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Chapter 1

Introduction

1.1 Motivation and background

Structures in energy engineering are often exposed to dynamic loads due to natural

phenomena or to human intervention. These phenomena include strong wind, or load

shedding, e.g. the shedding of ice accumulated on the structure under icing conditions, or

shock load applied on the structure, which may be caused by an impact. These dynamic

e�ects may essentially reduce the range of operation and lifetime of the structure. Such

problems justify the e�ort to study the sources of dynamic loads and the process of the

resulting vibration, and to develop solutions in order to reduce the undesired consequences.

A common way of energy transmission and distribution across large distances is the

utilisation of overhead transmission lines. These structures involve long suspended con-

ductors, and the phenomena listed above may lead to high-frequency or high-amplitude

vibration of the conductor. The consequence of high-frequency vibrations, e.g. the aeolian

vibration caused by wind, is fatigue; whereas the high-amplitude vibrations, including

galloping due to wind or the vibration following ice shedding, are associated with excessive

dynamic forces, and they may damage some elements of the transmission line in a relatively

short time. An important di�erence between galloping and ice-shedding-induced vibration

is the following. High-amplitude vibration is maintained during galloping due to wind

e�ect that acts as a periodic excitation on an asymmetrical conductor. On the other

hand, vibration following ice shedding is characterized by high amplitude initially, and

then the oscillation decays as a consequence of structural damping of the conductor and

aerodynamic damping. Thus, ice shedding may induce high-amplitude vibration, but ice

plays an important role in galloping as well, since the principal reason that makes the

conductor asymmetric is ice accretion.

Ice accreted on structures installed or moving in the atmosphere may cause serious

problems during the functioning and in the safety of the structure. Apart from overhead

transmission lines, many other structures may be exposed to atmospheric icing; wind

turbine blades, aircraft wings, or pantographs in electric trains or trams are the most

common examples to mention. These issues justify the e�ort made to understand the

conditions leading to icing and describe the accretion process.

1
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2 CHAPTER 1. INTRODUCTION

Apart from transmission line conductors, suspended cables occur in further engineering

applications including cable-stayed bridges or mooring of marine structures. Those cables

are also exposed to natural phenomena that may cause heavy static load on the cable

or that may lead to cable vibration. Such vibration may be associated with excessive

dynamic forces resulting in severe damage to some elements of the structure that supports

the cable. Understanding the reasons leading to such vibration and the process how such

vibration develops require an in-depth study of the phenomenon including theoretical,

numerical and experimental modelling. Simulation of cable vibration provides information

about the amplitude and frequency of vibration, the developing stresses in the cable, and

the forces acting on the cable and at the suspension during the vibration. Linear and

nonlinear theories to describe the dynamics of suspended cables were developed decades

ago [47, 48]. They describe the static equilibrium of a suspended cable, the response to

a point load and to a uniformly distributed load, as well as the free vibration and the

dynamic response of a suspended cable. The theory is well developed for a single cable,

but transmission lines often consist of several spans of suspended conductors whose end-

points are connected to suspension strings or insulators that can move during conductor

vibration. Such structures and the motion of such structures were extensively studied by

numerical and experimental modelling [43, 49, 67, 89, 106, 129, 132].

Several methods have been developed to attenuate cable or conductor vibration caused

by natural phenomena and to reduce the harmful consequences. Vibration dampers that

act as passive control are often installed on transmission lines to attenuate high-frequency,

low-amplitude conductor vibration [124]. The interphase spacers applied in transmission

lines contribute to the attenuation of high-amplitude conductor vibration and to keeping a

safe distance between the phases during vibration [121]. Active control of cable vibration

has been implemented on cable-stayed bridges [2]. Active control methods include the

transverse or the axial motion of cable support. The displacement or the velocity of a

chosen point of the cable is observed, and the control system determines a response that

results in the displacement of the support, i.e. one of the end-points of the cable, so

that the vibration amplitude of the observed point of the cable reduces. Time delay is

always present in digital control due to taking samples of the observed parameter, and

this delay in�uences the control e�ciency and the parameters describing cable vibration.

Increasing time delay tends to destabilize the controlled system, and above a critical value

it leads to loss of stability [116]. When control is applied via mechanical driving, backlash

occurs at the driving and causes small-amplitude oscillations around the equilibrium. The

combination of time delay and backlash leads to irregular oscillations, which may be called

�marginally chaotic� [60, 77, 78, 79].

1.2 Main research objectives

The research concerning the vibration of transmission lines under icing conditions and

the related line protection methods focuses on three main areas. First, the process how

ice develops on such structures as a conductor must be understood. The type, mass
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1.2. MAIN RESEARCH OBJECTIVES 3

and shape of ice depend on the ambient conditions; therefore, it is essential to study

the characteristics of the cloud that eventually causes the ice accretion on the conductor.

Then, e�ort should be made to describe conductor vibration due to natural phenomena

including wind and ice shedding. The dynamic loads that act during the vibration and the

resulting deformation and stresses in the line elements provide information about possible

damages as consequences of these dynamic loads. Finally, methods are developed that

contribute to attenuating the vibration, and thereby to reducing its harmful e�ects.

The research presented in this dissertation focuses on the areas described in the

previous paragraph. In order to predict ice accretion on conductors, the characteristics of

the clouds that are responsible for icing should be studied together with the processes

in�uencing these characteristics. The approach proposed considers droplet collision,

evaporation, gravity and turbulent dispersion. The theoretical background for the transi-

tion between two domains of collision outcome is developed and involved in the modelling

approach. Apart from the theoretical model, experimental approach is also applied to

simulate icing processes in a cold wind tunnel. These models describe the characteristics

of droplet clouds and their variation in the �ow, with particular attention to the droplet

size distribution and liquid water content [66, 70]. This topic is the subject of Chapter 2.

Another main objective of this research is to study vibration of overhead transmission

line conductors following ice shedding. Di�erent ice shedding processes (sudden, propagat-

ing) are simulated numerically and experimentally. Finite element models have been

developed in order to predict conductor rebound height, and the transient dynamic forces

at the suspension during the resulting vibration. The numerical models are evaluated by

comparing results to those of laboratory experiments obtained using a small-scale line

model, and some results were also compared to observations on a full-scale test line [122].

The results obtained may be used to assess whether the vibrating conductors approach

each other so that an electric arc may develop, as well as they provide information if the

dynamic forces damage the suspension or other line elements [67, 71, 76]. Details are

provided in Chapter 3.

The research also aims to examine the control of conductor vibration. A model

simulating cable vibration with active control is developed in several steps. Since a number

of parameters in�uence cable vibration and the e�ciency of control, parametric study

investigates the e�ects of sampling delay that occurs in digital control and excitation

frequency. The active control methodology aims to attenuate small-amplitude, high-

frequency vibration of suspended cables that are exposed to wind e�ect. The consideration

of the nonlinear elastic material behaviour of the conductor makes the methodology

applicable to the control of such high-amplitude vibration as that following ice shedding

from the conductor. When backlash occurs at the driving, then the control force is

not transmitted when the direction of rotation at the driving changes. The e�ects of

the presence of time delay and backlash together in the control system may result in

an irregular motion that justi�es the detailed study of the dynamics of such systems

[61, 62, 63]. These developments are discussed in Chapter 4.

The main achievements of this research are formulated in the theses at the end of
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4 CHAPTER 1. INTRODUCTION

Chapters 2-4. The developments and results reveal that the goals are successfully achieved,

and they are summarized in Chapter 5.
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Chapter 2

Characteristics of droplet clouds

causing ice accretion on structures

The droplet clouds that are responsible for ice accretion on structures in the atmosphere

are characterized by several parameters including air temperature, air velocity, air humi-

dity, liquid water content (LWC) and droplet size distribution (DSD). These are the

most important factors a�ecting atmospheric icing processes; therefore, it is essential to

determine them when modelling atmospheric icing. Natural aerosol clouds under icing

conditions are modelled by injecting water spray into cold airstream, thereby creating

a two-phase air/dispersed water �ow. Such clouds undergo signi�cant changes before

reaching the icing object. Several factors in�uence these modi�cations including droplet

collision and coalescence, evaporation and cooling, gravitational settling, and turbulent

dispersion of the dispersed phase. This section focuses on binary droplet collisions, and the

theory behind the transition between two domains of the collision outcome is developed.

Then, theoretical and experimental models are presented for droplet motion and for the

evolution of DSD in aerosol clouds considering the factors mentioned. The theoretical

model is validated by wind-tunnel experiments, and the computed and measured results

are discussed.

2.1 Binary droplet collision

The phenomenon of binary droplet collision is controlled by several physical parameters.

The most important ones are the droplet velocities, droplet diameters, dimensional impact

parameter, surface tension of the liquid, and the densities and viscosity coe�cients of the

liquid and surrounding gas. Further components may also be signi�cant, such as the

pressure, molecular weight, and molecular structure of the gas. From these physical

parameters several dimensionless quantities can be formed, namely, the Weber number,

Reynolds number, impact parameter, droplet size ratio, ratio of densities, and ratio of

viscosity coe�cients. For a speci�c liquid-gas system, the outcome of collision is usually

described by the following three non-dimensional parameters: Weber number, impact

parameter, and droplet size ratio. The Weber number is the ratio of the inertial force to

5
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the surface force:

We =
ρdU

2
r dS
σ

(2.1)

where ρd is the droplet density, Ur is the relative velocity of the interacting droplets, dS is

the diameter of the smaller droplet, and σ is the surface tension. The impact parameter

is de�ned as the distance b from the center of one droplet to the relative velocity vector

passing through the center of the other droplet, i.e. the dimensional impact parameter,

divided by the sum of the radii of the colliding droplets:

B =
2b

dL + dS
(2.2)

where dL is the diameter of the larger droplet. The droplet size ratio is given by

δ =
dS
dL

(2.3)

although the reciprocal, γ = 1/δ is also used.

Comprehensive experimental studies on the possible outcomes of binary droplet colli-

sions and the transition between their regimes were provided in [98, 104]. The evolution

of the pressure and velocity �elds during central binary collisions together with droplet

deformation in the di�erent regimes were studied numerically in [94]. The droplets may

experience bounce or coalescence. Coalescence may be stable or temporary, followed by

separation which may result in either disruption or fragmentation. In disruption, the

number of post-collision droplets is the same as that prior to collision. In fragmentation,

numerous satellite droplets are formed [98]. Qian and Law [104] distinguishes two regimes

of separation according to the trajectories of colliding droplets and the subsequent separa-

tion process: separation for near head-on collisions or re�exive separation, and separation

for o�-center collisions or stretching separation. They also distinguish two regimes of

stable coalescence that may be conjunct: coalescence after minor deformation and coales-

cence after substantial deformation. Thus, the binary droplet collision may result in �ve

regimes of outcome described brie�y as follows. If the drops approach each other slowly

enough, or more precisely, the Weber number is low enough, then the gas trapped between

the droplets has time to escape, so that coalescence occurs after minor deformation (regime

I). If the Weber number is higher, then the surfaces of the droplets do not make contact due

to the trapped gas layer, so the droplets become deformed and bounce apart (regime II).

Further increasing the Weber number, when the kinetic energy of collision is su�cient to

expel the intervening layer of gas, the droplets will coalesce after substantial deformation.

The coalesced droplet deforms into a disk and oscillates until being stabilized in spherical

form due to surface tension (regime III). For the highest Weber numbers, the kinetic

energy of collision overcomes the surface energy, and the temporarily coalesced droplet

is separated into two or more droplets during oscillation. The temporary coalescence is

followed by re�exive separation for low impact parameters (regime IV), while the collision

process ends up in stretching separation for high impact parameters (regime V).

The relative velocity of the colliding droplets, and consequently the Weber number, are
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2.1. BINARY DROPLET COLLISION 7

small in most cases of collision in the droplet clouds of the atmospheric icing processes

that are under investigation and in their experimental models. Therefore, coalescence

followed by separation (regimes IV and V) is practically non-existent; and even if it

occurs, disruption may be assumed, when satellite droplets are not formed. On the other

hand, bounce and stable coalescence either after minor deformation or after substantial

deformation appear frequently. Hence, the transitions between regimes I and II as well

as between regimes II and III have particular importance. Criteria for transition curves

between the regimes of outcome have been proposed based on the physics of the collision

phenomenon (see Section 2.1.2), except for the boundary between regimes I and II, which

was developed in [70] and will be discussed in detail in Section 2.1.1.

2.1.1 Coalescence after minor deformation

The boundary proposed by [72] between the regimes of bounce and coalescence after minor

deformation was a line joining two given points on the B -We plane. One of these points

separates the regime of bounce from that of coalescence after substantial deformation

for head-on collisions, while the other point is the one where the Weber number is zero

and the impact parameter is unity. This condition provides a close approximation of the

experimental observations of [104], but lacks physical explanation. The model developed

in [70] applies an alternative boundary whose physical basis is explained in this section.

The boundary between coalescence after minor deformation and bounce is determined

by two conditions. First, the thickness of the gas �lm trapped between the droplets

has to be reduced to a critical thickness for breaking up the gas �lm and resulting in

the coalescence of droplets. Second, during the sliding interaction of droplets (i.e. when

B ̸= 0), coalescence takes place only if the droplets do not pass near each other due to the

sliding motion before the �lm thickness reduces to its critical value. When the collision

model veri�es these conditions, the governing equations of motion of the �lm-thinning

process are not solved for each collision case, although approaches are available in the

literature [52, 92], because the calculation would be computationally costly. Instead,

the minimum �lm thickness that the gas layer may reach is estimated using characteristic

values of the involved quantities, whereas the time required for the gas layer to be reduced

to the critical thickness at rupture is estimated using time-scale analysis. Then, the two-

phase �ow model veri�es only the two conditions in each collision case.

To express the �rst condition mathematically, the minimum thickness that the gas

layer can reach as well as the critical thickness at rupture have to be determined. The

minor deformation of each droplet takes place where the other droplet approaches and

pushes the spherical surface by forming a disc of radii rS and rL on the smaller and

larger droplets, respectively (see Figure 2.1). These radii are obtained from the balance

of capillary and drag forces acting on the droplet. The drag force may be modelled as the

viscous drag on a sphere [115] so that the force balance and then the radius of the smaller

droplet take the form

r2Sπ
4σ

dS
= 3πdSµaUr (2.4)

               kollar.laszlo.e_99_23



8
CHAPTER 2. CHARACTERISTICS OF DROPLET CLOUDS CAUSING ICE ACCRETION ON

STRUCTURES

Figure 2.1: Two approaching droplets with relative velocity of Ur and the gas layer trapped
between them

rS = dS

√
3µaUr

4σ
(2.5)

where µa is dynamic viscosity of the gas which is air in this model. Here, the velocity Ur

is the approach velocity of the droplets, which is the component of relative velocity in the

direction of the line connecting the centers of the two droplets. The pressure di�erence

between the two sides of the droplet, which is balanced by surface tension, is smaller for

the larger droplet, 4σ/dL, but the drag force is the same because it is determined by the

area of the smaller droplet. Thus, the force balance for the larger droplet is written in

the form

rL =
√

dSdL

√
3µaUr

4σ
(2.6)

The transverse velocity of the gas, utr, is derived from a continuity condition, consider-

ing that a disc of surface r2Sπ approaches the other disc with velocity Ur, and the gas

escapes with velocity utr via a surface 2rSπh, where h is the gap thickness:

utr =
rSUr

2h
(2.7)

The radius rS is used here, because the volume intercepted between the two droplets

depends on the size of smaller droplet. The dynamic pressure inside the gap, ρau
2
tr/2,

causes the deformation of droplet surface and is balanced by surface tension, 4σ/dS,

where ρa is the air density [104]. This balance provides the maximum escaping velocity

of the gas, utr, and the minimum thickness that the gas layer can reach is obtained after

the substitution of Equation (2.7):

h =

√
ρadS
2σ

rSUr

4
(2.8)

Equation (2.8) was derived using the interaction of the �lm with the smaller droplet.
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2.1. BINARY DROPLET COLLISION 9

The same thickness could be obtained, however, after considering the interaction with the

larger droplet and also using Equations (2.5) and (2.6). The �lm thickness at rupture,

hr, is estimated by the following formula [13, 115]:

hr = 0.802

(
Hfr

2
S

σ

)1/4

(2.9)

where Hf is the Hamaker constant [92]. Again, rS is used, because the intercepted

volume depends on the size of the smaller droplet. MacKay and Mason [83] observed

experimentally that the �lm thickness at rupture was less than 50 nm for droplet diameters

up to 2500 µm. According to [13], Equation (2.9) is valid with a Hamaker constant,

Hf = 10−21 J, if the �lm thickness, hr, is less than 12 nm. The above calculation for a

liquid-gas system, which is the subject of this study, yields that this condition holds for

droplets with diameter up to about 200 µm. Most of the droplets produced by the nozzles

described in Section 2.4.1 are smaller than this limit, and although the diameter of largest

droplets may exceed 200 µm in some cases, their number is so low that Equation (2.9)

was accepted for all the cases considered. Then, the �rst condition of coalescence after

minor deformation may be written in a simple form as:

h < hr (2.10)

which may be expressed after some algebraic manipulations using Equations (2.5), (2.8)

and (2.9), the droplet Reynolds number Red = ρaUrdS/µa, and that the approach velocity

is Ur

√
1−B2 for sliding interactions of droplets, as follows:

WeRe3d
(
1−B2

)5/2
< 564.85

Hfσρaρd
µ4
a

(2.11)

The right-hand side includes constants and �uid properties only; thus, it is constant for

a �xed liquid-gas system.

Equation (2.11) is only a su�cient condition for coalescence after minor deformation

if B = 0. If the impact parameter increases, this condition is satis�ed for greater

Weber numbers, which contradicts the experimental results of [104]. However, the sliding

velocity, i.e. the component of relative velocity perpendicular to the approach velocity,

increases with the impact parameter; hence, the droplets may slide near each other before

the thickness of the gas �lm between them could be reduced to its critical value. In

this case coalescence does not take place, and this is what the second condition should

consider. Since the sliding velocity is UrB, the time the two droplets need to slide near

each other is expressed in the form

ts =
dS + dL
UrB

=
dS (δ + 1)

δUrB
(2.12)

The time for reducing the thickness h to hr is obtained as follows. The relative velocity

of the approaching droplets is reduced due to the force of �uid dynamic resistance, which
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may be described by the following equation [92]:

md
dUr

dt
= −6πµaUr

h

(
dSdL

2 (ds + dL)

)2

(2.13)

where md = ρdd
3
Sπ/6 is the droplet mass. Equation (2.13) may also be written as

dUr

dt
= − 1

τf
Ur (2.14)

where τf denotes the characteristic time of the process and is de�ned by

τf =
ρddS (δ + 1)2 h

9µa

(2.15)

An estimate of [115] will be applied for the initial �lm thickness when the droplets are

close enough to each other for causing surface deformation. They chose the initial �lm

thickness as 1/10th of the droplet radius. Thus, the characteristic time may be written

as follows:

τf =
ρdd

2
S (δ + 1)2

180µa

(2.16)

Since the critical thickness, hr, is at least two orders of magnitude less than the initial

thickness, it may be assumed that the �lm thickness should be reduced by 1/10th of the

droplet radius for coalescence, and the time scale of this process is given by Equation

(2.16). The second condition for coalescence after minor deformation is that this time

scale should be less than the time scale of sliding expressed by Equation (2.12):

τf < ts (2.17)

or, after some algebraic manipulations

RedBδ (δ + 1) < 180
ρa
ρd

(2.18)

Again, the right-hand side is constant for a �xed liquid-gas system. Thus, if conditions

(2.11) and (2.18) are satis�ed, then the collision outcome is coalescence after minor

deformation. It should be noted that former collision models used three parameters (We,
B and δ); while Equations (2.11) and (2.18) include the droplet Reynolds number as well,

together with some �uid parameters that are constant for a �xed liquid-gas system.

2.1.2 Further regimes of collision outcome

The transition between bounce and coalescence after minor deformation is determined

as explained in Section 2.1.1. The other boundaries are based on formerly proposed

conditions.

The criterion for transition between bounce and coalescence after substantial deforma-

tion (regimes II and III) was proposed by [27]. They assume that if the initial kinetic
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energy of deformation does not exceed the energy required to produce a limit deformation,

then droplets will not coalesce, but bounce. Their condition for coalescence after substan-

tial deformation was formulated as follows:

We >
δ (1 + δ2) (4φ′ − 12)

χ (1−B2)
(2.19)

where

χ =

 1− (2− κ2) (1 + κ) /4 if κ > 1.0

κ2 (3− κ) /4 if κ ≤ 1.0

with κ = (1−B) (1 + δ) and φ′ denoting shape factor which measures the deformation

of the droplets from their initial spherical shape and whose proposed value is 3.351.

The re�exive separation criterion (transition between regimes III and IV) was provided

by [6]. They consider that once the coalesced droplets have stretched far enough for a

thin ligament to form, the surface energy will promote the separation rather than prevent

it. Therefore, the re�exive kinetic energy need not be as high as the nominal surface

energy for separation to occur. They postulate that if the re�exive kinetic energy exceeds

75% of the nominal surface energy, then separation occurs. They derived the following

expression for this condition:

We > 3
[
7
(
1 + δ3

)2/3 − 4
(
1 + δ2

)] δ (1 + δ3)
2

δ6η1 + η2
(2.20)

where η1 = 2 (1− ξ)2 (1− ξ2)
1/2−1, η2 = 2 (δ − ξ)2 (δ2 − ξ2)

1/2−δ3 and ξ = B (1 + δ) /2.

Reference [11] proposed the stretching separation criterion (transition between regimes

III and V). The collision outcome is stretching separation if the rotational energy of the

coalesced droplet exceeds the surface energy required to re-form the original two droplets

from the coalesced pair, which is expressed as follows:

We >
4.8

B2

[
1 + γ2 − (1 + γ3)

2/3
]
(1 + γ3)

11/3

γ6 (1 + γ)2
(2.21)

Reference [6] derived an alternative criterion; however, they evaluated that condition

(2.21) also provides a satisfactory prediction. The velocity of the larger post-collision

droplet was determined by [33], as follows:

V new
L =

VLd
3
L + VSd

3
S + d3S (VL − VS)Z

d3L + d3S
(2.22)

where VL and VS are the velocities of the larger and smaller pre-collision droplets, respec-

tively, and Z = (B −Bcr) / (1−Bcr) in which Bcr is the critical impact parameter above

which the collision results in stretching separation. This parameter is calculated from the
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Figure 2.2: Collision outcome map on the B − We plane for δ = 1 and dS = 10µm;
I: coalescence after minor deformation; II: bounce; III: coalescence after substantial
deformation; IV: re�exive separation; V: stretching separation

following formula:

Bcr = min

1.0,

√√√√ 4.8

We

[
1 + γ2 − (1 + γ3)2/3

]
(1 + γ3)11/3

γ6 (1 + γ)2

 (2.23)

The velocity of the smaller post-collision droplet is calculated similarly, with the quantities

designating the larger and the smaller droplets interchanged in Equation (2.22).

2.1.3 Composite collision outcome model

Bounce a�ects droplet trajectory, but it does not modify the droplet size. Coalescence

followed by disruption does not have any signi�cant in�uence on droplet size. Other

regions of collision outcomes, however, may in�uence droplet size. Fragmentation occurs

when the relative velocity of colliding droplets is high, so the phenomenon almost never

occurs in low-velocity �ows that are under examination here. Coalescence after either

minor or substantial deformation appear at low velocities; therefore, it is expected that

their e�ects are signi�cant as regards this study indicating that droplet collision causes

an increase in droplet size.

The composite collision outcome model takes into account the �ve regimes de�ned

earlier in this section. A typical outcome map in the B −We plane is shown in Figure

2.2 for the water-air system. When two droplets collide, the outcome model is applied to

determine the collision outcome and properties of the post-collision droplet(s), as follows.

The Weber number, droplet Reynolds number, impact parameter, and droplet size ratio

are calculated during simulation of the droplet motion. Firstly, it is ascertained whether

coalescence after minor deformation occurs using conditions (2.11) and (2.18). If these

conditions are not satis�ed, then criterion (2.19) is used to determine whether or not

bounce has occurred. If bounce has not occurred, then criteria (2.20) and (2.21) are

applied to determine if the collision outcome is coalescence after substantial deformation,
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re�exive separation, or stretching separation. After obtaining the collision outcome, the

sizes, velocities, and temperatures of the post-collision droplets need to be determined.

In case of coalescence, the size, velocity, and temperature are calculated in such a way as

to conserve mass, momentum and to satisfy heat balance. When droplets bounce, their

sizes and temperatures do not change and their velocities are modi�ed according to the

conservation of momentum. If separation occurs, it is assumed that satellite droplets

are not formed, as discussed in the beginning of Section 2.1, and that the sizes and

temperatures of post-collision droplets are equal to those of the pre-collision droplets.

The velocities of post-collision droplets in the case of stretching separation are calculated

according to the relation given by (2.22), while in the case of re�exive separation they are

approximated by the velocities of the pre-collision droplets.

2.2 Further processes in�uencing droplet cloud

characteristics

Several factors are responsible for the modi�cation of the droplet cloud during its �ow.

The thermodynamic interactions between the dispersed and carrying phases result in

evaporation and cooling. The mutual interactions within the dispersed phase are known

as binary droplet collisions. The e�ects of external forces lead to gravitational settling

of droplets and vertical variation of the DSD when the air speed is low. The extent to

which these processes a�ect the characteristics of the aerosol cloud depends on the level

of turbulence in the air �ow. The turbulence also plays a key-role in the formation of

aerosol clouds in wind-tunnel experiments. High levels of turbulence cause unrealistic

thermodynamic processes in the tunnel and unnatural ice accretion. A certain level of

turbulence, however, is essential to assure mixing and homogeneity in the cloud. Section

2.1 described binary droplet collisions in details. Further processes mentioned will be

summarized in what follows.

2.2.1 Evaporation and cooling

The method that the model applies to calculate the decrease of droplet mass and tempera-

ture due to evaporation and cooling is based on the developments of [10] and [103]. This

section recalls the formulae, but the reader is advised to see the above references for

details. The rate of droplet mass, ∆md, which is evaporated during the time interval, ∆t,

is obtained as follows:

∆md

∆t
= −πdDf (ew (Td)−RHaew (Ta))

RwTf

(
1− ef

pst

) Sh (2.24)

where ew (Td) and ew (Ta) are the pressures of saturated water vapor at droplet tempera-

ture, Td, and at air temperature, Ta, respectively, RHa the relative humidity of air, Sh
the Sherwood number, Rw the gas constant for water vapor, pst the static pressure of air,
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and the subscript f refers to �lm formation on the evaporation surface involving droplet

temperature and air temperature. The corresponding quantities Tf = (Td + Ta) /2,

ef = (ew (Td) + ew (Ta)) /2 and Df = Dw (Tf ) are, respectively, the mean values over

the transfer path of the temperature, the pressure of saturated water vapor, and the

di�usivity of water vapor, Dw. The Sherwood number is de�ned by the Reynolds number

based on air velocity, i.e. Rea = d |u| ρa/µa where u stands for air velocity, and the

Schmidt number, Sc, as follows:

Sh = 2
(
0.78 + 0.308Re0.5a Sc0.33

)
(2.25)

The change in droplet temperature, ∆Td, during the time interval, ∆t, is obtained from

the heat balance:

cwmd
∆Td

∆t
= αd2π (Ta − Td) + Lev

∆md

∆t
(2.26)

where cw is the speci�c heat of water, Lev the latent heat of vaporization of water, and

the heat transfer coe�cient, α, is determined by the following expression:

α =
Nuλa

d
(2.27)

where λa is the thermal conductivity of air at the temperature of the droplet surface, and

the Nusselt number, Nu, is de�ned by [127]:

Nu = 2 +
(
0.4Re0.5a + 0.06Re0.67a

)
Pr0.4

(
µa (Ta)

µa (Td)

)0.25

(2.28)

with Pr denoting Prandtl number. The Td is the droplet temperature at the beginning

of the time step, and ∆md/∆t is obtained from Equation (2.24).

2.2.2 Gravitational settling

Gravity is usually not considered in aircraft icing models due to the high air velocity

and the corresponding dominance of drag forces; it signi�cantly a�ects, however, droplet

trajectory in atmospheric icing processes with gentle winds (below 20 m/s) and in their

simulation in low-speed wind tunnels. The in�uence of gravity on droplet motion becomes

particularly important for large droplets. A term considering gravity is included in the

droplet equation which will be presented in Section 2.3.2.

2.2.3 Turbulent dispersion

The e�ect of turbulence on droplet motion is considered by a stochastic approach intro-

duced by [22]. The instantaneous gas velocity, u, is determined by adding a �uctuating

component, u′, to the gas mean velocity, ū, in the droplet equation (see Section 2.3.2).

The �uctuating component, u′, is chosen from a Gaussian probability distribution with

a standard deviation of (2k/3)0.5, where k denotes turbulent kinetic energy. The value

of the �uctuating component is changed at the beginning of each droplet�turbulent eddy
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interaction. The time interval of this interaction is determined by the minimum of the

eddy lifetime, te, and the transit time, tr, over which the droplet traverses the eddy [37].

The eddy lifetime is provided by the form:

te =
le
|u′|

(2.29)

In this equation, le is the characteristic size of the turbulent eddy given by the following

formula:

le =
C0.75

µ k1.5

ϵ
(2.30)

where Cµ = 0.09, and ϵ is the turbulent dissipation. The estimation for transit time takes

the form:

tr = −τr ln

(
1− le

τr |u− v|

)
(2.31)

where τr = 4ρdd/ (3ρaCD |u− v|), CD is the drag coe�cient, and v is the droplet velocity.

When le/ (τr |u− v|) > 1, Equation (2.31) does not have a solution, therefore it is assumed

that the time of droplet�eddy interaction is equal to the eddy lifetime, te.

2.3 Modelling the variation of droplet cloud

characteristics

Droplet clouds under icing conditions may be modelled by two-phase air/dispersed water

�ows. A widely used method to analyze �uid-particle �ows is the Eulerian-Lagrangian

approach, which treats the �uid phase as a continuum and considers the dispersed particles

as a discrete phase [17, 18, 23]. These authors considered the heat and mass exchange

between the phases, which results in droplet evaporation and cooling. The droplet

equation of motion includes the gravity term, which is important for low velocities.

Crowe et al. [18] developed a computational model which solved gas �ow equations and

droplet equations, and also considered the decrease of droplet mass and temperature due

to evaporation and cooling; they ignored, however, the e�ects of turbulence on droplet

dispersion and collisions between droplets. Dukowicz [22] proposed a stochastic approach

to consider turbulence dispersion of droplets, which was elaborated for thick sprays by

[99], and modi�ed in [37, 84]. O'Rourke and Bracco [99] also considered droplet collisions

and coalescence in their model by a stochastic approach, which was subsequently applied

in [33]. Droplet trajectories for di�erent velocities of the ambient air was examined in

[32]. Post and Abraham [102] constructed a composite collision outcome model that

included the di�erent outcomes of binary droplet collisions except the lowest kinetic-

energy collisions since they studied Diesel spray with high velocities. The developments

of [59] took into account the formation of satellite droplets, which are the results of high

kinetic-energy collisions between droplets [98]. Further improvements for high kinetic-

energy collisions were proposed in [58, 90]. The relative velocity of colliding droplets is

usually low in atmospheric icing processes and in their models in low-speed wind tunnels
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where droplets are injected in the direction of the air�ow; therefore, the collision model was

improved in the range of the lowest kinetic-energy collisions and disregarded the formation

of satellite droplets in [72]. This two-phase �ow model considered droplet collision and

gravitational settling, whereas evaporation and cooling were added later [73]. This study

also discussed the range of thermodynamic parameters where the processes considered are

dominant with regard to the evolution of the DSD. The turbulent dispersion of droplets

was included in the model of [66], and time scales of the three processes involved together

with that of turbulent dispersion were determined in [80]. A two-dimensional model of

two-phase air/dispersed water �ows was constructed in [72], and then further improved in

[66, 70, 73, 80]. These models simulate the �ow in the vertical section of a low-speed cold

wind tunnel, which is applicable to reproduce a wide range of atmospheric icing processes.

The air velocity �eld together with turbulent parameters are determined �rst in the

two-phase �ow model. These data serve as input for the model that solves the droplet

equation, tracks droplet trajectories, and calculates such droplet parameters as size,

velocity and temperature, which are modi�ed by the processes described in Sections

2.1 and 2.2. Thus, this model considers the in�uence of the carrier phase on particle

motion, but it assumes that the dispersed phase does not change the continuous �uid

phase. Some models, however, take into account two-way coupling between the phases

(e.g. [18, 23, 119]). Numerous criteria have been proposed to establish whether the two-

way exchange of mass, momentum and thermal energy between the phases is negligible or

signi�cant. Some of them were examined when developing the model in order to con�rm

that the one-way coupled model is an acceptable simpli�cation in the cases investigated.

Gore and Crowe [36] obtained that if the ratio of particle diameter to turbulent length

scale, d/le, was less than 0.1, then particles did not increase turbulent intensity. Hetsroni

[42] used the Reynolds number, Re, based on the gas-droplet relative velocity to de�ne a

condition. He reported that the dispersed phase did not enhance turbulence in the gas

phase, if Re ≤ 110. Both of these conditions for neglecting turbulence enhancement are

satis�ed in the cases modelled in this study. Gates et al. [32] examined if the air stream

temperature and velocity changed due to heat exchange between the phases. The authors

did not formulate any criterion; they assumed, however, that these changes were negligible

when the liquid to air mass ratio was less than 1%. Although the liquid to air mass ratio

may be signi�cantly higher than 1% in thick sprays; the simulation domain begins 50

cm downstream the nozzle outlet where this ratio already decreases to the range of 1%.

Wang et al. [125] reported that the droplets had little e�ects on air turbulence in typical

clouds where the droplet mass loading was on the order of 10−3, which is also the case in

the major part of the wind tunnel in the experiments simulated. Due to the satisfaction

of the above conditions, the one-way coupled model was accepted for the cases simulated

in this study.

2.3.1 Air velocity �eld

The air velocity �eld is determined by the commercial software CFX, which solves the

Navier-Stokes equations iteratively by using the �nite volume technique. A default
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tetrahedral element discretization is used for meshing. Boundary conditions assume no

slip at the tunnel walls and zero velocity perpendicular to the wall. Velocities at the inlet

and outlet and the geometry of the computational domain are de�ned as input data for

this computation. The level of turbulence and the size of turbulent eddy at the inlet and

outlet were de�ned as inputs in the droplet trajectory code, and their variations through

the computational domain were approximated by a simple function which may be chosen

according to the modelled process. Then, the turbulent kinetic energy, k, may be obtained

from the level of turbulence, Tu, as follows:

k =
1

2
ū2Tu2 (2.32)

and Equation (2.30) yields turbulent dissipation, ϵ.

2.3.2 Droplet motion

The droplet trajectory code is based on the particle-source-in-cell model constructed by

[18], and the droplet equation derived by [86]:

π

6
d3 (ρd + 0.5ρa)

dv

dt
=

π

6
d3 (ρd − ρa)g + 3πdµaf (u− v) +

π

4
d3ρa

Du

Dt
(2.33)

where g is the gravity vector, f considers Stokes drag, the derivative d/dt denotes time

derivative following the moving droplet, and the D/Dt stands for time derivative following

a �uid element. The last term in Equation (2.33) may be neglected, because this term is

at least one to two orders of magnitude less than the other ones for all the cases examined.

The parameter f, and the drag coe�cient, CD, are de�ned by the following expressions,

respectively [18]:

f = 1 + 0.15Re0.687 and CD =
24

Re
f (2.34)

where the Reynolds number, Re, is based on the gas-droplet relative velocity:

Re =
ρa |u− v| d

µa

(2.35)

Then, assuming that ρd ≫ ρa, and de�ning the non-dimensional parameters Ũ = u/ |u|,
Ṽ = v/ |v| and T̃ = t |u| /l, where l is the horizontal length of the computational domain,

the non-dimensional droplet equation is obtained after some algebraic operations:

dṼ

dT̃
=

l

|u|2
g +

18µal

ρdd2 |u|
f
(
Ũ− Ṽ

)
(2.36)

Since f varies with time, Equation (2.36) is integrated numerically by using the Euler

scheme in a predictor-corrector mode:

Ṽ∗ = Ṽj +
dṼ

dT̃

∣∣∣∣∣
j

∆T̃ , (2.37)
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Ṽj+1 = Ṽj +

 dṼ

dT̃

∣∣∣∣∣
j

+
dṼ

dT̃

∣∣∣∣∣
∗

 ∆T̃

2
, (2.38)

where∆T̃ is the non-dimensional time interval, the subscripts j and j+1 refer to quantities
at the beginning and at the end of the time increment, respectively, while the subscript

* refers to an intermediate value. After the droplet velocity, Ṽj+1, at the end of the time

increment, ∆T̃ , is determined, the corresponding droplet position, X̃j+1, is obtained by

applying the trapezoidal scheme:

X̃j+1 = X̃j +
(
Ṽj + Ṽj+1

) ∆T̃

2
(2.39)

2.3.3 Procedure of computation

Input data for the calculation of air velocity �eld, i.e. air velocities at the inlet and

outlet of the simulated domain, are obtained from measurements, and then velocities are

computed at many points in between by the commercial software CFX. The air�ow �eld is

subdivided into a series of cells, which are regarded as control volumes. An air velocity is

associated with each control volume, which velocity was calculated closest to the midpoint

of that control volume. The size of control volumes was chosen satisfying the conditions

that the di�erence between the velocities of two neighbouring control volumes be small

(in the range of few percents of the absolute value of velocity or less), and that their size

be at least an order of magnitude greater than the size of the largest parcel of droplets.

The air velocity �eld obtained is used as input in the model of two-phase �ows, which

follows the motion of droplets in the control volumes. Since there are too many droplets

to examine individually, they are collected into parcels. The method is based on the

concept of the discrete parcel approach [99]. Each parcel contains the same number of

drops of identical size, velocity and temperature that are required at the beginning of the

computational domain as input data. The number of parcels has to be at least in the

range of thousands in order to obtain a reliable statistics; however, increasing number

of parcels increases computational costs signi�cantly. As a compromise, 3000 parcels

were considered in the simulations, each of which included 3000 droplets. The simulation

is terminated after su�cient number of parcels reached the neighbourhood of the icing

object to form a distribution, i.e. at least 1000.

The water �ow may also be manipulated in the model by changing time step or the

number of time steps between the injections of two parcels. The time step, however, is

limited by the time scales of the processes modelled, of which collision was found to be

decisive [80]. The time step should be small enough to avoid that two parcels "jump"

each other during simulation; nevertheless it should be large enough to avoid collision

immediately at the inlet.

In order to introduce a DSD into the model, the droplet spectrum is �rst discretized,

5-µm-wide bins are thereby created, and the diameter of each droplet is replaced by the

arithmetic mean of the corresponding bin. The relative frequencies of the appearance of

droplets in each bin are then used to obtain the discrete droplet spectrum. An interval
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of random numbers corresponds to every discrete value of the droplet diameter in the

spectrum. Then, the diameter of each droplet in a parcel is determined by the random

number that was generated for that parcel as explained in [72]. Further inputs are the

ambient conditions, which are assumed to be constant over the computational domain,

and turbulence data, i.e. the level of turbulence and size of turbulent eddy.

The simulation of the two-phase �ow proceeds as follows. The parcels are tracked in

space and time as if they were single droplets with the size, mass, velocity and temperature

of one droplet from that parcel. The �uctuating component of air velocity is modi�ed

after each time interval describing the droplet�turbulent eddy interaction. The actual

�uctuating velocity is added to the air velocity at the beginning of each time step and

is considered in the droplet equation. Then the position and velocity of droplets are

determined by applying Equations (2.37)�(2.39), and the droplet size is reduced according

to the loss of mass and the droplet temperature is modi�ed due to evaporation and cooling

(Equations (2.24) and (2.26)). If the lost mass is greater than or equal to the mass of the

droplet itself, then the droplet is evaporated and the parcel is withdrawn from further

computation. Afterwards, colliding droplets are sought for. From the collisional point of

view, the parcel size is considered larger according to the mass of droplets carried in one

parcel. If the distance between two parcels is less than the sum of their radii, they will

collide. The outcome of collisions and the sizes and velocities of post-collision droplets

are determined by utilizing the composite collision outcome model (see Section 2.1). If

coalescence occurs, then the two parcels are replaced by one parcel in which the mass of

droplets is equal to the sum of mass of the two colliding droplets. This process is continued

in the next time steps until the termination condition of the simulation is satis�ed.

2.4 Experimental modelling in an icing wind tunnel

A technique to model atmospheric icing and the modi�cation of the droplet cloud preceding

ice formation is to produce a two-phase air/dispersed water �ow by injecting water

droplets into cold air stream in an icing wind tunnel, and exposing an icing object to this

�ow. The aerosol cloud undergoes signi�cant changes before reaching the icing object;

therefore, its principal parameters including droplet velocity, DSD and LWC, should be

measured at di�erent positions in order to gain information about the evolution of cloud

characteristics.

2.4.1 Icing wind tunnel

Experiments were carried out at the CIGELE atmospheric icing research wind tunnel in

the University of Quebec at Chicoutimi [66, 69, 70, 72, 73, 74, 80]. This facility is a

closed-loop, low-speed icing wind tunnel with a total length of about 30 m, including a

3-metre-long test section with a rectangular cross-section 45.7 cm high and 91.4 cm wide.

The cross-section of the tunnel at the spray bar is also rectangular with a height of 1.7

m and width of 1.14 m. The tunnel becomes circular 1.5 m downstream from the spray

bar with a diameter of 1 m. The cross-section contracts further in the next 1.1 m, and
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Figure 2.3: The settling chamber, contraction section and test section of the wind tunnel
together with its CFX model showing the air velocity �eld in the middle vertical plane
for air velocity in test section of 10 m/s

reaches the �nal rectangular cross-section with the size of the test section in the following

30 cm. The distance between the spray-bar and the middle of the test section where the

icing object is usually placed is 4.4 m. The settling chamber, contraction section and test

section are shown in Figure 2.3, together with its model as it is presented in CFX. This

�gure also shows the calculated air velocity �eld in the middle vertical plane when the

air speed in the test section is set at 10 m/s. The temperature in the test section may

be cooled down to −30◦C. The velocity of circulating air in the test section may reach

a maximum of 30 m/s. Water is injected into the air stream through three air-assisted

nozzles located on a horizontal spray bar with distances of 20 cm between them. This

system can create an aerosol cloud with a median volume diameter (MVD) of 10 to 100

µm along the test section centerline in the middle of test section; however, the MVD may

exceed the upper limit in other positions of the test section. The LWC of the produced

cloud may be varied from 0.2 to 12 g/m3 in the middle of test section. Variations in both

of these parameters are accomplished through variations in the pressures and thus the

�ow rates of the water and air lines of the nozzles. These parameters together with the

nozzle characteristics have an in�uence on the liquid jet break-up, and they determine

the resulting DSD at the nozzle outlet. This initial DSD is one of the several parameters

in�uencing the DSD and LWC of the aerosol cloud, together with their evolution as the

cloud approaches the icing object [69].

2.4.2 Air velocity and droplet velocity measurements

The air velocities and turbulence data at the spray bar and in the middle of test section

where the icing object is usually placed were measured by a Pitot tube connected to

a di�erential pressure transducer. Measured velocity data served as input for the CFX

calculations which provided the air velocity �eld in the tunnel. Droplet velocities were

also measured in some positions of the test section by a non-intrusive laser optical

measurement technique, the particle image velocimetry (PIV). This technique measures

the instantaneous velocity components of small particles following the �ow. A high-

intensity and high-frequency laser is used to produce a light sheet which illuminates the
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�ow in the target area. A CCD (charge-coupled device) camera captures images, and

commercial software is applied to analyze and visualize the �ow.

2.4.3 Droplet size distribution and liquid water content

measurements

The DSD was measured in the settling chamber by the collargol slide impact method [35]

using a tool whose design is based on the one proposed by [21], and its dependence on

nozzle-dynamic parameters (NDPs) was scrutinized in detail in [74]. Additional droplet

size measurements were performed in [66], at di�erent heights in the middle of the test

section. The LWC was measured along the test section centerline in the middle of the

test section by the rotating cylinder method [114] for varying air velocities and NDPs

[69]. The DSDs obtained close to the nozzles serve as input for the two-phase �ow model,

while further DSD and LWC measurements in di�erent vertical and streamwise positions

in the test section were carried out to study the variation of cloud characteristics in the

tunnel and to validate the output of the model.

The methods mentioned in the previous paragraph provide reliable DSD and LWC

results; however, they are time consuming, especially the method to obtain a DSD with

a su�cient number of droplets. These methods have been replaced by applying an

integrated system for icing studies. This system includes two probes for droplet size

measurements, the Cloud Droplet Probe (CDP) and Cloud Imaging Probe (CIP). These

probes operate based on optical imaging techniques. The CDP is designed to measure

particles with diameters between 3 µm and 50 µm, whereas the CIP measures particles

ranging in size from 25 µm to 1550 µm. The CIP is a combination probe, also including a

heated-element LWC sensor, air temperature sensor, and Pitot tube air speed sensor. The

measured data are displayed by the Particle Analysis and Display System (PADS), which

is a software package designed to interface with the instruments. The air temperature

and air speed may also be entered manually in the PADS. This is recommended for low

air speeds because the probe is designed for aircraft, thus providing reliable velocity and

temperature measurements at air speeds in the range of 50-150 m/s.

2.5 Vertical and streamwise variations of droplet

cloud characteristics

Among the parameters characterizing droplet clouds in atmospheric icing processes and

in low-speed wind tunnel, the DSD and LWC are modi�ed the most signi�cantly between

di�erent positions. They vary vertically due to gravity, which causes separation of

droplets of di�erent sizes, and they also change in the streamwise direction due to cloud

deformation, droplet collision and evaporation. This section scrutinizes the e�ects of these

processes in the droplet motion, and in the variation of droplet size and LWC.

Di�erent combinations of the characteristics of the cloud produce unique natural

icing environments for speci�c meteorological phenomena. Cloud characteristics under
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Parameter In-cloud
icing (CI)

Freezing
drizzle (ZL)

Air temperature (◦C) −10 −5

Air velocity in test section (m/s) 20 10

Relative humidity of air (-) 0.95 0.8

Median volume diameter in settling chamber (µm) 27 62

Table 2.1: Atmospheric parameters assumed under in-cloud icing and freezing drizzle
conditions

these phenomena are described in the literature [15, 50, 51]. The LWC and droplet size

calibration of the wind tunnel is essentially important before the experimental simulation

of atmospheric icing and the prevailing meteorological phenomena [44, 45]. The DSD

and LWC in supercooled aerosol clouds produced in low-speed icing wind tunnel were

investigated in detail in [69, 74]. In what follows, two speci�c icing conditions representing

in-cloud icing (IC) and freezing drizzle (ZL) are considered in the study. Table 2.1

summarizes the atmospheric parameters which were assumed during these conditions.

Turbulence data were measured at the spray bar and in the middle of test section, and

the decay of turbulence along the tunnel is assumed according to a decreasing power

function based on the suggestion of [111]. Further details on these conditions and related

parameters are available in [66, 70].

2.5.1 Droplet trajectory and droplet velocity

Droplet motion is in�uenced most considerably by gravity among the processes under

examination. Therefore, �rst an individual droplet was tracked in [72] in order to study

the e�ect of gravity on droplet motion. The droplet trajectory and the droplet velocity

were determined for di�erent values of the free stream velocity and the droplet diameter.

The vertical de�ection of droplet trajectory and the vertical component of droplet velocity

increased with decreasing free stream velocity and increasing droplet diameter. These

observations mean that the largest droplets (close to 100 µm) in low air velocity (5-10

m/s) may reach the bottom of the wind tunnel in the middle of the test section.

Droplet velocity was also determined experimentally by PIV for two di�erent droplet

clouds in about a 4.5 cm by 4.5 cm domain located at mid-height of the wind tunnel

described in Section 2.4.1 and 0.5 m downstream the middle of test section [70]. The

air velocity was 10 m/s in both cases shown in Figure 2.4a and 2.4b, but the DSDs

were di�erent with MVDs of 10 µm and 74 µm, respectively. The average of the vertical

component of droplet velocity increases in absolute value as the droplet moves downstream

and approaches a limit. The averages of the measured vertical components shown in

Figure 2.4a and 2.4b are �0.019 m/s and �0.274 m/s, respectively.

Consequently, gravity causes separation of droplets of di�erent sizes, which leads to

vertical variation in DSD and LWC. The variation of these parameters will be discussed

in the subsequent sections.
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(a) (b)

Figure 2.4: Measured droplet velocities at mid-height and 0.5 m downstream of the middle
of the test section in the wind tunnel with a reference velocity on the bottom showing
the average values of streamwise components and vertical downward components for air
velocity of 10 m/s, (a) MVD is 10 µm, (b) MVD is 74 µm

2.5.2 Vertical and streamwise variations of droplet size

The e�ects of the processes described in Sections 2.1 and 2.2 on droplet size are summarized

as follows. Gravity causes vertical separation of droplets of di�erent sizes as was discussed

in Section 2.5.1. Since many of the collisions result in coalescence, the MVD increases due

to droplet collision. More precisely, the number of small droplets decreases, the number

of middle-size droplets does not change signi�cantly, while the number of large droplets

increases [72]. Evaporation and cooling reduce droplet size and temperature; however,

once a droplet approaches its equilibrium temperature those e�ects are signi�cant only in

a limiting case of icing conditions, i.e. when air temperature is close to 0◦C and air relative

humidity drops below 0.75 [73]. Turbulent dispersion modi�es droplet trajectories, and

consequently, the spatial variation in DSD and LWC [66].

The vertical variation of droplet size was studied in the middle of the test section of

the wind tunnel. The DSD was measured at four di�erent positions: y = +7 cm, 0 cm,

�7 cm, and �14 cm, where y denotes vertical distance and y = 0 is the mid-height of the

test section, which appears at the same level as the spray bar with the nozzles. Figure

2.5a and 2.5b present the measured and calculated MVDs for CI and ZL conditions,

respectively. The results clearly show the di�erence between the sizes of droplets as they

occur under these conditions, and also the vertical separation of droplets of di�erent sizes

due to gravity. As discussed in Section 2.5.1, the e�ect of gravity is important for low air

speeds, which is con�rmed by the results presented in Figure 2.5. Nearly the same MVDs

are measured at di�erent vertical levels for CI when the air speed is 20 m/s, although a

slight increase towards the bottom of the tunnel may be observed (less than 20% between
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(a) (b)

Figure 2.5: Calculated and measured MVDs at di�erent vertical positions, (a) in-cloud
icing (CI) conditions, (b) freezing drizzle (ZL) conditions

(a) (b)

Figure 2.6: MVDs calculated at di�erent streamwise (x ) and vertical positions; (a) in-
cloud icing (CI) conditions, (b) freezing drizzle (ZL) conditions

the utmost and bottommost locations). Furthermore, no value appears at y = �14 cm,

because the aerosol cloud is not extended until this height, and no droplets were captured

here. For ZL, however, when the air speed is 10 m/s, and droplets are larger, the MVD

increased signi�cantly towards the bottom of the tunnel (more than three times greater

at the bottom than at the top), and many droplets were captured even at the location y
= �14 cm. These tendencies are estimated closely by the model; although a shortcoming

may also be observed: the underestimation of droplet size in the top half of the vertical

section. It was pointed out in [66] that the model provided improved results with the

consideration of turbulence dispersion. The error bars correspond to the measurement

error which was evaluated to be ±4.5mm± 5% in [74].

The MVDs calculated at di�erent streamwise and vertical positions are shown in

Figure 2.6a and 2.6b for CI and ZL conditions, respectively. The coordinate x increases

in the streamwise direction and x = 0 denotes the middle of the test section. It may

be observed that the droplet size increases toward the bottom of the tunnel at the

same section; whereas the MVDs at the same height are approximately constant in the

streamwise direction for CI conditions, and they decrease for ZL conditions. This result

is explained by the vertical component of droplet velocity. The large droplets move closer

and closer to the bottom of the tunnel so that the MVD is greater at a lower height in
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(a) (b) (c)

Figure 2.7: Images captured during droplet size measurements; (a) in-cloud icing (CI)
conditions, y = 0 cm, (b) freezing drizzle (ZL) conditions, y = 0 cm, (c) freezing drizzle
(ZL) conditions, y = �7 cm

the same vertical section, and it decreases at the same height as the droplet cloud moves

downstream. Farther downstream, the largest droplets will occupy the bottommost part

of the tunnel where the cloud was not extended upstream (see the domain below the height

of �15 cm in Figure 2.6b); and �nally they reach the bottom when they are withdrawn

from further calculation. The comparison of Figure 2.6a and 2.6b reveals that the droplet

size varies in the vertical direction to a signi�cantly lower degree for CI conditions, and

that the variation in the streamwise direction is negligible. In this case the droplets are

smaller and the air velocity is higher; consequently, the vertical separation of droplets

according to their size is less noticeable. The droplet cloud expands vertically to a lower

degree and it remains more uniform.

Typical DSDs are illustrated visually in Figure 2.7, where images captured during

droplet size measurements in the middle of the test section (x = 0 m) are presented.

Figure 2.7a and 2.7b show droplets observed at mid-height of the test section (y = 0 cm)

in the cloud simulating CI and ZL conditions, respectively. Figure 2.7c shows droplets at

y = �7 cm for ZL conditions. These results con�rm that droplet size is greater under ZL

conditions than under CI conditions; furthermore, the droplet size increases toward the

bottom of the tunnel when large droplets are present.

Figure 2.8 compares four DSDs measured at the nozzle outlet and in the mid-height

of the test section for both conditions examined. The aerosol cloud modelling ZL includes

larger droplets even initially than the cloud produced under CI conditions. Droplets

increase in size in both cases as they reach the test section, which is mainly a consequence

of droplet collision, because two smaller droplets form a larger one when the collision

outcome is coalescence. The size of an individual droplet decreases due to evaporation,

but the decrease in the size of large droplets is negligible, while the smallest droplets

are evaporated completely; therefore, this phenomenon may result in either increasing or

decreasing droplet size, depending on cloud characteristics.
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Figure 2.8: Measured DSDs under in-cloud icing (CI) and freezing drizzle (ZL) conditions
at the nozzle outlet (initial) and in mid-height of the test section (�nal)

(a) (b)

Figure 2.9: Relative LWC calculated at di�erent streamwise (x ) and vertical positions
(its value is 1 at y = 0 cm); (a) in-cloud icing (CI) conditions, (b) freezing drizzle (ZL)
conditions

2.5.3 Vertical and streamwise variations of liquid water content

The two-phase �ow model is two dimensional; therefore, it cannot determine the mass of

liquid water in a real three-dimensional unit volume. However, the ratio of masses of all the

droplets in di�erent computational domains of the same size may be obtained. Thus, the

model is applicable to calculate the ratio of LWCs at di�erent positions in the same cross

section, and thereby a vertical distribution of LWC may be determined. Measured and

calculated vertical distributions of LWC were compared in [72] for di�erent air velocities;

while the vertical distributions at di�erent streamwise positions were determined in [70] for

CI and ZL conditions. The cross section in the streamwise positions is divided vertically

into domains with constant size. The values of relative LWC in each domain is determined

so that the relative LWC equals to 1 in the domain including the position y = 0 cm. Figure

2.9a and 2.9b show these calculated values for CI and ZL conditions, respectively.

The ratio of LWCs measured at two di�erent vertical positions, y = �7 cm and y =

0 cm, are listed in Table 2.2, in the four streamwise positions examined. According to

measured results, the LWC at y = �7 cm is 0.4-0.7 times that measured at y = 0 cm for

CI conditions, and this ratio increases in streamwise position. The same ratio is 1.6-2.1
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Streamwise position LWC−7/LWC0(CI) LWC−7/LWC0(ZL)

−1 m 0.44 1.91

−0.5 m 0.42 1.57

0 m 0.59 1.86

+0.5 m 0.71 2.12

Table 2.2: The ratio of LWCs measured at y = −7 cm and at y = 0 cm (LWC−7/LWC0)
in four streamwise positions for in-cloud icing (CI) and freezing drizzle (ZL) conditions

for ZL conditions, and again, this ratio increases as the cloud moves downstream in the

test section. The di�culty in comparing the measured and calculated results is that, in

both cases, the change near the cloud boundaries is abrupt (see the steeply increasing

or decreasing curves at the edges of the cloud, i.e. in the domains including the vertical

positions y = +3 cm and y = �3 cm in Figure 2.9a and y = 0 cm in Figure 2.9b. Thus,

the LWC is signi�cantly di�erent in the top and in the bottom of the same domain near

the edges of the cloud. However, it may be observed in Figure 2.9a that the relative LWC

is in the range of 0.4-0.7 at y = �4 cm for CI conditions. According to Figure 2.9b, the

LWC around the position y = �7 cm reaches its maximum, and the ratio 1.6-2.1 listed

in Table 2.2 is the ratio obtained in the calculations if this LWC is compared with that

at the position y = �2 cm instead of y = 0 cm. Consequently, the model predicts that

a 7-cm-long vertical domain of the cloud is extended to about 4-5 cm only. Therefore, it

may be concluded from this comparison that the model provides a qualitatively accurate

prediction of the streamwise and vertical variations of LWC; however, it underestimates

the vertical extent of the cloud where small droplets prevail.

Figure 2.9 also shows clearly that the droplet cloud is signi�cantly more extended

vertically for ZL than for CI conditions, when more droplets approach the bottom of the

tunnel leading to increasing LWC in the bottom half as the cloud moves downstream in

the test section.

2.6 New results

Main contribution 1 A composite collision outcome model was developed, which predicts
the outcome of binary droplet collisions when modelling two-phase air/dispersed water
�ows. In particular, the condition for transition between two collision outcomes, coalescen-
ce after minor deformation and bounce, has been proposed based on the underlying physics.
Coalescence after minor deformation takes place if two conditions are satis�ed. (1) The
thickness of the gas �lm trapped between the droplets has to be reduced to a critical thickness
for breaking up the gas �lm and resulting in the coalescence of droplets. (2) During the
sliding interaction of droplets coalescence takes place only if the droplets do not pass near
each other due to the sliding motion before the �lm thickness reduces to its critical value.
The minimum �lm thickness that the gas layer may reach is estimated using characteristic
values of the involved quantities, whereas the time required for the gas layer to be reduced
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to the critical thickness at rupture is estimated using time-scale analysis. The two-phase
�ow model veri�es these two conditions in each collision case. Criteria applied in the
composite collision outcome model to determine the transition between other regimes of
collision outcome are based on formerly proposed conditions.
Related publication: Kollár and Farzaneh (2011) [70]

Main contribution 2 Characteristics of droplet clouds that are responsible for atmosphe-
ric icing of structures determine the type, mass and shape of ice accretion. Natural aerosol
clouds under icing conditions were modelled theoretically and experimentally in a low-
speed icing wind tunnel by creating a two-phase air/dispersed water �ow. The modelling
procedure proposed considers several factors that modify the characteristics of the cloud
including droplet collision and coalescence, evaporation and cooling, gravitational settling,
and turbulent dispersion of the dispersed phase. Results provide the vertical and streamwise
variations of droplet size and liquid water content under di�erent icing conditions. These
parameters were compared for two essentially di�erent icing conditions: in-cloud icing that
is characterized by small droplets (MVD of 27 µm in the particular example considered)
and relatively higher air velocity (20 m/s); and freezing drizzle conditions with greater
droplet size (MVD of 62 µm) and relatively lower air velocity (10 m/s). Observations
show that the vertical component of droplet velocity and the resulting vertical separation
of droplets of di�erent sizes are almost negligible under in-cloud icing conditions. The
variation of MVD in vertical positions in the test section of the wind tunnel is only ±20−
30% compared to that at mid-height of the test section. However, droplet size increases
signi�cantly towards the bottom of the tunnel under freezing drizzle conditions, the MVD
at 20 cm below the middle of the test section may increase to about 4 times greater value
than at mid-height. On the other hand, droplet size at the same vertical level decreases
downstream in the test section, because large droplets move toward the bottom of the tunnel.
This decrease may be 10 to 30% in a streamwise distance of 1.5 m, depending on the
vertical position. The MVD averaged over all heights in a vertical section is always greater
in the test section than in the settling chamber, which results mainly from the coalescences
following droplet collisions. Turbulent dispersion ampli�es the e�ect of droplet collision
and causes the occurrence of droplets in a wider vertical domain, whereas the in�uence
of evaporation becomes more signi�cant when air temperature increases towards 0 ◦C or
relative humidity of air decreases.
Related publications: Kollár and Farzaneh (2007) [66], Kollár and Farzaneh (2011) [70]
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Chapter 3

Conductor vibration following ice

shedding

Transmission line conductors are suspended in the atmosphere, and they are exposed to

dynamic loads due to natural phenomena or to human intervention. These phenomena

include wind, ice, or impact from an external source. The dynamic e�ects may damage

some elements of the transmission lines, and thereby essentially reduce the range of

operation and lifetime of the structure. Such problems justify the e�ort to study the

sources of dynamic loads and the process of the resulting vibration, and to develop

solutions in order to reduce the undesired consequences. This chapter summarizes wind-

induced conductor motion brie�y, and then focuses on the conductor vibration that follows

ice shedding. Di�erent ice shedding scenarios are discussed including its numerical and

experimental modelling. The dynamic e�ects of ice shedding are studied on a single

conductor, on conductor bundles, and on conductors connected with interphase spacers.

The main interest is to determine conductor rebound height following ice drop together

with conductor tension and the transient dynamic forces that act at the suspension during

vibration.

3.1 Phenomena inducing conductor vibration

This section describes brie�y the phenomena and consequences of wind-induced conductor

motion and conductor vibration following ice shedding. Since the focus of the present

chapter is the latter one, approaches to model this phenomenon will also be summarized.

3.1.1 Wind-induced conductor motion

Wind-induced conductor motion includes those types of cyclic motion, which gain energy

from wind forces applied on the conductor. Such motion is divided into three categories,

namely aeolian vibration, galloping, and wake-induced oscillation. They are distinguished

by the mechanism that initiates the vibration, by the amplitude and frequency of vibration,

and by the e�ects upon the equipment of the transmission line [25, 29].

29
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Aeolian vibration Galloping Wake-induced
oscillation

Cause alternate shedding
of vortices

crosswind
acting upon
asymmetrically
iced conductor

bundled conductors
exposed to wind

Frequency 3-150 Hz 0.08-3 Hz 0.15-10 Hz

Amplitude
(expressed
in conductor
diameter)

0.01-1 5-300 0.5-80

Damage metal fatigue of
conductor and
shield wire strands

conductor,
support hardware,
insulators

suspension failure,
crushing of
conductor strands,
fatigue of spacers

Table 3.1: Main characteristics of wind-induced conductor motions

The basic cause of aeolian vibration is the regular shedding of vortices from the

conductor. This vibration develops when low-velocity wind (below 7 m/s) is present,

and it is characterized by high frequency and low amplitude. The frequency range may

vary from 3 to 150 Hz, and the amplitude rarely exceeds one conductor diameter, usually

decreasing for higher-velocity winds. Consequently, this vibration does not cause damage

in a short time, but it leads to metal fatigue of conductor and shield wire strands if the

cyclic bending repeats many times.

Galloping is a movement-induced excitation occurring when ice accretion modi�es

the circular shape of the conductor and generates an aerodynamically unstable pro�le.

It is usually caused by moderately strong, steady crosswind (7 to 18 m/s) acting on

the asymmetrically iced surface. Aerodynamic explanation of the galloping phenomenon

was �rst provided by [19]. Galloping is a high-amplitude, low-frequency vibration. The

frequency is in the range of 1 Hz, and the amplitude may reach several hundred times the

conductor diameter, peak-to-peak amplitudes up to 15 m have been reported. This type

of conductor motion can cause much damage to many elements of the transmission line

in the shortest time, even after a couple of hours.

Wake-induced oscillation occurs on bundled conductors exposed to moderate to strong

crosswinds (4 to 18 m/s). It arises from the e�ect of the windward conductor on the

leeward conductor that is in the wake of the previous one. The frequency and amplitude

of this vibration are in the mid-range if compared to the other two types of wind-induced

conductor motion. It usually causes wear in suspension hardware or fatigue of spacers,

but in the worst cases it may lead to suspension hardware failure or crushing of conductor

strands due to clashing.

Main characteristics of the three types of wind-induced conductor motion is summa-

rized in Table 3.1. Huge research e�ort has been done on studying and modelling wind-

induced conductor motions, and developing line protection methods that help reducing
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the damages due these types of vibration. The review of this research and development is

out of the scope of this dissertation, but some methods, developed to attenuate vibration

and presented in Section 4, are applicable to suppress vibration and thereby reduce the

harmful e�ects of wind-induced motion as well.

3.1.2 Phenomenon and consequences of conductor vibration

following ice shedding

Ice shedding from transmission-line conductors may cause serious dynamic e�ects on

the power line elements. Ice shedding occurs when ice builds up on the conductor and

subsequently sheds due to changes in the ambient conditions. Strain energy is stored in

the conductor that is deformed due to the ice deposit, and when this load drops from

the conductor, the strain energy is converted into kinetic energy and then into potential

energy. The falling of large ice chunks results in high-amplitude vibration of the de-

iced conductor, giving rise to important dynamic forces acting on the transmission line.

Initially, the amplitude of vibration is comparable to that during galloping, but then

the vibration decays mainly due to structural damping of the conductor and to the air

resistance over the conductor displacement.

The damage as a consequence of such vibration may be considerable. High conductor

rebound may trigger �ashovers between adjacent phases, whereas the excessive dynamic

load may cause suspension failure and even cascading damage to several towers [29].

Spacer dampers in conductor bundles help maintain the distance between the subconduc-

tors and reduce the amplitude of aeolian vibration and subspan oscillation. On the other

hand, interphase spacers may contribute to avoiding the contact between phases. However,

their application increases the load on the conductors and on the related structure. When

a subconductor in a multiconductor bundle sheds, the rotation of the bundle may also

be signi�cant, leading to bundle collapse in extreme cases. Bundle collapse occurs when

the bundle rotation exceeds a critical angle so that the bundle loses its stability and does

not untwist itself after load removal [85, 93]. A review of ice-related dynamic problems

on overhead lines, including ice shedding and bundle rolling, is provided in [41]. These

problems justify the particular interest in cold climate regions to predict the conductor

jump height and transverse movement as well as the tension developing in the conductor

and at the suspension during vibration following ice shedding.

Dynamic e�ects on the power line elements depend on the ice shedding process. Ice

may shed in small pieces and the shedding propagates along the span or part of the span

with its associated sudden release of the additional weight of the ice. In other cases,

the ice detachment propagates along the span, but the detached ice chunk does not fall

immediately because it remains connected to other parts of the ice accretion, and when

it �nally falls, it exerts an additional pull on the conductor due to its downward gravity

acceleration. A third possibility is the sudden ice shedding from the entire span or from

a long part of it, when a big ice chunk is detached from the conductor and falls suddenly

[76]. Sections 3.2-3.4 are devoted to the numerical and experimental modelling of di�erent

ice shedding processes from di�erent line con�gurations. The processes modelled include
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sudden ice shedding and ice shedding propagation from single conductor, from conductor

bundles with spacer dampers, and from conductors connected with interphase spacers.

3.1.3 Modelling conductor vibration following ice shedding

Field observation of ice shedding is a di�cult task, because of the unforeseeable and

non-repetitive occurrence of the phenomenon. Therefore, great e�ort has been made

for several decades to simulate ice shedding numerically and experimentally on small-

scale or full-scale test lines in order to understand the dynamic e�ects of ice shedding.

Morgan and Swift [89] modelled ice shedding experimentally by load dropping tests on a

�ve-span section and observed the resulting conductor jump. Ice shedding from a two-

span section of a single conductor was modelled numerically in [49] using the commercial

�nite-element analysis software ADINA [3], and model predictions were validated on a

small-scale laboratory model. Roshan Fekr and McClure [106] studied the e�ects of ice

thickness, partial shedding, and di�erent line parameters on the dynamic response of ice

shedding on transmission lines by a similar numerical approach. Their model was also

used to simulate a tower failure which occurred in a 220 kV transmission line following

ice shedding [107]. The vibration of a two-span section due to ice shedding from one span

was investigated in [64] by considering di�erent types of ice. Kálmán et al. [55] proposed

a model to simulate the mitigation of ice failure and ice shedding in a one-span section

due to pulse-type excitation. Propagating ice shedding was simulated on a full-scale test

line in [122]. In more recent developments, formulae and methods to directly calculate

conductor rebound height after ice shedding were also proposed in the literature. Yan et

al. [132] suggested a formula based on numerical simulations. Wu et al. [129] developed a

theoretical method to determine rebound height, and previously proposed formulae were

verifed and modifed in [43]. Xie et al. [130] studied the dynamic e�ects of ice shedding

experimentally on a test system including two spans and three towers. They analyzed

the dynamic behaviour of the conductor following di�erent ice-shedding scenarios, where

the tower was also designed in the experimental set-up. Dynamic e�ects of ice shedding

in�uence the transmission-line tower as well. Gao et al. [31] analyzed the dynamic response

of wine-cup shape power transmission tower-line system due to ice shedding, and carried

out progressive collapse simulation based on numerical modelling. Ice shedding may

induce tower collapse, which was simulated numerically in [82]. They also analyzed the

e�ects of span length and insulator length on the consequences of ice shedding.

Sections 3.2-3.4 present the development on numerical and experimental models of

vibration of bundled conductors following ice shedding. First, a spacer model is developed

and the dynamics of bundled conductors following ice shedding from one subconductor

is analyzed [67]. Then, the numerical model is improved and a small-scale experimental

model is constructed to simulate sudden ice shedding [71]. Finally, in the third part, the

numerical and experimental models are further improved so that they would be applicable

to simulate ice shedding propagation. The numerical model is also applied for several

spans of conductors linked with interphase spacers [75, 76].
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3.2 Numerical modelling of vibration of bundled

conductors following ice shedding

Former numerical models of ice shedding are improved by developing and involving a

model of spacer dampers that are applied in bundled conductors. Then, the dynamics

of bundled conductors following ice shedding from one subconductor is analyzed with a

special emphasis on how the amount of ice, the distance between adjacent spacers, and

the number of subconductors in�uence the severity of the vibration [67].

3.2.1 Bundled conductors with spacers

Bundled conductors are frequently used for overhead transmission lines where the indivi-

dual conductors are connected by spacers. The particular construction of each spacer

varies depending on the manufacturer, but all of them are designed so as to maintain a

constant distance between the subconductors. Spacers were applied for electrical reasons

originally, but they also play an important role from the mechanical point of view, since

they help reduce the severity of conductor vibration. A spacer of typical design consists

of a rigid central frame to which arms are attached via �exible joints. Each of these

arms grips one of the subconductors by means of a clamp located at the free end of the

arm. The geometrical and physical parameters of some spacers used in bundles of four

conductors are provided in [39] where the authors also present a test program aimed

to compare the performance of di�erent spacers. Edwards and Boyd [24] summarizes

design requirements of spacers including basic engineering requirements, general design

parameters, and physical requirements. A survey on spacers including types, materials,

design characteristics, test methods and �eld experience is presented in [14].

Spacers are subject to various types of loads due to mechanical tensions in the cables,

short circuits or high-amplitude vibrations. The highest cable tension and stress during

cable vibration usually develop near the suspension clamps as well as in the neighborhood

of the spacer clamps. Hagedorn et al. [5, 38] determined the forces acting at the spacer

clamp and developed a mathematical model for vortex-induced vibrations in bundled

conductors with spacer dampers. The severity of wake-induced oscillations of bundled

conductors was examined on a full-scale experimental line in [40]. In what follows, a

�nite element model of spacers is constructed and is integrated to the model of one span

of an overhead transmission line with bundled conductors. This model makes it possible

to calculate the forces acting at any part of the conductors including the vicinity of the

spacer during the vibration induced by ice shedding from any subconductor.

3.2.2 Finite element model of a single span of bundled conductors

with spacers

The �nite element model of a single span of bundled conductors with ice load is constructed

using ADINA [3]. The cable model and ice model are based on the ones developed in [49]

and [106], and will be described below together with the spacer model.
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Conductor

Two-node isoparametric truss elements with large kinematics are used for conductor

modelling. A constant initial pre-strain corresponding to the installation conditions is

prescribed as an initial condition for all conductor elements. This initial strain is obtained

from the following formula:

ϵ0 =
T0

AE
(3.1)

where A is the cross-section of the conductor, E is the Young's modulus, and T0 is the

tension that may be determined from the equilibrium of the conductor under its own

weight [47]. Conductor material properties are de�ned for tension only, not allowing

compression and assuming Hookean small strain behaviour in tension. The conductor

is assumed to be perfectly �exible in bending and torsion. The mesh selected for the

conductor contains 100 truss elements in each conductor, which was found to be adequate.

Conductor damping is considered in the model by de�ning nonlinear spring elements.

The damping force is given in the form |FD| = C
∣∣∣U̇ ∣∣∣N , where U̇ is the relative velocity

between the element end nodes. The structural damping of the conductor is modelled by

applying viscous dashpot elements in parallel with each conductor element with exponent

N = 1 and viscous damping constant:

CS = 2ζ
√

AEµ (3.2)

The ζ is the damping ratio, µ is the mass per unit length of the conductor or the conductor-

ice composition. The damping ratio is chosen as 2% for the bare cable and 10% for the

iced cable following the recommendation in [106]. Aerodynamic damping is considered

by de�ning dashpot elements between each conductor-element node and the ground, and

applying them to the vertical motion of the conductor. The exponent N is equal to 2 in

this case, while the damping constant is calculated as follows

CA =
1

2
CDρAp (3.3)

where CD is the drag coe�cient, ρ is the air density, Ap is the projected area. The drag

coe�cient, CD, is assumed to be 1.25, as proposed in [101].

Ice load and ice shedding

Ice load is taken into account by assuming that conductor element density in the static

analysis increases proportionally with the weight of ice load. In order to simulate ice

shedding, density of the subconductor where ice sheds from is decreased in the dynamic

analysis [106]. Thus, the density of an ice-shedding conductor is di�erent in the static

and in the dynamic analysis, which causes an abrupt change in the mass matrix and

leads to vibration. The density of ice depends on the type of ice that accumulates on the

conductor. The model considers glaze ice accretion, which usually causes the highest ice

load and which is assumed to have a constant density of 900 kg/m3.
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(a) (b)

Figure 3.1: Models of spacers applied in conductor bundles; (a) triple bundle; (b) quad
bundle

Spacer

The spacer model of the present approach was �rst introduced in [65], where spacers were

modelled by two-dimensional beam elements. This approach was improved in [67] by

considering the �exibility and damping properties of the spacer. Two-node truss elements

associated with nonlinear elastic material are applied in order to achieve this goal. The

calculation of mass, damping, sti�ness matrices and load vector, as well as the construction

of the equations of motion for truss elements are discussed brie�y in [65], and in detail in

[9]. A cubic stress-strain curve describes the material of spacer arms which are allowed

to rotate a few degrees around the joint with increasing resistance until the rotation is

blocked. Further deformation may occur only by the elongation of the material, which

is modelled by a linear stress-strain curve. Thus, the force�deformation relationship,

Fs (∆l), which describes the �exibility of the spacer, is given by the following formula:

Fs =

 cs3∆l3 if ∆l < |∆lcr|
cs0 + cs1∆l if ∆l ≥ |∆lcr|

(3.4)

where ∆lcr is the increase of spacer length at the maximum angle of arm rotation. The

constants, cs0, cs1 and cs3 are obtained from the conditions that the tangent of the

force�deformation relationship at the connection, ∆lcr, should be equal to EsAs/ls, and

that the cubic and linear functions take the same value at the connection. The parameters,

Es, As and ls are the Young's modulus, cross section and length of spacer, respectively.

The stress-strain relationship may readily be deduced from Equation (3.4).

Spacers for a twin bundle are simple rods clamped to a conductor at each end, whereas

for a triple and for a quad bundle they consist of 6 and 8 truss elements, respectively.

The models of spacers for triple and quad bundles are shown in Figure 3.1. The distance

between two subconductors is 0.5 m, and the spacer dimensions are chosen so that mass

and inertia are in a realistic range in accordance with the spacers examined in [39]. The
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Parameter Unit Condor Bersfort

Conductor diameter (mm) 27.8 35.6

Cross-sectional area of the conductor (mm2) 455.1 747.1

Weight per unit length of the conductor (N/m) 14.9 23.2

Conductor density (kg/m3) 3337 3171

Young's modulus of the conductor GPa 68.3 67.6

Span length (m) 200 200

Sag of unloaded conductor (m) 6 6

Initial conductor tension (kN) 12.43 19.39

Table 3.2: Geometrical and material data of conductors and span

material properties are de�ned to be similar to those of aluminum (density of 2700 kg/m3,

Young's modulus of 70 GPa and Poisson's ratio of 0.35), and the arms are associated with

the nonlinear elastic material described in the previous paragraph.

The damping properties of spacers are modelled by nonlinear spring elements with

exponent N = 1, and the damping constant may be obtained from Equation (3.2) after

substituting the material properties of the spacer. The damping ratio was chosen to be

0.2, which is based on the values reported in [39].

3.2.3 Results and discussion

Five di�erent con�gurations of a single span of an overhead transmission line with �xed

end-points are modelled in [67]: single cable, twin bundle with spacers in the horizontal

plane, twin bundle with spacers in the vertical plane, triple bundle and quad bundle.

Ice sheds from one subconductor of the bundle, which is the upper cable in the triple

bundle (subconductor 1 in Figure 3.1a), and one of the upper cables for the quad bundle

(subconductor 1 in Figure 3.1b). Ice shedding from lower cable and ice shedding from

upper cable are both simulated for the twin bundle with spacers in the vertical plane.

The conductors used for the simulations are Condor ACSR 54/7 and Bersfort ACSR 48/7,

which are made of 54 and 48 aluminum alloy strands, respectively, reinforced with a seven-

wire steel core. Conductor data and parameters describing the span in static equilibrium

are listed in Table 3.2. Six load cases are examined with ice thickness ranging from 10 mm

to 60 mm whose maximum was chosen to correspond with the ice load considered as the

extreme case under natural conditions. The number of spacers or the distance between

adjacent spacers in the span under scrutiny is also varied in consecutive simulations. The

application of 1, 2, 3, 4 and 5 spacers corresponds to a respective constant distance of

100, 67, 50, 40 and 33 m between adjacent spacers. These values cover the range of 40 to

60 m, which is generally used on the Hydro-Quebec transmission lines, although unequal

sub-span lengths were not considered.

This section discusses the e�ects of three parameters, (i) ice thickness, (ii) distance

between adjacent spacers, and (iii) number of subconductors in the bundle. The parameters

calculated describe the characteristics of the vibration induced by ice shedding, more
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(a) (b)

Figure 3.2: Maximum jump height of the ice-shedding conductor above unloaded position,
C � Condor conductor, B � Bersfort conductor, (a) distance between adjacent spacers: 50
m, (b) ice thickness: 50 mm

precisely, (i) the maximum jump height of the conductor which ice sheds from, (ii) the

maximum drop of the conductor(s) which remain loaded, and (iii) the maximum conductor

tension arising during the vibration.

Maximum jump height of the conductor which ice sheds from

Ice thickness was varied between 10 mm and 60 mm, and the conductor bundle was

connected by 3 spacers in the �rst set of simulations. Figure 3.2a shows values of maximum

jump height of the ice-shedding conductor above its unloaded position, which arises during

one of the �rst few cycles of vibration. It is clear from this �gure that there is a steep

increase in jump height for a single conductor with increasing ice thickness. This increase

is signi�cantly slower for twin bundles, and less than 0.1 m for triple and quad bundles, for

ice thickness of 30 mm and more. The results obtained for twin bundles in horizontal plane

are close to those in vertical plane. Likewise, similarity was observed between maximum

jump heights in triple and quad bundles. The jump height of a single conductor in the

extreme case, i.e. after the shedding of 60-mm-thick ice chunk was calculated as 5.84 m,

and 10.25 m, for the Bersfort and the Condor conductor, respectively. However, the jump

heights of bundled conductors of these two types are in the same range.

The number of spacers was varied between 1 and 5, while ice thickness was set to 50

mm in the next series of simulations. It can be observed in Figure 3.2b that the maximum

jump height of the ice-shedding conductor increases with the distance between adjacent

spacers and that the jump height is smaller for higher number of subconductors.

Maximum drop of the conductors which remain loaded

The lowest position during vibration of the conductor bundle is reached by one of the

conductors which remain loaded. Figure 3.3a shows that the maximum drop below the

unloaded position increases proportionally with ice thickness, and it is about 30-40%

greater for Condor conductor than for Bersfort conductor. The curves representing the

maximum drop for di�erent bundles of the same conductor almost coincide, which can
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(a) (b)

Figure 3.3: Maximum drop of the conductor which remains loaded (a) below unloaded
position, C � Condor conductor, B � Bersfort conductor, distance between adjacent
spacers: 50 m, (b) below loaded position, Bersfort conductor, ice thickness: 50 mm

be explained by the following fact. The drop below the loaded position is signi�cantly

lower than the increase in the sag due to ice load (around 10-15%), and the increase of

the sag due to ice load is approximately the same for each con�guration. However, the

decrease of maximum drop below the loaded position with the number of subconductors

is signi�cant.

A similar tendency may be observed in Figure 3.3b, where the maximum drops below

the loaded position are shown as a function of the distance between adjacent spacers.

The maximum drop in absolute value decreases with the number of subconductors in the

bundle. However, the di�erence between Figures 3.2b and 3.3b is striking. The maximum

jump height increases with the distance between adjacent spacers, while the maximum

drop is signi�cantly greater for distances of 40 and 67 m (4 and 2 spacers, respectively),

than for distances of 33, 50 and 100 m (5, 3 and 1 spacer(s), respectively). This result is

due to the fact that there is no spacer at mid-span when the number of spacers is even,

so that the maximum drop occurs at mid-span where the cable drop can be considerably

greater. If the maximum drop below the unloaded position is considered, then its value

varies by a maximum of 5% only for an odd number of spacers, and is about 5-15% greater

when the number of spacers is even.

If ice sheds from the lower subconductor while the upper one remains loaded, then

the possibility of contacts between the vibrating conductors will increase as compared

with the case when ice sheds from the upper subconductor (in case of a heavy ice load,

they will be in contact even in static equilibrium). However, since the maximum jump

and the maximum drop usually do not appear at the same location along the span,

the distance between two corresponding points involving two subconductors should be

calculated during vibration in order to know when the above-mentioned contact may

occur. The selected points are the mid-points of the sub-spans closest to the middle of

the span, because that is where the vibration is expected to have the highest amplitude.

The variation of minimum distance between these points with ice thickness and spacer

distance was analyzed in the case of a twin bundle in vertical plane in [67]. Vibrating
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(a) (b)

Figure 3.4: Maximum conductor tension, C � Condor conductor, B � Bersfort conductor,
(a) distance between adjacent spacers: 50 m, (b) ice thickness: 50 mm

conductors will contact if ice thickness is at least 30 mm even if the spacer distance is

only 33 m. Furthermore, if this distance is increased to 100 m, impact will occur even

for the lowest ice loads considered. It was also observed that the minimum subconductor

distance was, in general, greater for the Bersfort conductor, i.e. the threat of contact

between conductors was less severe.

The above discussion refers to the case when ice sheds completely from one conductor

while the other one remains fully loaded. It should be noted, however, that the model

may easily be adapted to simulate ice shedding from more than one subconductor, or to

simulate partial shedding, by changing the material properties of some conductor elements

in the dynamic analysis.

Maximum conductor tension

The calculation of conductor tension is also important, since high transient dynamic forces

may damage the conductor or other elements of the transmission line. The maximum

tension during vibration occurs near a suspension or a spacer. Figure 3.4a and 3.4b

show the increase in conductor tension as a function of shedding-ice thickness and spacer

distance, respectively. Conductor tension is lowest for a single conductor because there

are no constraints from other conductors. It is highest for a twin bundle, and it decreases

with the number of subconductors in the bundle. The conductor tension of the Bersfort

conductor is greater than that of the Condor conductor due to the former's greater weight

(see Table 3.2). The critical load at which the suspension structure fails was estimated at

100 kN in [81], although this value depends on the particular suspension structure. For

the Condor conductor, this value is exceeded only after the shedding of a 60-mm ice chunk

from a twin-bundled subconductor. For the Bersfort conductor, however, it is exceeded

for all con�gurations after the shedding of a 60-mm ice chunk, and it is also exceeded in

some cases after the shedding of a 50-mm ice chunk.

The simulation results presented in this section revealed the e�ects of ice thickness,

distance between adjacent spacer and number of subconductors on the vibration following

ice shedding from one subconductor in a bundle. The displacements and conductor
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tension during vibration increase with ice thickness. The maximum jump height and

the conductor tension increase with distance between adjacent spacers as well. However,

the maximum drop also depends on whether there is a spacer in the middle of the span,

when the maximum drop is smaller. Increasing the number of subconductors reduces the

severity of vibration. The maximum jump height of a single conductor is signi�cantly

greater than that of a conductor bundle; the conductor tension, however, is slightly lower

for a single conductor during vibration, since no constraint is transmitted from other

conductors in this case. Kollár and Farzaneh [67] approximated the maximum jump

height and the maximum drop as power functions of ice thikcness and distance between

adjacent spacers. Although these power functions depend on further parameters, they

were found to be useful tools to express qualitative relationships between the parameters

examined. Recommendations for future research included the investigation of the e�ect

of ice shedding on the torsion of the bundle and the validation of simulation results by

comparing them to experimental observations. This study was carried out and published

in [71], which is the subject of the subsequent section.

3.3 Numerical and experimental modelling of sudden

ice shedding

The numerical model presented in the previous section is improved so that it (i) predicts

transverse cable motion and, consequently, bundle rotation; (ii) simulates shedding of

concentrated loads as it occurs in experimental modelling of ice shedding; and (iii)

considers cable damping by a di�erent approach providing more realistic results. The

experimental simulation is implemented by load shedding tests on a small-scale laboratory

model based on ideas proposed in [49, 89], and extending them to bundled conductors.

Numerical model predictions are validated by comparing them to observations obtained

during these experiments as well as during former full-scale tests. Finally, the model is

applied to simulate sudden ice shedding from a subconductor in a full-scale twin bundle

[71].

3.3.1 Experimental set-up

The experimental setup was constructed for modelling one span of a twin bundle with

spacers in the horizontal plane. The distance between the cables was 5 cm. Two identical

Vanguard 7x19 construction stainless-steel cables were connected at each end to aluminum

plates hinged to the suspensions. Cables with two di�erent diameters were used in di�erent

tests; their parameters are provided in Table 3.3. The span length was limited to 6.4 m,

because of the laboratory chamber size. In the setup, simple bars acted as spacers,

satisfactorily modelling the spacers' role of maintaining a constant distance between the

subconductors. However, the bars could not simulate the damping e�ects of the spacers.

Experiments were carried out with up to �ve spacers. Although subspan lengths are

usually unequal in practice, equal subspan lengths were applied to these tests for the
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Parameter Unit Vanguard 1/8" Vanguard 3/16"

Cable diameter (mm) 3.2 4.8

Cross-sectional area of the cable
(sum of strand cross-sections)

(mm2) 5.50 12.33

Mass per unit length of the cable (kg/m) 0.043 0.097

Sag of unloaded cable (m) 0.290 0.309

Table 3.3: Parameters of Vanguard 7x19 construction stainless-steel cables

Figure 3.5: Part of the experimental setup showing the main elements

sake of simplicity. The stress-strain curves of the cables were determined in tensile tests

carried out according to the ASTM SA-370 Standard [7]. The stress-strain curves were

approximated by piecewise linear relationships that served as input when de�ning cable

material properties in the numerical model.

The ice load was modelled by weights attached to the cables via electromagnets.

Eight weights of 0.812 kg each were attached to both cables with approximately constant

distances in between, representing a load of 8 times 0.812 kg in 6.4 m (i.e. 1.015 kg/m).

The current in the electromagnets was switched on before the weights were attached,

meaning that switching o� the current released the weights, thereby simulating ice shedding

from the corresponding area of the cable. When simulating sudden shedding from the

whole span, the eight weights on either cable were released at the same time. The main

elements of the experimental setup are shown in Figure 3.5.

The time history of vertical displacement of cables following load shedding was observed

at midspan by �xing a scale closely behind the cables and recording cable movement by

a digital video camcorder. The angle of bundle rotation was also determined at midspan

by using the horizontal and vertical coordinates of the spacer attachment points. In order

to achieve this goal, a scale was placed horizontally above the cables, another scale was

�xed vertically near the cables, and the vibration was recorded by the same camera.
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Coordinates of the spacer attachment points were given by the pixel numbers in the video

recording, and the scales were used to calibrate the pixel size. The highest jump was

occurring at midspan when there was no spacer there, so that a vertical vibration was

observed in the con�gurations without spacers (i.e. single cable), and with two and four

spacers. However, since the bundle rotation was measured at midspan by using the spacer

attachment points, bundle rotation was observed when applying one, three, or �ve spacers,

one of them located at midspan.

The model scale factor can be determined from the ratio of the dynamic elasticity of a

real conductor to that of the model conductor [57]. According to this de�nition, the scale

factor of the present model is quite small (around 7), which means that the span length of

the corresponding full-scale line (approximately 45 m) is signi�cantly shorter than those

used in practice. Therefore, the numerical model presented in Section 3.3.2 will also be

applied to full-scale lines with longer span length in order to observe tendencies as to how

conductor jump height and bundle rotation vary with the number of spacers in the span

or, in other words, with subspan length.

3.3.2 Numerical model

The model for a single span of bundled conductors is based on the �nite element model

that was presented in Section 3.2.2. The present section details further developments

including models of conductor damping, suspension, and spacer. In the experiments, as

in those of [89], ice shedding is modelled by load shedding. Some details of the numerical

model simulating this process are discussed at the end of this section.

Conductor

The conductor model described in Section 3.2.2 has been improved as follows. The

material properties of the conductor are accounted for by a nonlinear elastic material

model, not allowing compression and de�ning a piecewise linear stress-strain curve. This

stress-strain relationship is based on tensile tests when modelling the experimental setup,

and on the data provided in literature when modelling full-scale transmission lines.

Conductor damping is modelled by Rayleigh damping following the proposition of

[105]. In this case, the Rayleigh damping parameters were obtained from the natural

circular frequencies and damping ratios in two di�erent vibration modes [9]. The natural

circular frequencies were determined from the linear theory of free vibration of suspended

cables [48]. The damping ratios were calculated from the logarithmic decrement which was

obtained following the observation of the decay of vertical cable vibration. The damping

ratio of Vanguard cables used in the laboratory experiments was obtained as 0.02.

Suspension

The subconductors in the experimental setup are connected to an aluminum element which

is hinged to the suspension. This aluminum element is modelled by one truss element

at each cable attachment with a simpli�cation of its geometry obtained by de�ning a
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uniform area of cross section. This element is associated with elastic isotropic material

representing aluminum. Rotation around the transverse axis is allowed at the points

where the cable is attached to the aluminum element, and where the latter is hinged to

the suspension.

Spacer

A spacer model was described in [67], which was later improved in [68] where the spacer

damper properties were determined more precisely in material tests. When modelling the

small-scale experiments in [71] and the torsional tests of [93], a simpli�cation is applied,

since rigid spacers were used in most of these experiments. This simpli�ed model is

summarized brie�y as follows.

Spacers for a twin bundle are considered as simple rods clamped to a conductor at

each end [67]. They are modelled by two-node truss elements in the load shedding tests

and by beam elements in the torsional tests, and are associated with an isotropic linear

elastic material. In the dynamic load-shedding tests, the structural damping of spacers is

considered by a nonlinear spring element with exponent 1 and with a damping constant

calculated from

Cs = 2ζs
√
EsAsµs (3.5)

where ζs is the spacer damping ratio (which was set at 0.005 when simulating the small-

scale experiments), Es is the Young's modulus, and As and µs are the cross section and

mass per-unit length of the spacer element, respectively.

Ice load and ice shedding

Ice usually appears on transmission-line conductors as a distributed load. Since distributed

loads cannot be applied on truss elements, Roshan Fekr and McClure [106] proposed a

model as explained in Section 3.2.2.

The present model considers ice load and shedding in a di�erent manner that better

approximates the load-shedding tests presented in Section 3.3.1 and those reported in [89].

This model considers the load resulting from several point loads along the conductor. If

these concentrated loads are attached to many points of the conductor, they provide

a satisfactory approximation of the distributed ice load. Thus, in the static analysis,

concentrated loads are applied along the span at constant distances similar to the experi-

ments. Then, these loads are removed at the beginning of the dynamic analysis, simulating

sudden shedding. This model is applied to simulate uniformly distributed ice along the

conductor with the same initial ice mass on each subconductor. However, it can easily

be adapted to simulate nonuniform ice accumulation and di�erent ice masses on the

subconductors by varying the concentrated loads.

3.3.3 Validation of the numerical model

The numerical model is �rst validated by comparisons to full-scale observations. Due to

the lack of data on sudden ice shedding tests or �eld observations on full-scale conductor
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Parameter Unit Copper-eq.
steel-cored
Al

795 MCM
ACSR
(26x7)

Bersfort
ACSR

Conductor diameter (mm) 19.6 28.2 35.6

Cross-sectional area of the
conductor (sum of strand cross-
sections)

(mm2) 227.6 460 747.1

Mass per unit length of the
conductor

(kg/m) 0.85 1.628 2.37

Sag of unloaded conductor (m) 5.18 3.34 6.0

Table 3.4: Parameters of copper-equivalent steel-cored aluminum, 795 MCM ACSR 26x7
and Bersfort ACSR conductors

bundles, the numerical model was applied to simulate ice-shedding tests on a full-scale

line of single conductors [89] as well as static torsional tests on a full-scale span of a twin

bundle [93]. Then, the model is also validated by simulating load-shedding tests on the

small-scale experimental twin bundle presented in Section 3.3.1.

Sudden load shedding on a full-scale line of single conductors

The numerical model is applied to simulate vertical conductor vibration following the

sudden release of loads on a full-scale �ve-span section of single conductors. The measured

and computed sags of the loaded span in static equilibrium and the conductor jump

heights are compared. The results of the original load-shedding tests were reported in

[89]. The �ve-span section is located on an inclined surface where the altitude di�erences

between the suspension points of each span beginning from the leftmost span are 5,

16, 28, 16, and 8 m. The corresponding span lengths are 283, 387, 247, 213, and 309

m, respectively. Four of the shedding scenarios in [89] were repeated numerically for

the present comparison: suspension with standard suspension string and full shedding

from the middle span with loads of 1.49, 2.98, 4.47, and 5.96 kg/m (1, 2, 3 and 4

lb/ft). The loads were attached at every second nodes in the numerical model, and

they were calculated so that the total load was the same as in the experiments. The

conductors were made of copper-equivalent steel-cored aluminum whose data are provided

in Table 3.4. Its stress-strain curve was considered linear for positive strains with Young's

modulus of 91.8 GPa, and no compression was allowed. Dead ends were assumed at the

extreme suspensions, whereas at the other suspensions, the only free degree of freedom

was the rotation around the horizontal axis perpendicular to the plane determined by

the suspension and the connecting conductors. One time history of vertical conductor

oscillation was shown in [89], which was used to approximate the logarithmic decrement

and to estimate the damping ratio of the conductor as ζ = 0.03.

The sags of the loaded span in the static equilibrium and the conductor jumps above

the loaded position after shedding are shown in Figure 3.6a and 3.6b, respectively. These

�gures support the reliability of the model for dynamic analysis of full-scale transmission
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(a) (b)

Figure 3.6: Simulation of load-shedding tests on a full-scale �ve-span section with single
conductors; experimental results were reported in [89]; (a) static sag of the loaded span;
(b) conductor jump height above the loaded position

lines. The only considerable overestimation of the model, by 22%, appears for the jump

height after the shedding of the 1.49 kg/m load. In all other cases, the overestimation

was in the range of 3%�6%. The period of vibration was reported at 4.12�4.16 s in [89],

whereas it occurred at 4.2 s for the 1.49-kg/m load and then reduced to 3.6 s for higher

loads according to numerical calculations. Since the original experiments were carried out

with single conductors, these comparisons cannot validate how the model predicts bundle

rotation in a full-scale line during vibration.

Torsional tests on a full-scale span with a twin bundle

In order to evaluate the model concerning bundle rotation in full-scale transmission lines,

some of the static torsional tests of [93] were also simulated numerically. They applied

a torque on twin and quad bundles until the bundle collapsed. They varied the span

length, the subconductor spacing, the number, location, and type of spacers and the

conductor tension. Two of these tests were repeated numerically where the complete

moment-rotation curves were presented. These tests were conducted on a horizontal

arrangement of a twin bundle with one spacer at midspan, and with three spacers at 1/4,

1/2, and 3/4 of the span. The span length was 244 m, and the subconductor spacing

was 0.457 m. The conductor type was 795 MCM ACSR (26x7) whose data are provided

in Table 3.4. The stress-strain curve of conductors in the model was considered linear

for positive strains with a Young's modulus value of 75.1 GPa, and no compression was

allowed. The moment was applied at midspan. Rotation around the axis perpendicular

to the vertical plane of the conductor in static equilibrium was allowed at the suspension,

and further degrees of freedom were �xed.

The moment-bundle rotation relationships are shown in Figure 3.7. When one spacer is

applied (Figure 3.7a), the model overestimates the measured moments and, consequently,

the collapse moment by about 20%. The theory presented in [93] underestimates the

measured moments to a similar extent, up to 45◦, then the two curves approach each

other, and the collapse moment and collapse angle are overestimated. The numerical
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(a) (b)

Figure 3.7: Simulation of static torsional tests on twin bundles; experimental results were
reported and theory was proposed in [93]; (a) one spacer at mid-span; (b) three spacers
at 1/4, 1/2, and 3/4 span

model provides a signi�cantly closer estimation of the collapse angle than this theory.

The discrepancy between the experimentally and numerically obtained curves for three

spacers (Figure 3.7b) is di�erent from that for one spacer (Figure 3.7a), which may be due

to the di�erent methods as how the moment was applied in the experiments or due to the

di�erent spacer types used in the experiments. The estimation of the numerical model

is excellent, the two curves coincide up to 50◦. Then, the numerical model overestimates

the measured moment for angles greater than 50◦ including the collapse moment, and

it underestimates the collapse angle. The theory underestimates the measured moments

up to about 100◦, and then it overestimates the collapse moment and collapse angle. It

may be concluded from Figure 3.7 that the numerical model is reliable when the angle of

bundle rotation is a sharp angle, but improvement is needed in the range of obtuse angles

to consider a faster increase of angle with the applied moment.

Small-Scale Experiments

The numerical model was also validated by simulating load-shedding tests on the small-

scale experimental twin bundle presented in Section 3.3.1, and comparing: (i) the calcu-

lated and measured static sags of the loaded cable; (ii) the vertical components of cable

vibration after the load shed from one of the cables; and (iii) the angles of bundle rotation.

Experiments were carried out with the two Vanguard cables whose properties are listed

in Table 3.3. The static sag of the cables with diameters of 3.2 and 4.8 mm is increased

by 3.7 and 1.5 cm, respectively, after attaching the loads. The same increments in the

sag are 3.3 and 1.5 cm according to the numerical model. Results of the dynamic analysis

implemented by the model are compared to experimental observations in Tables 3.5-3.7.

These results were obtained for the cable of 3.2-mm diameter when loads shed suddenly

from one cable while the other cable remains loaded. Each shedding scenario was repeated

twice with an alternation of load-shedding cable, so that two numbers appear in the

column �small-scale experiments�. The cases when a spacer is attached at midspan (odd
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Number of
spacers

Small-scale
experiment (cm)

Small-scale
model (cm)

Full-scale
model (m)

0 (single cable) 18.9 / 21.4 16.1 4.085

2 13.3 / 14.4 11.6 2.88

4 9.0 / 9.7 8.2 2.09

1 4.8 / 5.2 4.8 1.23

3 5.5 / 5.5 5.0 1.76

5 5.4 / 5.5 5.0 1.70

Table 3.5: Jump height of shedding cable at mid-span above loaded position during
vibration following shedding from either cable when the other one is loaded

Number of
spacers

Small-scale
experiment (%)

Small-scale
model (%)

Full-scale
model (%)

2 67 - 70 72 71

4 45 - 48 51 51

1, 3, 5 24 - 29 30 - 31 30 - 43

Table 3.6: Ratio of jump height of shedding cable in twin bundle and that of shedding
single cable during vibration following shedding from either cable when the other one is
loaded

number of spacers along the span), and when there is no spacer at midspan (even number

of spacers) must be discussed separately. The reason for this is that the jump height is

signi�cantly lower in the proximity of a spacer; and the highest jump usually appears in

the middle of the subspan which is closest to midspan. This position falls midspan for an

even number of spacers. However, the jump at midspan is considerably reduced for an

odd number of spacers. Furthermore, bundle rotation was observed only for odd number

of spacers at midspan by recording the movement of spacer attachment points.

Tables 3.5-3.6 compare experimental and numerical results, namely, the cable jump

at the midspan above the loaded position during the vibration following shedding from

either cable when the other one is loaded. It may be observed clearly that the jump height

decreases by adding an even number of spacers, and that this jump height, when there is

a spacer at midspan, is nearly independent from the number of spacers along the span.

The magnitude of jump height is underestimated by 5% to 20% by the numerical model

(see Table 3.5), but the tendencies according to the number of spacers are approximated

closely. Although the ratio of jump height of the shedding cable in the twin bundle to that

of a shedding single cable is overestimated by up to 20%, the discrepancy is below 10%

in most cases (see Table 3.6). It should be noted that these ratios depend on such other

parameters as the shedding load weight, which were kept constant in the experiments.

Table 3.7 shows the maximum angle during bundle rotation, which appears to be

around 70◦ for one spacer. However, it may approach or even exceed 90◦ for three and

�ve spacers. Thus, increasing the number of spacers will not reduce bundle rotation;

contrarily, further connections between the cables in the bundle may help the shedding
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Number of
spacers

Small-scale
experiment (deg)

Small-scale
model (deg)

Full-scale
model (deg)

1 62 / 69 72 91

3 88 / 110 86 102

5 88 / 106 77 104

Table 3.7: Maximum angle of bundle rotation during vibration following shedding from
either cable when the other one is loaded

Figure 3.8: Vertical vibration of shedding cable when the other one is loaded with four
spacers; experiment 1 and experiment 2: experimental results with shedding from cable 1
and cable 2, respectively, model � point loads: ice load considered by point loads, model
� increased density: ice load considered by increased cable density

cable to move above the other one everywhere along the span. The probable explanation

of this result lies in the fact that the relative motion of the two cables is nonuniform

along the span. The greatest transverse and vertical displacements of the shedding cable

appear close to the middle of the subspan, which is far from the spacer where the angle

is measured. However, when the number of spacers is increased, this relative motion

becomes more uniform and the several connection points (spacers) between the two cables

contribute to increasing the angle of rotation at midspan. Since the maximum angle of

bundle rotation for one spacer was a sharp angle in the experiments, the model provided

a close prediction, but it underestimated the bundle rotation by 10%�20% for three and

�ve spacers when the bundle rotation approached or exceeded a right angle.

In Figure 3.8, typical time histories of vertical displacement are compared with the

results of the numerical model for the cases of even numbers of spacers when one cable

is shedding, and the other one is loaded. Also, an ice-load model by increasing the cable

density proportionally with the ice-load weight as proposed by [106] was applied to these

cases. It was used to verify whether the shedding of distributed loads can be simulated by

the shedding of eight point loads attached symmetrically along the span. The resulting

vibration is slightly more severe with the point-loads model. However, the di�erence is
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(a) (b)

Figure 3.9: Vertical displacement of shedding cable and angle of rotation of bundle with
one spacer at midspan following shedding from either cable when the other one is loaded;
(a) vertical displacement; (b) rotation angle

not signi�cant, for example, the discrepancy between the jump heights is less than 5%.

Considering that a similar discrepancy also appears even between the two experimental

results obtained under the same conditions, the approximation of distributed loads by

point loads is satisfactory. Model predictions underestimate the jump height obtained

experimentally by 10%�20%, which is in accordance with the results listed in Table 3.5.

The reason for this di�erence probably lies in the simpli�cation of suspension modelling.

Another reason may be an overestimated value for cable damping, although it is less

probable, because the decay of vibration is closely predicted by the model.

Figure 3.9 presents typical time histories of the vertical displacement and rotation of

bundle in the case of an odd number of spacers during the vibration following shedding

from one cable while the other one is loaded. Figure 3.9 compares the results of experimen-

tal measurements to those of numerical simulations. The model approximates closely the

jump height of the shedding cable and the maximum angle of bundle rotation. The

discrepancy between the computed and measured values is 15% or less. The model

underestimates the extent of drop after the �rst peak, so that the peaks following this

drop are predicted about 0.1 s earlier as observed in the experiments. Further numerical

simulations and experiments with the 4.8-mm-diameter cable revealed the extent to which

the increase in cable diameter reduces the jump height and maximum angle of bundle

rotation. It should be clear, however, that the application of cables with greater diameters

increases the load due to deadweight with the third power of cable diameter.

3.3.4 Application for a full-scale span with a twin bundle

The numerical model was used to simulate sudden ice shedding from the full-scale span

of Bersfort conductors presented in [67], so that in addition to vertical cable vibration,

bundle rotation was also simulated. The model considers one span with a length of 200

m, including Bersfort conductors whose geometrical data are provided in Table 3.4. Its

stress-strain curve is considered linear for positive strains with Young's modulus of 67.6

GPa, and no compression is allowed. Dead ends are assumed at the suspensions where
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the only free degree of freedom is the rotation around the axis perpendicular to the plane

of the structure. Each cable was simulated by 100 elements, and concentrated loads were

applied at every fourth points. It was veri�ed that increasing the number of loads along

the span caused negligible di�erences in the results. The applied load corresponded to a

load due to 50-mm-thick glaze ice whose density was 900 kg/m3. The damping ratio of

the spacer was set at ζs = 0.2 in correspondence with [39].

Tendencies similar to those obtained for the small-scale model were observed concerning

the e�ects of the number of spacers on jump height and on the maximum angle of bundle

rotation following ice shedding. The reduction in the ratio of jump height of the shedding

cable in the twin bundle to the jump height of a shedding single cable due to additional

spacers was similar to that observed in the small-scale tests (see Tables 3.5 and 3.6). It

should be kept in mind, however, that when the ice load is lower, the reduction in the

jump height due to additional spacers is less considerable. Table 3.7 shows that after the

shedding of high ice load (thickness of 50 mm), the maximum angle of rotation exceeded

90◦, which signi�cantly increases the risk of bundle collapse. The maximum angle of

bundle rotation was greater for three and �ve spacers than for one spacer, which also

corresponds to the tendency observed in the small-scale experiments.

This section summarized the numerical and experimental simulation of cable vibration

and bundle rotation following sudden ice shedding from either subconductor of a twin

bundle. The numerical model was validated by full-scale and small-scale experiments,

and was applied to a full-scale span with a twin bundle. The full-scale tests involved

(i) load shedding from a single conductor where the conductor jump was studied and

(ii) static torsional tests on twin bundles where the bundle rotation was observed. The

small-scale tests simulated di�erent load-shedding scenarios with up to �ve spacers along

the span. The vertical component of cable vibration and the bundle rotation at midspan

were recorded and calculated. Similar scenarios were simulated, and the same parameters

were determined when the model was applied to a full-scale twin bundle. The following

conclusions are drawn from the results.

� The tendency of reduction in the cable jump height above the loaded position due

to an increasing number of spacers along the span was predicted within 10% by

the model, approaching 20% in some cases. The same discrepancies were observed

between the numerically and experimentally obtained values for jump height.

� The maximum angle of bundle rotation was estimated satisfactorily for sharp angles.

However, improvement to the model is needed by considering the con�guration of

the vibrating span more precisely for severe vibrations when the bundle rotation

exceeds a right angle.

� Increasing the number of spacers by up to four reduces the cable jump height

signi�cantly compared to the jump height of the single cable. The application

of a spacer at midspan may lead to a further decrease in the cable jump, although

in this case, a greater jump may appear elsewhere. However, the bundle rotation

cannot be reduced by increasing the number of spacers.
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The presented scenarios considered extreme cases when one subconductor sheds suddenly

and fully, these results being useful to predict extreme dynamic e�ects. However, further

tests and the corresponding modi�cation of the numerical model were recommended for

future research in order to simulate more representative ice shedding propagation, which

is the subject of Section 3.4.

3.4 Modelling ice shedding propagation on transmis-

sion lines with or without interphase spacers

The numerical model of the preceding sections is further improved to simulate ice shedding

propagation on a single conductor and on several spans of conductors linked with interphase

spacers. In order to validate the model simulation results are compared to experimental

observations on a full-scale test line [122]. The model is applied to predict vertical and

transverse conductor displacements and conductor tension variation during the vibration

initiated by ice shedding propagation. A further goal involves the comparison of the

dynamic e�ects of the following three shedding processes: (i) propagation of ice shedding

along the length of the span, (ii) propagation of ice shedding along the length of the span

plus an additional downward pull induced at discrete locations along the span by the

detachment of ice chunks, and (iii) sudden and simultaneous ice shedding from the whole

span or part of the span [76].

3.4.1 Numerical model

The models of the conductor and the suspension are described in Sections 3.2.2 and 3.3.2.

Interphase spacers are considered as simple rods clamped to a conductor at each end.

They are modelled with beam elements, and are associated with an isotropic linear elastic

material. Approaches for the consideration of ice load in the model are also presented in

Sections 3.2.2 and 3.3.2, and the models of di�erent ice shedding processes developed in

[76] are detailed in what follows.

Ice load is modelled by attaching concentrated loads at several discrete points along

the span. Ice shedding propagation is then simulated through the removal in a de�ned

sequence of the concentrated loads. The propagation velocity is controlled by associating

each concentrated load with a time function which determines the removal time of that

speci�c load. In the calculation, the load is multiplied in each time instant by the value

the time function takes in that time instant. The three ice shedding processes mentioned

in the introduction of Section 3.4 may be modelled by using two di�erent time functions

which were proposed in [75]. In both time functions, the time, ti, denotes the beginning

of load removal, ∆tr stands for time interval of load removal, and ∆ts is the time step in

the numerical simulation. It is assumed that a load is removed suddenly, i.e. ∆tr < ∆ts.

When ice shedding propagates along the span with its associated load removal, the

time function shown in Figure 3.10a is applied for each load at di�erent time instances.

If n loads act along the span and Tw denotes the wave propagation time along the span,
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(a) (b)

Figure 3.10: Time functions for load removal

then the time instance when the de�ned time function is applied for the ith load may be

determined as follows:

ti =
i

n+ 1
Tw i = 1, . . . , n (3.6)

When ice detachment propagates along the span, but the ice falls in big chunks, then

the detached ice does not break o� the ice which is still attached to the remaining part of

the conductor and applies an excess load on the conductor where the ice is still attached.

Thus, a time function which considers a signi�cant increase in the load locally before load

removal should be applied as shown in Figure 3.10b. The time instance, ti, when the time

function is applied for the ith load is obtained from Equation (3.6).

When ice is detached and falls suddenly in big chunks, then the time function presented

in Figure 3.10a is applied; however, the time instance of application, ti, is the beginning

of the dynamic analysis for each load (which means mathematically that Tw = 0). The

subsequent sections discuss the dynamic e�ects of the three shedding processes presented,

but the numerical method may easily be adjusted to simulate further shedding processes:

e.g. non-uniform ice load along the span may be modelled by varying the magnitudes of

the n loads; partial ice shedding may be simulated by applying time function only for

some of the loads; and a non-constant propagating velocity can also be considered by

modifying Equation (3.6), i.e. the time instance of application of time function.

The procedure of computation is summarized as follows. The initial pro�le, i.e.

the pro�le of the unloaded span, is determined using the catenary equation [47]. The

initial con�guration is then constructed in ADINA [3], and the point loads simulating

the accumulated ice are added in the static analysis that provided the loaded pro�le of

the modelled con�guration. The time function describing the shedding propagation is

applied in a separate, dynamic analysis that simulates the load removal and the resulting

conductor vibration in the following few seconds.

3.4.2 Simulation of ice shedding propagation on a full-scale line

Ice shedding propagation is simulated on the Hydro-Quebec test line. Its numerical model

is constructed in this section, then simulation results are presented.
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(a)

(b)

Figure 3.11: Sketch of numerical models of test lines (not to scale), (a) con�guration with
single conductors, (b) middle span in con�guration with three conductors (the middle
conductor is not in the same vertical plane as the other two conductors)

Construction of numerical model

The Hydro-Quebec test line consists of three suspension spans and two dead-end spans.

Ice shedding propagation on the middle span from a single conductor and from a conductor

in a vertical arrangement of three conductors was simulated in [122]. Two of these tests

(called Test A and Test C in [122]) are modelled numerically in [76]. Figures 3.11a and

3.11b sketch the numerical model of the unloaded test line with single conductors (Test

A), and that of the middle span with the vertical arrangement of three conductors (Test

C), respectively. In the latter case, the top and bottom conductors are in the same

vertical plane, but there is a transverse distance of 0.98 m between the vertical plane of

the middle conductor and that of the other two conductors. The ice shedding tests were

performed on Condor ACSR 54/7 conductors suspended with glass I-insulator strings.

The conductor damping was found due mainly to aerodynamic resistance. The Rayleigh

damping coe�cients were calculated using the damping ratio that was determined in [120].

In the tests with three conductors per span, the conductors in each span were linked with

four interphase spacers as shown in Figure 3.11b. Details of these interphase spacers are

provided in [120], but the numerical model simpli�es them to have constant cross section

and material properties de�ned for aluminum.

Ice weight was modelled in the experiments of [122] by a conductor which was held

initially by pulleys at each end of the span, and which was connected to the test conductor

by strings at every 15 m along the span. Shedding was initiated by releasing the pulley at

the end of the span near Tower 2, and then the strings broke one after the other simulating

the propagation of load shedding toward Tower 3. Correspondingly, concentrated loads

were considered at every 15 m in the numerical model, thereby applying n = 29 loads
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Test Unit A C

Initial sag m 11.32 14.90

Additional sag - experiment m 2.77 2.32

Additional sag - numerical m 2.75 2.52

Initial tension kN 33.4 25.4

Tension in loaded conductor - experiment kN 36.6 42.6

Tension in loaded conductor - numerical kN 37.7 41.9

Table 3.8: Sag and tension of unloaded and loaded conductor

along the 450-m-long middle span. Since the shedding process in the experiments was

closest to the propagation of ice detachment followed by falling of a big chunk, the time

function shown in Figure 3.10b was applied in the numerical model. In Test A, a load of

0.6 kg/m was applied on the conductor in the middle span, and it took 3 s to break all

the strings holding the dead-weight conductor (i.e. Tw,A = 3 s). This load corresponds to

the weight of 6-mm-thick cylindrical ice accretion on Condor conductor if glaze ice with

density of 900 kg/m3 is assumed. In Test C, the three conductors in the middle span were

loaded initially. The load on the top and mid conductor was 2.37 kg/m (corresponding

to ice thickness of 18 mm), whereas the load on the bottom conductor was 1.5 kg/m

(corresponding to ice thickness of 13 mm). Since the top and mid conductors remained

loaded during the test, they were loaded in the experiments by attaching D-shapes to

them with additional masses. Consequently, the cross section of these two conductors

was increased in the numerical model in order to consider the load on them. The bottom

conductor was unloaded during the test, and the whole span was unloaded in 16 s (i.e.

Tw,C = 16 s).

Simulation results

This section compares results of numerical simulations and experimental observations

reported in [120] and in [122] for Tests A and C. The load is applied in the static analysis,

when the displacement and tension in the loaded conductor are determined. Then, the

dynamic analysis calculates the conductor rebound height together with the time histories

of conductor displacement and tension.

The results of static analysis are shown in Table 3.8. For Test A, there is an excellent

agreement between the calculated and measured additional displacements at mid-span,

which is still below 10% for Test C. It should be noted, however, that there is a more

signi�cant asymmetry of the pro�le in the measurements in Test C. The cable tension in

the loaded span was calculated within 2�3% of the measured value for both cases.

Results of dynamic analysis are compared to experimental observations in Figures 3.12,

3.13 and 3.14, and in Table 3.9. The maximum vertical displacements of the conductor

above the loaded position at di�erent distances from the suspension are shown in Figure

3.12. The model provides a close approximation of experimental results for Test A. Model

predictions for Test C are within 10% compared to the experiments at 75 m from Tower
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Figure 3.12: Maximum vertical displacements of the conductor above the loaded position
at di�erent distances from Tower 3 for Tests A and C

(a) (b)

Figure 3.13: Time histories of conductor vertical displacement at mid-span during the
vibration from the beginning of shedding propagation, (a) Test A, (b) Test C

3 and at mid-span (225 m), but a considerable discrepancy occurs at 150 m, 300 m and

375 m. These discrepancies are mainly the consequences of those that were already in

the pro�le after applying the load. The displacements in the numerical static analysis

were smaller on the side of Tower 3 and greater on the side of Tower 2 than in the

experiments, and the same tendency holds for the conductor jump after shedding. Both

of the experimental and numerical results suggest that the maximum conductor rebound

above the loaded position is reduced by half (from about 6 m to about 3 m) when using

interphase spacers. Since the vertical distance between phases in static equilibrium was

3.65 m (see Figure 3.11b), the risk that conductors touch each other during vibration is

reduced signi�cantly by the application of interphase spacers.

Figure 3.13 compares the time histories of conductor displacement when shedding

propagates along the span from 0 to 3 s in Test A and from 0 to 16 s in Test C. These

time histories show clearly that the conductor drops at the position where the shedding

takes place, and then it jumps. In Test A, shedding propagates along the 450-m-long span

in 3 s; thus, it arrives to 225 m from Tower 3 after 1.5 s. The conductor at this point
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375 m 375 m 225 m 225 m 75 m 75 m

Exp. Num. Exp. Num. Exp. Num.

Peak (m) 3.0 4.1 5.7 5.9 4.2 4.1

Drop (m) -0.4 -0.4 -1.5 -1.0 -0.9 -1.7

Period (s) 6.2 6.1 5.6 6.0 6.1 6.1

Table 3.9: Maximum conductor rebound after shedding, conductor drop before shedding,
and period of vibration in Test A

(a) (b)

Figure 3.14: Time histories of conductor tension at mid-span during the vibration from
the beginning of shedding propagation, (a) Test A, (b) Test C

reaches its lowest position in this time instance, and then it moves upward quickly. The

maximum rebound of the single conductor according to the numerical simulation appears

at 190 m from Tower 3, i.e. it is farther from the tower where the shedding propagation

begins and closer to the tower which is connected to the longer span. In Test C, the

shedding propagation arrives to mid-span after about 8 s, when the conductor reaches its

lowest position. The maximum rebound appears at about 250 m from Tower 3, which is

close to the half distance between the two interphase spacers located at 150 m and 336 m

from Tower 3.

Some data related to the displacement time histories, namely the conductor drop

before shedding, the maximum conductor rebound after shedding, and the period of

vibration, are listed in Table 3.9 for Test A. The calculated and measured conductor

drops at 375 m from Tower 3 coincide, but then the model predicts increasing drop

along the span, whereas it was measured greater at mid-span than at 75 m from Tower

3. The model overestimates the �rst peak at 375 m, whereas the prediction is excellent

(2�3% discrepancy compared to measured results) at mid-span and at 75 m. The period

of vibration coincides; it is about 6 s in both of the experiments and the numerical

simulations. Concerning Test C, the model provides an excellent estimation of the

conductor drop at mid-span, it underestimates the peak by about 10%, and this peak

appears about 4 s earlier than in the experiments (see Figure 3.13b).

The time histories of conductor tension at mid-span are presented in Figure 3.14. The

tension increases approximately at the same time when the conductor drops, and then
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(a) (b)

Figure 3.15: Maximum vertical displacements of the conductor above the loaded
position at di�erent distances from Tower 3 for the three shedding processes: sudden
shedding (sudden), propagating detachment followed by sudden fall (prop+sudden), and
propagating shedding (propagation), (a) single conductor, (b) three conductors with
interphase spacers

decreases to the value which was observed without the load. The model provides an

excellent prediction for Test A, and the tendency obtained numerically also follows the

measured one for Test C, but in this case the model does not predict the increase in the

tension before load shedding.

3.4.3 Sudden and propagating shedding on conductors linked with

interphase spacers

When ice detachment propagates along the span and ice falls in small pieces, then

the conductor rebound also propagates along the span. When the propagation of ice

detachment is followed by falling of a big chunk, then the conductor rebound propagates,

but a drop precedes the upward movement, and the rebound height is higher due to

the increasing load before load removal. When the ice is detached from the conductor

suddenly, then the whole conductor jumps immediately. For the sake of simplicity, these

processes will be referred to as propagating shedding, propagating detachment followed

by sudden fall, and sudden shedding. The numerical model is applied to simulate these

three shedding processes on the Hydro-Quebec test line in the same con�gurations as in

Tests A and C. The various shedding processes are modelled by applying di�erent time

functions in the dynamic analysis as discussed in Section 3.4.1.

The maximum vertical displacements of the conductor above the loaded position

at di�erent distances from the suspension are compared in Figure 3.15. For a single

conductor, there is no signi�cant di�erence in the conductor rebound heights after propa-

gating shedding and sudden shedding, but they are 10�30% greater after propagating

detachment followed by sudden fall. This can be explained by the load increase before

removal. It can also be observed that the maximum conductor rebound appears at mid-

span after sudden shedding, but in the other two cases it is farther from the tower where

the shedding propagation begins. For the three-conductor con�guration, the conductor
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Figure 3.16: Time histories of distance between the middle and bottom conductors
at mid-span during the vibrations following the three shedding processes: sudden
shedding (sudden), propagating detachment followed by sudden fall (prop+sudden), and
propagating shedding (propagation)

rebound heights after propagating detachment followed by sudden fall are about 10�30%

greater than after propagating shedding, and they are an additional 10�30% greater after

sudden shedding. Thus, the application of interphase spacers reduces conductor movement

to a lesser extent after sudden shedding. It should be noted that the reduced jump height

obtained at 150 m is due to the interphase spacer located exactly at this position.

The relative motion of conductors in the con�guration when conductors are linked with

interphase spacers is also important, because it gives information whether the conductors

touch each other during the vibration. The time histories of distance between the middle

and bottom conductors at mid-span are shown in Figure 3.16. Originally, the vertical and

transverse distances were 3.65 m and 0.98 m, respectively. When the load is added, the

transverse distance reduces, but the vertical distance increases, so that the total distance

at mid-span becomes 4.17 m, which is the initial distance in Figure 3.16. The conductors

approach each other to the greatest extent after sudden shedding; however, the minimum

distance is still 1.67 m. Thus, the interphase spacers can su�ciently reduce the severity

of vibration in the case considered.

A numerical model has been developed to simulate di�erent ice shedding processes

on transmission lines with conductors linked with interphase spacers. The model was

validated by applying it to experimental ice shedding tests carried out on the Hydro-

Quebec test line, and then it was used to compare the dynamic e�ects of three di�erent

shedding processes: (i) propagation of ice shedding along the span, (ii) propagation of

ice shedding along the span with an additional downward pull on the conductor at the

discrete locations where the ice chunks �nally part from the conductor, and (iii) sudden

and simultaneous ice shedding from the span or part of the span. The model considered ice

load by several concentrated loads applied along the span, whose removal was controlled

by a time function which was adjusted according to the modelled phenomenon.

The model estimates the conductor pro�le and tension after the application of the

load, and the time histories of conductor displacement and conductor tension during
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the vibration following shedding. Simulation results show, in agreement with former

experimental observations, that the application of interphase spacers may reduce conductor

rebound height above the loaded position by a factor of two approximately, and thereby

they contribute to prevent the reduction of conductor clearance during high-amplitude

vibrations. The comparison of di�erent shedding phenomena reveals that sudden shedding

has the most severe dynamic e�ects for conductors linked with interphase spacers; however,

the rebound height of a single conductor may be higher in the case of ice shedding with

ice chunks pulling on the conductor before parting from the conductor.

3.5 New results

Main contribution 3 A numerical model was developed to simulate the dynamic e�ects
of ice shedding from conductor bundles. An existing model was improved by proposing a
model for the spacers that connect subconductors in the bundle. The material behaviour of
the spacer damper is considered by nonlinear elastic material properties. A cubic stress-
strain relationship describes the behaviour of spacer arms that are allowed to rotate around
the joint with increasing resistance until the rotation is blocked. Further deformation may
occur only by the elongation of the material, which is modelled by a linear stress-strain
relationship. The application of the model reveals the e�ects of spacers on conductor
vibration and bundle rotation following ice shedding. The speci�c cases of Bersfort and
Condor conductor bundles with span length of 200 m and with spacers located in constant
distances were examined in detail. The maximum jump height and the conductor tension
increase with distance between adjacent spacers, or in other words, they decrease with
increasing number of spacers. When high amount of ice (50 mm in thickness) sheds, then
increasing the number of spacers from 1 to 5 (or decreasing the distance between adjacent
spacers from 100 m to 33 m) reduces the jump height above the unloaded position from
2-3 m to below 0.3 m. However, the bundle rotation cannot be reduced by increasing
the number of spacers. The maximum drop of the loaded conductor is greater for even
number of spacers, since in that case the maximum drop occurs at mid-span where the
cable drop can be considerably greater. If the maximum drop below the unloaded position
is considered, then its value varies by a maximum of 5% only for odd number of spacers,
and it is about 5-15% greater when the number of spacers is even. Increasing the number of
subconductors in the bundle reduces the severity of vibration. The maximum jump height
of a single conductor in the cases considered is in the range of 5 to 10 m after shedding
of heavy ice load (50-60 mm in thickness). When the conductor bundle is connected by 3
spacers, the jump height reduces to 0.5 to 0.6 m for twin bundles, and below 0.3 m for quad
bundles. The conductor tension, however, is slightly lower (di�erence below 10%) for a
single conductor during vibration, since no constraint is transmitted from other conductors
in this case. The maximum jump height of the ice-shedding conductor and the maximum
drop of the loaded conductor can be approximated as power functions of ice thickness and
distance between adjacent spacers.

Related publications: Kollár and Farzaneh (2008) [67], Kollár and Farzaneh (2013) [71]
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Main contribution 4 Ice shedding processes from transmission line conductors in�uence
the severity of the resulting conductor vibration. An approach has been proposed to
simulate various shedding processes through the removal in a de�ned sequence of the loads
modelling ice accretion. The propagation velocity is controlled by associating each load with
a time function which determines the removal time of that speci�c load. In the calculation,
the load is multiplied in each time instant by the value the time function takes in that time
instant. Models have been developed for the following ice shedding processes: (i) sudden
and simultaneous ice shedding from the whole span or part of the span, (ii) propagation of
ice shedding along the length of the span, and (iii) propagation of ice shedding along the
length of the span with an additional downward pull induced at discrete locations along
the span by the detachment of ice chunks.

The numerical model was improved by considering several phases linked with interphase
spacers, and it was validated by experimental observations. Transmission lines with 450-
m-long spans were modelled either with a single conductor or with three conductors connec-
ted with interphase spacers. Simulation results show that the application of interphase
spacers may reduce conductor rebound height above the loaded position by a factor of two
approximately (from about 6 m to about 3 m), and thereby they contribute to preventing the
reduction of conductor clearance and the risk of �ashover during high-amplitude vibrations.
The comparison of di�erent shedding phenomena reveals that for a single conductor, there
is no signi�cant di�erence in the conductor rebound heights after propagating shedding
and sudden shedding, but they are 10�30% greater after propagating detachment followed
by sudden fall. For conductors linked with interphase spacers; however, the conductor
rebound heights after propagating detachment followed by sudden fall are about 10�30%
greater than after propagating shedding, and they are an additional 10�30% greater after
sudden shedding.
Related publication: Kollár et al. (2013) [76]
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Chapter 4

Vibration suppression of transmission

line conductors

Natural phenomena leads to vibration of transmission line conductors that are suspended

in the atmosphere. Section 3 discussed the sources of dynamic loads, together with the

process and modelling of the resulting vibration. The present section is denoted to the

methods that are proposed to attenuate conductor vibration and to reduce the harmful

consequences.

Vibration characteristics depend on the inducing mechanism. The regular shedding

of vortices due to wind results in high-frequency, low-amplitude vibration, the so-called

aeolian vibration. Another type of wind-induced vibration, the galloping, is a movement-

induced excitation, which leads to high-amplitude, low-frequency vibration. Vibration

with a great jump height of the conductor may also be caused by shedding of heavy ice

chunks from the suspended conductor, although the vibration decays due to structural

damping and aerodynamic damping.

Damping devices to mitigate high-frequency cable vibration have been applied for

decades. Viscous dampers and torsional dampers help reduce the amplitude of high-

frequency vibrations in bridges and in transmission lines [113]. One of the most commonly

used device is the Stockbridge damper whose dynamics was studied in a number of

publications [8, 123, 124]. Several types of dampers have been developed, and they

attenuate the vibration to a non-damaging level, but their application has limitations.

The magnetorheological damper is another conventional vibration control technique that

was implemented on stay cables of bridges [30]. An overview on the vibration control

of transmission lines is presented in [12], including the description of di�erent types of

dampers. Overcoming the limitations of the passive dampers has become the motivation

of further research to suppress conductor vibration. Saadabad et al. [109] designed a semi-

active control method to suppress forced vibrations induced by wind excitation. Wang et

al. [126] proposed a voice coil motor-based active vibration absorber for single and multiple

frequency vibration control. An active vibration control method was proposed in a recent

research [87]. The authors developed the idea of an electrical vibration absorber that

can be installed at any location of the conductor and that is e�ective in a relatively wide

frequency range. The e�ects of tuned-mass-dampers on reduction of forced vibration in

61
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power transmission lines are investigated and optimum design of such dampers is presented

in [1]. Vibration of transmission line conductors may be induced by ice accretion as well;

therefore, research e�orts has also been made to develop such devices for icing monitoring

as the vibration-sag-tension-based sensor [34].

High-amplitude vibrations of transmission line conductors may be mitigated by the

application of a control device, e.g. detuning pendulum, by forming bundles of several

conductors with spacer dampers or by connecting phases with interphase spacers [26, 29].

The e�ects of spacer dampers on the vibration of conductor bundles following ice shedding

were studied in [67, 71], whereas ice-shedding-induced vibrations of phases with interphase

spacers were simulated in [76]. These methods and the dynamics of such systems formed

the subject of Section 3.

When active control is applied, the time delay must also be taken into account, and it

a�ects the dynamics of the controlled system. In general, increasing time delay tends to

destabilize the dynamical system [16, 46, 116, 117]. When a system is controlled digitally

by a computer, then samples are taken in �nite time intervals and the action of control

system is applied after processing the measured data. Thus, sampling delay and processing

delay are included in the system that can be described by a discrete-time model. Time

delay in�uences the stability of such systems as well [78]. Samukham et al. [110] proposed

an approach to quickly generate stability charts for delay di�erential equations that govern

dynamic processes involving time delay. In most of the studies, time delay is an undesired

property of the dynamics, but it is also employed as a control design parameter. Olgac

and Holm-Hansen [96] proposed an active vibration absorption technique that utilizes a

controlled time delay in the feedback loop. This delayed resonator can remove oscillations

for a wide range of frequencies with the proper selection of time delay and feedback gain.

The authors also investigated how the delayed resonator could handle time dependent

excitation frequency [97]. Active control via a time-delayed absorber was also studied

experimentally in [131]. They carried out stability analysis, and examined the e�ciency

of the time-delayed absorber as well as the e�ects of the time delay and feedback gain on

the performance of the absorber.

The present section describes the development of an active control methodology that

successfully attenuates conductor vibration at the location where the control is applied.

The section is divided into three main parts. The �rst part is based on [61] and introduces

a simpli�ed model for the conductor with a controlled vibration absorber, which is

applicable for attenuating high-frequency, low-amplitude conductor vibration due to perio-

dic excitation modelling aeolian vibration. The model considers the time delay that is

always present in digital control due to sampling. The second part that is based on [62]

takes into account the nonlinear elastic material behaviour of the conductor. Thus, the

vibration control may successfully attenuate even high-amplitude vibration that follows

ice shedding. Finally, the third part based on [63] improves the model introduced in

the �rst part so that it involves such practical problems as time delay and backlash at

the driving together, which leads to limitation in the applicability of control. Backlash

in�uences control when the direction of control force changes, since the control force is
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not transmitted in the small domain of backlash. The presence of time delay and backlash

together results in a motion with some irregularity what justifes the detailed study of the

dynamic behavior in order to evaluate the types of motion that may arise in such systems.

4.1 Control of conductor vibration with time delay

This section presents a simpli�ed model for active vibration control with time delay of a

suspended conductor exposed to periodic excitation, and to investigate the e�ects of time

delay in the digital control. The periodic excitation considers the e�ects of wind under

such circumstances that cause high-frequency, low-amplitude vibration. The PD control

methodology is applied including time delay due to sampling the data that are used to

determine the control force. The discrete-time model is then developed, the stability of

the system is examined, and the e�ects of sampling delay on the control is discussed [61].

4.1.1 Mathematical model

Simpli�ed model of conductor with vibration absorber exposed to wind

The simpli�ed model of the conductor is a vibration system that considers the conductor

at the position where the absorber is attached, together with its elasticity and structural

damping, which determines the vertical motion of the suspended conductor. Simpli�ed

models of conductors in a bundle with spacer dampers were proposed in [68]. The mass

of conductor was represented by a mass in the vibration system, which was assumed in

the middle of the span where the spacer damper was also attached to the conductor.

The elastic behaviour of the conductor was based on the statics of suspended cables.

That model was applicable in mid-span only, but it also took into account the elasticity

of the cable in the transverse direction. The motion in the present study is principally

vertical; therefore, transverse motion is not simulated and corresponding parameters are

not considered in the model. However, the model considers the natural frequencies of the

modelled system, what is crucial for successful control of the vibration, and the elastic

properties are calculated so that the model becomes applicable at positions other than

mid-span.

The simpli�ed model of the conductor with vibration absorber is the two degree-of-

freedom (DOF) system depicted in Figure 4.1. The coordinate system is chosen so that

x, y and z refer to the longitudinal, transverse and vertical directions, respectively. The

simpli�ed model describes motion in the vertical direction. The parameters m, k and c
denote mass, spring sti�ness and damping coe�cient, respectively. Index 1 refers to the

conductor where the excitation F (t) acts, which considers the e�ects of the wind. Index

2 refers to the vibration absorber that can apply a control force between the conductor

(m1) and the absorber itself (m2). The vibration absorber can be placed at di�erent

positions along the conductor, and its actual position is considered in the calculation of

the parameters of the simpli�ed conductor model.

The spring sti�ness k1 is determined by the elastic properties of the conductor, and it
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Figure 4.1: Simpli�ed model of conductor with vibration absorber

can be calculated based on the statics of suspended cables [47]. If a vertical force Pz is

applied on the conductor at a speci�ed position xp along the conductor, then the vertical

displacement caused by this force at a position x along the span, where xp and x are

measured from the suspension point, can be obtained as follows

wp (x) =


PzL
H+hp

[(
1− xp

L

)
x
L
− µgLhp

2HPz

x
L

(
1− x

L

)]
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[
xp

L

(
1− x

L

)
− µgLhp
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L

)]
xp ≤ x ≤ L

(4.1)

where µ is the mass per unit length of the conductor, g is the gravitational acceleration, L
is the span length, and H is the initial horizontal tension in the conductor. The additional

horizontal tension hp due to the application of the concentrated force Pz is the solution

of the following equation

h3
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24
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)(
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L
−
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p
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)
= 0 (4.2)

where the parameter λc is obtained from the following expression

λ2
c =

(
8fs
L

)2
EA

H
(
1 + 8 (fs/L)

2) (4.3)

The parameters E and A denote the Young's modulus and the cross section of the

conductor, respectively, and fs stands for sag. In order to obtain the spring sti�ness,

the relationship of the force Pz and the displacement wp at the position xp should be

determined, which may be obtained after substituting x = xp in Equation (4.1). The

relationship of the force Pz and the displacement wp may closely be approximated by a

third-order polynomial in a wide range of displacements [68]. However, the amplitude
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of vibration under examination is in the range of conductor diameter; and a linear

relationship is acceptable for such small displacements

Pz = k1wp (4.4)

The spring sti�ness k1 is obtained as the tangent of the line �tted on the curve provided

by this relationship for small values of displacements.

The damping coe�cient c1 can be determined from the geometrical and material

properties of the cable [67, 68]. However, the presence of the vibration absorber changes

the damping coe�cient locally; therefore, it is determined from comparing the decay of

vibration with that obtained under the same conditions by the �nite element model that

was developed in [71].

The massm2 is a constant based on the design of the vibration absorber. The damping

c2 of the vibration absorber is so small that it is neglected in the model. The remaining

parameters, the mass m1 and the spring sti�ness k2 are determined together from the

condition that the natural frequencies of the 2DOF system are equal to the �rst two

natural frequencies, in vertical vibration modes, of the conductor with the vibration

absorber. It should be noted that the higher natural frequency has to be adjusted in

some cases in order to obtain real numbers for the mass and spring sti�ness. The in-

plane motion of cable vibration consists of antisymmetric and symmetric in-plane modes

[47, 48]. The natural frequencies in the nth antisymmetric in-plane mode are given by

ωn,a =
2nπ

L

√
H

µ
(4.5)

The natural frequencies in the nth symmetric in-plane mode are given by

ωn,s = βn

√
H

µ
(4.6)

where βn is the solution of the following transcendental equation

tan

(
1

2
βnL

)
=

1

2
βnL− 4

λ2
c

(
1

2
βnL

)3

(4.7)

These natural frequencies approximate closely those of the system where the vibration

absorber is attached to the conductor. More accurate calculation of natural frequencies

is possible by such a numerical method as the �nite element model developed in [67].

The force F (t) due to wind is considered by a harmonic excitation

F (t) = F0 cos (ωt) (4.8)

where F0 is the amplitude, and ω is the circular frequency of excitation. The components

of the force due to wind that is perpendicular to the plane of the suspended conductor

are lift and drag, of which the �uctuating component that acts in the vertical direction is
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the lift force. The amplitude of this force may be calculated from the following formula

F0 =
1

2
CLρApv

2 (4.9)

where ρ is the air density, Ap is the cross-section that is exposed to wind, v is the wind

speed, and CL is the lift coe�cient that may be obtained from experimental observations

[95]. The circular frequency ω is obtained from the frequency that characterizes aeolian

vibration.

Control methodology

The PD control methodology is applied in this study. Meng and Kollár [87] discusses some

relevant details of the PID control methodology, including the advantage and disadvantage

of the application of the integral term. The control force u(t) without the integral gain
can be written as follows:

u (t) = Dz (t− τ) = Pz1 (t− τ) +Dż1 (t− τ) (4.10)

where

D =
[
P D 0 0

]
; z =

[
z1 ż1 z2 ż2

]
; (4.11)

P and D are the proportional and di�erential gains, respectively, and τ denotes time

delay. The control parameters are determined from the excitation frequency. When the

excitation frequency is equal to the natural frequency of the simpli�ed 1DOF system

modelling the conductor, then the vibration amplitude of the mass in the primary system

may signi�cantly be reduced by the addition of an adequately tuned vibration absorber

without applying active control. However, this vibration absorber does not work for

di�erent values of the excitation frequency. Therefore, the active control is applied and

the proportional gain P is chosen so that together with the spring sti�ness k2, they

provide the adequately tuned vibration absorber for the actual excitation frequency. The

proportional gain that satis�es this condition is obtained by the following formula

P = k2 −m2ω
2 (4.12)

The vibration control works without di�erential gain D when small absolute values of

the proportional gain P should be applied. However, when the excitation frequency is

signi�cantly greater than the natural frequency of the primary system, then the di�erential

gainD will become necessary for reducing vibration amplitude. The choice of the di�erential

gain will be explained after deriving the stability domain in Section 4.1.3.

The governing equations of motion of the 2DOF model including control can be

organized in the following form:

ż (t) = Az (t) + bu (t) + cF (t) = Az (t) +Bz (t− τ) + f (t) (4.13)

where B = bD; f = cF and
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A =


0 1 0 0

−k1+k2
m1

− c1+c2
m1

k2
m1

c2
m1

0 0 0 1

k2
m2

c2
m2

− k2
m2

− c2
m2

; b =


0

1
m1

0

− 1
m2

; c =


0

1
m1

0

0

.
The �rst term includes system parameters, the second term with time delay includes the

control force, and the third term includes the excitation force. Since a digital computer

carries out the control, it is more convenient to use a discrete-time model.

Discrete-time model

The digital control takes samples of the controlled parameters at discrete time instants or

sampling time, and the corresponding control force acts after the processing delay. The

control is based on the sample-and-hold technique [100, 112]. The control force is held

constant until the next sample is taken, and the time interval between taking samples

and the processing delay are the same. Thus, if samples are taken at time instants

jτ, j = 1, 2, . . ., then the control force is written in the form

u (t) = Pz1 ((j − 1) τ) +Dż1 ((j − 1) τ) t ∈ [jτ ; (j + 1) τ) (4.14)

It can be derived that the solution to system (4.13) at the �rst sampling takes the form

z (τ) = eAτz (0) +

τ∫
0

eA(τ−s)dsbu (0) +

τ∫
0

eA(τ−s)dscF (0) . (4.15)

The initial state z (0) , u (0) , F (0) is assumed to be known. Then, the discrete-time model

is described by the following equation

zj+1 = Adzj + bduj + cdFj (4.16)

where Ad = eAτ ; bd =
τ∫
0

eA(τ−s)dsb; cd =
τ∫
0

eA(τ−s)dsc.

Similarly to Equation (4.13), the �rst term in Equation (4.16) includes system parameters,

the second term includes the control force, and the third term includes the excitation force.

In the dicrete-time model, however, the state z, u, F changes only after each time interval

with duration τ .

4.1.2 Validation of the static and dynamic behaviour of the model

The model is applied for a representative example that considers the parameters of a small-

scale laboratory model of a transmission line described in [71] with a vibration absorber

attached at one-tenth of the span length. Parameters of the conductor and the span are

given in the �rst column of Table 4.1, whereas the parameters of the mechanical model

calculated as described in Section 4.1.1 are listed in the second column. Calculations
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Parameters of conductor and span Parameters of mechanical model

Mass per unit length, µ (kg/m) 0.043 Mass of cable, m1 (kg) 0.093

Span length, L (m) 6.4 Spring sti�ness of conductor, k1
(N/m)

50.3

Sag, fs (m) 0.29 Damping coe�cient of conductor,
c1 (Ns/m)

0.32

Conductor cross section, A (mm2) 5.5 Mass of absorber, m2 (kg) 0.16

Young's modulus, E (GPa) 18 Spring sti�ness of absorber, k2
(N/m)

86.82

Damping ratio, ζ 0.02 Damping coe�cient of absorber,
c2 (Ns/m)

0

Table 4.1: Parameters of the suspended conductor and its mechanical model with
vibration absorber

throughout this study including stability analysis were carried out using Matlab.

The static behaviour of the model is validated by calculating the displacements due to

the application of concentrated forces, and comparing them to the displacements obtained

under the same conditions by the �nite element model of [71]. The force under the

conditions describing a small-scale laboratory model of a transmission line is in the range

of 0.1 N according to Equations (4.8)-(4.9), whereas it is at least an order of magnitude

greater for full-scale lines. The force�displacement relationships are drawn in Figure 4.2a.

The simpli�ed model approximates closely, i.e. with di�erence in the range of few percent,

the relationship obtained by the �nite element model when the force is in the range of 0.1

N. The discrepancy grows above 20% as the force increases above 1 N. This observation is a

consequence of the nonlinear material behaviour of the conductor. However, the parameter

values in the simpli�ed model depends on the structure examined, and a greater spring

sti�ness would be chosen to model a full-scale structure where signi�cantly greater forces

may act due to wind.

The dynamic behaviour of the model is validated via simulations of the free vibration

following the removal of concentrated forces. The jump height after the force removal, i.e.

the initial peak in the vibration, is determined and compared to the initial peak obtained

under the same conditions by the �nite element model of [71]. According to Figure 4.2b,

the simpli�ed model overestimates the jump height by about 20%. This discrepancy

means a relatively small error in the displacement for forces in the range of 0.1 N, but it

becomes substantial for greater values of the forces.

Consequently, the simpli�ed model may be applicable when the external force is

relatively small. It means that the model can be adjusted for di�erent size of suspended

conductors by changing parameter values as long as the force is small enough to cause only

small-amplitude vibration. However, the nonlinear material behaviour of the conductor

should be considered, when modelling high-amplitude vibration with relatively greater

forces.
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(a) (b)

Figure 4.2: Comparison of static and dynamic behaviour of the simpli�ed model and the
�nite element model of [71]; (a) displacement due to concentrated force; (b) initial peak
in the vibration following force removal

4.1.3 Stability of the controlled system

Stability analysis of the controlled system without time delay

The static equilibrium of the conductor is stable, but wind causes vibration that should be

damped by the application of control. Mathematically, the z = 0 equilibrium of system

(4.13) without excitation and control (which is a linear homogenous system of ordinary

di�erential equations) is stable, but vibration develops due to a harmonic excitation

leading to a nonhomogenous system of equations. When feedback control is added, system

parameters are changed so that the decay of vibration may be faster; however, the wrong

choice of control parameters may make the equilibrium of the system unstable. The

stability domain of the system without considering time delay can be obtained by the

application of the Routh-Hurwitz criterion [28, 108]. The conditions when the Routh-

Hurwitz criterion is satis�ed guarantee local stability. The limitation of the linear stability

analysis is based on the fact that great enough perturbation leads to nonlinear behaviour

of the spring modelling conductor elasticity.

The z = 0 equilibrium of the homogenous system with control is stable if the real

parts of all of the characteristic roots, i.e. the zeros of the characteristic polynomial

p1 (λ) = det (λI− (A+B)) (4.17)

are negative, where I is the identity matrix. This polynomial is a fourth-degree polynomial

for the present model, i.e. p1 (λ) can be written in the form

p1 (λ) = a4λ
4 + a3λ

3 + a2λ
2 + a1λ+ a0. (4.18)

The Routh-Hurwitz criterion assures asymptotic stability if the coe�cients of the

polynomial a0, . . . , a4 and the 2Ö2 and 3Ö3 Hurwitz determinants,H2 andH3, respectively,
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Figure 4.3: Stability domain in the plane of control parameters P and D for the system of
conductor with absorber neglecting time delay; the boundary is determined by the curve
H3 = 0

are positive:

aj > 0, j = 0, . . . , 4; H2 =

∣∣∣∣∣∣ a1 a0

a3 a2

∣∣∣∣∣∣ > 0 and H3 =

∣∣∣∣∣∣∣∣
a1 a0 0

a3 a2 a1

0 a4 a3

∣∣∣∣∣∣∣∣ > 0. (4.19)

Stability analysis is carried out for the example that is described by the parameters

listed in Table 4.1, and the stability chart is constructed in the plane of control parameters.

The coe�cients a0, a1, a4 of the characteristic polynomial are positive numbers indepen-

dently on the control parameters. The coe�cients a2 and a3 provide upper boundary for

P and D, respectively. The corresponding lines are drawn by the dashed lines in Figure

4.3. The conditions for the Hurwitz determinants are plotted by the dash-dotted line and

the continuous curve. The main part of the stability domain when all the four conditions

are satis�ed is found in the quarter where both of the control parameters are negative,

but stability conditions are also satis�ed for some small positive values of P and D.

The proportional gain P is chosen by Equation (4.12) as it was already explained in

Section 4.1.1. In order to choose the di�erential gain D, the results of stability analysis

and the behaviour of the particular solution are considered. For a given value of P, when D
decreases inside the stability domain, i.e. when it increases in absolute value, the real part

of the characteristic root with the greatest real part increases, then it becomes positive at

the boundary of the stability domain. This is indicated by the vertical line in Figure 4.3

with a circle where it reaches the boundary of the stability domain. The stability domain

is obtained by studying the homogeneous system; however, the motion of the system with

the excitation force is described by the sum of the homogenous and particular solutions.

Since the excitation is assumed to be harmonic, the particular solution can be written in

the form

zp = z1 cos (ωt) + z2 sin (ωt) . (4.20)

After substitution into the equations of motion (4.13) with neclecting time delay and
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assuming that f = f0 cos (ωt), the constants z1 and z2 are calculated as follows

z2 =

(
ωI+

1

ω
(A+B)2

)−1

· f0 and z1 = − 1

ω
(A+B) · z2. (4.21)

When D decreases for a �xed value of P, e.g. the pair of control parameters is varied

along the vertical line toward the circle in Figure 4.3, the amplitude of the particular

solution decreases. In other words, D should be chosen close to the border of the stability

domain in order to obtain an oscillation with as small as possible amplitude. Therefore,

�rst the value of P is determined by Equation (4.12), then the value of D is chosen near

the boundary of the stability domain.

Stability analysis of the controlled system with time delay

In order to show the e�ects of time delay on the stability of the controlled system,

stability analysis of system (4.16) without excitation is also carried out. Again, the

z = 0 equilibrium of system (4.16) without excitation and control is stable, but vibration

develops due to the excitation. When feedback control is added, the decay of vibration

may be faster; however, the equilibrium of the system becomes unstable for the wrong

choice of control parameters. The z = 0 equilibrium of the homogenous system with

control is asymptotically stable if all of the characteristic roots are in modulus less than

one, i.e. the zeros of the characteristic polynomial

p̃2 (ν̃) = det (ν̃I− (Ad + bdD)) (4.22)

lie inside the unit circle of the complex plane. Criteria for the asymptotic stability of the

system considering time delay can be obtained from the Routh-Hurwitz criterion after

applying the Moebius-Zukovski transformation

ν̃ =
ν + 1

ν − 1
. (4.23)

Thus, the polynomial p̃2 (ν̃) given by Equation (4.22) has all its roots in the interior

of the unit circle if and only if the polynomial

p2 (ν) = (ν − 1)4 p̃2

(
ν + 1

ν − 1

)
= b4ν

4 + b3ν
3 + b2ν

2 + b1ν + b0 (4.24)

satis�es the Routh-Hurwitz criterion. In other words, conditions (4.19) after replacing

the coe�cients aj by bj, j = 0, . . . , 4 guarantee stability.

Stability charts are drawn in Figure 4.4 for two di�erent values of time delay. The

conditions b3 > 0 and b4 > 0 are satis�ed in the entire domain shown in the �gure;

therefore they are not indicated. When time delay is present, the size of the stability

domain becomes �nite, and it decreases with increasing time delay. The stability domain

is bounded by the curves b0 = 0 and H3 = 0. It should be noted that although the size of

stability domain shrinks with increasing time delay, the case P = 0;D = 0 always remains
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(a) (b)

Figure 4.4: Stability domains on the plane of control parameters P and D for the system
of conductor with absorber considering time delay τ ; the boundary is determined by the
curves b0 = 0 and H3 = 0; (a) τ = 0.02 s; (b) τ = 0.04 s

stable, because the equilibrium of the system without excitation and control is stable. It

will be shown in Section 4.1.4 that the amplitude of oscillation due to excitation cannot

be decreased by the application of control if the time delay is not small enough.

4.1.4 Dynamics of the controlled system with time delay

Dynamics of the uncontrolled and controlled systems is compared in this section. This

study reveals the e�ects of control on the vibration under consideration together with the

e�ects of time delay due to sampling. The success of control and the sensitivity on the

time delay depend on the excitation frequency; therefore, results are presented for varying

values of this parameter.

The subject of this study is the mechanical model whose parameters are listed in

Table 4.1. The amplitude of the excitation force is obtained from Equation (4.9), and

it is in the range of 0.1 N and 1 N in a 1-m-long section of a small-scale model and in

a full-scale model, respectively, of a suspended conductor. The excitation frequency is

varied up to 50 Hz. Time histories were examined for excitation amplitude of 0.2 N and

for excitation frequency of 20 Hz in [61]. Results revealed that the application of control

reduced the initial peak during the vibration to less than one-�fth of its value without

control, although this reduced value was more than double with a time delay of 10 ms.

It took several seconds to reach the steady-state amplitude without control, whereas it

was reached in a fraction of a second with control. The rate of reduction in the initial

peak and in the vibration amplitude depends on the excitation frequency and on the time

delay. This will be discussed in the following.

The vibration amplitude may be reduced close to zero even without the application

of active control when the excitation frequency is equal to the natural frequency of the

primary system including mass m1 and spring k1. This is the case of passive control
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Figure 4.5: Vibration amplitude of massm1 with and without active control for amplitude
of excitation force F0 = 1 N

Figure 4.6: Initial peak in the vibration of mass m1 with and without active control for
amplitude of excitation force F0 = 1 N

with the application of a dynamic vibration absorber (see e.g. [56]), because the auxiliary

system including mass m2 and spring k2 is attached. However, two high peaks occur when

the excitation frequency is equal to the natural frequencies of the 2DOF system. The

amplitudes at these peaks can be reduced by a factor of more than ten by the application

of active control. When the excitation frequency increases, then the amplitude is reduced

to a smaller extent. The e�ects of active control on steady-state amplitude becomes

negligible after the excitation frequency exceeds 10 Hz and 20 Hz when the amplitude of

excitation force is 0.1 N and 1 N, respectively. These tendencies for the latter case can

be observed in Figure 4.5.

The active control also reduces signi�cantly the initial peak in the vibration. This

e�ect holds in almost the entire range of excitation frequencies considered, i.e. up to 50

Hz, except for excitation frequencies close to the natural frequencies of the 2DOF system.

These results can be observed in Figure 4.6.
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Figure 4.7: Variation of critical time delay with excitation frequency

Time delay due to sampling in the control means that the control required at a given

state of the system is applied after the next sample is taken and the system is already in

a di�erent state. Obviously, if this delay is too long, then successful control is impossible.

The critical value of time delay above which the control cannot be successful is plotted

against the excitation frequency in Figure 4.7. The critical time delay is greatest when

the excitation frequency is equal to the natural frequency of the primary system, which

is 3.7 Hz in the case studied (see the dotted vertical line in Figure 4.7). As it was

discussed earlier, active control is not necessary in this case, or in other words, the control

parameters are chosen closely to zero. Thus, increasing sampling time does not in�uence

the motion considerably, because passive control works and the active control force that is

applied with delay is approximately zero. For smaller values of the excitation frequency,

the critical time delay becomes quite small, i.e. in the range of 1�10 ms. However, the 3.7

Hz frequency mentioned above is around the lower limit of frequencies that characterizes

the vibration during such phenomena as aeolian vibration. On the other hand, when the

excitation frequency increases, then the critical time delay decreases, but it does not drop

below 10 ms for excitation frequencies smaller than 20 Hz. Then, after further increasing

the excitation frequency, the critical time delay approaches 1 ms when the excitation

frequency exceeds 50 Hz. This result reveals a limitation of the control applied, which

concerns the case of high excitation frequency where very quick sampling is required for

successful active control. It should be noted that for such high frequencies the amplitude

of vibration is very small even without the application of active control; however, the

reduction of the initial peak by the control is signi�cant. Therefore, a possible solution

for such high-frequency excitations is the application of active control initially, and then

turning o� the active control.

The active control proposed successfully reduces the initial peak of the vibration in

the frequency range that characterizes aeolian vibration. It is also successful to reduce

vibration amplitude from the lower limit of this frequency range up to about 10 Hz,

depending on further parameters as the amplitude of excitation force. However, the
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control strategy of this model cannot attenuate high-amplitude vibrations. This limitation

could be overcome after improving the model by considering the nonlinear material

behaviour of the conductor, which is the subject of Section 4.2.

4.2 Ice-shedding-induced vibration of conductors

with active vibration control

The method proposed for attenuating vibration of suspended conductors as described in

the previous section was improved in [62] by considering the nonlinear elastic material

behaviour of the conductor. Such vibration control may successfully attenuate even high-

amplitude vibration that follows ice shedding.

Ice mass reduction or ice shedding from suspended cables or conductors may be

induced by di�erent physical mechanisms: ice melting, ice sublimation, and mechanical

ice breaking [20]. The shedding process is in�uenced by several factors including ice

properties, meteorological parameters, and radiation intensity, which was analyzed in

[133]. Kálmán et al. [54] studied the ice detachment mechanism together with the dynamic

e�ects of the resulting ice shedding and proposed an ice failure model. This model was

later improved in [53] by considering the bending strain in the ice deposit, the adhesive

force at the ice�cable interface and the cohesive force within the ice. Study on the dynamic

response due to ice shedding was detailed in Section 3.1.3, whereas the research on the

attenuation of conductor vibration was summarized in the introductory part of Section 4.

This section presents a model of vibration control, which considers the nonlinear elastic

behaviour of the conductor, and consequently, it is applicable to attenuate high-amplitude

vibration at the position where the absorber is attached to the conductor. The model

includes the conductor and the absorber whose weight acts as a concentrated load on

the conductor. The mechanical behaviour of this system is validated by simulating the

application of concentrated load on the conductor and load removal from the conductor,

then comparing the results with those obtained by the �nite element model that closely

reproduced the experimental observations in [71]. The present study develops the theory

of the application of control in this model, which simulates the ice-shedding-induced

vibration of a conductor with active vibration control at a speci�c position. Finally,

controlled vibration following ice shedding from a full-scale line is simulated, and conclu-

sions from the results obtained are drawn [62].

4.2.1 Model of conductor vibration

The mathematical model constructed in Section 4.1.1 is a 2DOF model that considers

a suspended conductor with vibration absorber. The conductor is taken into account

at the position where the vibration absorber is attached, but the model is validated by

experimental observations and a �nite element model of the entire suspended conductor.

This section describes only the modi�cations made on this model in order to consider the

nonlinear elastic material of the conductor.
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Model of conductor with vibration absorber

The mechanical model depicted in Figure 4.1 is modi�ed as follows. First, the excitation

F (t) is not applied, because ice shedding is followed by free vibration. Second, the

elasticity of the conductor is modelled by a nonlinear spring; thus, the spring sti�ness

cannot be described by a single parameter.

Parameters describing the relationship between a vertical concentrated force applied at

a speci�ed position and the vertical displacement of the conductor at the same position due

to this force can be derived from Equations (4.1)-(4.3). However, the linear relationship

(4.4) is replaced by a third-order polynomial that approximates closely the force-displace-

ment relationship in a wide range of displacements [68]

Pz = k11wp + k12w
2
p + k13w

3
p. (4.25)

The spring sti�ness practically means three parameters, i.e. the coe�cients k11, k12 and

k13 in Equation (4.25). Since zero force causes no displacement, constant term does not

appear in the nonlinear expression. In order to determine the coe�cients k11, k12 and k13,

the displacements were determined for di�erent forces, and a cubic polynomial was �t to

the data obtained.

The mass m2 is a constant based on the design of the vibration absorber. The mass

of conductor m1 and the spring sti�ness of absorber k2 are calculated from the equality

of the natural frequencies of the 2DOF system and the conductor. The same idea was

applied in Section 4.1.1, but the consideration of natural frequencies is di�erent in the

present model. One of them is that obtained at the �rst in-plane (vertical) vibration

mode, whereas the second one is chosen so that the mode shape has local maximum close

to the position where the absorber is installed. In this study, vibration at mid-span or at

10% of the span is examined; correspondingly, the other vertical modes considered is the

2nd and the 5th or 6th modes, respectively. These are the �rst antisymmetric in-plane

mode (with local maximum at mid-span), and the third antisymmetric or third symmetric

in-plane mode (with local maximum close to 10% of the span).

The calculation of the damping coe�cients c1 and c2 is di�erent from that in the model

of Section 4.1.1. The damping coe�cient of conductor c1 is calculated from the parameters

of a single DOF vibration system describing the conductor at the position where the

vibration absorber would be placed, but without the absorber. The natural circular

frequency ωn of this system can be calculated after linearization so that the sti�ness k1lin
is obtained as the tangent to the force-displacement curve (4.25) at the displacement

caused by the weight of the absorber. The damping ratio ζ is obtained according to

experimental observations in [71]. Then, the damping coe�cient c1 is calculated from

c1 = 2m1ωnζ with ωn =

√
k1lin
m1

(4.26)

The damping coe�cient of the vibration absorber c2 is determined from comparing the

vibration following load removal at the position where the absorber is �xed with that
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obtained under the same conditions by the �nite element model that was developed and

validated by experimental observations in [71].

Ice load and ice shedding

Ice load on the conductor cannot simply be simulated by adding the weight of ice to the

concentrated force acting on mass m1, because ice is distributed along the conductor.

First, the distributed load is determined from the ice properties. Assuming annular ice

shape and uniformly distributed ice along the conductor, the ice load p in a unit length

of the conductor is calculated as follows

p = ρice
(dc + 2bice)

2 − d2c
4

π (4.27)

where ρice is the ice density, dc is the conductor diameter, and bice is the ice thickness. If

the distributed load acts between positions x1 and x2, then the displacement due to this

distributed load at any position x along the span is obtained from the expression [47]

wd (x) =


pL2

H+hd

[(
x2−x1

L
− x2

2−x2
1

2L2

)
x
L
− µghd

2pH

(
x
L
−
(
x
L

)2)]
0 ≤ x ≤ x1

pL2

H+hd

[
−1

2

(
x1

L

)2 − x2x
L2 − 1

2

(
x
L

)2 − x2
2−x2

1

2L2
x
L
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2pH
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L
−
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L
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x1 ≤ x ≤ x2

pL2
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[
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1

2L2

(
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)
− µghd

2pH

(
x
L
−
(
x
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)2)]
x2 ≤ x ≤ L

(4.28)

The additional horizontal tension hd due to the application of the distributed load p
is the solution of the cubic equation

h3
d +

(
2 +

λ2
c

24

)
Hh2

d +

(
1 +

λ2
c

12

)
H2hd −

λ2
c

2

pH3

µg

(
1

2

x2
2 − x2

1

L2
− 1

3

x3
2 − x3

1

L3

)
− λ2

c

2

p2H3

(µg)2

(
1

3

x3
2 − x3

1

L3
−
(x1

L

)2 x2 − x1

L
− 1

4

(
x2
2 − x2

1

L2

)2
)

= 0 (4.29)

The vertical displacement due to ice load (4.27) at the position where the absorber

is attached is obtained from Equation (4.28), and it is applied as initial displacement

of mass m1 together with zero initial velocity when simulating ice shedding. Assuming

sudden ice shedding at time instance t = 0, i.e. when the simulation begins, there is no

ice on the conductor during the vibration. If the entire conductor is loaded by ice before

shedding, then the substitutions x1 = 0 and x2 = L should be applied in Equations (4.28)

and (4.29). Note that partial ice shedding may also be simulated. In this case, x1 > 0

and/or x2 < L after ice shedding. Then, the vertical displacement at time instance t = 0

is obtained from Equation (4.28), and the remaining ice mass has to be considered in the

parameters describing the conductor.

Vibration control

The control methodology applied is based on that described in Section 4.1.1. Time delay is

not considered in the present model; therefore, the control force is provided by Equations
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(4.10)-(4.11) with τ = 0. The control parameter P is determined from Equation (4.12)

where ω in this case is equal to the circular frequency at one of the dominant in-plane

(vertical) vibration modes of the conductor. The e�ects of di�erential gain D is negligible

if the proportional gain is chosen properly; however, a small value (i.e. 2�3 orders of

magnitude smaller than P) may help reduce the �rst peak if the proportional gain is not

optimum.

The governing equations of motion of the 2DOF model including control can be

organized in the following form

ż (t) = Az (t)− bznl (t) + bu (t) (4.30)

where znl = k12z
2
1 + k13z

3
1 , and the matrix A and the vector b are given after Equation

(4.13). The second term on the right-hand side considers the nonlinear terms due to the

nonlinear spring sti�ness of the conductor.

Apart from the control strategy, the position and the number of absorbers in�uence

the successful application of vibration control. In this study, the goal is to develop the

idea of control and to show that it works locally on the conductor. Vibration control

may be improved if more than one absorber are applied at di�erent positions, but the

optimum arrangement depends on the speci�c con�guration of the transmission line. A

rough recommendation on the number of absorbers may be based on the need for control

of vibration following partial ice shedding. If ice sheds partially from a region where

absorber is not attached, then the e�ects of control may not be su�cient to attenuate

vibration signifcantly. However, too many absorbers overload the conductor; moreover,

if ice sheds only from a short part of the conductor, then the resulting vibration is not

severe.

4.2.2 Parameter set-up

Model parameters are set up for two cases: (i) small-scale model that was presented and

validated by experimental observations in [71]; (ii) full-scale model of a span including

Bersfort conductor. The parameters determined by the procedure described below are

listed in Table 4.2 together with the parameters of the conductor and span that are

modelled.

The spring sti�ness of the conductor is determined as explained in Section 4.2.1, and

coe�cients in a cubic approximation are obtained at the position of absorber as listed in

Table 4.2. Once the spring sti�ness of the conductor is determined and the mass of the

absorber is known, then the mass of conductor and the spring sti�ness of absorber in the

simplifed model may be calculated as explained in Section 4.2.1.

The damping ratio of the conductor was determined using the �nite element model

of [71] with Rayleigh damping. The constants in the Rayleigh damping were obtained

by comparing the decay of vibration in the simulation and that in the experiments of

[71]. In the simpli�ed model, these damping ratios were applied to calculate the damping

coe�cient by Equation (4.26).
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Parameters of conductor
and span

Small-
scale

Full-
scale

Parameters of mechani-
cal model

Small-
scale

Full-
scale

Mass per unit length, µ
(kg/m)

0.043 2.37 Mass of cable, m1 (kg) 0.0992 130.9

Span length, L (m) 6.4 200 Spring coe�cients, k11
(N/m), k12 (N/m2), k13
(N/m3)

7.5;
158;
4019

1436;
801.7;
186.7

Sag, fs (m) 0.29 6.0 Damping coe�cient of
conductor, c1 (Ns/m)

0.099 18.2

Conductor cross section,
A (mm2)

5.5 747.1 Mass of absorber, m2

(kg)
0.16 13

Young's modulus, E
(GPa)

18 67.6 Spring sti�ness of
absorber, k2 (N/m)

56.0 130.3

Damping ratio, ζ 0.02 0.02 Damping coe�cient of
absorber, c2 (Ns/m)

4.0 1.0

Table 4.2: Parameters of the conductor and its mechanical model with vibration absorber
for two cases

The damping coe�cient of the vibration absorber in the small-scale model is obtained

by minimizing the discrepancy between the periods, the �rst peaks and the decays of

the vibration following the removal of 0.2 N at 10% of the span where the absorber is

�xed with that obtained under the same conditions by �nite element modelling. For the

damping coe�cient of the vibration absorber in the full-scale model, the load removed is

200 N at 50% of the span where the absorber is attached.

4.2.3 Model validation

The static and dynamic behaviour of the simpli�ed model is validated by comparing

its predictions to those obtained by the �nite element model that closely simulated the

experimental observations in [71].

The static behaviour of the model may be validated by calculating displacements due to

vertical concentrated loads and comparing them to displacements obtained from theory or

from �nite element modelling. For the small-scale span, the �nite element model provides

displacements close to those obtained from the theory in the entire domain shown by the

dots in Figure 4.8a. The domain of applicability using the simpli�ed model is limited, but

it is still substantially more extended than that obtained by the model in Section 4.1.1

(cf. Figures 4.2a and 4.8a). The simpli�ed model provides values close to those obtained

from the theory (i.e. the discrepancy is within a few %) for vertical displacements of

7�8 cm below and above the unloaded position. Nevertheless, displacements outside this

range are not expected at 10% of the span even after shedding of heavy load from the

span. In case of the full-scale span, the simpli�ed model provides vertical displacements

at mid-span close to those obtained from the theory in the entire domain shown in Figure

4.8b, i.e. from −2.5 m to 3 m.
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(a) (b)

Figure 4.8: Vertical displacement of conductor due to concentrated force; (a) small-scale
model, force applied at 10% of span; (b) full-scale model, force applied at 50% of span

(a) (b)

Figure 4.9: Comparison of dynamic behaviour of the simpli�ed model and the �nite
element model of [71] by initial peak in the vibration following load removal at the position
of absorber; (a) small-scale model, removal at 10% of span; (b) full-scale model, removal
at mid-span

The dynamic behaviour of the model is validated via simulations of the free vibration

following the removal of concentrated forces. The rebound height after the force removal,

i.e. the initial peak above the loaded position, is determined and compared to that

obtained under the same conditions by the �nite element model. Figure 4.9 reveals that

in case of the small-scale span increasing discrepancy between the two curves occurs

when approaching the highest load, which is the upper limit of applicability of the cubic

approximation of the nonlinear spring modelling the elasticity of the conductor. In case

of the full-scale span, the greatest discrepancies obtained are in the range of 20�25%.

Although similar discrepancies can be observed in some cases of the removal of smaller

loads from the full-scale span, but then the period and decay of vibration are closely

predicted. Consequently, the simpli�ed model is reliable to simulate vibration at the

position of absorber when the external force and the corresponding displacement are in

the range of applicability of the model, which covers the domain of practical interest.
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4.2.4 Vibration of conductor with damper following ice shedding

This section is divided into three parts. First, vibrations following ice shedding from the

small-scale model without and with active control are presented. Then, the results of the

vibration control applied for the full-scale model are shown.

Vibration following ice shedding without active control

Ice is modelled as a load distributed uniformly along the span. The change in vertical

position due to the distributed load at any horizontal position of the conductor can be

calculated from Equation (4.28). First, the increase of sag and the additional conductor

tension due to the distributed load are calculated, and then the vertical displacement

at the position of absorber due to its weight is determined. In this latter calculation,

the following parameters should be modifed in Equations (4.1)-(4.3): the mass per unit

length considers the mass of conductor itself together with the ice mass; the initial

horizontal tension in the conductor is increased by the additional tension obtained from

the distributed load; and the sag is increased according to the pro�le of conductor with

ice load.

Ice with annular shape with thickness of 5 mm and density of 900 kg/m3 is assumed on

the small-scale model, and the corresponding distributed load is calculated by Equation

(4.27). The initial vertical position of the conductor at the location of absorber is

determined as the sum of the vertical displacements of the conductor due to the distributed

load and due to the weight of absorber. Ice shedding is simulated by considering this

vertical position as initial condition, which is not the equilibrium of the system; thus,

vibration is initiated and the system will approach its equilibrium as vibration decays.

The vibration following ice removal, but keeping the absorber on the conductor is also

simulated by the �nite element model. The �rst few seconds of the vibrations obtained by

the two models are plotted in Figure 4.10. There is a close agreement between the time

histories, but the vibration in the simpli�ed model is delayed by 0.05 s due to a small

peak at the beginning of vibration, which is not reproduced by the simpli�ed model.

When ice sheds from a conductor, vibration develops where the �rst peak, or one of the

�rst few peaks, in the vertical displacement is usually maximum, then the vibration decays

due to the structural damping of the conductor. The conductor tension also reaches its

maximum value at the beginning of vibration, then it approaches the value that describes

the static equilibrium. The application of a vibration damper reduces the conductor

rebound height, or in other words, the �rst peak in the vertical displacement; and it also

contributes to eliminating the �rst few peaks in conductor tension since its weight acts

as a concentrated force in the conductor even if control is not activated. A drawback of

attaching a damper to the conductor is that it acts as an additional load. However, the

additional conductor tension due to the weight of damper is relatively small in case of

the full-scale model. The vertical displacements at 10% or at 50% of the span increase

by 4% and 1.6%, respectively. Furthermore, when heavy ice load (50 mm in thickness), is

added to the conductor, then the additional vertical displacement reduces well below 1%

as compared to the loaded pro�le. The conductor tension increases by 1.4% or 3.8% when
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Figure 4.10: Time histories obtained after ice shedding by the simpli�ed model and by
the �nite element model

the damper is attached at 10% or at 50% of the span, respectively. If the same heavy ice

load is considered on the conductor, then the additional conductor tension reduces well

below 1% as compared to the tension in the loaded conductor. These results suggest that

the additional displacement and the additional tension due to the damper or vibration

absorber do not increase signifcantly the risk of �ashover or conductor rupture.

Controlled vibration following ice shedding

The PD control described in Section 4.2.1 is applied in this section in order to attenuate

vibration due to ice shedding. The application of proportional gain is necessary in order

to reduce the peaks in the vibration, and the di�erential gain may contribute to further

decrease the �rst peak, but the wrong choice may slow down the decay of vibration. Three

time histories are plotted in Figure 4.11. They are calculated by the simpli�ed model and

obtained at 10% of the span during the vibration following the shedding of ice de�ned

above in this section. The initial position at 10% of the span where the damper is attached

is 2.36 cm below the position that would be obtained from the catenary pro�le without

any load. Since the damper applies a concentrated load at this position, this point of the

conductor moves downward after ice shedding to reach the equilibrium position without

ice at 5.52 cm below the catenary pro�le. The lowest position during the vibration reaches

6.82 cm (or 1.30 cm below the equilibrium position without ice) without control. This

value can be reduced to 5.856 cm (or 0.336 cm below the equilibrium position without

ice) by the application of proportional gain, and it can further be reduced to 5.83 cm (or

0.31 cm below the equilibrium position without ice) if di�erential gain is also applied in

the control. According to the data written in parentheses, the drop below the equilibrium

position with damper and without ice, is reduced to about one-fourth of the value obtained

without control.

The proportional gain was determined as de�ned by Equation (4.12), but the adequacy
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Figure 4.11: Time histories of conductor vertical displacement at 10% of span where
damper is attached during vibration following ice shedding in the small-scale model
without and with control (simulation by simpli�ed model)

(a) (b)

Figure 4.12: First peaks, i.e. conductor drops, at the position of damper during vibration
following ice shedding; (a) P is varied, D = 0; (b) P = −164.6 N/m, D is varied

of this choice is veri�ed numerically. Figure 4.12a plots the conductor drop below equilib-

rium position without ice as a function of proportional gain. The conductor drop obtained

for the chosen value of proportional gain is shown by the red square, which is among

the smallest drops that may be achieved only by the application of proportional gain.

According to Figure 4.12b, the minimum drop may further be reduced by applying a

small value of di�erential gain; however, if the absolute value of di�erential gain is too

high, i.e. at least in the range of 1 Ns/m, then the drop will increase.

Application of vibration control for full-scale model

Ice with annular shape with thickness of 50 mm and density of 900 kg/m3 is assumed on

the full-scale model of Bersfort conductor described in Section 4.2.2. Vibration damper

is assumed to be attached at mid-span, i.e. 50% of the span. The initial position is
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Figure 4.13: Time histories of conductor vertical displacement at mid-span where damper
is attached during vibration following ice shedding in the full-scale model without and
with control (simpli�ed model) and without damper (�nite element model)

determined and ice shedding is simulated in the same manner as explained for the small-

scale model. The initial position at mid-span due to ice load is 1.62 m below the unloaded

position in the catenary curve, and it increases by an additional 0.0269 m due to the weight

of the damper. These values are obtained from the calculation detailed in Section 4.2.1,

and the parameter values listed in Table 4.2. The equilibrium position at mid-span of

the unloaded conductor with damper is 0.0847 m below the unloaded position in the

catenary. The sudden shedding of the 50-mm-thick ice load leads to a great rebound

height of the conductor. The �rst peak reaches 2.937 m above the unloaded position (see

the curve `no damper' in Figure 4.13 obtained by �nite element simulation). This peak is

reduced to 2.441 m when the damper is attached at mid-span, but control is not activated

(curve `without control' in Figure 4.13). The application of control with proportional gain

contributes to further decreasing the peak to about two-third of its value without control,

and the application of di�erential gain causes an additional few percents reduction in the

peak. It should be noted that smaller value of the �rst peak could be reached by further

increasing the absolute value of the di�erential gain, but it would also lead to a slow decay

of vibration, and above a critical value, the amplitude may even increase.

The model proposed for conductor vibration control in this section is based on the

geometrical, material and dynamic properties of a conductor with absorber. The model

considers the nonlinear elastic behaviour of the conductor; and thereby, it is applicable to

attenuate such high-amplitude vibrations as that following ice shedding from transmission

line conductors. Simulation results demonstrate that the application of control can

contribute to substantially reducing the �rst peak of vibration. The present research

considered PD control where the application of proportional gain was particularly impor-

tant for the reduction of conductor drop or rebound height. Di�erential gain may further

decrease the �rst peak of vibration, but it also results in a slower decay. The model may

further be improved by di�erent aspects, which are subjects of future research.
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� Control methodology may be improved by combining a PD control where the di�e-

rential gain has a relatively great absolute value and a P control or vibration without

control after the �rst few cycles in order not to slow down the decay.

� The control may further be improved by applying other control strategies that are

more e�cient for nonlinear vibrations.

� The time delay due to sampling in�uences the success of control; therefore, its

consideration in the control is another signi�cant direction of future research.

� Construction and testing of a prototype that can apply active vibration control

under laboratory conditions is a further subject of future study.

These developments will also contribute to the attenuation of such high-amplitude vibrations

that are maintained by excitation.

4.3 Dynamics of digitally controlled forced vibration of

conductors with backlash

The e�ects of time delay on vibration control of a suspended conductor was already

discussed in Section 4.1. When the control force is provided by a motor via mechanical

driving, then backlash occurs at the driving of the motor. The control force is not

transmitted in the domain of backlash each time when the motor changes the direction

of rotation, as it is the case e.g. for gear pairs [118]. Backlash may lead to the fact that

the equilibrium of the vibration system cannot be stable, but a periodic motion appears

around this equilibrium. When a suspended cable is exposed to wind, then a periodic

excitation acts on the corresponding vibration system, and a periodic motion develops

around the equilibrium. The aim of the control in this case is to reduce the amplitude of

that periodic motion. The in�uence of backlash in such vibration control was investigated

in [88], where conclusions warned that successful control with backlash might require a

driving system that can produce frequent changes in the direction of rotation.

Both of time delay and backlash in�uence the stability of vibration systems and result

in limitation of the vibration control. Considering them together is a challenging problem

in the modelling and in providing successful control as well. Apart from the combined

limitations due to time delay and backlash, an irregular motion arises that was observed in

delayed piecewise linear systems [78, 79]. The main goals of this section are (i) improving

the model introduced in Section 4.1 by considering both of time delay due to sampling and

backlash at the driving; (ii) providing the conditions for control that successfully reduces

vibration amplitude when periodic excitation acts in such systems; and (iii) characterizing

the resulting motions. Correspondingly, this section describes what is novelty in the

mechanical model, and then focuses on the stability analysis of the controlled vibration

system, and on the dynamics of resulting motions [63].
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4.3.1 Mathematical model of controlled conductor vibration

The mathematical model is based on the 2DOF model presented in Section 4.1. That

model is improved here in three aspects, of which the �rst two were considered in the

model of Section 4.2 as well: (i) the location of the absorber is considered when the natural

frequencies are prescribed for the calculation of the mass of reduced conductor and the

spring sti�ness of the absorber; (ii) the damping of the absorber is not neglected; (iii)

backlash at the driving is taken into account. This section describes only modi�cations.

Control of forced conductor vibration with time delay

The mechanical model is shown in Figure 4.1. The calculation of the spring sti�ness of

the conductor k1 is based on the statics of suspended cables [47], and explained in detail

in Section 4.1.1. The mass of the absorber m2 is based on its design. Then, the mass of

the conductor m1 and the spring sti�ness of the absorber k2 can be calculated together

as was explained in Section 4.2.1. The damping coe�cient of conductor c1 is calculated

from the Equation (4.26) where ω1 is the natural circular frequency of the single DOF

system that describes the conductor at the position where the vibration absorber would

be placed. The damping coe�cient c2 and the excitation force F (t) are determined as

explained in Sections 4.2.1 and 4.1.1, respectively.

The control methodology is described in Section 4.1.1. The control force is determined

by Equation (4.10) where the control parameter P is calculated from Equation (4.12).

The vibration control works without the di�erential gain D, but its application makes the

control more e�cient in some cases by a faster reduction of the vibration amplitude.

Backlash at the driving

The PD control may be implemented using a DC motor and a set of mechanical driving

units. Driving via gear wheel or teeth belt results in backlash that in�uences the control

and the resulting motion. When the direction of rotation in the motor changes, the

control force is not transmitted in the domain of backlash where the contact between the

teeth ceases. Let the value of backlash be r0, and assume that the relative displacement

∆z = z2 − z1 is directly proportional to the angle of rotation of the DC motor. Two

conditions are applied to imply that the system is in the domain of backlash.

� Condition 1: The angular velocity of the driving wheel of the motor is zero, which

may be expressed using the relative velocity as follows

ż2 − ż1 = 0. (4.31)

It should be noted that this is an instantaneous equilibrium when the direction of

rotation changes. Let ∆zbl denote the relative displacement in this time instance.

� Condition 2: The interval that describes the domain of backlash depends on the

sign of relative velocity just before it became zero, and it can be expressed with the
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relative displacement ∆zbl as follows

∆zbl − r0 ≤ ∆z ≤ ∆zbl (4.32)

if the relative velocity was previously positive; and

∆zbl ≤ ∆z ≤ ∆zbl + r0 (4.33)

if the relative velocity was previously negative.

The system is in the domain of backlash as long as the relevant condition (either

(4.32) or (4.33)) is satis�ed. When the system is outside the domain of backlash, then

the computational process �rst veri�es Condition 1. If it is not satis�ed then the system

is still not in the domain of backlash. If it is satis�ed then ∆zbl is calculated, Condition

2 is veri�ed, and the system is in the domain of backlash as long as this latter condition

is satis�ed. In this case, Condition 1 is not veri�ed, because ∆zbl and the boundaries

of the domain of backlash do not change even if the relative velocity changes its sign.

If Condition 2 is not satis�ed then the system is outside the domain of backlash, and

Condition 1 has to be veri�ed again.

Equations of motion

The governing equations of motion of the 2DOF model is given by Equation (4.13). The

control force u (t) can be organized in the following form considering backlash

u (t) =

 Dz (t− τ) outside backlash

0 domain of backlash
(4.34)

where D is given by Equation (4.11). The discrete-time model is described by Equations

(4.14)-(4.16) with the exception that Equation (4.14) provides control force outside back-

lash only; otherwise it is equal to zero. Consequently, the control force in the discrete-time

model is obtained as follows

uj+1 =

 Dzj outside backlash

0 domain of backlash
(4.35)

Alternatively, system (4.16) can be organized in the following form

z̃j+1 =

 Sz̃j + c̃Fj outside backlash

S∗z̃j + c̃Fj domain of backlash
(4.36)

where z̃j =

 zj

uj

 , S =

 Ad bd

D 0

 , S∗ =

 Ad bd

0 0

 and c̃ =

 cj

0

 .
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Parameters of mechanical model

Mass of cable, m1 (kg) 0.0767

Spring sti�ness of conductor, k1 (N/m) 50.3

Damping coe�cient of conductor, c1 (Ns/m) 0.079

Mass of absorber, m2 (kg) 0.16

Spring sti�ness of absorber, k2 (N/m) 74.4

Damping coe�cient of absorber, c2 (Ns/m) 4.0

Table 4.3: Parameters of the mechanical model with vibration absorber at one-tenth of
the span

4.3.2 Parameter set-up and model validation

The mechanical model of the small-scale laboratory set-up of a transmission line described

in [71] was constructed. The parameters of the conductor and span in the experimental

set-up are listed in Table 4.1. However, parameters of the mechanical model are di�erent

due to the modi�ed procedure to determine them. Details of calculation are provided in

[63], and the parameters obtained are listed in Table 4.3.

The static behaviour of the model was validated by calculating displacements due to

the application of concentrated forces and comparing them to the displacements obtained

under the same conditions by the �nite element model of [71]. This model was validated by

measurements on the same experimental set-up that is modelled here. The displacement-

force relationships coincided in the range of 0.1 N that was typical during small-amplitude

vibrations of the set-up modelled. The discrepancy reached 10% when the force exceeded

0.4 N above or below the weight of absorber.

The dynamic behavior of the model was validated by simulating the vibration following

the removal of concentrated forces and comparing the initial peaks in such vibration to

those obtained by the �nite element model. The discrepancy between the initial peaks

obtained by the two models does not reach 10% as long as the removed force is smaller

than 0.4 N. Further details of validation may be found in [63], which shows the reliability

of the 2DOF model to simulate vibration at the position of absorber when small forces

act.

4.3.3 Dynamics of controlled conductor motion with time delay

and backlash

The stability analysis was carried out by following the methodology explained in Section

4.1.3; therefore, only a summary is provided here. Stability charts are similar to those

of the same section; however, the present model takes the damping of the absorber into

account; consequently, the size of the stability domain is signi�cantly greater. The smallest

amplitude of vibration for a given value of the proportional gain P may be achieved if the

di�erential gain D in absolute value is signi�cantly smaller than that at the boundary of

stability domain. Kollár [63] suggested considering the sampling delay and the condition
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(a) (b)

Figure 4.14: Time histories for excitation F0 = 0.5 N, f = 10 Hz, control parameters
P = −557 N/m and D = −13 Ns/m, sampling delay τ = 1 ms, and backlash r0 =
0.5 mm; (a) �rst second after initiating the vibration; (b) steady-state motion (9 s after
initiating the vibration)

b0 = 0 when choosing the di�erential gain.

The control force is not transmitted in the domain of backlash, which means that

the amplitude of forced vibration cannot be reduced. In practice, the system passes the

domain of backlash each time when the direction of motion changes. If the backlash is

very small then its e�ects may be negligible. In the other extreme case, when the value

of backlash is very high, the system behaves as if control was not applied. In between,

the backlash in�uences the resulting motion what is discussed in the following.

Kollár et al. [78, 79] found irregular motion in digitally controlled piecewise linear

systems where the control was applied in order to stabilize an unstable equilibrium. The

motion was characterized to be more complicated than quasiperiodic, but it was not

classi�ed as chaotic since it did not satisfy all the conditions of chaos. The motion

obtained in the present study also involves control with time delay and backlash that

is described by a piecewise linear system, but the control is applied to attenuate the

vibration caused by force excitation.

Assume that the amplitude and frequency of excitation is 0.5 N and 10 Hz, respectively;

and the control parameters are chosen as P = −557 N/m and D = −13 Ns/m. Figure

4.14 shows a typical example for the time history of the displacement of mass m1 that

represents the simpli�ed model of the conductor when the sampling delay is 1 ms and

the value of backlash is 0.5 mm. According to Figure 4.14a, the highest peak above

the equilibrium position is about four times greater without control (blue curve) than

with control (red curve). However, if time delay and backlash are considered, then this

reduction is signi�cantly smaller, the peak in the controlled vibration (green curve) is

approximately 63% of that without control. This ratio decreases to almost 50% if the

amplitudes of the steady-state vibrations are compared (blue and green curves in Figure

4.14b). If the value of backlash is very high, then the entire motion occurs in the domain
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(a) (b)

Figure 4.15: Time history of relative velocity ż2 − ż1 (or v2 − v1) in the steady-state
motion for excitation F0 = 0.5 N, f = 10 Hz, control parameters P = −557 N/m and
D = −13 Ns/m, sampling delay 1 ms, and backlash r0 = 0.5 mm; blue curve: time history,
red curve: 0 inside the domain of backlash and 0.1 outside the domain of backlash; (a)
interval of 0.5 s; (b) interval of 0.05 s enlarged

of backlash, meaning that practically no control is applied. In this speci�c example, it

would happen when the value of backlash reaches approximately 3 mm.

In order to identify the domain of backlash, the relative velocity ż2 − ż1 during the

steady-state motion for sampling time of 1 ms and backlash of 0.5 mm is drawn by the

blue curves in Figure 4.15. The motion enters the domain of backlash when this relative

velocity reaches zero. The red curve is plotted only to visualize the domain of backlash,

but the values on the curve have no physical meaning. It shows a value of zero in the

domain of backlash, whereas the value is 0.1 outside the domain of backlash. An interval

of 0.05 s is enlarged in Figure 4.15b, which helps analyze the motion. The relative velocity

was positive and changes its sign at 9.065 s. However, it remains negative for two time

steps only (i.e. 0.002 s), because it increases. This may be explained by the e�ects of the

spring between masses m1 and m2. After one more time step, i.e. at 9.068 s, the system

leaves the domain of backlash via its upper boundary; therefore, the control force acts

again. The relative velocity becomes negative in one time step (at 9.069 s) due to the

application of the control force; therefore, the system enters to the domain of backlash

and the control force is not transmitted again. Consequently, the relative velocity slightly

increases again; however, now it does not reach zero, but it becomes decreasing after 9.073

s. The system reaches the other, i.e. the lower, boundary of the domain of backlash at

9.095 s, and then the control force acts again.

Three cases of the example considered will be examined in the following for di�erent

values of sampling delay and backlash. These cases are named Case A that was the

subject of the above discussion: τ = 1 ms; r0 = 0.5 mm; Case B: τ = 1 ms; r0 = 2

mm; and Case C: τ = 11 ms; r0 = 2 mm. Phase diagrams showing the trajectories on

the ż1 − z1 plane in the steady-state motion are drawn in Figure 4.16. Figure 4.16a is
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(a) (b)

Figure 4.16: Phase diagrams during steady-state motion for excitation F0 = 0.5 N, f =
10 Hz, control parameters P = −557 N/m and D = −13 Ns/m; (a) Case A; (b) Case C

drawn for Case A, and it clearly shows the periodic solutions obtained. The limit cycle

is signi�cantly smaller with the application of control (cf. the blue and red curves), and

the green curve is obtained in between, which represents the case of control with time

delay and backlash considered. If the value of backlash is increased (as in Case B), then

the size of limit cycle increases and more frequency components dominate in the motion.

Irregularity is observed in the motion when the sampling time increased to 11 ms (Case

C). The phase diagram of this motion is shown by the green curve in Figure 4.16b.

The behaviour of the motions described above looks periodic; however, the irregularity

observed requires further investigation of the characteristics of the motions. Although

chaos has no uniformly accepted de�nition, chaotic motions are characterized by an

attractive set, sensitive dependence on initial conditions, topological transitivity, and

at least one positive Lyapunov exponent [4, 28, 91, 128]. The attractive set exists in case

of the motions described above, and the other characteristics are examined by applying

the fast Fourier transform (FFT), studying the behaviour of trajectories, and calculating

the Lyapunov exponents numerically. The prevailing frequency of vibration can clearly be

distinguished in the Fourier spectrum when the sampling delay is 1 ms (Cases A and B).

This frequency is 10 Hz that corresponds to the excitation frequency. When the sampling

delay is 11 ms (Case C), then the highest peak still occurs at 10 Hz; however, many other

small peaks appear in the Fourier spectrum. These observations suggest that the motions

are periodic or quasiperiodic, but further investigation is recommended in Case C.

The sensitive dependence on initial conditions may be revealed by the deviation

between nearby trajectories. If the trajectories initially are close enough to each other,

then nearby trajectories approach each other in most of the cases. This property is

observed even in Case C when the irregularity was noticed in the phase plane. However,

for Case B when the sampling time is 1 ms, then nearby trajectories neither approach nor

stretch each other even though the motion was characterized as periodic.

Occurrence of a trajectory in any small domain inside the attractive set during the
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Lyapunov exponents Case B Case C

λ1 −0.0010 −0.0140

λ2 −0.0014 −0.0148

λ3 −0.0476 −0.1855

λ4 −0.0497 −0.4789

λ5 −33.26 −29.23

Table 4.4: Lyapunov exponents obtained for Cases B and C

motion may refer to topological transitivity. Simulation time is varied for Case C and

small parts of the phase plane in Figure 4.16b are compared. The trajectory occurs in a

signi�cantly greater part of the domain considered when simulation time increases from 10

to 100 s. However, further increasing simulation time from 100 to 1000 s does not mean

that trajectories would become denser in this domain. Consequently, these numerical

results suggest that the condition of topological transitivity is not satis�ed.

The Lyapunov exponents are calculated numerically by applying the following algo-

rithm [4]. First, choose an initial orthogonal basis {w0
1, . . . ,w

0
5}. Then, compute the

vectors {v1
1, . . . ,v

1
5} by multiplying the basis by the matrix S or S∗ de�ned in (4.36) at

the initial condition. Use the Gram-Schmidt orthogonalization to obtain a new orthogonal

basis {w̄1
1, . . . , w̄

1
5}. Normalize these vectors in order to eliminate the problem of extremely

large and small numbers to get the orthogonal basis of the next step {w1
1, . . . ,w

1
5}.

Repeating these steps n times, the Lyapunov exponents may be estimated as follows

λi =
ln ∥w̄n

i ∥+ . . .+ ln ∥w̄1
i ∥

n
, i = 1, . . . , 5 (4.37)

Lyapunov exponents are calculated in each time step for Cases B and C, and the values

obtained with at least 1% accuracy are listed in Table 4.4. The Lyapunov exponents that

are not signi�cantly smaller than zero are shown in Figure 4.17. Results clearly show that

all the Lyapunov exponents are less than one. Thus, the Lyapunov exponents con�rm the

�ndings of the previous analysis. Although motions that seem irregular may arise in the

system studied, but those motions are not chaotic.

The active control of conductor vibration proposed in Section 4.1 was successfully

improved. The stability analysis revealed that the stability domain on the plane of control

parameters may signi�cantly shrink with increasing time delay that occurs due to sampling

in the digital control. When backlash is also present at the driving, then irregularity

was observed in the motion depending on the value of backlash. However, the motion

was characterized periodic or quasiperiodic according to the numerical study. Although

nearby trajectories do not approach each other in some cases, but they do not stretch

each other either. Orbits are not dense, and the condition of topological transitivity is

not satis�ed. Furthermore, all the Lyapunov exponents are less than zero. The irregular

motion that was obtained in digitally controlled unstable systems with backlash and

that was characterized more complicated that quasiperiodic, but not chaotic [79], was

not observed in the present study. It may be concluded that digitally controlled forced
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(a) (b)

Figure 4.17: The largest Lyapunov exponents as calculated in the �rst 10 s for excitation
F0 = 0.5 N, f = 10 Hz, control parameters P = −557 N/m and D = −13 Ns/m; (a) Case
B; (b) Case C

vibration in piecewise linear systems results in periodic or quasiperiodic motions with the

irregularities described in this section. From the practical point of view, unpredictable

motion is not expected if control parameters, sampling time and value of backlash are

properly chosen. However, sampling delay and backlash result in limitations in the control.

Sampling delay should be small enough for successful control, i.e. in the range of 10

ms when the excitation frequency is around 10 Hz, what reduces below 1 ms when the

excitation frequency exceeds 50 Hz. The presence of backlash may require quick changes

(i.e. in the range of few ms) in the direction of rotation of the driving motor. Backlash

does not have great in�uence on the motion when it is in the range of 0.1 mm or smaller;

however, irregularities in the motion occur if the value of backlash is in the range of 1

mm.

4.4 New results

Main contribution 5 An active control methodology was proposed that successfully
attenuates vibration of conductors at the location where the control is applied. The
model developed has two degrees of freedom and consists of the conductor simpli�ed at the
speci�ed location with a controlled vibration absorber. The theory of statics and dynamics
of suspended cables provides the basics to determine model parameters. They are calculated
from the geometrical and material properties of the conductor and the span, whereas the
characteristics of vibration observed in related �nite element modelling and experimental
tests were also applied in the calculation of damping coe�cient. The approach considers
wind e�ect as a periodic excitation. The model involves time delay that is always present
in digital control due to sampling e�ect. The above described control method successfully
reduces the initial peak and the amplitude of high-frequency, low-amplitude vibration that
characterizes a type of wind-induced conductor motion, the so-called aeolian vibration.
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The amplitude of such vibration is comparable to the conductor diameter, whereas its
frequency is in the range of few Hz to several 10 Hz. Time delay in the digital control
results in a limitation, since the sampling time should be reduced below the range of 1 ms
when the excitation frequency exceeds 50 Hz.

The approach was further improved by considering the nonlinear elastic material beha-
viour of the conductor. Thereby, the vibration control may successfully attenuate even
high-amplitude conductor vibration. The model was applied for a typical case when vibra-
tion followed ice shedding from a transmission line conductor. Such vibration is characte-
rized by a high conductor rebound height (i.e. in the range of several m in case of a
transmission line with span length of several hundred m) followed by a decaying oscillation.
Simulation results demonstrated that the application of control could contribute to substan-
tially reducing the �rst peak of vibration. For the full-scale transmission line modelled,
the �rst peak is reduced to about two-third of its value without control, and to about half
of its value without damper.
Related publications: Kollár (2021) [61], Kollár (2022) [62]

Main contribution 6 Irregular motion may arise in digitally controlled piecewise linear
systems. The active control of conductor vibration is described by such system if sampling
delay is considered together with backlash at the driving. The motion observed exhibited
irregularities for some parameter values; however, it was characterized periodic or quasipe-
riodic based on the following results. Although nearby trajectories do not approach each
other in some cases, but they do not stretch each other either. Orbits are not dense, and
the condition of topological transitivity is not satis�ed. Furthermore, all the Lyapunov
exponents are less than zero. From the practical point of view, unpredictable motion is not
expected if control parameters, sampling time and the value of backlash are properly chosen.
However, sampling delay and backlash result in limitations in the control. Sampling delay
should be small enough for successful control as was stated in Thesis 5. The presence
of backlash may require quick changes (i.e. in the range of few ms) in the direction of
rotation of the driving motor. Backlash does not have great in�uence on the motion when
it is in the range of 0.1 mm or smaller; however, irregularities in the motion occur if the
value of backlash is in the range of 1 mm.
Related publication: Kollár (2023) [63]
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Chapter 5

Summary

The research presented in this dissertation aimed to study the three areas related to the

vibration of transmission line conductors and to the development of solutions to reduce

the harmful e�ects of such vibrations. These topics include the characteristics of droplet

clouds that determine the process of ice accretion, the natural phenomena that lead

to conductor vibration, and the methods that are developed in order to attenuate the

vibration. The goals and the methodology were formulated in Chapter 1.

Theoretical and experimental models were developed to study droplet clouds that are

responsible for atmospheric icing and to simulate their variation in the �ow before reaching

the icing object. The theoretical model considered the following processes that in�uence

droplet cloud characteristics: (i) binary droplet collision, (ii) droplet evaporation and

cooling, (iii) gravitational settling of droplets, and (iv) turbulent dispersion of droplets.

Particular attention was paid to droplet collision. Collision outcome maps include the

possible outcomes of droplet collisions, and criteria for most of the transitions between

the regimes were already proposed in the relevant literature. Two common outcomes

in the process that simulates the evolution of the clouds in atmospheric icing is the

coalescence after minor deformation and bounce. The boundary between these regimes

has been observed previously in experimental studies with no criterion proposed yet.

The theoretical background of the criterion for this transition was developed here. The

application of the composite collision outcome model involving this criterion contributed

to explaining the e�ects of ambient parameters on the characteristics of droplet clouds.

Results revealed the streamwise and vertical variations of droplet size distribution and

liquid water content of the cloud, which are among the decisive factors in�uencing atmos-

pheric icing processes. The related developments and results are summarized in Theses 1

and 2.

Transmission line conductors are exposed to such natural phenomena as wind, ice or

impact from external sources. Wind or ice shedding may lead to high-frequency or high-

amplitude vibrations that may damage some elements of the transmission line. These

phenomena have been examined theoretically, numerically and experimentally in former

research. The main contribution of the present research is the development of a modelling

approach that simulates vibration of conductor bundles following ice shedding from a

subconductor. Spacer model was proposed and the approach revealed their e�ects on the

95
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vibration. The number of spacers and their location along the span in�uence the maximum

jump height of the ice-shedding conductor, the maximum drop of the loaded conductor,

the bundle rotation and the conductor tension. Consequently, properly chosen spacer

arrangement contributes to reducing the severity of vibration following ice shedding.

The modelling approach was adapted for several ice shedding processes, including (i)

propagation of ice shedding along the length of the span, (ii) propagation of ice shedding

along the length of the span plus an additional downward pull induced at discrete locations

along the span by the detachment of ice chunks, and (iii) sudden and simultaneous ice

shedding from the whole span or part of the span. Interphase spacers were also considered

in the model, which contribute to preventing the reduction of conductor clearance and the

risk of �ashover during high-amplitude vibration. These results are formulated in Theses

3 and 4.

Line protection methods that help reduce the harmful e�ects of vibration have been

applied for decades. The present research proposes an active control methodology that

can be applied at any speci�c position along the span. The model considers a simpli�ed

conductor with a vibration absorber. The application of control successfully attenuates

high-frequency, low-amplitude conductor vibration at the location where the absorber is

placed. Time delay that is always present in digital control due to sampling results in

a limitation, since control remains successful only for small enough sampling delay for

high excitation frequencies. An improved model considers the nonlinear elastic material

behaviour of the conductor, which makes the control successfully attenuate even such

high-amplitude vibration as that following ice shedding from the conductor. Backlash at

the driving means a further limitation in the control, since it may require quick changes

in the direction of rotation of the driving motor. The presence of time delay together with

backlash in the control of forced vibration may result in an irregular motion. However, this

motion was characterized periodic or quasiperiodic based on a detailed dynamic analysis.

These achievements are written in Theses 5 and 6.
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