np) function, and typically, the
products of multiple high-order polynomials are discarded. So, in the pruned basis, it is su icient to integrate functions
including high-order polynomials for only one (or a few) degrees of freedom at a time. The products of the highest-order
polynomials for multiple (all) degrees of freedom are discarded in the pruned basis, and thus, the corresponding part
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of the grid, which would be necessary to integrate these high-order polynomial products can also be discarded.
A systematic formulation and implementation of this idea was provided by Avila and Carrington [75] by using a
non-product Smolyak quadrature, which can be defined as a linear combination of direct-product quadratures rules as

_ X iql iQD
Q(D,H) = Cig,, g Qui P
s(i) H
i =1,234, and =1, ,D, (62)

where H is a grid-pruning parameter and (i) is the grid-pruning function, for which the simplest form is
s(i) = 5@ i)+ +5®ig,) H. (63)

With this non-product grid, the number of points kept for the accurate integration of the potential and kinetic integrals
is (much) smaller than the direct product grid that we would need to evaluate the same integrals with the same accuracy.
There are three factors that can be tuned to modify and improve the accuracy of the Smolyak integration grid, namely:
(a) The grid pruning functions, s)(iy), which must be monotonic increasing functions, i.e., s@®(i,)  s@)(i,  1). (b)
The grid-pruning parameter, H. The larger H, the be er the convergence, but the grid is larger. (c) The underlying grid
sizes of the nested quadrature rules. For a nested quadrature, all points of the jth quadrature rule are within the (j +1)th
quadrature rule. These quadratures do not have a Gaussian accuracy. For harmonic basis functions, we use a sequence
of quadrature rules explained by Heiss and Winschel [91]. Nested quadratures are necessary to have a structure for the
Smolyak grid, and thereby, to be able to calculate the Hamiltonian matrix-vector product in a sequential way.
So, we can write a multi-dimensional integral of an F(x;, ,Xp) multivariate function as
zZ Z

F(x, ,Xp)dx; dxp
WSMl(ky,  kp)F (X4, %) (64)

where W™k, kp) is the Smolyak weight for every (k;, ,kp) point. The Smolyak grid structure appears in the
summation indexes k" as follows: k; depends on H, k"® depends on H and ki"®, k" depends on H, k{"* and kJ"®, etc.
Due to this special structure, the matrix-vector products can be computed using sequential summations [31 33, 75, 77].
The implementation details of the matrix-vector multiplication in relation with a pruned Smolyak integration was
described in Refs. [31, 75, 77].

Finally, we note that Lauvergnat and co-workers use a somewhat di erent grid-pruning approach [78, 90, 92].

6. Other possible strategies for e icient vibrational computations

a. Othere icientvariational strategies Instead of pruning the multi-dimensional direct product basis, it is possible
to reduce the number of multi-dimensional basis functions by ensuring that the number of one-particle basis functions
remains very small, which is possible by using optimized 1D basis functions in the direct-product expansion. This
idea is realized in the multi-configurational time-dependent Hartree approach (MCTDH) [93], which ensures that
the 1D basis functions are optimal by using time-dependent basis functions. Alternatively, one can build a compact
multi-dimensional basis set by using contracted basis functions obtained from solving the (reduced-dimensionality)
subsystems’ Schr dinger equation [94 100].

Similarly to the basis-size problem, there are di erent strategies to tackle the grid-size problem of multi-dimensional
numerical integration, including: (a) a Sum-Of-Products (SOP) expansion [101 103] of the Hamiltonian, which allows
to construct the multi-dimensional integrals from 1D integrals; and (b) a truncated n-mode expansion [86, 104 106] of
the Hamiltonian, which replaces the D-dimensional integrals with a combination of maximum n-dimensional integrals
(nliD).

Aiming for a precise representation of the PES, the number of terms in a sum-of-products expansion may grow
rapidly, and the overall computational cost increases significantly. Regarding the n-mode expansion, the variational
computations can be made very e icient up to 3-4-modes, but (going beyond) 4-mode coupling has been found to be
important for spectroscopic precision [107]. Furthermore, the multi-mode expansion of the PES is carried out about
a single reference structure (typically the equilibrium structure). For floppy systems this expansion is not e icient,
but the more general high-dimensional model representation (HDMR),[108] which has been successfully used for PES
development,[109, 110] can be used, in principle. The n-mode expansion about a single equilibrium structure can be
considered as a special case of HDMR (‘cut-HDMR").

b. A non-variational approach A fundamentally di erent and promising direction is about fully abandoning the
variational approach and aiming to solve the eigenvalue equation as a di erential equation using numerical (finite
element) methods. This approach, called ‘collocation’, has been introduced and pursued by Carrington and co-workers
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Figure 8. Vibrational parent assignment for a semi-rigid vs. oppy system.

for solving the vibrational Schr dinger equation over the past decade [111 117]. A great advantage of collocation is that
it does not require the computation of any integrals, so the computational burden (and unfavorable scale-up with the
vibrational dimensionality) of the evaluation of multi-dimensional integrals is completely avoided. It can be e iciently
used if a very good basis set is available. Its current technical ‘di iculty’ is connected with an e icient computation of
many eigenvectors for a (generalized) non-symmetric (real) matrix eigenvalue problem.

c. Prospects for quantum hardware As to further possible strategies, we mention the popular direction of
considering alternative hardware, i.e., use of future quantum computers for quantum dynamics [118]. For these types
of applications, it is convenient to construct the second-quantized form of the vibrational Hamiltonian following
Christiansen [118, 119]. For a QC implementation, it appears to be the most advantageous if we have a very sparse
matrix over the multi-dimensional basis constructed from one-dimensional basis functions, for which the entries can
be ‘assembled’ from lower-dimensional objects. The multi-dimensional (product) basis size does not enter the problem,
only the sum of the number of the one-dimensional basis functions (instead of their product, which builds up the
exponential growth of the ‘classical’ computational e ort). If these conditions are realized, then, we may speculate that
a DVR representation will be advantageous (which we abandoned due the exponential scale-up of the matrix size over
the one-particle basis and grid). Furthermore, if a su iciently accurate d <3N 6 dimensional HDMR representation
can be found for the system, then it is possible to cut the exponential growth of the storage (memory) requirement. So,
based on this speculation, a DVR-HDMR(d), where d is ideally not (much) larger than 4, may turn out to be an e icient
representation of the vibrational problem on a quantum computer.

7. E icient rotational-vibrational computations

Let us assume that all vibrational states have been computed for the dynamically relevant energy range. If
the rovibrational coupling is small, then the rovibrational states with rotational quantum number J can be well
approximated with a linear combination of products of the vibrational eigenfunction and the rigid rotor functions,

BEX X
- oy, ®

n=1 K=0 =01

and precise variational results can be obtained by diagonalizing a (small) rovibrational Hamiltonian matrix constructed
over the JM rotational basis (consisting of 2] + 1 basis functions) and the vibrational eigenstates up to the energetically
relevant region.

The rovibrational coupling can be made small for semi-rigid systems by using the Eckart frame as a body-fixed
frame, i.e., by choosing the r; coordinates (molecular orientation) so that they satisfy, in addition to the center of mass
condition, Eqg. (6), also the rotational (Eckart) condition [28],

mic; 1r;i=0, (66)

where c; is some reference structure, typically the relevant equilibrium structure on the PES. Fulfillment of these
conditions ensures that the rovibrational coupling remains small near c;, which is su icient for an e icient rovibrational
computation of not too high rotational and vibrational excitation of semi-rigid systems (see, for example, Ref. 120), for
which the dynamically relevant coordinate range remains in the proximity of the equilibrium structure.

Let us choose the ¢; Cartesian reference configuration and solve the orientational Eckart condition at Cartesian
structures which belong to the f X Cartesian displacements by making small changesinthe gy " internal coordinates
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Figure 9. Assignment of vibrational excitation based on counting the nodes of the wave function for the example of the formic acid
dimer. Reproduced from Ref. 30 with permission from the PCCP Owner Societies.

about the reference structure, ¢;. So, we solve the Eckart condition at ri( k) = Ci
mic; r™ =0 (67)
mei rl ¥=0. (68)

Then, the rovibrational block of the g matrix reads as

X @ri
Op+ak = mifea ri] ~—
i 0«
3 .
=€, mi I @
- @ax
(1] #
3 (0 gy,
= lim e, mr —-— =1
"0
i=1
1 X )
=lim % e mir ree,  min ol Y (69)
B i=1 i=1

which shows the known result that the Eckart condition ensures that the rovibrational coupling vanishes at the reference
point with r; = c¢;. Unfortunately, it is impossible to make the rovibrational coupling vanish over an extended part
(beyond finite many points) of the configuration space [27]. Nevertheless, it may be possible to reduce the rovibrational
coupling by numerical methods.

In order to make the rovibrational coupling small, G™ (= (G*")" must be small, where the ‘rv’ and ‘vr’ blocks are
understood similarly to the blocks of g in Fig. 3. G™ depends on the choice of the r; body-fixed Cartesian coordinates,
and in principle, the coupling can be modified by defining an optimal shape-dependent body-fixed frame by rotating
the system from some initial orientation, ri(o), by a 3D rotation, described by a rotation matrix C and parameterized by
three angles, which depend on the q shape coordinates, (q)=( (q), (q), (q)):

ri=C[ (QIr?. (70)

C. Assignment of the rovibrational states

Variational (ro)vibrational computations provide list of energies and corresponding wave functions (stationary states)
that can be used to simulate spectral pa erns (Sec. |l D 1) or time-dependent phenomena [121, 122]. It is nevertheless
a relevant aim to characterize the computed (hundreds or thousands of) stationary states.

A simple characterization of a state is possible by visual inspection of (1D and 2D cuts of) its wave function and
counting the nodes (nodal surfaces), which carry information about the vibrational excitation along the relevant
degrees of freedom. As an example, we show 2D cuts of the formic acid dimer vibrational states corresponding to the
fundamental vibration and overtones of the twisting mode (Fig. 9) [30]. Node counting is (a) least model independent
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Figure 10. Assignment of K labels of the rotational functions to the intermolecular-rotational states of (CH,), computed with
GENIUSH using the 6D intermolecular coordinates (similar to methane-water in Fig. 4) and the PES of Ref. 124.

way of characterizing a wave function.

Further assignment options include ‘measuring’ the similarity of the variational wave function with simple models
(of rotation and vibration). In the most common representation, a rovibrational wave function can be considered as a
linear combination of rigid-rotor or Wang functions and the lowest Ny, vibrational eigenfunctions used as a vibrational
basis, Eq. (65).

1. Vibrational parent analysis

If there is a single, dominant Y vibrational state in the expansion, Eq. (65), then we may say that it is the ‘vibrational
parent’, from which we can ‘derive’ the rovibrational state by ‘rotational excitation’. As a measure for this property, the
rigid-rotor decomposition (RRD) [123] scheme was defined, which amounts to computing the overlap between the mth
rovibrational wave function =9, with the product of a vibrational wave function and a rigid-rotor function,

Sk m=h v Mj @=0j. (72)

Figure 8 exemplifies that the low-energy states shown in the figure for the (semi-rigid) water molecule have clear,
dominant RRD coe icients, whereas the floppy methane-argon dimer (from a 3D computation [54]) strong mixing is
visible already in the low-energy range. We note that the RRD coe icients depend on the body-fixed frame, which is a
computational ‘parameter’ (Sec. 11B 7).

2. Rotational parent analysis

Similarly to the vibrational parent assignment, we can ask whether there is any dominant SM) Wang function in
the Eq. (65) expansion of a rovibrational state. This question may be relevant even if there is no dominant vibrational
parent, which is 0 en the case for floppy systems.

As a measure of the importance of SM) in the rovibrational wave function, we have integrated the product of the
vibrational ‘sub-blocks’ (corresponding to di erent Wang functions) of the rovibrational wave function with respect to
the q vibrational coordinates,

M IM): (M) =
0 =h (M (Mg (72)
To have a measure only for the K label, we can sum for the =0, 1 contributions
=<
M M
k=R (73)
=01

P
Due to the normalization of the rovibrational wave function =} _, M) = 1,
Figure 10 shows for the example of the lowest-energy states of the (CH,4), dimer, for which the equilibrium structure
on the used PES [124] is a symmetric top. The K labels can be unambiguously assigned up to J = 1(2), but beyond
J > 2 this is not always possible due to the strong rovibrational coupling.
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Figure 11. Coupled-rotor decomposition coe cients computed for the J = 0 states of the (CHa), dimer.

3. Coupled-rotor decomposition

For the analysis of rovibrational states of floppy molecular dimers, it is useful to assign subsystems’ angular momenta
to the dimer state according to the coupling of the angular momenta of monomer A, (j*), monomer B, (j*), and the
e ective diatom, to a dimer state with JM angular momentum quantum numbers corresponding to the overall
rotation, J, and its projection to a space-fixed axis, Jz, (Fig. 11a)

[Gex adie s1is I (74)

Since during the computations performed with GENIUSH [51 54] (with DVR), we did not use monomer rotational basis
functions, we computed the overlap, called coupled rotor decomposition (CRD) [53], of the intermolecular rovibrational
state, r(]ﬂ'\,f) and the coupled rotor (CR) function with a fixed monomer distance and without the PES (Fig. 11a),
crog, = ¢ T8 O IR )2 (75)
nm ~ mk\ r» =0 nk\=0 )
r=1 k= Jo=1

where @) is the mth rovibrational state and ~{ is the nth CR function in the DVR representation used in the cited
references.

The CRD overlaps were used to assign the rovibrational states to irreducible representations of the molecular
symmetry (MS) group, by using the formal symmetry properties of the CR functions [53, 54].

D. Simulating rovibrational infrared and Raman spectra

We can consider interaction of (non-relativistic) molecular ma er with external electromagnetic fields, not accounted
for in the description, by using the rovibrational eigenstates as a basis. To account for the e ect of ‘external
fields’, weak-field spectroscopies, strong-field interactions, or for corrections ‘within the system’ beyond the Coulomb
interactions, i.e., hyperfine [125, 126], we have implemented the evaluation of the transition moments connecting the
rovibrational states [y @and g, fOr aT\") general tensorial property of rank , where A collects the LF Cartesian
indexes, according to [127]

x .
- MgZMO,JM)K(!J"l“,J.) (76)
1=0

(M%) T (LF) (JM)E
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1
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where c(J {) are the linear combination coe icients of Eq. (65) and d}(< ) correspond to the Wang combination coe icients,
Eq. (49). The vibrational integrals h %j TP j Vi are computed in the body-fixed (BF) frame using (the DVR or FBR)
vibrational wave functions Y and the TP ‘property’ hypersurface available from ab initio electronic structure theory
(in a fi ed or interpolated functional form). The Ky coe icients correspond to the rank- tensor in the body-fixed
frame and the corresponding rovibrational wave functions, so they can be evaluated separately and stored for every !
value.

This implementation has been reported and was tested for the example of electric dipole transitions (for = 1) of
the methane-water complex [51] in comparison with the transition moments reported by Wang and Carrington [63].

In what follows, the expressions are summarized for rovibrational infrared ( = 1) and Raman (= 2) experiments.

1. Infrared transition moments

Intensities of infrared spectroscopy experiments can be simulated by using the electric dipole moment, which is an
= 1 rank property, including the U{)  matrix elements [51, 127]. The working formula for dipole moment transitions
is obtained a er some manipulation from the general expressions, Egs. (76) (78), [127, 128]
xX X
Ry = Ons J JrOVMOi0 TALF) Jrl\\jli jz
M,M0 A=X,Y,Z
= gns(2J° +1)(21+1)

X
[cnow R [d] df’

nK, Ko, K
K8, 0
2
0 J1 . L y-
( 1)K K KO U(!1), h xOJ (BF)J X'

2. Raman transition moments

Another important technique in rovibrational spectroscopy is Raman sca ering. For computing Raman intensities,
the relevant property is the rank = 2 polarizability matrix, . It is convenient to distinguish to types of transition
moments, the isotropic (independent of the molecular orientation) with ¥ = 0 and the anisotropic with ! = 2
components. By using the general expressions in Egs. (76) (78), the isotropic (I = 0) component can be wri en as
[129]

Ro= yogns(2)' +1)(2) +1)

0:0 < 0
[c$is’ o] i [d$,’] df’
n||<<0 0 K?, K (79)
2
0 0o .
( l)K 0 KO U(()%)),abh XOJ g%F)J xl )

ab

J
K

where the 3J-symbol vanishes unless ] = 1, leading to the selection rule ] = 0 for the isotropic transition moments,
incorporated in the equations with the Kroneker delta, 0. For the anisotropic contribution (! = 2), the working
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equation is

Ry = gns(20" + 1)(20 + 1)

X . Lo X
e ] o [ ap)
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K KO 2 a0 n) @) on
= 2 ab

The non-zero matrix elements of U(!Z) have been collected in Ref. 127. The non-vanishing value of 3J-symbols gives
the J = 0,1,2 selection rules for the anisotropic component. The current procedure makes it possible to compute
polarizability transition moments connecting rovibrational states of floppy systems that are relevant for high-resolution
Raman sca ering experiments.

E. Summary and conclusions

We have reviewed the theoretical and methodological (ro)vibrational framework developed by ourselves or in close
collaboration with colleagues over the past decade. The reviewed methodology is implemented in GENIUSH program,
which was used to carry out the highlighted computations.

The focus of this chapter was on (ro)vibrational spectroscopy of isolated floppy molecules and complexes, presenting
the numerically exact solution of the (ro)vibrational Schr dinger equation on a potential energy surface, analysis of the
computed wave function, assignment of the computed stationary states, and evaluating electric dipole and polarizability
transition moments for simulating (weak-field) high-resolution infrared and Raman spectra of (semi-rigid or) floppy
molecular systems and complexes. The methodology can be straightforwardly extended to compute molecules in cages
and at surfaces.

An important methodological challenge, which is currently at the focus of our main e orts, is the increase of the
vibrational dimensionality of feasible computations. Exact quantum dynamics computations of molecular systems
with up to 20 30 fully coupled vibrational degrees of freedom, allowing for a few large-amplitude motions, which
carry lots of interesting chemistry, will be an important next milestone to reach in the next couple of years. We
aim to pursue these developments by developing general, N-atomic, D-dimensional approaches, i.e., pushing the
frontier of a black-box-type rovibrational research program. Thereby, as available computational power increases, in
parallel with the methodological developments, rovibrational computations of spectroscopic quality become possible
for higher-dimensional (> 12D) floppy molecular systems.

Ill. THE BETHE SALPETER QED WAVE EQUATION FOR BOUND-STATE COMPUTATIONS OF ATOMS AND
MOLECULES

Interactions in atomic and molecular systems are dominated by electromagnetic forces and the theoretical framework
must be in the quantum regime. The physical theory for the combination of guantum mechanics and electromagnetism,
quantum electrodynamics has been ‘established’ by the mid-twentieth century, primarily as a sca ering theory. To
describe atoms and molecules, it is important to consider bound states. In the non-relativistic quantum mechanics
framework, bound states can be e iciently computed using robust and general methodologies with systematic
approximations developed for solving wave equations. With the sight of the development of a computational quantum
electrodynamics framework for atomic and molecular ma er, the field theoretic Bethe Salpeter wave equation
expressed in space-time coordinates, its exact equal-time variant and emergence of a relativistic wave equation
is reviewed. A computational framework, with initial applications and future challenges in relation with precision
spectroscopy, is also highlighted based on Ref. 130.

A. Introduction: a historical line-up

Dirac’s one-electron space-time equation was an ingenious departure from Schr dinger’s time-dependent wave
equation to have a Lorentz covariant description, but it was strange due to the introduction of hole theory that seemed
a bit artificial [6, 7]. In a recorded discussion from 1982, Dirac modestly admi ed to Hund that for him, ‘it took a year,
perhaps two, to understand the role of the negative-energy states’ [131].

Breit a empted a two-particle generalization of Dirac’s one-electron theory in a series of papers between
1928 and 1931 [8 10, 132], by adopting Darwin’s 1920 calculation of the classical electromagnetic interaction for
two moving charges [133] and the quantum mechanical velocity operator obtained with Dirac’s formalism [10].
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Already from the beginning, it was apparent that the Breit equation was not Lorentz covariant. Nevertheless, Breit
used this ‘quasi-relativistic’ equation in a perturbation theory approach imposing the Pauli approximation to the
four-(sixteen-)component wave function. Good agreement with experiment was obtained a er discarding a term from
the result ‘by hand’ [9, 132]. This procedure was later explained based on Dirac’s hole theory by Brown and Ravenhall
[134].

The problem, called Brown Ravenhall (BR) disease, related to the artificial coupling of the positive- and
negative-energy states of Dirac’s theory when na vely applied to two-particle systems, survived also in the modern
literature and it is commonly used to explain the failure of the two-(many-)particle Breit equation. A recent numerical
study demonstrated that bound states of helium-like two-electron systems represented by the Breit equation have
(unphysical) finite lifetimes (of order 3E,, where is the fine-structure constant) [135, 136]. It has been also
discussed [137] that there was no BR dissolution problem for isolated two-particle systems, like positronium, when
modelled with the Breit equation, and it was humerically demonstrated by a finite-element computation [138] that the
energy levels of the two-particle Breit equation (with Coulomb interactions, no external fields) are ‘stable’. Nevertheless,
the two-particle Breit equation is still incorrect, or in other words, ‘correct only up to order 2E’ [136].

A consistent and Lorentz covariant many-particle theory was put forward by the development of quantum
electrodynamics (QED). As a natural continuation of Feynman’s two papers in 1949 on the reinterpretation of the
mathematical solutions of the Dirac equation [139] and the development of the space-time approach to quantum
electrodynamics [140], Salpeter and Bethe in 1951 published a Lorentz-covariant wave equation for two interacting
particles (with stating that generalization to more than two particles is straightforward) [141]. It is interesting to note
that the same equation waswri en at the end of a paper without explanation by Nambu already in 1950 [142], and it was
formulated by Schwinger [143] and also by Gell-Mann and Low [144] during 1951. In 1952, Salpeter used this equation
for the hydrogen atom in combination with perturbation theory and an instantaneous interaction kernel. Probably, this
was the first formulation of the exact equal-time equation for two-particle systems [145]. Salpeter reported results for
the hydrogenic case (of one heavy and one light particle, M m) up to the 3(m=M)Ey, order, and he stated that the
calculation can be generalized to any masses. In 1954, Fulton and Martin calculated the energy levels for an arbitrary
two-fermion system, such as positronium, up to °Ey, order [146].

In 1958, Sucher’s PhD thesis represented another important step forward using the formalism and extending
Salpeter’s work to a two-electron system in an external Coulomb field, for the example of the helium atom [147].
Sucher’s final 3Ep-order correction formulae were identical with those reported by Araki [148] a year earlier, but we
can build on the fundamental ideas explained in Sucher’s work for further developments.

In 1974, Douglas and Kroll [149] started their paper on the “En-order corrections to the fine-structure spli ing of
helium with a good review of Sucher’s work by extending the formalism with explicitly writing also the radiative terms
in the wave equation (Sucher only highlighted the steps at the end of his work).

Then, in 1989, Adkins elaborated this direction for positronium, still relying on a perturbative expansion with respect
to the non-relativistic reference for practical calculations [150]. During the 1990s, Zhang worked on higher-order
corrections to the fine-structure spli ing ( °En) and energy levels ( *Ep) of helium.

Pachucki initiated a di erent approach starting from the late 1990s [151 155]. This approach is based on performing
a Foldy Wouthuysen transformation [156] of the Dirac operator in the Langrangian density thereby linking the
formalism to the non-relativistic theory from the outset, and then, collecting corrections to the poles of the equal-time
Green function [157] to the required  order. In 2006, Pachucki reported the complete “En-order corrections to the
energy levels of singlet helium [158], thereby extending the 1974 work of Douglas and Kroll valid only for triplet states,
as well as work from Yelkhovsky [159] and computations from Korobov and Yelkhovsky [160] in 2001 for “En-order
corrections of singlet helium. In 2016, the complete  “En-order corrections derived by Pachucki were used for the ground
electronic state of the H, molecule with fixed protons [161]. Most recently, the ‘Foldy Wouthuysen Pachucki’ approach
has been used to derive °En-order contributions for triplet states of helium [162, 163].

In contrast to using a non-relativistic reference (as in all previous work), we aim for a relativistic QED approach,
in which some (well-defined, many-particle) relativistic wave equation is first solved to high precision and used as
a reference for computing ‘QED’ (retardation, pair, and radiative) corrections up to a required accuracy. Such an
approach appears to be feasible along the lines formally started by Bethe, Salpeter, Sucher, Douglas and Kroll. These
authors performed calculations by hand, so in the end, they had to rely on approximations based on the non-relativistic
formalism. Nowadays, we can use the power of modern computers to first numerically solve a many-particle relativistic
wave equation, and then, compute corrections to the relativistic energy. It is also necessary to add that there have been
several articles on understanding and solving the original, space-time Bethe Salpeter (BS) equation [164 168].

For atomic and molecular computations, the exact equal-time form of the BS equation, as introduced by Salpeter
and Sucher [145, 147], appears to be more promising. In this approach, a two-particle relativistic Hamiltonian and
corresponding wave equation emerges, for which numerical strategies for solving wave equations, including the
variational method, can be used. During the 1980s, Sucher [137, 169, 170] published review articles about the (formal)
connection of the equal-time BS wave equation with the relativistic quantum chemistry framework and computational
methodologies, e.g., [171, 172]. In this context, it is necessary to mention the excellent book of Lindgren who further
developed these ideas for orbital-based many-body applications in chemistry [173].

We consider the renormalized, ‘mixed gauge’, two-particle Bethe Salpeter equation as the starting point for a
theoretical framework of atoms and molecules and with relevance for spectroscopic applications. This theoretical
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framework is reviewed in the first part of the paper by relying on work by Sucher [147], Douglas and Kroll [149],
as well as Salpeter [145]. The second part of the chapter highlights our recent work [174 179], algorithmic details of a
computer implementation and numerical results for two spin-1/2 particles with and without a fixed, external Coulomb
field, i.e., with relevance for relativistic Born Oppenheimer (BO) as well as relativistic pre-Born Oppenheimer (pre-BO)
computations. Although in the present review, we focus on the theory and a numerical procedure for two-particle
systems, we mention Sucher’s series of papers [137, 169, 170] from the 1980s implying a possible generalization and
Broyles’ work from 1987 [180] about presenting a line of thoughts connecting field theory and an N-particle no-pair
Dirac Coulomb Breit wave equation.

Regarding a relativistic QED approach, we also mention the quasi-potential method, which originates from Logunov,
Tavkhelidze, and Faustov working during the 1960-70s [181, 182], and the corresponding two-time (equal-time) Green
function idea developed by Shabaev [157]. Comparison of the Salpeter Sucher approach with the quasi-potential
method is le for future work.

B. The Bethe Salpeter equation and the Salpeter Sucher exact equal-time approach
1. Introductory ideas and propagators

The Dirac equation for a particle of mass m; and x; = (ry, t;) space-time coordinates is

.0 ”

i M R =0 (81)
with the free-particle Hamiltonian

HO = 0 e+ my (82)

and the 1 and ; Dirac matrices. Feynman pointed out in 1949 [139] that instead of working with the Hamiltonian
equation, it is 0 en more convenient to use the corresponding Green function or propagator

. @ .
i—  HY GO, x) =i, x x)). (83)
@t;
For a Dirac particle in an external scalar field,
8 =i !
i Hi Gi(X1, X)) =i 1 (X2 Xj) (84)
0t,
with
Hy =HO +z;e 1 =HO + U, (85)

z; 2 Z and e standing for the charge number of the active particle and the elementary charge, respectively. Simple
calculation [139] shows that the G; propagator can be obtained from the G§°> free-particle propagator through the
integral equation (corresponding to subsequent interaction events of the particle with the external field) as

z

Gi(x, X)) =GP0, x) i GP(x1,y1) 1U1(y1)Gulys, X)) dys - (86)

According to Feynman’s combination of the electronic and positronic theory in a consistent manner [139], the
propagator is expressed with the eigenvalues and eigenfunctions of the Dirac Hamiltonian as the sum over
positive-energy (electronic) states moving forward in time, and the negative sum over negative-energy (positronic)
states moving backward in time. Feynman defined the free-particle propagator this way corresponding to Eq. (83). The
arguments can be taken over for a particle in an external field, Eq. (84), which is known as the ‘Furry picture’ [183], and
the propagator is

8 P @ W0\ EPHG tD) 0
E n (rl) n (rl)e i >
0 _ E(l) 0
Gi(x1, Xq) = = =4 EP(I’l) gl)(rg)e EO@E 1) Ct<t! ' 87)
" V<o
where @ = @ | s the Dirac adjoint. The G (x;,x?) free-particle propagator is recovered for eigenvalues and

eigenfunctions of the Dirac equation with ; = 0. Regarding the external field in the present work, only the scalar
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potential due to the Coulomb field of the fixed nuclei will be relevant, e.g., for helium-like systems with the nucleus
fixed at the origin and with Z nuclear charge number, the interaction energy is

Z
Uq(r =Z1—, 88
)= 89

where =e?=(4 ) is the fine-structure constant in natural units (~ =c = ¢ = 1).

To describe a two-particle system, we can consider the G(xy, x2; x{, xJ) two-particle propagator or amplitude which
describes that particles 1 and 2 get from x!, x3 to x;, x, space-time points. For non-interacting particles, the two-particle
propagator is the simple product of the one-particle propagators, Gi(x;,x})Ga(X2,x3). For interacting two-particle
systems Salpeter and Bethe [141], following Feynman [139, 140], devised an integral equation, called Bethe Salpeter
(BS) equation,

G(xq, Xz?Xfyﬁg) = Gy (X1, X{)G2 (X2, X3)

i dy;dy,dydyd Gi(x1, y1)Ga(X2, Y2)K (Y1, Y2, V2, y9)G (Y3, ya; X, x0) (89)

where K is the interaction function. In particular, K must contain only the so-called ‘irreducible’ interactions, since the
corresponding consecutive, so called ‘reducible’, interactions are already included, ‘iterated’ to all orders by the integral
equation.

The simplest interaction function, K&, corresponds to the single photon exchange (see also Sec. IlI B3) with . =

1
i i,1)
KOy xix] X9) = 2122 1 2 De [ %21 *0a X)) “(2 %)), (90)

where D is the photon propagator, which takes a simple, manifestly covariant form in Feynman gauge,

Zd“k g

2 ) K +i

Dr [(xi X2)°]= g Wb x) (91)

To describe the inter-particle interaction in atoms and molecules, it is more convenient to use the Coulomb gauge, in
which the interaction is the sum of the Coulomb (C, the dominant part) and the transverse (T) contributions,

KOx1,x2:x],x3) = [KE (xe, %) + K1 30)] 1 X)) (2 X)) (92)
with
Z
dk 4 21z
@) - T o ik %) = 142
Ke'(x,Xe) = 2122 1 2 2y 2t ST (t1 t) (93)
d'k 4 -~ ,
K_I(_l)(XLXZ): 217y 1 2 2y ké +2i e ko x) (94)
where
. kiki
k=Y e (95)

refers to the transverse components of perpendicular to k. (In Eq. (93), we highlighted the well-known
coordinate-space form of the Coulomb interaction, the primarily important interaction term in qguantum chemistry).

If radiative corrections are accounted for, the one-electron (one-particle) propagator is replaced by [141, 147, 149, 184]
GI=Gy+G; 1G1+G; 16y 161+ =Gy +G) 1Gy, (96)

or equivalently,
G) =G 1, (97)

where 1 is the sum of the one-electron self-energy contributions. Douglas and Kroll [149], following the last chapter
of Sucher’s work [147], formulated the two-electron equations by formally including all radiative corrections. This
formulation also relies on the work of Mathews and Salam [185] who explained that the Bethe Salpeter equation can
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be renormalized with the replacement of G}, G5, ; , » , and the Dr photon propagator by [147, 149]

G =G1+G; G+ (98)
[ (99)
DF =Dg+Dr Dp+ . (100)

We note that Mathews and Salam mostly formulated their renormalization approach based on series expansion,
whereas K llen [186] and Lehmann [187] defined renormalization terms without the use of power series expansion
in the interaction constant. Karplus and Kroll [188] and Jauch and Rohrlich [189] carried out explicit calculations for
the ,, , ; renormalized electron self-energy, photon self-energy, and vertex correction operators to order  for
the case of no external potentials.

For renormalization, it is necessary to work in the Feynman gauge, Eq. (91). At the same time, binding of the particles
in atomic and molecular systems is dominated by the Coulomb interaction, Eq. (93), which can be identified by writing
the interaction operators in the Coulomb gauge.

According to Sucher’s arguments [147, 149] (following the field theoretical derivation of the BS equation by
Gell Mann and Low [144]), it is valid to perform renormalization of the radiative terms in the Feynman gauge, and
then, use the resulting expressions for the interacting problem, wri en in the Coulomb gauge. This special procedure
is known as the mixed-gauge representation.

2. Coordinate and Fourier transformation: the total and relative time and energy

Eqg. (89) can be rewri en for the wave function of a bound state (e.g., Ch. 6 of [190] or Ch. 12 of [191]), formally
including now also the radiative e ects [149], as

Z
(X, X2) = i dysdy,dyidyd GI(xe, y1)Gy(Xz, Y2)K (Y1, V2r ¥1, ¥3) T(¥1.Y3) (101)

or in short,
7= iGIGK 1, (102)
which, using Eq. (97), can be rearranged to (we note the missing imaginary unit in Ref. 149)
GG, ! 1= i K+iG !t 4Gty iy 7= iKY p, (103)

where the full ‘interaction’ kernel, containing also the radiative corrections, was defined as

K'=K+iG, b ,+iGy, 1 1 i g 5. (104)
From rearrangement of the operator form of Eqg. (84), G, L= 1[i@=@t; HjiJandusing ;1 1= , » =1, we obtain

. @ . @ . 0

i— H i— H =i K , 105

oL 1 oL 2 12 T (105)

which is a (space-time) wave equation which accounts for (non-radiative) interactions and radiative corrections on an
equal footing.

Since Eg. (105) includes the ‘own’ time for both particles, but the U external interaction (if any) is time independent
in our frame of reference, we can write the two-particle wave function as

X1 X) =e T (ry,rp,t), (106)

where the average (‘total’) time and relative time was introduced as
1
T= E(tl + tz) and t=t; t,. (107)

It is important to note that E is the total energy of the two-particle system and it corresponds to the T total time,
Eq. (106). Similarly to T and t, we define

1
TO:E(t2+tg) and t'=t] . (108)
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Then, we obtain the following equation for the (ry, r2, t) space- and relative-time wave function,

E. .@ E .0
2 + I@ H1 2 I@ Hz (rl,rz,t)

=i1 2 KAruratirg,n,t) (], r,t") dridrydt’ (109)

with the interaction kernel depending only on the relative time variables,

Ko(ry, o, t;rd, 15,19 = KO(xe, Xo; X!, x0) €T T g0 | (110)
1

where it is exploited that the external field is time independent, i.e., K%(xy, xo; X}, x) depends on T and T only through
the T T di erence, and T represents only a constant shi  for the T? integration variable.

Both Sucher [147] and Douglas and Kroll [149] continued the calculation in momentum space, and we follow this line
of thought. The ry, r, space coordinates of the two particles and the t relative time are replaced with the p;, p, momenta
and the " relative energy. The relative-time and relative-energy wave functions are connected by the seven-dimensional
Fourier transformation,

z
1
@)

while the interaction kernel in momentum space is defined as

gi(Pari+perz ™) (P1, P2, ") dp1dpd", (111

R7

(ry,rz,t) =

I~

K'(p1, p% P, Py, ") =

(21 )26 g Pirepars "0 Girieir Ol 1, 1,13, 13, t7) drydrodtdridridt’ (112)
and it acts as an integral operator,
Z du[}
K'f(p1,p2, ") = K'(p1, P2, P P2, ™) £ (P12, ™) dpdpy—— - (113)
Then, Eq. (109) can be rewri en as
F (p1.p2") =K' (p1,p2") (114)
and
F =FF, (115)
with
E ..
Fi= 57t Hi(p1) (116)
E
Fo=2 " Hapo) (117)

and their inverse define the one-particle propagators (for the E total and " relative energy), which will be used in later
sections,

Sip)=F; = —+" Hy(py) (118)

Sap2) =F, ' = " Ha(po) (119)

N|m N m
-

with the four-vector variables p; = (p1,") and p, = (p2, "). H; (and similarly H;) is the momentum-space form of the
one-particle Dirac Hamiltonian, Eg. (85). In this representation, the interaction operators are integral operators, as it
was indicated in Eq. (113) for K'. U; (and U,) labels the external-field Coulomb operator. For the example of a single
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nucleus fixed at the origin, Eq. (88), [147, 149]

Z
Z 1
Ulf (P, p2. ") =215 (5f(Pr kip, ") dk (120)
Z
Z 1
Uof (p1, P2, ") = 2253 @f(pl, p2 + k") dk. (121)

3. Construction of the interaction kernels using energy-momentum translation operators, the instantaneous part of the interaction

According to Eq. (104), the full interaction kernel contains contributions both from ‘inter-particle’ interactions and
from radiative contributions,

K'= K, +K™ (122)

In what follows, we focus on the construction of the K, inter-particle kernel, which is obtained as the sum of Kf”
operators corresponding to irreducible ‘diagrams’ [141, 147].

Action of the interaction kernel for a single-photon exchange (wri en in the Coulomb gauge), Egs. (92) (94), on
some f (p1, p2, ") two-particle function depending also on the ™ relative energy can be wri en in the momentum-space
representation as

Z
1 d!?
Kcf(pr, p2,™) = UZ25— @f(pl kp2+k™ 1)dk N (123)
T d!
Kif(p1 P2 ") = 212255 7@y T kpetk™ Ddk——. (124)

A more compact operator form of K¢ and Ky is obtained by using k = (k, ') momentum-energy translation operators.
The one-particle translation operators are

1(K)f(Prp2,") = f(pr ki p2,™) (125)
2( Kf(prp2,") =f(p1,p2+ k™), (126)
the two-particle translation operator is,
f (P, p2,") =f(pr kpztk™ 1), (127)
and for later convenience, we also define the notation
k)= (k1) = 1(k) 2( k) ~(1). (128)
Then, the Coulomb and transverse parts of the one-photon exchange, Egs. (123) and (124), can be wri en as
Z q
Kef(prp2) = (k f(P1 Pz, ") dk— (129)
with
k,1)= L
ck, )= lezﬁﬁ (130)
and
z qi
Krf(p,p2,") = 1 (k Df(p1,p2, ") dk 2- : (131)
with
il
1K) =212y i— (132)

2217 K2+

It is interesting to note that the Coulomb interaction carries only a trivial shi in the relative-energy dependence,
and this corresponds to saying that the Coulomb interaction acts through momentum transfer and the interaction is
instantaneous. At the same time, the transverse part has a non-trivial relative-energy dependence, and this is related to
the finite propagation speed of the overall interaction (retardation). At the same time, the retardation contribution to
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the transverse part is small and it is convenient to separate the instantaneous part, which is called the Breit interaction,
z

dt
Kef(p1,p2,") = g (K Df(p1,p2, ") dk

> (133)

with

o0l
s(k, ! = U2y 1k22. (134)

The remainder, i.e., di erence of the transverse and the Breit interactions, is the retarded part, which we label as
K =K; Kg, (135)
while the instantaneous contributions (Coulomb Breit) can be handled ‘together’,

Keg = Ke +Kg . (136)

To write down the mathematical expression for more complicated K,(j) interactions including multiple (Coulomb
and/or transverse) photons (e.g., Fig. 12), Sucher derived and summarized the following simple rules.
First,

(a) label each interaction line with four vectors, k, k°, k%, etc. with assigning each line a specific sense (convenient to
choose the same for all lines), e.g., from 2 to 1;

(b) label the final parts of the world lines of the fermions 1 and 2 with p; = (p1,") and p; = (P2, ");

(c) label all remaining electron lines with conserving the four-momentum.

Second, for a fully labelled diagram, K,(j) can be formulated by writing
1. ~} or -~} for a transverse interaction vertex;

2. afactor Sy(p; k) for an intermediate electron line labelled with p;  k on the path of 1 and a factor Sy(p, +k’) for
an intermediate electron line labelled with p, + k® on the path of 2; while writing down the factors, it is necessary
to preserve the order of events along a world line, i.e., factors for ‘later’ events along a world line stand to the le
of factors corresponding to ‘earlier’ events;

3. to the right of these expressions a factor ¢(k) for a Coulomb interaction line labelled with k = (k, 1) and a factor
(k% for a transverse interaction line with k® = (k?, 17);

4. inadditiontoeach cand t,an (k)=( 2 i) factor appears, if the interactionisfrom2to1(or,an ( k)=( 2 i)
factor, if the interaction is from 1 to 2).

It is also useful to note that the e ect of the (k) (k, 1) four-momentum translation on the one-particle

propagators, Egs. (118) (119), is

+" 1 Hl(pl k) (137)

(K)S1(p1) ( k) =Su(p1 k)

-

(K)S2(p2) ( k) =Sz(p2 + k) = "+ Hy(p2tk) (138)

where the k-translation of the one-particle Hamiltonians gives

Hi(pr K)= 1(KHu(p1) 1( K)= 1(pr K+ m+U; (139)
Ha(p2 +K) = 2( K)Ha(p2) 2(k) = 2(p2 +k)+ m+U;. (140)

Sucher calculated corrections to the energy up to order °Ej,, Douglas and Kroll calculated the fine-structure spli ing
up to order “*Ep, and they have included the following interactions,

Ki=Kc+Kr+Ke c+Kr c+Kr 1+Kr 2. (141)

It is necessary to compile ‘by hand’ only the irreducible interactions, and all reducible diagrams are automatically
included in the solution of the BS equation [141].
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P1 P2
. K
pL=p k T P2 +K* = pj
l=p k K P2 +K+k = pf
1 2
Ke ¢
P1 P2 P1 P2
0 .— k +k0:. X 0 .— k +kG:' X
P1 = P1 P2 " P2 P1 =P P2 Y
pl=p k K P2+ K +k = pf pl=p k Kk P2+ K0 +k = pf
1 2 1 2
Kr ca Kt c2

Figure 12. Example interaction diagrams including four-momentum labels

4. A practical wave equation: the exact equal-times Bethe Salpeter equation and emergence of the no-pair Dirac Coulomb( Breit)
Hamiltonian

Let’s exploit the fact that, in atoms and molecules, the dominant part of the interaction is instantaneous (Coulomb
or Coulomb Breit), so, it is convenient to write the kernel as the sum of a K; instantaneous part and the ‘rest’,
Ki=Ki+K (142)

The instantaneous part, K;, induces only a trivial shi for the " relative energy, and hence the e ect of the relative
energy can be integrated out

ZZ g
Ki (p1,p2,") = i(K (P kp2tk™ 1)dk 2- i
z
1
== K kprKdk
1
= B li (p1p2), (143)
where 1; is only a momentum shi integral operator,
z
L (pp2)=  i(k) (p1 kipztk)dk (144)
with
(K) = 21222—2% ,  for the Coulomb interaction, i=C (145)
= zlzgz—%(l ~1~5), for the Coulomb Breit interaction,i=CB .
In Eq. (143), it is also important to note the emergence of the equal-time wave function,
z 1
(P1,p2) = (P, p2, ") d" . (146)
1

Next, we rearrange Eq. (114) and separate the instantaneous part of the interaction as

(F K) (p1,p2")=Ki (p1,p2,")
(P1p2")=(F K ) 'Ki (pr,p2,"). (147)
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By integrating both sides with respect to the relative energy and using Egs. (143) and (146), we obtain

Z Z
" = d"(F K) 'K
Z ”n
= d2 _(F K) 'L
i d,,' Z 4
2i|:1|i 2iFlK(F K)o, (148)

where the operator identity was used in the last step,
(A B) '=A'+A B(A B)!. (149)
Next, we define the one-particle positive- and negative-energy projection operators for particles i = 1 and 2 by

Lio=5 1 HiE B (150)

which is, at this point, contains a purely formal definition for the one-particle Hamiltonian absolute value operator,

Ei(pi) = jHi(pi)j , (151)
which also means that
Ei(p) ©(pi) =EVT D(pi) - (152)
In short, we can also write
HiLi = EL;i . (153)

If there is no external field, e.g., pre-BO description of two spin-1/2 particles, then, L; reduces to the free-particle
projector [192]

" #
1 ipi + im;
Li (p)=L (pi)=5 1 ———  (forU;=0), (154)
2 2+ m?
since for U; = 0, H; = Hi(o) = ipit im; and the eigenvalues of the Hamiltonian absolute value operator are jEF()‘)j =

Pyl
+pP+m

Using the E; and E, notation, we can write the F, ! and F, ! propagatorsin F ! as

1

E L L
Si=Fp = S+ H o= e L (155)
2 5+ E,+i SH+"+EL
and similarly,
E ! L L
S=F,'= = " H =o——2 s (156)
2 3 E, +i 5 +E, i

according to Feynman’s prescription [139] of adding a complex number with a small negative imaginary value to the
mass and the limit is taken from the positive side for a consistent electron-positron theory (here, the energy replaces
Feynman’s massand > 0with ¥ 0+).

The first term in Eq. (148) contains a relative-energy integral, but 1; and  are independent of ", so we only need to
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34
calculate
Z Z
dll dll
——F '= F, 'F, !
i 20 2t .
Z -
_ d" Lo+ + L.
- H E " H E n H
2 | § EZ + | j + EZ | '
L+ . Ly
, E+m Ep+i S+U+E
_ da" 1 1
- CE " T E " N ++
. 2 1 3 Ex+i 5+ Eq+i
d" 1 1
+ - — L.
2'5 "B+l S H+THE
Z
+ d" 1 1 L
208 "4E+i B4 B0
Z
d" 1 1
* . T . (157)
2 1 5 +E; i S+"+E
with the two-particle projectors, L o=L; Ly o( , "=+or ).
To evaluate these " integrals, we use Cauchy’s residue theorem,
1
f(z)dz=sgn( )2 i Res(f, ax) , (158)
k2poles
where the summation goes through the poles of f within the domain surrounded by the simple closed curve . We can choose the positive contour

(O counterclockwise, sgn = +1), but identical results are obtained from using the negative ° contour (O o clockwise, sgn ° =

1). Since this is
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an important step of the calculation, we proceed term by term with the evaluation of Eq. (157).

Z
. d" 1 1
lim L. — E . E .
"0+ 20" E+E2 i "+E Ei +i
| {z } z
"=8 Ex+i in0 = §4E; i in0 o
gforo o lim L..-21 L
_ ’ 20+ g i% Ep+i +% Eq+i
= L 2 1
=forO o : lim wos LHTW
1
=L
++ E1 Ez
=L.(E H; Hy ! (159)
Z
d 1 1
lim L. _— £ - z -
"0+ 20" 5 B i "+3 B
| {z H z }
"=E+E+i in0 = E4Ei+i inO
8
<foro : limL, &L —21 e — =0
= "0+ 2 S+Ea+i +5 Ep i S+Ei+ 5 Ep i
“forOo0: 0
=0 (160)
VAR
. d 1 1
limL ., —— £ - £ -
"0+ 20" S+E 0 "+5+E
| {z i {z }
"=E E+i in0o "= § Ei+i inoO
8
< . ; 2 i 1 1 _
= _forO ' II!rTEI)+L 2 B Ep+i 54y i * EE+ S4B i =0
“forOo: 0
=0 (161)
Z
. d" 1 1
lim L —_— £ - £ -
¥ 0+ 20" 5 Eo+i_ "+ 5+Ep
| {z $ 3| z }
"=5+E; i in0 o= § Eiti inO
gforo o limL 2L 1 = L L
B ’ "0+ 2 % Ei+i % Ep+i E+E1+E
T - BT 2 i 2 1 — 1
=forO o: |I!n’8+L (1) T b T L =55
B 1
E+E; +E;
= L E Hi Hy' (162)

The result of this short calculation can be summarized as operator identities [147, 149]
z

d" 1 1 1
, 20" A+i"+B i T A+B (163)
d L L =0 (164)

20" A+i "+B+i ’

where the second identity holds in general, the first is valid only for commuting A and B operators. All in all, we obtain
z
dll

—F '=E H; Hp) (L. L )=D YL L ), (165)

where the short notation is introduced,

D=E H; H,. (166)
Using this result, we can re-write Eq. (148),
Z 4"
=(E H; Hp L., L I + TF K (F K)
VAN
E =[H;+H;+(L. L )] +D %F K F K)'y (167)

and finally obtain, the exact, equal-time Bethe Salpeter (eBS) equation
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E =(H1+H2+L++IiL+++H ) (168)
with
Z dll
H =L.lIil L.) L 1Li+D TF IK (F K) . (169)

Eq. (168) is the central equation to our work. It is obtained by equivalent mathematical manipulations from the original
space-time Bethe Salpeter equation, Eq. (89), it is a homogeneous, linear equation for the equal-time wave function,

, which depends only on the momenta (or coordinates) of the two fermions. At the same time, the exact equal-time
equation is a non-linear eigenvalue equation for the E energy, since the H term also depends on E (through F). We
can arrive at a useful initial description of atoms and molecules, by first neglecting H , and starting with the solution
of the positive-energy projected or no-pair Dirac Coulomb( Breit) equation,

E =(Hi+Hp+LoliLy) . (170)

Itis important to note that in the present derivation [145, 147, 149], the projector is defined according to Egs. (150) and
(154), and it is connected to the emergence of the no-pair two-particle Dirac Hamiltonian, Egs. (157) (166). Variants
of the no-pair DC(B) equation are commonly used in relativistic quantum chemistry. Sucher [137, 170] analyzed the
connection to relativistic quantum chemistry methodologies, in which the Dirac Hartree Fock projector is a popular
(and natural) choice, and came to the conclusion that the use of that projector is also valid, but then, during the
evaluation of the H corrections, one has to correct for the di erence (which may be complicated).

During our work, we stick to the original definition, Eqg. (150) for two particles in an external field and Eq. (154) for
an isolated two-fermion system. Corresponding numerical results (for helium- and for positronium-like systems) are
reviewed in Sec. 11 E.

During the present calculation, which follows closely the work by Salpeter [145], Sucher [147], and Douglas and
Kroll [149], it was critical to retain the relative energy between the particles. Integration for the relative energy resulted
in the emergence of the no-pair, two-electron Dirac Hamiltonian with instantaneous (Coulomb or Coulomb Breit)
interactions. Emergence of the two-particle Hamiltonian naturally occurs for a certain choice of the projector. At
the moment, we understand H in Eq. (169) as some ‘quasi potential’ for a DC(B) interacting reference. The DC(B)
reference, i.e., numerical solution of Eq. (170), already contains all reducible interaction diagrams of the instantaneous
kernel [141], i.e., the full Coulomb( Breit) ladder.

5. Phenomenology: why and when the equal-time equation is useful?

In atoms and molecules, the interaction of electrons and atomic nuclei (considered now as point-like,
quasi-elementary particles) are dominated by electromagnetic forces. To capture most of the binding energy in these
systems, it is convenient to work in the Coulomb gauge, since the instantaneous Coulomb interaction dominates the
binding. Subtle magnetic e ects can be accounted for by including also the instantaneous Breit interaction in the
treatment.

We can define an equal-time equation, asimple, linearH =E -type wave equation, by retaining the instantaneous
part (Coulomb or Coulomb Breit) of the interaction mediated by (subsequent exchanges of) a single photon (at
a time) and the positive-energy solutions of ma er. The remaining part of the exact equal-time equation can be
obtained by integrating through the relative energy (relative time) of the interacting particles (in addition to a simple
energy-independent correction term for double-pair instantaneous corrections in the first two terms of Eq. (169)).

The exact equal-time equation form is useful, if the correction obtained from the relative-energy integral is small. In
atoms and molecules, it can be anticipated that it is small, because the electromagnetic interaction is relatively weak.
During the ‘infinitely’ long lifetime of bound systems, infinitely many photon exchanges occur, but these exchanges
are mostly consecutive, there are not ‘many photons’ present at the same time. The binding of atoms and molecules
is dominated by a single photon exchange at a time, and during the lifetime of the system, there is an infinite ladder
of single-photon exchanges, the Coulomb ladder or the Coulomb Breit ladder with non-crossing steps. The e ect of
crossing photons can be identified under a high-energy resolution, and as a small e ect it can potentially be accounted
for as a (low-order) perturbative correction to the interaction ladder.

If the interaction was much stronger (  was larger), there were more interaction-mediating particles present at the
same time, crossed diagrams would be more important, and the equal-time separation and the no-pair approximation
would be less useful.
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C. Prospects regarding H

The equal-time two-particle wave equation with instantaneous interactions could be formulated at the price of the
appearance of a complicated potential energy-like term, which contains an integral with respect to the relative energy
of the particles, and which can be considered as some e ective potential due to the full-fledged description of the
photon field for an interacting two-particle reference (no-pair DC or DCB).

Sucher [147] formulated low-order perturbative corrections to the no-pair DC(B) energy using Brillouin Wigner
perturbation theory (BWPT). The advantage of the BWPT energy formula is that it remains formally unchanged for an
energy-dependent perturbation (here H (E)),

E E=hjH @ H)?'ii
=h in il +h in H ii+h in H H i+ (171)

where the no-pair Hamiltonian is
Hi=H; +Hy, + L. il (172)

and (E, ;) stands for the (reduced) resolvent

(E, )=

X dh i i sih i Lo
J é,n El,nJ JEI E.IJ =(E H) @ jiih ). (173)
n 1

n

The i, functions are eigenfunctions of the H; no-pair Hamiltonian with instantaneous (i) interactions.

A useful relation for the quasi-Green function is obtained as follows. Usingthe1 = L., + L, +L .+L completeness relation, we can write
E H) ' b i)
= Hi) ‘Lo b i)+E H) f(Le +L.FL )

=(E Hi) ML« jogih )+ (E Hi Hz Lulile) Yo +L .+L )

=(E Hi) Y. joiih )+E Hi Hy) YL. +L.+L )

=( H) YL« joih )+D ML +L L ). (174)
Thus, the quasi-Green function can be wri en as

E =E H) YLw jiih §)+D Y1 L.). (175)

Aiming for a given order result, simplifications are possible. In Sucher’s 3Ej calculation [147], it was su icient
to consider only the first two terms in the expansion of Eq. (171), furthermore, the exact energy could be approximated
byE Eie,H (E) H (E)and (E, ) (Ei, i). These approximations essentially led to first- and second-order
Rayleigh Schr dinger-type correction formulae.

For the inclusion of H in numerical computations, it is convenient to write it as the sum of two terms,
H =H +H-. (176)
H is algebraically straightforward, and corresponds to (non-crossing) pair corrections,

H = L++ I |(1 L++) L I| . (177)

The technically more involved part includes an integral for the " relative energy and carries retardation and

crossed-photon contributions (e.g., K¢ ¢, Kt ¢1and Ky ¢z in Fig. 12),
Z g4
H-=D TF 'K (F K) . (178)
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For numerical computations, the inverse can be expanded as

Z
H.-=D ——F 'K (F K) '
Z '
= —DF 'K F Y1 KF Y
Z "
= —dZiDFlKF11+KF1+KF1KF1+ i
z
dll
= —5 DF 'K F'+DF 'K F 'K F '+DK F 'K F '+ 1. (179)
We can start by considering the first term of the expansion,
Z g
HY =D TF 'K F Lo, (180)

where the " integral is within the square brackets, since it is surrounded by equal-time quantities (without any
relative-energy dependence, cf. Egs. (168) and (169)). Eq. (180) can be considered as the next-order term to the known
relation, Eq. (165),
Z g
—F '=D YLe L ). (181)

A useful identity for the inverse of the product of the one-particle propagators:
-l 1
Fl=F'F
=(F 1+ F NF1+Fy) !
=(F, T+ F, l)D ‘=D l(Fl + F, 1) (182)
=(S1+5)D =D Y51 +Sy). (183)

Then, using Eg. (182), we can write

Ho=p L F ik ! I
21
dll
2

dll

= BN i(F11+F2 DK (Ft+F,h) D

D '(F, '+F, HhK (F, '+F, ) D Iy

= T m+SK G+5) D ', (184)

where in the last step, we used the short notation for the one-electron propagators, Egs. (155) (156). It is convenient to
consider the propagators as the sum of electronic and positronic contributions, S; =S4+ +S; and S, =S+ +S; . Even
for complicated K kernels with multiple photon exchanges, remembering the sign of the imaginary component of
the " pole (positive for S; , S, and negative for Si4, S, ) is useful for the identification of non-vanishing contributions.
Furthermore, depending on the actual K interaction, one can make arguments (following Sucher [147] and Douglas
& Kroll [149]) about the relative importance of the contribution from the electronic and positronic subspaces.

A useful relation regarding D; 1Ii i
IfEjand j is the eigenvalue and eigenfunction of the no-pair Hamiltonian, Eq. (170), then

(Hi+H2+ L liLyy) i =Ei
LeliLe i=(E Hi Hz)
E Hi H) LaliLe = |
D, "Lulile =
D; 'Leli i= i, (185)

where the last step can be made, since ; 2 Span(L..). Thisrelationwiththe D D; =E; Hi H; approximation is used during the calculations.
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To proceed, we can first consider a first-order perturbative correction to the no-pair eigenfunction (of Eq. (170)),
z

h jH® ji=h ;jD d2 iF K E LN
. d- .
=h i > i(F1l+F2 DK (F ' +Fh) D i
Z ”
=h ij T(SNSZ)K (S1+S)) D Y(Ly+Ly +L .+L I i
Z o
h ij i(sl+sz)|< (S1+S;) D, 'Luily i
Z o
=h jj 5 i(Sl+SZ)K (S1+Sy) i
. d" .
:h iJ TL++(81+82)K (Sl+82)|—++ i|
. d" .
=h jj 5 i(51++52+)K (Sp+ +S24) 1, (186)

where we used the approximation D ? D, L= (5 H; Hy 1 and retained only the positive-energy space
contribution between D ! and I;, furthermore, we inserted the relationship of Eq. (185), and exploited the fact that
is the solution of the no-pair equation.

a. Transverse and retardation correction If we consider the solution of the no-pair DC equation, ; = ¢ and
approximate the total energy in the correction with the no-pair DC energy, E  Ec, then we can proceed for K = Ky
(Fig. 12) by using the fact that the " integral for the ‘homogeneous’ terms (1 + 1+ and 2 + 2+) gives zero contributions
(the "-poles are either both in the positive or in the negative imaginary half plane), and only the mixed (1 + 2+ and
2 + 1+) terms have a non-vanishing contribution,

z

. a" i
Eree =h cj T(S“ +S24)Kr(S1+ +S24)  ci
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=h cj Tfsh K1So+ + S0+ K7S149 i
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+ Lo+ K L1+
Ec " f T Ec . » f
= Ex+i 5+ Ei+i

ci. (187)

Furthermore, L+ and L. can be suppressed next to the ¢ no-pair wave function (and we assume z;z, = +1 for
simplicity),
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Then, we proceed along the counter-clockwise integration contour for calculating the ! integral in Eq. (188), and find
onepoleat ! = Kk(+i )withk = jkj, and thus, obtain,

z 2 i 1 1
E(12) - k-—=—h ci K~l- - (K H
T+ 2 % d 2] cj 2( K 2kEc E, E Kk ! 1(K) ci
_ 1 : i 1 i .
=57 dk 2kh cl 2( K ziEc H K 1 1K) ci, (189)

where Hy = H; + H, is the non-interacting two-particle Hamiltonian. A similar calculation can be carried out for
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exchanged 1 and 2, and thus, the full, positive-energy transverse correction to the no-pair DC wave function is

Z
_ R o i
Erer = 2 2 dk 2kh c) 2 2( k)EC Ho k 1(k) 1
+-1 1(k)m o0 K-~y i, (190)

which reproduces Sucher’s result, Eq. (5.26) of Ref. [147].
With further manipulation, Sucher obtained the Coulomb ladder correction to T.. resulting in the appearance of the
interacting no-pair DC Hamiltonian in the resolvent,

z

1 C 1
dk o el 5o K

m 1(k)~i1+(1$2) cl. (191)

ET(C)++ = 22

The important part of this correction is due to the retardation of the interaction, which can be obtained by separating
the instantaneous part according to (p. 75 of Ref. [147])

1 1 1 Ec Hc
Ec He k Kk kEo He K’ (192)
where the first term gives rise to the Breit operator (cf., Eq. (133) (134)),
z
1 . .
B= 77 dk@“'l"'z 1(K) 2( K) (193)
and the second term gives the perturbative retardation correction,
z
~ 1 . Ec Hc .
Eret—ﬁ dk Wh ci~1 1(k)m"lz 2( K) cit(1$52). (194)

In 1958, Sucher did not have access to the numerical solution of the no-pair DC equation, so he introduced a series
of approximations (including the Pauli approximation) to have final expressions for the non-relativistic wave function.
Nowadays, computer power allows us to compute and converge to ‘high precision’ the numerical solution of the no-pair
eigenvalue equation (Sec. I1I D), so it is a challenge to develop algorithms and computational procedures using an
accurate relativistic wave function for the evaluation of perturbative corrections of H .

For future research, it will be a task to find practical expressions and procedures for the evaluation of the correction
terms. Since the correction terms are wri en in an operator form (without making assumptions about using some
special, e.g., one-particle, basis representation), it remains a technical and computational task to evaluate the integrals
for a basis representation allowing high-precision numerical results (Secs. 111D and Il E). For general, many-(two-)
particle basis functions it may turn out to be convenient to group certain terms together (e.g., retardation and self
energy), which would otherwise be evaluated separately (i.e., in computations with one-particle basis functions).

b. Initial thoughts about crossed photon corrections K¢ ¢ is the simplest crossed-photon correction (Fig. 12). Using
Sucher’s rules (Sec. 111 B 3), we can formulate the correction integral to first-order perturbation theory (and using the
E E approximation),

Z
. d" .
Ec ¢ = h i) T(SH + S2+)KC C(Sl+ + S2+) il
Z Z
da' dr dv?
= Upnp) —— 5 [S1+(P1) + S24(p2)]

210 2
Si(pr K)Sa(p2 + k) c(K) c(K) (k) (k)
[S1+(p1) + S2+(P2)] c(p1, p2) dk dK’ dpy dp; (195)
which can be simplified by repeated use of the residue theorem [147]. Direct evaluation (or possible approximation)

of the remaining integrals is a future task for precise no-pair wave functions computed by numerical solution of the
no-pair wave equation (Secs. [11D I E).

D. Numerical solution of the no-pair Dirac Coulomb Breit eigenvalue equation

This section provides a brief overview of the practical aspects for solving the no-pair Dirac Coulomb or
Dirac Coulomb Breit equation with explicitly correlated trial functions [174 177]. Explicitly correlated, i.e.,
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two-particle, basis functions make it possible in practice to converge the energy to a precision where comparison of
the sixteen-component results with precise and accurate perturbative computations (non-relativistic QED) established
in relation with precision spectroscopy is interesting and has been unexplored until recently. For the sake of this
comparison, we focus on atoms and molecules of light elements, but in principle, the theoretical and algorithmic
framework presented in this work is not limited to low Z systems (unlike finite-order nrQED).

Starting from this section, we replace the natural units (~ = ¢ = ¢ = 1), used in the previous section and common
in molecular physics, with Hartree atomic units (~ = e = 1=(4 () = me = 1), convenient for quantum chemistry
computations. We also note that it is not assumed that the mass of the spin-1/2 particles equals the electron mass, and
S0, we continue to explicitly write out the particle mass.

Furthermore, the practical solution of the no-pair wave equation, Eq. (170), is carried out in coordinate space, instead
of using the momentum-space representation, which was useful for writing down the interactions (Sec. III B 3) and
working with the propagators (Secs. Il B 4).

a. No-pair Hamiltonian In the coordinate-space representation, the no-pair Dirac Coulomb Breit (DCB)
Hamiltonian, Eq. (170), is

H[l6] - LE-G] HjI|:_4] |[4] + |[4] H£4] + V|[16] + B[l6] LE-G] 1 (196)
where we wrote the projectors around the entire operator, not only around the interaction, so, we can deal with only
the positive-energy block, which was decoupled from the Brown Ravenhall (+ and +) and negative-energy () blocks
already in Eq. (170).

Hi[4] (i = 1,2) is the single-particle Dirac Hamiltonian of Eq. (85) shi ed by the m;c? rest energy,
HIT=c( 1 py+ (1 1Ehme? + Uit (197)

and the U; external potential is due to the nuclei with Qa = Za electric charge, fixed at position Ra,

> 4z
u= A% (198)
ac i Ral
and z; refers to the electric charge of ith active particle.
The third term of HI*®! stands for the Coulomb interaction of the particles (with r, = jr1 1))
vi0el = 2122 [6] (199)

12

while the last term represents the instantaneous Breit interaction in coordinate representation, cf. Eq. (133) (134) and
(193):

BUS = A2 W Wy lom oy (W) (200)
2rip o

The symbol  stands for a block-wise direct product (also called Tracy Singh product [193 196]), which allows
us to retain in the many-particle quantities the block structure of the one-particle Dirac matrix expressed with the
i (i =1,2,3) Pauli matrices,

1 [2 [21 ol2]
m_ O i | 0
T @ and = o0& @ - (201)
1
Furthermore, we explicitly indicate the (k k) dimensionality of the matrices by the [k] superscript. For the numerical
implementation, we write the Hamiltonian with the ; Pauli matrices,

H(L,2) = .
V1Ml + Y14 ¢ p ¢c M p B4
Lee B e 1 op viBle U 2mpc?pt Bl c 1 p Qe (202)
* ¢c M p B[4 Vi + U 2myc?)1 ¢ p v
Bl ¢ M p ¢ M p VB + (U 2mppc?)il

where neglecting the B Breit term (zeroing the anti-diagonal blocks) defines the no-pair Dirac Coulomb (DC)
Hamiltonian, H,[Dlg].

Regarding the LI projector, it is important to remember that the two-particle Dirac operator with instantaneous
(Coulomb or Coulomb Breit) interactions emerges from the Bethe Salpeter equation with the L8] operator projecting
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onto the positive-energy states of the non-interacting problem (Sec. 111 B 4). In this context, a two-particle operator
without this projector appears to be an ad hoc construct without simple connection to quantum electrodynamics.

b. Kinetic balance condition and its implementation as a metric  The no-pair Hamiltonian, Eq. (196), is bounded from
below, and thus, development of (precise) variational procedures to solve its eigenvalue equation is highly relevant for
practical application of the theory. To define a good basis set, it is important to ensure a faithful matrix representation
of the p? = p; p; identity [197]. During our work, fulfillment of this relation is ensured by using the so-called ‘restricted
kinetic balance’ condition, relyingonthe ( [ a)( @ b)=(a b)Id+i@a b) [ property of the Pauli matrices,

" #
NG
Xi = 0[2] ( [21 pi) - (203)
2mjc

The simple generalization of this one-particle balance to the two-particle case is

2|[4] o4 o oM 3
M (3P g [4]
xGT=xf xf1 = gﬁw ot <?]7p> ﬁm : (204)
oM ol gT[]i]c ( {”43% : éz] p2)
where M= [ Pand =i [and denotes the usual Kronecker product.
We have implemented the kinetic balance condition in an operator form, i.e., as a ‘metric’, [174 177, 196, 198]
HEs! = XEPHEIXET and  1fg! = xBYXGT (205)

and detailed operator expressions can be found in Refs. [174 177].

c. Spatial and spinor basis Finding the spectrum of HI'6I (in the X-KB metric) numerically requires a finite set
of basis functions, which we first define as the product of a (two-particle) spatial function and an elementary spinor
(vector),

j %s)i - ’ijeéle)i . (206)

Regarding the spatial part, two-particle functions can be e iciently represented in the floating explicitly correlated
Gaussian (ECG) basis [13, 196, 199],
h i
“rur)=exp (r o s)TAE B s) , i=1, Ny, (207)

where r = (r,r;)" 2 R®. The s; 2 R® shi  vector and the positive-definite Ai[z] matrix elements are parameters of each
ECG to be determined via variational optimization (vide infra). The main advantage of working with ECGs lies in the
fact that ECG matrix elements of various operators can be calculated analytically.

Regarding the spinor part, 42 = 16 elementary spinors can be constructed, they are of the form

ePi=j i j@i @i ja@i, 9=1 16, (208)
with = 1,s (corresponding to the large and small components) and m = 1=2 (corresponding to the spin projection,
S2),

.1 .. 0 .1 . ._0
jli= o  I81= and b= g osi= (209)

In Eg. (208), the *(1)’ and ‘(2)’ symbols are shown to highlight the particle index, which is defined by the position of the
vector in the Kronecker product.

Instead of the elementary spin representation, we can use a spinor basis which is adapted to the two-particle spin
eigenstates (S = 0,Ms = 0singletand S =1,Mg =0,+1, 1triplet),i.,

i 8= ijelo (210)
with

€I=i i j @i J sm(L2i, g=1, 186, (211)
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and
2 0 3 203 213 203
P ai=ps 88 =P A8, =08, i1 =808 (212)
0 0 0 1

Spin-adapted functions are useful both from an interpretational and also from a practical point of view, as they make a
direct connection with non-relativistic results. This direct connection to non-relativistic computations can be exploited
for systems in which relativistice ects are small and the non-relativistic basis parameterization provides a good starting
point for relativistic computations [174 178].

d. Symmetry-adaptation of the basis For identical spin-1/2 fermions, anti-symmetrized basis functions must be
used,

j oVi= Al 005 (213)
where the Al anti-symmetrizer acts both on the coordinate and spinor space [174, 175],
2|[41 pllp, oM 04l o4l 3
AlL6] :% s (Pl plp,, = %g 853 PI[E:;]P12 PI[E‘:]Plz 8{2 é ’ (214)
o4 o o 41 plélp,,
where Pj, exchanges coordinate space labels and
21000°
plea=90 0 0 %% (215)
0001

acts on the spinor components. In particular, (PIPy)( M py)=PH( M pyPy, = (1 po)(PHPy,). In two-particle
computations with di erent spin-1/2 particles, the anti-symmetrization step is, of course, omi ed [179].

Furthermore, if the system in consideration possesses additional spatial symmetries carried by elements of point
group G, then, it is useful to adapt the basis functions also to these symmetries. A PEG] operation projecting onto an
irreducible representation of G can be realized by accounting for both the spatial and spin part of the problem [175, 178].

(16)

e. Avariational procedure We approximate eigenfunctions of HI'l in the fj iq 19 basis by the linear combination,

3K
ji= Cigl i, (216)
i=1 ¢=1

which results in the generalized eigenvalue equation,
Hc =ESc, (217)
where the Hamiltonian and the overlap matrix elements are calculated as

(H)jpiq = h j(;s)jHEg]j g‘”i and  (S)jpiq =h J.(;@jl,[j;]j i(;@i. (218)

This is a linear variational problem for the c;q coe icients and a non-linear variational problem for the basis function

parameters, fAi[Z], sig. The coe icients are found by solving Eq. (217) with a given set of parameters, and the parameters
can be refined by minimization of the energy for a selected eigenstate. This optimization procedure, along with (analytic)
evaluation of ECG integrals has been implemented in the QUANTEN program package [13, 19, 174 177,200 204].
For calculating the matrix elements of Eq. (218), the positive-energy projection of the Hamiltonian must be carried
out. The matrix representation of the LIl projector is constructed by using the positive-energy eigenstates of the
non-interacting two-particle Hamiltonian, HI*! 1141 + 1141 HIY, represented as a matrix over the actual basis space
[174 177, 179]. Selection of the ‘positive-energy’ two-electron states can be realized approximately by ‘cu ing’ the
non-interacting spectrum based on some energetic condition [174, 175], or more precisely, by rotating the spectrum to
the complex plane via complex rescaling of the electron coordinates. This complex rotation (CR) allows us to distinguish
three di erent ‘branches’ of the non-interacting two-electron system (positive-, Brown Ravenhall, and negative-energy
states), in principle, for any finite rotation angle [205]. In practice, an optimal range for the angle can be found by some
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numerical experimentation (considering the finite precision arithmetic and the finite basis set size). For the low-Z end
of the helium isoelectronic series, the cu ing and the CR approaches resulted in practically identical energies, with a
relative di erence (much) less than one parts-per-billion (ppb) [174, 175].

f. Perturbative inclusion of B8] Since the energetic contribution of the Breit to Coulomb interaction is small, the
B8] term of the DCB Hamiltonian can be treated as a perturbation to the DC problem, which corresponds to the
HIel = S 4 | [161gMel [16] partitioning. The Rayleigh Schr dinger-type perturbative corrections to the DC energy
(up to first or second order) [176, 177] are evaluated as

Edtngin = Eben +N niBRel i, (219)
and
><jh_Big] nif’

Pr(12)fBg = EE)JrC.n +h nJB[Kllg]J ni E+t E*
K6n DC, k DC,n

, (220)

where fj nigand Ej , are eigenfunctions and eigenvalues of the no-pair DC Hamiltonian, and Blg! = X5 Bl ¥,
Brown Ravenhall states do not require any further caution in the perturbative calculations either, since the |
zeroth-order states are within the positive-energy (++) space.

For low nuclear charge numbers (low Z), the (second-order) perturbative and variational inclusion of the Breit
interaction resulted in very small energy di erences (on the order of a few ppb relative di erence) [176, 177], which
means that the one- and two-Breit photon exchange dominates the ‘magnetic part’ of the interaction. For higher values
of the nuclear charge, the di erence between the two approaches is anticipated to be larger (to be explored in later
work), as higher-order perturbative corrections become more important. These e ects are automatically included in
the variational solution, which, a er all, can be thought of as the infinite-order summation of ladder diagrams.

On the other hand, it is interesting to note that higher-order corrections due to the ‘Coulomb ladder’ are significant
already beyond Z = 1 [175] (Sec. Il E 1), which indicates the relevance of the development of a variational relativistic
procedure.

g. Extension to a pre-Born Oppenheimer relativistic framework We have originally formulated and implemented
the equations for two-electron systems with fixed external charges, i.e., for Born Oppenheimer-like relativistic
computations [174 177]. Most recently, it became possible to generalize these ideas to two-particle systems
without external charges, i.e., pre-Born Oppenheimer-like [15, 16, 19, 20] relativistic computations, by using a
center-of-momentum frame, by considering the operators and definition of the projector according to Sec. Il1B4,
which result in the emergence of a sixteen-component no-pair DC(B) Hamiltonian for the relative (internal) motion.
The formalism, implementation details, and numerical results, tested with respect to available perturbative corrections
according to Sec. |1 E, are reported in Ref. [179].

E. An overview of numerical results

Before our work, a few ‘high-precision’ Dirac Coulomb computations have been reported in the literature for
helium-like ions [135, 196, 205, 206], but the di erent computational procedures (with slightly di erent technical and
theoretical details) delivered (slightly) di erent numerical results. Direct (and useful) comparison of these results with
high-precision atomic experiments was not possible due to other, important missing (e.g., radiative and nuclear recoil)
corrections.

At the same time, many questions and concerns appeared in the literature regarding the Dirac Coulomb( Breit)
‘model’ taken as a ‘starting point’ and its use in a variational-type approach [135, 136, 205, 207 209], the role and the
correct form of the kinetic balance condition [196, 208, 209], the ‘choice’ of a good projector for correlated computations
[205, 206, 210]. There had been even more controversy (and fewer solid data or formal result) regarding the inclusion
of the Breit interaction in a variational treatment. Most of the observations have their own right in their own context,
but the literature was very fragmented and the proper origins for a Dirac Coulomb-based variational-type procedure
with potential utility for precision spectroscopy had been obscure. At the same time, it is important to add that
(various) Dirac Coulomb( Breit) Hamiltonian-based computational procedures have already been successfully used
for compounds of heavier elements in relativistic quantum chemistry and in relation with (lower) chemical energy
resolution, e.g., [171, 172].

We have in mind (high) precision spectroscopy experiments for ‘calculable’ systems, calculable to an in principle
‘arbitrary’ precision, if the fundamental equations are known. So, we have had anticipated that a precise solution of
some (appropriate) variant of a DC(B)-type wave equation is an important step, but it is at most halfway to the solution
of the full problem, i.e., for delivering values for direct comparison with precision spectroscopy experiments. For this
reason, it was of utmost importance to find good anchors for our work to established results and to the (more) complete



Edit M£tyus: From molecular spectroscopyqocnmegﬁlg p§y35les-(g2;l)' 45

theory, i.e., relativistic quantum electrodynamics.

The primary and essential ‘anchor’ for our work was, of course, the connection to the field theoretic Bethe Salpeter
equation that was reviewed in Sec. 111 B. This formal connection clearly defines the form of the operator, the projector,
and the (wave) equation which we solve, as well as, in principle, all correction terms due to retardation, pair, and
radiative e ects.

In addition to this formal ‘benchmark’, it was necessary to establish numerical benchmarks to be able to check
‘intermediate’ numerical results. Extensive testing of numerical results became possible by finding connections to
(part of) the already established perturbative relativistic and QED approach based on a non-relativistic reference. This
perturbative route, sometimes called non-relativistic QED (nrQED), is currently the state of the art for compounds of
light elements, which are ‘calculable’ systems to an almost ‘arbitrary precision’, and has been extensively tested in
relation with precision spectroscopy experiments [211 217]. The fundamental limitation of nrQED is connected with
the finite-order of the available corrections in  (including also Z ), which limits the overall accuracy of the results,
and this limitation provided the motivation for the present research program.

1. Variational vs. perturbation theory: perturbative benchmark for the no-pair energies through  scaling

Using a computer implementation of the algorithmic details summarized in Sec. IlI D, we computed the no-pair
DC and DCB energies for a series of two-electron atomic and molecular systems with fixed nuclei [174 177], as well
as for two-particle positronium-like systems without external charges [179]. Are these numerical results correct? Do
they (with the corresponding wave functions) represent a solid intermediate step for further potential computation of
increasingly accurate relativistic QED energies for these systems? Direct comparison with experiment, due to missing
corrections carried by H (and the nuclear motion for the BO-type computations), is not relevant at the current stage.
Numerical results of (more) ‘complete’ nrQED computations have been extensively tested with respect to experiments,
and apart from known (and conjectured) limitations of the nrQED framework, these results provide us current numerical
benchmarks.

At the same time, comparison of our variational no-pair Dirac Coulomb( Breit) energies with nrQED is not
immediately obvious. In nrQED, the total (electronic) energy is wri en as the sum of the non-relativistic (nr) energy
and correction terms for increasing orders of the  fine-structure constant,

E=En+ 2+ Mg+ 4y Mg+ (221)

The "', correction has been known as the Breit Pauli Hamiltonian expectation value basically since Breit’s work during
1928 1931 [8 10, 132], the complete "3 correction was first reported by Araki [148] in 1957 and Sucher [147] in 1958,
the "4 correction to triplet states of helium was derived by Douglas and Kroll [149] in 1974 and also for singlet states
by Yelkhovsky [159] (and computations with Korobov [160]) in 2001 and by Pachucki [158] in 2006. There are currently
ongoing e orts [162, 163] for the computation of the "5 correction to triplet states of helium-like systems. Furthermore,
for comparison with experiment, the e ect of the nuclear motion is also accounted for in addition to Eq. (221). A recent
review provides an overview of the current status for positronium-like systems [218].

At the same time, a precise variational solution of the no-pair DCB equation provides us with the no-pair or
positive-energy projected energy to all orders of (all orders of Z ), for which the following  series can be formally
wri en as

E+ = Eq + 2"2 + 3--§+ + 4--Z+ + 5--;* + . (222)

In Egs. (221) and (222), we underlined the quantities that are primarily computed.

In a variational computation, we obtain E** to a certain numerical precision, and we want to check these
computations, for testing the (correctness of the result of a complex) implementation and computational (work) and for
gaining more insight and understanding to the numbers. We do not directly have access to the formal expansion of
the no-pair energy (right-hand side of Eq. (222)), but by computing E**( ) for a series of slightly varied  values, we
can fitan -polynomial to the result [175, 176]. Coe icients of this fi ed polynomial deliver us values for "5, "3", """,
resulting from (a series of) variational computations, and these values can be directly compared (tested) with respect
to the relevant (part of the) nrQED corrections (right-hand side of Eq. (221)).

The second-order term in Eq. (222), *',, is the same as in Eq. (221). Beyond second order, the "'* term contains only part
of the ", ‘complete’ nth order nrQED contribution. Sucher calculated perturbative corrections to the non-relativistic
energy [147] (in this sense, similar in spirit to nrQED), but fortunately, he reported also the no-(and single- and
double-)pair part of the contributions. So, we could easily use his no-pair corrections and compare with our 2-order
coe icient from variational results of helium-like ions (and two-electron molecules) [175 177]. Similar °En-order
results are available for hydrogen- and positronium-like two-particle systems from Fulton and Martin [146].

All implementation details and extensive comparison with the perturbative results have been reported in Refs. [174
177], and in the more recent papers, Ref. [178] regarding triplet contributions, and in Ref. [179] about a Dirac relativistic
pre-Born Oppenheimer framework for two-particle systems without external charges.
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In a nutshell, an excellent agreement of the no-pair (BO and pre-BO) variational results [174 179] is observed through
the scaling procedure for a series of systems, which represents an important milestone for the development of a
computational relativistic QED framework for future use in relation with precision spectroscopy.

F.  Summary of the current status and outlook to future work

With relevance for testing and development of the fundamental theory of atomic and molecular ma er, a relativistic
quantum electrodynamics framework for two-spin-1/2 fermion systems (with or without external fixed nuclei) has been
reviewed starting from the field theoretic Bethe Salpeter (BS) equation. By exploiting the fact that the dominant part of
the interaction (Coulomb or Coulomb Breit) is instantaneous, it is convenient to re-write the original BS equation to an
exact equal-time form, which contains the no-pair Dirac Coulomb( Breit) Hamiltonian and a correction term, which
carries retardation, pair, and radiative corrections. Since this correction term is anticipated to be small, a perturbative
treatment has been considered. Initial ideas have been reviewed for such a perturbative treatment assuming that a
highly precise approximation to the DC(B) wave function, solution of the no-pair equation including the instantaneous
Coulomb( Breit) interaction ladder, is available.

For computing highly precise approximations to the no-pair DC(B) energy and wave function, implementation
details have been reviewed for an explicitly correlated, variational, no-pair DC(B) computational procedure with the
Born Oppenheimer approximation as well as for extension to a pre-Born Oppenheimer relativistic framework. The
computed variational no-pair energies are tested through their  fine-structure constant dependence with respect to
the relevant parts of the order-by-order computed non-relativistic QED (nrQED) corrections.

Regarding future work, it is important to realize and implement the evaluation of perturbative corrections for the
retardation, pair, and radiative corrections using the variational no-pair DC(B) wave functions already computed for a
series of two-particle systems.

Further important work will include generalization of the theoretical framework to N-particle systems (including
electron, positron, muon, and spin-1/2 nuclei), i.e., which appears to be feasible through the following steps: (a)
starting from an N-particle Bethe Salpeter wave equation; (b) identification of the relevant irreducible interaction
kernels; (c) exploitation of the instantaneous character of the dominant part of the interaction; (d) emergence of the
N-particle no-pair DCB wave equation for the non-interacting projectors plus a correction term including integral(s)
for the relative energy; (e) solution of the no-pair DCB wave equation to high precision using explicitly correlated
basis functions and a variational procedure; (f) accounting for the retardation, pair, and radiative corrections by
perturbation theory; (g) testing the intermediate results with respect to the relevant terms (if known) from nrQED;
(+3) accounting for the motion of the nuclei (for systems with spin-1/2-nuclei, e.g., H}, H, or HJ), by using a
many-particle pre-Born Oppenheimer no-pair DCB approach through generalization of Ref. [179]. At the moment, this
endeavour appears to define an extensive research program. The present work reviewed a promising starting point based
on the fundamental theory (QED) and outlined necessary practical steps. Various technical and conceptual di iculties
can be foreseen.

Nevertheless, the success of many-particle Dirac Coulomb( Breit) methodologies in relativistic quantum chemistry
targeting a much lower, i.e., chemical energy resolution, as well as the limitations due to finite-order nrQED expressions
suggest that the development of a computational relativistic QED framework, targeting the spectroscopic energy
resolution for testing and further developing the fundamental theory of atomic and molecular ma er, is relevant.

IV. IN LIEU OF A SUMMARY: QUO VADIS THEORETICAL MOLECULAR PHYSICS AND SPECTROSCOPY?

This is not the end, but a new beginning. So, | list goals and questions in relation with the presented material to be met
and answered in the (near) future. | can see molecular physics and spectroscopy living its renaissance and anticipate
major progress in the future along the following directions.

a. Floppy molecular motions are the most chemically interesting, but the sca old also ma ers Floppy systems are
chemically interesting, but the floppy partis most o en connected to a large, semi-rigid part. This semi-rigid part is not
completely rigid, complete freezing would mean a crude approximation. So, it will be important to develop quantum
dynamical ‘embedding’ methods in the future.

b. For quantum nuclear motion theory, the real challenge is the great variety of experimental applications A er all,
quantum nuclear motion theory provides the link between the electronic quantities (almost correct), with experimental
observables (the nuclei also move!). And there is a great variety of experiments that can probe molecular motion or
use information (databases) from molecular quantum dynamics. The main challenge is to develop quantum dynamics
methods that can meet all experimental requirements, in terms of energy resolution, complexity of the system,
energetic-dynamical range of the experiment, etc. In any case, the present-day quantum chemistry set-up provides us
with an extremely powerful modeling framework (ingeniously relying on powerful error cancellation) that we can use to
explore the structure and dynamics of molecular systems to a great detail, help to explain and understand experimental
observations, and produce data for use by other branches of science and technology.
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¢.  Will quantum computers help solving the quantum nuclear motion problem?  We will see. If we need to solve a fully
coupled 3N 6 dimensional problem, the answer is most likely: ‘no’. If sum of lower-mode surfaces provide a faithful
representation, by some powerful and automated implementation of high-dimensional model representation, then the
answer is ‘maybe’. According to some researchers, the entire electron-nucleus (pre-Born Oppenheimer) problem should
be considered on a quantum computer, since the non-relativistic molecular Hamiltonian is guaranteed to be sum of at
most two-body terms. Furthermore, without introducing the BO approximation, we are freed from the trouble of having
to fit, and then, integrate a multi-dimensional hypersurface. So, this is an appealing direction, but probably a very long
way to go.

d. Testing physics with atoms and molecules We can aim for more than just modelling or reproducing or explaining
experimental results. Precision spectroscopy and molecular quantum theory can, hand in hand, test and improve. To
pursue this direction, we theorists are responsible for developing molecular guantum theory. The current challenge
is to abandon the two approximations underlying present-day quantum chemistry. | foresee the development of a
computational (BO or pre-BO) relativistic QED framework. It must be a proper theory with equations that remain
valid over the entire periodic system (and not just a numerical recipe to compute correction terms for special systems).
We have just scratched the surface (Ch. II1), it is still some way to go and not without di iculties, but there will be
some fruits and flowers at almost every step. Ultimately, it will bridge precision spectroscopy and relativistic quantum
chemistry. And then? Well, in the one hand, we will have the best possible description of molecular ma er, which can
then be reliably used to study molecular systems under extreme environments, e.g., ultra-strong laser fields. Or even
more interestingly, to study atoms and molecules in gravitational fields (of our Earth or in the outer space, maybe near
a black hole) and think about relativistic QED and gravity...

Finally, I cite Theodor H nsch [219]

‘Precision measurements have always appealed to me as one of the most beautiful aspects of physics. With be er
measuring tools, one can look where no one has looked before. More than once, seemingly minute di erences
between measurement and theory have led to major advances in fundamental knowledge. The birth of modern
science itself is intimately linked to the art of accurate measurements.

[1] M. Born and R. Oppenheimer, Ann. der Phys. 84, 457 (1927).
[2] E. Schr dinger, Phys. Rev. 28, 1049 (1926).
[3] W. Heisenberg, Z. Phys. 33, 879 (1925).
[4] M. Born and P. Jordan, Z. Phys. 34, 858 (1925).
[5] M. Born, W. Heisenberg, and P. Jordan, Z. Phys. 35, 557 (1926).
[6] P. A. M. Dirac, Proc. Roy. Soc. Lon. A 117, 610 (1928).
[7] P. A. M. Dirac, Proc. Roy. Soc. Lon. A 118, 351 (1928).
[8] G.Breit, Proc. Nat. Acad. Sci. 14, 553 (1928).
[9] G. Breit, Phys. Rev. 34, 553 (1929).
[10] G. Breit, Proc. Nat. Acad. Sci. 17, 70 (1931).
[11] E. M&tyus, J. Hu er, U. M ller-Herold, and M. Reiher, Phys. Rev. A 83, 052512 (2011).
[12] E. MAtyus, J. Hu er, U. M ller-Herold, and M. Reiher, J. Chem. Phys. 135, 204302 (2011).
[13] E. M&tyus, Mol. Phys. 117, 590 (2019).
[14] A.J. Rocke, Image & Reality: Kekuld, Kopp, and the Scientific Imagination (Synthesis), A Series in the History of Chemistry (The
University of Chicago Press, Chichago and London, 2010).
[15] E. MAtyus, J. Phys. Chem. A 117, 7195 (2013).
[16] E. MAtyus and M. Reiher, J. Chem. Phys. 137, 024104 (2012).
[17] A. Muolo, E. M£tyus, and M. Reiher, J. Chem. Phys. 149, 184105 (2018).
[18] A. Muolo, E. MEtyus, and M. Reiher, J. Chem. Phys. 151, 154110 (2019).
[19] D. Ferenc and E. MEtyus, Phys. Rev. A 100, 020501(R) (2019).
[20] E. Saly, D. Ferenc, and E. Mktyus, (2022), 10.48550/arXiv.2210.09653.
[21] E. MEtyus, A. M. S. Dar a, and G. Avila, Chem. Comm. (in press), 10.1039/D2CC05123K.
[22] M. ack, Chimia 55, 753 (2001).
[23] M.  ack and F. Merkt, eds., Handbook of High-resolution Spectroscopy (John Wiley & Sons, Chichester, 2011).
[24] E. B. Wilson, Jr., J. C. Decius, and P. C. Cross, Molecular Vibrations: The Theory of Infrared and Raman Vibrational Spectra
(McGraw-Hill Book Company, Inc., 1955).
[25] D. Papousek and M. R. Aliev, Molecular Vibrational-rotational Spectra (1982).
[26] B. Sutcli e, Coordinate Systems and Transformations, in Handbook of Molecular Physics and Quantum Chemistry, ed. S.
Wilson. Vol. 1: Fundamentals (John Wiley & Sons, Ltd., 2002) Chap. 31, pp. 485 500.
[27] R. G. Li lejohn and M. Reinsch, Rev. Mod. Phys. 69, 213 (1997).
[28] C. Eckart, Phys. Rev. 47, 552 (1935).
[29] A. Mart n Santa Dar a, G. Avila, and E. MEtyus, J. Mol. Spectrosc. 385, 111617 (2022).
[30] A. Mart n Santa Dar a, G. Avila, and E. MEtyus, Phys. Chem. Chem. Phys. 23, 6526 (2021).
[31] G. Avila and E. MEtyus, J. Chem. Phys. 150, 174107 (2019).
[32] G. Avila and E. MEtyus, J. Chem. Phys. 151, 154301 (2019).
[33] G. Avila, D. Papp, G. Czak , and E. MEtyus, Phys. Chem. Chem. Phys. 22, 2792 (2020).


http://dx.doi.org/10.1002/andp.19273892002
http://dx.doi.org/10.1103/PhysRev.28.1049
http://dx.doi.org/10.1007/BF01328377
http://dx.doi.org/10.1007/BF01328531
http://dx.doi.org/10.1007/BF01379806
http://dx.doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/10.1098/rspa.1928.0056
http://dx.doi.org/10.1073/pnas.14.7.553
http://dx.doi.org/10.1103/PhysRev.34.553
http://dx.doi.org/10.1073/pnas.17.1.70
http://dx.doi.org/10.1103/PhysRevA.83.052512
http://dx.doi.org/10.1063/1.3662487
http://dx.doi.org/10.1080/00268976.2018.1530461
http://dx.doi.org/10.1021/jp4010696
http://dx.doi.org/10.1063/1.5050462
http://dx.doi.org/10.1063/1.5121318
http://dx.doi.org/10.1103/PhysRevA.100.020501
http://dx.doi.org/10.48550/arXiv.2210.09653
http://dx.doi.org/10.1039/D2CC05123K
http://dx.doi.org/10.2533/chimia.2001.753
http://dx.doi.org/10.1103/RevModPhys.69.213
http://dx.doi.org/10.1103/PhysRev.47.552
http://dx.doi.org/10.1016/j.jms.2022.111617
http://dx.doi.org/10.1039/D0CP06289H
http://dx.doi.org/10.1063/1.5090846
http://dx.doi.org/10.1063/1.5124532
http://dx.doi.org/ 10.1039/C9CP04426D

Edit MAtyus: From molecular spectroscopﬂo(r:nelfegﬁlg p§y55|es-(gzél)' 48

[34] D. Papp, V. Tajti, G. Avila, E. MEtyus, and G. Czak , Mol. Phys. , 2113565 (2022).
[35] K. C. Thompson, M. J. T. Jordan, and M. A. Collins, J. Chem. Phys. 108, 8302 (1998).
[36] B. Podolsky, Phys. Rev. 32, 812 (1928).
[37] D. Lauvergnat, P. Felker, Y. Scribano, D. M. Benoit, and Z. Ba£i¢, J. Chem. Phys. 150, 154303 (2019).
[38] P. M. Felker, D. Lauvergnat, Y. Scribano, D. M. Benoit, and Z. Bafi¢, J. Chem. Phys. 151, 124311 (2019).
[39] E. MEtyus, T. Szidarovszky, and A. G. CskszAr, J. Chem. Phys. 141, 154111 (2014).
[40] R. N. Zare, Angular Momentum: Understanding Spatial Aspects in Chemistry and Physics (Wiley-Interscience, New York, 1998).
[41] E. MAtyus, G. Czak , and A. G. CskszAr, J. Chem. Phys. 130, 134112 (2009).
[42] D.Luckhaus, J. Chem. Phys. 113, 1329 (2000).
[43] D. Lauvergnat and A. Nauts, J. Chem. Phys. 116, 8560 (2002).
[44] A. Yachmenev and S. N. Yurchenko, J. Chem. Phys. 143, 014105 (2015).
[45] R. Meyer and H. H. G nthard, J. Chem. Phys. 50, 353 (1969).
[46] R. Meyer, J. Mol. Spectrosc. 76, 266 (1979).
[47] D. Luckhaus, J. Chem. Phys. 118, 8797 (2003).
[48] S. N. Yurchenko, W. Thiel, and P. Jensen, J. Mol. Spectrosc. 245, 126 (2007).
[49] C. Fkbri, E. MAtyus, and A. G. Csksz£r, J. Chem. Phys. 134, 074105 (2011).
[50] J. Sarka and A. G. Cskszkr, J. Chem. Phys. 144, 154309 (2016).
[51] A. Mart n Santa Dar a, G. Avila, and E. MEtyus, J. Chem. Phys. 154, 224302 (2021).
[52] J. Sarka, A. G. Csksz#r, S. C. Althorpe, D. J. Wales, and E. M&tyus, Phys. Chem. Chem. Phys. 18, 22816 (2016).
[53] J. Sarka, A. G. CskszAr, and E. MEtyus, Phys. Chem. Chem. Phys. 19, 15335 (2017).
[54] D. Ferenc and E. MEtyus, Mol. Phys. 117, 1694 (2019).
[55] W.Ritz, J. rein. angew. Math. 135, 1 (1909).
[56] P. R. Bunker and P. Jensen, Molecular Symmetry and Spectroscopy, 2nd Edition (NRC Research Press, O awa, 1998).
[57] S. C. Wang, Phys. Rev. 34, 243 (1929).
[58] G. H. Golub and J. H. Welsch, Math. Comp. 23, 221 (1969).
[59] V. Szalay, J. Chem. Phys. 105, 6940 (1996).
[60] Z.Bacic and J. C. Light, J. Chem. Phys. 85, 4594 (1986).
[61] J. C. Light and T. Carrington Jr., Discrete-Variable Representations and their Utilization, in Adv. Chem. Phys. (John Wiley &
Sons, Ltd, 2000) Chap. 14, pp. 263 310.
[62] X.-G. Wang and T. Carrington Jr, J. Chem. Theo. Comp. 2, 599 (2003).
[63] X.-G. Wang and J. T. Carrington, J. Chem. Phys. 154, 124112 (2021).
[64] G. Schi el and U. Manthe, Chem. Phys. 374, 118 (2010).
[65] M.J. Bramley and T. Carrington, J. Chem. Phys. 99, 8519 (1993).
[66] M.J. Bramley and T. Carrington Jr, J. Chem. Phys. 101, 8494 (1994).
[67] P.-N. Roy and T. Carrington Jr, Chem. Phys. Le . 257, 98 (1996).
[68] X.-G. Wang and T. Carrington, J. Phys. Chem. A 105, 2575 (2001).
[69] X.-G. Wang and T. Carrington Jr, . Chem. Phys. 118, 6946 (2003).
[70] T. Carrington Jr and X.-G. Wang, Wiley Interdis. Rev.: Comp. Mol. Sci. 1, 952 (2011).
[71] C.Lanczos, J. Res. Natl. Bur. Stand. 45, 255 (1950).
[72] M. J. Bramley and T. Carrington, Jr., J. Chem. Phys. 101, 8494 (1994).
[73] E. MAtyus, J. imunek, and A. G. Csksz£r, J. Chem. Phys. 131, 074106 (2009).
[74] C.Fkbri, J. Sarka, and A. G. CskszAr, J. Chem. Phys. 140, 051101 (2014).
[75] G. Avila and T. Carrington, J. Chem. Phys. 131, 174103 (2009).
[76] G. Avila and T. Carrington, J. Chem. Phys. 134, 054126 (2011).
[77] G. Avila and T. Carrington, J. Chem. Phys. 135, 064101 (2011).
[78] D. Lauvergnat and A. Nauts, Spectrochim. Acta A 119, 18 (2014).
[79] Y. Zhang, S. J. Klippenstein, and R. A. Marcus, J. Chem. Phys. 94, 7319 (1991).
[80] E. Castro, G. Avila, S. Manzhos, J. Agarwal, H. F. Schaefer, and T. Carrington, Jr, Mol. Phys. 115, 1775 (2017).
[81] D. Papoutek, J. Stone, and V. pirko, J. Mol. Spectrosc. 48, 17 (1973).
[82] W. H. Miller, N. C. Handy, and J. E. Adams, J. Chem. Phys. 72, 99 (1980).
[83] J. M. Bowman, X. Huang, N. C. Handy, and S. Carter, J. Phys. Chem. A 111, 7317 (2007).
[84] T. Carrington and W. H. Miller, J. Chem. Phys. 81, 3942 (1984).
[85] R.J. Whitehead and N. C. Handy, J. Mol. Spectrosc. 55, 356 (1975).
[86] J. M. Bowman, S. Carter, and X. Huang, Int. Rev. Phys. Chem. 22, 533 (2003).
[87] T. Halverson and B. Poirier, Chem. Phys. Le . 624, 37 (2015).
[88] T. Halverson and B. Poirier, J. Phys. Chem. A 119, 12417 (2015).
[89] J. Sarka and B. Poirier, J. Chem. Theo. Comp. 17, 7732 (2021).
[90] A. Chen and D. Lauvergnat, arXiv preprint arXiv:2111.13655 (2021), 10.48550/arXiv.2111.13655.
[91] F. Heiss and V. Winschel, J. Econometrics 144, 62 (2008).
[92] A. Nauts and D. Lauvergnat, Mol. Phys. 116, 3701 (2018).
[93] M. H. Beck, A.J ckle, G. A. Worth, and H.-D. Meyer, Phys. Rep. 324, 1 (2000).
[94] Z. Bafi¢ and J. C. Light, Ann. Rev. Phys. Chem. 40, 469 (1989).
[95] J. R. Henderson and J. Tennyson, Chem. Phys. Le . 173, 133 (1990).
[96] X.-G. Wang and T. Carrington Jr, J. Chem. Phys. 121, 2937 (2004).
[97] X.-G. Wang and T. Carrington Jr, J. Chem. Phys. 148, 074108 (2018).
[98] P. M. Felker and Z. Bafi¢, J. Chem. Phys. 151, 024305 (2019).
[99] P. M. Felker and Z. Ba£i¢, J. Chem. Phys. 153, 074107 (2020).
[100] Y. Liu, J. Li, P. M. Felker, and Z. Ba£i¢, Phys. Chem. Chem. Phys. 23, 7101 (2021).


http://dx.doi.org/ 10.1080/00268976.2022.2113565
http://dx.doi.org/10.1063/1.476259
http://dx.doi.org/10.1103/PhysRev.32.812
http://dx.doi.org/ 10.1063/1.5090573
http://dx.doi.org/ 10.1063/1.5124051
http://dx.doi.org/10.1063/1.4897566
http://dx.doi.org/10.1063/1.3076742
http://dx.doi.org/10.1063/1.481924
http://dx.doi.org/10.1063/1.1469019
http://dx.doi.org/10.1063/1.4923039
http://dx.doi.org/10.1063/1.1670803
http://dx.doi.org/10.1016/0022-2852(79)90230-3
http://dx.doi.org/10.1063/1.1567713
http://dx.doi.org/10.1016/j.jms.2007.07.009
http://dx.doi.org/10.1063/1.3533950
http://dx.doi.org/https://doi.org/10.1063/1.4946808
http://dx.doi.org/10.1063/5.0054512
http://dx.doi.org/10.1039/C6CP03062A
http://dx.doi.org/10.1039/C7CP02061A
http://dx.doi.org/10.1080/00268976.2018.1547430
http://eudml.org/doc/149295
http://dx.doi.org/10.1103/PhysRev.34.243
http://dx.doi.org/https://doi.org/10.1063/1.471986
http://dx.doi.org/10.1063/1.451824
http://dx.doi.org/ 10.1002/9780470141731.ch4
http://dx.doi.org/ https://doi.org/10.1142/S0219633603000720
http://dx.doi.org/10.1063/5.0044010
http://dx.doi.org/10.1016/j.chemphys.2010.07.006
http://dx.doi.org/10.1063/1.465576
http://dx.doi.org/10.1063/1.468110
http://dx.doi.org/ https://doi.org/10.1016/0009-2614(96)00505-2
http://dx.doi.org/https://doi.org/10.1021/jp003792s
http://dx.doi.org/10.1063/1.1554735
http://dx.doi.org/10.1002/wcms.73
http://dx.doi.org/10.6028/jres.045.026
http://dx.doi.org/https://doi.org/10.1063/1.468110
http://dx.doi.org/10.1063/1.3187528
http://dx.doi.org/https://doi.org/10.1063/1.4864360
http://dx.doi.org/10.1063/1.3246593
http://dx.doi.org/10.1063/1.3549817
http://dx.doi.org/10.1063/1.3617249
http://dx.doi.org/10.1016/j.saa.2013.05.068
http://dx.doi.org/10.1063/1.460216
http://dx.doi.org/ 10.1080/00268976.2016.1271153
http://dx.doi.org/ https://doi.org/10.1016/0022-2852(73)90132-X
http://dx.doi.org/10.1063/1.438959
http://dx.doi.org/https://doi.org/10.1021/jp070398m
http://dx.doi.org/10.1063/1.448187
http://dx.doi.org/https://doi.org/10.1016/0022-2852(75)90274-X
http://dx.doi.org/10.1080/0144235031000124163
http://dx.doi.org/10.1016/j.cplett.2015.02.004
http://dx.doi.org/10.1021/acs.jpca.5b07868
http://dx.doi.org/10.1021/acs.jctc.1c00824
http://dx.doi.org/10.48550/arXiv.2111.13655
http://dx.doi.org/0.1016/j.jeconom.2007.12.004
http://dx.doi.org/ https://doi.org/10.1080/00268976.2018.1473652
http://dx.doi.org/10.1016/S0370-1573(99)00047-2
http://dx.doi.org/10.1146/annurev.pc.40.100189.002345
http://dx.doi.org/10.1016/0009-2614(90)80066-M
http://dx.doi.org/10.1063/1.1767093
http://dx.doi.org/10.1063/1.5020426
http://dx.doi.org/10.1063/1.5111131
http://dx.doi.org/10.1063/5.0020566
http://dx.doi.org/ 10.1039/D1CP00865J

Edit MAtyus: From molecular spectroscopﬂo(r:nelfegﬁlg p§y55|es-(gzél)' 49

[101] A.J ckle and H.-D. Meyer, J. Chem. Phys. 104, 7974 (1996).

[102] P.S. Thomas and T. Carrington Jr, J. Chem. Phys. 146, 204110 (2017).

[103] P. S. Thomas, T. Carrington Jr, J. Agarwal, and H. F. Schaefer III, J. Chem. Phys. 149, 064108 (2018).

[104] S. Carter, S.J. Culik, and J. M. Bowman, J. Chem. Phys. 107, 10458 (1997).

[105] S. Carter, J. M. Bowman, and N. C. Handy, Theor. Chem. Acc. 100, 191 (1998).

[106] B. Ziegler and G. Rauhut, J. Phys. Chem. A 123, 3367 (2019).

[107] X. Wang, S. Carter, and J. M. Bowman, J. Phys. Chem. A 119, 11632 (2015).

[108] H. Rabitz and O. F. Alis, J. Math. Chem. 25, 197 (1999).

[109] S. Manzhos and T. Carrington, J. Chem. Phys. 125, 084109 (2006).

[110] S. Manzhos and T. Carrington, J. Chem. Phys. 127, 014103 (2007).

[111] S. Manzhos, K. Yamashita, and T. Carrington, Chem. Phys. Le . 511, 434 (2011).

[112] G. Avilaand T. Carrington, J. Chem. Phys. 139, 134114 (2013).

[113] G. Avila and T. Carrington, J. Chem. Phys. 143, 214108 (2015).

[114] G. Avilaand T. Carrington, J. Chem. Phys. 147, 064103 (2017).

[115] R. Wodraszka and T. Carrington Jr, J. Chem. Phys. 150, 154108 (2019).

[116] R. Wodraszka and T. Carrington, J. Chem. Phys. 154, 114107 (2021).

[117] T. Carrington, Spectrochim. Acta A 248, 119158 (2021).

[118] P.J. Ollitrault, A. Baiardi, M. Reiher, and I. Tavernelli, Chem. Sci. 11, 6842 (2020).

[119] O. Christiansen, J. Chem. Phys. 120, 2140 (2004).

[120] C. Fkbri, E. MEtyus, T. Furtenbacher, L. Nemes, B. Mih£ly, T. Zoltkni, and A. G. CskszAr, J. Chem. Phys. 135, 094307 (2011).

[121] A. Owens, E. Zak, K. Chubb, S. N. Yurchenko, J. Tennyson, and A. Yachmeney, Sci. Rep. 7, 45068 (2017).

[122] T. Szidarovszky and K. Yamanouchi, Mol. Phys. 115, 1916 (2017).

[123] E. M&tyus, C. Fkbri, T. Szidarovszky, G. Czak , W. D. Allen, and A. G. Cs£sz£r, J. Chem. Phys. 133, 034113 (2010).

[124] M. P. Metz, K. Szalewicz, J. Sarka, R. T biks, A. G. Csksz£r, and E. MEtyus, Phys. Chem. Chem. Phys. 21, 13504 (2019).

[125] P. A. Coles, A. Owens, J. K pper, and A. Yachmeney, Astrophys. J. 870, 24 (2018).

[126] A. Yachmenev, G. Yang, E. Zak, S. Yurchenko, and J. K pper, J. Chem. Phys. 156, 204307 (2022).

[127] A. Owens and A. Yachmeney, J. Chem. Phys. 148, 124102 (2018).

[128] S. Erfort, M. Tsch pe, and G. Rauhut, J. Chem. Phys. 152, 244104 (2020).

[129] S. Erfort, M. Tsch pe, and G. Rauhut, J. Chem. Phys. 156, 124102 (2022).

[130] E. ME&tyus, D. Ferenc, P. Jeszenszki, and ~d&m Marg csy, arXiv:2211.02389.

[131] Paul Dirac interviewed by Friedrich Hund, Institut f r den Wissentscha lichen Film, G ingen, 1982, .

[132] G. Breit, Phys. Rev. 36, 383 (1930).

[133] C. G. Darwin, Phil. Mag. 39, 537 (1920).

[134] G.E. Brown and D. G. Ravenhall, Proc. Roy. Soc. Lon. A 208, 552 (1951).

[135] G. Pestka, M. Bylicki, and J. Karwowski, J. Phys. B 39, 2979 (2006).

[136] G. Pestka, M. Bylicki, and J. Karwowski, J. Phys. B 40, 2249 (2007).

[137] J. Sucher, Foundations of the relativistic theory of many-electron systems, in Relativistic E ects in Atoms, Molecules, and
Solids, edited by G. L. Malli (Springer US, Boston, MA, 1983) pp. 1 53.

[138] T.C. Sco ,J. Shertzer, and R. A. Moore, Phys. Rev. A 45, 4393 (1992).

[139] R. P. Feynman, Phys. Rev. 76, 749 (1949).

[140] R. P. Feynman, Phys. Rev. 76, 769 (1949).

[141] E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).

[142] Y. Nambu, Prog. Theor. Phys. 5, 614 (1950).

[143] J. Schwinger, Proc. Nat. Acad. Sci. 37, 455 (1951).

[144] M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).

[145] E. E. Salpeter, Phys. Rev. 87, 328 (1952).

[146] T. Fulton and P. C. Martin, Phys. Rev. 95, 811 (1954).

[147] J. Sucher, Energy levels of the two-electron atom, to order ® Rydberg (Columbia University), (1958).

[148] H. Araki, Prog. of Theor. Phys. 17, 619 (1957).

[149] M. Douglas and N. M. Kroll, Ann. Phys. 82, 89 (1974).

[150] G. S. Adkins, AIP Conf. Proc. 189, 65 (1989).

[151] K. Pachucki, Phys. Rev. A 56, 297 (1997).

[152] K. Pachucki, Phys. Rev. Le .79, 4120 (1997).

[153] K. Pachucki and S. G. Karshenboim, Phys. Rev. Le . 80, 2101 (1998).

[154] K. Pachucki, Hyperfine Int. 114, 55 (1998).

[155] K. Pachucki, Phys. Rev. A 71, 012503 (2005).

[156] L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950).

[157] V. Shabaev, Phys. Rep. 356, 119 (2002).

[158] K. Pachucki, Phys. Rev. A 74, 022512 (2006).

[159] A. Yelkhovsky, Phys. Rev. A 64, 062104 (2001).

[160] V. Korobov and A. Yelkhovsky, Phys. Rev. Le . 87, 193003 (2001).

[161] M. Puchalski, J. Komasa, P. Czachorowski, and K. Pachucki, Phys. Rev. Le . 117, 263002 (2016).

[162] V. Patk f, V. A. Yerokhin, and K. Pachucki, Phys. Rev. A 101, 062516 (2020).

[163] V. Patk 1, V. A. Yerokhin, and K. Pachucki, Phys. Rev. A 103, 012803 (2021).

[164] G. C. Wick, Phys. Rev. 96, 1124 (1954).

[165] R. E. Cutkosky, Phys. Rev. 96, 1135 (1954).

[166] C.Schwartz, Phys. Rev. 137, B717 (1965).

[167] N. Nakanishi, Prog. Theor. Phys. Suppl. 43, 1 (1969).


http://dx.doi.org/10.1063/1.471513
http://dx.doi.org/10.1063/1.4983695
http://dx.doi.org/10.1063/1.5039147
http://dx.doi.org/10.1063/1.474210
http://dx.doi.org/10.1007/s002140050379
http://dx.doi.org/10.1021/acs.jpca.9b01604
http://dx.doi.org/https://doi.org/10.1021/acs.jpca.5b09816
http://dx.doi.org/10.1023/A:1019188517934
http://dx.doi.org/10.1063/1.2336223
http://dx.doi.org/10.1063/1.2746846
http://dx.doi.org/https://doi.org/10.1016/j.cplett.2011.06.040
http://dx.doi.org/10.1063/1.4821348
http://dx.doi.org/10.1063/1.4936294
http://dx.doi.org/10.1063/1.4994920
http://dx.doi.org/10.1063/1.5093317
http://dx.doi.org/10.1063/5.0046425
http://dx.doi.org/https://doi.org/10.1016/j.saa.2020.119158
http://dx.doi.org/ 10.1039/D0SC01908A
http://dx.doi.org/10.1063/1.1637578
http://dx.doi.org/10.1063/1.3625404
http://dx.doi.org/ 10.1038/srep45068
http://dx.doi.org/10.1080/00268976.2017.1297863
http://dx.doi.org/ 10.1063/1.3451075
http://dx.doi.org/ 10.1039/C9CP00993K
http://dx.doi.org/10.3847/1538-4357/aaef7e
http://dx.doi.org/ 10.1063/5.0090771
http://dx.doi.org/10.1063/1.5023874
http://dx.doi.org/10.1063/5.0011832
http://dx.doi.org/10.1063/5.0087359
http://dx.doi.org/ arXiv:2211.02389
http://dx.doi.org/10.1103/PhysRev.36.383
http://dx.doi.org/10.1080/14786440508636066
http://dx.doi.org/10.1098/rspa.1951.0181
http://dx.doi.org/10.1088/0953-4075/39/14/006
http://dx.doi.org/10.1088/0953-4075/40/12/003
http://dx.doi.org/ 10.1007/978-1-4613-3596-2_1
http://dx.doi.org/ 10.1007/978-1-4613-3596-2_1
http://dx.doi.org/10.1103/PhysRevA.45.4393
http://dx.doi.org/10.1103/PhysRev.76.749
http://dx.doi.org/10.1103/PhysRev.76.769
http://dx.doi.org/10.1103/PhysRev.84.1232
http://dx.doi.org/10.1143/ptp/5.4.614
http://dx.doi.org/10.1073/pnas.37.7.455
http://dx.doi.org/10.1103/PhysRev.84.350
http://dx.doi.org/10.1103/PhysRev.87.328
http://dx.doi.org/10.1103/PhysRev.95.811
http://dx.doi.org/10.1143/PTP.17.619
http://dx.doi.org/10.1016/0003-4916(74)90333-9
http://dx.doi.org/10.1063/1.38442
http://dx.doi.org/10.1103/PhysRevA.56.297
http://dx.doi.org/10.1103/PhysRevLett.79.4120
http://dx.doi.org/10.1103/PhysRevLett.80.2101
http://dx.doi.org/10.1023/a:1012653917663
http://dx.doi.org/10.1103/PhysRevA.71.012503
http://dx.doi.org/10.1103/PhysRev.78.29
http://dx.doi.org/https://doi.org/10.1016/S0370-1573(01)00024-2
http://dx.doi.org/10.1103/PhysRevA.74.022512
http://dx.doi.org/10.1103/PhysRevA.64.062104
http://dx.doi.org/10.1103/PhysRevLett.87.193003
http://dx.doi.org/10.1103/PhysRevLett.117.263002
http://dx.doi.org/ 10.1103/PhysRevA.101.062516
http://dx.doi.org/ 10.1103/PhysRevA.103.012803
http://dx.doi.org/10.1103/PhysRev.96.1124
http://dx.doi.org/10.1103/PhysRev.96.1135
http://dx.doi.org/10.1103/PhysRev.137.B717
http://dx.doi.org/10.1143/PTPS.43.1

Edit MAtyus: From molecular spectroscopﬂo(r:rrﬁegﬁlg p§y55|es-(gzél)' 50

[168] K. LadEnyi, Acta Phys. Hung. 62, 161 (1987).

[169] J. Sucher, Phys. Rev. A 22, 348 (1980).

[170] J. Sucher, Int.J.  ant. Chem. 25, 3 (1984).

[171] T. Saue, R. Bast, A. S. P. Gomes, H. J. A. Jensen, L. Visscher, I. A. Aucar, R. Di Remigio, K. G. Dyall, E. Eliav, E. Fasshauer,
T. Fleig, L. Halbert, E. D. Hedeg rd, B. Helmich-Paris, M. lliat, C. R. Jacob, S. Knecht, J. K. Laerdahl, M. L. Vidal, M. K. Nayak,
M. Olejniczak, J. M. H. Olsen, M. Pernpointner, B. Senjean, A. Shee, A. Sunaga, and J. N. P. van Stralen, J. Chem. Phys. 152,
204104 (2020).

[172] L. Belpassi, M. De Santis, H. M. iney, F. Tarantelli, and L. Storchi, J. Chem. Phys. 152, 164118 (2020).

[173] I. Lindgren, Relativistic Many-Body Theory, Springer Series on Atomic, Optical, and Plasma Physics, Vol. 63 (Springer, New
York, NY, 2011).

[174] P.Jeszenszki, D. Ferenc, and E. MEtyus, J. Chem. Phys. 154, 224110 (2021).

[175] P.Jeszenszki, D. Ferenc, and E. MEtyus, J. Chem. Phys. 156, 084111 (2022).

[176] D. Ferenc, P. Jeszenszki, and E. MEtyus, J. Chem. Phys. 156, 084110 (2022).

[177] D. Ferenc, P. Jeszenszki, and E. Matyus, J. Chem. Phys. 157, 094113 (2022).

[178] P. Jeszenszki and E. MEtyus, Relativistic two-electron atomic and molecular energies using LS coupling and double groups:
role of the triplet contributions to singlet states, (2022).

[179] D. Ferenc and E. MEtyus, Pre-Born Oppenheimer Dirac Coulomb Breit computations for two-body systems: positronium,
muonium, hydrogen atom, and muonic hydrogen, (2022).

[180] A. A. Broyles, Phys. Rev. A 38, 1137 (1987).

[181] A. A. Logunov and A. N. Tavkhelidze, Il Nuovo Cim. 29, 380 (1963).

[182] R. N. Faustov, Theor. Math. Phys. 3, 478 (1970).

[183] W. H. Furry, Phys. Rev. A 81, 115 (1951).

[184] F.J. Dyson, Phys. Rev. 75, 486 (1949).

[185] P.T. Ma hews and A. Salam, Phys. Rev. 94, 185 (1954).

[186] G. K llen, Helv. Phys. Acta 25, 417 (1952).

[187] H. Lehmann, Il Nuovo Cim. 11, 342 (1954).

[188] R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950).

[189] J. M. Jauch and F. Rohrlich, The Theory of Photons and Electrons (Springer Berlin Heidelberg, 1976).

[190] W. Greiner and J. Reinhardt,  antum Electrodynamics (Springer-Verlag, Berlin Heidelberg, 2009).

[191] F. Gross, Relativistic  antum Mechanics and Field Theory (John Wiley & Sons, Inc., New York, 1999).

[192] G. Hardekopf and J. Sucher, Phys. Rev. A 30, 703 (1984).

[193] S. Tracy and P. Singh, Stat. Neerl. 26, 143 (1972).

[194] Z.Li, S. Shao, and W. Liu, J. Chem. Phys. 136, 144117 (2012).

[195] S.Shao, Z. Li, and W. Liu, in Handbook of Relativistic ~ antum Chemistry, edited by W. Liu (Springer, Berlin, Heidelberg, 2017)
pp. 481 496.

[196] B. Simmen, E. MAtyus, and M. Reiher, J. Phys. B 48, 245004 (2015).

[197] W. Schwarz and H. Wallmeier, Mol. Phys. 46, 1045 (1982).

[198] W. Kutzelnigg, Int.J.  ant. Chem. 25, 107 (1984).

[199] VY. Suzuki and K. Varga, Stochastic Variational Approach to Quantum-Mechanical Few-Body Problems (Springer-Verlag, Berlin,
Heidelberg, 1998).

[200] D. Ferenc and E. MEtyus, J. Chem. Phys. 151, 094101 (2019).

[201] R. Ireland, P. Jeszenszki, E. MEtyus, R. Martinazzo, M. Ronto, and E. Pollak, ACS Phys. Chem. Au 2, 23 37 (2021).

[202] P.Jeszenszki, R. T. Ireland, D. Ferenc, and E. M&tyus, Int.J.  ant. Chem. 122, 26819 (2022).

[203] E. MAtyus and D. Ferenc, Mol. Phys. , 2074905 (2022).

[204] D. Ferenc and E. MAtyus, Evaluation of the Bethe logarithm: from atom to chemical reaction, (2022).

[205] M. Bylicki, G. Pestka, and J. Karwowski, Phys. Rev. A 77, 044501 (2008).

[206] F. A. Parpia and I. P. Grant, J. Phys. B 23, 211 (1990).

[207] H. A. Bethe and E. E. Salpeter, antum Mechanics of One- and Two-Electron Atoms (Springer, Berlin, 1957).

[208] M. J. Esteban, M. Lewin, and E. S@r@, Bull. Amer. Math. Soc. 45, 535 (2008).

[209] M. Lewin and E. Sere, Proc. Lond. Math. Soc. 100, 864 (2010).

[210] A. Almoukhalalati, S. Knecht, H. J. A. Jensen, K. G. Dyall, and T. Saue, J. Chem. Phys. 145, 074104 (2016).

[211] M. Haidar, Z.-X. Zhong, V. I. Korobov, and J.-P. Karr, Phys. Rev. A 101, 022501 (2020).

[212] S. Alighanbari, G. S. Giri, F. L. Constantin, V. I. Korobov, and S. Schiller, Nature 581, 152 (2020).

[213] M. Germann, S. Patra, J.-P. Karr, L. Hilico, V. I. Korobov, E. J. Salumbides, K. S. E. Eikema, W. Ubachs, and J. C. J. Koelemeij,
Phys. Rev. Res. 3, L022028 (2021).

[214] N.H Isch, M. Beyer, E. J. Salumbides, K. S. E. Eikema, W. Ubachs, C. Jungen, and F. Merkt, Phys. Rev. Le . 122, 103002 (2019).

[215] M. Puchalski, J. Komasa, P. Czachorowski, and K. Pachucki, Phys. Rev. Le . 122, 103003 (2019).

[216] D. Ferenc, V. I. Korobov, and E. MEtyus, Phys. Rev. Le . 125, 213001 (2020).

[217] L. Semeria, P. Jansen, G.-M. Camenisch, F. Mellini, H. Schmutz, and F. Merkt, Phys. Rev. Le . 124, 213001 (2020).

[218] G. Adkins, D. Cassidy, and J. P@rez-R os, Phys. Rep. 975, 1 (2022).

[219] T. W. H nsch, Rev. Mod. Phys. 78, 1297 (2006).


http://dx.doi.org/10.1007/BF03155965
http://dx.doi.org/10.1103/PhysRevA.22.348
http://dx.doi.org/10.1002/qua.560250103
http://dx.doi.org/10.1063/5.0004844
http://dx.doi.org/10.1063/5.0004844
http://dx.doi.org/ 10.1063/5.0002831
http://dx.doi.org/10.1007/978-1-4419-8309-1
http://dx.doi.org/10.1063/5.0051237
http://dx.doi.org/10.1063/5.0075096
http://dx.doi.org/10.1063/5.0075097
http://dx.doi.org/10.1063/5.0105355
http://dx.doi.org/2211.14180
http://dx.doi.org/2211.14180
http://dx.doi.org/10.1103/PhysRevA.38.1137
http://dx.doi.org/10.1007/BF02750359
http://dx.doi.org/10.1007/BF01046512
http://dx.doi.org/10.1103/PhysRev.81.115
http://dx.doi.org/10.1103/physrev.75.486
http://dx.doi.org/10.1103/PhysRev.94.185
http://dx.doi.org/10.1007/978-3-319-00627-7_90
http://dx.doi.org/10.1007/bf02783624
http://dx.doi.org/10.1103/PhysRev.77.536
http://dx.doi.org/10.1007/978-3-642-80951-4
http://dx.doi.org/10.1007/978-3-540-87561-1
http://dx.doi.org/10.1002/9783527617333
http://dx.doi.org/10.1103/PhysRevA.30.703
http://dx.doi.org/ 10.1063/1.3702631
http://dx.doi.org/10.1007/978-3-642-41611-8_7-1
http://dx.doi.org/10.1088/0953-4075/48/24/245004
http://dx.doi.org/10.1080/00268978200101771
http://dx.doi.org/10.1002/qua.560250112
http://dx.doi.org/10.1007/3-540-49541-X
http://dx.doi.org/10.1063/1.5109964
http://dx.doi.org/ 10.1021/acsphyschemau.1c00018
http://dx.doi.org/https://doi.org/10.1002/qua.26819
http://dx.doi.org/10.1080/00268976.2022.2074905
http://dx.doi.org/10.48550/arXiv.2208.03033
http://dx.doi.org/10.1103/PhysRevA.77.044501
http://dx.doi.org/10.1088/0953-4075/23/2/005
http://dx.doi.org/10.1090/S0273-0979-08-01212-3
http://dx.doi.org/10.1112/plms/pdp046
http://dx.doi.org/10.1063/1.4959452
http://dx.doi.org/10.1103/PhysRevA.101.022501
http://dx.doi.org/10.1038/s41586-020-2261-5
http://dx.doi.org/ 10.1103/PhysRevResearch.3.L022028
http://dx.doi.org/ 10.1103/PhysRevLett.122.103002
http://dx.doi.org/10.1103/PhysRevLett.122.103003
http://dx.doi.org/10.1103/PhysRevLett.125.213001
http://dx.doi.org/ 10.1103/PhysRevLett.124.213001
http://dx.doi.org/https://doi.org/10.1016/j.physrep.2022.05.002
http://dx.doi.org/10.1103/RevModPhys.78.1297

Jorjﬂé ci V\Tgs Bec_tr?:c:‘ty 385 (2022) 111617

journal homepage: www.elsevier.com/locate/yjmsp

Contents lists available at ScienceDirect

Journal of Molecular Spectroscopy

Journal of

MOLECULAR
SPECTROSCOPY|

Variational vibrational states of HCOOH

Alberto Mart n Santa Dar a, Gustavo Avila, Edit MEtyus*

Check for
updates

ELTE, Eotvos Lorand University, Institute of Chemistry, Pazmany Péter sétany 1/A, 1117 Budapest, Hungary

ARTICLE INFO ABSTRACT

Keywords:

Formic acid

Large-amplitude motion
Curvilinear normal coordinate
Variational vibrational computation
Smolyak quadrature

Vibrational states of the formic acid molecule are converged using the GENIUSH Smolyak approach and the
potential energy surface taken from Tew and Mizukami (2016). The quantum nuclear motion is described by
using the cis-trans torsional coordinate and eight curvilinear normal coordinates defined with respect to an
instantaneous reference configuration changing as a function of the torsional degree of freedom. Harmonic
oscillator basis functions are used for the curvilinear normal coordinates, a Fourier basis for the torsional

coordinate, and a simple basis pruning condition is combined with a Smolyak integration grid. Trans, cis, and
delocalized vibrational states are reported up to and slightly beyond the isomerization barrier.

1. Introduction

This paper is dedicated to the memory of J. K. G. Watson, the
father of the Watson Hamiltonian, a compact, analytic formulation of
the rovibrational kinetic energy operator in normal coordinates. In this
paper, we also use normal coordinates, but we adapt these coordinates
to the cis-trans isomerization of the formic acid molecule. There is
no known analytic formulation for the corresponding kinetic energy
operator available, and we use computer power to construct the kinetic
energy coefficients where they are needed.

Over the past decade, we have observed a rapid and fundamen-
tally important development of exact quantum dynamics techniques to
solve the (ro)vibrational problem. Development is observed in several
directions: (a) coordinate representation and the kinetic energy oper-
ator [1 7]; (b) contraction techniques [8 12]; (c) grid pruning tech-
niques [13 18]; (d) collocation [19 21]; (e) accurate potential energy
representations for high-dimensional systems [22 24]; (f) highly paral-
lel computation of ten thousands or millions of vibrational states [25
27].

Regarding the formic acid molecule, there are two full-dimensional,
high-level ab initio potential energy surfaces (PESs) [28,29] that have
been used in sophisticated (variational or perturbative) vibrational
computations. Tew and Mizukami used their PES in a variational vibra-
tional computation with a five-mode representation and the internal-
coordinate path Hamiltonian (ICPH) approach [28]. Richter and Car-
bonnitre used a similar PES [29], computed vibrational energies using
a valence-coordinate representation of the kinetic energy operator and
the multi-configuration time-dependent Hartree approach, and they
reported significant deviations from Ref. [28] for the vibrational states
of the cis potential energy well. Last year, Nejad and Sibert used both

< Corresponding author.

PESs and sixth-order canonical Van Vleck perturbation theory (CVPT)
in curvilinear normal coordinates localized in one of the potential
energy wells (trans or cis) of the molecule [30].

In the present work, we focus on the vibrational methodology and
define an efficient setup that can be used to converge (better than
5 cm™) all vibrational states of the formic acid molecule up to and
possibly beyond the isomerization barrier (Fig. 1). During the course of
the development of a benchmark-quality variational vibrational setup,
we use the Tew Mizukami PES [28] (henceforth labeled as TM16-PES).
It is left for future work, when well-converged vibrational energies can
be ‘routinely’ computed for the relevant energy range of this system, to
decide which PES representation performs better in comparison with
experiment (gas-phase overtone and combination bands). Vibrational
band origins are available from experimental infrared and Raman
observations, a review and an extensive list of references can be found
in the introduction of Ref. [30].

The present work is organized as follows. Section 2 reports the de-
velopment of a torsional-curvilinear normal coordinate representation.
Section 3 describes the construction of the corresponding kinetic en-
ergy operator coefficients using the numerical kinetic energy operator
approach as it is implemented in the GENIUSH computer program [2].
Section 4 defines the harmonic oscillator basis functions for the curvi-
linear normal coordinates, the Fourier basis and torsional functions for
the torsional degree of freedom, and discusses basis pruning strategies.
Section 5 describes the Smolyak non-product grid technique that is
used to compute multi-dimensional integrals. In Section 6, vibrational
energies are presented and discussed in relation with earlier computa-
tions [28,30], and further necessary development and computational
work is outlined.
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Fig. 1. 1-dimensional cut of the TM16-PES [28] along the torsional angle ( ) that describes the conversion between the trans and the cis conformers of the formic acid molecule.
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Fig. 2. Visualization of the internal coordinates, Eq. (1), for the example of the trans-formic acid molecule in its equilibrium structure. The equilibrium values of the distances,
in — and the angles, in degree, corresponding to the cis (°) and the trans (*) conformers on the TM16-PES are shown in brackets.

2. Vibrational coordinates
2.1. Internal coordinates

The body-fixed Cartesian coordinates of HCOOH are defined in
terms of the r; _ [0; /distances, the ; _ [0; ]angles, the ” _ [* ; /
out-of-plane bending, and the _ [0;2 / torsional angle according to
the following expressions:

‘oa 3 0 a
re, =0; ro, =V0s; ro, =Frycos. > _2/5;
1 2 s T . -8
priq p*rysin. 1 * _2/q
“rycos. ,* _2/sin” a
Ny, =F*rgcos. ,* _2/cos ’g ; 1)

p *rysin. ,* _2/ q
“rycos. 3* _2/sin a
p— r S-
My, =To, + {14 C0S. 3 * _2/cos o
p rasin. g* 2/ q
The coordinate definition and the corresponding Z-matrix including
the equilibrium values at the trans and the cis minima of the TM16-

PES are summarized in Fig. 2. For later use, a compact notation of the
coordinates is introduced as

SRR =NV ' H P H CH FHIE TP M B A @)

2.2. Rectilinear normal coordinates

The body-fixed Cartesian coordinates and displacements with re-
spect to the c; reference (equilibrium) geometry of an N-atomic
molecule can be written in terms of the Q, . R normal coordinates
as

ri =¢ +di with

2 l; «Qx i=1,8;N; and =x;y;z: 3)
1
The I;  coefficients are the elements of the eigenvectors of the GF
matrix [31] evaluated at the reference (equilibrium) structure. In this
work, the normal coordinate calculation has been performed at both
minima (trans and cis) of HCOOH, hence, there are two parameter
sets. The F Hessian matrix has been computed by finite differences of
the PES at both (trans and cis) equilibrium structures with respect to
the displacements along the 3N Cartesian coordinates. The numerical
derivatives and related mathematical manipulations were evaluated
using the Wolfram Mathematica symbolic algebra program [32].
HCOOH is an N = 5-atomic molecule and its total number of
vibrational degrees of freedom is 3N *6 = 9. We used Eq. (3) withD =9
(Fig. 3), but we also used it with D = 8 while the torsional degree of
freedom was excluded from the harmonic analysis that is necessary to
have a good description for the cis-trans isomerization.
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Fig. 3. Visualization of the normal modes corresponding to the global minimum (trans)
of HCOOH. The harmonic frequencies, in cm™, are shown in brackets.

2.3. Curvilinear normal coordinates

Instead of using rectilinear displacement coordinates, d; , a better
vibrational representation can be obtained [33], if we use (curvilin-
ear) internal coordinates (Fig. 2), for which curvilinear displacement
(c displacement) coordinates can be defined with respect to some
reference (equilibrium, eq) value as

i=x 4)

We define linear combinations of these curvilinear displacement coor-
dinates, and we call them curvilinear (c normal) normal coordinates,

Q=L". / (5)

such that the kinetic and potential energy coupling (near the reference
structure) is reduced. Hence, similarly to the rectilinear normal coor-
dinates, the linear combination coefficients can be obtained using the
GF method:

L™GFL = (6)

and the eigenvectors, in L, of the GF matrix provide us the linear
combination coefficients of the ¢ normal coordinates. F is the Hessian
matrix of the PES

T )Z_V
YT« @

computed with respect to the ; curvilinear coordinates at the equilib-
rium (eq) structure. The matrix G is obtained as

G=BM™BT; (8)
where M is a 3N 3N diagonal matrix containing the masses, m, .a =
1, 8; N/, of the atomic nuclei

‘1my 0
r

r

r Im
r 7
[r) 0 l_mNa

)

wunmun o

and B isa D 3N matrix that contains the derivatives of the internal
coordinates with respect to the rectilinear displacements .) ;_)d; /qq
(i=1,8;D,j=1,8;N, =Xx;y;z) and satisfy the following relation:
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.
ros
£42:Br 128" (10)
r s
p bq

To have a good description of the cis-trans torsional motion, we
exclude the torsional degree of freedom from the GF calculation
and the c-normal coordinates are defined for the remaining D = 8
(displacement) internal coordinates that exhibit small(er) amplitude
motions.

For a given value of the Q, ¢ normal coordinates, the value of the ;
internal coordinates can be calculated using the eigenvectors in L and
the i'eq/ equilibrium values:

D
=+ L k=18;D=8 (11)
k=1
Since HCOOH has two equilibrium configurations, we have two
parameter sets: A ©; L© < and » ®; L®¢ (the parameters are deposited
as Supplementary data).

2.4. Relaxed curvilinear normal coordinates along the torsional motion

Since we are interested in the overall vibrational dynamics of
HCOOH, we cannot restrict the description to the cis or the trans well.
Hence, we repeated the ¢ normal mode computation (with D = 8
degrees of freedom) along the large-amplitude motion at several points
(vide infra) over the entire range of _ [0;2 /. During this computation,
we relaxed the molecular structure along by minimizing the potential
energy (Fig. 4). The relaxed values of the internal coordinates that
correspond to the minimal potential energy as a function of are
shown in Fig. 5. These relaxed internal coordinate structures are
considered as the ‘equilibrium structure’, % /, for the 8-dimensional
¢ normal-mode computation that is repeated for several values.

In practice, the ¢ normal coordinates are computed (similarly to

Section 2.3) at 24 equally distributed values of = t, with t, =
.n*1/360°_24,
8
p /= BV Ly i=188: (12)
i=t

Using the value of the coefficients at the t, (n = 1; &;24) points, we
interpolate L;;j. / by solving a system of linear equations,

24
t/=  clf.t/; n=18;24 (13)
k=1

For the f functions, we have considered the following functions of the
Fourier basis

1;cos. /;sin. /;co0s.2 /;sin.2 /; 8 ;co0s.12 /: (14)

All coordinates can be expanded using only cosine functions of , except
for the ” out-of-plane bending (that is also a torsion-like, but small-
amplitude vibration). * is an odd function of (Fig. 5), and hence sine
basis functions are used for its interpolation.
As a result, we have relaxed equilibrium internal coordinates,
d/_ / and relaxed c-normal (rc normal) mode L;;. / coefficients as
a function of (Figs. 5 and 6). The rc normal coordinates incorporate
in the coordinate definition the optimal structural changes along the
large-amplitude motion, while the kinetic and potential energy cou-
pling is minimized among the small amplitude (normal) coordinates.
This construct is expected to provide an almost ideal coordinate repre-
sentation for this system. Results of convergence tests are reported in
Section 6.
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Fig. 4. 1-dimensional cut of the PES along the
relaxed non-torsional coordinates minimizing the potential energy (blue).
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Fig. 5. Minimized equilibrium values for the internal coordinates as a function of the
respect to =180 (blue). The relaxed out-of-plane bending angle, ~

3. Quantum Hamiltonian

The (ro)vibrational kinetic energy operator (KEO) corresponding
to the torsional-relaxed-curvilinear-normal coordinate representation
g = .Q; / is constructed using the numerical KEO approach as im-
plemented in the GENIUSH computer program [2]. The core of the
program is based on the evaluation of the mass-weighted metric tensor
at coordinate points:

N
O = MLt ki1=1,2,8;3N*3; (15)
i=1
where the so-called vibrational and rotational t-vectors are
r.
tikzh; k=1,2,8;3N*6 (16)
o
tisn*+a = €a  Tis a=1.x/,2.y/,3.2/, @an

respectively. For the computation of the t-vectors, and using them
to construct the g ., R-3N™3 -3N*3/ matrix, it is necessary to know
the body-fixed Cartesian coordinates r; .i = 1;8;N/ as a function
of the generalized vibrational coordinates q, .k = 1;8;3N * 6/.
We expect that an efficient representation can be obtained with the
relaxed-curvilinear-normal coordinate plus torsion choice (Section 2)

G =Q;; i=1,8;8

, is anti-symmetric with respect to

180 225 270 315

™[]

torsional coordinate with (a) the non-torsional coordinates fixed at their equilibrium value at the global minimum (red); (b)

111.0
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torsional angle. The relaxed bond length and bond angle functions are symmetric with
=180 (red).

Oanxg = (18)

The corresponding r; vs. gy relations can be obtained from Egs. (1) and
(12). This coordinate choice results in an arrow-like structure of the
G matrix (Fig. 7), i.e., the coupling of the large-amplitude motion
and the Q small-amplitude coordinates is not necessarily small (can be
large), but the coupling among the small-amplitude Q coordinates is
small for all  values.

The derivatives of the r; Cartesian coordinates with respect the g
generalized internal coordinates are obtained by using the two-sided
finite difference formula. The G _ R-3N™% 3N*3 matrix is obtained by
inversion of g , R-3N™¥ 3N*3/

G=g™": (19)

In most applications of GENIUSH [2 4,34 38], the discrete variable
representation [39] was used, and in that representation the Podolsky
(P) form of the general vibrational KEO

D D
g - PGug?pg ™ with g =detg
k=11=1

HYP = (20)

NI =

is an advantageous choice, because it requires only first-order coordi-
nate derivatives.

In this work, we use a finite basis representation of the Hamiltonian
(Sections 4 and 5), and for this purpose the ‘fully rearranged’ form [16,
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Fig. 6. Curvilinear normal coordinate coefficients, Eq. (12), as a function of the

17,40] is more convenient
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where Gj;, B;, U, and V are functions of the vibrational coordinates,

Bi:
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torsional angle.
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Fig. 7. Visualization of the G matrix, Egs. (15) and (19), for a (any) grid point from
the dynamically relevant range. The eight rc normal modes are weakly coupled among
each other (light blue), but their weak coupling with the large amplitude motion ( )
is not assumed (dark green). The relaxation of the reference structure and the GF
diagonalization along ensures that the coupling among the rc normal coordinates
remains small (light blue) for any value of (see also Figs. 5 and 6).

and the pseudo-potential term is

sl
U:igN i %)_g)_g+4l
kl=1 gz)k)l )k

H 1M
G )g
I

32

4. Basis functions and truncation of the direct-product basis

We start expanding the wave function over a direct product of basis
functions of the selected coordinates
b b Nmax '8
sS4 /= i
id; 8l /= 8 gy SiNgg n

gl 1 (@24)
NG =0  Ngg=0n =0 =1

n

In this work, we use harmonic oscillator basis functions, for the (di-
mensionless) q;; & ;gg rc normal coordinates,

00/ = AHLg €2 with g% o+ [ (25)

where H,,.q/ is the nth-order Hermite polynomial and A, is a normaliza-
tion constant. Section 5.1 provides further important technical details
regarding the range of the different coordinate choices. Regarding the

torsional coordinate, we use a Fourier basis including the following
functions,

1;cos. /;sin. /; 8 ;cos.n /;sin.n /; L [0;2 7 (26)

to solve the 1-dimensional (1D) torsional Schr dinger equation,

H=G i+)G—l+V; 27)
)2 ) )

where the pseudo-potential term, Eq. (23), is neglected. As a result,

we obtain torsional functions that can be identified as trans, cis, or

delocalized torsional functions explained and discussed in detail in

Section 6. We use this 1D torsional basis set to solve the 9D vibrational

problem of formic acid.

An accurate product basis set representation for the lowest vibra-
tional levels of HCOOH requires values of N™# > 30 and b g 8. The
number of functions in a direct product basis with N™& = 30 and
b=28is9® 31 @ 1:3 10° that is too large for practical computations,
and still not sufficient for good convergence. Since the couplings of the
eight (relaxed) curvilinear normal coordinates was made small over the
entire range of (Section 2), we may expect that the basis set can be
efficiently pruned according to

Nmax '8
i = c il 1 (28)

! Ny, :8iNg, N Ng:
— s 0= L K
n =0 f.nq1,§,nq8/fb i=1
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with f.ng ;&ing/=ny +8+ng ; (29)

where certain basis functions have been discarded from the direct prod-
uct. Eq. (29) gives the simplest possible pruning function. Poirier and
co-workers [25 27] have studied more elaborate pruning conditions
targeting very highly excited states.

Since the nql.ql/ g ng .gg/ product function provides a good
representation for the small-amplitude (non- ) dynamics, we can dis-
card basis functions based on simple physical arguments. For an a priori
assessment about the importance of a basis function n (n" collects the
basis indexes) in a wave function dominated by the n° basis state, the
smallness of the ratio of the Hamiltonian matrix element with respect
to the difference of the zeroth-order energies,

. . . o. snl Rl o
tny; 8;ng;n Hn1,§,n8,n

T o
1 =llgs N &ing:n
can provide a good indication about the unimportance of n" for the
variational result. The ratio is small, if (a) the Hamiltonian matrix
element is small, and/or (b) the zeroth-order energy difference is large.
The order of magnitude of the Hamiltonian matrix element can be
estimated by considering the fast convergence of the Taylor expansion
of the potential and the kinetic energy in rc normal coordinates.

If the zeroth-order energy for a multi-dimensional basis function is
very large, then the contribution of the function to the lowest-energy
wave functions is negligible. For example, in order to compute the
ground vibrational wave function, the 8D basis functions

0=.0;0;0;0;0;0;0;0/ and
11:21:31341;51,64, 71,8 (31)

are necessary, since t0;n H ngl; 8; n;s; n"° is not small. In Eq. (31), we
have introduced a short notation, we list only the degrees of freedom
for which the basis function index (‘vibrational quantum number’) is
larger than 0, e.g., 3; =.0;0;1;0;0;0;0;0/.

Furthermore, less important, but still significant contribution to the
ground vibrational state may be expected from the following 8D basis
functions:

15,2553, 45;55;65;75; 85;

1121314313 11415 145151461014 70 148y

2131:2141:2151:2161:2171, 248y,

3141:3151:3161:3171:3,8y;

4151;4161;4171;4,8y;

5161551 71:5:8y;

6171:6181;

7,8 ; (32)

where we note that the functions with 8, contribution can be discarded
for the present system (HCOOH) due to symmetry reasons. At the same
time, the basis function 1,2,3,4,5,6,7,8; gives a negligible contribution
to the lowest-energy states in comparison with the basis functions listed
in Egs. (31) and (32), since both the Hamiltonian matrix elements are
expected to be small and the zeroth-order energy differences are large.

These kinds of arguments do not apply for discarding torsional
functions, since the coupling of the coordinate and the curvilinear
normal modes (the Hamiltonian matrix element) may be large and
the zeroth-order torsional energies are small, i.e., both (a) (b) pruning
‘criteria’ below Eq. (30) fail. Therefore, we retain all torsional basis
functions in the basis set.

All in all, using the simplest pruning function in Eq. (29), the direct-
product basis, Eq. (24), including 1:3 10° functions can be reduced to
4 10° functions, while the lowest (few hundred) vibrational states can
be computed accurately.
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For future work, we consider more elaborate pruning conditions.
Based solely on the harmonic frequencies, the following condition could
be formulated,

3 1 .
0f2nql+2nq2+§n3+n4+n5+n6+§nq7+nq8fb. (33)

q q a q

This condition accounts only for the denominator of Eq. (30). Since the
higher-frequency harmonic oscillator modes correspond to the stretch-
ing degrees of freedom, the coupling through the Hamiltonian matrix
element, numerator of Eq. (30), may be large. A ‘safe’ improvement of
Eqg. (29), reads as

Oan1+nQ2+nQ3+n%+n05+n

1
4s * 5Ny + Mg b (34)

that corresponds to increasing the number of basis functions for the
lowest-frequency (totally symmetric) harmonic mode (O C O bend-
ing). We plan to use Eq. (34) in future work (see also Section 6).

5. Multi-dimensional integration
5.1. Coordinate ranges for curvilinear normal coordinates

Since we use harmonic oscillator basis functions, Eq. (25), it will
be appropriate to use a set of (nested) Hermite quadratures to evaluate
integrals for the matrix elements. Before doing that we need to address
the question of the coordinate range for rc normal coordinates.

The range of the harmonic oscillator functions and also of the
Hermite quadrature is .* ; /, whereas the range of the internal
coordinates is more restricted: [0; / for a stretching and [0; ] for a
bending. At the same time, if we calculate the value of the curvilinear
coordinates, ;, using the values of rc normal coordinates, Q, (at grid
points) according to Eq. (12), it can happen that we obtain a value
that is outside the coordinate range (e.g., negative value for a distance).
Fortunately, this does not happen for grid points near the origin, but at
the edges of the multi-dimensional grid, there are points that return
internal coordinate values outside their range. For rectilinear nor-
mal coordinates, this does not happen, since the body-fixed Cartesian
coordinates are also defined over .* ;+ /.

To handle the problematic points of the rc normal coordinate grid,
we define mapping functions which ensure that the result is in the good
range:

L b M
F {eq/ +  LiQu
k=1

. Range. ;/: (35)

Furthermore, we expect that a good mapping function behaves as a
linear (an almost trivial) mapping within the good range, but it ensures
that at the ‘edges’ of the multi-dimensional grid meaningful values are
returned.

For a sigmoid-like mapping function, x > arctan.x/ and x > tanh.x/
are the most common examples. Unfortunately, outside the [*0:5;0:5]
interval, these functions significantly deviate from x > x, and we would
like to find a function that is close to x > X over almost the entire
coordinate range, but ensures that the ‘edges’ also have meaningful
values. For these reasons, we decided to use
X

F.x/= ———
A+ x Kk

(36)
with k = 8. The procedure is simple. For a quadrature point ¥ and
qfl; 8, qga, the internal coordinates of the reference structure and the
corresponding displacements are calculated. Their sum provides the
‘raw’ internal coordinate value that is mapped to the final value of the
coordinate within the correct range. The following parameterization is
used for the stretching (r;), bending ( ;), and out-of-plane bending (oop,
”) types of coordinates (Fig. 8)
X * 35
Fere-XI = + 3:5; (37)
ST 14 x*35/ 0:348/18
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Fig. 8. Functions used for the stretching, bending, and out-of-plane bending coor-
dinates to map the .* ;+ / range of the curvilinear normal coordinates to the
mathematically appropriate and dynamically relevant range of HCOOH.

F x/ = X* 2 + 33 (38)
bend T 4 x* 2/ 2 8ps8 2

and

Foop-X/ = X (39)

A+ x/ 2 88’

respectively. These functions ensure that the ‘final’ value for the stretch-
ing coordinates is within the [0:56;6:44] bohr interval, which is the
relevant dynamical range for all stretches in HCOOH, the value of
the bending coordinate is within [0; ], and the out-of-plane bending
is within [* _2; _2]. Although ” is a torsion-like coordinate and is
defined on [* ; /, it is a small(er) amplitude vibration of formic acid,
and the relevant dynamical range is within [* _2; _2].

Regarding Eq. (36), we decided to use k = 8 because it appears to
be a good compromise between a faithful mapping (of the good range)
and numerical integrability of the matrix elements with a reasonable
number of points. Nevertheless, we have checked values up to k = 14
using a pruned basis set with b = 8 (Section 4), and we obtained the
vibrational energies within 0.03 cm™ from the k = 8 values (using the
same basis) up to 3000 cm™! beyond the zero-point energy.

5.2. Smolyak quadrature

We use the Smolyak approach [6,13 15,18,41] to construct efficient
non-product grids for the pruned basis set, Egs. (28) (29), that can
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In both cases the pruned basis set corresponds to the b = 8 parameter, Egs. (28) (29). The corresponding ZPVEs are = 7350:84 cm™ and recto = 7350:91 cm™,

be used to evaluate the multi-dimensional integrals appearing in the
kinetic energy coefficients, Eq. (21), and in the PES. The Smolyak
guadrature for nine dimensions is defined as

9

Q.9 H/= Q" . i =1,2348; =189

GiFH =1
with

sl =s i [+sWig [+ & +s%i/; (40)

where H is a grid-pruning parameter, .i/ is a grid-pruning function,
and the incremental operator is defined as
i i i *1

Q =Q *Q (41)
with Q° =0 and the 1D quadrature rules,
mj
Q fa/= W,fd ./ i =L2348 (42)
m=1

Equivalently, we can also write the Smolyak quadrature as a lin-
ear combination of product quadratures with different 1-dimensional
accuracies as
9 1
Q.9 H/= G Q i
siIFH =1

=1,2,3;48; =1,8;9 (43

with  gi/=s .i /+s%.iy /+ & +sB.i /. (44)

g

Q 9 H/ has a smaller number of points, than the direct product grid,
Q 8 Q QIm and its accuracy depends on three factors,
(a) the form of the s .i / grid pruning functions, for which's .i / g
s .i * 1/ must hold; (b) the grid-pruning parameter H; and (c) the
number of the m; grid points, for which m; g m; «; must hold.

For constructing the Smolyak grid in the present work, we define
the s .i / functions as follows:

(45)
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Fig. 11. Visualization of the trans- (blue), the cis- (yellow), and the lowest-energy delocalized (green) 1D torsional functions that were obtained by solving the 1D torsional
Schr dinger equation, Eq. (27). The symmetry properties of the functions with respect to reflection to the plane defined by the equilibrium structures ( = 0° and 180 in the

figure) are collected in Table 1.

=0;8;05: s .i/=10i ; i =1,238 (46)
The value of H, which sets an upper limit on the sum of the s
function values, is chosen according to this definition. The sequences
of quadrature rules QI are chosen as

= : Q =qQ®,; i=1238
=¢850 Q =Qh; i =1238
with
m; =1;3,3,7,999;9;,17,19;19;19; 31, 33;41;41; & 47

trap

Mmax
maximum degree of d =2M™Ma& * 1 while Qmie‘ are nested quadrature
rules for Hermite polynomials with a maximum degree of d; =1, 5,
5, 7, 15, 15, 15, 15, 17, 29, 29, 29, 31, 33, 61, 61; 8 corresponding
toi =1;2;3;8 [42] Nesting means that all quadrature points of the
quadrature rule Qi appear in the higher-order quadrature rule, Qi*1,

where Q is a trapezoidal quadrature rule of M™# points and a

Using this construct with M = 11 trapezoidal points and H = 150,
we can integrate exactly all overlap matrix elements for the pruned

basis set with 0 fn f4and 0 F ng, + 8+ ng F8 conditions. For
H = 170, the Smolyak grid includes 1 230 251 @ 1:2 10° points. The
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Table 1

Plane reflection symmetry (Cs point group) with respect to the equi-
librium structures of the one-dimensional basis functions used in the
computations (Section 4). The first 22 1-dimensional (1D) torsional
functions (c;t;d) are plotted in Fig. 11. (n=0;1;2;8; m=1;2; 8).

A A”

1y, 20, 30 40y 50 64, 7,

89, 85, ..., By 81, 85 -\ Bonis

to, G by tg t, g, g, ty

Cor Coy Cqy Cg ¢y, C3, Cg

do, d3, Ay, -, Aggper, Ay d;, dy, ds, dg, ..., yreg, Agpee

smallest 9D direct-product Gauss grid that integrates correctly the same
overlap matrix would have 11 9% @ 4:7 108 points.

The Smolyak algorithm using nested sequences of quadrature rules
allows us to use a non-product grid that has a structure, i.e., a multi-
dimensional integral of a function F.x,; & ; X/ can be written as

max
kl

o F.X1 8%/ dx; 8 dxg @ 8
ky=1

K
k
wemoh k& ko/F X7

ko=1

1;§;x;9/;

(48)

where W Smovak k. - &+ ko/ is the multi-dimensional Smolyak weight and
the points are sorted according to the sequence of quadrature rules. The
structure appears in the k7™ indexes. k; depends on H, k, depends
on H and kq, etc. and thus, matrix vector products can be computed
by sequential summation [13,15 17,40,43 45]. Eigenvalues and eigen-
vectors are computed using a Lanczos iterative eigensolver that requires
only the multiplication of the Hamiltonian matrix with a vector. Imple-
mentation details regarding the matrix vector multiplication has been
described in Refs. [13,15,16].

6. Numerical results

We have computed the vibrational energies using the basis set
and pruning condition defined in Egs. (28) and (29). The number
of torsional basis functions was 55 and we used 79 grid points for
this degree of freedom. Regarding the 8-dimensional (8D) rc normal
coordinate part of the problem, three basis set sizes were used with the
b = 8;9; and 10 basis pruning parameter and with the H = 190, 200,
and 210 grid pruning parameter, respectively. As a result, the 9D basis
sets with b = 8;9, and 10 included 707 850, 1 337 050, and 2 406 690
basis functions, respectively. The size of the corresponding non-product
Smolyak quadrature grid was 42 223 623, 72 656 063 and 132 043 839.

The value of H was selected to be able to exactly integrate the
Hamiltonian matrix elements up to 5th order (in a hypothetical Taylor
expansion) with the highest-excited basis functions in the pruned basis
set. Of course, we have checked the effect of using a larger H value.
For H = 200 (instead of H = 190) with b = 8, the eigenvalues up to
5000 cm™, beyond the zero-point vibrational energy (ZPVE), changed
at most by 0.001 cm™. Based on these observations, we think that
the procedure is almost perfectly variational, which corresponds to an
exact integration and provides rigorous energy upper bounds. Further
computations with the more elaborate pruning condition in Eq. (34),
with larger basis and grid sizes are in progress and will allow us to
have access to well-converged vibrational energies beyond 2000 cm™!
above the ZPVE.

Convergence properties have been tested with respect to the basis
set size (Fig. 9) and the coordinate representation (Fig. 10). Fig. 9 shows
that the vibrational energies with b = 9 are converged better than
1 cm™ up to ca. 2500 cm™?, and within ca. 2 cm™ up to 3500 cm™!
beyond the ZPVE.

Fig. 10 highlights the efficiency of the rc normal coordinates (Sec-
tion 2) in comparison with the rectilinear normal coordinates (for the
non-torsional degrees of freedom). For the b = 8 basis, the rectilinear
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normal coordinate vibrational energies differ (are less accurate) by
8 10 cm™ from the rc normal coordinate results.

We have also tested the coordinate definition of Lauvergnat and
Nauts who computed the vibrational states of the methanol molecule
in full dimensionality (12D) [6]. They did not relax and interpolate the
normal coordinate coefficients along the large-amplitude coordinate,
but they calculated the average of the (curvilinear) normal coordinate
coefficients at the two local minima, hence we may call their coordi-
nates averaged, curvilinear (ac-) normal coordinates. For HCOOH, we
have performed computations both with ac and rc normal coordinates
with the b = 8 basis set. We have found that (for the present system) the
relaxed curvilinear (rc-) normal coordinates slightly outperform simple
averaging (ac normal coordinates), but the difference is typically less
than 0.5 cm™ in the higher energy range. Hence, the ac normal
coordinates appear to be an excellent choice and they are technically
much simpler to construct than the rc normal coordinates used in
the present work. Nevertheless, if there are multiple minima, stronger
coupling of the large-amplitude motion with the ‘rest’ of the molecule,
or more than one large-amplitude motions, then we can anticipate that
the relaxation-interpolation approach used in the present work is, in
principle, more efficient.

6.1. Torsional assignment

Since the computation is not localized to one of the wells of the
PES (Fig. 11), it is a relevant question to ask whether a given state can
be assigned to the trans or the cis conformer. The torsional assignment
of the 9D wave functions was performed based on the contribution of
the 1D torsional basis functions (Fig. 11). Unless the torsional energy is
very high, the torsional functions are localized in the trans or in the cis
well, i.e., they have a well-defined number of nodes beyond the ground
state in ‘their’ well. The 1D torsional functions are eigenfunctions of
the Schr dinger equation with the 1D torsional Hamiltonian, Eq. (27).
There are eight 1D trans torsional functions (ty;t;; &;t;) and there
are seven 1D cis torsional functions (cy;cq; 8 ;¢g). Beyond these states,
the torsional functions have nodes in both wells and we call them
delocalized functions. Each torsional function has a well-defined parity
with respect to reflection to the plane of the equilibrium structures
(Table 1). The torsional assignment of a 9D vibrational state was
performed based on the assignment of the dominant torsional function.
The plane reflection symmetry of the 9D vibrational wave function
can be determined by the symmetry of the torsional functions and the
symmetry of the out-of-plane vibrational mode (Table 1).

Regarding the trans states computed with the GENIUSH-Smolyak
approach (b = 9 and 10), we observe an overall good agreement with
the internal-coordinate path Hamiltonian (ICPH) [28] and a very good
agreement with the 6th-order canonical van Vleck perturbation theory
(CVPT) [30] results (Fig. 12). The present variational computations
systematically improve upon the CVPT results by 5 10( 25) cm™ up
to 4000 cm™ beyond the ZPVE. The good agreement of the trans
vibrational energies (and assignments) with CVPT is interesting, since
the CVPT computation was based on a single-well description and the
cis zero-point vibration is only 1418 cm™ higher than the trans ZPVE,
but it can be explained by the relatively high cis-trans isomerization
barrier (Fig. 11).

The current (almost perfectly variational) computation improves the
CVPT results by 1 5 cm™ in the range up to ca. 2500 cm™?, and by ca.
5 15 cm™ in the 2500 4000 cm™ range. We can spot one important
outlier from this favorable comparison at around 3808 cm™® (Fig. 12).
For this state the GENIUSH-Smolyak (b = 9) energy is by 25 cm™!
higher than the CVPT energy, and by comparing the b = 9 and 10
energies, it is unlikely that some further enlargement of the basis set
(b = 11;12) reduces this deviation to a value below 5 cm™. This state
is unambiguously assigned to 74t, in both computation, which is the
6th excitation of the lowest-energy, totally symmetric harmonic mode
( 7). By considering the currently used pruning condition, Eqg. (29),
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Table 2
Trans-HCOOH: vibrational excitation energies,

dc_1955_

in cm™, computed with the GENIUSH-Smolyak approach in comparison with the sixth-order canonical van Vleck
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perturbation theory (CVPT) [30] and the internal-coordinate reaction-path Hamiltonian (ICPH) [28] results. (The footnotes are below Table 3.)

#2 Assign.? 100 8l° CVPT ICPH #2 Assign.? 10 8l CVPT ICPH
1 ZPV-t, 7351 (0, 0) [n.a] 7354 71 6,7,1, 2827 12 2826 2825
2 7ity 627 (0, 0) 627 627 72 6,t; 2833 ©, 1) 2836 2829
3 ty 639 (0, 0) 640 638 73 7,81, 2882 ©, 1) 2885 2890
4 8ty 1034 (0, 0) 1035 1034 74 3,6,t, 2886 (0, 0) 2884 2886
5 6ty 1108 (0, 0) 1108 1108 75 6,t3 2893 ©, 1) 2894 2902
6 t, 1220 (0, 0) 1221 1222 76 7381, 2920 1, 3) 2919 2925
7 Tt 1255 (0, 0) 1256 1256 77 [7:t, 6,7:1,] 2926 ©, 1) 2934 2952
8 7t 1268 (0, 0) 1269 1268 79 7,8,t, 2934 1, 2) 2934 2940
9 5ty 1304 (0, 0) 1305 1305 80 2ty 2938 (0, 0) 2940 2938

10 4,1 1379 (0, 0) 1380 1379 81 [7:t, 6,7,1,] 2961 ©, 1) 2964 3066

12 78,1 1661 (0, 0) 1661 1661 82 5,7,8,t, 2963 (©, 1) 2965 2965

13 8t 1673 (0, 0) 1675 1672 83 5,8,t; 2980 ©, 1) 2983 2981

14 6,711, 1732 (0, 0) 1732 1733 84 6,73t, 2987 @, 4) 2986 2996

15 6,1t 1739 (0, 0) 1741 1739 85 6,7,t; 2995 1,2 2996 3004

16 31ty 1783 (0, 0) 1783 1783 86 3t 3001 (0, 0) 3002 3003

17 ty 1790 (0, 0) 1793 1795 88 3,75t 3024 0, 1) 3025 3027

18 Tt 1848 (0, 0) 1850 1855 89 [5,6,7,1,] 3028 ©, 1) 3030 3033

19 Tat, 1885 (, 1) 1886 1890 91 [5,6,t,] 3034 (, 2) 3038 3036

20 Tty 1898 (0, 0) 1900 1903 92 3,7t 3038 0, 1) 3040 3041

22 57,1t 1930 (0, 0) 1932 1933 93 47,81, 3043 ©, 1) 3044 3046

23 5t 1948 (0, 0) 1950 1947 94 [71ty, 7ot5] 3055 ©, 1) 3057 [3109]

24 47t 2006 (0, 0) 2006 2006 95 4,8,t, 3059 ©, 1) 3061 3058

25 41 2022 (0, 0) 2024 2021 96 [5,t,] 3077 (, 1) 3080 3084

26 8ty 2063 (0, 0) 2066 2063 97 3,5t 3086 (0, 0) 3087 3087

28 6,8ty 2139 (0, 0) 2139 2139 98 83ty 3089 1, 2 3094 3090

29 6,1, 2205 (0, 0) 2204 2205 100 4,6,7,1, 3103 ©, 1) 3103 3105

30 8.t 2254 (0, 0) 2257 2257 101 [73t,] 3109 @, 3) 3112 [3144]

31 7,8t 2289 ©, 1) 2290 2290 102 46,1, 3115 ©, 1) 3117 3115

32 [t 6.t 51,1 2298 (0, 0) 2305 2312 103 [5,7,t1 3129 (0, 1) 3135 [3159]

33 7,8, 2303 (0, 0) 2304 2302 105 st 3154 @7 3149

34 [t 6,t,] 2336 (0, 0) 2338 2358 106 34,1 3160 (0, 8) 3160 3161

35 5,8:t, 2337 (0, 0) 2338 2338 107 Tty 3165 2, 3) 3164

36 6,7,t, 2358 ©, 1) 2359 2361 109 4ty 3166 0, 2) 3171

37 6,71, 2366 (0, 0) 2368 2369 110 6,8,1, 3166 (©, 3) 3166

39 [5,6,t] 2401 (0, 0) 2405 2406 111 5,74t 3189 @, 3) 3192

40 3,74t 2404 (0, 0) 2402 2402 112 5,75t 3204 € 2 3209

41 [3:t,, 4,8,1] 2414 (0, 0) 2418 2420 114 47,1, 3223 ©, 1) 3226

42 4,8,t, 2417 (0, 0) 2416 2415 115 [5,7:t0, 5,741,] 3229 @ 1) 3235

43 3t 2426 (0, 0) 2427 2420 117 6,8,t, 3234 1,2 3232

49 7t 2517 @, 3) 2517 119 [5,1,1 3247 0, 1) 3255

50 st 2530 (©, 1) 2531 [2543] 120 4,7.1, 3263 1 3) 3264

51 5,75t 2558 0, 1) 2561 2568 121 tg 3267 0, 1) 3295

53 57t 2575 (0, 0) 2579 2579 122 47,1, 3280 0, 2) 3283

54 4it, 2597 (0, 0) 2598 2600 123 8,t, 3285 1, 2 3290

55 [55to, 51t,] 2604 (0, 0) 2608 2608 124 63t 3201 @, 3) 3289 3292

56 4,7,1, 2633 (©, 1) 2634 2636 126 [4,5,7,t1 3301 ©, 1) 3305

57 47,1 2650 (0, 0) 2653 2652 127 [4,5:1,] 3318 ©, 1) 3322

59 4,51, 2676 (0, 0) 2678 2678 128 78,1 3320 @ 3) 3320 3321

60 7,8,t, 2690 (, 1) 2692 2690 130 7,8,t, 3331 1 3) 3335

61 8yt 2703 ©, 1) 2707 2702 131 [8,t,, 7,851, 8,t,] 3337 1 2 3340

63 4,1 2746 (0, 0) 2747 2746 132 5,8,1, 3365 1, 2) 3368

64 6,7,8,t, 2764 (©, 1) 2763 2764 133 [8,t,, 6,8,1,] 3370 €2 3374

65 6,8,1; 2772 ©, 1) 2773 2771 134 4,7.1 3372 ©, 1) 3373

66 ts 2804 (0, 0) 2818 135 [6,t,] 3383 @, 2) 3386

69 3,8t 2810 (0, 0) 2810 2810 136 6,7,8,t 3391 @ 2) 3389

70 8,3 2826 0, 1) 2830 2834 138 4,1y 3393 O, 3) 3396

and the b = 8;9;10 .11;12/ values of the pruning parameters (that
are computationally feasible), we think that for this state our result
is in an error and CVPT makes a (probably) good prediction. We can
improve the GENIUSH-Smolyak results, without significantly increasing
the computational cost, by using the more elaborate pruning condition
in Eq. (34). The Eq. (34) pruning simply allows to double the number
of basis functions for the totally symmetric, lowest-frequency mode,
while keeping the size of the multi-dimensional basis within reasonable
limits. Further work in this direction is in progress and will be reported
in the future.

Regarding the cis states, the computed fundamentals agree well
from all computations (GENIUSH-Smolyak, ICPH, and CVPT). We note
that the highest energy c; vibration is not (yet) available from the
GENIUSH-Smolyak computations (this work), nor from ICPH Ref. [28].

Although CVPT results are available for all cis fundamental vibra-
tions [30], combination and overtone bands have not been reported.

Fig. 13 shows the comparison for cis states up to two excitations
(based on the wave function assignments, Tables 4 5) of the GENIUSH-
Smolyak (b = 9, 10) and the ICPH [28] results. Similarly to the trans
energies, there is an overall good agreement, but several ICPH energies
are too high (by 10 40 cm™).

Beyond 3700 cm™ (above the trans-ZPVE), we can see mixed cis-
trans states, in which torsional functions corresponding to the trans and
other functions corresponding to the cis well are entangled (Tables 4
5). Several cis-trans entangled states come in pairs corresponding to
+ and * combinations of cis and trans basis functions. The corre-
sponding ‘tunneling’ splittings, which we currently compute to be <
1*5.*%10/ cm™, are smaller or on the borderline with respect to the
convergence uncertainty of the b = 9 basis in the relevant energy range

11
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Table 3
Trans-HCOOH. (Table 2 continued, CVPT [30], ICPH [28].)
#2 Assign.? 10 8l® CVPT ICPH #2 Assign.? 10 8l® CVPT ICPH
140 6,7,8,t, 3400 1, 3) 3399 198 [4,,] 3705 ©, 1) 3712
141 [7,t5] 3430 1 1) 3448 199 3,571t 3706 ©, 1) 3708
142 3,7,8:t, 3430 ©, 1) 3431 200 [5:71t3, 71151 3706 1 2) 3707
143 [61t,, 6,t,] 3433 @, 2) 3433 201 4,5,8,t, 3711 1, 2) 3713
144 [5,6,8:t1 3434 1 2) 3434 202 7,83ty 3717 2, 5) 3719
145 3.8ty 3445 ©, 1) 3447 204 4,6,7,t, 3730 2 1) 3729
146 4,8,y 3451 1 2 3452 205 8;t; 3730 2, 4 3735
147 6,75ty 3453 2, 4) 3450 206 3,5:t; 3730 O, 5) 3732
149 [6,7:41 3458 1 2) 3461 207 4,6,7,t) 3743 1 2) 3745
150 [7:8:15] 3458 1,3) 3461 208 [74t,] 3745 (4, 10) 3744
154 [5,6,t,] 3490 1 2 3491 213 [4,5,6,t,] 3764 1 2 3770
155 3,6,7:t, 3504 ©, 1) 3503 214 [53t,] 3777 1 2) 3785
156 [3:6:t;, 7,8;t5] 3511 1, 2) 3514 215 31471t 3781 0, 1) 3781
157 [4,6,8,1,] 3512 1, 3) 3511 216 4,8, 3784 ©, 2) 3785
158 [4,6,8,1,] 3515 1 2 3514 217 [4,7:t5] 3792 2 1) 3797
159 [3,6:t;, 6,7:t3] 3522 1 2) 3514 218 6,7,8,t, 3793 2, 6) 3790
161 [5,8:1,1 3536 1,2 3539 219 6,8,t; 3801 9, 5) 3801
162 3,1 3546 0, 0) 3545 3547 220 Tsty 3805 6, 2) 3797
163 7,8ty 3556 (4, 5) 3550 221 314t 3805 (6, 11) 3807
164 [7,t4] 3557 1,9 3564 222 Tty 3808 (3, 14) 3783
165 [4,6,t,] 3563 1, 3) 225 [5,74%1 3825 (5, 10) 3825
166 2,71ty 3566 1, 3) 3568 3566 227 3,85ty 3833 1, 4) 3835 3833
167 738t 3567 1 2) 3565 229 4,6ty 3835 1, 8) 3835 3836
168 3.t 3568 ©, 4) 3570 230 [5:754] 3837 2,9 3841
169 4,6ty 3571 1 2) 3565 234 6,7,8:t, 3858 3, 5) 3854
170 1Lty 3576 (0, 0) 3576 3575 235 [8,t5] 3859 (2, 5) 3864
171 2.t 3578 (0, 0) 3581 3579 237 [6,8:1;1 3865 2, 4 3854
173 [6,7,t), 75t,] 3588 1, 3) 3592 239 [5,7:41 3873 1, 3) 3884
174 5,7,8:t, 3592 2, 4) 3593 240 [6,t5] 3882 1, 3) 3890
178 [5,7,8:t;] 3607 1, 4 3611 247 47,1 3898 1, 8) 3895
179 [5:t4, 5,6;t,] 3612 1 2 3615 249 3,6,8:t, 3911 1 2 3909
180 6,74t 3622 6, 4) 3615 250 4,73t 3913 2, 5) 3914
181 3171t 3625 0, 9) 3626 251 [7,8,t5, 5:7,8,t] 3914 3 4) 3916
182 6,75t; 3627 3,9 3625 254 [65t,] 3918 2, 6) 3919
183 [4,8:1,] 3634 1, 3) 3636 255 [6,8,t5] 3928 2, 4) 3929
184 [4,5,8:t] 3635 (1, 5) 3638 256 [4,5, 7,11 3930 1, 4) 3934
185 3,751, 3649 1, 4 3649 257 [4,5,7:t,] 3944 1 2 3951
186 [5,6,7,t,] 3656 2, 5) 3656 258 2,8ty 3952 3 1) 3954 3952
187 [5,6,7:t;, 6,7;15] 3659 1, 3) 260 7385ty 3955 3, 3) 3949
189 3,7, 3664 1, 2 3664 262 [4,t5, 4,5:1] 3959 ©, 7 3965
190 [4,t,] 3672 1 1) 3670 263 [7,8,4,] 3962 37 3963
191 4,7,8:t, 3672 1, 4) 3672 264 [4,5,t5, 4,t,] 3965 1, 6) 3977
192 t; 3679 1 2) 265 [7,8,44]1 3969 3, 8) 3963
194 [73t5] 3687 ,3) 3688 266 3,6,t, 3978 1, 2) 3975 3978
195 4,7,8:t, 3688 1, 3) 3690 268 [6,t5] 3985 2, 4) 3984
196 [5,6,t,] 3693 1 2) 3698 269 5,7,8,t, 3993 (3, 6) 3994

@ #: Number of the state in the full vibrational energy list including cis, trans, and delocalized states.

b Excitation number for the rc normal modes, 1,;2,;3;4n:50:6,:7,:8, .n = 0;1; &/, zero excitation is not shown. For the 9th degree of freedom, the type of
torsional function (Fig. 11) and the excitation number is indicated, t,_c,_d, with ng 0. ‘[...]" labels the largest contribution(s) from strongly mixed states. The
symmetry behavior with respect to plane reflection can be derived from the properties of the 1D basis functions according to Table 1 by multiplication of the

characters.

c . = *
- 100 8/_ * b=9

(indicated by . 15; g/ in the tables), and we plan to determine these
splittings more precisely in future work.

Beyond 3900 cm™ (above the trans-ZPVE), non-negligible contri-
bution from delocalized torsional states (Fig. 11) can be observed.
Table 6 shows the lowest-energy vibrational states with a significant
delocalized contribution (see also Tables 4 5). These states have an
energy close to the cis-trans isomerization barrier height (Fig. 11) and
in this range the cis-trans-delocalized functions strongly mix and for
their good description a variational procedure appears to be necessary.
Further, better converged results will be reported in future work.

7. Summary, conclusion, and outlook

Variational vibrational excitation energies have been reported for
the formic acid molecule up to ca. 4700 cm™, which is slightly beyond
the top of the cis-trans isomerization barrier, using system-adapted
curvilinear coordinates in the GENIUSH-Smolyak approach developed
in the present work and a high-level ab initio potential energy surface
(PES) taken from Ref. [28].

b=10 b=8 * p=g/ IS shown for assessment of the convergence. The reported

12

values and the assignment correspond to the b =9 basis set.

The results confirm (within 1 5 cm™) up to 2500 cm™?, and im-
prove (by 5 10 cm™) between 2500 and 4000 cm™ the 6th-order
canonical van Vleck perturbation theory (CVPT) energies [30] that
were obtained from a computation localized on the trans PES well.
Both the cis and trans energies computed with the GENIUSH-Smolyak
approach are in an overall good agreement, but improve (by 10
40 cm™) upon the internal-coordinate path Hamiltonian (ICPH) results
that similarly to the present work account for both the cis and trans
wells of the PES. There exists another potential energy surface and
multi-configuration time-dependent Hartree (MCTDH) computations
have been reported using that PES [29,46]. Direct comparison with
those results have not been reported in this work, because our current
focus was on the development of a computational procedure that can
be used to provide benchmark quality vibrational energies up to and
possibly beyond the isomerization barrier of the formic acid molecule.
We think that we have almost achieved this goal, further necessary
work with larger basis sets and an improved basis pruning condition
is in progress and results will be reported in future work.



A. Martin Santa Daria et al.

Table 4
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Cis-HCOOH (including contributions from trans and delocalized states): vibrational energies,
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in cm™ referenced to the trans-ZPVE, computed with the

GENIUSH-Smolyak approach in comparison with the internal-coordinate reaction-path Hamiltonian (ICPH) results [28]. (The footnotes are below Table 5.)

#2 Assign.? 10 8l® ICPH #2 Assign.? 100 8l° ICPH
11 ZPV-c, 1418 (0, 0) 1412 245 [c * t mixed] 3897 (3,2
21 o 1908 (0, 0) 1904 246 [c +t mixed] 3898 @, 4)
27 7.6 2076 (0, 0) 2080 248 [5:c3, 61C5] 3902 (2, 10) [3915]
38 ¢ 2372 (0, 0) 2400 252 [cg > t mixed, d,] 3914 (2, 5)
44 8,¢, 2439 ©, 1) 2450 253 [cg +t mixed, do] 3916 27
48 5.Co 2514 (0, 0) 2514 259 8,c, 3953 (2, 4)
52 7.6 2568 0, 1) 2577 261 4,7, 3956 2, 4)
58 6,Co 2665 ©, 1) 2667 267 [75C0, 6,7,C] 3980 (2, 8)
62 7,C0 2733 1) 2759 276 [5:8,¢1, 6,8,¢1] 4027 (3, 5)
67 4,¢, 2807 (0, 0) 2806 277 [6,c3 + 3,8;1,] 4029 3,7
68 cs 2809 1) 278 [61¢5 * 3,8,1,] 4029 2 7
78 8,c, 2931 @ 2) 2937 281 [d,, ¢, t mixed] 4036 @7
87 5.0, 3005 1) 3009¢ 283 4,6,¢, 4049 1,2 4061
90 7.6, 3034 1) 286 74 4054 (2, 8)
99 7,8,C, 3098 1) 3133 299 [5:6:¢1, 5,¢,] 4096 2, 9)
104 6,c, 3149 @, 3) 3159¢ 306 7,8,¢, 4116 27
108 [5:71Co, 617161 3166 @, 2 3179 312 [5,71C,, 6,7:C,] 4135 2, 3)
113 cy 3215 1) 314 7,04 4142 (4, 6)
116 7, 3229 ©, 2) 321 4,¢, 4166 (0, 2) 4170
118 316 3239 (0, 0) 3235 324 [6:81C;, 5:8¢,] 4178 @ 3
125 4,c, 3296 ©, 1) 3299 327 [5,718:Co, 617,8,C,] 4187 (3, 5)
129 [6,7:¢,] 3321 @ 3) 328 3,c, 4189 (2, 4)
137 3¢ 3391 @, 4) 329 [c, t mixed] 4189 @, 4)
139 8¢, 3398 @, 4) 332 4,c, 4192 (2, 5)
148 8,C, 3455 @, 4) 3486 349 [6,¢,, 5,¢,1 4243 (5, 11)
151 4,7,¢o 3465 ©, 1) 3475 350 [7:cs, 8:c,] 4247 2,7
152 5.¢, 3467 @ 3) 3638 352 [5:6171C0, 5,71C] 4250 7
153 7,65 3473 @, 4) 353 3,8,¢, 4254 (1, 3) 4274
160 5,8,C, 3531 @, 2) 3536 355 [7,8,¢, * 4,6,t;] 4259 (4, 4)
172 cs 3582 2 2 3570%¢ 356 [7,8,¢; + 4,6,t5] 4259 4, 9)
175 7,8, 3594 (3, 3) 357 [7:Cs, 8;¢,] 4260 (3, 8)
176 [5,61Co. 5,C01 3601 @ 3) 3595¢ 362 [617:C,, 7,C,] 4273 (10, 10)
177 [6:C,, 5:C,] 3605 (2, 6) 3638 369 2,¢, 4291 (1, 10) 4292
188 [5,7:¢, 7,8,¢,] 3661 2 3) 372 [c, t mixed] 4299 @, 8)
193 6,8,Co 3686 2 3) 3715¢ 374 [5:C4, 6:C,] 4303 (2, 13)
197 7,¢, 3698 4, 4) 380 [517,¢1, 617,C,] 4320 3, 9)
203 3.6, 3727 0, 1) 3733 383 [c, t mixed] 4325 @7
209 [6,C0, 5,1 3753 2, 4) 3761 384 4,8,c, 4325 2 7
210 4,c, * [t mixed] 3757 2 2) 387 [3151C, 31611 4330 1, 4) 4322
211 4,¢c, + [t mixed] 3757 1, 4) 391 [6,7181Co, 7581C,] 4346 (4, 10)
212 7,8,C, 3758 (1, 6) 308 75C, 4366 (5, 12)
223 6,7, 3811 (5, 14) 399 [ds, ¢, t mixed] 4371 (5, 9)
224 [517,C0, 617561 3820 (2, 15) 404 [6,¢1, 5,61¢:1 4378 @ 7
226 [c, t mixed] 3833 2, 4) 405 3,7, 4382 (2, 6)
228 4,8,¢, 3833 @, 4) 3854 407 [317:¢1, 415:¢1] 4388 (5, 3)
231 [8.cs, 8;ts] 3842 (2, 12) 416 [6,71Cos 517501 4408 (5, 10)
232 [c + t mixed] 3850 @7 419 [c >t mixed] 4420 (4, 5)
233 [c * t mixed] 3854 1, 4) 420 [c +t mixed] 4420 3,9
236 [c, t mixed] 3860 2, 5) 421 47,c, 4421 (4, 10)
238 [c, t mixed] 3873 1 2 422 7,8, 4423 (5, 10)
241 7,64 3883 (2, 6) 424 8,C, 4427 (,9
242 [3171Co, 415161 3890 2 2 437 85C, 4467 (.8
243 756, 3891 (3, 4) 441 [75¢1, 6,7,¢,] 4477 (,12)
244 [3,71C0, 65C0] 3892 @7 3908 444 [557,C0, 6173Co, 5173C0] 4479 (,15)
Already in the present paper, cis-trans entangled states, correspond- Acknowledgment

ing ‘tunneling’ splittings, and the (cis or trans) localized to delocalized
transition taking place near the top barrier were shortly discussed.
Benchmark quality computed data (limited by the quality of the PES)
on these interesting features will become available soon with the out-
lined theoretical, computational progress. We are not aware of detailed
experimental data of these phenomena in HCOOH, and we look forward
to developments from the experimental side.
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Appendix A. Supplementary data

Normal coordinate coefficients and computed vibrational states.
Supplementary material related to this article can be found online
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Table 5
Cis-HCOOH (including contributions from trans and delocalized states). (Table 4 continued, ICPH [28].)
#2 Assign.? 100 8l® ICPH #2 Assign.? 100 8l® ICPH
446 [3161¢01 4483 (,16) 4496 492 [7:¢6, C, d, t mixed] 4583 (.8
447 [c +t mixed] 4485 (,14) 496 [4,c, +3,6,7:1,] 4596 (.7
448 [c * t mixed] 4490 (,12) 497 [4,c, * 3,6,7:1,] 4597 .7
452 4,7,8,¢, 4493 (,17) 498 4,c, 4598 ()
453 [5,81C,, 6,8,C,] 4495 (,17) 508 4,7,c, 4618 (,9)
454 [c, t mixed] 4496 (,19) 509 [5,81¢0, 5,6,8,¢4] 4619 (.8
456 [c, t mixed] 4506 (,15) 510 7185C; 4620 (,15)
459 [7,81C5 + 5;t] 4514 (,12) 511 3,4,¢, 4622 (,15) 4626
460 [7,8,¢5 * 5,t] 4518 (,10) 512 3.Cq 4622 (,14)
465 [c, t mixed] 4529 (.8) 515 [8,c5 * 4;t6] 4629 (,18)
467 [4,6:¢,] 4534 (.8) 517 [8:¢5 + 41151 4637 (,12)
470 [3,7,¢01 4543 (,11) 520 [6,8,¢,] 4643 (,10)
472 5,8,C 4546 (,10) 524 [74¢0, 6173C, 5,617,C0] 4646 (,11)
476 [317,¢0 * 637,141 4550 (,15) 527 4,0y 4654 .7 4672
477 [317,C0 + 657,t,] 4550 (,16) 535 [5:¢s] 4671 (.7
479 [7,¢4] 4553 (,17) 542 [55¢, 5,61C] 4684 (,17)
480 [7,¢,] 4553 (,16) 544 [5,7,8,C1, 6,7,8:C5] 4689 (,15)
481 [5,6,¢,1 4557 (,16) 547 [c, t mixed] 4697 (,14)
484 74, 4564 (,16) 549 [c, t mixed] 4702 (,12)
485 [5,67,¢3, 6,7,C3] 4565 (,16) 550 [c, t mixed] 4702 (,12)

a b, ¢ see footnotes to Table 3.
£: Revised assignment based on the Supplementary Material of Ref. [28].
<: Tentative comparison.

Table 6

Delocalized-HCOOH: selected vibrationally excited states computed with the GENIUSH-Smolyak approach (b = 9) with
significant contribution from delocalized torsional basis functions, dy;d,;d,; and d;. The vibrational energy, in cm™, is
referenced to the trans-ZPVE.

#2 Dominant basis-state contributions® C 10 8l®
252 *0.56 6571, +0:32 6,7,1, 54020 ¢ +0:15 d 3914 (. 5)
253 +0:44 ¢, +0:37 d, *0.33 7,t; 3916 @7
281 *0.36 d, +0:32 5,1 4036 @7
284 +0:34 6,7,1, +0:32 dy *0.30 6,7,t, 4053 (5, 4)
287 +0:41 d, +0:33 7,1, +0:31 5,6,7,8, 1, 4060 (2. 5)
303 +0:41 d, +0:30 3,5,8,t, +0:27 56,1, *0.25 6,1 4112 @ 4
309 +0:47 d, *0.27 5,6,1, *0.27 5,6,t, 4125 @ 4
376 *0.33 5,1, +0:30 d, +0:30 5,6,t, 4311 (2, 10)
389 +0:42 4,5,7,8,1, +0:25 4,7,8,t, +0:21 d, 4340 (2 6)
399 +0:55 dy +0:22 3,441, +0:21 6yt 4371 (@, 9)

a b ¢ see footnotes to Table 3.
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Fig. 12. Comparison of trans-HCOOH vibrational energies, referenced to the zero-point energy, computed with the GENIUSH-Smolyak approach using the b = 9 and 10 basis
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Fig. 13. Comparison of the cis-HCOOH vibrational energies,
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referenced to the zero-point energy, computed with the GENIUSH-Smolyak approach using the b =9 and 10 basis

sets, Egs. (28) and (29), and the internal-coordinate path Hamiltonian (ICPH) [28] results. The states from the different computations were compared based on the assignment of
their wave function (Tables 4 and 5). The (trans-)zero-point energies are zp, = 7351 cm™ (b =9 and 10) and cppzpy = 7354 cm™.

References

[1]

[2]

[3]
[41

[5]

[61

[71

[8]

[e]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. Lauvergnat, A. Nauts, Exact numerical computation of a kinetic energy
operator in curvilinear coordinates, J. Chem. Phys. 116 (2002) 8560.

E. MEtyus, G. Czak , A.G. Cskszkr, Toward black-box-type full- and reduced-
dimensional variational (ro)vibrational computations, J. Chem. Phys. 130 (2009)
134112.

C. Fkbri, E. MEtyus, A.G. Cskszkr, Rotating full- and reduced-dimensional
quantum chemical models of molecules, J. Chem. Phys. 134 (2011) 074105.

C. Fkbri, E. MEtyus, A.G. CskszEr, Numerically constructed internal-coordinate
Hamiltonian with Eckart embedding and its application for the inversion
tunneling of ammonia, Spectrochim. Acta 119 (2014) 84.

A. Yachmenev, S.N. Yurchenko, Automatic differentiation method for numerical
construction of the rotational-vibrational Hamiltonian as a power series in the
curvilinear internal coordinates using the Eckart frame, J. Chem. Phys. 143
(2015) 014105.

D. Lauvergnat, A. Nauts, Quantum dynamics with sparse grids: a combination of
Smolyak scheme and cubature. Application to methanol in full dimensionality,
Spectrochim. Acta 119 (2014) 18.

A. Nauts, D. Lauvergnat, Numerical on-the-fly implementation of the action of the
kinetic energy operator on a vibrational wave function: Application to methanol,
Mol. Phys. 116 (2018) 3701.

X.-G. Wang, T. Carrington Jr., Using monomer vibrational wavefunctions to
compute numerically exact (12D) rovibrational levels of water dimer, J. Chem.
Phys. 148 (2018) 074108.

X.-G. Wang, T. Carrington, A variational calculation of vibrational levels of vinyl
radical, J. Chem. Phys. 152 (2020) 204311.

P.M. Felker, Z. Ba£i¢, Weakly bound molecular dimers: Intramolecular vibrational
fundamentals, overtones, and tunneling splittings from full-dimensional quantum
calculations using compact contracted bases of intramolecular and low-energy
rigid-monomer intermolecular eigenstates, J. Chem. Phys. 151 (2019) 024305.
P.M. Felker, Z. Bafi¢, H,0 CO and D,0 CO complexes: Intra- and inter-
molecular rovibrational states from full-dimensional and fully coupled quantum
calculations, J. Chem. Phys. 153 (2020) 074107.

Y. Liu, J. Li, P.M. Felker, Z. Bafi¢, HCL H,O dimer: An accurate full-dimensional
potential energy surface and fully coupled quantum calculations of intra- and
intermolecular vibrational states and frequency shifts, Phys. Chem. Chem. Phys.
23 (2021) 7101.

G. Avila, T. Carrington, Nonproduct quadrature grids for solving the vibrational
Schr dinger equation, J. Chem. Phys. 131 (2009) 174103.

G. Avila, T. Carrington, Using nonproduct quadrature grids to solve the
vibrational Schr dinger equation in 12D, J. Chem. Phys. 134 (2011) 054126.
G. Avila, T. Carrington, Using a pruned basis, a non-product quadrature grid,
and the exact Watson normal-coordinate kinetic energy operator to solve the
vibrational Schr dinger equation for C,H,, J. Chem. Phys. 135 (2011) 064101.
G. Avila, E. MkEtyus, Toward breaking the curse of dimensionality in
(ro)vibrational computations of molecular systems with multiple large-amplitude
motions, J. Chem. Phys. 150 (2019a) 174107.

15

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]
[26]

[27]

[28]

[29]

[30]

[31]

[32]
[33]
[34]

[35]

G. Avila, E. MEtyus, Full-dimensional (12D) variational vibrational states of
CH, F™: Interplay of anharmonicity and tunneling, J. Chem. Phys. 151 (2019b)
154301.

A. Chen, D. Lauvergnat, EIVibRot-MPI: Parallel quantum dynamics with Smolyak
algorithm for general molecular simulation, 2021, arXiv preprint arXiv:2111.
13655.

R. Wodraszka, T. Carrington Jr., A pruned collocation-based multiconfigura-
tion time-dependent Hartree approach using a Smolyak grid for solving the
Schr dinger equation with a general potential energy surface, J. Chem. Phys.
150 (2019) 154108.

R. Wodraszka, T. Carrington, A rectangular collocation multi-configuration
time-dependent Hartree (MCTDH) approach with time-independent points for
calculations on general potential energy surfaces, J. Chem. Phys. 154 (2021)
114107.

T. Carrington, Using collocation to study the vibrational dynamics of molecules,
Spectrochim. Acta 248 (2021) 119158.

D. Pelkez, K. Sadri, H.-D. Meyer, Full-dimensional MCTDH/MGPF study of the
ground and lowest lying vibrational states of the bihydroxide H30; complex,
Spectrochim. Acta 119 (2014) 42.

F. Otto, Y.-C. Chiang, D. Pelkez, Accuracy of potfit-based potential represen-
tations and its impact on the performance of (ML-)MCTDH, Chem. Phys. 509
(2018) 116.

R.L. Panad@, D. Pelkez, Low-rank sum-of-products finite-basis-representation
(SOP-FBR) of potential energy surfaces, J. Chem. Phys. 153 (2020) 234110.

T. Halverson, B. Poirier, Large scale exact quantum dynamics calculations: Ten
thousand quantum states of acetonitrile, Chem. Phys. Lett. 624 (2015a) 37.

T. Halverson, B. Poirier, One million quantum states of Benzene, J. Phys. Chem.
A 119 (2015b) 12417.

J. Sarka, B. Poairier, Hitting the Trifecta: How to simultaneously push the limits
of Schr dinger solution with respect to system size, convergence accuracy, and
number of computed states, J. Chem. Theory Comput. 17 (2021) 7732.

D.P. Tew, W. Mizukami, Ab initio vibrational spectroscopy of cis- and trans-
formic acid from a global potential energy surface, J. Phys. Chem. A 120 (2016)
9815.

F. Richter, P. Carbonnitre, Vibrational treatment of the formic acid double
minimum case in valence coordinates, J. Chem. Phys. 148 (2018) 064303.

A. Nejad, E.L. Sibert, The Raman jet spectrum of trans-formic acid and its deuter-
ated isotopologs: Combining theory and experiment to extend the vibrational
database, J. Chem. Phys. 154 (2021) 064301.

E.B. Wilson Jr., J.C. Decius, P.C. Cross, Molecular Vibrations: The Theory of
Infrared and Raman Vibrational Spectra, Dover Publications Inc., New York,
1980.

Wolfram Research, Inc., Mathematica, Version 12.1, Champaign, IL, 2020.

D. Papousek, M.R. Aliev, Molecular vibrational-rotational spectra, 1982.

J. Sarka, A.G. Cskszkr, S.C. Althorpe, D.J. Wales, E. MAtyus, Rovibrational
transitions of the methane-water dimer from intermolecular quantum dynamical
computations, Phys. Chem. Chem. Phys. 18 (2016) 22816.

J. Sarka, A.G. Cskszkr, E. MEtyus, Rovibrational quantum dynamical computa-
tions for deuterated isotopologues of the methane water dimer, Phys. Chem.
Chem. Phys. 19 (2017) 15335.


http://refhub.elsevier.com/S0022-2852(22)00040-6/sb1
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb1
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb1
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb2
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb2
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb2
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb2
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb2
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb3
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb3
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb3
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb4
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb4
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb4
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb4
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb4
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb5
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb6
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb6
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb6
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb6
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb6
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb7
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb7
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb7
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb7
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb7
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb8
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb8
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb8
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb8
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb8
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb9
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb9
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb9
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb10
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb11
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb11
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb11
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb11
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb11
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb12
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb13
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb13
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb13
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb14
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb14
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb14
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb15
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb15
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb15
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb15
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb15
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb16
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb16
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb16
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb16
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb16
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb17
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb17
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb17
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb17
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb17
http://arxiv.org/abs/2111.13655
http://arxiv.org/abs/2111.13655
http://arxiv.org/abs/2111.13655
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb19
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb20
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb21
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb21
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb21
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb22
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb22
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb22
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb22
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb22
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb23
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb23
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb23
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb23
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb23
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb24
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb24
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb24
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb25
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb25
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb25
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb26
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb26
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb26
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb27
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb27
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb27
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb27
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb27
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb28
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb28
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb28
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb28
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb28
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb29
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb29
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb29
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb30
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb30
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb30
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb30
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb30
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb31
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb31
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb31
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb31
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb31
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb32
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb33
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb34
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb34
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb34
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb34
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb34
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb35
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb35
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb35
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb35
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb35

A. Martin Santa Daria et al.

[36]

[37]

[38]

[39]

[40]

[41]

D. Ferenc, E. Méktyus, Bound and unbound rovibrational states of the
methane-argon dimer, Mol. Phys. 117 (2019) 1694.

A. Mart n Santa Dar a, G. Avila, E. MAtyus, Performance of a black-box-type
rovibrational method in comparison with a tailor-made approach: Case study for
the methane water dimer, J. Chem. Phys. 154 (2021) 224302.

A. Mart n Santa Dar a, G. Avila, E. M£tyus, Fingerprint region of the formic
acid dimer: Variational vibrational computations in curvilinear coordinates, Phys.
Chem. Chem. Phys. 23 (2021) 6526.

J.C. Light, T. Carrington Jr., Discrete-Variable representations and their
utilization, Adv. Chem. Phys. 0 (2000) 263 310, (Chapter 14).

G. Avila, D. Papp, G. Czak , E. M&tyus, Exact quantum dynamics background
of dispersion interactions: Case study for CH, Ar in full (12) dimensions, Phys.
Chem. Chem. Phys. 22 (2020) 2792.

S.A. Smolyak, Quadrature and interpolation formulas for tensor products of
certain classes of functions, in: Doklady Akademii Nauk, vol. 148, Russian
Academy of Sciences, 1963, pp. 1042 1045.

16

dc_1955 21

[42]

[43]

[44]
[45]

[46]

Journal of Molecular Spectroscopy 385 (2022) 111617

F. Heiss, V. Winschel, Likelihood approximation by numerical integration on
sparse grids, J. Econometrics 144 (2008) 62.

M.J. Bramley, T. Carrington Jr., Calculation of triatomic vibrational eigenstates:
Product or contracted basis sets, Lanczos or conventional eigensolvers? What is
the most efficient combination? J. Chem. Phys. 101 (1994) 8494.

X.-G. Wang, T. Carrington Jr., A finite basis representation Lanczos calculation
of the bend energy levels of methane, J. Chem. Phys. 118 (2003) 6946.

T. Carrington Jr., X.-G. Wang, Computing ro-vibrational spectra of van der Waals
molecules, Wiley Interdiscip. Rev. Comp. Mol. Sci. 1 (2011) 952.

A. Aerts, P. Carbonnitre, F. Richter, A. Brown, Vibrational states of deuterated
trans- and cis-formic acid: DCOOH, HCOOD, and DCOOD, J. Chem. Phys. 152
(2020) 024305.


http://refhub.elsevier.com/S0022-2852(22)00040-6/sb36
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb36
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb36
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb37
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb37
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb37
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb37
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb37
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb38
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb38
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb38
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb38
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb38
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb39
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb39
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb39
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb40
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb40
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb40
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb40
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb40
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb41
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb41
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb41
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb41
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb41
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb42
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb42
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb42
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb43
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb43
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb43
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb43
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb43
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb44
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb44
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb44
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb45
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb45
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb45
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb46
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb46
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb46
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb46
http://refhub.elsevier.com/S0022-2852(22)00040-6/sb46

Published on 24 February 2021. Downloaded by Universidad de Salamanca on 3/12/2021 8:29:45 AM.

PCCP

W) Check for updates ‘

Cite this: DOI: 10.1039/d0cp06289h

Received 5th December 2020,
Accepted 17th February 2021

DOI: 10.1039/d0cp06289h

dc_1955 21

¥ ROYAL SOCIETY
PP OF CHEMISTRY

Fingerprint region of the formic acid dimer:
variational vibrational computations in
curvilinear coordinatest

Alberto Mart.n Santa Dar.a, ' Gustavo Avila and Edit Matyus = *

Curvilinear kinetic energy models are developed for variational nuclear motion computations including
the inter- and the low-frequency intra-molecular degrees of freedom of the formic acid dimer. The
coupling of the inter- and intra-molecular modes is studied by solving the vibrational Schradinger
equation for a series of vibrational models, from two up to ten active vibrational degrees of freedom by
selecting various combinations of active modes and constrained coordinate values. Vibrational states,
nodal assignment, and infrared vibrational intensity information is computed using the full-dimensional
potential energy surface (PES) and electric dipole moment surface developed by Qu and Bowman [Phys.
Chem. Chem. Phys., 2016, 18, 24835; J. Chem. Phys., 2018, 148, 241713]. Good results are obtained for
several fundamental and combination bands in comparison with jet-cooled vibrational spectroscopy
experiments, but the description of the ng and ng fundamental vibrations, which are close in energy and
have the same symmetry, appears to be problematic. For further progress in comparison with experiment,
the potential energy surface, and in particular, its multi-dimensional couplings representation, requires

rsc.li/pccp further improvement.

l. Introduction

In a recent article, Nejad and Suhm reviewed the spectroscopy of
the formic acid dimer (FAD)! with a focus on the intermolecular
vibrational range. The formic acid is the simplest carboxylic acid
and its dimer is a prototype for a cyclically arranged pair of
hydrogen bonds. The formic acid dimer has been studied in
spectroscopy experiments for decades, but the rotational and
temperature e ects made the detection of the precise vibrational
band positions challenging.

Coupling infrared and Raman spectrometers to jet-cooled
helium beams seeded with a small amount of molecules in the
gas phase made it possible to gain precise information on the
vibrational dynamics of molecular complexes and clusters.? ® In
particular, all intermolecular vibrational fundamentals and several
overtone and combination bands of FAD® ° have been assigned
over the past 16 years with an experimental uncertainty on the order
of 1cm 1. The amount and the quality of the experimental data call
for detailed and high-level quantum dynamics computations.*

A detailed quantum dynamics computation relies on advanced
methodology from three areas of theoretical chemistry: (a) electronic

Institute of Chemistry, ELTE Egtves Lorand University, Pazmany Peter setany 1/A,
1117 Budapest, Hungary. E-mail: edit.matyus@ttk.elte.hu

t Electronic supplementary information (ESI) available. See DOI: 10.1039/
d0cp06289h
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structure methodology that provides good approximate solutions to
the electronic Schradinger equation at a series of nuclear config-
urations over the coordinate range relevant for the nuclear
motion; (b) high-dimensional fitting or interpolation methods
that build a potential energy surface (function) from the electronic
energies available at points; and (c) rovibrational methodology
that provides solution to the (ro)vibrational Schradinger equation.
A full-dimensional ab initio potential energy surface for the formic
acid dimer is already available in the literature (parts a & b)
developed by Qu and Bowman (QB16-PES),*! and this allows us to
focus on the solution of the vibrational Schradinger equation.

Regarding the QB16-PES, it was obtained as a least-squares
fit of a permutationally invariant potential energy function for
the 10-atomic formic acid dimer to 13475 CCCD(T)-F12a/haTZ
electronic energies. Qu and Bowman used a maximum of fourth
order polynomials in the fitting and they report an 11 cm *
energy-weighted root-mean-squared deviation and an absolute
error of about 14 cm * for their points below 4400 cm *. The
global minimum structure of the PES has C,, point-group symmetry
and the corresponding harmonic frequencies are in reasonable
agreement with earlier theoretical and experimental work.

Qu and Bowman'? performed full (24)-dimensional vibra-
tional configuration interaction (VCI) computations with the
MULTIMODE computer program using the normal-coordinate
representation of the kinetic energy operator (KEO) and a 4-mode-
representation of QB16-PES. They write about the low-frequency

Phys. Chem. Chem. Phys.
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vibrational energies (below 1000 cm 1) obtainedin the VCT™

computations that the energies are slightly up-shifted most likely
due to the use of rectilinear normal coordinates, which are usually
not well suited for describing floppy degrees of freedom, and
possible deficiencies in the fitted PES. Otherwise, they estimate
the VCI energies to be converged within about 10 cm .22

In the present work, we focus on the low-frequency range and
study the role of the coordinate choice for this specific system. Is
it necessary to use curvilinear coordinates to describe well the
fingerprint range or normal coordinates are also appropriate?

In the next section (Section 1), we define curvilinear internal
coordinate vibrational models for FAD with focusing on the
intermolecular dynamics. Then (Section Ill), the computed
vibrational states are analysed and compared with the experi-
mental data. Section 1V is about an assessment of the kinetic and
the potential energy representations using internal and normal
coordinates. The article ends (Section V) with a summary of the
results, conclusions, and outlook for possible future work.

ll. Theoretical and
computational details

In the present work, the quantum dynamical computations
were carried out using the GENIUSH®** computer program.
The general rovibrational Hamiltonian implemented®® 2° in
this program is

|4 1 X 1=4 1=2 1=4
g g PCug HY
k..l 1.1
1 KX 1=4 1=4 1=4 1=4
> g = PCkp ad g Gkp afk& NS
k.1l a.l
1 X 5
i GD a;D aj\a
a..l
1 XX
2 Gp ap b j\a;\j\b \%
a.lb4da

@

where J, (@ = 1(x), 2(y), 3(z)) are the body-fixed total angular
momentum operators and p, = ig/qgx with the g (k =1, 2,..., D)
internal coordinates. The Gy = (g Y« coefficients and g = det(g)
are determined from the g matrix, defined as follows,

»X
Ok - mitity; k1. 1,2...;D 3 @

i1

where
@r;

tx..—; kl..1,2;...;D 3
ik @qk ( )
tipra=€a r; a=1(x), 2(y), 3(2) 4)

and r; are the body-fixed Cartesian coordinates for the i-th atom
and e, represent the body-fixed unit vectors.

Phys. Chem. Chem. Phys.

D r 3N 6 is the number of the active vibrational dimen-
sions in the system. If D © 3N 6, then this definition of the
kinetic energy operator (KEO) corresponds to imposing rigorous
geometrical constraints for the fixed part of the system, and the
results depend only on the constrained geometry, but they are
independent on the actual coordinate representation of the
constrained moiety.*® This procedure is sometimes referred to
as reduction in the g matrix that can be contrasted with the
reduction in the G matrix (that is also common and) for which
the results would depend on the actual coordinate representa-
tion of the constrained fragments.

Regarding the present system, the formic acid dimer has
N = 10 atoms and 3N 6 = 24 vibrational degrees of freedom.
A fully coupled, variational computation is currently out of
reach for such a high number of degrees of freedom, except for
a highly e cient normal-coordinate based representation that
have been performed for FAD'"?! 2® and other systems of
similar size.?*% Solution methods for high-dimensional semi-
rigid systems are in a far more advanced stage than methods
for solving systems with (more than 1 2) floppy degrees of
freedom. Several floppy degrees of freedom in a system are
typically strongly coupled and in this case one has to rely on a
direct product representation for which the computational cost
scales exponentially with the number of the degrees of freedom.
Efficient computational schemes (grid and basis reduction,
contraction) exploit the weak coupling of modes or groups of
modes. There are successful efforts in the community®® for
solving high(er)-dimensional systems with several floppy modes.
In a series of recent work,?” 2 we developed and used a
computational scheme in which the floppy part is fully coupled
and we exploit efficient grid and basis truncation schemes for
the semi-rigid part. As a result, the cost of the computation
scales exponentially with the number of floppy and polynomially
with the number of semi-rigid degrees of freedom.

This work is about an exploratory, first application of the
curvilinear methodology for FAD, a series of reduced-dimensional
curvilinear internal coordinate models are defined and we solve the
corresponding vibrational Schredinger equation. For a specific
coordinate choice, the GENIUSH program automatically computes
the KEO coe cients over a grid, and uses the matrix representation
of the Hamiltonian (eqn (1)) constructed with discrete variable
representation (DVR)® for the active vibrational degrees of freedom.
The lowest-energy eigenvalues and corresponding eigenvectors
are computed using an iterative Lanczos algorithm.3132

A. Curvilinear internal coordinates and body-fixed frame

The GENIUSH program uses the t-vector representation to construct
the g, and then the G matrices appearing in the KEO, eqn (2) (4).
To compute the vibrational t-vectors, eqn (3), it is necessary to define
the Cartesian coordinates in the body-fixed frame, r;, with respect to
the internal coordinates, q. Based on this definition (added to the
program as a subroutine), the coordinate derivatives, the KEO
coefficients, and the Hamiltonian matrix terms are constructed in
an automated fashion. Any coordinates can be set to be constrained,
to a fixed value provided by the user, or active, for which an
appropriate coordinate range and DVR must be defined.

This journal is © the Owner Societies 2021
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Fig. 2 Definition of the intermolecular coordinates, (R,y,f,a,b,g), shown
for the equilibrium geometry of the dimer.
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Fig. 1 Internal coordinate definition of the formic acid monomer. The
same internal coordinate definition is used for both monomers, | = A and B,
within the dimer. For the global minimum of the dimer, the values of the
monomer coordinates, in ~ for the distances and in degree for the angles,
are shown in brackets.

First, we define the monomer structures using a Z-matrix-
type notation. These coordinates belong to the intramolecular
modes that are set as active or fixed simultaneously in both
monomers to respect the compositional symmetry of the system.
Next, we define the coordinates that describe the relative posi-
tion and orientation of the two monomers similarly to ref. 33 35.

The monomer coordinate definition is summarized in Fig. 1.
The coordinate axes and the molecular plane are attached to the
OCO fragment in both monomers and the following algorithm is
implemented to define the KEO:

(1) To define the intra-monomer coordinates, the Cartesian
coordinates of both monomers are defined as a function of the
interatomic distances, r;;, angles, Wiy, and torsion angles, tjjq
according to the following expressions (see also Fig. 1):

1

0 0
fcll .0 Fcl)z E 0 E; '°o|3 ---gflssin p Wag g;
12

rigcos p Was
r25SiNWios5 SiNtsp14

1
r25SiNW125 COS ts214 E

I25 COSWiog

®)

rigsin p - Wogg Sintaos

(@) 1
) I
i, %msm p Way COSt4123§; g E

riacos p Wous

where | = A, B labels the monomers.
(2) shift to the monomer center of mass (CM) for each
monomer:

| | | .
Lo Iew ie1..55 (6)
Up to this point, both monomers have identical positions.
(3) To define the inter-molecular coordinates, we rotate both
monomers from their original orientation using the rotation
matrices O, 0;y; ¥ and 0, & b;g parameterized with five Euler

This journal is © the Owner Societies 2021

angles, (y,¥,a,b,g), and we shift monomer B by R in the positive
direction along the z axis (Fig. 2):

o 1
0

P O abigr® gog
R

R240;1 ; y;b21%0;p; F;a;024%0;2p

L0 0y F ot

@)

4. Shift to the dimer center of mass:
I . | AB
(SR (R ft (8)

5. (optional) Change of the body fixed frame of the dimer:
the overall dimer can be rotated to a new body-fixed frame, for
example, to the Eckart frame.

The curvilinear nature of the coordinates results in singularities
in the KEO. We have defined the coordinates so that the singula-
rities (most importantly, at cosy = 1 and cosb = 1) of the KEO
are possibly far from the equilibrium structure and the dynami-
cally important coordinate range. For example, it would be a more
natural choice to align the C H bond of both monomers along the
z axis, but then the equilibrium structure of the dimer would
correspond to y =0 (cosy = 1) where the KEO has a singularity. For
this reason, we align the CCQO bond in both monomers along the
z axis (Fig. 1 and 2) and perform the o, 0;y; ¥ and [O-H b;g
rotation from this initial orientation. As a result the values of the
angles at the global minimum (Table 1) are far from the singula-
rities of the KEO.

Throughout this work, we used the atomic masses m(H)
1.007825m,, m(D) = 2.014000m,, m(C) = 12m,, and m(O)
15.994915m,,.%¢

B. Vibrational models and matrix representation

For a start, the constrained coordinates were fixed at their
equilibrium value of the dimer s global minimum. Regarding
the active coordinates, their initial range was determined from
inspection of 1-dimensional cuts of the QB16-PES (Fig. 3).
Based on these 1D cuts, we may expect that the fingerprint

Phys. Chem. Chem. Phys.
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Table 1 Coordinate intervals and representations

DVR PO-DVR
Coordinate Equilibrium value Type # Interval #
R[] 3.007879 Laguerre 300 [2.0,45] 7
cosy 0.333027 Legendre 101 [10,150] 9
1 270 Fourier 101 [200,350] 9
a1l 180 Fourier 101 [90,270] 11
cosb 0.333027 Legendre 101 [30,170] 9
g [1] 90 Fourier 101 [10,160] 9
t£24(HOCO) [1] 180 Fourier 101 [120,250] 9
Wo3(0CO) [1]  126.145 Fourier 101 [90,160] 9

region can be well described. For every coordinate, we performed
a 1D vibrational computation using the 1D (unrelaxed) potential
energy cut over a broad, physically meaningful interval (high-
lighted in orange in the figure) that is not a ected by an
unphysical behavior of the PES. For this 1D model, we employed
a large number of a discrete variable representation (DVR)
points® scaled to the selected interval. These computations were
used to define potential-optimized DVRs (PO-DVR).3"38

This construction (and the semi-rigid properties of the
system) allowed us to retain only a small fraction of grid points
for the multi-dimensional vibrational computations. Table 1

1D-cut of QB18-PES

View Article Online

PCCP
25u:|r-nmarizes the coordinate parameters (minimum value and
interval), the DVR grid type and the number of points, as well as
the number of PO-DVR points that were found to be su cient
to converge the multi-dimensional variational computations
presented in this work within 0.01 cm *. This convergence
threshold is orders of magnitude better than the fitting error
reported for the PES, but we used this threshold to make sure
that all states appearing in our energy list are true (converged)
states corresponding to the vibrational model.

The reported computations were not very expensive, even
the largest one finished within 1 2 days using 24 cores. At the
same time, the largest computations required a large amount of
memory (B1 TB), since we used a simple direct product repre-
sentation and all eigenvectors for the reported states were
generated simultaneously in memory. For higher-dimensional
computations, we plan to exploit the Smolyak scheme® *
recently implemented in GENIUSH**?® (and perhaps start
further developments).

[ll. Analysis of the computed
vibrational states

By inspecting the harmonic frequencies of FAD (listed in the
ESIT), we may think that the inter- and intra-molecular dynamics

Grid interval —— PO-DVR interval

4} 14 |
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Fig. 3 1-Dimensional cuts of the QB16-PES along the intermolecular coordinates. The intervals used in the 1-dimensional DVR computations are highlighted
in orange and the PO-DVR points used in the multi-dimensional vibrational computations are located within the intervals surrounded by the red lines.
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Table 2 Monomer structural parameters: req, equilibrium value at the—

global minimum (GM) and hri® averaged structural parameter for the

ground-state wave function of the 2D model in FAD

P00 H?  iPeo) ¥ o) whPoco)
[1] [] [1] [1
feq (GM)  0.99274 1.21745 1.31156 126.14500
hrié® 1.01790 1.22136 1.31625 126.18119

& Restricted to the anharmonic well, not accounting for tunneling.

are not perfectly separated. Based on the energetic ordering,
it may be necessary to include at least the OCO bending, W2,
and/or the HOCO torsional modes, t%E), to have a correct
description of the intermolecular dynamics.

For this reason, we present (Table 3) the lowest-energy
vibrational energies computed with GENIUSH using the
6D | intermolecular, the 8D Ib intermolecular-bending,
the 8D It intermolecular torsional, and the 10D Itb inter-
molecular-bending-torsional models and the full QB16-PES. For
exploratory reasons, we have constructed other reduced dimen-
sionality models as well, e.g., by including the anharmonic O H
stretching modes, but they did not seem to qualitatively change
the intermolecular vibrational energy pattern (we note that the
O H tunneling effects may be accounted for using the same
methodology, but it is left for future work). We have also studied
the effect of the precise value of the constrained structure by
using the equilibrium, rq, or vibrationally averaged, hrio, para-
meters (Table 2). Since we observed only minor shifts
(afewcm 1Y), we continue the discussion for the results obtained
with using req values for the constraints.

Adding the HOCO torsional modes to the active degrees of
freedom appears to be qualitatively important in the present
case. At the same time, the OCO bending modes have only a
small e ect on the energy pattern. We do not provide a detailed
assignment for all 6D, 8D, and 10D vibrational computations,

Table 3 Vibrational energies, in cm !

but we list (Table 3) the computed vibrational energies together
with the infrared intensities,

AR Rg=kmmol !

> h i
jhcgim,jc,ij?=Debye?

a.xy;z

1

... 22506562213 R Ry =Ccm

©)

to facilitate comparison of the various computed and experi-
mental vibrational band origins (VBOs). For the VBOs observed
by Raman spectroscopy, we obtain zero infrared intensity
(numerically near zero) due to the spatial symmetry of the
system. In the jet-cooled experiments, we may assume that
initially only the vibrational ground state is populated, so we
compute only the transition intensity for excitation to the final
state (f) only from the ground state (0). The m, (a = x,y,2)
electric dipole moment was evaluated using the QB18-DMS??
and the body-fixed frame defined in Section IIA.

For the 8D It vibrational model, we provide a detailed
assignment in Table 4 for the computed vibrational states below
350 cm ! (the first 18 vibrational states above the zero-point
vibration). The computed vibrational states were assigned based
on their nodal structure. Example wave function plots are shown
in Fig. 4, in which a clean nodal structure can be observed for the
case of the fundamental, the first, the second, and the third
overtone of the ng intermolecular twist vibration. Further wave
function plots used for the assignment are deposited in the ESI.T

We see a less clear nodal pattern for the case of the close-lying
states with 191 and 208 cm ! vibrational energies, nodal features
along the R intermolecular stretching appear in both states. The
latter state appears to have a more pronounced stretching
character, although making a decision between the in-plane
bending (ng) and intermolecular stretching (ng) would be ambig-
uous based on these results. The two modes belong to the same,
Ay, irreducible representation (irrep) of the C,, point group,

, and vibrational transition intensities, in km mol !, with respect to the zero-point vibration computed with

GENIUSH using internal coordinate KEOs and the QB16-PES™ and QB18-DMS.?2 The intensity values are shown in the parentheses and only values larger

than 0.05 km mol * are shown, otherwise a O entry is printed

h i h i h i
4 6D 1 il 8D Ib 1&We% 8D It 1&t5 10D Itb  1&t)5,8W55
1 76 (3.2) 75 (5.7) 70 (2.3) 70 (2.3)
2 152 (0) 151 (0.1) 141 (0) 140 (0)
3 194 (0) 192 (0) 162 (7.6) 161 (16.6)
4 211 (0) 208 (0) 191 (0) 189 (0)
5 227 (0) 226 (0) 208 (0) 205 (0)
6 232 (0.2) 230 (1.0) 211 (0) 210 (0)
7 258 (33.0) 256 (32.9) 233 (0) 231 (0.1)
8 271 (0) 268 (0.1) 239 (0) 238 (0)
9 286 (0) 283 (0) 253 (50.3) 252 (31.9)
1 05 0) 06 ) 270 740
12 333 (0) 330 (0) 280 (0) 278 (0)
13 344 (0) 341 (0) 303 (0) 301 (0)
14 348 (0) 345 (0) 310 (0.6) 308 (0.8)
15 361 (0) 357 (0) 323 (0) 321 (0)
16 376 (0) 373 (0) 325 (0) 323 (0)
17 384 (0) 381 (0) 332 (0) 329 (0)
18 386 (0) 381 (0) 347 (0) 343 (0)
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Table 4 Assignment and comparison with literature data oT the vibrationarl states obtained with the 8D 1t vibrational model in GENIUSH and the QB16

PES™ and QB18 DMS??

# Rgp ¢ om ! Agp 1t kmmol ! Assignment Rgp 1t Pro 2 [cm Y Rexpt Mgp gt CM 1 Frexpt [CM 1]
1 70 (2.3) Ny (Au, twist) 0 1 69.27
2 141 (0.0 2n16 2 139°
3 162 (7.6) n1s (Au, oop bend) 5 6 168.5"
4 191 (0) no/ng (A4, ip bend/stre) 21(Y) 30 161°
5 208 (0) Ng/Ng (Ag, stre/ip bend) 1 14 194°
6 211 () 3n.6

7 233 (0) N15 + N1g

8 239 (0) n12 (Bg, 00p lib) 15 3 242°
9 253 (50.3) Naa (B, ip lib) 22 11 2645
10 262 (01) Ng + N4g

11 277 (0) Ng + Nig

12 280 (0) 4nse

13 303 (0) N5 + 2N

14 310 (0.6) Nio +N16 1 311%°
15 323 (0) Nog + Nig

16 325 (0) 2nys 1 336°
17 332 (0) Ng + 2n16

18 347 (O) Ng + 2Nyg

2 The lowest harmonic frequencies, Ryo corresponding to the QB16-PES are listed in column A of Table 5.

and thus their mixing is allowed (and a mixing e ect has been
observed already in lower-level electronic structure computations?).
In comparison with the experimental results, we observe a
strong and most likely erroneous blueshift. The erroneous
behavior is indicated by the strong, positive anharmonicity
correction (deviation of the variational energy from the
harmonic oscillator energy) that indicates a problem in the
theoretical description.

We can identify all experimentally observed fundamental
vibrations, overtone, and combination bands in this range,
except for the 319 cm ! peak tentatively assigned to the 2ng
(Ag) band in ref. 9. This VBO may be missing from our energy

list shown up to 347 cm * due to the erroneous blueshift of
the ng fundamental vibration in the computations. Of course,
the computed energy list contains a few more combination
and overtone bands that have not been observed in experi-
ment yet.

So, apart from the erroneous ng/ng system, the 8D It
computational results appear to be in a reasonable, although
not spectacularly good, agreement with experiment.

Switching on the OCO bending modes, resulting in the
10D 1tb model, does not change much the computed results.
On the contrary, by freezing both the bending and the torsional
degrees of freedom at their equilibrium values, resulting in the

v,
0.02
0.01
0.00 0.02
-0.01
-0.02 0.01
0.01
0.00
v, -0.00
0.02
0.01 -0.01
0.00
-0.01 -0.01

Fig. 4 Example wave function plots (all quantities shown in atomic units) obtained in the 8D It computations with GENIUSH and the QB16-PES.
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6D 1 model, we obtain a qualitatively di erent energy pattern
and the problematic blue-shifts appear to be even more pro-
nounced (Table 3). We find this result surprising, we would
have expected that already the 6D 1 intermolecular model is
qualitatively correct and it can be further improved by adding
the low-frequency intramolecular modes. To better understand
the origin of this behavior, we performed a couple of test
calculations using di erent KEOs that are reported and analyzed
in Section IV.

In summary, 8D It appears to be the simplest vibrational
model for which we get meaningful results with the present QB16
PES, but the results are far from perfect. For this reason we
constrained the discussion to the first 18 states of the parent
isotopologue obtained with this single model. The vibrational
energies obtained for the symmetrically substituted isotopologues
with the 8D 1t KEO and the QB16-PES are listed in Table 6 of the
Appendix without further analysis. Later on, more states can be
computed and analysed using the 8D, 10D (or perhaps even
12D) vibrational models and the most appropriate values for
the constrained geometrical parameters can be determined,
but we think that it is important first to clarify the origin of the
erroneous blueshifts observed for some of the fundamental
vibrations.

V. Assessment of the KEO and the PES
representations

In order to understand better the erroneous results obtained
with curvilinear KEOs and the QB16-PES, we performed a
number of test computations (Table 5).

First of all, we computed the normal coordinates and har-
monic frequencies corresponding to the global minimum struc-
ture of the QB16-PES (the normal coordinate parameters are
deposited as ESIT). The harmonic frequencies are listed in the A
column of Table 5. Next, we have implemented the harmonic
potential energy model (HO) in the GENIUSH program, and
it can be evaluated with any types of internal coordinates and
grid representations. This o ers a simple, alternative PES
representation to the full QB16-PES that is used in our DVR
computations.

Regarding the KEO, we have implemented the (rectilinear)
normal coordinates of the QB16-PES as active coordinates in
GENIUSH. The vibrational energies obtained for the 6D normal
coordinate KEO, in which the six lowest-energy normal modes are
active and all other normal coordinates fixed at the 0 value, are
shown in columns B and C. The B column can be reproduced
from combinations of the harmonic frequencies listed in
column A. Column C contains a converged 6D normal coordinate
computation on the full QB16-PES. It is interesting to note that
these energies are close to the 24-dimensional normal coordinate
VCI computations (converged to B10 cm %) of ref. 12 using a
4-mode representation of the QB16-PES. It is also necessary to
note that the C column is quite di erent from the E and F
columns which correspond to 6D curvilinear KEOs and the full
QB16-PES. This deviation may indicate (a) the deficiency of the

This journal is © the Owner Societies 2021

Table 5 Assessment of the PES and the kinetic energy representations:
vibrational energies, in cm 1 measured from the zero-point vibrational

energy (ZPVE)

KEO: HOo? Q(GD)b x(®D)e Q(6D)d Q(24D)e Q(24D)e
PES: HO HO Full HO Full Full 4MR 4AMR
Labelf A B c D E F VSCF!2  vCIt?
ZPVE 573 638 562 682 682 n.a. n.a.
Nig 70 70 110 68 76 76 103 96
2N16 140 175 136 152 152 171 178
Ny 167 167 203 163 194 194 204 209
Nis 170 170 230 166 211 211 250 213
ng 209 209 269 203 227 227 277 273
316 211 275 209 232 232 303 286
Ny + Ng 237 288 231 258 258

Nie + Nis 241 313 234 271 271

Nis 254 254 320 239 286 286

Noa 275 275 353 270 302 302

279 358 275 308 308
281 378 277 333 333
308 387 297 344 344
311 390 301 348 348

& Harmonic oscillator model approximation corresponding to the QB16-
PES. ® 6D computation with GENIUSH using the QB16-PES normal coor-
dinates in the KEO with a harmonic oscillator model PES (HO) or with the
full QB16-PES (full). The VBOs are converged within 0.01 cm * with
(15,15,13,13,13,13) unscaled Hermite-DVR points. ° 6D computation with
GENIUSH using the curvilinear internal coordinates defined in Section 11A
in the KEO with a harmonic oscillator model PES (HO) or with the full
QB16-PES (full). The energies are converged with (11,11,11,11,11,11)
PO-DVR points defined in Table 1. ¢ 6D computation with GENIUSH
using curvilinear normal coordinates defined in the KEO with the
full QB16-PES. The VBOs are converged within 0.01 cm * using
(15,15,15,15,15,15) number of unscaled Hermite-DVR points. ¢ 24D
normal coordinate computation with a 4-mode representation of the
QB16 PES, ref. 12. T Assignment corresponding to columns A and B. For
the other columns, analysis of the wave function would be necessary for
the assignment.

rectilinear normal coordinates to describe floppy degrees of free-
dom; and/or (b) an erratic behavior of the PES that is manifested
di erently for the di erent grid representations.

Regarding the 6D curvilinear KEOs (columns D, E, and F),
the results obtained with the HO-model PES (column D) are
close and slightly redshifted compared to the fully harmonic
normal coordinate results (columns A and B), and the erro-
neous blueshift of the ng/ng fundamentals is missing. This
provides an additional check for our curvilinear KEO definition
and suggests that the unphysical deviation of the 6D 8D 10D
energies (Section Ill) from the experimental values may origi-
nate from an unphysical behavior of the PES representation in
the coupling of these modes.

Finally, we mention that an, in principle, numerically e -
cient representation of the intermolecular dynamics of FAD,
described as a single-well system, is provided by curvilinear
normal coordinates. Curvilinear normal coordinates are
obtained as the linear combination of the internal coordinates
defined in Section IIA that diagonalize the GF matrix (the
coordinate definition and the linear combination coe cients
are provided in the ESIT).

All in all, for further progress, it is necessary to have an
improved PES. For the fingerprint region an improvement of
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the intermode coupling PES representation appears to be—

particularly important.

V. Conclusion and outlook

Variational vibrational computations are reported for the fin-
gerprint region of the formic acid dimer (FAD) using curvilinear
kinetic energy operator representations and the QB16-PES.
Besides the intermolecular coordinates, the lowest-frequency
monomer vibrations have been included resulting in a series of
vibrational models with 6, 8, and 10 active dimensions, while
keeping all other degrees of freedom in the system rigid.

This work was initiated by a conjecture (also mentioned by
Qu and Bowman in ref. 11, 21 and 23) that perhaps normal
coordinates are not well suited and one should rather use
curvilinear coordinates to describe the fingerprint region of
FAD. We hoped that by using curvilinear coordinates, it
becomes possible to resolve discrepancy of earlier theory (with
normal coordinates) and experiment. During our vibrational
study we obtained good results for several fundamental
and combination bands in comparison with jet-cooled
vibrational spectroscopy experiment, but noticed that there
was a problem with the ng and ng fundamental vibrations.
These vibrations have always been di cult to describe
accurately (already on the harmonic level as it was pointed
out by Nejad and Suhm?), because they are close in energy and
have the same symmetry. These fundamental vibrations are
obtained from our variational computations with an erroneous
blueshift and the series of computations with di erent
vibrational models developed in this work suggest that for
further progress in comparison with experiments, improve-
ment of the PES is necessary.

Relying on the increasing computational resources, further
development in the computational methodology, and assuming
that an improved potential energy surface will become available
soon, we can foresee a curvilinear treatment with more than 10
fully-coupled degrees of freedom, or studying the tunneling
dynamics in the fingerprint range in the vibrational or rovibra-
tional spectrum. An interesting alternative future direction will
be the computation of tunnelling splitting e ects in the mono-
mer stretching spectrum®?*2 that was computationally studied
using an extension of the reaction surface Hamiltonian**%° and
also with 7-dimensional curvilinear vibrational models by
Luckhaus.*®#” Further progress in that direction also requires
an improved PES representation up to a beyond the monomer
stretching range.
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Table 6 Vibrational band origins, in cm ?, referenced to the zero-point

vibrational energy (ZPVE) of the parent and the three symmetrically
deuterated isotopologues of the formic acid dimer computed with the
GENIUSH program using the 8D It KEO and the QB16-PES

# (HCOOH), (DCOOD), (HcooD), (DCOOH),
0 1533 1240 1280 1493
1 70 70 70 70
2 141 135 140 138
3 162 140 157 140
4 191 186 187 191
5 208 205 208 205
6 211 207 210 208
7 233 207 227 209
8 239 209 237 210
9 253 245 251 248
10 262 256 257 261
11 217 270 278 275
12 280 274 279 217
13 303 276 297 279
14 310 217 307 279
15 323 278 313 279
16 325 314 320 317
17 332 319 327 327
18 347 326 341 331
19 350 339 347 342
20 351 341 348 344
21 368 341 363 346
22 372 343 366 347
23 380 345 372 348
24 381 346 377 348
25 389 347 383 349
26 392 37 389 380
27 395 379 392 385
28 397 382 393 389
29 401 389 397 394
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ABSTRACT

The present work intends to join and respond to the excellent and thoroughly documented rovibrational study of X. G. Wang and T.
Carrington, Jr. [J. Chem. Phys. 154, 124112 (2021)] that used an approach tailored for oppy dimers with an analytic dimer Hamiltonian
and a non-product basis set including Wigner D functions. It is shown in the present work that the GENIUSH black-box-type rovibrational
method can approach the performance of the tailor-made computation for the example of the oppy methane water dimer. Rovibrational
transition energies and intensities are obtained in the black-box-type computation with a twice as large basis set and in excellent numerical

agreement in comparison with the more ef cient tailor-made approach.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0054512

I. INTRODUCTION

Electronic structure theory has general program packages that
work for n electrons, where nis de ned by the user together with the
con guration of the clamped nuclei.

Will computational (ro)vibrational spectroscopy methodol-
ogy reach this level of automatization? Does it need to reach
this and why? One may argue that careful gas-phase spec-
troscopy measurements conducted in order to explore the struc-
ture and internal dynamics of molecular systems typically assume
months or even years of systematic experimental work (devel-
opment of sample preparation, source and detector architec-
tures, uncertainty estimation, error control, etc.). It is not a typi-
cally high-throughput eld studying one molecule after the other
at an extraordinary pace. At the same time, the experiments
may produce large sets of precise data that provide a highly
detailed characterization of the quantum dynamical features of the
system.

Regarding computational molecular rovibrational spec-
troscopy, it is a natural aim for a mathematically formulated theory
to have an approach, an algorithm, and a computer program that is

generally applicable, limited only by the available computational
resources. For solving the rovibrational Schr dinger equation, it
should be a general N-particle approach, where N is the number
of atomic nuclei (although for the moment only nite many
N possible values are computationally feasible). In this eld, it
is another necessary condition to allow the user to specify the
internal coordinates and the body- xed frame best suited for the
computations.

Development of Ref. 1, following earlier work in the eld,” ©
was led by this idea in spite of the fact that there were already
excellent approaches available speci cally designed for special types
of molecular systems (with a given number of nuclei and speci ¢
coordinates); the list includes, for example, Refs. 7 15. The numer-
ical advantage of an N-particle method was not at all obvious over
the performance of the tailor-made approaches. For semi-rigid sys-
tems, the Eckart Watson Hamiltonian'® was available as a general
N-particle Hamiltonian, for which ef cient solution techniques have
been developed using basis pruning.'’ ¢ If basis pruning can be ef -
ciently realized, then grid pruning techniques, developed in Refs. 19
and 20, can be employed to milden the curse of dimensionality.
Most recently, basis and grid pruning techniques have been used to
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describe ef ciently the semi-rigid part of oppy complexes in full
dimensionality.”* #

Floppy molecular systems with multiple large-amplitude
motions were and are still an open challenge for the eld, so it
was natural to ask the following questions about a novel black-box-
type approach: (1) Can the black-box-type rovibrational approach
tackle oppy systems? (2) Can we come close in ef ciency to
tailor-made approaches for oppy systems? Although singular
regions can be explored numerically, there are dif culties con-
nected to the selection and use of good basis functions and inte-
gration grids without an analytic knowledge of the kinetic energy
operator (KEO) and its matrix elements.”* (3) Is it possible to
continue using the simpler direct product basis and grid repre-
sentations for a start, which can be pruned perhaps at a next
stage of the development (or is it necessary to group the coor-
dinates in a certain fashion and use speci cally coupled basis
functions)?

In the present work, we will show for the example of the
methane water (MW) dimer that the answer to all three questions,
(1) (3),is yes.

We use the methane water dimer as an example system
because Wang and Carrington®* recently reported and carefully
documented their work using a tailor-made dimer Hamiltonian,
Wigner D basis functions, and the symmetry adapted Lanc-
zos eigensolver for computing rovibrational transitions of this
dimer. They have carefully compared their computational results
with earlier black-box-type rovibrational computations carried out
for this system” %’ and pointed out that even the excessively
large direct-product basis and grid provided insuf ciently con-
verged rovibrational energies,”® ?’ with inaccuracies on the order
of 0.05 1.5 cm . Since the publication of the rst applications
of the GENIUSH program for molecular dimers, we have gath-
ered more experience in treating oppy complexes, and using
this development and experience, we wish to complement this
comparison.

The methane water dimer is also a chemically and spec-
troscopically important example. It is the simplest model for
water hydrocarbon interactions, and there are high-resolution far-
infrared”® and microwave spectroscopic data’® available for the sys-
tem, while the analysis of the congested spectrum was dif cult and
only partially possible by effective Hamiltonians.

In this work, we will show that using an order of magni-
tude smaller but better basis and grid representation than in earlier
work,? 2 we can converge the rovibrational energies to 10  cm *
with a basis and grid thatis only twice as large as the coupled basis
used by Wang and Carrington.”

The tailor-made approach remains to be more ef cient, but
not by orders of magnitude. The ef ciency of the GENIUSH com-
putation can be further enhanced by exploiting part of the rich
symmetry features®® of this particular complex. We think that the
level of convergence achieved in this work is much beyond the
range of the typical approximations underlying the current com-
putational rovibrational spectroscopy framework (quality of the
potential energy surface, Born Oppenheimer, and non-relativistic
approximations).

Finally, we may ask whether we can expect any fundamen-
tal or numerical advantage from developing general rovibrational
approaches, apart from ful Iling a mathematical necessity.

ARTICLE scitation.org/journal/jcp

First of all, we may aim for automatically de ning internal coor-
dinates that are optimal or near optimal for a particular computation
(system and energy range).

Furthermore, for a oppy molecular system, a fundamen-
tal and numerically important open problem is nding the opti-
mal body- xed frame or at least a body- xed frame that is good
enough or better than another one. For small-amplitude vibra-
tions, the Eckart frame is known to be an excellent choice in
minimizing the rotational and vibrational problem for low-energy
rovibrational states, and thus, it allows us to use the J 0 vibra-
tional eigenfunctions as a basis for J A0 computation®’ in the
same energy range. For higher excited semi-rigid systems and espe-
cially for oppy systems, we do not have any practical approach
for nding a good or at least a better frame and it may be the
numerical KEO approach used also in the GENIUSH program that
will allow us to optimize the molecular frame on-the- y over a
grid.*?

Having this perspective in mind, after a short theoretical intro-
duction (Sec. II), we report rovibrational energies (Secs. Ill and
1V), transitions, and line strengths (Secs. \V \I11) for the example
of methane water obtained with the numerical KEO approach of
GENIUSH and using the potential energy surface (PES) developed
by Akin-Ojo and Szalewicz (AOSz05 PES).*

Il. THEORETICAL DESCRIPTION
AND COMPUTATIONAL DETAILS

The quantum dynamical computations were carried out by
using the GENIUSH"** computer program. This program pack-
age has been used already to study a number of semi-rigid and

oppy molecular systems,?! 2325 27.3035 40 59 here we only shortly
summarize the theoretical background. The general rovibrational
Hamiltonian,” 4!

1b 3 - - - -
,QQ 9 7nGip a0 g7 Gip 2Py T o
k 1a 1l
1 3 2 1 3 3
-QGCpapala ;QQGCp ap b Jadp vV, 1)
2a 1 2a 1bAa

I\

FIG. 1. De nition of the intermolecular coordinates R, ,”, , ,
CH4 H,0 dimer.
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is implemented in the GENIUSH program. In Eq. (1), tiopa € i a 1x,2y,3z, 4)
JaJ[a 1 x,2y,3 z ]Jarethebody- xed total angular momentum

operators and py i0~@qx with the g, k 1,2,:::,D internal

coordinates. The Gy g ! coef cients and g detg are where r; are the body- xed Cartesian coordinates for the ith atom
D3 and e, represent the body- xed unit vectors.

determined from the rovibrational g >R P 3 i :
In the CHs H>0 dimer, the intermolecular degrees of free-

matrix, de ned

as follows: : . Lo
dom (D 6, Fig. 1) are de ned with the following internal coor-
N dinates: the R> 0,“ distance between the centers of mass
Gkl _le‘tikt“' kl 12::D 3, (@ of the monomers; two angles, cos > 1,1 and "> 0,2 , to
: describe the orientation of H,O; and three angles, > 0,2 ,
with cos > 1,1,and > 0,2 |, to describe the orientation of CHj.
te @ri Kl 12D ®) The monomer structures are xed at the effective vibrational
O eg] ' e structures used for the development of the PES in Ref. 33 and
4 40 —
3 i = Sin-cot-DVR
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5 f /
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FIG. 2. Selected elements of the G matrix shown along the singular coordinates, cos and cos (while all other coordinates are xed). The Legendre and cot-DVR grid
points (17 of each) are plotted on the x axis of each inset. Both sets of points approach the 1 singular points, but the cot-DVR points have a higher density near the
singularities.
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in earlier rovibrational computations.”*?> For completeness, we
repeat here the values of the constrained (bond length, angle)
values, whichare r O H 09716257, H O H  104.69"
and r CH 1099122 ,cos H C H 1~3* for the water
and the methane fragments, respectively. We used the same atomic
masses as in Refs. 24 and 25:m H  1.007825my, m C  12m,,
and m O 15.994915m,. Since we use the same PES, con-
strained coordinates, and nuclear (atomic) mass values as Ref. 24
(and also Ref. 25), the direct comparison of the results is
possible.

In the present work, the matrix representation of the Hamilto-
nian is constructed using a direct product discrete variable represen-
tation (DVR)* for the vibrational degrees of freedom. For our curvi-
linear coordinate representation (Fig. 1), the KEO has singularities
at cos 1 and cos 1. Plain Legendre DVR can be used for
these coordinates, but the convergence of the (ro)vibrational ener-
gies is slow and an excessive number of grid points is needed even
for a moderate level of convergence.”>?"*¢ The representation is fun-
damentally correct since we have repulsive singularities in the KEO
(Fig. 2), but it is computationally inef cient. (We note that while
in Fig. 2 both positive and negative singular values can be seen, the
integrals are always positive.) This behavior was correctly pointed
out by Wang and Carrington in Ref. 24. The direct product basis and
grid with Legendre DVR used in the GENIUSH computations,?>?/ %
which was 20 times larger than the coupled basis representation
with Wigner D functions of Wang and Carrigton,”* were suf cient
to converge the rovibrational states in the ZPV splitting range only
with a convergence error as large as 0.44 cm ! and an erroneous
split for some of the degenerate levels. At the same time, we note
that this split did not hinder the unambiguous molecular symmetry
group assignment of the GENIUSH results using the coupled-rotor
decomposition scheme.?®

This convergence problem was intriguing for a full (12)-
dimensional computation of the methane argon complex studied
by two of us.”’ In order to make the 12D computation feasible,
the more ef cient cot-DVR developed by Schiffel and Manthe*®
was used for the singular coordinate (which was the second Euler
angle in that system). The cot-DVR was developed by Schiffel and
Manthe® to have a more ef cient representation of the quantum
mechanical motion along the singular coordinate (we note that the

TABLE |I. Coordinate intervals and representations used in the GENIUSH rovibra-
tional computations.

DVR

Coord. GM* Type Interval No. points
R 3.464 PO-Laguerre” (2.5,6.0) 15
X 116.190 Cot-DVR® [0, 180) 17
> X 90.000 Fourier [0, 360) 15
X 297.460 Fourier [0, 360) 9
113.050 Cot-DVR® [0, 180) 17
x 293.010 Fourier [0, 360) 23

?Internal coordinate values for the global minimum (GM) structure of the AOSz05
PES.*

PPotential-optimized DVR using 300 points.

The cot-DVR was constructed with two sine functions.

ARTICLE scitation.org/journal/jcp

singularity is present only for K x 0 in the §J, Ke basis representation
of Ref. 43). The rst practical application for a multi -dimensional
molecule of cot-DVR was reported by Wang and Carrington.*
The cot-DVR procedure uses a polynomial series of cosine, and
optionally also sine, functions to build a DVR. In the present work,
we obtained the best results when two sine functions were also
included. The nal computational parameters are summarized
in Table I.

I1l. ENERGY LEVELS AND CONVERGENCE TESTS

First, the convergence of the results has been tested with
respect to the number of grid points for every coordinate using
a series of reduced-dimensional (D @6) and full-dimensional
(D 6) computations. Table Il highlights the 10 * cm ! conver-
gence of the rst 20 vibrational states for the selected grid parameters
(Table I).

In Table 11, we can observe a small 10 3 cm * arti cial split of
some of the triply degenerate levels, which is due to the fact that
the underlying grid and basis do not respect the full symmetry of
the dimer; hence, certain symmetry features are converged numer-
ically by enlargement of the grid. At the same time, at this level of
convergence, we felt important to check three additional compu-
tational parameters that are listed in the following paragraphs and
summarized in Table 1.

TABLE II. Convergence test of the vibrational (J  0) energy levels, in cm 1, refer-

enced to the zero-point vibrational energy in the methane water dimer computed with
the GENIUSH program and the AOSz05 PES.33

Jon a ( 2)b ( 2)c
Np: 14 10 56 10° 59 107
1 206.810 0.001 0
2 4764 0.001 0
3 4764 0.001 0
4 4765 0.001 0.001
5 6.992 0.002 0
6 11.250 0.002 0
7 11.251 0.003 0.001
8 11.251 0 0
9 29.033 0.001 0
10 29.034 0.001 0.001
11 29.034 0.001 0
12 32.636 0.003 0
13 32.637 0 0
14 32.637 0 0
15 32711 0.002 0
16 32712 0.001 0.001
17 32.712 0.001 0
18 34.410 0 0
19 35.920 0 0
20 35.920 0 0

?Obtained with the (15, 17, 15, 9, 17, 23) grid documented in Table I1.

b2 2 'where 2 was obtained with the same type of grid as in (a), but
with fewer points (13, 15, 13, 9, 15, 21).

¢ 2 2 'where 2 was obtained with the same type of grid as in (a), but
with more points (17, 19, 17, 11, 19, 25).
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TABLE lII. Testing the computational setup in GENIUSH for the  rst twenty vibrational
(3 0)energy levels, in cm 1, of MW and using the AOSz05 PES. The  rst energy
value corresponds to the zero-point vibrational energy (ZPVE), and the other values
are relative to the ZPVE.

Jo.n 0 NumStep® PESsym” CompAlg°
1 206.810 21 4 10° 1 108 1 10°%
2 476383 4 10° 3 107 7 10°
3 476400 4 10° 3 107 8 10°
4 4.764 64 1 105 3 108 9 10°
5 6.991 93 3 107 2 108 5 108
6 11.25042 4 10° 3 107 1 105
7 11.25051 4 10° 4 107 1 10°
8 11.25122 1 10° 1 108 4 10°¢
9 29.03343 2 10° 6 108 2 10°
10 29.03361 2 10° 5 108 6 10°¢
11 29.03361 2 10° 7 108 6 10°¢
12 32.63602 4 10°© 3 108 2 10°
13 32.63712 3 10° 2 107 1 10°%
14 32.637 14 3 10° 1 107 9 10°
15 3271092 4 10° 2 108 2 10°
16 3271210 4 10° 2 107 8 10°
17 3271230 4 10° 2 107 8 10°
18 34.41043 4 10° 6 108 1 108
19 35.91968 2 106 2 108 1 10°
20 35.91972 2 106 2 108 1 105

Numstep, Where  numstep Was obtained by changing the step size of the numerical
nite difference calculation of the vibrational t-vectors in GENIUSH from 10 Sau.
(o)to 10 ® a.u. (using quadruple precision in Fortran).
pEssym, Where  pessym Was obtained by averaging for every PES points the effect of
the identity and the (123) and (132) methane permutations.
¢ compalg: Where  compalg Was obtained by generating the G matrix elements using a
Wolfram Mathematica implementation with 20 digits precision over the entire grid and
performing the vibrational calculations with GENIUSH using these KEO coef cients.

A. Testing the nite difference calculation
of the vibrational t-vectors

We have tested the accuracy of the vibrational t-vectors, the
tix vectors in Eqg. (3), which are the derivatives of the body- xed
Cartesian coordinates with respect to the internal coordinates and
are calculated in GENIUSH using nite differences. We have stud-
ied the effect of the step size in the two-sided difference formula (it
was possible to meaningfully use this formula with the current step
sizes also near the boundaries for the grid types listed in Table I1).
The default value for the step size is 10 ° a.u.,' which we use in
our original study, but we have performed computations also with

10 ® au. The NumStep column of Table 111 shows that the
effect of this change for the lowest twenty vibrational states is less
than10 ®cm 1.

B. PES symmetrization

Wang and Carrington?* pointed out that there is a small imper-
fection in the AOSz05 PES*® with respect to the (123) and (132)
permutations of the methane protons, and for this reason, they used
a symmetrized version of the PES by averaging over the rotated

ARTICLE scitation.org/journal/jcp

geometries (perfect numerical symmetry was critical for them for
using the symmetry-adapted Lanczos eigensolver). The PESsym
column of Table 11 shows that the effect of this operation is less
than3 10 "cm ? for the present results.

C. Generation of the G matrix over the grid points
by increased precision computer algebra

To check the numerical KEO procedure for this example, we
generated the G matrix values over the entire grid using the Wolfram
Mathematica symbolic algebra program“® using analytic derivatives
and with 20 digits precision. Note that we use quadruple preci-
sion in the Fortran implementation of GENIUSH for the nite
difference calculation of the vibrational t-vectors, but only double
precision for the inversion of the g matrix. Near the singularities,
we have to deal with small (large) values, and for this reason, we
had decided to check the calculation procedure. The CompAlg
column of Table |11 shows that using an increased precision Math-
ematica calculation to generate all KEO coef cients has an effect
smaller than 10 ° ¢cm * on the rst twenty vibrational states of
methane water.

IV. COMPARISON WITH WIGNER D BASIS FUNCTION
COMPUTATIONS

The dimer Hamiltonian’ used by Wang and Carrington in
Ref. 24 corresponds to a different coordinate choice than ours. It
relies on using two full sets of Euler angles (six angles) to describe
the monomers'’ rotation with respect to the dimer xed frame, and
two additional angles are used to describe the rotational motion. We
also de ne the monomers’ orientation with two sets of Euler angles,
but we set the rst Euler angle of H,O to zero, and thus, we can use
three angles to describe the rotation of the body- xed frame (Secs. |1
and V, see also Fig. 3). The separation of the centers of mass of the
monomers is described with the R distance in both studies. For this
angular representation, the KEO can be written in terms of angular
momentum operators and the kinetic energy matrix elements can
be calculated analytically using Wigner’s D functions.” The Wigner
D functions are non-direct product functions, and they ef ciently
account for the singularities in the KEO. Wang and Carrington®*
combined this method with the Symmetry Adapted Lanczos (SAL)

FIG. 3. Schematic representation of the dipole moment in the molecule- xed frame
of the CH; H,O dimer.
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TABLE IV. Comparison of a representative set of rovibrational energies referenced to the zero-point energy, in cm *, obtained
with non-product (NP) and direct-product (DP) basis computations for the methane water dimer. (The full list is provided in

the SOM.)
Label np2t Dp25 pp (this work)

Np:* Sym.” 30 10° 6.0 10 14 10 NP DP
0.1 A 206.810 206.801 206.810 0.000
30.2 4.765 4.763 4.764 0.001
30.3 F, 4.765 4.764 4.764 0.001
0.4 4.765 4.764 4765 0.000
305 A, 6.993 6.934 6.992 0.001
30.18 A 34.413 34.405 34.410 0.003
30.19 E 35.920 35.880 35.920 0.000
30.20 35.920 35.880 35.920 0.000
0.21 E 36.404 36.397 36.404 0.000
30.22 36.404 36.397 36.405 0.000
30.23 36.414 36.317 36.412 0.002
30.24 Fi 36.414 36.317 36.413 0.001
30.25 36.414 36.322 36.414 0.000
30.36 A 48.706 48.685 48.686 0.020
30.66 A, 66.597 66.156 66.598 0.001
1 A, 0.289 0.289 0.289 0.000
1.2 5.047 5.044 5.045 0.001
1.3 F, 5.047 5.044 5.046 0.001
1.4 5.047 5.045 5.046 0.001
5 A 7.282 7.219 7.281 0.001
J1.38 30.687 30.474 30.687 0.001
J1.39 Fi 30.687 30.474 30.687 0.001
J1.40 30.687 30.588 30.687 0.001
.41 30.688 30.588 30.687 0.001
11.42 F, 30.688 30.633 30.687 0.001
1143 30.688 30.633 30.687 0.001
11.86 A, 48.981 48.946 48.961 0.021

#Number of basis functions that equals the number of grid points for the DP computations.
bSymmetry labels corresponding to the character table of Wang and Carrington®* instead of the table originally proposed by Dore
etal.” used in Refs. 25 and 26.

algorithm to obtain symmetry labels and to make their computations We also note that we observe a 0.02 cm ! deviation between

more ef cient.

Table IV presents the comparison of three approaches: (a) the
analytic dimer Hamiltonian and non-direct product Wigner D basis
functions of Wang and Carrington,”* (b) GENIUSH with a numeri-
cal KEO and the smaller direct-product grid using Legendre poly-
nomials for the singular cos and cos coordinates of Ref. 25, and
(c) the present GENIUSH computations with a numerical KEO and
a direct-product grid in which the Legendre DVR is replaced with
cot-DVR for the singular coordinates.

By replacing the Legendre DVRs with cot-DVRs, we can reduce
the number of basis functions from 60  10° (of the large basis

our optimal basis results (Table V) and the results of Wang and
Carrington® for the 36th vibrational state that can be assigned as
the stretching fundamental. This convergence error reappears also
forJ 1 (J1.86 in Table IV) that corresponds to the rotational exci-
tation of the stretching fundamental vibration. We have checked the
convergence of this state also by using tridiagonal Morse functions.*®
Since we have carefully checked the convergence (and other compu-
tational parameters) in the present work, we think that this small

g 6 . . TABLE V.U, , matrix elements for 1
and grid~) to 13.4  10°, while the convergence error is reduced
from 1cm *t010 ®*cm ' Our optimal basis with 13.4 10° (1, ) X y z
functions is ca. twice as large as the Wigner D basis of Wang and -
Carrington? (we note that their 2.97  10° basis size is for asingle (1, 1) = > 0
parity, while our basis size contains both parity components). Our 1,0) 0 0 1
smaller basis set in Table 11 includes 6  10° functions, but it has a 11 ’15 "5 0

somewhat larger convergence error of 3 10 3cm !
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TABLEVI. E ;and E , bands of the CHy H,0. Al transitions are reported in cm ! except where it is otherwise stated. J,n and J,n label the rovibrational state in our

energy lists provided in the SOM, (this w): (this work). E E.Syis the line strength, Eqg. (5), without the spin statistical weight factor.>
Ln J,n obs (MHZz)*® obs E (thisw) E (this w) (this w) 2 So (this w) So?
Expt..?® Table I11, E 1, band
0,21 22 1,23 24 532812.0 17.7727 36.4045 19.3909 17.0136 17.0099 0.155 0.154
1,53 54 1,23 24 541359.5 18.0578 36.6889 19.3909 17.2980 17.2946 0.232 0.230
2,75 76 1,23 24 558451.2 18.6279 37.2577 19.3909 17.8668 17.8638 0.074 0.073
1,53 54 2,23 24 524 254.1 17.4872 36.6889 19.9581 16.7309 16.7270 0.232 0.230
2,75 76 2,23 24 541344.3 18.0573 37.2577 19.9581 17.2996 17.2962 0.393 0.391
Expt..?® Table I11, E 2, band
2,80 81 2,23 24 542744.8 18.1040 37.5721 19.9581 17.6140 17.6100 0.263 0.262
2,80 81 1,23 24 559 850.8 18.6746 37.5721 19.3909 18.1812 18.1800 0.484 0.482

TABLE VIl. A~F ;and A~F 3 bands of CH; H,O. See also the caption of Table VI.

Jn Jn obs (MHZz)*® obs E (thisw) E (this w) (this w) 2 So (this w) So?
Expt. (Ref. 28): Table IV, A~F 1, band
0,12 14 1,20 22 538189.8 17.9521 32.6368 14.6152 18.0215 18.0194 0.167 0.166
1,47 49 1,20 22 546 831.5 18.2403 33.0018 14.6152 18.3866 18.3839 0.231 0.230
2,60 62 1,20 22 564 291.7 18.8227 33.5026 14.6152 18.8874 18.8858 0.080 0.080
1,47 49 2,17 19 529495.8 17.6621 33.0018 15.1903 17.8115 17.8083 0.234 0.232
2,60 62 2,17 19 546715.2 18.2365 33.5026 15.1903 18.3123 18.3102 0.420 0.417
Predicted in Ref. 24; A~F 4y, band
0,15 17 1,17 19 32.7118 14.6124 18.0994 18.0960 0.155 0.154
1,44 46 1,17 19 32.9254 14.6124 18.3130 18.3106 0.249 0.248
2,63 65 1,17 19 33.5818 14.6124 18.9693 18.9667 0.076 0.076
1,44 46 2,20 22 32.9254 15.1975 17.7279 17.7254 0.251 0.250
2,63 65 2,20 22 33.5818 15.1975 18.3843 18.3815 0.387 0.384
Expt. (Ref. 28): Table IV, A~F s34, band
2,66 71° 2,17 19 564 637.3 18.8343 34.1923 15.1903 19.0020 18.9991 0.217 0.215
2,66 71° 1,20 22 581971.4 19.4125 34.1923 14.6152 19.5770 19.5747 0.392 0.389
Expt. (Ref. 28): Table IV, A~F g, band
2,66 71° 2,20 22 564 437.7 18.8276 34.1925 15.1975 18.9950 18.9919 0.218 0.217
2,66 71" 1,17 19 582013.5 19.4139 34.1925 14.6124 19.5801 19.5771 0.391 0.388
Predicted in Ref. 24: A~F 3xa, band
2,54 59" 2,17 19 32.8319 15.1903 17.6416 17.6405 0.040 0.040
2,54 59° 1,20 22 32.8319 14.6152 18.2167 18.2161 0.075 0.075
Predicted in Ref. 24: A~F axp, band
2,54 59" 2,20 22 32.8331 15.1975 17.6357 17.6333 0.042 0.042°
2,54 59" 1,17 19 32.8331 14.6124 18.2207 18.2185 0.074 0.074°

20nly three of the six upper states, which are very close in energy (and for this reason, listed together in our tables), give contribution to the S line strength.
PThese two values are interchanged in Ref. 24,
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TABLE VIIl. A~F , band of CH4 H,0. See also the caption of Table VI.

Jn Jn obs (MHZz)*® obs E (thisw) E (this w) (this w) 2 So (this w) So?

Expt. (Ref. 28): Table VV, A~F », band

1,35 37 0,68 562 445.5 18.7612 29.7641 11.2507 18.5134 18.5106 0.319 0.317
1,32 34 1,12 14 553888.4 18.4757 29.7619 115324 18.2294 18.2265 0.480 0.477
1,35 37 2,12 14 536931.0 17.9101 29.7641 12.0959 17.6682 17.6648 0.161 0.160
2,45 47 1,12 14 571055.5 19.0484 30.3357 115324 18.8033 18.8009 0.477 0.475
2,42 44 2,12 14 553883.6 18.4756 30.3291 12.0959 18.2332 18.2303 0.799 0.794

difference in the energy list would probably disappear if Wang and
Carrington® used a slightly larger basis set and grid along the R
intermolecular stretching coordinate.

In our computations (DVR), the number of grid points equals
the number of basis functions that is 13.4  10° for our optimal
basis. Wang and Carrington used a basis set that includes ca. 3 10°
functions for one parity component ( 1 or 1). The size of their
integration grid includes ca. 91  10° points (which can be calcu-
lated from the values given in Ref. 24). By exploiting parity, Wang
and Carrington reduced the grid size to ca. half of this value (slightly
different values correspond to the two parity components). The
size of the grid determines the cost of one matrix-vector multi-
plication during the Lanczos iteration. It is necessary to note that
cot-DVR contains quadrature points very close to the singularities
(Fig. 2), and for this reason, our Hamiltonian matrix has a very broad
spectral range that considerably increases the number of Lanczos
iterations.

All in all, the agreement of the two independent compu-
tations is remarkable, given the different coordinate representa-
tions, the entirely different KEOs and basis sets used to build the
Hamiltonian matrix. We have not exploited molecular symmetry

TABLE IX. A~F 4 band of CH4 H,0. See also the caption of Table VI.

to make the computations for this particular system more ef -
cient, but the symmetry-adapted Lanczos algorithm could also be
used in a GENIUSH computation.®® The tailor-made, non-product
Wigner D basis function computation remains to be the most ef -
cient approach, but the numerical performance of the GENIUSH
program (using the cot-DVR of Schiffel and Manthe for the sin-
gular bending coordinates) becomes comparable to the specialized
approach.

V. EVALUATION OF THE LINE STRENGTHS

Wang and Carrington?* also reported the line strength values
for the rovibrational transitions using a simple but excellent model
for the dimer’s dipole moment. They set the dipole moment for
the rigid water molecule to 1 (in arbitrary or normalized, relative
units); since the rigid methane fragment is a polar, it does not con-
tribute to this quantity. Using this dipole moment representation,
they have computed the line strength for the rovibrational transi-
tions and predicted that the global minimum to the secondary min-
imum transition should be well visible in the far-infrared spectrum.
The transition moment or line strength is de ned by*’

ILn J,n obs (MHz)?® obs E (thisw) E (this w) (this w) 2 So (this w) So?
Expt. (Ref. 28): Table VI, A~F 4, band
1,26 0,5 574574.9 19.1658 26.3646 6.9919 19.3727 19.3705 0.313 0.311
1,25 1,5 565794.7 18.8729 26.3621 7.2805 19.0816 19.0792 0.473 0.471
1,26 2,5 548506.7 18.2962 26.3646 7.8576 18.5070 18.5043 0.160 0.158
2,34 1,5 583344.0 19.4583 26.9463 7.2805 19.6657 19.6638 0.467 0.464
2,33 2,5 565694.1 18.8695 26.9386 7.8576 19.0810 19.0787 0.787 0.783
Predicted in Ref. 24: A~F 4, band
1,69 0,5 43.0625 6.9919 36.0706 36.0682 0.046 0.046
1,70 1,5 43.0660 7.2805 35.7855 35.7829 0.071 0.071
1,69 2,5 43.0625 7.8576 35.2049 35.2020 0.024 0.024
2,101 1,5 43.6042 7.2805 36.3236 36.3213 0.068 0.068
2,102 2,5 43.6147 7.8576 35.7571 35.7544 0.118 0.118
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TABLEX. E 3, E 4,and E 5 bands of CH; H,0. See also the caption of Table V1.

Ln Ln obs (MHz)?® obs E (thisw) E (this w) (this w) 4 So (this w) So?
Expt. (Ref. 28): Table VII, (E)s, band

0,19 20 1,15 16 732385.1 24.4297 35.9197 13.1087 22.8110 22.8098 0.093 0.092

1,51 52 1,15 16 740778.1 24.7097 36.1856 13.1087 23.0769 23.0757 0.141 0.140

1,51 52 2,15 16 723657.8 24.1386 36.1856 13.6782 23.0769 22.5057 0.136 0.135

2,73 74 1,15 16 7575615 25.2695 36.7175 13.1087 23.6088 23.6078 0.048 0.048

2,73 74 2,15 16 7404432 24.6985 36.7175 13.6782 23.0393 23.0378 0.232 0.231
Expt. (Ref. 28): Table V11, (E)a, band

2,88 89 2,15 16 8214839 27.4018 38.6481 13.6782 24.9700 24.9680 0.212 0.212

2,88 89 1,15 16 838603.8 27.9728 38.6481 13.1087 25.5395 25.5380 0.396 0.394
Expt. (Ref. 28): Table VII, (E)a , band

2,90 91 2,15 16 8214839 27.4018 39.5975 13.6782 25.9193 259171 0.005 0.005

2,90 91 1,15 16 838603.8 27.9728 39.5975 13.1087 26.4888 26.4871 0.001 0.001

1,58 59 2,15 16 39.0170 13.6782 25.3388 25.3362° 0.001 0.001

1,58 59 1,15 16 39.0170 13.1087 25.9083 25.9062° 0.001 0.001
Expt. (Ref. 28): Table V11, (E)s, band

0,34 35 1,15 16 48.0961 13.1087 34.9874 34.9863 0.088 0.087

1,84 8 1,15 16 1057943.1 35.2892 48.3769 13.1087 35.2682 35.2673 0.132 0.132

2,116 117 1,15 16 1074920.4 35.8555 48.9384 13.1087 35.8297 35.8292 0.044 0.044

2,116 117 2,15 16 1057 801.7 35.2845 48.9384 13.6782 35.2602 35.2592 0.221 0.219

2\We believe that there were some typos in Table XVII1 of Ref. 24. The corrected values and labels are given here in comparison with the values computed in this work.

TABLE XI. A~F 5 band of CH4 H,0. See also the caption of Table VI.

Jn J,n obs (MHZ)*® obs E (thisw) E (this w) (this w) 2 So (this w) S
Expt. (Ref. 28): Table VVIII, A~F s, band
1,38 40 0,2 4 852462.1 28.4351 30.6867 47642 25.9225 25.9223 0.256 0.255
1,41 43 1,2 4 844268.9 28.1618 30.6873 5.0455 25.6417 25.6413 0.368 0.368
1,38 40 2,2 4 827031.4 27.5868 30.6867 5.6083 25.0784 25.0774 0.114 0.113
2,48 50 1,2 4 860602.5 28.7066 31.2548 5.0455 26.2093 26.2092 0.399 0.397
2,561 53 2,24 844500.0 28.1695 31.2568 5.6083 25.6485 25.6479 0.615 0.612
Predicted in Ref. 24: A~F sy, band
1,60 62 0,2 4 40.4210 47642 35.6569 35.6572 0.105 0.105
1,63 64 1,24 40.4225 5.0455 35.3769 35.3770 0.164 0.164
1,60 62 2,2 4 40.4210 5.6083 34.8127 34.8123 0.060 0.060
2,92 94 1,24 40.9716 5.0455 35.9261 35.9267 0.150 0.150
2,95 97 2,24 40.9761 5.6083 35.3678 35.3678 0.273 0.271
J. Chem. Phys. 154, 224302 (2021); doi: 10.1063/5.0054512 154, 224302-9
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SIL N g Q Q 5, s a8 e’ (5) Following the work of Owens and Yachmenev, we evaluate
mmA X\YZ the rovibrational integrals for -order tensorial properties in the

- 48
where gns is the nuclear spin statistical weight factor and , laboratory- xed frame (LF)™ as

(A X,Y,Z) are the components of the molecular dipole moment
in the laboratory- xed frame. The g, values have been calculated

in Ref. 25. We note that Ref. 24 reported the bare values of the M TFs Me MMM K (M
integrals (without the g, factor), which will be labeled So ~ S~g,,, in to
Tables VI XIV.

The rovibrational wave functions of the isolated molecule with
Hamiltonian, Eq. (1), are represented in the GENIUSH

program® as >>
MM 1 2 1
Np
5 Me ¢ svess k,m, e, 6 ! A B
Jml S? vk, ®) Q' U ar m m (®)
expressed with the Sve vibrational wave function and the Wang-type
symmetric top functions 8, k,m, e d  8,kme d 8, kme. and
TABLE XIl. A~F gand A~F ; bands of CH4 H,O. See also the caption of Table VI.
J,n J,n obs (MHz)*® obs E (thisw) E (this w) (this w) 2 So (this w) So?
Expt. (Ref. 28): Table IX, A~F s, band
0,23 25 1,68 36.4131 7.9119 28.5012 28.5020 0.181 0.180
1,55 57 1,911 906 722.4 30.2450 36.6984 7.9158 28.7826 28.7837 0.276 0.275
1,55 57 2,68 889393.8 29.6670 36.6984 8.4916 28.2069 28.2075 0.265 0.264
2,77 79 1,68 924003.8 30.8214 37.2689 7.9119 29.3570 29.3583 0.103 0.103
2,77 79 2,911 906 302.4 30.2310 37.2689 8.5026 28.7663 28.7672 0.446 0.444
Predicted in Ref. 24: A~F x, band
0,911 1,911 29.0335 7.9158 21.1177 21.118 0.080 0.080
1,2729 1,68 29.3049 7.9119 21.3930 21.3563 0.117 0.117
1,2729 2911 29.3049 8.5026 20.8023 20.8022 0.123 0.122
2,3739 1,911 29.8476 7.9158 219318 21.9325 0.038 0.037
2,37 39 2,68 29.8476 8.4916 21.3560 21.3563 0.194 0.193
Predicted in Ref. 24: A~F sy, band
0,26 28 1,9 11 41.1844 7.9158 33.2686 33.2700 0.101 0.100
1,66 68 1,68 41.4639 7.9119 33.5520 33.5535" 0.157 0.156
1,66 68 2,9 11 41.4639 8.5026 32.9613 32.9624 0.147 0.147
2,98 100 1,9 11 42.0229 7.9158 34.1071 34.1092 0.055 0.055
2,98 100 2,6 8 42.229 8.4916 33.5313 33.5330 0.262 0.261
Expt. (Ref. 28): Table IX, A~F 74, band
2,82 87" 2,68 912803.3 30.4478 37.6439 8.4916 29.1523 29.1532 0.299 0.297
2,82 87° 1,9 11 930130.4 31.0258 37.6439 7.9158 29.7281 29.7294 0.536 0.533
Expt. (Ref. 28): Table IX, A~F 7, band
2,82 87° 2,911 912529.1 30.4387 37.6447 8.5026 29.1421 29.1421 0.309 0.307
2,82 87" 1,6 8 930230.6 31.0292 37.6447 7.9119 29.7328 29.7332 0.530 0.527
2A typo in Table XX of Ref. 24 is corrected based on the E and E  level energies given in the paper and checked against the results of this work.
PSee footnote a to Table V11,
J. Chem. Phys. 154, 224302 (2021); doi: 10.1063/5.0054512 154, 224302-10
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The electric dipole moment is a rank-1 tensor (a vector) with 1,
and the corresponding U matrix values are summarized in Table V.
For higher-order tensor operators, this matrix can be calculated
from lower rank tensors using the following expression:

LF3
Q' ‘190, o0 eU!111,BU!222,C’ (10)

2

LE}
U a Q
1 1

=1 2

where 1 2, A BaC, and is the
Clebsch Gordan coef cient.

Regarding the transition dipoles of methane water, we have

rst computed the vibrational matrix elements ‘v § 5 sve using the
H,O dipole approximation of Ref. 24, i.e., only the water monomer
contributes to the dipole moment of the dimer (Fig. 3). It is shown
in Fig. 3 that in our representation this dipole vector points along
the Z axis of the H,O monomer frame, and in the dimer’s frame, its
rotation is described with the and ” angles (although the value of
” is irrelevant in this special case). Hence, it was straightforward to
implement this (presumably excellent) approximation for the body-
(dimer-) xed dipole moment ®% | calculate its value at a grid point
in the body- xed (dimer’s) frame, and then integrate it for pairs of
vibrational eigenvectors.

“h 1, 51 e

TABLE XIIl. A~F g band of CH; H,O. See also the caption of Table VI.
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VI. FAR-INFRARED SPECTRUM

The rovibrational transitions computed in this work are
compared in Tables VI XIII with the transitions computed by
Wang and Carrington®* and with the transitions observed exper-
imentally in the far-infrared range by Dore etal.”® In addition
to the 13 experimentally observed vibration rotation tunnelling
bands reported by Dore etal: E i, E, A~F i, A-~F
A~F 3, and A-~F 4 for ortho-H,O, E 3, E 4, E 5 A-~F 5,
A~F s, A~F 7, and A-~F g for para-H,O; Wang and Carring-
ton predicted eight additional bands* (and of course computa-
tions can predict more): A~F 1, A~F sx, A~F 4, A-~F sx,
A~F gx, A~F gy, A-~F gx, and A-~F gy. Tables VI XIII show
that the two computations are in an excellent agreement. Regard-
ing the theory experiment comparison, we reiterate the early
observation,”® according to which the discrepancies are larger
for the transitions including the para-H,O than the ortho-H,O
species.

VIl. MICROWAVE SPECTRUM

Similarly to the far-infrared high-resolution spectroscopy
experiments, a comparison can be made (Table XIV) with
microwave observations by Suenram et al.”’ In the microwave spec-
trum, there were four and six  bands observed at 1 K rota-
tional temperature in the supersonic expansion. There is an excel-
lent agreement with the experimental and also with the computed
transitions by Wang and Carrington.”

In J,n obs (MHZz)?® obs E (thisw) E (this w) (this w) 2 So (this w) So?
Expt. (Ref. 28): Table X, A~F s, band
1,30 0,1 927673.3 30.9439 29.5588 0.0000 29.5588 29.5596 0.374 0.372
1,31 1,1 919166.0 30.6601 29.5646 0.2891 29.2755 29.2762 0.554 0.551
1,30 2,1 901595.6 30.0740 29.5588 0.8673 28.6915 28.6918 0.179 0.178
2,40 1,1 936 059.3 31.2236 30.1269 0.2891 29.8377 29.5596 0.569 0.566
2,41 2,1 9192324 30.6623 30.1444 0.8673 29.2771 29.2777 0.922 0.918
Predicted in Ref. 24; A~F gx, band
0,18 1,1 34.4104 0.2891 34.1213 34.1234 0.048 0.048
1,50 0,1 34.6785 0.0000 34.6785 34.6811 0.046 0.046
1,50 2,1 34.6785 0.8673 34.3894 33.8133 0.097 0.096
2,72 1,1 35.2146 0.2891 34.9254 34.9283 0.091 0.090
Predicted in Ref. 24: A~F gy, band
0,36 1,1 48.6856 0.2891 48.3965 48.4168 0.029 0.029
1,8 0,1 48.9607 0.0000 48.9607 48.9812 0.027 0.027
1,86 2,1 48.9607 0.8673 48.0934 48.1134 0.061 0.061
2,118 1,1 49,5105 0.2891 49.2214 49.2419 0.052 0.052
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TABLE XIV. Rotation vibration tunneling transitions of CH4 H,O observed in microwave spectroscopy experiments.2% See also the caption of Table V1.

J,n J,n obs (MHz)?® obs E (thisw) E (this w) (this w) 2 So (this w) So?*
A , band:

1,1 01 8692.96 0.2900 0.2891 0.0000 0.2891 0.2893 0.040 0.040
2,1 1,1 17 383.05 0.5798 0.8673 0.2891 0.5781 0.5785 0.079 0.079
F , band:

1,12 14 0,6 8 8504.65 0.2837 11.5324 11.2507 0.2817 0.2819 0.029 0.029
2,12 14 1,12 14 17007.87 0.567 12.0959 11.5324 0.5634 0.5639 0.059 0.059
F , band:

1,24 0,24 8476.93 0.2828 5.0455 47642 0.2814 0.2816 0.055 0.055
2,24 1,24 16 953.03 0.5655 5.6083 5.0455 0.5628 0.5632 0.109 0.109
A , band:

1,5 0,5 8690.39 0.2899 7.2805 6.9919 0.2886 0.2888 0.024 0.024
2,5 1,5 17378.14 0.5797 7.8576 7.2805 0.5771 0.5774 0.048 0.048
E , band:

2,15 16 1,15 16 17120.06 0.5711 13.6782 13.1087 0.5695 0.5700 0.099 0.099
E , band:

2,23 24 1,23 24 17105.28 0.5706 19.9581 19.3909 0.5671 0.5676 0.052 0.052
F , band:

2,68 1,68 17 421.68 0.5811 8.4916 7.9119 0.5797 0.5800 0.072 0.071
2911 1,911 17607.72 0.5873 8.5026 7.9158 0.5868 0.5873 0.072 0.071
F , band:

2,17 19 1,17 19 17396.81 0.5803 15.1903 14.6124 0.5779 0.5780 0.040 0.040
2,20 22 1,20 22 17516.82 0.5843 15.1975 14.6152 0.5823 0.5828 0.040 0.040

VIII. SUMMARY, CONCLUSIONS, AND OUTLOOK

The black-box-type rovibrational method implemented in the
GENIUSH program package has been extensively tested with respect
to the sophisticated dimer Hamiltonian approach that has been tai-
lored for describing the intermolecular dynamics of oppy dimers
by Wang and Carrington.”

GENIUSH uses a numerical kinetic energy operator approach,
user-de ned coordinates and body- xed frame, and direct product
basis and grid. The dimer approach of Wang and Carrington uses
an analytic kinetic energy operator (non-direct product) coupled
basis functions including Wigner’s D functions, and analytic kinetic
energy operator matrix elements.

We show for the example of the rovibrational states and transi-
tions of the methane water dimer that the performance of the black-
box-type approach is on the same order of magnitude as that of the
tailor-made approach, the latter being more ef cient. In our direct-
product approach, it is important to use the cot-DVR developed by
Schiffel and Manthe*® (see also Ref. 44) for the singular bending

coordinates. Then, we can converge the energy levels on the order
of 10 3 cm ! with a basis set only twice as large as the non-product
dimer basis of Wang and Carrington.”* (For the full assessment of
the computational ef ciency, we need to add that their integration
grid is larger than ours, but the spectral range of our Hamiltonian
is larger resulting in a slower convergence of the Lanczos iteration.)
The well-converged data allowed us to notice a small convergence
error of 0.02 cm ! in the intermolecular stretching fundamental
vibration energy of Ref. 24.

To compute rovibrational transitions for J 0,1, and 2 rota-
tional quantum numbers, we use a basis set that is ca. twice
as large as the non-product dimer basis of Wang and Carring-
ton, and we evaluate rovibrational transition energies and line
strengths. Our transition energies are in an agreement of 10 3 cm ?
often just a few 10 * cm * of the energies reported by Wang
and Carrington. These deviations are far beyond the theoret-
ical uncertainty of the current rovibrational theoretical frame-
work based on the non-relativistic and the Born Oppenheimer
approximations.
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Further progress that we would be happy to witness in the
forthcoming years is related to the computation of extensive line
lists for oppy systems. An extensive line list that can be useful for
simulating molecular interactions*® or providing datasets*’ to other
disciplines includes rotational excitations up to J 20 and beyond.
If we have to solve the full rovibrational problem (from scratch) for
every J, then a factor of 2 3 5 in the vibrational basis can be an
important advantage (of the tailor-made method). A more ef cient
approach would be, however, if we had a method for nding a good
body- xed frame that allows one to ef ciently use the vibrational
eigenstates (solutions of the J 0 problem) in the energy range rel-
evant for the dynamics. It may be the numerical KEO approach
(also implemented in GENIUSH) that will nally make it possible
to optimize the body- xed frame even for oppy systems.*

SUPPLEMENTARY MATERIAL

See the supplementary material for the full list of computed
rovibrational energies.
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Exact quantum dynamics background
of dispersion interactions: case study for
CH,4 Ar in full (12) dimensionst

Gustavo Avila, 2 *@ Dora Papp, {2 ** Gabor Czako (2 *° and Edit Matyus () *2

A full-dimensional ab initio potential energy surface of spectroscopic quality is developed for the van-der-
Waals complex of a methane molecule and an argon atom. Variational vibrational states are computed on
this surface including all twelve (12) vibrational degrees of freedom of the methane argon complex using
the GENIUSH computer program and the Smolyak sparse grid method. The full-dimensional computations
make it possible to study the fine details of the interaction and distortion effects and to make a direct
assessment of the reduced-dimensionality models often used in the quantum dynamics study of weakly-
bound complexes. A 12-dimensional (12D) vibrational computation including only a single harmonic
oscillator basis function (9D) to describe the methane fragment (for which we use the ground-state
effective structure as the reference structure) has a 0.40 cm * root-mean-square error (rms) with respect
to the converged 12D bound-state excitation energies, which is less than half of the rms of the 3D model
set up with the hrig methane structure. Allowing 10 basis functions for the methane fragment in a 12D
computation performs much better than the 3D models by reducing the rms of the bound state
vibrational energies to 0.07 cm *. The full-dimensional potential energy surface correctly describes the
dissociation of the system, which together with further development of the variational (ro)vibrational

methodology opens a route to the study of the role of dispersion forces in the excited methane vibrations

rsc.li/pcecp

|. Introduction

Molecular interactions play an important role in chemistry,
biology, and materials science. Through the many-body construc-
tion idea® of the potential energy surface (PES) of bulk-phase
systems the study of molecular interactions is translated to the
study of molecular dimers, trimers, and perhaps larger (but still
small) clusters.? ° Small molecular clusters can be studied
in great detail and precision by high-resolution spectroscopic
and quantum chemistry and quantum dynamics techniques.
A good, first description of the quantum dynamical features of

#|nstitute of Chemistry, ELTE, EGtvGs Lorand University, Pazmany Péter sétany 1/A,
1117 Budapest, Hungary. E-mail: Gustavo_Avila@telefonica.net,
matyuse@caesar-.elte.hu

5 MTA-SZTE Lendiilet Computational Reaction Dynamics Research Group,
Interdisciplinary Excellence Centre and Department of Physical Chemistry and
Materials Science, Institute of Chemistry, University of Szeged, Rerrich Béla tér 1,
Szeged H-6720, Hungary. E-mail: dorapapp@chem.u-szeged.hu,
gczako@chem.u-szeged.hu

t Electronic supplementary information (ESI) available: Coe cients of the FullD-

2019 PES and normal coordinate coe cients used for the vibrational computa-

tions. Ab initio energies (in E,) and Cartesian structures (in ) computed and used

for the fitting of the PES. See DOI: 10.1039/c9cp04426d
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and the energy transfer from the intra- to the intermolecular vibrational modes.

molecular complexes is provided by the rigid-monomer approxi-
mation,** ** which allows considerable savings both on the PES
development and on the quantum dynamics side. To account for
monomer-flexibility effects through the PES representation, the
application of effective potential energy cuts (for each monomer
vibrational state) provides an improved representation over the
rigid-monomer approach while retaining the small number of
active vibrational degrees of freedom.®

At the same time, monomer flexibility e ects are, of course,
non-negligible,®*” especially for (a) strongly interacting frag-
ments (with strong monomer distortions);*® 2° (b) higher vibra-
tional excitations; (c) monomer vibrational excitations that may
correspond to predissociative states of the complex;?*? or
(d) for symmetry reasons (i.e., degenerate monomer excitations
may show a non-trivial coupling with the intermolecular
modes). A full account of monomer flexibility in complexes of
polyatomic molecules represents a considerable challenge for
the current (ro)vibrational methodologies due to the large
number of vibrational degrees of freedom and the typically
multi-well character of the potential energy landscape.

A generally applicable, black-box-type description of mole-
cular systems with multiple-large amplitude motions is truly
challenging, due to (a) the high-dimensionality of the problem,

This journal is © the Owner Societies 2020


http://orcid.org/0000-0003-1254-9140
http://orcid.org/0000-0003-1951-7619
http://orcid.org/0000-0001-5136-4777
http://orcid.org/0000-0001-7298-1707
http://rsc.li/pccp

Paper

PCCP

dc_1955 21

(b) singularities in the kinetic energy operator i the dynami-—

cally important region of the coordinate space, (c) a common
lack of good zeroth-order models, (d) large basis sets and
integration grids being necessary to converge the results, and
thus (e) the necessity to attenuate the curse of dimensionality.
For semi-rigid molecules there have been e cient methods
developed in the past®® and further major progress has been
achieved over the last decade.?* 32 If there is only a single large-
amplitude degree of freedom in the system, the reaction-path-
Hamiltonian®® and similar approaches have been successfully
used together with semi-rigid techniques.®** There exist efficient,
tailor-made approaches developed for particular systems, e.g.,
for molecular complexes.**® But a general and -efficient
solution method for systems with multiple large-amplitude
motions remains an open problem. For this reason molecular
systems with multiple-large amplitude motions represent a
current frontier of research in quantum dynamics. The present
work contributes to this direction. The family of molecular
complexes offers a wide selection of systems with a varying
number of large- and small amplitude motions, varying coupling
strengths, singularity patterns, etc., and in this way, their study
drives methodological development.

In the present work we focus on the floppy, van-der-Waals
complex of a methane molecule and an argon atom (with twelve
vibrational degrees of freedom), ultimately aiming to reach the
predissociative states which belong to the vibrational excitation
of the methane fragment, within a full-dimensional vibrational
treatment. Due to the weak interactions governing the internal
dynamics of the CH,4 Ar complex, powerful approximations
have been introduced in reduced-dimensionality computations,
including some methane vibrations, to interpret the high-
resolution predissociative spectrum of the complex.**” ° In
spite of this earlier experimental and quantum dynamics work
(accounting for some methane flexibility) there is not any full-
dimensional (12D) potential energy surface available for this
system. Hence, the first part of this article is about the develop-
ment of an ab initio, near-spectroscopic quality, full-dimensional
PES for CH4 Ar. The second part reports the first application of
this PES in vibrational computations including all 12 vibrational
degrees of freedom using the GENIUSH Smolyak procedure
developed by two of us in ref. 40. Note that in ref. 40, a (3D + 9D)
PES was used (only including kinetic couplings in the Hamiltonian)
in order to be able to test the developed vibrational methodology.
In addition to the development and the first applications of a
full-dimensional PES for CH, Ar, we also take the opportunity
to test the rigid-monomer (here 3D) approximation(s), widely
used in the study of molecular complexes, with respect to the
full-dimensional results.

Il. PES development
A. Computational details

1. Benchmark dissociation energies. The geometries of the
global (GM) and secondary minima (SM) of the CH,4 Ar complex
are optimized using the explicitly-correlated coupled cluster

This journal is © the Owner Societies 2020

singles, doubles, and perturbative triples electronic structure
method, CCSD(T)-F12b,** with the aug-cc-pVQZ correlation-
consistent basis set,*? followed by harmonic frequency compu-
tations at the same level of theory. The resulting equilibrium
structures have Cs, point-group symmetry forming three (GM)
and one (SM) H-bond(s) or, more precisely, H contacts,
which modulate the dispersion interaction between Ar and
CH,. To obtain benchmark dissociation energies (D) for the
GM and SM complexes single-point energy computations are
performed at the CCSD(T)-F12b/aug-cc-pVQZ geometries:
CCSD(T)-F12b/aug-cc-pV5Z, CCSD(T)*® and CCSDT(Q)** with
the aug-cc-pVDZ basis set to obtain post-(T) contributions,
and both all-electron (AE) and frozen-core (FC) CCSD(T)-F12b/
cc-pCVQZ-F12° to determine core-correlation corrections. The
FC approach correlates the valence electrons only, whereas in
the AE computations the following electrons are also corre-
lated: 1s? for C and 2s22p® for Ar. All the ab initio computations
are carried out with the Molpro program package,*® except the
CCSD(T) and CCSDT(Q) computations, which are performed
using the MRCC program*’ interfaced to Molpro. The final
benchmark D, values are obtained as

De(CCSD(T)-F12b/aug-cc-pV52) + d[CCSDT(Q)] + Deores (1)
where
d[CCSDT(Q)] = D(CCSDT(Q)/aug-cc-pVDZ)
D¢(CCSD(T)/aug-cc-pvVDZ) 2)
and

Deore = De(AE-CCSD(T)-F12b/cc-pCVQZ-F12)
De(FC-CCSD(T)-F12b/cc-pCVQZ-F12). ®3)

2. Full-dimensional PES development. A full-dimensional
analytic ab initio PES, named FullD-2019 PES, is developed
based on 15 995 energy points computed at the CCSD(T)-F12b/
aug-cc-pVTZ level of theory at geometries covering the configu-
ration space relevant for the interaction between methane and
argon. Note that previous test computations by one of us showed
that the standard augmented and F12 correlation-consistent basis
sets provide similar accuracy for PES development.*® The geome-
tries used for the PES development are generated by isotropically
positioning the Ar atom around the methane unit while atoms of
the equilibrium CCSD(T)-F12b/aug-cc-pVTZ methane structure are
also randomly displaced. The C Ar distance is varied between 4 and
20 bohr, and the atoms of methane are displaced in Cartesian
coordinates within an interval of [0, 0.95] bohr. The PES is
represented by a polynomial expansion in Morse-like variables of
the r; ; internuclear distances, y; j = exp( r;;/a) with a = 2.0 bohr,
and using a compact polynomial basis that is explicitly invariant
under permutation of like atoms.*** The highest total polynomial
order applied is 7. The total number of fitting coefficients is 9355.
A weighted least-squares fit is performed on the energy points,
where a certain energy E relative to the global minimum has a
weight of (Eo/(Ep + E))  (E1/(Ey + E)) with Eg = 0.05 hartree and
E; = 0.5 hartree.

Phys. Chem. Chem. Phys., 2020, 22, 2792-2802 | 2793



Table 1 Benchmark dissociation energies (De) in cm * corresponding to  correlation contributions are also positive values of around 2 cm  *

the global (GM) and secondary minimum (SM) structures of the CH 4 Ar  \ith a similar estimated uncertainty of 1 cm 1 (The uncertainty

complex obtained from egn (1) at CCSD(T)-F12b/aug-cc-pVQZ geometries . . . ) L
compared to those obtained on the FullD-2019 PES developed in this study eStIm_at_eS_ consider basis set eﬁeCtS and pos_t (Q)_contrlbutlons.)
Relativistic effects, not taken into account in this work, are

AVTZ AVQZ Dsf Deoe” DICCSDT(Qf Final' PES  supposed to have a smaller contribution than core correlation.
GM 154.38 149.06 +0.47 +1.40 +1.90 152.83 153.13 Taken together, the uncertainty of the final benchmark dissociation
SM 10346 96.79 052 +1.22 +2.03 99.52 102.16 energies is estimated to be 2 cm *. The benchmark D, values,

a D(CCSD(T)-F12blaug-cc-pVTZ). D{CCSD(T)-F12b/aug-cc-pvQZDJCCsD(T)- @S shown in Table 1, are well reproduced on the new PES with
F12b/aug-cc-pV5Z)  De(CCSD(T)-F12b/aug-cc-pVQZY. D(AE-CCSD(T)- 0.3 cm land 2.6 cm ! differences in the case of the global and the
F12b/cc-pCVQZ-F12)  D{FC-CCSD(T)-F12b/cc-pCVQZ-F12DACCSDTQ)  secondary minima, respectively. In the case of the global minimum
aug-cc-pVDZ) D(CCSD(T)/aug-cc-pVDZ). D{CCSD(T)-F12b/aug-cc-pV5Z) + .

Deore + AICCSDT(Q)] ¢ Energy on the PES when the Ar atom was 57 bohr from (€ @bove agreement is even better than expected due to cancella-
the equilibrium structure of methane (the interaction energy is less than tion of errors as it can be seen from the data of Table 1.

0.001 cm Y relative to the corresponding minimum energy of the PES. 2. Accuracy of the analytic PESThe newly developed full-
dimensional analytic PES of the CH4 Ar complex, FullD-2019
B. Results and discussion PES, features extremely low root mean square (rms) fitting

deviations, listed in Table 2, with the rms values being lower
than 1 cm * up to 55 000 cm * relative to the global minimum of
the PES. In accord with these low rms values the one-dimensional
energy curves obtained on the PES during the separation of the Ar
atom from methane along the C; axes of the global and secondary
minimum geometries, see Fig. 1, show excellent agreement with the

benchmark dissociation energies. The extremely fast basis set 2P initio energies. As also seen in Fig. 1, the asymptotic behavior of

convergence of the explicitly-correlated CCSD(T)-F12b method, the weakly-bound CH,4 Ar system is also well described by the PES.

which is manifested in the Dy corrections of only 0.5 cm 1 The asymptotic limits are reached at around 15 bohr from both

ensures that the CCSD(T)-F12b/aug-cc-pV52Z energy is basis-set.Minima. It is worth emphasizing t hat the fitted PES reproduces the
converged within about 0.1...0.2 cm™. The correlation of core long-range asymptotic behavior of the high-level ab initio data with-

electrons increases the dissociation energies by around 1.5 cm %,  ©Ut Using any switching function based on the traditional 1/ R

and has an estimated uncertainty of 1 cm * The d[CCSDT(Q)] dispgrsion modeI: .Fig. 2 shows that the stru_ctural parameters
obtained at the minima of the PES agree well with the benchmark

CCSD(T)-F12b/aug-cc-pVQZ values. The C...Ar distances are repro-
Table 2 Number of points and root mean square (rms) deviations of the duced on the FullD-2019 PES with a difference of 0.003 bohr and
fitting in the chemically interesting energy ranges of the FullD-2019 PES 0.029 bohr for the global and the secondary minima, respectively,
relative to its global minimum .

whereas the C...H bond lengths and the H...C...H angles are practically

1. Benchmark dissociation energies. In Table 1, we present
the benchmark dissociation energies corresponding to the global
and secondary minimum geometries of the CH 4 Ar complex and
compare them to the dissociation energies determined on the
newly developed analytic FullD-2019 PES. The correction terms
listed in Table 1 allow for estimating the accuracy of the

E. range/cm * Number of points rms/cm ! the same as in the benchmark geometry. Note that the geometry of
0...11000 11727 0.66 CHj, is just slightly perturbeq in the minima relative tq t.he freg
11000...22 000 1073 0.90 CHy, structure; the deformation energy at the global minimum is
22000...55000 1582 0.95 only 0.05 cm . The outstanding accuracy of the FullD-2019 PES is

Fig. 1 Potential energy curves along the Cj axes of the global (left panel) and secondary (right panel) minimum structures scanning the C...Ar distance of
the CH4 Ar complex (the CH 4 unit is fixed at its CCSD(T)-F12b/aug-cc-pVTZ equilibrium geometry), and showing a comparison between the direct
ab initio values and cuts of the FullD-2019 PES. The insets show the potential well regions and the corresponding equilibrium geometries.
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