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1 Introduction

During the past decades the polynomial method became a powerful tool that
led to the solution of several important open problems, like Dvir’s proof [35] of the
finite field Kakeya conjecture, the result of Guth and Katz [65] on Erdés’ distinct
distances problem or the solution of the cap set problem [31] [41]. The cap set
problem asks for the size of the largest subset of the vector space F} avoiding
3-term arithmetic progressions. It became a keystone problem whose solution
was expected to (and eventually) led to the solution of many other problems in
Combinatorics and Number Theory, furthermore, in other fields of Mathematics,
as well. While the cap set problem strongly suggested that the polynomial method
might be applicable, since the condition that x, ¥ and z form an arithmetic
progression can be simply expressed as the equation x — 2y + z = 0, for several
years almost all of the results were obtained by Fourier analytic techniques. Also
note that the equation x -2y +z is symmetric in the variables when we investigate
the problem over F3, since in this case the equation has the form z +y + z = 0.

Most of the results obtained by polynomial techniques in the 1990s and 2000s
built on Alon’s Combinatorial Nullstellensatz [2], however, in case of the cap set
problem a new variant was needed. Very briefly, the main idea was introducing
a new kind of rank for hypermatrices (though this rank behaviour appeared
only implicitly in the original papers), which still satisfies that the rank of a
diagonal hypermatrix is the number of nonzero entries on its main diagonal. If a
set A contains only trivial (constant) 3-term arithmetic progressions, then the
“characteristic function” of 3-term arithmetic progressions (restricted to Ax AxA)
is a diagonal tensor, so bounding the rank of this tensor yields the desired bound
on the size of the set A.

Although, in the recent solution of the Alon-Jaeger-Tarsi conjecture [90] (and
also in the follow-up paper [91]) we also applied a new variant of the polynomial
method, its nature is quite different from the previously mentioned variant: it
uses group ring identities in a certain way. Manipulations with polynomials also
play a crucial part in some of the works of the author in arithmetic Ramsey
theory [74], B0, 02], but these ideas and methods are also quite diverse.

Therefore, in this thesis the author decided to give a detailed description of
the above-mentioned (Croot-Lev-Pach) polynomial method which was first used
to bound the maximal possible size of progression-free sets in groups like ZI,
discuss the known bounds and present further applications of the technique.

In the first section we will discuss the motivations coming from number theory
to investigate progression-free sets in the finite field setting, for more details we
refer to the review paper [32] of Croot, Lev and the author that we follow in this
section. We also refer to the discussions of Gowers [59] and Grochow [64].
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1.1 Roth’s problem on three-term progressions

In 1953 K. F. Roth [106] proved that the largest subset of [n]:={1,2,...,n}
containing no three-term arithmetic progression z,z + d,x + 2d has size o(n).
Working through his proof (suitably interpreted) one can even get a quantitative
bound of the form O(n/loglogn). This naturally leads to the following question.

Roth’s Problem. What is the size of the largest subset S ¢ [n] containing no
three-term arithmetic progressions?

Most of the progress on this problem since Roth’s seminal work makes heavy
use of a “density increment argument” pioneered by him. The idea is that if we
assume that S ¢ [n] has no three-term progression, and if |S| = an and n > Ny(«a),
then one can show that there exists an arithmetic progression

P:={a,a+d,a+2d,...,a+kd}c[n],
where k > nl/2-o(1) such that
|SnP|>a(l+ca)lP]

for some ¢ > 0. By translating and rescaling, we obtain a progression-free set
S’ ¢ [n'] for some |n'| > n'/2=°(1) such that |S’| > a(1 + ca)|n/|. Tterating this
(staying above the Ny(«) threshold for the interval length), eventually we reach
a contradiction if a > ¢//loglogn, because if « is this big, one of the sets S so
constructed would have to have density 1, yet also is progression-free. Thus, if
the original S is progression-free, then |S| <« n/loglogn.

Further refinements on the idea included achieving a greater density incre-
ment per iteration relative to the length of the interval [68, [116], resulting in
bounds for progression-free sets of the type |S| < n(logn)=?, for some 0 < § < 1/2.
Replacing density-increments on sub-progressions (as in Roth’s method) with
density-increments on so-called Bohr-neighbourhoods, Bourgain [I§] achieved a

bound of the form |S| « ny/ %. Then in a series of papers by himself [19] and

Sanders [110, 111] the bound was improved to |S| < n(logn)=1*(). Improving
this bound even a little bit (lowering the —1 to —1—¢) would establish the special
case k = 3 of the following famous conjecture [47], which if proved would give a
far-reaching generalization of Szemerédi’s Theorem [115].

Erddés-Turan Conjecture on k-term arithmetic progressions. If A is a set

of positive integers such that Y 1/a diverges, then for every k > 2, the set A
acA
contains a k-term arithmetic progression.

The best quantitative bounds in the direction of addressing this theorem in
the general case (for all values of k) are due to Leng, Sah, and Sawhney [76], who
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recently proved that for every k > 5 there exists some ¢; > 0 such that the largest
subset S of [n] having no k-term arithmetic progressions has size

IS| < nexp(-(loglogn)®).

This improved upon Gowers’s bounds [58] that |S| <« n(loglog n)‘Tzw. In the
case k = 4, Green and Tao [62], 63] established the bound [S| « n(logn)=¢ for
some (0 <c< 1.

Bloom and Sisask [15] were the first to prove the above conjecture for k = 3,
building on the work of Bateman and Katz [9], by showing that for n > Ny the
largest progression-free set S ¢ [n] has size |S| < n(logn)=1=¢ (for some explicit
e >0). Then, in a remarkable breakthrough, Kelley and Meka [73| [16] improved
this to

S| < nexp(-c(logn)!/?),

which Bloom and Sisask [I7] refined to give
S| < nexp(~c’(logn)?).

These bounds are not far off from the best possible, since from the work of
Behrend [10] it was known that there exists a three-term progression-free set
S ¢ [n] satisfying

|S| > nexp(—(2y/log4 + o(1))\/logn).

This was improved by Elkin [40] by a small factor tending to infinity, and then
recently Elsholtz, Hunter, Proske, and Sauermann [44] gave a substantial further
improvement

|S| > nexp(—(C +0(1))/logn),
where C = 24/log(24/7) log(2) < 2y/log 4.

1.2 Finite field settings

As we saw, the main difficulty in Roth’s original approach was getting a high
enough density increment of the set along progressions, relative to their (the
progressions) size. Meshulam [83] considered what this argument gives in the
case where instead of working with subsets of intervals in the integers, one works
with subsets of the finite field vector space Fj. The case p = 3 is known as the
cap set problem.

In Meshulam’s treatment of the general case F};, rather than getting a density
increment inside a sub-progression at each iteration (of Roth’s argument), one
gets a density increment on affine subspaces (translates of subspaces) ¢t +V where
dim(V') = n - 1. Since these affine subspaces are of size p"~!, one can run the
density increment argument for more steps than if one’s sets S were drawn from
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integer intervals [N] when N =~ p". Furthermore, the whole argument is more
elegant and simpler than in the integer case, while also containing many of the
same, or analogous difficulties. In fact, this is true of many additive combinatorial
problems [60] 05, 123]. Thus, it is often fruitful when trying to solve a problem
over Z, to first see what we can prove for an F} analogue of that problem.

In the end, Meshulam proved that the largest subset S ¢ Fy; without three-
term progressions (or solutions to z — 2y + z = 0) satisfies

5] < P
Meshulam’s proof uses Fourier methods, but in [78] Lev developed a purely com-
binatorial approach to achieve the same bounds.

Significantly improving upon Meshulam’s bound was considered a major chal-
lenge, and Terry Tao [118] even once referred to the overall problem of under-
standing the size of sets without three-term progressions in F} as “perhaps my
favorite open question”.

Bateman and Katz were the first to make major progress on it, proving that
there exists some € > 0 such that in the case p = 3 one has |S| « 3"/n!*¢. Then
Ellenberg and Gijswijt [41], building on our work in [31], used algebraic methods
to prove that for every prime p > 3 there exists ¢, > 0 such that |S| « (p—6,)".
Further algebraic generalizations of the method were given by Tao, Sawin [112]
119] and Petrov [96].

More recently, Kelley and Meka [73] have developed a combinatorial argu-
ment (one ingredient of which being [30]) to prove weaker bounds, but still much
stronger than other combinatorial and Fourier-analytic approaches, achieving
|| <« 2-ren

Lower bounds were proved by Edel [36] for p = 3 giving the existence of
a set S without three-term progressions that satisfies S| > (2.217389)". This
was improved by Tyrrell [121] to |S| > (2.218)", by Romera-Paredes et al [105]
to |S] > (2.2202)", and by Naslund [87] to |S| > (2.2208)". Recently, Elsholtz,
Hunter, Proske, and Sauermann [44] achieved a general lower bound of the shape
|S| > (ep)™ for some ¢ > 1/2, for all primes p > 3.

1.3 Notations

Throughout the thesis, the standard notation <, > and respectively O and
Q) is applied to positive quantities in the usual way. That is, X > Y, YV « X,
X =Q(Y)and Y = O(X) all mean that X > ¢Y, for some absolute constant ¢ > 0.
If both X «Y and Y « X hold, we write X = O(Y"). If the constant ¢ depends
on a quantity ¢, we write X «<; Y, Y = O,(Y"), and so on. We also use the Landau
o notation. .

The standard dot product of vectors ,y € F is denoted by (z,y) = 21 x;y;. For

brevity, we also write xy for the dot product, if it does not cause any confusion.

4
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We use the notation [n]:={1,2,...,n} and the Kronecker delta function as

1 ifzx=y
6%3/ - 5z(y) - 5($,y) - {0 if + y .

By a (nontrivial) k-term arithmetic progression in Z" we mean a k-term
arithmetic progression a, a+d, ..., a+(k—1)d (with a,d € Z",) consisting of distinct
elements, and for brevity we call it a k-AP. A set avoiding k-term arithmetic
progressions is called k-AP-free. The size of the largest k-AP-free subset of Z7, is
denoted ri(Zn,) and the largest k-AP-free subset of {1,2,...,n} is denoted r(n).

We will work with linear and affine subspaces of F}. If L is a linear subspace
of dimension d, for brevity we will say that L is a d-subspace. The smallest linear

subspace containing the vectors vy, ..., v will be denoted by (vy, ..., vg).
Similarly, if L is an affine subspace of dimension d, we will say that L is an
affine d-subspace and the smallest affine subspace containing vy,..., v, will be

denoted by (v1,. .., Uk)ass-
For a subset A ¢ Z" we use the notation A+ A = {a+a':a,a’ € A} for the
sumset and A+A={a+a' :a,a’ € A,a+ a'} for the restricted sumset.

1.4 Organization of the dissertation

In Section [2| we discuss in detail results about the maximal possible size of
progression-free sets in groups Z”,, also addressing the analogous problems about
caps and line-free sets. Section |3| contains the proofs of our asymptotic bounds
and some necessary tools: in these cases we are interested in bounds when m
is fixed and n — oo. In Section {4| we give lower and upper bounds on r3(Z}),
presenting the polynomial technique from [31] in a slightly reformulated way. We
also determine exact values of r3(Z}) and r4(Z}) in small dimensions. Section
contains analogous results for Zg, however, somewhat surprisingly, due to the spe-
cial structure of Zg, in this case we are able to provide exponentially small upper
bounds for the size avoiding 6-term arithmetic progressions, as well. Section [f]
contains the proofs of our results on line-free sets, that is, sets avoiding p-term
arithmetic progressions in Fp. Finally, in Section [7| we give a brief introduction
of the so-called slice rank method — a symmetric reformulation of our polynomial
technique from [31] [41] given by Tao —, and present applications of it.
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2 Progression-free sets

In this section we discuss results about the size of progression-free sets in
groups of the form Z7,. For more details we refer to [45], 03] [94] that we follow in
this section.

There has been great interest in finding progression-free sets in Z',, especially
when m = 3 or 4. (Note that the cases when m is odd or even slightly differ in
nature, and since the case m = 2 is trivial, the two smallest cases are m = 3 and
m = 4, respectively.) When m = 3,4, 5 the properties “no arithmetic progression
of length 3 modulo m” and “no 3 points on any line” are equivalent. The last
property is also well known under the name caps (or cap sets). In spite of this
great interest in progression-free sets and caps there is not much literature on
progression-free sets in Z,,, in the case of general m > 3, and of general progres-
sions of length k. Furthermore, very few explicit values of the maximal sizes of
such sets are known. Although there is certainly an extensive literature in the
related area of finite geometry over finite fields, but in literature from an additive
combinatorial point of view we are essentially aware of an exercise in the book
by Tao and Vu, and a paper by Lin and Wolf, details below.

In this section we will discuss lower- and upper bounds in various cases, and
find exact values in the case m = 4, which are comparable in size to the known
values for m = 3.

However, before we get to this, we briefly summarize a number of related
questions. The problem of finding sets S ¢ Z,, with or without a given property
has been frequently investigated. Often, one is actually interested in the maximal
size of |S|. Also, sometimes even the one-dimensional case has been of fundamental
interest. Let us recall some of the properties that have been investigated.

1) Erdés and Turdn [52] raised the problem of studying the maximal size ry(n)
of sets in {1,...,n} without an arithmetic progression of length k. There are
important contributions by Behrend, Bloom and Sisask, Bourgain, Gowers,
Green, Kelley and Meka, Roth, Salem and Spencer, Sanders, Szemerédi, Tao
[10, 18, B8, 61 (73], 106], 108, 110}, 115]. In particular, the proof of r(n) = o(n),
as N tends to infinity, and quantitative versions thereof, turned out to be very
influential in this area. It is interesting to note that the size of progression-free
sets even enters the complexity of matrix multiplication, see [14], 28] [122].

The question of arithmetic progressions has also been studied modulo m, see
e.g. Croot [29]. In this setting “modulo m” one has to clarify if elements of the
progression can occur more than once. For example (1,3,1,3) can possibly be
considered as a progression of length 4 modulo m = 4. In this thesis, however,
we study “proper arithmetic progressions” meaning that all elements in the
progression are distinct, unless otherwise stated, and the quantity r(Z?,) was

defined accordingly in Subsection [I.3]

2) Assume that S does not have k elements z1, ...,z € Z that satisfy (for fixed

6
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constants ay,...,a, € Z) a linear equation
171 + Qoo + -+ + apxp = 0 € Z .

(a) The case n = 1,k = m,a; = ag = -+ = a5 = 1 was first investigated by
Erdés, Ginzburg and Ziv [48], who proved that for any 2m — 1 elements
in Z,,, where in this problem repetition is allowed, there exists a subset
of m elements with sum 0 € Z,,. (There are hundreds of papers on gen-
eralizations and variants, the general topic is called “zero sums in finite
abelian groups”). In the case n = 2 there has been important work by
Reiher [103]. The multidimensional case with n > 3 is widely open, even
though there are lower bounds by Edel, Elsholtz et al [37, B8, 42], and
upper bounds by Alon and Dubiner [4], Naslund [85] and Hegediis [69].

(b) The case z1 + x9 — w3 = 0,2; € S corresponds to sum-free sets. In the
one-dimensional case S c {1,...,m} it is known that the maximal size is
S| = |2 ]+1, if all z; are distinct, or |S] = [ 2], if 21 = x5 is allowed. In the
case modulo a prime m it follows from the Cauchy-Davenport theorem
that the maximal size satisfies |S| < "5+ (z; all distinct).

In the multidimensional case of an integer grid there are partial results
by Cameron [24], Elsholtz and Rackham [46].

3) The case of no geometric line (of m points) in the integer grid {1,...,m}" is
known as Moser’s cube problem, see [84], 08]. A closely related problem is find-
ing the maximal number of lattice points in the same cube {1,...,m}", but

without any combinatorial line. The famous upper bound by Hales-Jewett [66]
of o(m™) points, when m is fixed and n tends to infinity, became very influen-
tial.

v of maximal size |S| = rp(Z,,)
with no k distinct elements in arithmetic progression. Observe that an arithmetic
progression of length k can be expressed by means of k-2 linked linear conditions
T =21 +T2=0(i=1,... k=2).

The multidimensional case of no 3 points in arithmetic progression has been
frequently studied, especially modulo m = 3. As we already mentioned before, here
the questions of “no zero sums x; + x5 + x3 = 07 and “no arithmetic progression
r1 + x3 = 225”7 turn out to be equivalent as 1 = -2 mod 3 and the problem is
known as the “cap set problem”. There were important contributions by Brown
and Buhler [21], Frankl, Graham and Rodl [56], Meshulam [83], Lev [77], Bateman
and Katz [9], Croot, Lev and the author [31], Ellenberg and Gijswijt [41].

For a long time it was an important open problem if there is a > 0 such
that |S| < (3 = 9)" holds, for all progression-free sets S c Zj. Various authors
mentioned this statement with varying degree of certainty or doubt (see Alon and
Dubiner [3], [4], Green [60], Kalai [72], Edel [36], Tao [118]), until the solution by

In this thesis, we concentrate on sets S ¢ Z
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Croot, Lev and the author [31I] when m = 4, and finally Ellenberg and Gijswijt [41]
when m = 3.

Meshulam’s [83] long-standing bound r3(Z;,) = O(™") for odd values of m > 3
was extended by Lev [77] to even values m > 4. Improving this, Sanders [109]
proved the following result:

n 4n
n(Z) =0 (o).
for some positive c. Green and Tao [61] wrote that ¢ = 2722 is admissible. In-
troducing an entirely new approach, based on the polynomial method rather
than Fourier techniques, Croot, Lev and the author [31] proved an exponentially
smaller bound.
Let H denote the binary entropy function; that is,

H(z)=-xlogox - (1-x)logy(1-2), x€(0,1),

where log, = is the base-2 logarithm of . Let us set
1
vi=max (S (H(0.5-) + H(2e)): 0<e<0.25} »0.926.

Theorem 2.1 (Croot-Lev-Pach [31]). If n > 1 and A € Zj is 3AP-free, then
|A| <47, where 47 ~ 3.61.

We note that the exponential reduction in Theorem was the first of its
kind for problems of this sort.

For a finite abelian group G 2 Z,,, ® Zy,, ® -+ ® Z,,, with positive integers
my | mg | - | my, denote by rks(G) the number of indices i € [1, k] with 4 | m,.
Since, writing n := rky(G), the group G is a union of 47"|G| cosets of a subgroup
isomorphic to Zj, as a direct consequence of Theorem we get the following
corollary.

Corollary 2.2 (Croot-Lev-Pach [31]). If A is 3AP-free subset of a finite abelian
group G, then, writing n :=1ky(G), we have |A| < 4-0-17|G|.

The new methods introduced in [31] also led to the result r3(Z3) < 2.756™ by
Ellenberg and Gijswijt [41]. As it has been mentioned before, the problem about
cap sets has applications to the complexity of matrix multiplication, see [5, [14].

The corresponding problem on lower bounds of progression-free sets in G =
(Z5,+) has also been studied in detail. It is known that there is a set S with
|S] > 2.2208" = |G|? with g = bgﬁ% ~ 0.72625. (See Edel [36] for the history of
known bounds, not yet including the very recent improvements by Tyrrell [121],
Paredes et al [105] and Naslund [87].)

For a lower bound when m = 4 Sanders [109] proved the following: there
exists S ¢ G = (Z},+) which does not contain a proper three term arithmetic
progression with

S| > |G|*? ~ 2.519".

8
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This result follows from finding an example in Z3 with 16 elements and using a
product construction. (Note that /16 = 2.519....)

We give a better lower bound on r3(Z%}). In the construction we use binary
codes with certain minimum distances. Let A(m,d) denote the largest possible
size of a (possibly non-linear) code in FJ* with minimum distance at least d. Note
that A(m,1) = 2™ (all vectors can be taken) and A(m,2) = 2m-1 (all codewords
can be taken with even Hamming-weight). Here we give two links to tables of ex-
act values of maximal codes or bounds: https://www.win.tue.nl/~aeb/codes/
binary-1.html and http://www.codetables.de/

We prove the following bound:

Theorem 2.3 (Elsholtz-Pach [45]). For n > 1 we have

7"3(22) > max gn:l (TZL)A(%Z - t)-

0<t<n Pl

As a consequence of this result one can prove a quite good lower bound for
r3(Z7).

Corollary 2.4 (Elsholtz-Pach [45]).

37’L
r3(Zy) > —

vn'
which implies that there exists a progression-free set S € 7y with

|S| > 40.792471‘

The exponent 0.7924 is not only much larger than the previous one of 2/3, but
it is also much larger than the corresponding one 0.72625 when m = 3. This can be
interpreted that the progression-free sets in Zj are denser than those in Z3. The
ultimate reason for this is that there is a geometrically well structured subset,
namely {0, 1,2}", on which we can find a very dense progression-free subset. As
two elements from the same coset of the subgroup {0,2}" forbid 2" other points,
namely an affine copy of {0,2}", it comes handy that this forbidden set has some
geometric-algebraic structure.

This corollary is the first nontrivial case of the lower bound constructions and
is suitable for discussing various methods. We first prove it as a direct application
of Theorem 2.3

Proof of C’omllary (Proof 1). Calculations show that the optimal choice for
t in Theorem satisfies t ~ 2n/3. In particular, for 2 <n < 10 the optimal choice
is t = [(2n - 5)/3]. Note that the sum of only the first two terms in the lower
bound

n

> (?)A(z’,i—t),

i=t+1

9
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with an optimal value of ¢, is

n n n 9 3"
2t+1 ( )2t+1 N1'5.22n/3( )N_._'
(t+1) o onf3) " /7 Jn

The total sum is not much larger as it is bounded above by % : \3/—% (see also [20]).
[l

The proof of Theorem and Corollary above may appear a bit formal.
In Section {4] we explain in detail the geometric motivation of a direct proof of
Corollary [2.4] i.e. the connection to Moser’s cube problem and to the Behrend
and Salem-Spencer constructions.

Finally, we found a quite different proof, based on weighted Sperner capacity
of the 2-vertex graph with one directed edge, and vertex weights 1 and 2, but
decided not to include it.

Let us list the obtained lower bounds up to dimension 10:

Corollary 2.5 (Elsholtz-Pach [45]).
2 <13(Zy), 6<r3(Z3), 16 <rs(Z3), 42 <r3(Z3), 124 <r3(Z3),
344 < r3(Z8), 960 < r3(Z%), 2832 < r3(ZY), 7880 < r3(Z3), 22232 < r3(Zi°).
Let us explain this with two examples: when n =5, choose t = 2. Then

r4(Z5) (AB D +(3)A4,2) + (2)A(5,3)
10-8+5-4+1-4=80+40+4 =124,

which is best possible by Theorem When n =8, choose t = 4.

r3(Z3) > (DA, 1)+ (5)A6,2) + (5)A(7,3) + (3)A(8,4)
56-32+28-32+8-16+1-16 = 2832.

v

v

In the case of Z% the bound from [4I] has been improved by Jiang [71] by a
factor of \/n, so the following is known:

2.2208..." «< r3(Zy) < 2.755..." [\/n, [87, 41 [T1]
3”/\/5 < r3(Zy)<3.61...", [45, B1],

and for primes p > 3 and some positive constant d,

ra(Z3) < (p-6,)" A,
Indeed the argument yields the bound

r3(Zy) < (J(p)p)", [14]
where ) | —

T0) = i Ay (1)

Furthermore, it is known that J(s) is decreasing and lim J(s) = 0.8414... (see
equation (4.11) of [14]).

10
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Remark 2.6. As J(s) is decreasing and J(3) < 0.9184, with the additional con-
sideration of composite m (see below), one can conclude, that for every m > 3 the

following holds (see e.g. [14] and [97]):
r3(Z0) < (0.9184m)". 2)

For m not being a power of 2 this also holds: if p is an odd prime divisor of
m, then r3(Z,,) < (m/p)"rs(Z,) < (m/p)"(pJ(p))" < (0.9184m)™. For integers
divisible by 4 this follows from [31], since r3(Zy,) < (m/[4)"rs(Z4)™ < (0.91m)".

For prime power values of m there have been some improvements on the
trivial corollaries of the prime case, like r3(Z§) < 37r3(Z%). Namely, the method
was adapted to odd prime powers [14, 96l 114] giving the bound

r3(Zy,) < (mJ(m))".

For instance, the trivial bound r5(Zy) < 3"r3(Z%) < 8.268™ is improved to r3(Zg ) <
7.847™ by this result.

In the technically more difficult even case there has also been an improvement
for m =23 = 8. For r3(Zg) the trivial implication is

T3(Zg) < 2”7’3(22) < 7222”,

however, Petrov and Pohoata [97] could prove that the stronger bound r3(Zg) <
7.09™ also holds.

It is easy to see that the sequence (r3(Zm))'/™ converges to some limit as .
The main idea behind this observation is that with the help of the product con-
struction one can bubble up constructions found in small dimensions. (See also
Lemma [2.13). Namely, if A avoids 3AP’s in dimension n, then the ¢-fold direct
product Ax A x---x A also avoids 3AP’s in dimension tn.

———— e
t

As a3, < m we may say that 3AP-free sets in Z7 are exponentially small
when m > 3. Prior to the paper [94], for longer progressions it has not yet been
decided in any of the cases 4 < k <'m whether r,(Z7,) is also exponentially small
or of order of magnitude (m —o(1))" (as n - o0). In Section [5| we will prove
that whenever 6 | m and k € {4,5,6} the quantity r(Z",) is exponentially small,
specially,

re(Zg) < 5.709".

It is tempting to also formulate this statement as lim(r6(Z2))Y" < 5.709, however,
somewhat surprisingly, we do not see a proof of the statement that re(Z2)Y"
converges (although we believe it surely does). The convergence is not immediate,
because the product construction does not work in general. When k£ =3 or m is a

prime power, the t-fold direct product A x A x---x A avoids k-AP’s when A itself
[ ——

t
is k-AP-free, however, for general k and m this fails to hold. Let us illustrate

11
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this by the case k = 6,m = 6. In dimension 1 we clearly have r¢(Z¢) = 5, and, for
instance, the set A = {0,1,2,3,4} is 6AP-free. By taking Ax A = {0,1,2,3,4} x
{0,1,2,3,4} we obtain a 25-element subset of Z2 which contains the following
6AP:

(0,0),(2,3), (4,0), (0,3), (2,0), (4,3).

Although the product construction is not applicable, the value of rg(Z2) still
turns out to be 25 = 52, however, we will show that re(Z3) < 125 = (16(Zg))3.
We prove the following bounds:

Theorem 2.7 (Pach-Palincza [94]). For sets without arithmetic progression of
length 6 we have the following results in small dimensions:

re(Zs) =5, r6(Z3) =25, 117 <re(Z3) < 124.

Theorem 2.8 (Pach-Palincza [94]). For sets without arithmetic progression of
length 6 we have the following results:

4.44" < 2"r3(Z5) < re(Zg) < 5.709™,
assuming that n is sufficiently large.

If 6 | m, then Z§ is a subgroup of Z?,, and by using the bound from Theo-

m?

rem [2.8]in each of the (m/6)™ cosets, the following corollary is obtained:
Corollary 2.9 (Pach-Palincza [94]). If 6 | m and k € {4,5,6}, then
ri(Zy) < (0.948m)",
if n is sufficiently large.
Finally, we provide another upper bound for r(Zf) in terms of r3(Z}).

Theorem 2.10 (Pach-Palincza [94]). For sets without arithmetic progression of
length 6 we have the following result:

re(Z2) < 271\ /3nry (Z1).

Note that by using the bound r3(Z%) < 2.756", Theorem implies that
re(Zf) < 5.75™ which bound is worse than the one in Theorem [2.8 However, if
r3(Zy) < 2.69", then Theorem [2.10] gives a better estimate than Theorem [2.8

We shall mention that although the method could be applied for any finite
field IF, with ¢ = p®; since r3(F) = r3(F™) the relevant cases are those when the
prime power ¢ is a prime. (The resulting upper bound from the application to
F e is worse than the bound coming from the case of F,.)

There are only very few explicit values known. In the case of cap sets modulo
m = 3 the following is known:

ro(Zy) = 2,75(Z3) = 4,r5(Z3) = 9,r5(Z3) = 20,75(Z3) = 45,73(Z3) = 112.

12
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Note that the 4-dimensional case corresponds to the card game SET. The author
of the 6-dimensional result (Potechin [I00]) and the authors of the classification of
the unique 5-dimensional maximum cap [39], (required for the 6-dimensional case
by Potechin) mentioned that they used computer calculations. Y. Edel informed
us that for the paper [39] the computation time was a few weeks.

We determine the exact values in case of Z} up to dimension 5 for 3AP-free
sets and up to dimension 4 for 4AP-free sets:

Theorem 2.11 (Elsholtz-Pach [45]). For sets without arithmetic progression of
length 3 we have the following results:

r3(Zy) =2, 7”3(2421) =6, 7’3(ZZ) = 16, T3(Zi) =42, r3(Z3) = 124.

Theorem 2.12 (Elsholtz-Pach [45]). For sets without arithmetic progression of
length 4 we have the following results:

ro(Z5) =3, r4(Z3) = 10, r4(Z3) = 36, r4(Z7) = 128.

As mentioned before, it is well known that results of this type can be lifted to
higher dimensions and yield asymptotic results by a simple product construction,
compare also Proposition 3.5 [38] in the similar setting of zero-sum free sets.

Lemma 2.13. Let g be a prime power.

a) Let Sy c Z,' and Sy c Z;* be k-progression-free sets, then Si x Sy c ZZ”"Q
is also k-progression-free, consequently:

Tk(ZZﬁ—nQ) > Tk(ZZI ) Tk(ZZQ)
b) A repeated application of part a) gives:
n n 3
T’k(th) 2 (’f’k(Zq)) .

Lifting the largest known ezact values r3(Z3) = 124 and r4(Z3) = 128 gives:

Corollary 2.14.
r3(Zy) > 2.622", ry(Zy) > 3.363".

The first result is considerably weaker than Corollary[2.4] while the second one
is the strongest that is currently known. The product construction only makes use
of “local” information from small dimensions. The “relative density” for the high
dimensional problem is the same as for the low dimensional base-example that
was lifted. Lifting for example the bound r3(7Z;°) > 22232 (which is not known to
be sharp), gives a better estimate r3(Z}) > 2.720...". But for k = 3 it is better to

use the “global” information from the digits giving the lower bound \?’/—% However,

13
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for k = m = 4 we do not know how to replace the product construction by a better
strategy.

In many cases we present constructions much better than the product con-
struction. These use “global” properties i.e. making full use of the actual dimen-
sion n. With our current understanding this only works when k& < m. For k =m
the product construction appears to be the strongest available method, see also
Edel [36].

These proofs describe a set explicitly in terms of its coordinate entries, similar
to the constructions by Salem and Spencer [108], and Behrend [10]. Salem and
Spencer constructed progression-free sets in the integers by representing integers
in an m-ary digit system, when m is odd, and using the digits 0 < a; < (m-1)/2
a fixed number of times, namely with frequency n/d for integers of length n.
Restricting the digits avoids wrapping over modulo m. Behrend constructed large
progression-free sets in the integers by mapping a high-dimensional sphere, which
by convexity is progression-free, to the integers. He also represented integers in
an m-ary system with digits 0 < a; < (m —1)/2, where m is odd, and fixed value
Y%, a?. In the integer case the optimization of the values of m and n shows
that Behrend’s construction is greatly superior. In our setting we make use of
both ideas, and observe that m,n are fixed by the problem, and the method of
Behrend, when applicable, is only slightly stronger, but a bit more complicated.

Proposition 2.15. Let g > k > 3 where the prime power q and k are fized. The
limat y
Ot]g’q = 711_{({10 (Tk(ZZ))

exists.

It follows from Theorems 2.16] and that

[m+1
2

]S@k,m <m.

For k = 3 more is known: as, < J(p)p, when m = p is an odd prime, and J(p)
was defined by .
Tao and Vu [120), exercise 10.1.3] observe that there is a construction in Z,

[zéi]; points without 3-progression (based on Behrend’s construc-

with at least
tion) [
Lin and Wolf [79] proved the following: If m is a prime and k < m, then

ri(Zn) > (mQ(k_l) +mF - 1)2% nm T

Their proof makes use of a product construction, as explained in Lemma [2.13]
They also have some results, when m is a pure prime power, but this refers to
finite fields IF,,, which are different from Z,,. In particular, when m is prime and

Tt seems they possibly intended the denominator to be m?n (in our notation).

14
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mF-1is large, and n 1ncreases the exponential growth of the lower bound is based
on the constant m'& compared to the obtained | 2] here.

We now give our general theorems, which improve the above lower bound and
remove the prime condition on m:

Theorem 2.16 (Elsholtz-Pach [45]). Let m > 5 be odd. There ezists some Cy, >0
such that

ro(Z y_¢_(m;1).

Moreover, with

Om = (m* +4m? - 14m? — 36m + 45)

2880

one can choose C,, 3\/_ - . For large m one has C,, %{22.

The case m =5 also improves the asymptotic lower bound of affine caps, for
details see Section . In the case m = 3 this would give a lower bound of > \2/—7%
only which is smaller than the trivial lower bound by taking all 2" elements with
coordinate entries 0 or 1. Also note that in view of r,(Z;,) > r3(Z;,) the theorem
trivially induces lower bounds for any & > 3 (also in the theorem below).

A crucial idea again is to avoid any product construction and to use one more
digit than Tao and Vu [120, exercise 10.1.3] used, with some extra constraints,
which are less costly (if m is constant and n increases). Their lower bound ”;n m21n2
in case m = 4 would also be weaker than the trivial progression-free set {0,1}"
with 2" elements.

Theorem 2.17 (Elsholtz-Pach [45]). Let m >4 be even. There exists some Cy, >0
such that

rs(Zn, y—¢—(m;2)

\/m4 +8m3 +4m? - 48m
Om =
2880
8v5

one can choose C,, 3\/_ - . For large m one has C,, ol p

With

(A version of this result, in the special case m = 8 has also been observed in
[97], having seen a precursor of [45]. Their main concern is an improvement of
the upper bound.)

As is well known from Behrend’s construction there are good reasons to re-
strict to half of the available digits. In the above cases we go up to one element
more than half of the digits. In the cases of even m one additionally has to study
progressions of type 070 carefully. In the examples below we go even further, and
note that those progressions which actually use the reduction modulo m cause
quite a bit of extra work. (For example, in the case r4(Z];) we have to care about
progressions of type 1,6,0,5 modulo 11.)

15
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Theorem 2.18 (Elsholtz-Pach [45]). The following holds:

n

n 7
ro(Z1,) > el

(No attempt was made to reduce the exponent 3.) For comparison Lin and Wolf
[79] have a lower bound of about about 6.04". (For fixed k& the improvement
increases, as m increases.)

It is clear that on a case by case study one can prove related results for several
individual values of m and k. Here we present two further cases where these ideas
are generalized to infinite families m = p*, k = p*~1+1 (or k = p*~2+1 respectively),
where p is prime. It should be noted that in this case the set of digits used is
not consecutive, but makes use of the structure of orbits of length p, and hence
the algebraic structure. As can be seen, several good properties are preserved:
many progression types can be excluded by the Salem-Spencer “same-frequency
property”, and the “all-elements-distinct” property (i.e. proper progressions).

Theorem 2.19 (Elsholtz-Pach [45]). Let m = p* be a pure prime power, s > 2.
Let k = p>=t + 1. Then there exist constants Cp, >0 and 0 < ¢,, < m/2 such that
the following holds:

(m-p+1)"

nem

Tk(Z?n) > Cm

Corollary 2.20 (Elsholtz-Pach [45]). There exist positive constants C,, and ¢, <
m/2 such that the following holds:

37’[,
nes’

n "
T5(ZS) Z CS P
nes

r3(Zy) 2 Cy

25™

near’

1217

neizs’

10101™

nCIOQOl ’

7"10(237) > 027

796 (Za5) 2 Chas

7”102(2?012) > Clo201

Theorem 2.21 (Elsholtz-Pach [45]). Let m = p* be a pure prime power, s > 3.
Let k = p*=2 + 1. Then there exist constants Cp, >0 and 0 < ¢,, < m/2 such that
the following holds:
(m —2p? +2p)"
nem '
For p = 2, this is certainly not best possible. By Theorem form=8k=3
one can use 5 digits, rather than 4.

’l“k(ZZl) > Om

16
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Corollary 2.22 (Elsholtz-Pach [45]). There exist positive constants Cy, and ¢, <
m/2 such that the following holds:

(p® - 2p*+2p)"

T'p+1 (ZZ‘J) > Cpi1

)

nCp+1
. 15
ra(Zy7) 2 Cor
n 717
rsa(Z7a9) 2 Crag e
. 85m
r6(Z125) > Cras——,
nci2s
285"

We are not aware of any earlier results of this type.

We now briefly discuss some aspects of the proofs of the exact values and of
a conditional upper bound.

For the estimates of r3(Z}) we shall need a reformulation of the problem
which is presented in Section [4.1] Let us say that a system of subsets A(z) ¢ F%
(x e F}) satisfies property (*), if the following implication holds:

VeeFy (yex+ A(x)+A(z) = A(y) = @). (*)

(Note that for A(x) = @ we define x + A(z)+A(z) := @.) In Lemma we will
show that the largest possible total size of a system of subsets satisfying property
(%) is exactly r3(Z7). Hence, estimating the maximal total size of a system of
subsets {A(x) : x e F7} satisfying () is equivalent with our original question.

As it turns out it is very useful that we can reduce the case of arbitrary
subsets A(x) to the case of subspaces. We do not know, if this can be done for
higher dimension, but for the low dimensions studied here explicitly this is a quite
powerful method.

In this case, the upper bound O(3") is quite close to the general lower bound
in the unrestricted case, namely r3(Z}) > 3"/\/n.

Theorem 2.23 (Elsholtz-Pach [45]). If the system of subsets A(x) satisfies (*)
and all non-empty subsets A(x) are subspaces, then

> A(z)] < 3™
zelfy
Note that for n = 1 any 2-element subset forms a progression-free subset in
Zy. If ne{2,3,4}, then the extremal construction is also unique in the following
sense:

Theorem 2.24 (Elsholtz-Pach [45]). Let n € {2,3,4}. If the systems of subsets
{A(x) 1z e F3} and {A'(z) : x € FY} both have total size r3(Z}) and they satisfy
(%), then there is an invertible affine linear transformation ¢ : 73 — Z% and
vectors c(x) € ZYy (x € Z ) such that A'(x) = A(e(x)) + c(x) for every x € Zy.

17
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2.1 Caps

An affine cap in AG(n,q) is a set in 7 with no three points on a line. Here
we set m = ¢, and study sets without three points on a line in Z),. In other words,
when m = ¢ is a prime, caps in Z,, and AG(n,q) are the same. The condition
“no three points on a line” can be expressed by linear equations of the type
ax + by +cz =0 (where a + b+ c=0). As we see below when m = 3,5 it is enough
to consider the case of arithmetic 3-progressions,  — 2y + z = 0. The case m =4
does not correspond to affine caps, as Z4 # Fy, but in Z,, with m = 3,4,5 any
line with three points actually contains 3 points in arithmetic progression. To see
this modulo m = 5, one just has to examine all cases in one dimension. There
are obvious cases such as {0,1,2} or {0,2,4}. The crucial case is that also the
example {0,1,3} c Zjs is a progression, as 1,3,5 =0 is a progression.

Modulo m = 3 the cap set problem is known even from the popular card game
SET. The size of the caps in dimension up to 6 are:

r3(Zs) = 2,73(Z3) = 4,173(Z3) = 9,73(Z3) = 20,75(Z3) = 45,r5(ZS) = 112.

More generally modulo prime m = ¢ the following is known about affine caps in
Zy, = AG(n,q) (we would like to thank Yves Edel for this collection):

in dimension

n =2: one has m + 1 points (a so called oval),

n =3 : one has m? points (which is the affine part of an ovoid in projective space),
n=4,m =5 at least 65 points (which is the affine part of a projective cap of 66
points, see [12],

n=5,m =5 one has at least 195 points ]

n =6: one has at least m* + m? — 1 points, see Edel [30].

For large dimensions, the best lower bound constructions are due to Edel [30]
and are based on a tensor product construction of this best cap in dimension 6.
For prime m, this gives a lower bound of r3(Z") > mn(ogm(m*+m*-1))/6 (which is
also the construction of Lin and Wolf [79]) and this gives an asymptotic exponent
of about 2/3.

Some refinements are known, when ¢ = 3 or ¢ = 4 (finite field case, different
from Z,). Edel [36] writes: “No better lower bound seems to be known for general
q, except for the ternary and quaternary cases.”

Especially in the case m = 3 there have been a number of refinements to
an exponent of 0.72625. The progress over the record 0.7218 from 30 years ago
(see [23]) seems small, but this progress is, of course, on a logarithmic scale.

When m = 5, the above lifting from dimension 6 gives a lower bound of
506705 ~ 2.9421™ points. In contrast, Theorem above gives the lower bound
of C537/\/n ~ 506826 points. It may be possible to optimise the constant Cs5 in

%in fact, here the caps in PG(5,5) and AG(5,5) have the same number of points, see https:
//www.mathi.uni-heidelberg.de/~yves/Matritzen/CAPs/Matrizen/(195,5,5) .html
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the construction modulo 5, similar to the case m = 4 in Theorem [2.3] In any
case this improvement appears to be the first improvement for any affine cap in
AG(n,m), when m=¢q>5.

As the case of affine caps modulo primes (or prime powers) has been well
studied in the literature it seems somewhat surprising to us that the quite simple
construction of vectors with n/3 of the entries being 1, and the other 2n/3 of
the entries being 0 or 2 has not been observed before, which still asymptotically
breaks the record. The reason may be that the improvement actually can only
be seen for n > 138. Even with an improved constant C; one will not see the
improvement for small dimensions.

2.2 Line-free sets

In the intersection of finite geometry and extremal combinatorics numerous
problems about finding maximal subsets of affine or projective spaces avoiding
certain configurations have been studied. For instance, in case of the previously
discussed cap set problem 3-term arithmetic progressions coincide with affine
lines, thus progression-free sets are the same as line-free sets.

It is a natural question to ask for bounds on the cardinality of subsets of the
n-dimensional affine space over an arbitrary finite field I, that do not contain a
full line.

Since in the case when p is a prime, p-progressions in F}; correspond to lines in
the n-dimensional affine space, therefore, we are interested in bounds on r,(IF7).

For the general case surprisingly only few results on r,(F) are known. There
is the trivial lower bound 7,(IF7") > (p—1)" achieved by a hypercube of side length
p—1. Jamison [70] and Brouwer and Schrijver [20] independently proved that this
is sharp for n = 2. For n = 3 the only improvement to this construction was by
a single point described in the post of Zare in a mathoverflow thread [124]. We
prove the following lower bounds:

Theorem 2.25 (Elsholtz-Fiihrer-Fiiredi-Kovécs-Pach-Simon-Velich [43]).
Let p>5 be a prime, then

rp(F2) > (p-1)*+p-2yp=p"-3p* +4p-2/p- 1.
This can be improved in some special cases.

Theorem 2.26 (Elsholtz-Fiihrer-Fiiredi-Kovacs-Pach-Simon-Velich [43]).
Let p be a prime with p =7 (mod 24), then

rp(F3) > (p-1)*+(p-1)=p* - 3p* +4p-2.

Moreover, r7(F$) > 225.
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Figure 1: A line-free set showing r,(IF3) > 70

The simple upper bound 7,(F7) < p™ - % was given by Aleksanyan and
Papikian [I] and was achieved by removing at least one point from each line
going through a fixed point. In particular r,(F;) < p* - p* — p — 1. The stronger
bounds 7,(Fp) < p™ - 2p" ! +1 and r,(F}) < p* — 2p* + 1 can be obtained by a
result of Sziklai [I17, Proposition 4.1] (see also [7], [13]). We give the following

new bounds:

Theorem 2.27 (Elsholtz-Fiihrer-Fiiredi-Kovacs-Pach-Simon-Velich [43]).
Let p >3 be a prime, k€ {3,4,...,p} and neN, then

T(Fm4)<2@“*—1%%@%)+p”—v%QW”—1ﬁ%@%Xp”—m(R3)+p%
e, ) < .
2p™

The three-dimensional case gives the following corollary.

Corollary 2.28 (Elsholtz-Fiihrer-Fiiredi-Kovacs-Pach-Simon-Velich [43]).
Let p >3 be a prime, then

2p° — 4p* + 2p3 - p? +4p—2—\/8p6—20p5 +17p* = 12p3 + 20p? — 16p + 4
2p? ’

rp(Ff,) <

wm particular,
rp(Ff,) <p?-2p - (\/5— p+2.

For other dimensions, there is the lower bound 7,(F5?) > p(p — 1) due to
Frankl et al [56], using large sunflower-free sets.

We found a 70-point 5AP-free set in F? via a branch and cut approach (see
Figure [1) and showed the following upper bounds for small primes.

Theorem 2.29 (Elsholtz-Fiihrer-Fiiredi-Kovacs-Pach-Simon-Velich [43]).
rs(F2) < 74.
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Theorem 2.30 (Elsholtz-Fiihrer-Fiiredi-Kovécs-Pach-Simon-Velich [43]).
r7(F2) < 243.

According to Lemma [2.13| one can use the product S; x Sy of two line-free
sets S; € Fpt, Sy € Fp? to get a line-free set in the higher dimension ny + ny. This
construction also provides us the lower bound |S;|'/™ for a,, := lim (r,(F7))!/",

n—o0

and therefore the asymptotic lower bound (|Si[Y/™ - o(1)) for r,(F?) (see also
e.g. [33], [93]). The strongest known lower bound for general p is

ap > PP (p—1)C-D/2p

using the results of Frankl et al [56], however for small primes the new three-
dimensional lower bounds 75(F2) > 70 and r7(F2) > 225 give better lower bounds,
namely, as > 4.121 and a7 > 6.082.

We also show the following explicit lower bound for arbitrary dimension (see
Table [1| for comparisons).

Theorem 2.31 (Elsholtz-Fiihrer-Fiiredi-Kovacs-Pach-Simon-Velich [43]).
Let p >3 be a prime, then ry(F2) > (p-1)"+22(p-1)(p-2)".

p ) 7 11 13 17
n=3 | 4.041 | 6.027 | 10.016 | 12.013 | 16.010
n=4 |4.046 | 6.034 | 10.022 | 12.019 | 16.014
n=>5 10.024 | 12.020 | 16.016
n==6 12.021 | 16.017
n="7 16.017
n=2p | 4.090 | 6.066 | 10.043 | 12.037 | 16.028

Table 1: The bases a for the lower bounds 7,(IF) > a™ that can be achieved by
Theorem for small primes. The last row gives bounds that can only be used
for dimensions at least 2p, using the results of Frankl et al. [50].
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3 Proofs of the asymptotic lower bounds

In this section we prove the asymptotic lower bounds. We will use several
times that the central multinomial coefficients can be approximated by Stirling’s
formula:

Lemma 3.1. Let d > 2 be an integer. There exists a constant cq such that

dn dr
n,...,n @

Here we give a geometrically inspired proof of Corollary [2.4]

Proof of Corollary (Proof 2): The crucial idea is that an arithmetic progres-
sion of length 3 (with 3 distinct points) in Zj has a uniquely defined middle point.
(For comparison, this is not the case in Zj3.)

We relate the problem to a problem posed by Leo Moser [84]. Find in H =
{0,1,2}" the maximal set of elements without “three on a line” (which is also
known as Moser’s cube problem). Observe that in this case there is no reduction
modulo 3. Let f(n) denote the largest such number in H = {0, 1,2}". It is known
that f(1) =2, f(2) =6, f(3) = 16, (see Chvatal [27]), f(4) = 43 (see Chandra [25]),
f(5) =124, f(6) = 353 [9§]. In dimensions 1, 2, 3 and 5 these values are the same
as 73(Z}), but in dimension 4 one has that r5(Z}) = 42 < f(4) = 43.

A simple observation by Komlés [75] shows that f(n) > \3/—%, and the implicit
constant was refined again by Chvatal [26]. The construction by Chvatal relates
the problem to coding theory and gives f(5) > 124, for example.

Let us adapt Komlds’ [75] observation to our situation: the set

S={(x1,...,m,)€{0,1,2}" : ; = 1 for m = |n/3] values i}

has the claimed number of elements and has no three points on a line.
Now, let us count the number of such points. Let n be a multiple of 3, then
by Stirling’s formula S has

(S| = 27 (5) = 227(,s)

92n/3 \/2mnn" enfs /s > 3
er  \/2mn/3(n/3)"/3 \/2m2n[3(2n/3)2"/3 Vn

elements. When n = 1,2 mod 3 we have the same order of magnitude, up to a
constant factor, for example, by filling the extra 1 or 2 coordinates with entries
from {0,1}. Further observe that for three points P;, P, P3 to be on a line (in
this order), in each coordinate

either i) all entries are the same,

or ii) the entries are 0,1,2 or 2,1,0 (in this order). Since the number of “middle
entries 17 is constant for all points, there cannot be an arithmetic progression of
three distinct digits.
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Let us embed the set S from {0,1,2}" canonically into G = (Z},+). Think
of G as the lattice points {0, 1,2,3}" but now with reduction modulo 4 in each
coordinate. Observe that the set S does not have a single “3” entry. An arithmetic
progression of length 3 modulo 4 that does not make use of z; = 3 in any coordinate
must be of one of the types listed below. In a given coordinate the digits are:

i) the same,
ii) or are 0,1,2 or 2,1,0 in this order,
iii) or 0,2,0, or 2,0, 2.

We will show that the set S ¢ Z) does not contain a proper 3-progression.
Suppose S does contain three distinct points Py, P», P; in arithmetic progression.
The case i) where all entries are the same does not play any role. Let us look at
those coordinates where the entries differ. Since all points have the same number
of 1 entries, let us study, where one of the three elements uses a “1”7, but another
point does not: For this, the only possibilities are 0,1,2 and 2,1,0. But here only
the middle point P, can make use of a 1. So, the two points P, and P3; cannot
make use of their 1’s, unless all three entries are identically 1. This means that
all three points have their 1’s in exactly the same position, and that there is no
coordinate with a progression 012 or 210. So, let us look at the other coordinates.
The only possibilities left are 020 or 202. But then P, and P; would be the very
same point, which is a contradiction to the definition of a proper progression. [

Proof of Proposition[2.15. The idea of this proof might go back to Shannon [113],
see also Davis and Maclagan [33]. Let oy (n) = (rk(Z%))l/n, so that we have the
following properties: By the product construction (Lemma [2.13]) we have

i (Zy Yri(Zy?) < ri(Zy ™),

that is,
O‘/f,m(nl)nloﬁc,m(nQ)n2 < Oék,m(n1 + ng)nl+n2a

and therefore

nilog agm(n1) + nalog ag m(ng) < (n1 +ng)log oy m(ng + ng).

Therefore, the sequence {nlog oy, ,(n)}o2, is superadditive.
By Fekete’s Lemma on superadditive sequences the limit lim log ay ., (n) ex-

ists and equals sup log ay ., (n).
! O

Proof of Theorem [2.16: Let us first prove a slightly weaker result based on the
Salem-Spencer construction [108] for sets of integers without 3AP’s. Recall that
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m is odd and that we only need to study k = 3. Assume first that n is a multiple
of (m +1)/2. Choose vectors with digits

m-1
.€30,1,2,..., —=
¢ { 2 }

with exactly n; entries of digit i, where i ¢ {O, 1,2,...,7”7‘1}. The number of
such vectors is maximized when n; = W for every . This gives at least

C’m(mT“)”n%m points, for positive constants C),, and c¢,,. If n is not a multiple of
(m+1)/2 one can fill the remaining coordinates with entries 0 < a; < =%, which
slightly weakens the constant C,,.

We show that there is no arithmetic 3-progression: by the choice of the allowed
digits, if the digit a > 0 occurs, then the digit m —a = —a mod m is forbidden,
so 0 is never in the centre of a proper 3-progression. As all vectors have the
same number of 0 entries, all of these digits 0 must occur in the same coordinate
position, giving a trivial 000-progression. By continuing this, all nontrivial 3-
progressions, without the digit 0 do not have a digit 1 in the centre, and hence
the digit 1 can only come from a 111-progression.

To do an explicit example, let m = 11,k = 3, we use the digits: 0,1,2,3,4,5.
A complete list of all possible 3-progressions of these digits is:

000, 111,222, 333, 444, 555,
012,024, 123,135, 234, 210, 345, 321, 420, 432, 531, 543.

As there are three distinct points, there must be a proper 3-progression of three
distinct digits abe. As the digit 0 is never in the centre of any of these nontrivial
3-progressions, and as all vectors have the same number of 0 entries, the digit
can only occur in the trivial way: 000. This leaves the following shorter list of
nontrivial 3-progressions:

123,135,234, 321, 345, 432, 531, 543.

Now the digit 1 is never in the centre, and 1 can only occur in the trivial 111
progression, leaving the list 234,345,432,543. Now, the digit 2 is never in the
centre, so 2 can only occur as 222, leaving 345,543. Now 3 is never in the centre,
which gives the final contradiction.

Note that initially we have restricted the frequency of all digits 0,1,2,3,4,5,
but we can now observe that restricting the frequency of the digits 0,1,2,3 is
enough.

Based on a comment of a referee of paper [45], we can also observe that one
gets some saving on the number of restrictions, when fixing the total number of
occurrences of “digit is 0 or 5”. As there is no 0 or 5 in the centre position one
can remove 0 and 5 so that the list of nontrivial progressions

012,024, 123, 135,234, 210, 345, 321, 420, 432, 531, 543
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immediately shrinks to 123,234,321,432. Now a second condition such as “the
total number of occurrences of 1 and 4 is constant” also forbids these cases, so
we have used only two restrictions. In general it seems that about m/4 such
restrictions of joint occurrence of digits a and (m —1)/2 - a are sufficient.

We now prove the theorem in its full strength, based on Behrend’s construc-
tion. The number of elements used is only larger by a factor ne¢.

Let m be odd, and n be a multiple of (m +1)/2. Let

1
SRz{(al,...,an):aie{O,l,.. ,(m=-1)/2}, Z(az—mT) zR}.
Here Sg can be thought of as a sphere about centre ((m—1)/4,...,(m—-1)/4))
with R as squared radius. We prove that all Si are progression-free and there
exists an Sy of size at least
Cmi (m + 1)" '

NAEE

Suppose there are three distinct points Py, P, P3 in arithmetic progression.
None of the progressions in a fixed coordinate makes use of the reduction modulo
m, so the convexity of the geometric sphere gives a contradiction. But let us look
at this arithmetically: Let the progression in the ¢-th coordinate be a;—d;, a;, a;+d;.
Then for the three points one has that

i=1 i=1

n _ 2 _ 2 _ 2
Z (CLZ"Fdi—m—l) +(6Li—di—m—1) —2(&i—m—1) =0.
i1 4 4 4

7

Then

This yields Z 2d? = 0. Hence d; = 0 for all <. In other words, the three points are

identical, Wthh is a contradiction.
The size of large sets Si follows from the observation that most elements in

(ai,...,a,) € [0,”51]" have a value of R = Z(aZ 2-1)2 in an interval of size
-1
the standard deviation around the mean value To make this more precise, we

follow Elkin [40] and consider a,—mTl as independent random variables Y7, ..., Y,

distributed uniformly in {-(m -1)/4,...,(m-1)/4}, and
ZZ'ZY;Z (’iE{l,...,’I’L}), ZZZZZ

The expected value is

1 mDA- 1,1 1
i =B(Z0) = iz_(g_wj R YRATS
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and E(Z) = nE(Z;). The variance is

_ 2 2
Var(Z) = E(22)-E(Z) 2
4 3 2
- m® . m° _ 1lm2 _ 17m i_(i 2, 1 _i)
= 1280 T 320 T 1920 _ 960 T 256 ~ \ag'M" t 33~ 15

= 5 (m*+4m?3 - 14m? - 36m + 45),

and Var(Z) = nVar(Z;).
The standard deviation is o, = \/Var(Z;) and oz =+/Var(Z) = 0,,5/n, where

om depends only on m. By Chebychev’s inequality
1
]P(|Z—E(Z)| > (102) < ?

With a = /3 we see that for at least two thirds of all elements in [0, Z52]” the sum

of digit squares-distances from the centre point (mT’l, ce mT’l) is in the interval

[tmn—aoz, pmn+aoz]. By the pigeonhole principle there exists a squared radius
m+l

R with frequency at least % ( 5 )n, where

o 9 1
" 3.9v30,, 330,

Note that o5 = \/?5, o7=1,09 =/ 15—4. As the proof only makes use of effective
bounds, the result is valid for all odd m > 5 and all n. If the odd value m tends
to infinity, then, asymptotically o, ~ % holds, giving the claimed value of C,.

m

Remark 3.2. While the Salem-Spencer type construction with all frequencies of
the digits being constant is completely explicit, the above Behrend-type proof uses
the pigeonhole principle, which is not explicit, and in algorithmic terms slow, as
one would need to search for a good value R. However, a result of Rankin [101)]
gives entirely explicit bounds on the number of representations of numbers as a
sum of n squares of bounded size. In particular this shows that not only there are
good values R but that all values R in the interval are good, when weakening the
constant Cy, by a small factor only. In particular, one can choose R = |un]. In
another direction, as the above argument does not make use of reduction modulo
m, it seems possible to implement the improvement by Elkin [[0], which might
gain an extra factor, maybe of size n°. Elkin observed that 3-progressions in a
suitable union of spheres (annulus) are geometrically quite restricted. One can
then prove that there is a large subset of this union which is progression-free.
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Proof of Theorem[2.17: Again, we first prove a sightly weaker version based on
the Salem-Spencer construction. This proof is similar to the previous case, but
as m is even there is one extra complication to care for. Assume first that n is a
multiple of (m+2)/2, and that there is an arithmetic progression of three distinct
points.

Choose vectors with exactly n; entries of digit i, where ¢ € {0,1,2,...,%
The number of such vectors is maximized when n; = W for every 4. This
gives at least (mTJ'Q)"nC;”; points. If n is not a multiple of (m + 2)/2 one can fill

the remaining coordinates with 0 entries, which will slightly weaken the constant
Cr.

Working out the set of all nontrivial 3-progressions, one observes that the
boundary values 0 and m/2 occur as values in the middle position only in the
progressions of type 050, 705 or constant progressions. This means that the
values of 0 or % can occur in constant 3-progressions, 000, 5 %% and in the
same number of progressions of types 040 and F07%. Hence other nontrivial
progressions using 0 or % (e.g. like 012) never occur.

By definition of a proper 3-progression we search for three distinct points, this
means there must be somewhere another nontrivial progression abc with three
distinct digits in {1,2,...,% — 1}. One can then continue iteratively as before,
and conclude that there is no nontrivial 3-progression of 3 distinct points. (As in
the case of odd m it is possible to reduce the number of restrictions, for example
by fixing the joint occurrences of digits a and m/2 - a.)

Let us define the Behrend-sphere:

SR={wh”wa@:me{Qlw”ﬂnﬂhééGu_232=R}

We prove that Sk is 3-progression-free in Z, . The estimate on the number of
points is as in the case of odd m above.

Suppose there are three distinct points Py, P, P; in arithmetic progression.
The nonconstant progressions in a fixed coordinate do not make use of the re-
duction modulo m, with the two exceptions of 050 and F0%. Let ny,no, ..., ng
denote the number of coordinates with a fixed progression-pattern such as 000,
012, 024 etc. Of these, let n; count the pattern 050 and and ny count the pattern
50%. As all other patterns do not wrap over modulo m let n; count the pattern
bi — diapi7pis+ d;.

Hence Y m; = n. The points (a,...,a,) in Sk lie on a sphere with cen-
i=1
tre (m/4,...,m/4). Let the progression pattern of the j-th coordinates be p; —

27



pachpp_312 25

d;,p;,p; +d;. Then for the three points P, P», P3 one has that

m? m? m\? m? m? m\>
S =T i\pi—di——] =ni— S i\Pi—— | =
T ET: Z" (p 4) R TEET: +;" (p 4)

m2 m2 m\?
=n1E+n2E+Zni(pi+di—Z) .

)

S m2 m2 m2
i\ \pi+di—— i—di—— ] -2(pi—-— ] |=0.
;n((p+ 4)+(p 4) (p 4))

This yields Y n;2d? = 0. Hence for all nonconstant patterns with 7 > 3 one has
i=3

that n; = 0. The three points only consist of patterns aaa, 030 or 0% . Therefore
the first and the third point are exactly the same point, in contradiction to the
assumption.

We estimate (), as above: for ¢ =1,...,n consider Y; = a; — 7 as independent
random variables, distributed uniformly in {-m/4,...,m/4}, and

Then

ZiZY;Q (ZE{]_,,TL}),ZZZZZ
i=1

The expected value is

1 md 1

wi=B(Z) = —— S
tom = E(Z:) (m+2)/21.=_zn;/4Z IR TR

and E(Z) = nE(Z;). The variance is
Var(Z;) = E(Z2)-E(Z;)?

_ m? m3 m?2 m ( 1 2 1 )2
= 1280 T 160 T 120 ~ 60  \ag!M" t 3Mm

= ﬁ (m* + 8m?3 + 4m? — 48m) ,

and Var(Z) = nVar(Z;).
The standard deviation is o, = \/Var(Z;) and oz =\/Var(Z) = o,,1/n, where

om depends only on m. By Chebychev’s inequality
1
]P)(|Z—E(Z)| > adz) < ?

With a = /3 we see that for at least two thirds of all elements in [0,2]" the

sum of digit squares-distances from the centre point (%, ce %) is in the interval
[ftmn —aoz, pmn+aoz]. By the pigeonhole principle there exists a squared radius

m+2

R with frequency at least % ( 5 )n, where

o 9 1
" 3.9v30,, 3V30,,

28




pachpp_312 25

Note that o4 = \/?5, o¢g=1,08 = \/g. As the proof only makes use of effective
bounds, the result is valid for all even m > 4 and all n. If the even value of m
tends to infinity, then asymptotically o, ~ % holds, giving the claimed value
of C,,.

Note that the values of the constants in the two cases m odd and even are
quite similar.

]

Proof of Theorem [2.18 Let n be a multiple of 7 and D ={0,1,2,3,4,5,6}. Let

S ={(ay,...,a,):a; € D and for each j € D

there are n/7 values i € {1,...,n} with a; = j}.

The list of trivial and nontrivial arithmetic progressions of length 4 with digits
in D modulo 11 is:

0000, 1111, 2222, 3333, 4444, 5555, 6666
0123, 0246, 1234, 1605, 2345, 3456, 3210, 4321, 5061, 5432, 6420, 6543

Let d(ajasazay) denote the number of coordinates, where the pattern ajasazay
occurs among the 4 points which are in arithmetic progression. Note that the digit
0 occurs in all 4 positions with the same frequency. Applying this to positions 3
and 1 we see that the number of occurrences of a pattern 1605 equals the sum of
the number of occurrences of patterns 0123 and 0246 together. (See underlined
symbols in the list of patterns.) Also looking at digit 1 at positions 2 and 1, and
combining these gives:

(1) d(1605) =d(0123) +d(0246)

(2) d(0123) =d(1605) + d(1234) =d(0123) + d(0246) + d(1234),
which implies:

(3) d(1234) =0. g

As 1234 is the only nontrivial progression with digit 4 in the last position, all 4’s
must occur in form of a trivial progression, 4444. Therefore,

d(0246) = d(1234) = d(2345) = d(3456) =
= d(4321) = d(5432) = d(6420) = d(6543) = 0.

This leaves only the following nontrivial progressions.
0123, 1605, 3210, 5061

Here we observe that there are no digits 2 or 6 at the boundary, and also no
digits 3 or 5 in the positions 2 and 3. So, in each coordinate there can only be
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a constant progression, which contradicts that we have a proper progression of
distinct points in S.
The number of elements in S is the multinomial coefficient

n n! "
(n/?,n/?, n/7,n/7,n/7, n/?,n/?) ) ((n)7))" N Cﬁ

for some constant C' > 0, by Stirling’s formula. If n is not a multiple of 7, say
n = Tr +1, one adds ¢ < 6 further coordinates with constant digits, which only
weakens the overall lower bound by a small factor. O

Proof of Theorem [2.19. In this situation we do not take the digits consecutively,
but make use of the algebraic structure of (Z,,,+). In particular, p*~! generates
a subgroup of order p, and k-progressions in Z,, with gap size divisible by p have
the property that the first element is the same as the last element. We choose the
digits as follows:

D=Zpy~{ip*t=1:i=2,... p}.

Observe that D contains p*~! — 1 complete cycles of length p, and one extra
element, and so
IDl=(p*'=1)p+1=p°-p+1.

There are three types of progressions of length k& =p*1+1 in D:

1. Type I progressions have a non-zero gap size divisible by p. In this case the
first element and the last element of the progression are the same.

2. For Type II progressions the gap size is not divisible by p. In this case all
residue classes modulo p*~! occur, and the first and last elements are the
same modulo p*~!, but cannot be the same modulo m = p*. The residue
class p*~! — 1 mod m must occur, as D contains only one element from the
residue class —1 mod p*~t. We observe that no such k-progression can start
with p~1—1, as it would have to end at another element —1 mod p*~!, which
is impossible.

3. Type III progressions are constant.

So far this was the part which generalized the algebraic situation from m = 4
to prime powers. The last part is the set-theoretic trick inspired by Salem and
Spencer.

Let |D| | n and let

S:{(al,...,an):aieD,VdeD:Hje[l,n]:aj=d}|=%}.
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The number |S| of elements is the multinomial coefficient

( n ) o 1o
a/|D),....nJ|D|) " (DD

according to Lemma 3.1} Suppose that S contains a proper arithmetic progression
of length k = ps=1 + 1.

Let us study the occurrence of the digit ps~! — 1 in the first vector. It cannot
be part of a type I or type II progression, and hence must be a constant type
IIT progression. Therefore all coordinate entries p*~! — 1 in all vectors occur in
the same positions. In all other coordinates we only have type I and type III
progressions. For these the first and the last elements are the same, modulo m.
Hence there cannot be a proper arithmetic progression of length k, which by
definition consists of k£ distinct elements.

m

Proof of Theorem[2.21. Recall that m =p*, s> 3,k=p*2+1. Let
Dy ={p*%i:i=0,...,p* -1},

D2:{ps’1i+j:z'€{O,...,p—l},je{1,...,p—1}}
and D3 ={0,1,2,...,p-1}. Choose the digits:

D = (Zm N\ (D1 U Dg)) U D3.

Observe that
|D|=p°-p*—p(p-1)+p=p°—2p° + 2p.

For example, when m = 27,k = 4, then
D={0,1,2,4,5,7,8,13,14,16,17,22,23,25,26}.

There are four types of progressions of length k& =ps2+1 in D:

Type I progressions with gap size pf, 2 <t < s, which therefore contain a cycle
of length p*~t. Here the first element and the last element is the same. Note that
the class 0 cannot be part of such a progression, as the element pt - ps=1-t = ps-1
is not in D.

Type II: progressions of gap size p. They must use exactly one of the digits in
D3~ {0}, but cannot use it in the first or last position: starting with d € D3~ {0}
and gap size p the longest progression size is k — 1, as otherwise a digit in Dy
would be needed, which is impossible. Also the progression cannot contain 0, as
it would then also contain p - p*=2, which is impossible. (Example, m = 27: the
longest progression with gap size 3 is: 22,25,1,4,7.)

Type III progressions have a gap size coprime to p, and do not contain any cycle.
They consist of k = ps=2+1 distinct digits, and in particular go through all residue
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classes modulo p*~2, and therefore contain the special element 0. But note that
no such progression can start with 0, as it would also have to end at another
element 0 mod p*=2, which is impossible.
Type IV progressions are constant.

Note that progressions starting with 0 must be of type IV. Now let |D| divide
n and let

S:{(al,...,an):aieD,VdeD:|{je[1,n]:aj:d}|=%}.

The number |S| of elements is the multinomial coefficient

( n ) o L
n/|D|,...,n/|D|]) "~ " (DD

As all elements contain the same number of 0 entries, the constant progressions
(type IV) are the only ones that contain any 0 entry.

Now suppose that S has a proper progression of length k& = p*=2 + 1. All k
elements contain in ﬁ positions an entry d € Ds. Looking at the first element of
the progression we see that these progressions starting with d € D3 can only be
of type IV, i.e. constant. Hence all digits D3 cannot take part in any nontrivial
progression. With all other digits in Z,, \ (D; U Ds) and with all progression types
we observe that the first and the last elements are the same. Altogether, the set
S of vectors does not have a proper arithmetic progression of length k, which by
definition consists of k£ distinct elements. O
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4 Progression-free sets in Z}

In this section we give bounds for r3(Z}) and r4(Z}). For proving the upper
bound r3(Z}) < 3.611" with Croot, Lev and the author [31] developed a new
variant of the polynomial method. Here we will follow the proof from [31], but
we present it in a slightly different way. Due to the structure of Z}, if a,b,c is a
3AP, then ¢ —a=2(b-a) must lie in the subgroup generated by its involutions:
{0,2}" 2 F7. (Note that this subgroup is both the image and the kernel of the
doubling endomorphism of Z} defined by g = 2¢g (g € Z}).) This makes it natural
to reformulate the problem of finding r3(Z}) as an extremal problem about a
system of subsets of I} satisfying a certain condition. Though this reformulation
does not play a crucial role in our proof, we believe it may be helpful to explicitly
state it, as in [31] it was used only implicitly.

4.1 Subset reformulation for 3AP-free-ness

In this section we give a “subset formulation” for the question of determining
r3(Z}). As an application, we give yet another proof to Corollary , then we

prove Theorem
Let us say that a system of subsets A(x) ¢ Fy (x € F) satisfies property (),

if the following implication holds:
Ve ey (yex+ A(x)+A(zx) = A(y) = @). ()

(Note that for A(z) = @ we define x + A(x)+A(x) = @.)
Let r4(n) denote the maximal possible size of ) |A(z)], if the system of subsets

zelfy
{A(x) : x e F3} satisfies (*).
The proof of Lemma (below) shows that property (*) nicely captures the
condition that the “corresponding” A c Z} is 3AP-free.

Lemma 4.1. For every n > 1 we have r3(Z}) =r4(n).

Proof. Let F ={0,2}" <Z} and R = {0,1}" ¢ Z}. Every element a € Z} can be
written as a = f+7 (f € F,r € R) in a unique way. Let A ¢ Z}. Let us assign to
every z = 2r € F' (where r € R) a subset A(x) ¢ F' in the following way:

A(z)={ye F:r+yeA}.
Three distinct elements
ar = fi+r1, ag=fa+ra, az= f3+73
(where f; € F,r; € R) form an arithmetic progression (in this order) if and only

if a1 + a3z = 2as, that is, if fi + f3+7r1 +7r3 = 2ry. As fi, f3,2r9 € F, this implies
r1 = r3, so the condition gives 2ro = 2r; + f; + f35. Such elements can be found
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in A if and only if for distinct = = 2ry,y = 2ry € F' we have y € z + A(x)+A(x)
and A(y) # @. Note that F' 2 F7, and this is equivalent with the condition that
the system of subsets satisfies property (*). Furthermore, |[A| = ¥ |A(x)|, so the
maximal possible size of a 3AP-free subset of Z} is equal to the maximal possible
total size of a system of subsets A(x) satisfying property (x). O

Now, as an illustration, we give an alternative — different from the proofs
presented in Section — proof (using the subset reformulation) for Corollary ,
then we prove Theorem

Alternative proof of Corollary[2.4} For x € FY let supp(z) = {i : 2; # 0}. Let us
fix some r € {0,1,...,n}. Let A(z) = {v : supp(v) € supp(z)}, if |[supp(z)| = r
and A(x) = @, otherwise. We claim that the system of subsets A(x) satisfies (*).
Indeed, if y € x + A(x)+A(x), then |[supp(z)| = r, thus supp(y) ¢ supp(z) yields
Aly) = 2.

The total size of the subsets A(z) is ("')2". The optimal choice is r = [2n/3]
yielding

ra(Z1) > (2)2 > 3" \/n.
O

Proof of Theorem [2.23. For 0 < k < n let X} contain those x for which A(x)
is a subspace of codimension k. If there is an A(z) of codimension 0, that is,
A(z) = F%, then all the other A(y) sets are empty, thus the total size of the
subsets is only 2. From now on, we assume that each nonempty subset is a
subspace of positive codimension.

Let us fix k. For z € X}, let (), ... () be a basis for the orthogonal comple-
ment of A(x), that is, A(z)={z:V 1<i<k: z2® =0}.

Let 2 = (x,1) e Fi*t and () = (2 1+ z2(®) e F3*L. Now, for every = € X} we
have 22() = 1. If x # y € X}, then y ¢  + A(z)+A(x), thus for some 1 <i <k we
have (z +y)z() = 1. However, this implies that (2 +¢)2(® = 1, that is, §2(® = 0.
Let

w(z)=201®---®1 e (Fy)e
and
v(z) =M @i® @...0 1M ¢ (Fi1)ek,
If ,y € X, then u(x)v(y) = 64y, so the vectors (u(z),v(z)) (with z € Xj)
form a biorthogonal system of vectors, specially, the u(x) vectors are linearly

k
independent. However, all the u(x) vectors lie in a subspace of dimension }; (”:1),
i=1

k
thus | X < % (”Jfl). Therefore, the total size of the subsets A(x) is at most
i=1

k
(”f 1)2“ <6-3".
1 Z/

>

k=11=
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Now we use the tensor power trick to get rid of the factor 6. Let us assume
that in F% the system of subsets A(x) satisfies (*) and all the non-empty subsets
are subspaces. Let S =Y |A(z)|. Now, we can define a system of subsets in F4! as
follows. For (xy,xa,...,x;) € F4t let

A((x1, 29, ... 1)) = A(x1) x A(xg) x -+ x A(xy).

It is easy to check that this system satisfies (*), all the non-empty subsets are
subspaces and the total size of the subspaces is S*. Therefore, S* < 6 - 37, thus
S < 6137, This holds for every ¢, so the statement is proven.

[

4.2 Reformulation for 4 AP-free-ness

A similar subset reformulation can be given for 4AP-free-ness. Let us say that
a system of subsets A(z) ¢ F? (z € F%) satisfies property (#x), if the following
implication holds:

Vr,yeFy (z+ye(A(z) + A(z)) n (A(y) + A(y)) = z=y)  (*%)

(Note that for A(z) = @ we define A(x) + A(x) == 3.)

Let rj(n) denote the maximal possible size of Y. |A(z)], if the system of subsets
zelfy

{A(x) : x e F4} satisfies (#x).
Lemma 4.2. For every n > 1 we have ry(Z}) = rj(n).

Proof. Similarly to the proof of Lemma let us write every element a € Z} in
the form a = f +r (where f e F:= {0,2}",r € R:= {0,1}"). Let A c Z}. Let us
assign to every x =2r € F' (where r € R) a subset A(x) ¢ F' in the following way:

A(x)={ye F:r+yeA}.
Now four distinct elements

ar = fi+11, ay=fo+7r, a3 = fa+7r3, as= fa+ry

(where f; € Fr; € R) form an arithmetic progression (in this order) if and only if
ai+az = 2as and as+ay = 2as, that is, if fi+ f3+r1+r3 =2ry and fo+ fa+r9+14 = 213,
This implies r; = r3 and ro = r4, so the condition gives 2ry = 2ry + f; + f3 and
2r1 = 2ry + fo + f4. Such elements exist in A if and only if for distinct elements
x=2r;,y=2ry € F we have y e x + A(x)+A(z) and z € y+ A(y)+A(y). Note that
F = F7. Hence, A is 4AP-free if and only if the system of subsets {A(z) : z € F'}
satisfies property ().

Furthermore, |A| = 3. |A(x)|, so the maximal possible size of a 4AP-free subset
of Z is the same as the maximal possible total size of a family of subsets A(z)
satisfying property (*x). O
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4.3 Lower bound for r3(Z})
Proof of Theorem[2.5 For a point a € Zj define T'(a) = {i € [n]:a; € {0,2}}.

If a,b,c€{0,1,2}" form an arithmetic 3-progression, then for i € [n] we have:
(ai,bs,e;) € £(0,0,0), (0,1,2), (0,2,0), (1,1,1), (2,0,2), (2, 1,0), (2,2,2)}.

Hence T'(a) =T(c) 2 T(b) and a and c¢ differ only at positions i € T'(a)\T'(b).
Fix t and let S <€ {0,1,2}" be such that |T'(a)| > t for every a € S and such
that {a € S : T(a) = T} has minimum Hamming distance at least |T| —t + 1 for
every T' with |T'| > t. Then S does not contain a proper 3-progression, since, if
a,b,ce S form a 3-progression, then for the Hamming-distance of a and ¢ we have
the bound
d(a,c) <|T(a)\T(b)| = [T(a)| - [T(0)| < T (a)| - ¢,

which implies that a = c.

We can construct such S as follows. For every T' ¢ [n] of size i > t we take a
binary code in {0,2}7 of size A(4,i—t) of minimum distance i—t and add symbols
‘1’ in the positions [n]\T to get a code Ar.

The set S = U Ar gives the stated lower bound.
|T|>t

4.4 Upper bound for r3(Z})

We recall that the degree of a multivariate polynomial is the largest sum of
the exponents of all of its monomials. The polynomial is multilinear if it is linear
in every individual variable.

The proof of Theorem is based on the following lemma.

Lemma 4.3. Suppose that n > 1 and d > 0 are integers, P is a multilinear
polynomial in n variables of total degree at most d over a field F, and A ¢ F" is

a set with
A2 3 (ﬁ.

0<i<d/2 \

If P(a—b) =0 for all a,be A with a #b, then also P(0) = 0.

Proof. Let m:= Y, (:‘), and let K = {K3,..., K,,} be the collection of all sets
O<i<d/2

K ¢ [n] with |K| < d/2. Writing for brevity

zl = Ha?z‘, z=(z1,...,2,) €F", T S [n],
iel
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there exist coefficients Cr ;€ F (1, J € [n]) depending only on the polynomial P,
such that for all z,y € F* we have

P(zx-y)= Z Cryaly’
I,Jc[n]
InJ=g
\T|+].7|<d

=yt Y Cruy’+ ) > Cryal |y
IeK Je[n]~TI JekC Ic[n]NJ
J|<d-|1| d/2<[112d—|J]

The right-hand side can be interpreted as the scalar product of the vectors
u(x),v(y) € F?™ defined by

ui(2) =25, upi(z) = Z Cr.k, x!

Ic[n]\NK;
dj2<|11<d-|K;|

and

viy)= Y Cray’s vma(y) =y™
Je[n\K;
|/|<d-| K
for all 1 < < m. Consequently, if we had P(a—b) =0 for all a,b € A with a # b,
while P(0) # 0, this would imply that the vectors u(a) and v(b) are orthogonal
if and only if @ # b. As a result, the vectors u(a) would be linearly independent
(an equality of the sort Y. A\ u(a) =0 with the coeflicients A, € F after a scalar

acA
multiplication by v(b) yields A\, = 0, for any b e A).
Finally, the linear independence of {u(a): a € A} € F?™ implies |A| < 2m, contrary
to the assumptions of the lemma. O

Remark 4.4. It is easy to extend the lemma relaxing the multilinearity as-
sumption to the assumption that P has bounded degree in each individual vari-
able. Specifically, denoting by fs(n,d) the number of monomials xzf .z with
0<idy,...,0, <0 and iy + -+ + 1, < d, if P has all individual degrees not exceed-
ing 0, and the total degree not exceeding d, then |A| > 2fs(n,|d/2]) along with
P(a-b)=0 (a,be A, a#b) imply P(0) =0. Moreover, taking 6 =d, or 0 = |F|-1
for I finite, one can drop the individual degree assumption altogether.

Remark 4.5. The lower bound on |A| can not be significantly weakened according
to the following example. Let F = Fy and P(x) € Fo[xy,...,x,] be the sum of

multilinear monomials of degree at most d, that is, P(z) = Y «!. Let ATy be
Ic[n
i

the set of vectors that contain at most d/2 ones, then |A|= ¥ (7).
0<i<d/2

In A+ A each vector has at most d ones, thus by the binomial theorem P vanishes

on A+A, but P(0)=1+0.
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We will use the estimate

3 (”) onH (z/n) (3)

O<i<z \?

valid for all integer n > 1 and real 0 < z < n/2; see, for instance, [81], Ch. 10, §11,
Lemma 8§].

d
Recall, that for integer n > d > 0, the sum }; (’Z) is the dimension of the vector
i=0

space of all multilinear polynomials in n variables of total degree at most d over
the two-element field F5. In particular, the dimension of the vector space of all
multilinear polynomials in n variables over Fy is equal to the dimension of the
vector space of all Fy-valued functions on F7, and it follows that any non-zero
multilinear polynomial represents a non-zero function. These basic facts are used
in the proof of Proposition .6 below.

Proposition 4.6. Suppose that n > 1 and the system of subsets A(x) c Fy (v €
F? ) satisfies property (*). Let 0 <& <0.25 and

B = {x:|A(z)| > 2nHO05=2)+1y
Then |B| < 2nH(2e).

Proof. For the sake of contradiction assume that |B| > 277(22)  equivalently, for
the complement B = F} \ B we have |B| < 27 — 2nH(2),

Let d := m —[2en| and P be the vector space of multilinear polynomials of
degree at most d in n variables:

P={peFy[xy,...,x,]:degp < d, pis multilinear}.

Since
d 1 [2en]-1 /) —
diszZ(,):2”— > (.)>2"—2”H(25)2|BI,
i=0 \ 7 i=0 \?

the kernel of the evaluation mapping P — ]F2§ is nontrivial, that is, some 0 # p €

Fylzy,...,z,] of degree at most d vanishes on B.
Note that
9 Z (”) < QnH(0.5-c+1)
i<df2 \!

Since the system satisfies property (*), for every b € B we have b+ A(b)+A(b) € B,
so p(b+ z) vanishes on A(b)+A(b). Lemma yields that 0 = p(b+0) = p(b).
Hence, p = 0, which contradicts our assumption, completing the proof. O]

38



pachpp_312 25

Proof of Theorem[2.1. For x > 0, let N(x) denote the number of subsets A(x)
containing at least = elements; thus N(z) =0 for x > 2", and we can write

2n+1

SlA@I= [T N@)da. (4)

Trivially, we have N(x) <2 for all z >0, so that

2n}{(1/4)+1

/ N () dz < 2HQH D1 o gom. (5)
0

On the other hand, the substitution x = 27(0-5-6)+1 giyes

2n+1

1/4
— nH(0.5-¢)+1 nH(0.5-¢)+1
,/2nH(1/4)+1 N(z)dx=n fo 2 N(2 ) log

and applying Proposition [4.6] the integral in the right-hand side can be estimated
as

0.5+¢
0.5-¢

de, (6)

1/4 0.5
Qn[ n(H(05-)+H(29)) |og te
0 0.5

de < 3n f P gutt05-2 1) o g g,
0
(7)
From (4)-(7) we get |A] < (n+2) -4, and to conclude the proof we use the
tensor power trick: for integer k > 1, the set A x --- x A € ZE™ is progression-free

and therefore
|A" < (kn +2) - 47"

by what we have just shown. This readily implies the desired result. O

In the rest of this subsection we present the adaptation of the proof to the
setting of odd primes. We present the proof in a slightly different form compared
to the paper of Ellenberg and Gijswijt [41]. In the context of 3AP-free subset
of F? (where ¢ is an odd prime power) Lemma shall be formulated in the
following way:

Lemma 4.7. Let p € F[xy,...,2,] be a polynomial of degree at most d and
assume that p vanishes on the restricted sumset A+A for some A € F2. Then p
vanishes on all but at most 2f,(n,d/2) many elements of 2% A= {2a:a € A},
where fy,(n, D) denotes the number of monomials in Fy[z1,...,x,] whose total
degree is at most D and each individual degree is at most ¢ — 1, that is,

fu(n. D) = (i1, ... in) €{0,1, ..., q= 13" iy + - +iy < D}|.

The only modification in the proof of Lemma |4.3|is that in the representation
p(z+y) = Yeggxly? = (u(x),v(y)) we have that I and J are multisets, then
for getting the desired bound one shall use that {u(a) : P(2a) # 0} is a linearly
independent system of vectors. (Note that over Fy for every a we have 2a = 0,
thus the conclusion there was P(0) = 0 assuming A is large enough.)
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Now, let A cF? be a 3AP-free set and define B:=2% A={2a:a¢€ A}. Let P
denote the space of those polynomials in Fy[z1,...,z,] whose total degree is at
most d and each individual degree is at most ¢ — 1.

Let Py:={peP :p‘f ~ (0} <P be the kernel of the evaluation mapping on B.
Observe that by the dimension theorem

dimPy > dimP - [B| = || - (" - f,(n,d)) = |A] - f,(n. (= )n—d - 1).

As A is 3AP-free, A+ A C B, since a+a’ = 24" with a,a’,a” € A, a # ' would imply
that a,a”,a’ is a 3AP contained in A. Therefore, by Lemma [4.7] we obtain that
every p € Py vanishes on Iy with the exception of at most 2f,(n,d/2) points. By
using that in a k-dimensional subspace there is always a vector with at least k
nonzero coordinates we have that

dimP, < 2f,(n,d/2).
Comparing the lower- and upper bounds for dimP, we get that
Al <2f,(n,d/2) + f,(n,(¢g—-1)n—d-1).

The optimal choice for d is d ~ @, which yields the bound |A| < (¢J(q))"
discussed in Section [2] Notice that the main difference is that in the proof for
Z4 we needed the existence of one single, not everywhere 0 polynomial from Py,
while for I, it is also needed that the same dimension counting argument implies
that the dimension of P is large.

4.5 3AP-free subsets of Z}, if n <5

In this subsection we give a brief outline of the main strategy for proving
Theorem [2.11] If we take a look at condition (*) or (=), then heuristically it
seems to be a good idea to use sets with small doubling, since (*) and (*x*) seem
to be less restrictive for these sets. Subspaces have a small doubling, and working
with them is easier. An important step will be to show that it can be assumed
(up to dimension n < 5) that in a maximal configuration all the (non-empty)
subsets are subspaces. To arrive at this all-subspace state, we can use arguments
of the following type: if A(z) + A(x) 2V for a large subspace V' (where “large”
means that V| > |A(x)|), then we can replace A(z) by V, since (*) (or (*x))
remains true (that is, the corresponding subset is still 3AP/4AP-free) and the
total size of the subsets is larger (not smaller). So the general plan is to replace the
subsets with subspaces, and then solve the subspace version of the problem. If the
dimension is small, then for almost all subsets A(x) we can do this reduction step
easily, there are just a few cases, when A(x)+ A(x) does not contain a sufficiently
large subspace. However, even in these exceptional cases A(z)+ A(z) turns out to
be too large, so these cases can be excluded, as well. As the dimension increases,
both the reduction step and handling the all-subspace problem is getting more
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difficult. The 5-dimensional case is considerably more difficult than the previous
cases, the proof of this is presented in a separate subsection. Now, we continue
with the proof of the cases 1 <n <4.

4.6 Proof of Theorem [2.11| in the cases n <4 and of The-
orem [(2.24

Proof of Theorem in the cases n < 4. According to Lemma [4.1] and Corol-
lary [2.5] it suffices to show that

ri(1) <2, 15(2) <6, 15(3) < 16, 5(4) < 42.

Case 1: n=1.

If the dimension is 1, then it is trivial that every 2-element subset of Z, is
3AP-free and any three elements form a 3AP, so r3(Zy) = 2.

We continue with some general observations that are going to be used when
the dimension is at least 2. Let us take a system of subsets A(z)(c F%) (indexed
by elements x € F7) satisfying (*). For brevity let S = Y |A(z)|.

zelfy

Observation 1. If 2! < |A(x)| for some = € F%, then by the pigeon-hole
principle = + A(z) + A(z) = F3. Since, for every y € Fy we have (z + A(z)) n
(y + A(z)) + @, so, for some aj,as € A(z) we have = + a; = y + ag, that is,
y=x+ay+ay €x+ A(z) + A(z). Therefore, x + A(z)+A(x) = Fy ~ {z}, so all
the subsets are empty except A(x), thus S = |A(z)| < 2". Hence, in this case the
statement holds.

From now on, let us assume that |A(x)| < 27! for every .

Observation 2. Let A(x) be a nonempty subset: 0 < |[A(x)| < 2771, It can
be assumed that 0 € A(x), since changing A(x) to a translate of itself, A(x) + ¢,
preserves the sumset A(z) + A(x).

Observation 3. If |A(z)| € {1,2}, then A(z) is automatically a subspace,
as 0 € A(z). If |A(z)| € {3,4}, let u and v be two different nonzero elements of
A(z), that is, A(z) 2 {0,u,v}. Clearly, for A’(z) = (u,v) we have A(x)+A(x) 2
A'(z)+A’(z), so we may replace A(z) by the 2-dimensional linear subspace A’(x).
This way (*) is still satisfied, and either S does not change or it increases by 1.

Now we consider the cases n = 2, 3,4 one by one.

Case 2: n=2.

Now, we continue with the case when the dimension is 2. If none of the
subsets is empty, then all of them can have size at most 1, thus S < 4. Otherwise,
by Observation 1 we can assume that every nonempty subset has size at most 2,
thus S < 6, since there must be an empty set.
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Case 3: n=3.

If the dimension is 3, then let ey, ez, e3 be a basis for F3.

According to Observations 1-3 we can assume that all subsets have size at
most 4 and every nonempty subset is a subspace (of dimension at most 2).

Let k denote the number of 2-subspaces and ¢ the number of empty sets.
If £ =0, then S <2-8 =16, and we are done. Note that in fact S < 16, since either
all subsets have size at most 1 or at least one of them is empty.

So we can assume that k> 0. If A(z) = (u,v) is a 2-subspace, then

A(z+u), A(x +v), A(x + u +v)

are all empty, that is, we can assign an “empty triple” {x +u,x + v,z +u+v} to
each 2-subspace. To different 2-subspaces we assign different triples, as the sum
of the elements in the triple is z. That is, k < (g) We have S <4k+2(8-k-/) =
16 + 2k — 20 < 16+ 2(5) - 2¢ < 16, if £ < 4, equality holds if and only if £ = 4. If
5 </, then S < 3-4 =12. Therefore, S < 16 is shown and the maximum occurs
when £ =/ =4.

We continue with the 4-dimensional case.

Case 4: n=4.
We will show that if the system of subsets {A(x) € Fi | x € F3} satisfies (»),
then Y |A(x)|<42.

xelF?

At ﬁi"st it is going to be shown that “in most of the cases” it can be assumed
that all the nonempty A(x) subsets are linear subspaces, then we will prove the
statement for the special case when the non-empty A(z) subsets are all linear
subspaces and finally cover the remaining cases.

By Observations 1-3 we can assume that all subsets have size at most 8 and
every nonempty subset of size at most 4 is a subspace (of dimension at most 2).

Let 5 < |A(z)| < 8. As dim(A(z)) > 3, we may choose three linearly inde-
pendent vectors from A(z). Let these be fi, fo, f3 and let A'(x) = (f1, fo, f3)-
As 0, f1, f2, f3 € A(x), we have that

{0, f1, fa, fa, fu+ fo, fu+ f3, fo + f3} € A(x) + A(2),

that is, A(x)+ A(x) contains all the elements of the subspace (fi, fa, f3), possibly
with the exception of fi + fo + f3.

We claim that if there exists some 0 # g € (A(z) n A’(z)) ~ {f1, f2, f3}, then
A(x) + A(x) 2 (f1, f2, f3). To see this, we only need to show that fi + fo + f3 €
A(x)+A(z). However, either g = f; + f; (with some distinct 7,5 € {1,2,3}) and
fi+fa+fs = g+ fr (where {i,7,k} ={1,2,3}) or g = fi+fot+ fs and fi+ fo+f3=g+01s
a good representation. Therefore, in this case we can replace A(x) by (f1, fo, f3)-
It remains to check the case when any four vectors in A(x) \ {0} are linearly
independent.
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Step 1. Assuming that A(x) is not a subspace, and any four vectors in A(x)~
{0} are linearly independent we prove S < 42 under the additional assumption
that at most two subsets have size 8.

Without loss of generality it can be assumed that {0, fi, fo, f3, fa} € A(x),
where f1, fo, f3, f1 is a basis. The 3-subspaces spanned by three out of these basis
vectors cover F3 with the exception of fi + fo+ f3+ fs. That is, if |[A(z)| # 5, then

A(x) =10, f1, fo, f3, fa, fr + fa + f3 + fa},

but in this case A(z)+A(x) 2 A'(x)+A'(x) for A'(x) = (f1, f2, f3), so we can
replace A(x) by a larger set A’(x).

So, it suffices to check the case when A(x) = {0, f1, fo, f3, f1a}. The system of
subsets {A(y) | y € F3} can be replaced by a “translate” of itself: {A’(y) | y € F3}
where A’(y) = A(y + ¢) for some fixed ¢ € F; (not depending on y). So by taking
¢ =z we may suppose that A(0) = {0, f1, f2, f3, f1}. Then [0+ A(0)+A(0)| = 10, so
at least 10 subsets are empty. The size of A(0) is 5 and the size of the other five
(possibly) nonempty subsets is at most 8. If at least two out of these five subsets
have size at most 5, then S <5+5+5+ 3-8 =39 <42. If this does not hold, then
at least four of them are of size 8. We will cover this case later: indeed, it is going
to be shown that if at least three subsets are of size 8, then S < 42.

Step 2. From now on, we will assume that

e cither all the nonempty A(z) sets are linear subspaces of dimension at most
3, or

e some of the subsets are of size 5, but there are at least three subsets of size
8,

and show that S <42 in these cases, too.

Let h be the number of 3-subspaces. We distinguish 4 subcases.

Subcase 1 (h = 0). In this case all of the subsets are of size at most 4. If A(z) =
(u,v) is a 2-dimensional subspace for some x, then A(z)+A(x) = {u,v,u + v},
thus A(z +u), A(x +v) and A(x + u + v) are all empty. So for each 2-subspace
A(x) we can assign an “empty triple”, since the subsets assigned to the elements
of z + A(x)+A(z) are all empty. Moreover, the triple {x + u,z + v,z + u + v}
determines z, since the sum of the vectors in the triple is x. Let k be the number
of 2-subspaces and ¢ be the number of empty subsets (among the A(x) sets).
As empty triples can be assigned to the 2-subspaces by an injective mapping, we
have £ < (g)

Hence,

S§4k:+2(16—k—€)=32+2k—2€s32+2(§)—2€.

If ¢/ <4, then this yields S < 32. Moreover, for £ =5 we obtain that S < 42.
If £>6, then S <10-4 =40.
In all cases we obtained that S < 42.
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Subcase 2 (h=1). Let |[A(0)| =8. As [0+ A(0)+A(0)| =7, at least 7 subsets
are empty and consequently S <8+ (16 -1-7) -4 =40.

Subcase 3 (h = 2). Let A(u) and A(v) be the two 3-subspaces. Then U =
u+ A(u) + A(u) and V =v + A(v) + A(v) are 3-dimensional affine subspaces.
HUNV =g, then UuV =F] and A(z) = @ for all x ¢ {u,v}, so S<2-8=16.
Otherwise, U NV is a 2-dimensional affine subspace, so [(Uu V) \ {u,v}| = (16 -
4) -2 =10, that is, at least 10 subsets are empty. Then S <2-8+4-4 =32.

Subcase 4 (h > 3). Finally, let us assume that A(u), A(v), A(w) are 3-
subspaces. Note that in this case it can happen that some of the nonempty
subsets are not subspaces (these sets have size 5 and contain 5 affine independent
vectors). According to Subcase 3, at least 10 subsets are empty. If at least 11
subsets are empty, then S <5-8 =40, and we are done.

So it can be assumed that exactly 10 subsets are empty. Let

U=u+A(u)+A(u), V=v+AWw)+A(w), W=w+ A(w) + A(w).

Since there are only 10 empty subsets, from the argument of Subcase 3 it follows
that these are exactly the 10 subsets A(z) which are assigned to the 10 elements
x e (UuV)~{u,v}. However, U, V,U NV are all affine subspaces, so the sum of
the vectors in U adds up to 0 and the same holds for V and U n V. Thus the
sum of the vectors in U uV is also 0. Hence, the sum of all vectors to which the
empty set is assigned is u +v. However, we can repeat this argument with U and
W and get that the sum is also equal to u + w, which is a contradiction. We are
done.

O

Proof of Theorem 2.2 We are going to use the implications of the previous
proof.

When n = 2, one of the sets must be empty and all other sets must have size
2 in order to get 6 elements. If, say, A(zg) = @, then for any x # xy the set A(z)
must contain two elements whose difference is . Two such configurations can
always be mapped to each other in the required way.

When n = 3, then we need four empty sets and four 2-subspaces to get the
total size of 16. Assume that A(x1) = A(x2) = A(x3) = A(x4) = @. We claim that
x1,T9,x3, x4 are affinely independent. Otherwise they form an affine 2-subspace,
however, taking some x ¢ {1, s, x3,24} the affine 2-subspace = + A(x) + A(x)
would have to contain exactly three of x1,x9, z3, 24 (and z as the fourth element)
which is impossible. Therefore, x1, x5, x3, x4 are affine independent, and by some
affine linear transformation ¢ they can be mapped to 0, e, es, e3, for simplicity.
Now, we can assume that 0 is contained in every nonempty A(x) (by suitable
translations). Then it follows that A(e; +e;) = (e;,e;), for 1 < i < j < 3 and
A(er +ex+e3) =(e1 +eg,e0+e3).
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Finally, let n = 4. Note that S = 42 can hold only in Subcase 1 when k =10,/ =

From the proof it follows that S = 42 is possible only if there are exactly five
empty sets, ten 2-subspaces and one 1-subspace. Moreover, if uy, us, us, g, us are
the vectors to which the empty set is assigned, then the 3-term sums made out
of these 5 vectors have to be all distinct. Clearly, by applying a suitable affine
linear transformation ¢ we can assume that u; = 0 and wuso,us,uy are linearly
independent. If us € (ug, us, uy), then all the 10 triple sums lie in a 3-subspace, so
they can not be all distinct. Thus us, us, ug, us are linearly independent. Therefore,
by renaming uy, ..., us (if necessary), let A(0) = A(e;) = A(e2) = A(es) = A(eq) =
@, where ey, s, €3, €4 is a basis. The set A(e;+ex+e3+¢e4) can not be a 2-subspace,
since all vectors in it must have Hamming-weight at least 3 to satisfy

e1t+eg+egteq+ A(61 +egt+esz+ 64)-T-A(€1 +éeytesz+ 64) c {0, e, e, e3, 64}.

So it is the unique 1-subspace, for instance A(e; + ey +e3+ey4) = (1 + €9+ €3 +
e4) is an appropriate choice, but (e; + €; + e;) is also fine with any 3-subset
{i,7,k} of {1,2,3,4}. By permuting 0, ey, e, e3,e4 with a suitable affine linear
transformation we may assume that A(e; +es+e3+ey4) = (€1 + €2+ €3+ ey4).

The remaining 10 sets need to be 2-subspaces. For A(e; + e;) the unique
appropriate choice is A(e; +¢e;) = (e;, e;), with this choice

e; + €; + A(el + ej)frA(ei + ej) = {O, €;, €j}
holds. For A(e; + € + e;,) the unique appropriate choice is
Ale;+ej+eg)=(ei+ej,ei+ex) ={0,e +ej,e;+ e, e+ e},

with this choice e; +e; + e, + A(e; +e;+ex)+A(e; +ej+ei) = {e;, e;,ex} is satisfied.
]

4.7 Proof of r3(Z3) =124

We will show that if the system of subsets {A(x) € F5 | x € F3} satisfies (x),

then S:= Y |A(x)| < 124.
xelf)

Again, b;/ Observations 1-3 we can assume that all subsets have size at most
16 and every nonempty subset of size at most 4 is a subspace (of dimension at
most 2).

Now, let us assume that 8 < |A(x)| < 16. The set A(x) must contain at least
4 linearly independent vectors. (Note that by Observation 2 we have 0 € A(z).)

Step 1. First, let us assume that a set A(x) with size 8 < |A(z)| < 16 spans
a 4-dimensional subspace. Our aim is to show it can be assumed that A(x) itself
is a 4-subspace.
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Let fi1, fa, f3, fa € A(z) be linearly independent. Then A(z)+A(z) contains
all the pairwise sums f; + f;. If f1 + fo+ f3+ f4 also lies in A(z), then A(x) +
A(x) = (f1, f2, [3, f1), since the 3-term sums like f; + fo + f3 can be obtained as
(fitfotfarfo)+fa=fitfotfoand fi+ fot+ fa+ fa=(fitfot fo+fo)+0¢
A(x)+A(x). Hence, if f1 + fo+ fs+ f1 € A(x), then A(x) can be replaced by
A,(:U) = (f17f27f37f4>'

Now, let us assume that fi + fo + fs+ fi ¢ A(z). Let us call the 2-term sums
fi+ f; (with i # j) pairs and the 3-term sums f; + f; + fi (with 4, j, k distinct)
triples. The pair f; + f; can be identified with the set of indices {7,7}, let us
call this subset {i,7} € {1,2,3,4} also a pair, and similarly the 3-element subset
{1,4,k} will be called a triple corresponding to the vector f; + f; + fx. As the size
of A(x) is at least 9, the set A(xz) must contain at least (9 —4 -1 =)4 elements
among the six pairs and four triples.

Now, we will prove that (at least) one of the following cases holds:

(i) A(x) contains two disjoint pairs, for instance: fi + fa, f3 + fi € A(x),

(ii) A(x) contains a pair and a triple such that their intersection has size 1, for
instance: f1 + fo and fo + f3+ f4,

(iii) A(z) contains all triples,

(iv) A(x) contains a triple and all the three pairs contained in it, for instance:

fi+ fot fa, i+ fo, fr + fs, fo + f3 € A().

For the sake of contradiction let us assume that none of (i-iv) holds. Since
we need at least four more vectors, at least one triple is contained in A(x), by
symmetry we shall assume that f;+ fo+ f3 € A(z). Note that the pairs fi+ f4, fo+
fa, f3 + f1 are not in A(x), since (ii) does not hold. Therefore, there must be (at
least) one more triple in A(x), otherwise (iv) would hold. We may assume that
fi+ fa+ f1€ A(z). Now, it follows that the pairs fi + f3, fo + f3 are not in A(z).
However, A(x) must contain at least one pair, this pair can only be fi + fy (since
the other five pairs are already excluded). The two remaining triples (f + f3 + f4
and fy + f3 + f4) intersect the pair f; + fo in a single element, so they are not
contained in A(x) which contradicts that A(z) contains at least 4 elements from
the 4 triples and 6 pairs.

Finally, we show that the equality A(x)+ A(z) = (f1, f2, f3, f4) holds in all of
the four cases (i)-(iv).

In case (i) we have f1+ fo+ f3+ f1 = (fi+ f2) +(fs+ f1) and each triple contains
either {1,2} or {3,4}, thus they can be expressed like fi + fo+ f3= (f1 + f2) + f3

In case (ii) we have fi+ fo+ fs+ fa = fi+(fa+ f3+ f1), the triples {1,2,3} and
{1,2,4} can be obtained like fi+ fo+ f3 = (f1 + f2) + f3, furthermore, fo+ f3+ f4 =
0+(fatfa+fa) and fi+ fa+ fo=(fi+fo)+(fat+ f3+f1), as all fi, fa, f3, fa € A(2).

In case (iii) all the triples can be written like fi + fo+ f3 = (fi + fo+ f3) +0

and fi+ fo+ fs+ fa=(fi+ fat+ f3)+ fa

46



pachpp_312 25

In case (iv) all the triples can be written like fi + fo+ f3= (fi + fo+ f3) +0 or
(fitfotfo)=(fi+tfo)+ faand fi+fot fs+ fa=(fi+ fa+ f3) + fa.

Thus in all cases we get A(z) + A(x) = (f1, fo, f3, f1). Hence, if A(x) is a set
of size at least 9 (and at most 16) such that A(z) is not a 4-subspace, then we
can assume that dim(A(z)) = 5.

Step 2. We show that it can be assumed that there is no subset for which
8 <|A(x)| £ 16 and dim(A(z)) = 5. Our aim is to show that A(z) can be replaced
by a 4-subspace. Together with Step 1 this implies that we can assume that all
sets having size larger than 8 are 4-subspaces. Moreover, we show that there can
be at most one such subset.

Our aim is to show that either there is a 4-subspace A’(x) such that A’(z) ¢
A(x) + A(x) or the total size S of the sets is at most 124.

Let us assume that 0, fi1, fo, f3, f4, f5 € A(x), where fi,..., f5 is a basis. Then
all singletons f; and pairs f; + f; lie in A(z)+A(z). If a 4-term sum, like f; +
fo+ f3+ fi lies in A(x), then A(x) + A(x) contains (f1, fo, f3, f1) and we are
done: A(x) can be replaced by (fi, fa, f3, f1). More generally we can formulate
the following observation:

Observation 4. If it is possible to choose 6 vectors wy, ..., ws from A(z) in
such a way that they span a 4-dimensional affine subspace and their sum is 0,
then A(z) can be replaced by a 4-subspace, since translating A(x) by ws and
taking f1 = wq +we, fo = wo + we, ..., f1 = w4+ wg gives ws +we = f1+ fo+ f3+ fa,
so this case can be handled in the same way as the previous case.

Therefore, fi+ fo+ fs+ fa+ [5 ¢ A(z), since {f1, fo, f3, fa, 5. fr+ fot [3+ fat [}
adds up to 0. Thus the remaining elements of A(x) are all pairs and triples. We
claim that the following cases can be excluded with the help of Observation 4:

(i) there are two disjoint pairs, e.g. f1 + fo, f3 + f1 € A(z),

(ii) there are two triples intersecting each other in a single element, e.g. fi +

fo+ fa, fs+ fa+ [5 € Ax),

(iii) there is a pair and a triple intersecting each other in a single element, e.g.

fi+ fo, fot fs+ fa€ A(x).

In case (i) fi+ fo+ fa+ fa+(fi+f2)+(fs+ f1)=0.
In case (i) (fi+fo+fa)+(fatfatfs)+fitfotfatfs=0.
In case (iii) (fi+ fo) + (fo+ fa+ fo)+ fi+ fa+ fa+0=0.

Finally, let us assume that (i)-(iii) do not hold. From (i) it follows that the
pairs either form a star or a triangle. If they form a triangle, let us assume that
it is fi + fo, fo + f3, f1 + f3. Since fi + fo + f3 € A(x) would imply (f1, f2, f3, fa) €
A(z)+A(x), we have f1+ fo+ f3 ¢ A(x). Furthermore, (iii) implies that none of the
other triples is in A(z). Hence, A(x) = {0, f1, fa, f3, fa, [5, f1+ fo, fo + f3, f1 + f3},
we will refer to this as case (a). From now on, we assume that the pairs in A(x)
form a star.
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If this star contains 4 vectors, e.g. f1 + fo, f1 + f3, f1 + f1, f1 + [5 € A(x), then
A(z) can not contain any triples because of (iii). (Case (b).)

If this star contains 3 vectors, e.g. f1 + f2, f1 + f3, f1 + f4, then A(x) can not
contain any triples because of (iii). (Case (c).)

If this star contains 2 vectors, e.g. f1 + fa, f1 + f3. At least one triple must lie
in A(z) and (iii) implies that this triple is f; + fo + f3. (Case (d).)

If only one pair is in A(z), e.g. f1 + fo € A(x). There are at least two more
vectors (thus triples) in A(z). If one of them is f3 + f4 + f5, then the other triple
intersects the pair {1,2} or the triple {3,4,5} in one element, contradicting (ii)
or (iii). Thus, by (iii) these two triples must contain {1,2}, which gives case (e).

If there are no pairs, then there are at least three triples. Any two of them
have an intersection of size 2, giving case (f) or case (g).

We summarize this below.

(a) A(z) =A{0, f1. fo, fs, fus fo, [i + fou fo+ fos fr + f3}

(b) A(z) ={0, fi, fo, fa. fas fo, fr+ fo, fu + fa fo+ fa, fr+ fo}

() A(z) ={0, fr, fo, fa: fa fo, fr + fo, o + fas fr + fa}

(d) A(z) ={0, fr, fo, f3, fa S5, o+ fo, Jo + fos Jo + f2 + f3)

e) A(x) =A{0, f1, . f3, fas f5, fr + fos fr+ fot [, fr+ fa+ [}

£) A(z) ={0, f1. fo, f, fas 5o fr+ ot fo, fr+ fot fu, fu+ o+ [}
(8) A(x) =10, f1, fa, fa, fa, 5o fr+ fa+ fa, o+ fot fu, fr + f5 + fa}

Note that the size of A(x) is 10 in case (b) and 9 in the remaining cases (a)
and (c)-(g). Also, the size of A(z)+A(z) is 21 in cases (b), (c), (e), (f) and 22 in
cases (a), (d), (g)-

Let us assume that there is at least one subset A(x) having size at least 9 and
not being a 4-subspace. Then at least 21 subsets out of the 32 sets A(y) are empty,
so at most 11 subsets are non-empty. Let & denote the number of 4-subspaces
among the subsets A(z). Then S =Y |A(y)| < 16k+10(11-k) = 110+6k. If k < 2,
then this is at most 122. So let us assume that there are at least three 4-subspaces,
namely, A(y), A(z),A(u). Let K =y+ A(y),L = z+ A(2), M = u+ A(u), then
K, L, M are affine subspaces of dimension 4.

If two of them are disjoint, for instance K n L = @, then K u L = [}, giving
that A(t) = @ for every t ¢ {y,z}, which is a contradiction. So any two of them
intersect nontrivially, and then any pairwise intersection is a 3-dimensional affine
subspace. As y ¢ Lu M, we have that (K nL)n (K nM) # @, since both of them
is an 8-element subset of the 15-element set K \ {y}, hence K n Ln M # @. Then
K n Ln M has size 4 or 8. By inclusion-exclusion principle, in both cases

(
(

IKULuM]|=|K|+|L|+|M|-|KnL|-|KnM|-|LnM|+|KnLnM|>28,
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thus, at least 28 — 3 = 25 subsets are empty and S <7-16 = 112.
Therefore, it can be assumed that all subsets having at least 9 elements are

4-subspaces, moreover there are at most 2 such subsets. If there are 2 such subsets
A(x) and A(y), then

[A(z) u A(y)| = [A(2)] +[A(y)] - |A(z) N A(y)[ 2 16 + 16 - 8 = 24,

so at least 24 — 2 = 22 subsets are empty and S <2-16 +8-8 = 96. Hence, it can
be assumed that there is at most one 4-subspace.

Step 3. Now we show that if |A(x)| € [5, 8], then it can be assumed that A(z)
is either a 3-subspace or a set of 5 or 6 affine independent points.

Let us assume that 4 < |A(z)| < 8. If (A(z)) has dimension 3, then A(z) can
be replaced with this 3-subspace. If dim(A(z)) = 4, then it can be assumed that
0, f1, fa, f3, f1 € A(x). If at least one more element is in A(x), then A(z) + A(x)
contains a 3-subspace and we can replace A(x) by this 3-subspace, otherwise
A(x) =0, f1, f2, f3, fa}, we will refer to this case as case (A).

If dim(A(x)) =5, then it can be assumed that 0, f1, fa, f3, fa, f5 € A(x). If
at least one more element with Hamming-weight at most 4 is in A(x), then
A(x)+A(x) contains a 3-subspace. If fi+ fo+ fs+ fa+ f5 € A(z), then (f1+ fo, fo+
f3, f3+ f1) € A(x) + A(x), otherwise A(x) = {0, f1, fo, f3, f1, f5}, we will refer to
this case as case (B).

Hence, it can be assumed that if there is a subset A(z) (with size in [5,8])
which is not a subspace, then it contains 5 or 6 affine independent points:

(A) A(x) =10, f1, fo, f5, fa}
(B) A(x) = {0, f1, fo, f3, fa, f5}

Note that the size of A(x) in these cases is either 5 or 6.

Step 4. We show that it can be assumed that all subsets have size at most 8.

Note that we have already seen (in Step 2) that there can be at most one
4-subspace, so let us assume that there exists a (unique) 4-subspace A(y). Then
|A(y)+A(y)| = 15, so there are at least 15 empty subsets. All the other subsets are
3-subspaces or have size at most 6. If there is no 3-subspace, then S <16+16-6 =
112, and we are done. Let A(z) be a 3-subspace and K =y + A(y), L =z + A(x).
As |[KnL| <4, we have |[K U L| > 16 +8 — 4 = 20, so there are at least 20 — 2 = 18
empty subsets, thus at most 14 non-empty ones implying S < 16+13-8 = 120, and
we are done. Therefore, none of the subsets can be a 4-subspace, and consequently
all the subsets have size at most 8.

Step 5. We show that it can be assumed that all nonempty subsets are
subspaces of dimension at most 3 or a set of 5 or 6 affine independent points.
Furthermore, the number of empty sets among the A(x) subsets is at most 16
and there exists a subset of size at least 5.
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If 0 <|A(x)| <4, then by Observations 1-3 it can be assumed that A(x) is a
subspace.

Now, we can assume that all the subsets have size at most 8 and all those
non-empty subsets that are not subspaces are of type (A) or (B).

If there are at least 17 empty subsets, then S < 815 = 120, so it can be
assumed that at most 16 subsets are empty.

If there is no subset with size larger than 2, then S < 64. If there is no subset
with size larger than 4, then there must be a subset with size 4 and there are at
most 29 non-empty sets, so S <29-4 = 116. So there is a subset of size at least
five, this can be either of type (A) or (B) or a 3-subspace.

Now our aim is to show that we can assume that there is no subset of type
(A) neither of type (B).

Step 6. We show that there is no subset of type (B).

Let us assume that there is a subset of type (B). Without loss of generality
this is A(0) = {0, ey, e, e3,e4,€5}. Then

A(O)-T—A(O) = {61, ...,65,61+€9,...,64+ 65} =: T,

that is, A(0)+A(0) has size 15 and A(e;) = @, A(e; + ¢;) = @ for every i # j.
As 17-6 = 102 = 124 — 22, at least 11 subsets are 3-subspaces. Let A(z) be a
3-subspace and K := z + A(z). As A(0) # @, we have 0 ¢ K. We claim that
K~{z}¢T.

For the sake of contradiction, let us assume the contrary.

Let U= (e +ey+eg+eq+es)t and U=F3\U. As [T nU| =5, the set K nU can
not be a 3-subspace. If K nU is a 2-subspace, then without loss of generality,
r=e+es+esand KnU = {e1+ey+e3,€e1,€9,e3}. However, none of the translates
of this set is contained in K n U, thus we must have K ¢ U, which leads to a
contradiction, as well.

Hence, there exists some y ¢ T such that A(y) = @, so the number of the
empty subsets is at least 16. If the number of 3-subspaces is at most 14, then
S<14-8+2-6 =124, and we are done. So we can suppose that the number of
3-subspaces is at least 15 and one subset has size 6. The set A(e;+eg+e3+e4+¢€5)
is not a 3-subspace, since any affine 3-subspace containing e; + e + €3 + €4 + €5
contains at least 2 more elements that are not in 7". Hence A(e;+eg+es+eq+e5) is
the 16th empty subset. Now, we claim that A(e;+es+e3+e€4) is not a 3-subspace.
This holds, since any affine 3-subspace containing e; + es + e3 + ¢4 has at least one
more element outside of T'U {e] + €5 +e3+e4+e5}.

Therefore, there is no subset of type (B).

Step 7. We show that there is no subset of type (A).

Let us assume that there is a subset of type (A), it can be assumed that it is
A(0) ={0,eq1,e9,e3,e4}. Then |A(0)| =5 and

A(O);A(O) = {61, c..,€4,€61+€9,...,63+ 64}
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has size 10. That is, we already have 10 empty subsets.
For brevity let us write A(iyiy...40) for A(e;, +e;, +---+e;,), if

{i17i27' . 7%} c {172737475}'

(For instance, A(1) = A(e1), A(123) = A(e; + e + e3), and so on.)
Let us assume first that the total size of the subsets

A(123), A(124), A(134), A(234), A(1234)

is at most 32.

Consider the following 16 subsets: A(z +e5) (z € (e1,e9,€3,€4)). Let k denote
the number of 3-subspaces among these and ¢ the number of empty ones. If
S > 125, then Y |A(z +e5)| > 125 -5 — 32 = 88, thus 8k + 5(16 — k - ¢) > 88, and
then

3k > 50 +8. (8)

If A(z+e5) is a 3-subspace, then K, = z+e5+ A(z+e5) is an affine 3-subspace
containing z + e5. The 1-codimensional affine subspace R = {x : xe5 = 1} contains
either all 8 elements of K, or 4 elements of K,. In the first case we get 7 new
empty subsets, so the total number of empty subsets is at least 17 and we are
done: S < 15-8 = 120. So for every 3-subspace K, exactly 4 elements of K, lie in R.
The sum of these 4 vectors is 0, so the sum of the three vectors in (K,nR)~{z+e5}
is z+e5. Hence, for every 3-subspace K, we get an “empty triple” of vectors from

R, therefore,
14
> k. 9
(5 2
By (8) and (9) we obtain that ¢(¢-1)(¢-2)/2 > 5(+8, which yields £ > 6. Then
implies that k > 13, which is a contradiction, since 6 + 13 > 16 = |R).

Hence, it can be assumed that the total size of the sets

A(123), A(124), A(134), A(234), A(1234)

is at least 33, on the other hand, it is clearly at most 40. It follows that none
of them is empty and at least three of them are 3-subspaces, so we can assume
that A(123) is a 3-subspace. A(123) < (eq,es, e3,€e4) is not possible, since then
e1 + es + ez + A(123) would contain e; + es + €4 Or €1 + €3 + €4 Or €s + €3 + €4 or
e1+es+e3+ey. Indeed, if an affine 3-subspace of (eq, es, €3, e4) contains e; + ey +e3
but none of the other 4 vectors, then it is (e, €2, €3), however, (e, €2, €3) contains
0, as well, which is a contradiction.

So eq+eg+e3+A(123) intersects nontrivially R, so |(e1+ex+e3+A(123))nR| =4,
thus at least 4 subsets (among subsets A(z) with z € R) are empty: £ > 4. Note
that the sum of the four corresponding vectors is 0. Also, note that in this case
(similarly to in the previous case) we shall assume that

3k > 5¢. (10)
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Now yields that at least 7 such subsets are 3-subspaces: k > 7. Then @D
implies that the number of empty ones is at least 5. Again, by we get k> 9.
If £ =5, then we have (g) =10 triples, but there is a 4-term zero-sum, so 4 triples
can not be “empty triples”, thus there is a 6th empty subset: ¢ > 6, and by
we obtain that k > 10. So Y |A(z +e5)| = 10-8 = 80. As 125 -5 — 80 = 40, all the
sets A(123), A(124), A(134), A(234), A(1234) must be 3-subspaces. If

ve{eg+eytes,e1+ea+ey,61+€E3+€4,60+€3+€y,61+€Es+E3+ €4},

then v+ A(v) intersects R in 4 vectors whose sum is 0. It can be checked that this
set of 4 vectors can not be the same for all the 5 possible v-s. (Otherwise F5 \ R
would contain at least 15 vectors to which the empty set is assigned, however,
there are only 10 such vectors.) So there must be at least two such 4-element sets.
Their intersection has size at least 2, since we have only 6 vectors in R to which
the empty set is assigned, and also at most 2, otherwise they would be the same.
Let A(z1 +e5),...,A(z6+e5) be the empty ones, and let us assume that the two
4-zero-sum-sets are {z1,...,24} and {z3,...,26}. Then z1 + 29 = 23+ 24 = 25 + 2.
20 triples can be chosen out of these 6 vectors, but just 8 of them can be “empty
triples”, which is a contradiction.

Therefore, we can assume that there is no subset of type (A), that is, all the
nonempty subsets are subspaces of dimension at most 3. According to Step 5
there must be at least one 3-subspace among the subsets, as Steps 6-7 imply that
all the sets of size at least 5 are 3-subspaces.

Step 8. We show that the number of empty subsets is at least 13.

Let 1 < k be the number of 3-subspaces and ¢ the number of empty subsets.
Let us colour the elements of F3: x is coloured red, if A(z) =@ and z is coloured
blue, if A(x) is a 3-subspace. (If A(x) is a subspace of dimension at most 2, then
z is not coloured.) Let A(x) = x + A(x), specially, if = is blue, then A(z) is a
3-dimensional affine subspace containing x and seven red vectors.

If 125 < S, then 125 < 8k + (32 - k — ¢)4 which yields ¢ < k. Now we are going
to show that £ > 13. If x is blue, then in A(x) there are two kinds of triples: the
2-subspace spanned by them either contains x or not. The number of triples in
A(x) ~ {z} is 35 and 7 of these triples span a 2-subspace containing x. These
triples are not contained in any other affine 3-subspace A(y).

Furthermore, we claim that if £ < 13, then a triple can appear in at most two
3-subspaces. For the sake of contradiction, let us assume that a triple is contained
in K nLnM, where K = A(z),L = A(y), M = A(z) are 3-subspaces. Let H be
the 2-subspace spanned by this triple, then H = KnLn M and K ~\ H, L~ H,
M ~ H are disjoint, thus [ u L u M| =16. However, in K u Lu M all the vectors
are red except x,¥, z, hence 16 — 3 = 13 < £, which is a contradiction.

Now, since each triple appears in at most two 3-subspaces, we obtain that

7€+2—8€£7k+%3(€),
2 2 3
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thus
126 < (L -1)(¢-2),

implying that ¢ > 13.

Therefore, k> ¢ > 13, as we claimed.

Step 9. We show that if A(z),A(y),A(z) are 3-subspaces (with distinct
x,y,%), then A(x)n A(y) n A(z) is not an affine 2-subspace.

Now, for the sake of contradiction, assume that there are three 3-subspaces,
A(z), A(y), A(z) whose intersection is an affine 2-subspace L. Without loss of
generality we can assume that L is a linear (2-)subspace. Note that

A(z)=Lu(L+z), A(y)=Lu(L+vy), A(z)=LU(L+2).

Note that F5 can be partitioned into 8 translates of L. Every affine 3-subspace
contains the same number of vectors from those L-translates that have a nonempty
intersection with it. That is, given a 2-subspace L, we can distinguish three types
of affine 3-subspaces, we are going to say that a 3-subspace is of

e type-1, if it contains 1-1 vector from each L-translate,

e type-2, if it contains 2-2 vectors from four L-translates (and none from the
remaining four L-translates),

e type-4, if it contains 4-4 vectors from two L-translates (and none from the
remaining six L-translates).

In M=Lu(L+z)u(L+y)u(L+z) there are 13 red elements, namely, all the
vectors except x,y, z. If t ¢ M is blue, then fl(t) is a 3-subspace of type-1, type-2
or type-4 which contains ¢ and seven red vectors.

If at least two L-translates do not contain any red vector, then the elements
of these translates can not be blue, so k£ < 11, which is a contradiction. Hence,
there is at most one L-translate without any red vector. In particular, this means
that ¢ > 16, since there are 13 red vectors in M and at least 3 red vectors outside
of M.

Thus k£ = ¢ = 16. Let us assume that the red vectors outside of M are vy, vs, v3,
these vectors must be in different L-translates. Let L’ = {uy,us,us,us} be the
unique L-translate not containing any red vector. If v; + vy +wv3 € L', then at most
one of the A(u;) sets can be a 3-subspace (namely, A(v; +v9 + v3)), which is a
contradiction. Now assume that v; +vs+v3 ¢ L’. By symmetry we can assume that
U1 + Vg + U3 ¢ L+ also holds. But then the union of the fl(uz) = (Ui, V1, V2, V3)aff
sets (that are all affine 3-subspaces of type-1) cover L + x and the (unique) w;
for which z € A(u;) can not be blue (since z is not red). Hence, no three-wise
intersection of 3-subspaces can be a 2-subspace.

Step 10. Now we know that 13 < ¢ < k and no three-wise intersection of 3-
subspaces is a 2-subspace. We finish the proof of the upper bound 124 by verifying
the statement in these cases.
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Let N be the number of those pairs of 3-subspaces whose intersection is a
2-subspace. Then

35k < (i)-+4fv, (11)

since each of the k 3-subspaces contains 35 empty triples. Hence, for ¢ < 16 we
have N > 0, that is, two of the 3-subspaces assigned to blue vectors intersect each
other in a 2-subspace. In the following subcases we always take two such subsets
first.

Subcase 1. If £ = 13, then we can assume that L is a linear 2-subspace and
A(z) = Lu (L +x),A(y) = Lu (L +y) are 3-subspaces corresponding to blue
vectors x and y. At least 2 translates of L does not contain any red vector, and
in these translates there can not be any blue vectors, either. So the number of
blue vectors is at most 32 — 13 —8 = 11, which is a contradiction.

Subcase 2. If ¢ = 14, then again let L be a linear 2-subspace and A(x) =
Lu(L+z),A(y) = Lu(L+%) be 3-subspaces corresponding to blue vectors z and
y. Note that in Lu (L +x)u (L +y) there are 10 red vectors. We have 4 more
red vectors, say, vy, va, U3, U4, which must lie in different L-translates. (Otherwise,
there would be two L-translates without any red vector, which would imply that
the 8 vectors in these translates are not coloured, contradicting that the number
of non-coloured vectors is at most 4.)

Note that all the 3-subspaces assigned to some blue vector different from z,y
are of type-1 or type-2. To get a 3-subspace of type-2 we need to take 2-2 red
vectors from L, L+x, L+y. Moreover, these pairs must determine parallel vectors
in these three L-translates (that is, in each pair the sum of the two vectors is
the same), so there are at most 6 such subspaces. A type-1 3-subspace must
correspond to a (blue) vector from the last L-translate, so there are at most 4
such subspaces. Hence k <4 + 6 + 2 = 12, which is a contradiction.

Subcase 3. Let us assume that ¢ = 15. Again, we can assume that for some
linear 2-subspace L the sets A(z) = Lu (L +x),A(y) = Lu (L +y) are two
3-subspaces. Let Ly, ..., Lg be the remaining five L-translates. They contain al-
together 5 red vectors. If at least two of them do not contain any red vector, then
in these two L-translates there aren’t any blue vectors either, so the number of
blue vectors is at most 9, which is a contradiction. So without the loss of gener-
ality it can be assumed that either (i) L4 contains two red vectors and each of
Ls, L, L7 contains exactly one vector: v; in L; (5<i<7) or (ii) each of Ly, ..., Lg
contains exactly one red vector: v; in L; (4 <7 <8).

In case (i) let «, 5 be the two directions that are different from the direction
determined by the two red vectors of L,. That is, o and § are those two nonzero
elements of L that are different from the sum of the two red vectors in L,. Let us
consider the following 6 vectors in L, Lg, L7: v; +a,v; + 5 (for 5<i < 7). If such a
vector is blue, then the corresponding 3-subspace is of type-2, moreover, Ly, Lo, L3
contain one-one red pair of this 3-subspace, and in each pair the sum is the same,
either v or 3. There are only 4 such triples (of pairs of vectors) meaning that at
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least two of the vectors v; +a, v;+ 3 (5 < i < 7) are not blue. To get 15 blue vectors
all vectors in Lg must be blue (as there are at most 2 non-coloured vectors). Note
that the corresponding 3-subspaces must be of type-1. If vs + vg + v; € Lg, then
there can be at most one blue element in Lg (namely vs+vg+vr). If vs+vg+vy ¢ Lg,
then by symmetry we can also assume that vs+wvg+v; ¢ Lo. If t € Lg is blue, then
the corresponding 3-subspace is A(t) = (vs, vg, v7,t)q 77, but these four 3-subspaces
cover Lg, which contradicts that Ly contains only 3 red vectors.

In case (ii) there are two 3-subspaces of type-4. To get a 3-subspace of type-
2, we have to choose one-one red pair from Li, Lo, L3 in such a way that these
pairs determine parallel directions. This can be done in 6 ways, and every affine
3-subspace is determined by 6 points of it, so there are at most six 3-subspaces of
type-2. To get a 3-subspace of type-1 we have to choose a red vector from all but
one of the L-translates. First assume that no four-element subset of {vy, ..., vg} is
a 2-subspace. Then the (at least) four red vectors chosen to be in this 3-subspace
from {vy,...,vs} determine uniquely a 3-subspace, so the number of 3-subspaces
of type-1 is at most 5, thus k < 2+6+5 = 13, which is a contradiction. Now assume
that a 4-element subset, say, {v4,vs, vg,v7} forms a 2-subspace. Each 3-subspace
of type-1 contains at least 3 elements of {vy,vs, vg, v7}, hence all of them contain
all these four vectors. Then the blue vector is in Lg \ {vs}, so there are at most
3 such subspaces, thus, k£ <2+ 6+ 3 =11, which is a contradiction.

Subcase 4. Finally, let us assume that ¢ = k£ = 16, that is, all vectors are either
red or blue. First we show that there are two 3-subspaces whose intersection is a
2-subspace. For the sake of contradiction, assume the contrary. Let Si, S5, S3, .9
be four 3-subspaces assigned to blue vectors. If every pairwise intersection has
size less than 4 (that is, the intersection is either empty or has size 2), then

|51USQU53US4|2Z'Si|—2|5iﬁ5j|24'8—6'2=20, (12)

so S;u S, U S3uU Sy contains at least 20 — 4 = 16 red vectors. Since there are
only 16 red vectors, we must have equality in , so each pairwise intersection
has size 2 and each triple-intersection has size 0. Clearly, these hold for any four
3-subspaces assigned to blue vectors. Pick such a 3-subspace, for instance, S;.
Then the other fifteen 3-subspaces have to intersect S; in pairwise disjoint pairs,
which is impossible. Therefore, there are two 3-subspaces whose intersection is a
2-subspace.

Hence, we can assume that this 2-subspace is a linear 2-subspace L and the
sets A(x) = Lu(L+x),A(y) = Lu (L +y) are two 3-subspaces corresponding
to blue vectors x and y. Let Ly, ..., Lg be the remaining five L-translates. These
contain 6 more red vectors. As there can be at most one L-translate without
any red vector, we can assume that the number of red vectors among them is i)
3-1-1-1-0 or ii) 2-2-1-1-0 or iii) 2-1-1-1-1.

In case i) let vs, vg, v7 be the red vectors in Ls, Lg, L. If vs+vg+v7 € Lg, then in
Lg there is at most one blue vector (namely, vs+vg+v7), which is a contradiction.
Assume that vs + vg + v7 ¢ Lg. We can assume that vs + vg + v7 ¢ Lo. If ¢t € Lg is
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blue, then A(t) = (t,v5,v6,V7)afs, but these cover Ly, which contradicts that L,
contains a blue element.

In case ii) let us assume that the direction 0 # a € L is different from the
direction(s) determined by the pairs in Ly, Ls. Let vg € Lg,v; € Ly be the red
vectors in these translates. Consider the blue vectors vg + @ and v; + o. The 3-
subspaces corresponding to them are of type-2, and both of them contain one-one
pair from L1, Lo, L3, moreover, all these pairs determine direction «. In Ly and
L3 these pairs are uniquely determined. In L; there are two choices (two disjoint
pairs). However, these two pairs in L; together with the pairs from Ly and Ls
determine two pairs in the same L-translate, which contradicts the existence of
such a pair in both Lg and L.

Finally, we consider case iii). Let ¢1 = 0,05 = e3,03 = 4,04 = e3+ ey, l5 = 5,05 =
es+es, Uy = eq+es, Uy =eg+es+es and L = (eg,ez). Forevery 1 <i<8let L; = L+4;.
We can assume that L; contains 4 red vectors and Lo, L3 contain 3-3 red vectors.

First assume that the L-translate containing 2 red vectors is L4, we can assume
that these vectors are es+e4 and e; +es+e4. Let ¢ be a blue vector in one of the four
L-translates Ls, ..., Ls. Then A(t) is either of type-2 or type-1. However, only
Ly, Loy, L, Ly contain at least two red vectors, which means that any 3-subspace
of type-2 must contain at least 6 vectors from L; u Ly U L3 U Ly, which is a 4-
subspace, thus the remaining two vectors of the 3-subspace must also lie in this
subspace, too. So zzl(t) is of type-1. As Lsu Lgu L7 U Lg is an affine 4-subspace,
it intersects fl(t) in an affine 2-subspace. Therefore, if, say, ¢ € Lg, then ¢ and
the red vectors from Ly, Lg, L7 form an affine 2-subspace, that is, t is the sum
of these three red vectors. But then in Lg the only blue vector is ¢, which is a
contradiction.

Hence, L, contains one red vector. By symmetry, we can assume that Ls
contains 2 red vectors and these are e5 and e; + e5. Let the red vector in L; be
Ui +1t; for i e {4,6,7,8}.

Let i € {6,7,8}. We claim that A(¢; +t;+e;) and A(¢; +1; + ey +e5) must be of
type-1. Otherwise, A(¢; +1; +e3) or A({; +t; +e1 +e5) would contain at least two
vectors from Ly u Lgu L7 U Lg, so it would have to contain two more red vectors
from one of the L-translates Ls, Lg, L7, Lg, these could only be e5 and e5 +e; from
Ls. But then the blue vector ¢; +¢; + e; would also lie in the 3-subspace (to get
parallel pairs from the different translates), a contradiction. Hence, A(; +t; +e5)
and A(l; +t; +e1 + e3) are of type-1.

Consider fl(ﬁﬁ +1g + €2) and 121(66 +1tg + €1 + e3). Each of these two subspaces
contain either e5 or e5 +e; and they contain 7 +t; and fg +tg. As the intersection
of A(lg+1tg+es)n A(lg +tg + €1 + e3) with the 1-codimensional affine subspace
Lsu Lgu Ly u Lg must be of size 2, they contain different elements from Ls.
Without loss of generality we can assume that 121(66 +tg + €2) contains es. Then
es+(ls+tg+ex)+(lr+tr)+ (Lg+tg) =0, that is, tg+1t7 +1g = ex. Now fl(€6 +ig+e€2)
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and 121(66 +1g + eo + 1) are determined, since they must contain ¢4 + t4:

A(£6+t6+62) = {61+t4+t8,£2+t4+t6+t8+€2,€3+t4+t7+t8,£4+t4,€5,

66 + t6 + 62,67 + t77€8 + tg},

A(€6+t6+€2+€1) = {El+t4+t8+€1,£2+t4+t6+t8+62+€1,€3+t4+t7+t8,€4+t4,
€5 +61,€6+t6+€2 +€1,£7+t7,€8+t8}.

Similarly, the type-1 3-subspaces containing 2-2 blue vectors from L; and Lg are:

{01 +ty+tg, lo+ty+ts+tg, lg+ty+tr+1tg+eo,ly+ty,
Us, U +tg, U7 + t7 + €9, 03 + tg},
{l1+ty+tg, lo+1y+1tg+1lg, lg+Ty+17+1g+ e+ €1, 0y +1y,
U5 +eq,lg +tg, U7 + 17+ o+ e1,ls + s},
{ly+ty+tg+eg,lo+ty+tg+1lg+ea, ly+ty+ty+tg+e, ly+ty,
U5, lg +tg, U7 +t7, lg +tg + €2},
{li+ty+tg+es+er,lo+ty+tg+ig+es+e, ly+ty+tr+itg+es+eq,ly+tly,

65 +617€6 +t67£7+t77£8 +t8 + €9 +€1}.

So the set of red vectors in Ly is {lo+t4+tg+tg, lo+ts+lg+tg+eo, lo+ly+tg+ig+es+er )
and in Lz is {3+ 1ty +t7 +tg, lg+ty+t7+tg+e9,l3+ts+17+1g+ex+e1}.

Now consider fg+tg+e; which is a blue vector in Lg. Note that /1(68 +tg+eq) is
of type-2 (otherwise the three 3-subspaces corresponding to blue vectors from Lg
would have a 2-subspace intersection, contradicting Step 9). Also, it must contain
ls +tg. As it contains at least 2 vectors from the 1-codimensional affine subspace
Lsu Lgu Ly U Lg, it must contain two more, which can only be /5 and /5 + e;.
The remaining two red pairs are in two of L1, Lo, L3. As Lg = L5+ (e3 +e4), these
two L-translates must be Lo and Ls. Also, the difference of the vectors from the
same L-translate must be e, so the 3-subspace is:

{lo+ty+tg+tg+en, bo+ty+tg+ig+eater, la+ty+lr+lg+en, l3+ty+tr+tg+ea+eq,
£5,£5 + 61,£8 +t87€8 +t8 +€1}.

As {lo+ty+tg+tg+es, lot+ty+tg+ig+ester ) = {l5, ls+e1 }+es+eg+ty+tg+ig+es, we
get that {lg+tg, lg+ig+eq f+es+ez+ty+tg+ig+es = {{3+ty+tg+es, (3+ty+tg+eat+er )
has to coincide with {3+ t4 + t7 + tg + o, {3 + t4 + t7 + lg + €3 + €1 }. However, this
leads to t +t7 +ts € {0, ey}, which is a contradiction.

4.8 4AP-free subsets of Z}

Proof of Theorem[2.13 According to Lemma [4.2] it suffices to show that (1) =
3,74(2) = 10,7(3) = 36 and 7)(4) = 128. In other words, we will show that if
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the system of subsets {A(z) € Fy | x € F} satisfies (*x), then S = Y |A(z)]
zelfy

is at most 3, 10, 36, 128 for n = 1,2,3,4, respectively. Then, we will present
constructions of these sizes.

By the pigeon-hole principle we get that A(x) + A(z) = Fy, if |A(z)| > 271
Hence, |A(z)| > 27! holds for at most one z, since x # y and 2"! < |A(z)], |A(y)|
would imply that z+y € (A(z) + A(z)) n (A(y) + A(y)) = F%, contradicting (x).

This observation immediately yields that S <27 + (27 — 1)2n-1 = 22n-1 4 2n-1,
For n =1, 2,3 we obtain the claimed upper bounds 3, 10, 36, respectively.

Hence, for n = 4 we obtain that S < 136, now we will show that S < 128
also holds. We have already seen (in the proof of Theorem that it can be
assumed that all the nonempty A(x) subsets are linear subspaces or a set of
5 affine independent points. If all the subsets are of size at most 8, then clearly
S <16-8 = 128. So we can assume that one of them is F3, without loss of generality
let A(0) =F3. It can be assumed that the number of 3-subspaces among the A(z)
sets is at least 13, since otherwise S < 16+12-8+3-5 = 127. If A(x) is a 3-subspace,
then for some (uniquely determined) ¢(z) € F3 we have A(z) = (¢(z))*. As

r+0¢ (A(z) + A(z)) n (A0) + A(0)) = A(x),

we obtain that xp(xz) = 1. We claim that ¢ is injective, that is, if A(z) and
A(y) are 3-subspaces (with = # y), then ¢(z) # p(y). Otherwise, (z +y)p(x) =
zo(x) +yp(y) =1+1 =0, 80 z+y € A(z) and similarly = +y € A(y). So this
would lead to x +y € (A(z) + A(z)) n (A(y) + A(y)), which contradicts property
(*%). Therefore, ¢ is injective. Also, if A(z) and A(y) are 3-subspaces (and
x #y), then zp(y) =0 or yp(zx) =0, since zp(y) = yp(x) = 1 would imply that
(z+y)e(x) =0=(z+y)p(y) and so z+y € (A(z) + A(z)) n(A(y) + A(y)), which
would contradict property (#x).

Now, let us assume that for some z the set A(z) is a set of 5 affine in-
dependent points. Let X = {z ¢ F} | x + 2z € A(2)+A(2)}. As z = 2+ 0 ¢
(A(2)+A(2)) n (A(0)+A(0)) = A(2)+A(2), we have X c 3~ {0,z}. Note that
A(2)+A(z) contains (3) (distinct) sums, thus we have |X| = 10. For all z € X we
have z + z ¢ A(z)+A(z). We know that at least 13 subsets are 3-subspaces, so
there are at most three subsets that are not 3-subspaces: A(0), A(z) and possibly
one more. Thus for at least 9 elements of X the set A(x) is a 3-subspace. For such
an z the condition = + z ¢ A(x)+A(x) implies that 1 = (z + 2)p(x) = 1 + zp(x),
hence zp(x) = 0. As ¢ is injective, this would mean that the 3-subspace (z)*
contains at least 9 different vectors, which is a contradiction. Hence, it can be
assumed that all the nonempty A(z) sets are linear subspaces.

At least 14 of the A(x) subsets are 3-subspaces, since otherwise S < 16 + 13-
8 +2-4 =128 clearly holds, as |A(x)| < 4 for every z # 0 for which A(z) is not a
3-subspace. Therefore, the mapping ¢ is defined on F3 \ {0} with the exception
of at most one point. Also, ¢ is injective, so it can be extended to a bijective
mapping from Fj \ {0} to F; ~ {0}.
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Let H = {z: A(z) is a 3-subspace}. Then either H = F3\{0} or H = F3\{0,u}
for some u. Let

N:=|{(l’7y)2 I??JEH? T+Y, x@(y)=0}|

At first assume that H = F3~ {0}. As at least one of z¢(y) and yp(x) is equal
to 0 for every = # y, we get that N > (125) =105. On the other hand

N < > (Ja*|-1)=15-7=105.
xeH
Therefore, |N| = 105 and for any two distinct elements of H exactly one of zp(y)
and yp(z) is equal to 0. In other words, xp(y) + yp(x) = 1 for any two different
elements x,y € H. Let

u(a:) = (1,.1',30(.%)), U(.T) = (1790($)7$) € Fg

for every € H. Then u(z)v(y) = duy, thus {u(z),v(x)}zen is a biorthogonal
system, implying that |H| < dim(F3) = 9, which is a contradiction.

Now assume that there is a subset A(u) (with « # 0) which is not a 3-subspace:
H =TF5~{0,u}. As at least one of z¢(y) and yp(z) is equal to 0 for every x # v,
we get that N > (124) = 91. However,

N < (Z(|xl|-1))—|ulnﬂ|g 14-7-6=92.
zeH

Hence, N € {91,92} and there is at most one pair of distinct elements z,y € H

such that z¢(y) = yp(x) = 0. By dropping out one of the two elements of this

pair from H (if such a pair exists at all) we obtain a 13-element subset H' ¢ H

such that zp(y) + yp(z) =1 for every z,y € H', x #y. Again, let

u(z) = (Lz,o(x)), v(x) = (1, ¢(z),z) € F

for every x € H'. Then u(x)v(y) = 04y, thus {u(z),v(x)}sen is a biorthogonal
system, implying that |H’| <9, which is a contradiction.

Hence, it is shown that S < 128.

Now we give constructions to prove the lower bounds.
Case 1: n=1.

A(0) = Fo, A(1) = {0} give 3 < 7)(1). (In fact, any 3-element subset of Zj is
free of arithmetic progressions of length 4, trivially.)
Case 2: n=2.

Let A(0) = F2 = (eq, e2). Furthermore, let

80(61) =eq, (’0(62) =e1 +éo, @(61 + 62) = €9.

Then zp(z) = 1 for every z # 0 and x¢(y) +yp(z) = 1 for every z,y € F2 \ {0},
x+y. For 0+ x let A(z) = (p(z))*. Then x+0 ¢ A(x), since zp(z) = 1. Also, for
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any two nonzero vectors x and y either z¢(y) =0 or yp(x) = 0. We can assume
that z¢(y) = 0. (Otherwise we swap z and y.) Then (z +y)e(y) = 0+ 1 implies
that z +y ¢ A(y) = A(y) + A(y), so the condition (*x) holds. Thus 10 < 7}(2).

Case 3: n=3.

Let A(0) =TF3 = (€1, €2, e3). Similarly to the previous case it suffices to define
a bijective mapping ¢ : F3 \ {0} — F3 \ {0} such that zp(x) =1 for every x # 0
and xp(y) + yp(x) = 1 for every = # y. It is easy to check that the following
mapping satisfies these conditions: ¢(e1) = e, p(e2) = €1 + €2, p(e3) = €1 + ey +
eg,p(e1+eg) =ex+es, (e +es) =es, p(ea+es) = e;+es, p(e; +ea+e3) = es. Hence,
8+7-4=36<r(3).
Case 4: n=4.

Let F4 = (e1, e2,€3,e4). Let us extend the mapping ¢ : (e1, ez, e3) > (e1, €2, €3)
defined in Case 3 with ¢(0) = 0. For every x € (e, o, €3) let

A(x) = A(z +eq) = (p(z) +e4)" .
Let x,y € (e1,ea,e3) and «, f € {0,1}. We have to show that
(z+aey) + (y+Pey) ¢ A(x + aey) N Ay + Pey)
unless x =y and a = 5. If (x +aey) + (y + Beq) € A(z + aey), then
(z+y+(a+pes)(p(z)+e4) =0,
that is,
zo(z) +yp(z)+a+ 4 =0.
Similarly, (z + aey) + (y + Beq) € A(y + Sey) implies that
ye(y) +xp(y) +a+5=0.

If x =y, then 0 = xp(x) + zp(z) + a + [ yields a = 3, and we are done. From
now on, let us assume that x # y.
If x =0, then by adding up the two equations:

0= 0p(0) +yp(0) +yp(y) + 0o(y) = yp(y) =1,

which is a contradiction. Similarly, y = 0 also leads to a contradiction.
Finally, let us assume that z # y and z,y # 0. Then by adding up the two
equations we get

0=2p(x) +yp(y) + (ze(y) +yp(x)) =1+1+1=1,

which is a contradiction, too.
Hence, the system satisfies property (#x), and 16-8 <1/ (4).
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5 Progression-free sets in Z

First we give a subset reformulation for the problems of determining ry(Zf)
(for k = 3,4,5,6), similar to the reformulation we had in case of Z7} in Subsec-

tions 4.1l and 4.2

5.1 Subset reformulation

We may express Zg as Zg = F'® R, where
F={0,2,4} xZ% and R={0,3}" = Z3.

A sequence
ay = fr+ri,aa=fat+re,. . ag = fr+ 1

(where f; € F,r; € R) forms an arithmetic progression in Zy if and only if
fi, f2,..., fx is an arithmetic progression in Z%§ and 7q,79,...,7; is an arith-
metic progression in Z%, respectively. Note that if the elements are distinct, then
k < 6. If k£ = 3, then the progression consists of pairwise different elements if
and only if fi, fo, f3 are distinct. Since the sequence rq,rs,... is alternating, for
k € {4,5,6} the necessary and sufficient conditions for getting k distinct ele-
ments is that fi, fo, f3 are distinct and ry, 79 are distinct. Using this decompo-
sition we may reformulate the property that “a subset A ¢ Z§ avoids k-term
arithmetic progressions” in terms of a property of systems of subsets of Z7.
Namely, let A(r) = {f € Z3 : f+r € A} for r € R and let us define properties

(*)3, (*)4, ()5, (*)6 as follows:
The system of subsets A(r) (r € Z%) satisfies

e property (#)s, if A(r")u A(r") is 3AP-free for every pair r/, 7" € Z7,

e property (*)q4, if it is not possible to choose two different indices 7/, r” € Z3
and a 3AP a,b,c in Z% such that a,be A(r') and a,c e A(r"),

e property (*)s, if it is not possible to choose two different indices 7/, r'" € Z2
and a 3AP a,b,c in Z% such that a,b,c e A(r’) and a,be A(r"),

e property (*)g, if A(r")nA(r") is 3AP-free for every pair of distinct indices
r’r'" e Zy.

Note that in this reformulation Z% serves only as an index set of size 27, its
structure does not play any role.

Let us summarize in the following statement how the reformulation can be
used to study the ri,(Z?) values.

Proposition 5.1. Let k € {3,4,5,6}. The mazimum total size of a system of
subsets A(r) C Z§ (r € ZY) satisfying property ()i is ri(Zy).
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Proof. The statements immediately follow from the structural description of
arithmetic progressions in Zg. O]

Let us mention that the problem of determining the size of the largest 3AP-
free subset of Zg is equivalent with doing so in case of Z%:

Proposition 5.2. For sets without arithmetic progression of length three the
following holds:
r3(Zg) = 2"r3(Z5).

Proof. If Ay ¢ Z% is 3AP-free, then the system A(x) = Ay (z € ZY) satisfies
property (#)s, thus r3(Z2) > 2"rs(Z%).
On the other hand, if Y, |A(x)| > 2"r3(Z}), then for some x we have |A(x)| >
xely

r3(Zy), thus A(z) contains a 3AP, and (*); fails to hold. Hence, r3(Zy) =
2”T3(Z§). ]

In fact the argument only used that 6 has residue 2 modulo 4, and in general
it yields the following statement:

Proposition 5.3. If m =4M + 2 for some integer M, then
Tg(Z ) 2”7‘3(2 /2)

While studying r3(Zn,) there are some technical differences between the cases
when m is odd and when m is divisible by 4, but the case when m is an even
number not divisible by 4 simply reduces to the odd case. We shall mention that
for certain composite values of m there have been some improvements on the
trivial corollaries of the prime case, like r3(Zy) < 3"r3(Z%). Namely, the method
was adapted to odd prime powers [14] 06, 1T14] and also to the technically more
difficult even case for m = 23 = 8. [97] (Cf. Section [2| for a discussion of these
results. )

5.2 Proofs

Proof of Theorem[2.7,

Dimension 1. Clearly, r6(Z}) = 5. Any 5-element subset of Z{ is trivially 6AP-
free.

Dimension 2. Now, we show that re(Z2) = 25. Using the reformulation from
Section we are interested in the maximal possible total size of a system of
four subsets of Z2 Satisfying property (*)g. That is, we would like to determine

the maximum of Z |A;|, where A; € Z2 (1 <i<4) such that no 3AP is contained

in at least two of the subsets A;. The total number of 3AP’s in Z2 is 22 = 12, thus
the four subsets A;, Ay, As, A4 can contain at most twelve 3AP S 1n total. It is
easy to determine the smallest possible number of 3AP’s that must be contained
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in a subset of a given size (by hand or by a computer search). Let us summarize
the results in the table below:

size of A 011]2(3[4|5]6[7[8]|9
min #3APinA||0[{0|0|0|0[1[2]|5|8]|12

Let x; denote the number of i-element subsets among A, Ay, A3, Ay (where
0 <4 <9). Since each 3AP can appear in at most one set A;, the optimal value
4
for 3 |A;| can not be more than the solution of the following integer program:
i=1
maxxy + 2%y + 3x3 + 4xy + dxs + 66 + 727 + 828 + 919
subject to
To+T1+To+T3+T4+T5+Tg+T7+Tg+ X9 =4
Ts + 2xg + DT7 + 8xg + 1219 < 12
Zo,T1,T2,T3, T4, Ts, Tg, L7, Ty, Tg : NONNEgative integers

(The first constraint ensures that four subsets are chosen, and the second con-
straint holds, since the total number of 3AP’s contained in the four subsets can
not be more than the total number of 3AP’s in Z2.)

By solving the above integer program we obtain that the optimal value is 25
which is attained at xg = 3,27 = 1 (everything else is 0). That is, to achieve 25,
one of the subsets must have size 7, and the three other subsets must have size
6.

By symmetry, we may assume that A; = Z2 \ {u,v}, where u and v are two
different elements. Let w = —u — v be the third point on the line uv. Let a denote
the direction of the line uv. Note that in Z32 there are four possible directions, let
us denote the other three directions by 3,v and 4.

Note that A,, A3, A4 must have size 6 and each of them must contain exactly
two 3AP’s. In Z2 there are two types of 6G-clement sets: the complement of a
6-element set is either an affine line or not. To contain only two 3AP’s the sets
Ay, Az, A4 must all be the complements of affine lines, in other words, each of
them is a union of two parallel lines. Moreover, these lines must not be parallel
with the line uv, otherwise at least one of them would be contained in two subsets
(in A; and here).

Also, none of these lines can go through w, as this would result in a 3AP
contained both in A; and here.

Finally, a line from A; and a line from A; (where 2 <i < j < 4) must not be
parallel to each other because of similar reasons. That is, we may assume that
Ag, Az, A4 are the unions of two-two lines of directions (3,7, d, respectively.

Therefore, Ay, A3, A4 can be characterized as follows: Ay, A3, A4 are all the
unions of two parallel lines, where the directions of the lines are (3,7,d respec-
tively, furthermore each line goes through w or v. (Thus {As, Az, A4} is uniquely
determined.)

The obtained system {A;, Ay, A3, A4} satisfies the conditions, since:
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e A, contains two 3AP’s with direction «v and three more 3AP’s that contain
w.

e None of the 3AP’s contained in A,, Az, A4, have direction o and none of
them contains w.

e The two-two lines contained in As, A3, A4 have directions f,7,9, respec-
tively.

Hence, we proved that the largest 6AP-free set in ZZ has size 25 (and it is
unique in the above described sense).

Dimension 3. Analogously to the previous case, with a quick computer check
we found that the minimum number of 3AP’s that must be contained in subsets
of Z3 of given sizes are the numbers below. (Let m; denote the minimum number
of 3AP’s that must be contained in a set of size j.)

size of A (j) 0[1[2[3[4[5[6][7[8[9]10
min #3AP i A (m;) | 0]0[0|0]0|0]0[0[0]0] 2

size of A (j) 1112 13 (14| 15|16 | 17| 18| 19
min #3APin A(m;) || 3 |4 | 7 |10]13|16|20 |24 |33

size of A (j) 20 [ 21222324 [25] 26 | 27
min #3AP in A (m;) || 42 | 51 | 60 | 70 | 80 | 92 | 104 | 117

Let x; denote the number of i-element subsets among A; — Ag (where 0 <4 <
27).

8
Since each 3AP can appear in at most one set A;, the optimal value for ¥ |A;|
i=1

can not be more than the solution of the following integer program:

27

max Y. iT;
i=1

subject to

g
Y m;x; <117
i=0
X, 1, ..., L7 : NONNECative integers
With the help of an IP solver we obtained that the optimum is 124 yielding
the bound
re(Z3) < 124.
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O (6] O O] O
O] O O] O O | O O (6]
O O O] O O O] O
O O] O O (6]
(¢} O] O O O (6]
O] O (0} (¢}
O O O (6] O | O O
O] O O (6] O | O (6} (6]
O] O O (€] (0} O] O
Ay A, As Ay
o O Ol 0]|O O] O
O] O O|0O0]|O
(0} O|0O0]|O O] O O] O
O O|0O0]|O (€] (6}
(0} (¢} O|0O0]|O O | O
O] O O (6] O O] O
(0} O O] O (6} (6]
O] O O (6]
o] O O|0]|O
As Ag Az As

Table 2: Construction showing r¢(Z3) > 117

Turning to the lower bound, with computer help we found the a construction
(see Table [2)) where the total size of the eight subsets is 117.

Hence,

]

Proof of Theorem[2.8. The lower bound follows from Proposition and from
the best known lower bounds [87, 105] for r5(Z%).

To prove the upper bound it suffices to show that Y |A;| < 5.709", if the system
iel
of subsets (of Z%) {A; :i € I} satisfies property (*)g and || = 2.
We will use a supersaturation extension of the cap set result [99, Corollary 3.2].
(See also the arithmetic triangle removal lemma of Fox and Lovész [54].) This
says that any subset of Z% of density a has three-term arithmetic progression

density at least a®, where C' ~ 13.901 is an explicit constan. (Note that this

3Namely, C' =1+ 10;% where o = 3.J(3) = 2.755.. ...
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includes counting trivial three-term arithmetic progressions.)

Let 8 = 3/2Y/¢ ~ 2.854, then we have 3¢ = % The total size of subsets having
size at most 4™ is at most 2" 3". Now, we consider the subsets with size larger than
p". Let m; denote the number of those subsets whose size lie in (257, 2¢4157].
Since each 3AP can occur in at most one set, we obtain that

mi(2'6"3")° <1,

yielding that m; < (3/5)¢"27%¢. Therefore, the total size of subsets of size larger
than /" is at most

i mi21+1ﬁn < i(3/6)0n2—i02i+1ﬁn — (25)71 i 21—(0—1)i < 2001(2ﬁ)n
=0 1=0 =0

Hence, by adding up the obtained upper bounds for sets of size at most 5" and
larger than 8" it is obtained that Y |A;| < 3.001(25)".
]

Proof of Theorem[2.10. Tt suffices to prove that

S = Z |Az| < 2n+1\/3nT3(Zg),

iel

if the system of subsets (of Z%) {A; : i € I} satisfies property (x)g and |I| = 2".

Let us enumerate the elements of Z} by the positive integers from [3"]. For
1 € I let v; be the characteristic vector of A;, that is, the jth entry of v; is 1, if the
element (from Z7) labeled by j is contained in A; and 0 otherwise. Let w := Y v;,

i€l
denote the entries of w by wy,. .., ws.. Note that wy + -+ +wsn = Y |A;] = S.
iel
By the Cauchy-Schwarz inequality

2 _ 2 (wy +---+wsn)? 52
w? = w; = —,
3" 3

(13)

+oe WS, 2

Since A; n A; is 3AP-free for any two different indices ¢, j € I we have v;v; <
r3(Z%). Therefore,

w=Y i+ Y vy <8+ 27y (Z8). (14)

iel i,5€li%]

By comparing and we obtain that S? — 375 — 2273nr3(Z%) < 0 which
yields

3n 4+ 32n + 22n+23n AL
S < v 5 rs(Z3) <2m\/3nrs (7).
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5.3 Remarks

In this section we proved that 7¢(Z%) < 5.709", which implies that r,(Z?%,) is
exponentially smaller than m” when 6 | m and k € {4,5,6}. Previously this was
known only for the cases 3 = k£ < m, and according to our knowledge there is no
pair of k,m with 3 <k <m such that r(Z7) = (m —o(1))" is known to be true.

It would also be interesting to look for applications of our results and the
underlying idea. An anonymous referee (of paper [94]) suggested a possible ap-
plication to the multiplicative version of the problem. Namely, to achieve upper
bounds of the shape m/(logm)® for the size of a subset A ¢ Z,, avoiding 6-term
geometric progressions for typical integers m. Let us sketch a possible argument.
Let us assume that m has r distinct prime factors of residue 1 mod 3 and that
A € Z,, does not contain any 6-term geometric progression. Note that for a typ-
tcal m we have r ~ 0.5loglogm. Then the multiplicative group of units, Zx,, has
a subgroup isomorphic to (Zf,+). By applying the bound 7¢(Zj) < 5.709" in
each of its cosets we get |[AnZx| < (0.9515)"¢(m), where 0.9515 = 5.709/6 and
|Zx,| = ¢(m). Similarly, among those elements a € Z,, for which ged(a,m) = d the
set A can contain at most ¢(m/d)(0.9515)~ (m/4) where w’(m/d) is the number
of distinct prime divisors of m/d having residue 1 mod 3. If w’'(m/d) is at least,
say, r/2, then we have a saving of (0.9515)7/2. Also, a calculation shows that for
typical m the contribution to the sum Y. ¢(m/d)(0.9515)«'("/4) of those d for

dlm

which w’(m/d) < r/2 is negligible: as in these cases d is at least the product of
the first /2 primes. This argument yields a bound of shape m/(logm)® for most
m. The resulting bound is weak if the number of prime factors (of residue 1 mod
3) of m is small. Let us consider an example. If p is a Sophie Germain prime,
then to bound the maximum size of a 6-term geometric-progression-free subset
of Zsp+1 one has to bound the maximum size of a subset of Z,, avoiding 6-term
arithmetic progressions, which is essentially the same as doing so in Z,.

Note that the case of 3-term geometric-progression-free subsets of Z,, was
m(loglogm)®
logm :

studied by McNew [82] who proved that their size is at most
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6 Proofs of results about line-free sets

In this section we prove our results giving bounds on the largest possible size
of line-free sets.

6.1 Proofs of the upper bounds

Proof of Theorem[2.27. Let A ¢ Fp*! be k-progression-free with |A| = 7 (Fp+t).
We count the number of the point pairs on every n-dimensional affine hyperplane

s={({a,b},5) |a,be A, a+b, a,be S, S is an n-dim affine hyperplane}|.

On every hyperplane, the number of points is at most 7 (F}!). Firstly, we assume
re(Ftt) > (p - 1)ri(F7), then the sum of number of point pairs for p parallel
hyperplanes is maximal, if there are p—1 hyperplanes with r(F7) points and one
with 7, (Fp+t) = (p = 1) (Fp).

There are p;:_ L disjoint sets of parallel hyperplanes, so
£ (Z2) (oI (R0 D ED))
p-1 2 2

Note here that this inequality still holds, if rj,(Fp*') < (p - 1)rx(F}}), as in this
case the number of point pairs is clearly less than

(p—l)(rk(fg))

and
(D -G -0n)  g
N > 0.
On the other hand, every point pair defines a line that is included in exactly
p"-1

E— n-dimensional affine hyperplanes, so

p-1
o P ()
p—-1 2

We get the quadratic inequality
+ 2 V13 n+ mn n+ T+ mn 2
PHre(E)" = (0" + 200" = 1)ri(Fp) )i (Fp ™) + (072 = p) (re(F)) " 2 0
with roots

2(pn+1 _ 1)Tk(]F;L) +pn + \/4(pn+1 _ 1)rk(F2)(pn — T’k(]F;L)) +p2n
2pn .

As
r(Fptt) < p(re(Fy)),
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but
2p+1 = V(D) + "+ /HFT D E) G~ 7)) + 77
2p™
" 1 Tk(Fn) p2” " 1 1 "
>pOAFﬁ)+§— pj’+ o7 EPUMFQ)+§—1+§=pVAFﬁ%
the theorem follows. O

Proof of Corollary[2.28, The first statement follows immediately from Theorem
using 7,(F2) = (p - 1)2. For the second statement we are using that

8p% — 20p° + 17p* — 12p> + 20p* — 16p + 4
can be bounded by (2v/2p? - 5/v/2p?)? from below for p > 3 and we get

1 2 1 )
3 3 2
T’p(Fp)Sp —2p +p—§+z—)—2¥—\/§p+2—\/§
1 2 5)
Sp3—2p2_(\/§—1)p—§+§+ﬁ
<pP-2p* - (V2-1)p+2.

]

Proof of Theorem[2.29. Assume that S € F? is a 5-progression-free set of size 74.
We will compute a weighted sum over all lines containing 4 points to reach a
contradiction.

Let us call a line containing exactly r points an r-line. Let ¢ be a 4-line in S
and let Hy, Ho, ..., Hg be the planes containing /. Then

6
S |H; 0S| = (74-4) +6-4 =94,
i=1

Note that r5(F2) = 16 and r4(F?) = 11, which can be easily checked by computer
search. Therefore, |H; n A| > 94 - 5-16 = 14 for all 7 and there is no plane in F32
containing 12 or 13 points. Hence, there are five different distributions for the
number of points in five parallel planes:

(a) {10,16,16,16,16},
(b) {11,15,16,16,16},
(c) {14,14,14,16,16},
(d) {14,14,15,15,16},
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(e) {14,15,15,15,15}.

Denote by a, b, c,d, e the number of classes of parallel planes having these distri-
butions. Note that
a+b+c+d+e=3l. (15)

If we compare the number of pairs of points in each plane with the total
number of pairs we get ((120) + 4(126))a + ((121) + (125) + 3(126))b + (3(124) + 2(126))0 +
(2(5) +2(5) + (I + ((5) +4(5)e =6(3)

< 525a + 5200 + 513c + 512d + 511e = 16206, (16)

since each pair lies in exactly six planes.

Now denote by A, B, and C' the number of pairs (¢, H) where H is a hyper-
plane containing 16, 15 and 14 points, respectively and ¢ ¢ H is a 4-line. Again,
let ¢ be a 4-line and let Hy, H,, ..., Hg be the planes containing ¢. Then

{|H;n S| : ie[1,6]} €{{14,16,16,16,16,16}, {15,15,16,16,16,16}}

as multisets, therefore
A-2B-5C=0. (17)

To bound the size of A, B and C' we need the following claims.

Claim 6.1. Fvery plane containing 16 points contains at least twelve 4-lines.

Proof of Claim 6.1. Consider a plane H containing 16 points and let z; be the
number of i-lines in H for i € {1,2,3,4}. By double counting the points in H we
get

T1+ 2x9+3x3+4x4=6-16 =96

and by double counting the pairs of points in H we get
16
To + 323+ 624 = ( 5 ) =120.

By taking the difference of the two equations we get
—x1 — To + 224 = 24,
implying that 2z, > 24. ]

Claim 6.2. For m € {14,15}, every plane containing m points contains at most
m 4-lines.

Proof of Claim 6.2. As 5-3+1 =16 > m, every point in S can be contained in
at most four 4-lines and therefore the number of 4-lines in the plane is bounded
from above by 4Tm =m. ]
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Finally combining (15), and we obtain the following system of linear

equations and inequalities.

a+b+c+d+e=31

525a + 520b + 513¢ + 512d + 511e = 16206
A-2B-5C=0

A >48a + 36b + 24c + 12d

B < 15b+ 30d + 60e

C <42c+28d + 14e
a,bc,d,e,A, B,C >0,

which does not have any integral solution, which is a contradiction. Hence, |S| #
74.
O

Proof of Theorem [2.30. Assume that S € F3 is a 7-progression-free set of size 243.
Note that we have the following bounds.

Claim 6.3. Every plane containing 36 points contains at least 18 6-lines and
every plane containing 35, 34 or 33 points contains at most 33, 30, 28 6-lines,
respectively. Moreover, r7(IF%) = 36 and r¢(F2) = 29.

Proof of Claim 6.3. Consider a plane H containing m points and let z; be the
number of i-lines in H for i € [0,6]. There are 56 lines in the plane, thus

T+ Xy + To + Ty + Ty + T + Tg = D6. (18)
By double counting the points in H we get
T1 + 229 + 3w + 424 + Sx5 + 626 = S, (19)
and by double counting the pairs of points in H we get
To + 313 + 624 + 1025 + 1526 = (T;l) (20)
If m = 36 we take the difference of and two times and get
—233'1 - 333'2 - 3373 - 21’4 + 3512'6 = 54,

implying that zg > 18. If m € {33,34,35}, then by taking three times minus
two times plus we get

3xg+ X1+ x4+ 3x5 + 626 = 168 — 16m + (T;),

hence, 6z¢ < 168 — 16m + (Z‘) which gives the desired bounds.
The last two claims can be easily checked by computer search. [
If we now proceed analogously to the proof of Theorem [2.29] we again arrive

at a contradiction. O
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6.2 Proofs of the lower bounds
Proof of Theorem |2.31 We consider three different types of 2-dimensional layers:

o A:=[0,p-2J%,

o B:=[0,p-1]2x{(i,4) | i € [0,p—1]}~ ({p-1} x [0, 22]) ~ ([0, 2] x {p—1}),
o O {(isi) [ i€ [0, 2]},

and three disjoint subsets of Fr2:

o A:=[0,p-3]"2

« Bi=[0,p-2]"~[0,p— 3]

*C= U (reFy? | =p-1)Alme [0.p-3] iz )

je[1,n-2]

We show that S := (Ax A)u (B x B)u(C x () is p-progression-free.

First consider the case n = 3. Let
L = {(a17a2aa3) + (b17b27b3)i | ,L € [pr_ 1]}
be a p-progression in F3 with ay,as, as, by, bs, b3 € F).

e Case l: by =0 and a; #p—2:

[0,p - 2]? is p-progression-free and |{(4,7) | i € [0,22]}| < p, therefore L is
not contained in S.

e Case 2: by =0 and a; =p—2:

L' :={(az,a3)+(be,b3)i|ie[0,p—1]} and {(4,7) | i € [0,p—1]} are both lines
in F2. If they are not parallel or they are equal, they do intersect, and L is
not contained in S. Otherwise we can rewrite L' = {(i,c+1) | i € [0,p-1]}
with ce[1,p-1].

If ce[1,22], then e+ (p-1) € [0,22] (choose i = p— 1) and

(p-2,p-1,c+(p-1))e L\ S.

Similarly, if c e [2,p—1], then p—1-ce [0,’%3] (choose i =p—-1-¢) and
(p-2,p-1-c,p—-1)e L\ S.

Therefore, L is not contained in S.
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e Case 3: by £ 0:

Without the loss of generality let b =1 and a; =p—2. If by = b3 =0, then L
is not contained in S because the (p —2)-layer and (p — 1)-layer of S have
no common point. Otherwise, without the loss of generality, let by # 0 and
therefore {as + byt | i € [0,p—1]} = [0,p — 1]. Assume that L ¢ S. Then
ay = p—1 and as € [p%l,p — 2] because the (p - 2)-layer is the only layer
containing points with the coordinate p—1. Since the (p—1)-layer does not
have coordinates in [7%1, p—2], also b3 # 0, and consequently

{az+0bsi | i€[0,p—1]} =[0,p-1].

As before, it follows that as = p—1 contradicting that L ¢ S. Thus, L is not
contained in S and S is p-progression-free.

Now, consider n > 3. We have already seen that every layer is p-progression-
free, so we only consider progressions L := {a+bi | i € [0, p—1]} visiting p non-empty
layers. Let m be the number of non-zero entries in the first n — 2 coordinates of
b. Since only layers of type C' are placed where one of the first n — 2 coordinates
is p—1, and all layers where two of the first n -2 coordinates are p—1 are empty,
m is also the number of type C' layers visited by L and m < p.

e If m=1, L is not contained in S, analogously to the 3-dimensional case.

o If m > 2 the last two coordinates of every point in L are equal, since the
projection of L in the last two coordinates is a line containing two points on
the main diagonal, or it is a single point on the main diagonal. Now since
only layers of type B are placed where one of the first n — 2 coordinates is
p -2, L also visits a layer of type B. Therefore, L is not contained in B

because layers of type B contain no points on the main diagonal.
Finally, note that layers of type A and B contain (p - 1)? points, and layers
of type C contain (p—1)/2 points, thus
n-—2 B
5~ (- 1D(p-2)""

]

S1= (- 12 =12+ L (n-2)(p- 2" = (p-1)" +

Proof of Theorem [2.23 Let k =|\/p|,t=|p/k|, K =[0,k=1]and T := {jk-1]j €
[1,¢]}. Consider the set

S =[0,p - 3] x [0,p - 2]

u{p =2} x ([0,p=1P~{(5.5) [ J € [0,p -1}~ (K u{p-1}) x (Tu{p-1})))
u{p-1} x K xT.

We will show that S ¢ IF? is p-progression-free.
Let L = {(a1,as,as) + (b1, bz, b3)i | i € [0,p~ 1]} be a p-progression in F3 with
ai, az,as, b17 b27 b3 € IFp'
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Figure 2: A description of the line-free set in Theorem for p=5and n=4.

Figure 3: The last two layers of the line-free set in Theorem for p=11.
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e Case 1: by=0and a; #p-2:

[0,p — 2]? is p-progression-free and |K x T| = kt < p, therefore L is not
contained in S.

e Case 2: by=0and a; =p-2:

L :={(az,a3)+(by,b3)i | i € [0,p—1]} and {(¢,7) | i € [0,p—1]} are both lines
in F2. If they are not parallel or they are equal, then they do intersect, and L
is not contained in S. Otherwise, we can rewrite L’ = {(i,c+1%) | i € [0,p—1]}
with ¢ € [1,p—1]. Observe that {(i,c+i) |i € [0, k-1]}n(Kx(Tu{p-1})) + @,

and therefore L is not contained in S.

e Case 3: by 2 0:

Without the loss of generality, let by =1 and ay = p—2. If by = b3 =0, then L
is not contained in S because the (p —2)-layer and (p — 1)-layer of S have
no common point. Else, if by # 0 and b3 # 0, then

{a2+b2i | 7€ [O,p—l]}:{a3+b3j |]€[0,p—1]}:[0,p—1]

Since the (p — 2)-layer is the only layer with p — 1 entries but

(p_27p_17p_1)¢57

L is not contained in S. Finally, if either by = 0 or b3 = 0 but not both,
one of the last two coordinates is constant, and the other one attains every
possible value. Now again the (p—2)-layer is the only layer with p—1 entries
but the (p—1)-layer has empty rows and columns wherever the (p-2)-layer
has p — 1 entries, therefore, L is not contained in S.

Note that since p is a prime, k > 2, t < 1%1, from the definition of £ it follows that

]{JE[\/Z_?—l,\/]_?'f‘l]
< k*-2pk+p-1<0

-1
©k+pk <2./p.

and therefore k +1¢ <2, /p. Hence,

S| =(p-2)(p-1)*+ (P> —p—(kt —1) -k —t) +kt
=(p-2)(p-1)*+p*-p+1-k-t
>(p-2)(p-1)*+p*-p+1-2p
=(p-1)>+p-2/p

5
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Figure 4: The line-free set in Theorem for p="T7.

Proof of Theorem[2.20. Let p =7+ 24( for ¢ € Z, let A be the set of quadratic
residues, that is, A = {a® | a € F3} and B :=F; \ A. Note that |4 = |B| = & and
the law of quadratic reciprocity yields

( ) ( 1)”7 _ (_1)3+12£:_17

-
(- ooy

and therefore 2 € A and {-1,3} ¢ B. Note here that A is a subgroup of Fy and

this means that multiplication by 2 or % leaves elements of A or B in the same

set, while multiplication by -1, 3 or L changes the set. For instance, 3a € B for

3
all @ € A and

el (_1)6+42£+72€2 =1,

—@—(1)3—zm3

for all be B. Let

=[1,p-1]%u ({(a 0,a)lae A} u{(0,a a)|aeA})

( {(a,a,a)lae A} u{(a/2,a/2, a)|a€A})

U({(3b/2,0,b)|be B} u{(0,3b/2,b)|b e B} u (3b,0,b)[be B} u{(0,3b,b)|b e B})
({(
({

/

S({(b,b,b)|be BY u{(3b/2,3b/2,b)|be B} u{(b/3,b/3,b)|be B})
(3b,-3b/2,b)|b € B} u{(-3b/2,3b,b)|b e B})

({(b, b,0)|be B} u{(2a,-a,0)|ae A} u(-a,2a,0)|ac A})

AN

We will show that S is p-progression-free.
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Note that S is symmetric in the first two coordinates. We will therefore, in
this proof, skip one of the two symmetric cases, whenever possible.

Let L= {(c1,c,¢3) + (dy,dz,d3)i | i € [0,p~1]} be a p-progression in F3 with
c1,C2,¢3,dy,ds,ds € F,, and assume that L c S.

First, assume that dz = 0.

e Case 1: c3=0:

Since S contains no points where the third and one of the first two coordi-
nates is 0, L is not contained in S.

e Case 2: c3€ A:

Let a := c3. Since (a,0,a) and (0, a,a) are the only points where the third
coordinate is a and one of the first two coordinates is 0, we can assume
(a,0,a) € L. If d; =0, then (a,a,a) € L, a contradiction. If d; # 0, then also
(0,a,a) € L and consequently

1 1
(%7 %,CL) = 5(&,0,&) + 5(0,&,&) € L’
again a contradiction.

e Case 3: c3€ B:
Let b := c3. First, assume d; # 0 and dy # 0. Since (%b, 0,0), (0, %b, b), (3b,0,b)
and (0, 3b,b) are the only points where the third coordinate is b and one of
the first two coordinates is 0, we only have to consider the following cases:

If (2,0,b) € L and (0,2,b) € L, then also

’ 9
3b 3b 3b
(23m0)= 0 (L) o2 (0. L) e,
if (22,0,b) € L and (0,3b,b) € L, then also

2 (3b 1
b,b,0) = - —=,0,b)+ = b,b) e L
(7 ) ) 3(2707 )+3(0737 )E 9

and if (3b,0,b) € L and (0,3b,b) € L, then also

3b 3b 1 1
(3’ E’b) = 5(36,0,17) + 5(0,36, b) e L.

Consequently, we arrived at a contradiction. Now, if d; = 0 or dy = 0, again
L has to contain one of the points

(Z.0.0). (0.20), @o.0.0), ©.30.0),

7
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and therefore L also contains one of the points

(2.30), (.720). (L)

again a contradiction.

Now assume that d3 # 0. If d; = dy = 0, L contains a point with a zero last
coordinate. We get that either (b,b,0), thus also (b,b, b) is in L for some b € B
or (2a,-a,0) € L for some a € A and therefore also (3b,=22,b) € L for the unique
b e B such that 3b = 2a, both a contradiction.

In the remaining case ds # 0 and at least one of d; and dy is non-zero. Since
there is no point in S where both the third and one of first two coordinates is
zero, L has to include a point with third coordinate being zero and a different
point where one of the other two coordinates is zero. We are therefore left with
checking the following cases, where L is given by a pair of two points in S. For
some of these cases it is important to note that S contains no points where one
of the first two coordinates is 0 and the other is in B.

e (b,0,0) € L and (0,a,a) € L:

b -b
L:{ bl+kla-b |ker}.
0 a

Since a # b, setting k := 7=, we get

(z,y,2) = (_a_b 0 a_b) eL.
- -a

Now x=-2,s0 ze Band z € A, so -1 = % or —1 =3, a contradiction.

e (b,b,0) ¢ L and (0,3 b') € L:

) 9

b -b
L:{ bl+k|2L- ‘keﬂ?p}.
0 b

Since 2 # b, setting k := db, we get

30b b’
(z,9,2) = ( YURESY 0, b—%) eL.

Now z = ——z thus =,z € A, so -5 =1, a contradiction.
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e (b,b,0) €L and (0,30',') € L:

Ay

Since 30" # b, setting k := %, we get

3bb' bb’
= - L
(l’,y,Z) ( b—gb/’ojb—gb/)e

Now x = -3z, thus x,z € A, so -3 = 1, a contradiction.

keIF’p}.

e (2a,-a,0) €L and (0,a’,a") € L:

2a -2a
L={ —al+k|lad +a
0 a’

Since a' # —a, setting k := =, we get

2 / !/
(x,y,z)::( @ o, )EL.

7 /
a+a a+a

Now x =2z, thus x,z € A, so 2 =1, a contradiction.

k eIFp}.

e (2a,-a,0) e L and (a’,0,a’') € L:

A7)

2a
2a-a’’

Assume a' # 2a, then setting k := we get

! 2 !
(zr,y,2) = (O a a ) eL.

"2a-a'" 2a-a
Now 2y = z, thus y,z € A, so 1 =2, a contradiction.

If @’ = 2a, then setting k := 3, we get (z,y,2) := (2a,2a,6a) € L, a contra-
diction since 6a € B.

e (2a,-a,0) € L and (2,0,b) € L:

{(O)k(b)

79
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Assume %b # 2a, then setting k := %, we get
2

(2,y,72) = (O 3ab 2ab ) <L

2(2a-2) 2a-2

3

Now y = %7 thus z € B and x € A, so % =35 or % =3, a contradiction.

If %b = 2a, then setting k := 3, we get (x,y,2) := (2a,2a,4a) € L, a contra-

diction since 4a € A.

(2a,-a,0) € L and (0,32,b) € L:

) 9

2a -2a
Lz{ —al+k|L+a
0 b

k e]Fp}.

Assume 2 # -3a, then setting k := %, we get

3
2

(2.1, 2) = ( 3ab 3ab 3ab ) I

3b »3b
F+3a F+3a F+3a
Now x = y = z, a contradiction. If %b = —3a, then setting k := -1, we get

2
(z,9,2) :=(3a,0,a) € L, so 1 =3, a contradiction.

(2a,-a,0) € L and (3b,0,b) € L:

2a 3b-2a
L:{ -a|+k a keIFp}.
0 b

Since b # a, then setting k := -4, we get

(.9.2) =

Now z =y = z, a contradiction.

ab ab ab
a—b’a—b’a—b)EL'

(2a,-a,0) € L and (0,3b,b) € L:

2a -2a
L={ —a|+k|a+3D ‘ker}

0 b
since 3b # —a, setting k = —’ we get
6ab ab
= 0 L.
(,9:2) (a+3b’ ’a+3b)E

Now x =6z, thus z€ Band x € A, so 6 = % or 6 = 3, a contradiction.
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Finally, note that the layer with third coordinate 0 contains
3
Bl +214] = S(p-1)

points, layers with the third coordinate in A contain (p — 1)? points, and layers
with the third coordinate in B contain (p—1)2 -1 points, thus

p-1 p—-1 3
S| = ==-1)*+==((p-1)’-D+5@-D= -1+ (-1
In the special case of p = 7, the layers with third coordinate in B actually

contain (p—1)? =36 points, since 2 = 1, thus giving the lower bound of 225.
O
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7 Applications of the Slice rank method

In this section first we present the so-called slice rank method. This is the
symmetrized version given by Tao of the polynomial method developed by Croot,
Lev and the author [3I] to show that 3AP-free sets in Z] are exponentially small
which was subsequently adapted by Ellenberg and Gijswijt [41] to the case of F7.
For an exposition of the slice rank method we refer to [119, [I12]. Here, let us
briefly summarize the technique.

7.1 Slice rank method
For finite sets Ay,..., A; and a field F we say that

h:A;x---xA,—>TF
has slice-rank 1 and called a slice, if

h(l’l, Ce ,SL’k) = f(xz)g(xl, B 7 T [P (7T IR ,I‘k)

for some 1 <7 < k. The slice rank of F': A; x---x Ay, — F, denoted slice-rank(F),

is the smallest r such that F' = Y h;, where the functions h; are slices. Note that
i=1

for k = 2 the slice rank coincides with the usual matrix rank.

The following lemma from [I119] will be applied several times:

Lemma 7.1. Let A be a finite set and let F': Ax---x A —TF be a diagonal tensor
—_——

k
attaining only nonzero entries on its diagonal, that is,

F(xl’ - 7xk) = Z Caéa(xl) .- '5a(xk)7

acA
1 z=a
where ¢, #0 (a € A) and 6,(x) = { .
0 z#a

Then
slice-rank(F") = |A.

In the applications for bounding the size of a set A satisfying certain criteria,
a diagonal tensor F' is going to be presented, then it will suffice to bound the
slice-rank of F'.

For bounding the slice-rank the tensor F' is going to be represented as a
multivariate polynomial, and in certain cases we will have to calculate with the
dimension of certain subspaces of polynomials. Namely, we will use multiple times

that the number of monomials in F[xy,. .., x,] with total degree at most d is (";d).

n+i—1
Y

Indeed, the number of n-variable monomials with total degree exactly i is ( ;

d .
nd $ () = (7).
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For a prime power ¢ let f,(n,d) denote the number of those monomials in n
variables whose total degree is at most d and each individual degree is at most
g — 1, that is:

fo(n,d) =|{(i1,.. i) €{0,1,...,q=1}" tiy +--- + i, < d}).

As an illustration of the technique we briefly outline the proof of the cap set
bound in Tao’s slice rank formulation and the bound of Naslund and Sawin [8]
for 3-sunflower-free sets.

The proof is essentially the same for ¢ = 3 and for other odd prime powers, so

we present it in the general case. Let ¢ be an odd prime power and assume that
AcTFpis 3AP-free. Let F': Fy x 7 x 7 — F, be the function

F(.T, Y, Z) = 6x—2y+z=0 = H(l - (:Ez -2y + Zi)q71)7
i=1

that is, F'(x,y,z) = 1 if and only if x,y,z (in this order) form a 3AP, otherwise
F(z,y,z) = 0. According to Lemma [7.1| we have |A| = slice—rank(F‘AxAxA), since
A is 3AP-free, but F(a,a,a) =1 for every a € A. Clearly,

slice-rank(F|AxAxA) < slice-rank F,

so it suffices to bound the slice rank of F'. Observe that

F(x,y,2) = ﬁ(l — (x5 - 2y + 2)97h)

i=1

is a polynomial in &1, ..., %, Y1, -, Yn, 21, - - - , 2 Of degree (g—1)n. Consequently,
in each monomial
o3 an, B Bn 71
I ol T Ve A O

we have

min(oy + -+, B+ + B, 1+ + ) < (g - 1)n/3).

For each n-tuple (ay,..., ;) satisfying 0 < a; <¢-1and ay +---+a, < (¢—1)n/3
we can group the monomials of the form 7" .. .x%”yf t. .yﬁ" 2" ... z)" obtaining
a slice of the form z{" ... 23" g(y, 2).
After this, we do so for the remaining terms with y,* ... yon (satisfying By +---+0, <
(¢-1)n/3) and finally, also with 2" ... z)" (satisfying v +---+7, < (¢—1)n/3). This
yields a slice rank decomposition with at most 3f,(n, (¢—1)n/3) slices. Therefore,
|A] < 3f,(n, (¢ - 1)n/3). Numerically, this implies the bound r3(F?) < (J(q)q)"
with J(q) = %ggtigw&% <1.

Let us continue with showing how the technique applies to the so-called Erdos-
Szemerédi sunflower problem. A family F of subsets is called a k-sunflower, if it
is not possible to choose distinct A;, As,..., Ar € F such that all the pairwise
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intersections A; N A; coincide. Erdds and Szemerédi conjectured that for £ > 3 the
largest k-sunflower-free family of subsets of [n] has size at most (2 — ¢;)" with
some positive ¢;. Here we discuss the case k = 3. Alon, Shpilka and Umans [5]
showed that an exponential saving for r3(F%) also yields an exponential saving
for the size a 3-sunflower-free family of subsets of [n]. Quantitatively, the bound
r3(F%) < ¢ yields the constant \/1+ ¢, thus the cap set bound provides the
constant /1 +2.756 ~ 1.938. However, Naslund and Sawin — in fact only a few
hours after Terry Tao’s blog post on the slice rank method — gave a better bound
using the technique itself, not just the cap set bound as a black box. Here we
briefly present their proof.

Let F be a 3-sunflower-free family of subsets of [n]. Let us consider their
characteristic vectors. That is, to each F' ¢ F we assign a vector vp € R" such
that v; = 1, if ¢ € F and v; = 0 otherwise. Let S € {0, 1}" be the set of characteristic
vectors assigned to elements of F, note that |S| =|F|. The condition that F is 3-
sunflower-free implies that for distinct z,y, z € S we have at least one coordinate
such that z; +y; + z; = 2, since having x; +y; + z; € {0, 1,3} for every i would mean
that the three sets to which z,y, 2 are assigned form a 3-sunflower.

Let T:{0,1}" x {0,1}* x {0,1}™ > R be defined as

zx%%zy:fyz—@%+%+%».

We have already observed that T'(x,y,z) =0 if x,y, 2 € S are distinct and clearly,
T(x,z,z) # 0. However, it may happen that T'(x,y,z) # 0 for some z,y,z € S, if
two of the variables x,y, z coincide: [{z,y, z}| = 2.

By symmetry, assume that x = y. If z; + y; + 2; is never equal to 2, then for
every index 7 such that x;(= y;) = 1, we also have z; = 1. This means, that the
set to which z is assigned is a superset of the set to which z(= y) is assigned.
To overcome this difficulty, let us define S, to be the set of those elements of S
that contain exactly ¢ ones. Observe that S, is inclusion-free, thus 7' ‘ SyxSpxSe is
diagonal.

Now, Lemma E yields that |Sy| = slice-rank T| Syxsxs,» SO 1t suffices to bound
the slice-rank of T". As

T(a,y,2) = [(2- (@ + i+ 20)).

i=1

each monomial appearing in 7" is multilinear in x1,...,Zn, Y1,...,Yn, 21, . ., 2, and
of degree at most n. Consequently, in each monomial

a1 o, Bl Bn 571
(RN /e TR T o S A

we have
min(oq + -+, f1 4+ Bp, Y1+ +Yn) <nf3.
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For each n-tuple (a,...,a,) satisfying 0 < a; < 1 and g + -+ + ay, < nf3 we
can group the monomials of the form z{".. .x%”yf v .yﬁ"zfl ...z into a slice

of the form z{"'...z3"g(y, z). After this, we do so for the remaining terms with
Yot ybr (satisfying By + -+ + B, < n/3) and finally, with 2]"...2z)" (satisfying

Y+ +7v, <n/3). This yields a slice rank decomposition with at most 3 Y (Z)
k<n/3
slices. Therefore,

< n
s1= Y151 <3+ 1) X ()
=0 k<n/3
leading to the bound |F| < 1.89".

7.2 Right angle free sets

We consider problems about determining the largest possible size of sets avoid-
ing certain geometric configurations. Some of our questions are related to coding
theoretic problems.

Let ¢ be an odd prime power and n a positive integer. A right angle in Fy is
a triple z,y, 2 € F of distinct elements satisfying

(x—2z,y-2)=0,

where (-,-) denotes the standard dot product.

Let R(n,q) denote the largest possible size of a subset of 7 which contains
no right angle.

Bennett [I1] proved that

n+2
3

R(n,q) < q

Ge and Shangguan [57] used the slice rank method to improve this bound for
fixed ¢ and large n, namely, they showed that

n+q
R(n,q)g(q_1)+3,

that is, for fixed ¢ the quantity R(n,q) is only polynomial in n. They mentioned
that the standard orthonormal basis yields the lower bound R(n,q) > n and
conjectured that their upper bound is asymptotically tight (for fixed q):

Conjecture 7.2 (Ge-Shangguan, [57]). For any fized prime power q, R(n,q) =
O(na1).
Naslund [86] further improved on the upper bound for R(n,q) by showing
that
R(n,q) < (n+q)+2_(n+q).
q-1 q-3
We show that for every odd prime power ¢, in fact, R(n,q) < n2, which

refutes Conjecture
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Theorem 7.3 (Bursics-Matolcsi-Pach-Schrettner [22]). Let g be an odd prime
power. If a set A € Fp does not contain a right angle, i.e. three distinct vectors
with (x — z,y — z) =0, then

Al<2g-Dg(" 1

2
2q.
1)

The above problem may be considered as a finite field version of the Erdos-
Falconer problem, which was originally defined in the setting of Euclidean spaces
[50, 53], [67] and asked for the smallest d for which any compact set in R™ with
Hausdorff dimension larger than d contains three points forming an angle « (for
given n and «). While in the real setting the question is interesting for any «,
in the case of the finite field version it is crucial that the dot product O is the
forbidden one: If A is an isotropic subspace of F} of maximum dimension, then
(r—2z,y—2) =0 for any x,y,z € A, thus a set A for which (z - y,z - 2) # « for
some o # 0 can be as large as ¢z 7!

Naslund also considered a generalized version of right angles. Namely, we
say that the vectors g, x1,...,x; form a k-right corner if they are distinct, and
the k vectors x1 — xg,...,xr — o form a mutually orthogonal k-tuple, that is,
(i —xo, x5 — o) = 0 for all 1 < i < j < k. (Specially, a 2-right corner is a right
angle.) Naslund proved that for an integer k, an odd prime power ¢ = p” with
p >k if a subset A € F' satisfies

n+(k-1)q
A () 2

then A contains a k-right corner.
We give the following lower bound for this problem:

Theorem 7.4 (Bursics-Matolcsi-Pach-Schrettner [22]). Let ¢ be an odd prime
and 2 < k an integer. There exists a subset A c Fy of size

k
n |57 4]
A1 (=00 (g e )/ (7
[%[Qkk—lq” / [%[%ﬁﬂ”
which does not contain any k-right corner, i.e. vectors xg,x1,. .., such that

(xi—Io,ZEj—i’o):O
foralll<i<j<k.

Note that for fixed ¢ and k the upper bound for k-right corner free sets is of

(k=1)(g-1)

order ©(n(+-1(@-1)) while our lower bound is of order © (n[ 21 ]), where the

exponent is the closest integer to % -q.
In the special case k = 2 Theorem yields the following lower bound for

R(n,q):
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Corollary 7.5 (Bursics-Matolcsi-Pach-Schrettner [22]). Let g be an odd prime.
There exists a subset A c ¥y of size

2 =0 (3 i)

which does not contain a right angle, that is, it is not possible to choose distinct
x,y,z € A such that (y —x,z—x) =0.

q-1

That is, R(n,q) > n[ 3 ] Note that the exponent in this bound is the closest
integer to ¢/3.
Motivated by these problems we also consider the following question:
How large can a set A € Fy be, if it contains no triangle with all right angles,
that is, there are no distinct vectors z,y, 2z € A with
(r-yy-2)=(y-zz2-z)=(z-z,2-y) =07

Using the slice rank method, we obtain the following upper bound:

Theorem 7.6 (Bursics-Matolcsi-Pach-Schrettner [22]). Let g be an odd prime
power. If AC T} contains no triangle with all right angles, i.e. vectors x,y, z with

(r-yy-2)=(y-2zz-2)=(z-2,2-y) =0,

2q -2 2q - -1 -2
(5,0 )+ (a2 )2 (05 ) (05)
2q -2 2q-3 q-1 q-2
The problem of avoiding triangles with all right angles is equivalent (cf. the
proof of Theorem to avoiding triples {z,y, 2z}, where

then

(r-y,x-y)=(y-z,y-2)=(2-x,z-x) =0.

We consider the following related problem: How large can a set A € F} be if
(r—y,x—y) +0 for any two distinct x,y € A? For the maximal size of such a set
in 7', we give the following bounds:

Theorem 7.7 (Bursics-Matolcsi-Pach-Schrettner [22]). Let ¢ be an odd prime.
Let S(n,q) be the mazimal size of a set in F; which does not contain distinct
vectors x,y such that (x —y,x —y) =0. We have the following bounds:

(1) =50 (7 -(",17)

Moreover, whenever n # =2 (mod q) or ¢=1 (mod 4), then

S(n,q) > (q?l)Jr(qT—LZ)'
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In the special case ¢ = 3 we can further improve on the lower bound of Theo-
rem|[7.7]assuming that n has residue 2 mod 3. Namely, we can construct a suitable
set of size ("+3) 1 which is our general upper bound. Therefore, in infinitely many
cases the exact answer is determined:

Theorem 7.8 (Bursics-Matolcsi-Pach-Schrettner [22]). For n = 2 (mod 3) we

have ‘3
S@ﬁ):(B )—L

For n = 0 (mod 3), resp. n = 1 (mod 3), we can achieve the lower bounds
(’”2) 1, resp. ("”) 1, by choosing the last 1, resp. 2, digits to be constant and
taking the construction from Theorem on the remaining entries. For n = 3,4
these turn out to be sharp, however, for infinitely many values of n there is
a better construction. Namely, whenever ¢ = 2 (mod 3) is a prime power, and
n =¢%+q+1, we have a construction of size (";1), which is bigger (by one!) than
the construction given above.

We can also think of the problem of determining S(n,3) from a coding the-
oretic point of view. Since in F3 the square of every nonzero element is 1, the
value of (x — y,z —y) is the same as the Hamming distance of = and y (modulo
3). Therefore, S(n,3) is the largest possible size of a ternary code where none of
the Hamming distances between the codewords is divisible by 3.

In the construction from the proof of Theorem we use the following ob-
servation: there are (§) + 1 vectors in {0,1}"(c F%) with no two of them having
Hamming distance divisible by 3. We investigate this question more generally:
What is the largest possible size of a binary code of length n, if the Hamming
distance of two different codewords is never divisible by a fixed prime ¢q7

We provide the following bounds:

Theorem 7.9 (Bursics-Matolcsi-Pach-Schrettner [22]). Let ¢ be an odd prime.
Let T(n,q) be the mazimal size of a subset of {a,b}™ with no two vectors having
Hamming distance divisible by a fized prime q. Then the following bounds hold:

T(n,q)s(q?1)+(qn2) +(n)+(g) in general,
T(n,q)s(q?1)+(q 3) + ) () form=0 (mod q),

(5
(2 (2 () e
TUu@z(q?1)+(__) +( ) () fornz=-1 (mod q).

Hence, by Theorem [7.9 the exact values are determined for n = 0 or -1
(mod q).

For the particular case ¢ = 3, Theorem leaves open only the case n = 1
(mod 3). In this case, for n = 4 the exact value is 8, which is 1 larger than the

_.I_
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general lower bound, but we do not know the exact values for any larger n which
has residue 1 mod 3.

Note that the general upper bound from Theorem is a classical result of
Delsarte [34]. Different proofs were given by Frankl [55, Theorem 1.6] and Babai
et al [6]. Note that Delsarte’s bound is related to the celebrated Ray-Chaudhuri-
Wilson [102] theorem stating that maximum number of k-subsets of an n-element
set that can be chosen in such a way that there are at most s possible intersection
sizes is (Z) In fact this result was part of Delsarte’s motivation to investigate the
problem.

In this thesis the prime case is considered, we give yet another proof of the
statement, and provide a general lower bound. Furthermore, we show that both
the lower and upper bounds are tight in infinitely many cases.

One application of the slice rank method is going to be through the following
lemma:

Lemma 7.10. Let g be a prime power. Let a € F, and R ¢ F, ~\ {a}. Let us
assume that for a set A € F? we have (a,a) = a for every a € A and (x,y) € R for

any two distinct x,y € A. Then |A] < (”D';ﬁ"),

Proof. Let us consider T : Fy x F; — IF, defined as

T(I7y) = H((I,y> - T)’
reR
Note that T'(z,z) + 0 and T'(z,y) = 0 for any = # y, x,y € R. By Lemma [7.1| we
have
|A| = slice-rank T‘ ey Sslice-rank T

(Note that since T is a 2-tensor, the slice-rank coincides with the usual matrix
rank. We still decided to use the slice-rank notation here, to illustrate the method
and show the common flavour with our latter proofs.)

Observe that the slice-rank of 7" is at most the number of those monomials
with n variables that have degree at most |R|. Indeed, in each monomial arising
in the expansion of T' the total degree of the z’s is at most |R|. Thus T may be
expressed as a sum of products fg, where f is a monomial of total degree at most
|R| from F [z, 29, ... ,2,] and g € Fy[y1, v, .., Yn]-

As the number of n-variable monomials of total degree at most |R| is ("[}‘;ﬁ'),
we obtain that R
|A| < slice-rank T" < (n +| |)
R
[

For our lower bound constructions we shall use the following lemma about
t-uniform families of sets with bounded intersection size:
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Lemma 7.11. Let ¢ <t be positive integers. There exists a t-uniform family A
of subsets of [n] such that for any two distinct F,G € A we have |F'n G| < { and

|‘A| 2 (1 - On—>oo(1)) ’ ﬁ
¢
Proof. The statement was proved by Rodl in [107]. ]

Note that to achieve a lower bound that is valid for every n one can generalize

[51, Proposition 1] to get a construction of size |A| > 0]

()
7.3 Proofs

Proof of Theorem[7.3. Let Ac 7 be a set such that (z - z,y - z) # 0 for distinct
z,y,z € A. For some « € F, for at least |A|/q elements of A we have (z,z) = a.
Let Av:={xeA:(x,z)=a}.

Let us pick an element u € A*. For 3 eF, let

Af ={w e A"~ {u} : (u,z) = B}.
For any two distinct z,y € A§ we have (z,y) € Fy\ {«, 26 - a}. Indeed, (z,y) = a
would imply that
(z -y, u-y)=(z,u) = {z,y) = (y,u) + {y,y) = f~a - F+a=0.

Similarly, (z,y) = 28 — a would imply (x - u,y —u) = 0.
For 8 # a Lemma applied with the choice R :=F, \ {«,2/ — a} readily

implies that
o n+q-2
MMS( 2 )
q —

To also bound A2, let us pick an element v € A2. (Note that v # u.) For 5 € F,
let

Asp={z e A~ {v): (v, 2) = B}
Note that A, = @, since for any x € A , we would get

(u-—z,v-z)=a-a-a+a=0.
Now, again by Lemma [7.10}

n+q—2)

AS 5l <
Azl < (",

for every (8 # a.
Therefore,

A=1elagle $ pAgl<2e B Al 3 Agle2-n("T 1)
BeFgn{a} BeFn{a} BeFg~{a} q

Hence, |A| < q|A%| <2(q - l)q(";f’f) +2q. O
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Remark 7.12. Note that we did not optimize in the proof the arising constant
factor 2(q —1)q. Also, in case q is a power of 2 we would get a bound weaker by
a factor n, since in this case R is a (q—1)-element set.

Proof of Theorem[7, Let t = |52~q]. Let A be a t-uniform family of subsets of
[n] such that for any two distinct F,G € A we have |F n G| < £2t. According to
Lemma [7.11] we may take a system of size

Laza—qnyﬁﬁéﬂﬂ.

([(k-f)t/k])

Now, let A consist of the characteristic vectors of the elements of A, considered
as elements of F7. That is, a = (ay,...,a,) € {0,1}" is contained in A if and only
lf{’L CLZ'=].}E./4.

We claim that A avoids k-right corners, that is, for any k+ 1 distinct elements

Zg, X1, ..., T, € A the dot products (x; — xg,2; — z9) (1 <i < j < k) can not be
simultaneously 0 (in F,).
To show this, let us take arbitrarily &+ 1 distinct elements, xg,x1,...,z € A,

and denote by Xg, X1, ..., X} the corresponding subsets of [n]. First, let us show
that for some indices 1 <i < j <k we have Xy \ (X; U X;) # @. Since X € A, we
have | Xo| = ¢, and we also know that [ X, \ X;| > £ for every 1 < < k. Thus, by
the pigeonhole principle we obtain that for two different indices ¢ and 5 we have

g+ (XO \Xz) ﬂ(XO \X]) :XO N\ (X,LUXJ),

as it was claimed.
Observe that

(zi = 20,75 = w0) = (24, 75) + (%0, To) — (T4, T0) — (20, 2;) =
= |Xz ﬂXj| + |X0| — |Xz n X0| — |X0 n le = |(Xz n XJ) AN X0| + |X0 AN (Xl U X])|

As

0< |(X10X]) \X0| <

t and 0 < |X0\ (XlUXJ)| <t
we have

k-1 2k -1

0< |()(Z ﬂXJ) AN X0’ + |X0 AN (Xz UXJ)| <

hence (z; - zg, x; — x¢) # 0.
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Proof of Theorem[7.6. First of all, we show that the condition that the three
sides of a triangle are pairwise orthogonal is equivalent to the condition that all
the three sides are self-orthogonal. Assume first that

(r-y,y-2)=(y-z,2-2)=(2~2,2-y) =0.
Now,
(z-yr-y)=(z-y,(r-2)+(z-y))=(r-y,v-2)+{x-y,2-y) =0+ 0=0,

and (y - z,y—z) = (2 —x,z—x) =0 can be proved analogously.
For the reverse direction assume that

(x—y,x—y)z(y—z,y—z):(z—x,z—l’)=0.
Then

(- +(y-2),(x-y)+(y-2)-(z-y,2-y)-(y-2,y-2)
2

(.T—y,y—2> = = Oa

and (zx —y,z—x) =(y - 2,z —x) = 0 follows similarly.
Hence, if A € F does not contain a triangle with all right angles, then the set
A does not contain three distinct vectors x,y, z such that

(r-y2x-y)=(y-zy-2)=(:-2,2-7)=0.

Let us consider F': IFZ x ]Fg x IF;"‘ — I, defined as

Fz,y,z)=(1-(z-yz-y) " )A-(y-2zy-2)"NA-(z-z,2-2)7").

Observe that for distinct z,y,z € A we have F(x,y,z) = 0 according to the
assumption on A. Also, for x =y = z we have F(z,y,2) = F(z,z,x) = 1. However,
F | 1.4 might not be diagonal, as for instance F(z,z,z) may be nonzero for
x # z. Therefore, let us consider

G(.’I?,y,Z) = F(a:,y,z)(l - 6(.%,:(/) —(5(y,z) - 5(2’,1’)),

where ¢ is the Kronecker delta function.
For x =y = z we have

G(z,y,2)=1-(1-1-1-1)=-2%0

and G vanishes at (x,y, z) when z, y, z are distinct elements of A. Moreover, if two
of z,y, z coincide, but the third one is different, then 1-6(x,y)-d(y, 2)-d(z,z) = 0,
thus G(z,y, z) = 0 also holds.

Hence, G‘AXAXA is diagonal, that is, for x,y,z € A we have G(x,y,z) # 0 if
and only if z = y = z. According to Lemma we have |A| = slice—rank(G|AxAXA).

Now, we give an upper bound for the slice-rank of G‘ A A A"
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First of all,

F(xayaz) = (1 - (Ji—y,x—y)q_l)(l - (y—Z,y—z)q_l)(l - <Z—l’72_x>q_1) -
= [1-(zo+yo=22151- 22252~ =22nyn) " [ [1=(yo+ 20~ 24121 -2y220— -~ 2Yn 2 )T |
1= (20 + w9 — 22101 — 22909 — - = 22,7,) 7],

where zg = % x2, Yo = %yf and zg = i z2.
i=1 i=1 i=1
Each monomial in F(z,y,2) can be written as a product of a monomial of
the form xy°x7" ... 23" where ap + oy + -+ a,, <2(¢— 1) and a polynomial of y
and z. Therefore, the slice-rank of F' is at most the dimension of the subspace
spanned by these polynomials of = which, by a lemma of Bannai and Bannai [8]
Lemma], is at most (";5?;2) + (”53353)
Let us consider now d(z,y)F(x,y,z). Observe that on A x A x A we have

5($,y)F((E,y7ZJ) = 5(.’13’,:(/)(1 - (Z - X,z - x>q71)'
Note that each monomial in

1-(z-m,z2-2)7 =1~ (20 + 30— 22101 — -+ — 22,2,) 97"

can be written as a product of a monomial of the form 252" ... 2™ where ag +

a1 +--+a, <g-1and a polynomial of x and y. Since 6(x,y) = ﬁ(l —(z;—y;)1)
i1

is a polynomial of x and y, the slice-rank of §(x,y)F(x,y, 2 is at most

(ngfIl) + (n;rff) by [8, Lemmal].

Analogously, the slice-rank of §(z,z) F(x,v, z)|AXAXA
(”3252). Also, each monomial of §(y, 2)F(x,y, z)|AXAXA can be written as a prod-
uct of a monomial of the form xy°z{" ... z3" where ap+ay +---+a, <¢-1and a
polynomial of y and z. However, these types of products already appeared when

we considered the slice-rank of F', so in fact

)‘AXAXA

. -1
is also at most ("q*fl )+

slice-rank(F'(z,y,2)(1 - 6(y,2)) < (n 20~ 2) + (n v24- 3).

2¢ -2 2-3

Hence,

|A|—Shce-1ank(G| < Ax )<
<(n+2q_‘3) (n+2q_3) ((n—i-q—l) (’[’L—i—q—Z))

O
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Proof of Theorem[7.7]. Let us start with proving the upper bound.
Let A be a set satisfying the property, that is, for every pair of distinct z,y € A
we have (x —y,z —y) # 0. For every a € A let p, be the following polynomial:

i=1

pa(z)=1-(z-a,z-a)?=1- (zn:(xZ - a,-)Q) 7 .

Note that p,(a) = 1, and for every b € A~ {a} we have p,(b) = 0, since
(a—b,a—-0b) #0. This readily implies that the system of polynomials {p, | a € A}
is linearly independent.

Since

Pa() =1~ (2(% - ai)Q) -

= 1—((m%+~~-+xi)—2a1$1—~-~—2anxn+(a%+~--+ai))q71,

we have {p, | a € A} C spang (H), where
H:{(x%+---+xi)°‘0-x?1 cwy? e x| Zaiéq—l}.
i=0

By using a lemma of Bannai and Bannai [8, Lemma] we bound the dimension
of the subspace spanned by the elements of H and get that

. n+q—1) (n+q—2)_(n+Q)_(”+q_2)
|A|Sd1m(SpaHFq(H))S( -1 )"\ g2 )7 \4-1 q-3 )

which completes the proof of the upper bound.

Let us continue with the lower bound.

Let A be the set of all vectors having ¢ —1 components equal to 1, and all the
remaining n — ¢ + 1 components being equal to 0. Note that |A| = (q’_ll).

If 2,y € A are distinct, then (x—y, z—y) = 2(¢-1)-2(z, y) # 0, since (z,y) # g—1.

Finally, in the cases when n # -2 (mod ¢) or ¢ =1 (mod 4) we can further
improve on the previous lower bound. The construction is as follows: let A; be
the previously defined set of all vectors with ¢ — 1 components being equal to 1,
and n — ¢+ 1 components being equal to 0. Furthermore, let A5 be the set of all
vectors with g — 2 entries a and n — ¢ + 2 entries b, where the elements a # b are
going to be chosen later. Note that the size of A is (q?l) + (qiLz)' We claim that
for an appropriate choice of a and b the set A = A; U Ay does not contain two
vectors x,y such that (z —y,z-y) =0.

We have already seen that (x —y,x —y) # 0, if x,y are distinct elements taken
from A;. Similarly, if x,y are distinct vectors taken from As, then

(r-y,z-y)=2k(a-b)* %0,
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where k is the number of entries that are a in = and b in y. (As a # b, we have
0 <k <q-2, and by the definition of A; the number of those entries that are b
in z and a in y is also k, all the remaining entries are the same in z and y.)

It remains to consider the pairs x € Ay, y € A,.

Let us assume that there are k indices ¢ with (z;,v;) = (1,a). Then 0 < k < ¢-2
and there are

e ¢—1-Fk indices i with (x;,y;) = (1,b),
e ¢—2-Fk indices i with (x;,v;) = (0,a),
e n+k—2q+3 indices i with (x;,v;) = (0,0).

Therefore, (calculating in F,)

(r-y,x-y)=k(a-1)*+(q-1-k)(b-1)*+(q¢-2-k)a®+ (n+k-2q+3)b* =
=-2a*+ (n +2)b* = 2ka + (2k +2)b -1 = (2b - 2a)k - 2a* + (n + 2)b* + 2b - 1.

Thus we can think of (z — y,z — y) as a linear function of k£ with leading
coefficient —2a +2b =2(b—a) # 0 (since a # b). Hence, there is exactly one residue
class (k mod ¢) which solves this linear equation (and gives (z - y,z —y) = 0).
Note that k € [0,q — 2], so to ensure (x —y,z —y) # 0 for all choices of x,y this
(unique) solution must be k£ = =1 (mod ¢). That is, we shall choose a and b in
such a way that

~2a%>+(n+2)b*+2a-1=0,

or equivalently
(n+2)b*=2a>-2a+1. (22)

Here we distinguish two cases depending on whether n # -2 (mod ¢) or n = -2
(mod ¢q). Let us assume first that n # =2 (mod q).

Observe that both sides of equation can attain exactly %1 different values,
thus, there must be at least one element which can be expressed as (n+2)b? and
as 2a® — 2a + 1, simultaneously. In other words, the equation has a solution a,b.
If a # b, then we are done, otherwise we may take the solution a,—b, which also
satisfies a # —b (since a = b =0 is not a solution).

Finally, we consider the case n = -2 (mod ¢). Here, the solvability of
reduces to the solvability of 0 = 2a? — 2a + 1. This equation is solvable if its
discriminant -4 is a square modulo ¢, that is, if ¢ =1 (mod 4). In this case for a
solution a we may choose any b # a. This completes our proof.

]

Proof of Theorem[7.8. The upper bound follows from Theorem 7.7, by presenting
a matching lower bound the proof will be complete. The construction for the lower
bound is as follows:

Let the set A c %} consist of
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e all the vectors where exactly two entries are 1’s and all other entries are
0’s,

e all the vectors where one entry is 0 and all other entries are 2’s,

e all the vectors where one entry is 1 and all the other entries are 2’s,
e all the vectors where one entry is 0 and all the other entries are 1’s,
e the all-zero vector (0,0,...,0),

e the all-2 vector (2,2,...,2).

Since we are modulo 3, we have (x —y,x —y) = 0 if and only if the Hamming
distance of the vectors x and y is divisible by 3. It is easy to check that assuming
n = 2 (mod 3) none of the pairs of vectors from the above defined set have
Hamming distance divisible by 3.

The cardinality of the set is

|A|:(g)+3n+2:(n;3)—1.

O

Proof of Theorem[7.9. Let us start with proving the lower bound. Let A consist
of those elements of {a,b}"™ in which the number of characters a is even and at
most g — 1.

Let z and y be two distinct elements of A. Let k, resp. £, denote the number
of characters a in x, resp. y, and denote by m the number of those entries where
both z and y have a. Then the number of indices i such that (x;,y;) = (a,b) is
k —m and the number of indices i such that (z;,y;) = (b,a) is £ —m. Hence, the
total number of those indices where x and y differ from each other is k + ¢ — 2m:

d(z,y) =k+{-2m,

where d(z,y) stands for the Hamming distance of  and y. Observe that k£ and ¢
are even and k, ¢ < ¢ -1, thus d(z,y) = k+ ¢ —2m € (0,2q) is even, which implies
that d(x,y) is not divisible by q.

As |A] = (q7—11) + (q’fg) +oeeet (g) + (g), this completes the proof of our general
lower bound.

In the special case when n = -1 (mod ¢), we present a better construction.

Let us add to the previously defined set A those elements of {a,b}" in which
the number of characters b is odd and at most ¢ — 2. This way the set A’ is
obtained which has size

|AI|:(qr—ll)+(q7—l2)+"'+(7;)+(g)'
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We have already seen that ¢ + d(x,y) = k+¢—2m, if x,y € A are distinct.

If x and y are two distinct elements of A’\ A, then n—k and n—-/¢ are odd and
at most ¢—2. The number of those indices for which (z;,y;) = (b,b) is n—k-{+m,
thus

O<d(z,y)=k+l-2m=(n-k)+(n-0)-2(n+m-k-10)<2(q-2)<2q,

and k + ¢ —2m is even, therefore, d(x,y) =k +{—-2m # q, so ¢ + d(z,vy).
Finally, let us assume that z € A and y € A’~ A. Then k£ < ¢-1 is even and
n—-{<q-2is odd. Observe that

d(z,y)=k+l-2m=n+2(k-m)-k—-(n-1{),
thus
n-2¢+3=n+0-(q-1)-(¢g-2)<n+2(k-m)-k-(n-{)=d(z,y) <n.

Since 2 | k and 2 + n - ¢, the Hamming distance d(z,y) = k + ¢ — 2m has the
same parity as n+ 1. As ¢ |n+ 1, in the interval [n - 2¢g + 3,n] only one element,
n—q+ 1, is divisible by ¢, however, its parity is different from the parity of n + 1.
Hence, ¢ + d(x,y), as we claimed.

Let us continue with the upper bound. We may assume that the two characters
are +1, considered as elements of F,. This way, A c {~1,1}" c F2. Note that for
x,y € {-1,1}" we have

(z-y,x-y)= Z;(g; —y;)* = 4d(z,y),

as (x;—y;)? is 4, if  and y differ in the ith coordinate and 0, otherwise. Therefore,
the Hamming distance d(z,y) is divisible by ¢ if and only if (x -y, 2 —y) = 0.

Let A={ay,as,...,a,}. The assumption on A implies that (a; —a;,a;—a;) # 0,
when ¢ # j. Let us consider the polynomials p;(z) = 1 - (x — a;,x — a;)?*. Let
fi = pi " that is, by restricting the domain of p; to A we obtain the function
fi- Note that for every 7,7 we have f;(a;) = d;;. This condition implies that
f1, fa, ..., fr are linearly independent. Now, we show that these functions are
contained in a subspace of dimension (qfl) + (qu) et (’i‘) + (g)

Let a;; denote the jth entry of a;. Observe that for every 1 <7 <r and every
reA

n n n n n
_ 2 _ 2 2 _
(x—ap,x—a;) =Y (xj—a;;)> =Y a5 =) 2a; 525+ Y, a7 ; = 2n— Y 2a; 1,
i j=1 j=1 =1 =1

where the last equality holds, since a;; € {+1} and v € Ac {-1,1}".
n -1
Therefore, fi(x)=1- (2n -y 2amxj) is a polynomial of x1,xs,...,x, of
j=1

degree q — 1.
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Furthermore, since x? =1 for every z; € A we can reduce the exponent of z;
to 0 or 1, according to the parity of the original exponent. This way each f; is
represented as a polynomial of degree at most ¢—1, where each individual degree
is at most 1.

Each such monomial is uniquely determined with the subset of those variables
x; which has exponent 1 (the rest of the variables have exponent 0). The number

of these monomials is
1) (o)== (1) ()
+ +ot + ,
qg-1 q-2 1 0

hence by the linear independency of fi,..., f, this also serves as an upper bound
for r = |A|, which completes the proof.

If ¢ | n, then we can improve on this upper bound. Since, in this case 2n =0
(in F,), thus

n q-1 n q-1
fZ(ZE) =1—(2n—22ai7jxj) =1—(226Li7jl‘j) .
j=1 j=1

Expressing f; this way, with the exception of the constant term 1, all the monomi-
als have degree ¢ — 1. After reducing the exponents, we get monomials with even
total degree (as ¢ — 1 is also even). Consequently, the upper bound is improved
to the number of those subsets of x1,...,x, whose size is even and at most ¢ — 1.

Hence, |A¢=rs(q?1)+(q?3)+'”+(g)+(g)

Remark 7.13. In this section we proved that the largest subset of FI' (where q
is an odd prime) is between ©(n3) and ©(n?2), however, for q > 3 this leaves
open what the right exponent is between q/3 and q— 2. We shall note that one
can transform our lower bound construction to a set A for which (x,z) =0 for
every x € A and (z,y) € B for any two distinct x,y € A with some sum-free subset
BcF,. Then (x - z,y-z)=(x,y) - ((z,z) + (2,9)) # 0 indeed holds.

For the analogous problem for k-right corners there is also a gap between our
lower bound and Naslund’s upper bound (which gets larger as k grows). In the
case of triangles with all right angles, there’s also a gap in the exponent of n.

For the problem where self-orthogonal differences are to be avoided our bounds
are asymptotically tight, though the exact answer is determined only for a specific
(infinite) family of parameters q and n.

It would be interesting to further tighten these gaps.
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