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El®szóA `kvantum soport' kifejezést több rokon értelemben is használják. A népszer¶ WikipediA�Quantum group� szóikke a következ®t írja [77℄. �A matematikában és az elméleti �zikában a`kvantum soport' kifejezés különféle további struktúrákkal ellátott nem kommutatív algebrá-kat jelent. Általában a `kvantum soport' valamiféle Hopf-algebra. Nins egyetlen, az összesváltozatot magába foglaló de�níió, hanem lényegében hasonló objektumok egy saládjára kellgondolni. [...℄� Az elnevezés nyilvánvalóan onnan ered, hogy bármely soport elemei általtetsz®leges test fölött kifeszített vektortér természetesen ellátható egy `kvantum soport'azaz Hopf-algebra struktúrával; s a motiváló példákat ezen `klasszikus' esetek deformálásávalvagyis `kvantálásával' konstruálták.Hasonlóképpen, a dolgozatban szerepl® `kvantum grupoidok' Hopf-algebrák különféle ál-talánosításai nem feltétlenül kommutatív (de mindig asszoiatív és egységelemes) alap gy¶r¶kesetére. Akársak a kvantum soportok esetén, az elnevezés eredete a motiváióul szolgálópélda: egy (véges sok objektummal rendelkez®) grupoid elemei által kifeszített vektortér.Noha ezen példában az identitás mor�zmusok által generált alapgy¶r¶ kommutatív, meg�-gyelhetjük azt a nem kommutatív vonást, hogy jobb és bal hatása a grupoidon különböz®.Az irodalomban el®forduló hasonló fogalmak közül kett®vel foglalkozunk részletesen. ASzlahányi Kornéllal közösen bevezetett Hopf-algebroidokkal és az ezek speiális esetét je-lent®, de történetileg el®bb, szintén Szlahányival együttm¶ködésben született gyenge Hopf-algebrákkal. Mindkett®t általánosítja a Shauenburg által javasolt `×R-Hopf-algebra' [66℄,másfel®l a gyenge Hopf-algebra általánosabb, mint a Hayashi féle ` lap algebra' (fae algeb-ra) [42℄, a Yamanouhi féle általánosított Ka-algebra [73℄ és az Oneanu féle `para soport'[60℄. Hopf-algebroidok (de nem feltétlenül gyenge Hopf-algebrák) az algebrai topológiábanszintén Hopf-algebroidnak nevezett kogrupoid objektumok a kommutatív algebrák kategóri-ájában [64, Appendix I℄.Noha a Hopf-algebrák vizsgálata rendkívül gazdag és sikeres tudományterület immártöbb, mint ötven éve, az 1990-es években egyre több és több kérdés motiválta egy általáno-sabb struktúra bevezetését. A Poisson geometriában a dinamikai Yang-Baxter egyenlet meg-oldásai ún. dinamikai kvantum soportokkal kapsolatosak, melyek nem Hopf-algebrák. Atopológiában bizonyos újabb invariánsok nem származtathatók Hopf-algebrákból. A Connesféle nem kommutatív geometriában Hopf-algebrák nem kommutatív algebrákkal való kiter-jesztései jelentek meg szimmetriaként. Faktorok véges mélység¶, de reduibilis kiterjesztései(az irreduibilis esettel szemben) nem írhatók Hopf-algebrákkal vett kereszt szorzatként. Azalasony dimenziós kvantumtérelméletekben a nem egész érték¶ kvantum dimenziók fellépésekizárja, hogy a szuperszelekiós szimmetriát Hopf-algebra írja le. A klasszikus Galois-elméletHopf-algebrai általánosításának gyenge pontja, hogy egy Hopf�Galois-kiterjesztés nem jelle-mezhet® a szimmetriát leíró Hopf-algebrára való expliit hivatkozás nélkül, tisztán a kiter-jesztés tulajdonságainak megfogalmazásával. Mint az utóbbi évtizedben kiderült, mindezenkérdésekben sikeresen alkalmazhatók a Hopf-algebroidok.3
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4 A dolgozat eredményei három f® téma köré soportosíthatók. Az els® a Hopf-algebroidoktisztán algebrai axiomatikus tárgyalása. A második alkalmazásuk a nem kommutatív Galois-elméletben. Harmadikként olyan kategóriaelméleti eredményeket ismertetünk, melyek gyen-ge Hopf-algebrákhoz kapsolódó konstrukiókat helyeznek el egy tágabb fogalomkörben il-letve általánosítják azokat. Keletkezési idejüket tekintve a kiválasztott publikáiók a szerz®munkásságának b® tíz évét ölelik fel, a PhD fokozat megszerzését®l a legutóbbi id®kig.Köszönetnyilvánítás. Köszönetet szeretnék mondani minden társszerz®mnek, akár adolgozatban szerepl® témákon, akár más problémákon dolgoztunk együtt. Legel®ször isSzlahányi Kornélnak, egykori doktori témavezet®mnek és els® társszerz®mnek, akivel min-denkinél hosszabb ideig dolgoztam együtt és akit®l mindenkinél többet tanultam. A többi-ek, akikkel mind öröm volt együtt dolgozni, Alessandro Ardizzoni, Bajnok Zoltán, TomaszBrzezi«ski, Steve Lak, Claudia Menini, Drago³ �tefan, Ross Street, Takás Gábor, JoostVerruysse és Robert Wisbauer. Köszönettel tartozom még számos kollégának, akikkel ugyan(talán még) nem publikáltunk közösen, de akikkel való beszélgetésekb®l nagyon sokat tanul-hattam. �k Stef Caenepeel, José Gómez Torreillas, Piotr M. Haja, Lars Kadison, LaiahiEl Kaoutit, Zoran �koda és Vesernyés Péter. Nagy-nagy köszönettel tartozom saládomnak,akik megértése és szeret® támogatása nélkül munkám nem lenne lehetséges. Férjemnek, akimindig természetesen és szívesen vállalt egyenl® szerepet az otthoni feladatokban, szüleim-nek, akik rengeteg terhet vettek és vesznek le a vállamról, valamint három gyerekemnek,akik megértik, bár der¶sen mosolyognak a mama fursa szenvedélyén a matematika iránt...
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1. fejezetBevezetésEzen bevezet® fejezet kett®s éllal íródott. Egyfel®l, hogy tömör áttekintést adjon mindazonfogalmakról és el®ismeretekr®l, melyekre a dolgozat kés®bbi fejezetei (a kiválasztott pub-likáiók) épülnek. Másfel®l, összegy¶jtöttük itt a kés®bbi fejezetben bemutatásra kerül®legfontosabb eredményeket. Ezen tételek teljes bizonyítása megtalálható a 2-7. fejezetbenmellékelt dolgozatokban. E bevezetés bizonyításokat nem tartalmaz. Ehelyett igyekeztünkitt felvázolni a munkánkat motiváló kérdéseket, a bizonyításokhoz felhasznált f® gondolatokatés elhelyezni ezeket az eredményeket a témakör irodalmában.A fejezetben a következ® általános érvény¶ jelöléseket használjuk. Mindvégig, k egy kom-mutatív, asszoiatív egység elemes gy¶r¶. A díszítetlen ⊗ szimbólum k-modulusok tenzorszorzatát jelöli. Minden el®forduló gy¶r¶ asszoiatív és egység elemes. Egy R gy¶r¶ jobb-illetve bal modulusainak kategóriáját MR-rel illetve RM-rel jelöljük, P → Q homomor�z-musaik halmazát HomR(P,Q)-val illetve RHom(P,Q)-val. A bimodulus kategória jelölése
RMR, P → Q homomor�zmusainak halmazáé RHomR(P,Q). Az R-modulus tenzor szorza-tot ⊗R jelöli.1.1. Néhány szó a Hopf-algebrák klasszikus elméletér®lEbben a fejezetben röviden áttekintjük a Hopf-algebrák elméletének azon kérdéseit, melyekáltalánosításai szerepelnek a kés®bbiekben. B®vebb ismeretek forrásaként javasoljuk [70℄ és[54℄ monográ�ákat.1.1. De�níió. Egy k-algebra (a továbbiakban sak algebra) egy k-modulus A, ellátva η :
k → A (egység) és µ : A⊗ A→ A (szorzás) k-modulus leképezésekkel, melyekre az els® kétdiagrammal ábrázolt asszoiativitási és egység feltételek teljesülnek.
A⊗A⊗A

Id⊗µ //

µ⊗Id
��

A⊗A

µ

��
A⊗A µ

// A

A
Id

%%J
J

J
J

J
J

J
J

J
J

J

Id⊗η //

η⊗Id

��

A⊗A

µ

��
A⊗A µ

// A

A⊗A
f⊗f //

µ

��

A′ ⊗A′

µ′

��
A

f
// A′

k

η

��

k

η′

��
A

f
// A′Egy f : A → A′ k-modulus leképezést algebra homomor�zmusnak mondunk, ha a fentimásodik két diagram kommutatív.Az a és b elemek szorzatát ab-vel jelöljük, míg k egység elemének η általi képét 1-gyel.Egy algebra ellentettje ugyanazon k-modulus A a fordított sorrend¶ a⊗ b 7→ ba szorzással.7

               dc_124_10



8 1. FEJEZET. BEVEZETÉS1.2. De�níió. Egy A algebra jobb modulusai M k-modulusok, ellátva egy ̺ : M ⊗A→M

k-modulus leképezéssel, melyre az els® két diagrammal ábrázolt asszoiativitási és egységfeltételek teljesülnek.
M ⊗A⊗A

Id⊗µ //

̺⊗Id
��

M ⊗A

̺

��
M ⊗A ̺

//M

M
Id⊗η //M ⊗A

̺

��
M
##Id

H
H
H
H
H
H
H
H
H

M ⊗A
f⊗Id //

̺

��

M ′ ⊗A

̺′

��
M

f
//M ′Egy f : M →M ′ k-modulus leképezést A-modulus homomor�zmusnak mondunk, ha a fentiharmadik diagram kommutatív.Tetsz®leges m ∈ M , a ∈ A elemeken a ̺(m ⊗ a) = m.a jelölést használjuk. Szimmetri-kusan értelmezzük a bal modulusokat és homomor�zmusaikat.A koalgebra az algebra fogalom duálisa:1.3. De�níió. Egy k-koalgebra (a továbbiakban sak koalgebra) egy k-modulus C, ellátva

ε : C → k (koegység) és δ : C → C ⊗ C (koszorzás) k-modulus leképezésekkel. Az ezekrevonatkozó koasszoiativitási és koegység feltételeket úgy kapjuk, hogy az algebra axiómákdiagramjaiban minden nyilat megfordítunk. A koalgebra homomor�zmusok a koszorzással éskoegységgel kompatibilis lineáris leképezések.Egy c elem koszorzatára a Sweedler-Heynemann index jelölest használjuk; δ(c) = c1⊗ c2,ami alatt véges sok tag összege értend® C ⊗ C-ben. Az összegzést nem jelöljük explii-ten, arra sak az indexek jelenléte utal. A megkövetelt koasszoiativitás miatt az egyenl®
c11 ⊗ c12 ⊗ c2 és c1 ⊗ c21 ⊗ c22 kifejezések helyett írhatunk egyszer¶en c1 ⊗ c2 ⊗ c3-at. Egykoalgebra ellentettje ugyanazon k-modulus C a fordított sorrend¶ c 7→ c2 ⊗ c1 koszorzással.Bármely C-koalgebra Hom(C, k) duálisa algebra a transzponált struktúrával. Ha egy algeb-ra A végesen generált projektív k-modulus (így Hom(A⊗A, k) ∼= Hom(A, k)⊗Hom(A, k)),akkor Hom(A, k) koalgebra a transzponált struktúrával.1.4. De�níió. Egy C koalgebra jobb komodulusai M k-modulusok, ellátva egy ̺ : M →
M ⊗ C k-modulus leképezéssel, az ún. kohatással, melyre vonatkozó koasszoiativitási éskoegység feltételeket úgy kapjuk, hogy a megfelel® algebrai axiómák diagramjaiban megfor-dítjuk a nyilakat. Egy f : M → M ′ k-modulus leképezést C-komodulus homomor�zmusnakmondunk, ha a modulus homomor�zmus de�níiójának megfelel® diagram a nyilak megfor-dításával kommutatív.A jobb C komodulusok és homomor�zmusaik alkotta kategóriát MC-vel jelöljük, a
P → Q homomor�zmusok halmazát HomC(P,Q)-val. Szimmetrikusan értelmezzük és je-löljük a bal komodulusok CM kategóriáját. Hasonlóan a koszorzáshoz, a (jobb) kohatásrais impliit összegzést jelent® index jelölést használunk: ̺(m) = m0 ⊗ m1. A megköveteltkoasszoiativitás miatt az egyenl® m00 ⊗ m01 ⊗m1 és m0 ⊗m11 ⊗m12 kifejezések helyettírhatunk egyszer¶en m0 ⊗m1 ⊗m2-t.1.5. De�níió. Egy k-bialgebra (a továbbiakban sak bialgebra) egy k-modulus B, ellátvaegy (η, µ) algebra struktúrával és egy (ε, δ) koalgebra struktúrával úgy, hogy ε és δ algeb-ra homomor�zmusok (vagy ami evvel ekvivalens, η és µ koalgebra homomor�zmusok). Abialgebra homomor�zmusok egyszerre algebra- és koalgebra homomor�zmusok.
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1.1. NÉHÁNY SZÓ A HOPF-ALGEBRÁK KLASSZIKUS ELMÉLETÉR�L 9Tetsz®leges a, b ∈ B elemeken kiírva, a bialgebra axiómák a következ®k:
11 ⊗ 12 = 1⊗ 1, (ab)1 ⊗ (ab)2 = a1b1 ⊗ a2b2, ε(1) = 1, ε(ab) = ε(a)ε(b).Egy bialgebrában akár a szorzást, akár a koszorzást az ellentettjére serélve ismét bialgebrátkapunk. Ha egy bialgebra B végesen generált projektív k-modulus, akkor a lineáris duális

Hom(B, k) is bialgebra. Az algebra struktúra a koalgebra struktúra transzponáltjaként, akoalgebra struktúra pedig az algebra struktúra transzponáltjaként adódik.1.6. De�níió. Egy k-Hopf-algebra (a továbbiakban sak Hopf-algebra) egy bialgebra H el-látva egy antipódnak nevezett S : H → H k-modulus leképezéssel, melyre az alábbi feltételekteljesülnek.
H

δ //

δ

��

ε

))SSSSSSSSSSS H ⊗H
S⊗Id // H ⊗H

µ

��

k η

))SSSSSSSSSSS

H ⊗H
Id⊗S

// H ⊗H µ
// HA Hopf-algebra homomor�zmusok az f : H → H ′ bialgebra homomor�zmusok. Ezek szük-ségképpen ®rzik az antipódokat, azaz fS = S′f .Tetsz®leges a ∈ H elemen kiírva, a Hopf-algebra axiómák a következ®k:

a1S(a2) = ε(a)1 = S(a1)a2.A H → H k-modulus homomor�zmusok halmaza algebrává tehet® az f ⊗ g 7→ µ(f ⊗ g)δún. konvolúió szorzással Az antipód axiómák olvashatók úgy, hogy ebben az algebrában Sinverze az identitás leképezésnek.Ha az antipód létezik, akkor egyértelm¶, továbbá (ko)algebra homomor�zmus H-ból azellentett (ko)algebrába. Ha H végesen generált projektív k-modulus, akkor igazolható, hogyaz antipód bijektív és a lineáris duális Hom(H, k) is Hopf-algebra. Az duális antipód Hantipódjának transzponáltjaként adódik.1.7. Példa. Legyen G egy tetsz®leges soport. A G elemei által generált szabad k-modulus,
kG ellátható Hopf-algebra struktúrával a következ®képpen. A szorzást a soport szorzáslineáris kiterjesztéseként de�niáljuk, a koszorzást pedig a soport elemeken diagonális g 7→
g ⊗ g leképezés lineáris kiterjesztéseként. Az egység elem tehát a soport egysége lesz, akoegység a soport elemeken azonosan 1 függvény lineáris kiterjesztése, míg az antipód asoport inverz m¶veletének lineáris kiterjesztése. Ha G véges soport, akkor a lineáris duális
k(G) � azaz a G→ k függvények által generált k-modulus � is Hopf-algebra a transzponáltstruktúrával.1.1.1. Bialgebrák (ko)modulusaiA k-bialgebrák jellemezhet®k, mint pontosan azok a (ko)algebrák, melyek (ko)modulusainakkategóriája monoidális, méghozzá úgy, hogy a felejt® funktor a (ko)modulus kategóriából a
k-modulusok kategóriájába szigorúan monoidális.Konkrétan, mivel a koegység algebra homomor�zmus, bármely B bialgebrának jobb (vagyszimmetrikusan bal) modulusa maga az alapgy¶r¶:

κ.h = κε(h), κ ∈ k, h ∈ B.
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10 1. FEJEZET. BEVEZETÉSA koegység kiolvasható B hatásából k-n. Mivel a koszorzás algebra homomor�zmus, bármely
M és N jobb B-modulusok esetén M ⊗N is jobb B-modulus az ún. diagonális hatás révén:

(m⊗ n).h = m.h1 ⊗ n.h2, m ∈M, n ∈ N, h ∈ B.A koszorzás kiolvasható B hatásából B⊗B-n. A k-modulusok kategóriájának (M⊗N)⊗P ∼=
M ⊗ (N ⊗ P ) asszoiátor izomor�zmusai és M ⊗ k ∼= M ∼= k ⊗M egység izomor�zmusai
B-modulus homomor�zmusok, a koalgebra axiómáknak köszönhet®en.Ugyanígy, mivel az egység koalgebra homomor�zmus, bármely B bialgebrának jobb (vagyszimmetrikusan bal) komodulusa maga az alapgy¶r¶:

k → k ⊗B ∼= B κ 7→ κ1, κ ∈ k.Az egység kiolvasható B kohatásából k-n. Mivel a szorzás koalgebra homomor�zmus, bár-mely M és N jobb B-komodulusok esetén M ⊗ N is jobb B-komodulus az ún. diagonáliskohatás révén:
M ⊗N →M ⊗N ⊗B m⊗n 7→ (m⊗n)0⊗ (m⊗n)1 := m0⊗n0⊗m1n1, m ∈M, n ∈ N.A szorzás kiolvasható B kohatásából B⊗B-n. A k-modulusok kategóriájának (M⊗N)⊗P ∼=
M ⊗ (N ⊗ P ) asszoiátor izomor�zmusai és M ⊗ k ∼= M ∼= k ⊗M egység izomor�zmusai
B-komodulus homomor�zmusok, az algebra axiómáknak köszönhet®en.1.1.2. Hopf-algebrák integrálelméleteAz integrálok a Hopf-algebrák kitüntetett elemei, melyeknek vizsgálatával fontos informáióknyerhet®k az algebrai szerkezetr®l.1.8. De�níió. Legyen B egy bialgebra ésM egy bal B-modulus. M invariánsainak hívjukaz

M inv := {n ∈M |∀a ∈ B, a.n = ε(a)n} ∼= BHom(k,M)

k-részmodulus elemeit. Szimmetrikusan értelmezzük a jobb modulusok invariánsait. A balintegrálok alatt B-ben a bal reguláris ábrázolás invariánsait értjük, azaz a
Binv := {l ∈ B|∀a ∈ B, al = ε(a)l}jobb ideál elemeit. Szimmetrikusan, a jobb integrálok a jobb reguláris ábrázolás invariánsai.1.9. Példa. Egy véges G soport elemei által generált kG Hopf-algebrában az integrálok a∑

g∈G g Haar elem számszorosai.Mashke klasszikus, soport algebrák félig egyszer¶ségére vonatkozó tételét általánosítva,a következ® igazolható.1.10. Tétel (Sweedler [70℄, Caenepeel�Militaru [27℄). Egy H Hopf-algebrára vonatkozó kö-vetkez® állítások ekvivalensek.
• H szeparábilis k-algebra;
• H félig egyszer¶ k fölött (azaz egy bal vagy jobb H-modulus epimor�zmus pontosanakkor felhasadó, ha mint k-modulus epimor�zmus felhasadó);
• A koegység ε felhasadó (jobb vagy bal) H-modulus epimor�zmus;
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1.1. NÉHÁNY SZÓ A HOPF-ALGEBRÁK KLASSZIKUS ELMÉLETÉR�L 11
• létezik H-ban egy (jobb vagy bal) integrál l, ami normált az ε(l) = 1 értelemben.Egy másik fontos vonás, melyet az integrálok segítségével vizsgálhatunk, a (kvázi) Fro-benius-tulajdonság. (Egy algebra A rendelkezik a Frobenius-tulajdonsággal, ha végesen ge-nerált projektív k-modulus és izomorf Hom(A, k)-val mint (ekvivalens módon jobb vagy bal)

A-modulus. Jobb illetve bal kvázi Frobenius algebráról beszélünk, ha A végesen generáltprojektív k-modulus és kvázi-izomorf Hom(A, k)-val mint jobb illetve bal A-modulus [55℄.)Mint Pareigis igazolta, egy Hopf-algebra pontosan akkor jobb kvázi-Frobenius- algebra habal kvázi-Frobenius-algebra, ami pontosan akkor teljesül, ha végesen generált projektív k-modulus [61℄. A Frobenius-tulajdonságról a következ® tudható.1.11. Tétel (Larson�Sweedler [49℄, Pareigis [61℄). Egy H Hopf-algebrára vonatkozó következ®állítások ekvivalensek.
• H Frobenius-k-algebra;
• Hom(H, k) Frobenius-k-algebra;
• létezik H-ban egy (jobb vagy bal) integrál l, amely nem degenerált abban az értelemben,hogy a következ® leképezések bijektívek.

Hom(H, k)→ H φ 7→ (Id⊗ φ)δ(l) ≡ l1φ(l2)

Hom(H, k)→ H φ 7→ (φ⊗ Id)δ(l) ≡ φ(l1)l2Ha k Piard soportja triviális (például k egy test), akkor a fenti tulajdonságok pontosanakkor teljesülnek, ha H végesen generált projektív (véges dimenziós).1.1.3. Hopf�Galois-elméletNem kommutatív algebrák Hopf-algebrákkal való kiterjesztéseit � mint a kommutatív gy¶r¶ksoporttal való kiterjesztésének általánosításait � el®ször Chase és Sweedler tanulmányozta[30℄ munkájában illetve Kreimer és Takeuhi [47℄-ben. A Hopf�Galois-elmélet egységes le-írását adja korábban függetlenül vizsgált struktúráknak (pl. a soport gradált algebráknak).Algebrai vonatkozásaik mellett a Hopf�Galois-kiterjesztések a nem kommutatív geometrianéz®pontjából is érdekesek, ahol a prinipális nyalábok nem kommutatív megfelel®iként je-lennek meg.Az 1.1.1 fejezetben láttuk, hogy egy H bialgebra jobb komodulusainakMH kategóriájamonoidális. A monoidokat ebben a kategóriában H-komodulus algebráinak hívjuk. Expli-iten, egy H-komodulus algebra egy algebra A, aminek szorzása és egysége H-komodulushomomor�zmus. Azaz
10 ⊗ 11 = 1⊗ 1; (a′a)0 ⊗ (a′a)1 = a′0a0 ⊗ a

′
1a1, a′, a ∈ A.

A komodulus invariánsai (röviden koinvariánsai) alatt a
AcoH := {b ∈ A|b0 ⊗ b1 = b⊗ 1}részalgebra elemeit értjük. Dolgozatunkban mindvégig jobb komodulus algebrákkal dolgo-zunk. Ez nem jelenti a szimmetria megsértését, hiszen B bal komodulusai jobb komodulusaiannak a bialgebrának melyben (az algebra struktúrát megfordítva vagy változatlanul hagyva)

B koalgebra struktúráját az ellentettjére seréljük.
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12 1. FEJEZET. BEVEZETÉS1.12. De�níió. Legyen H egy bialgebra. Egy B ⊆ A algebra kiterjesztést jobb H-Galois-kiterjesztésnek mondunk, ha A jobb H-komodulus algebra, B = AcoH és az alábbi kanonikusleképezés izomor�zmus.
can : A⊗B A→ A⊗H a′ ⊗B a 7→ a′a0 ⊗ a1. (1.1)1.13. Példa. A klasszikus Galois test b®vítések véges soportokkal Hopf�Galois-kiterjesztések,l. [33, Example 6.4.3℄. Legyen G egy véges soport és F egy test amin G automor�zmusokkalhat, azaz létezik egy soport homomor�zmus G → Aut(F ), g 7→ αg. Bármely k ⊆ F testre

F k(G)-komodulus algebra az a 7→ ∑
g∈G αg(a) ⊗ δg kohatás révén, ahol δg ∈ k(G) értéke

g-n 1, az összes többi soport elemen 0. A koinvariáns részalgebra F co k(G) elemei éppen a
G-hatás invariánsai és F co k(G) ⊆ F egy k(G)-Galois-kiterjesztés.1.14. Példa. Ez a példa a Hopf�Galois-kiterjesztések geometriai interpretáiójával kap-solatos. Hasson egy véges G soport balról egy véges X halmazon. Az X-en értelme-zett függvények k(X) algebrája (a pontonkénti szorzással) k(G)-komodulus algebra az f 7→∑

g∈G f(g.−)⊗δg kohatás révén. A k(X)co k(G) koinvariáns részalgebra elemei pontosan a G-pályákon konstans függvények. k(X)co (G) ⊆ k(X) pontosan akkor k(G)-Galois-kiterjesztés,ha a G-hatás X-en szabad és tranzitív, azaz X bármely x, y elemeire létezik pontosan egy gelem G-ben, amire y = x.g. (Ez esetben persze k(X)co k(G) ∼= k.)1.15. Példa. Bármely B bialgebra maga is B-komodulus algebra a koszorzás mint kohatásrévén. A BcoB koinvariáns részalgebra elemei pontosan az egység elem számszorosai. A
k ⊆ B kiterjesztés akkor és sakis akkor B-Galois ha B Hopf-algebra.Számos olyan tétel ismert, amely a kanonikus leképezés bijektivitására vonatkozó elégsé-ges feltételeket fogalmaz meg. Példaként álljon itt egy klasszikus.1.16. Tétel (Kreimer�Takeuhi [47℄). Legyen H egy véges dimenziós Hopf-algebra tetsz®le-ges test fölött, és legyen A egy jobb H-komodulus algebra. Ezen feltevések mellett az (1.1)kanonikus leképezés pontosan akkor bijektív ha szürjektív.Tekintsünk egy H bialgebrát és egy A jobb H-komodulus algebrát. De�níió szerint,
A egy monoid MH -ban így tekinthetjük a jobb A-modulusok kategóriáját MH -ban. Ezenmodulusokat relatív Hopf-modulusoknak hívjuk. Expliiten, egy (A,H) relatív Hopf-modulusegy jobb A-modulus és jobb H-komodulus M úgy, hogy az A-hatás H-komodulus homomor-�zmus, azaz

(m.a)0 ⊗ (m.a)1 = m0.a0 ⊗m1a1, m ∈M, a ∈ A.Az (A,H) relatív Hopf-modulusok homomor�zmusai jobb A-modulus és jobb H-komodulushomomor�zmusok. A relatív Hopf-modulusok és homomor�zmusaik kategóriáját MH
A -valjelöljük. A koinvariánsainak részalgebráját B-vel jelölve, az (−) ⊗B A : MB → MA baladjungált funktor rendelkezik egy (−) ⊗B A : MB → M

H
A felhúzással (azaz bármely Pjobb B-modulus esetén P ⊗B A relatív Hopf-modulus A nyilvánvaló relatív Hopf-modulusstruktúrája révén). A felhúzott funktor jobb adjungáltja (−)coH : MH

A → MB . A Hopf�Galois-elmélet központi kérdése, hogy ez a funktor mikor teli és h¶ (gyenge struktúra-tételek)illetve ekvivalenia (er®s struktúra tételek). Történetileg az egyik els® ilyen tétel a következ®volt.1.17. Tétel (A Hopf-modulusok alaptétele [70℄). Bármely H Hopf-algebrára (−) ⊗ H :
Mk →M

H
H ekvivalenia, azaz a reguláris komodulus algebrára az er®s struktúra-tétel teljesül.
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1.1. NÉHÁNY SZÓ A HOPF-ALGEBRÁK KLASSZIKUS ELMÉLETÉR�L 13Ha H végesen generált projektív k-modulus, akkor bármely A jobb H-komodulus al-gebra esetén található egy alkalmas algebra, melynek modulus kategóriája izomorf a relatív
(A,H)-Hopf-modulusok kategóriájával. Ez a keresett algebra a duális, H∗ := Hom(H, k) és
A féldirekt szorzataként írható. Mint k-modulus, megegyezik A⊗H∗-val. A szorzás

(a⊗ φ)(b⊗ ψ) = a0b⊗ (a1.ψ)φ,ahol h.ψ = φ(−h) H bal hatása H∗-on. Ebben az esetben tehát az er®s és gyenge struktúra-tételek modulus kategóriák összehasonlítására vezetnek, így a Morita-elmélet alkalmazásávalbizonyíthatóak.1.1.4. Doi�Hopf-modulusokAz 1.1.3 fejezetben egy B bialgebra (jobb vagy bal) komodulus algebráit úgy de�niáltuk, mintmonoidokat a (jobb vagy bal) B-komodulusok monoidális kategóriájában. Szimmetrikusande�niálhatunk (jobb vagy bal) B-modulus koalgebrákat mint komonoidokat a (jobb vagy bal)
B-modulusok monoidális kategóriájában.1.18. De�níió (Doi [36℄, Koppinen [46℄). (Jobb-jobb) Doi�Hopf-adatok alatt olyan (A,B,C)hármasokat értünk, ahol B egy bialgebra, A egy jobb B-komodulus algebra és C egy jobb
B-modulus koalgebra.Elegend® jobb-jobb Doi�Hopf-adatokat bevezetnünk, hiszen a többi lehet®séget meg-kapjuk, ha B (ko)algebra struktúráját az ellentettjére seréljük, és az így nyert bialgebrajobb-jobb Doi�Hopf-adatait tekintjük.Bármely (A,B,C) Doi�Hopf-adat esetén tekinthetjük az alábbi k-modulus leképezést:

ψ : C ⊗A→ A⊗ C c⊗ a 7→ a0 ⊗ c.a1,mely kommutatívvá teszi az alábbi diagramokat.
C ⊗A⊗A

ψ⊗Id
��

Id⊗µ// C ⊗A

ψ

��

A⊗C ⊗A
Id⊗ψ
��

A⊗A⊗ C
µ⊗Id

// A⊗ C

C
Id⊗η// C ⊗A

ψ

��
C
η⊗Id

// A⊗ C

C ⊗A
δ⊗Id//

ψ

��

C ⊗ C ⊗A
Id⊗ψ

��
C ⊗A⊗ C
ψ⊗Id

��
A⊗ C

Id⊗δ
// A⊗ C ⊗ C

C ⊗A
ε⊗Id//

ψ

��

A

A⊗ C
Id⊗ε

// AA kategóriaelméletben szokásos terminológiával ez azt jelenti, hogy ψ egy vegyes (monádotés komonádot összekulsoló) disztributív szabály [7℄. Ugyanerre a Hopf-algebrai szakiroda-lom az összekulsoló struktúra (entwining struture) elnevezést használja [24℄. [7℄ szerintminden C ⊗ A → A ⊗ C vegyes disztributív szabály indukál egy (−) ⊗ A monádot a C-komodulusok kategóriáján (az (Mk, (−)⊗A) monád felhúzását) és egy (−)⊗C komonádot az
A-modulusok kategóriáján (a (Mk, (−)⊗C) komonád felhúzását). Ezen monád és komonádEilenberg�Moore-kategóriái izomorfak és szokásos jelölésük MC

A. Expliiten, objektumai
̺A : M ⊗A → M jobb A-modulusok és ̺C : M → M ⊗ C jobb C-komodulusok, amikre azalábbi diagram kommutatív.

M ⊗A
̺A //

̺C⊗Id
��

M

̺C

��
M ⊗ C ⊗A

Id⊗ψ
//M ⊗A⊗C

̺A⊗Id
//M ⊗ C
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14 1. FEJEZET. BEVEZETÉSA mor�zmusok A-modulus homomor�zmusok és C-komodulus homomor�zmusok. Ha A atriviális B-komodulus algebra k, akkorMC
A megegyezik a C-komodulusok kategóriájával. Ha

C a triviális B-modulus koalgebra k, akkorMC
A megegyezik az A-modulusok kategóriájával.Ha C a reguláris B-modulus koalgebra B, akkor MC

A megegyezik az (A,B)-relatív Hopf-modulusok kategóriájával. Számos érdekes eset megkapható még A és C alkalmas választá-sával, például az ún. Long dimodulusok vagy a Yetter�Drinfel'd-modulusok kategóriája. Ha
C végesen generált projektív k-modulus, akkor konstruálható egy alkalmas algebra, melynekmodulus kategóriája izomorfMC

A-val. Ez a keresett algebra a duális, C∗ := Hom(C, k) és Aféldirekt szorzataként írható.Az Eilenberg�Moore-kategóriák általános tulajdonságai szerint az MC
A → M

C felejt®funktor bal adjungáltja (−)⊗A :MC →MC
A, ahol az A-hatásM⊗A-nM⊗µ : M⊗A⊗A→

M ⊗A és a C-kohatás
M ⊗A

̺C⊗Id//M ⊗ C ⊗A
Id⊗ψ //M ⊗A⊗ C .Szimmetrikusan, az MC

A → MA felejt® funktor jobb adjungáltja (−) ⊗ C : MA → M
C
A,ahol a C-kohatás M ⊗ C-n M ⊗ δ : M ⊗ C →M ⊗ C ⊗ C és az A-hatás

M ⊗ C ⊗A
Id⊗ψ //M ⊗A⊗ C

̺A⊗Id//M ⊗C .1.1.5. Hopf-algebrai konstrukiók és a monádok formális elméleteMint arra néhol utaltunk is, az 1.1.1 és az 1.1.4 fejezetekben szerepl® állítások közül sokkövetkezik a monádok jóval általánosabb ún. formális elméletéb®l [69℄, [48℄.Bármely K bikategóriához hozzárendelhetjük a K-beli monádok EM(K) bikategóriáját[48℄. Ennek objektumai (vagy 0-ellái) a K-beli monádok, azaz t : A → A 1-ellák ellátva
η : IdA → t (egység) és µ : tt → t (szorzás) 2-ellákkal, melyekre a szokásos asszoiativitásiés egység feltételek teljesülnek:

ttt
Idµ //

µ Id
��

tt

µ

��
tt µ

// t

t
Id η //

η Id
��

Id

  @
@

@
@

@
@

@
@ tt

µ

��
tt µ

// t

(1.2)
Az (A, t) → (A′, t′) 1-ellák EM(K)-ban K-beli x : A → A′ 1-ellák ellátva egy ψ : t′x→ xt2-ellával, melyre az alábbi diagramok kommutatívak.

t′t′x
Idψ //

µ′ Id
��

t′xt
ψ Id // xtt

Idµ

��
t′x

ψ
// xt

x

η′ Id
��

x

Id η

��
t′x

ψ
// xt

(1.3)
Az (x, ψ)→ (y, φ) 2-ellák EM(K)-ban K-beli ̺ : x→ yt 2-ellák, melyekre az alábbi feltételteljesül.

t′x
Id ̺ //

ψ

��

t′xt
ψ Id // xtt

Idµ

��
xt

̺ Id
// xtt

Idµ
// xt

(1.4)
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1.1. NÉHÁNY SZÓ A HOPF-ALGEBRÁK KLASSZIKUS ELMÉLETÉR�L 15
EM(K) monádjait koszorúknak (wreath) hívják. A mondottak szerint a koszorú egy (s, ψ) :
(A, t) → (A, t) 1-ella EM(K)-ban, ellátva szorzással, mely ν : ss→ st 2-ella; és egységgel,ami ϑ : Id → st 2-ella K-ban. Ha ((A, t), (s, ψ)) koszorú, akkor (A, st) monád K-ban, az
(A, t) monád és az s 1-ella ún. koszorú szorzata [48℄.1.19. Példa. Legyen (A,B,C) egy jobb-jobb Doi�Hopf-adat. Ez meghatároz egy ((k,A), (C∗,

ψ)) koszorút a Gy¶r¶k; Bimodulusok; Bimodulus homomor�zmusok Bim-mel jelölt bikate-góriájában, ahol
ψ : A⊗ C∗ → C∗ ⊗A, a⊗ φ 7→ φ(−a1)⊗ a0;a koszorú szorzása és egysége pedig

ν : C∗ ⊗ C∗ → C∗ ⊗A, φ⊗ φ′ 7→ φ′φ⊗ 1 és ϑ : k → C∗ ⊗A, 1 7→ ε⊗ 1,ahol C∗ szorzása φ′ ⊗ φ 7→ φ′φ := (φ′ ⊗ φ)δ. Az adódó koszorú szorzat izomorf C∗ és Aféldirekt szorzatával (l. 1.1.3, 1.1.4 fejezet).Legyenek (x, ψ) és (y, φ) párhuzamos 1-ellák EM(K)-ban. Feltehetjük azt a kérdést,hogy mely K-beli x ω
→ y 2-ellák esetén lesz x ω

→ y
Id η
→ yt 2-ella EM(K)-ban (x, ψ)-b®l

(y, φ)-be. A válasz az, hogy pontosan akkor, ha a következ® diagram kommutatív.
t′x

Idω //

ψ

��

t′y

φ

��
xt

ω Id
// yt

(1.5)
A K-beli monádok, mint 0-ellák; az (1.3)-ban de�niált 1-ellák; és az (1.5)-tel jellemzett K-beli 2-ellák, mint 2-ellák; bikategóriát alkotnak, melynek szokásos jelölése Mnd(K). Ezenbikategória fontos szerepet játszik az ún. felhúzás problémában.1.20. De�níió. Bármely K bikategória esetén tekintsük a �diagonális� K → Mnd(K) (szi-gorú) bifunktort, mely egy A objektumot az (A, Id) monádba, egy x : A → B 1-ellát az
(x, Id) : (A, Id)→ (B, Id) 1-ellába és egy ω : x→ y 2-ellát önmagába képez. Ha ennek vanjobb adjungáltja, akkor azt mondjuk, hogy léteznek K-ban az Eilenberg�Moore objektumok.Expliiten, At objektum K-ban az (A, t) monád Eilenberg�Moore-objektuma, ha létezik egy

K(B,At) ∼= Mnd(K)((B, Id), (A, t))

B-ben természetes izomor�zmus.1.21. Példa. Az Eilenberg�Moore-objektum de�níióját a Cat ((kis) kategóriák; funktorok;természetes transzformáiók 2-kategóriája) példa motiválja. Ha t : A→ A monád Cat-ban,akkor At létezik és az ún. Eilenberg�Moore-algebrák kategóriája. Expliiten, objektumai
(a, α) párok, ahol a objektum A kategóriában α : t(a)→ a pedig mor�zmus A-ban melyre aszokásos asszoiativitási és egység feltételek teljesülnek.1.22. Példa. A gy¶r¶k; bimodulusok; bimodulus homomor�zmusok Bim-mel jelölt bikate-góriájában is minden monádnak létezik Eilenberg�Moore objektuma. Ebben az esetben egy
(A, t) monád leírható egy η : A→ t gy¶r¶ homomor�zmussal (l. b®vebben az 1.2 fejezetben).Az Eilenberg�Moore objektum maga a t gy¶r¶.
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16 1. FEJEZET. BEVEZETÉS1.23. Tétel (Street [69℄). Ha egy tetsz®leges K bikategóriában az (A, t) monádnak létezik AtEilenberg�Moore-objektuma, akkor van K-ban egy f ⊣ v : At → A adjunkió, melyre t = vf ;melynek egysége a monád η egysége; és melynek ǫ koegysége segítségével a monád szorzása
µ = vǫf alakban írható.1.24. Példa. Cat-ban v : At → A a felejt® funktor. Bal adjungáltja f : A → At egy aobjektumot (t(a), µ(a))-ba, egy h mor�zmust t(h)-ba visz.

Bim-ben v-t és f -et úgy kapjuk, hogy t-t mint A-t bimodulust, illetve t-A bimodulusttekintjük.A fenti Eilenberg�Moore-objektumok segítségével a felhúzás probléma a következ®képpenfogalmazható meg. Legyen adott egy K bikategóriában egy (A, t) és egy (B, s) monád, me-lyeknek létezik At illetve Bs Eilenberg�Moore-objektuma. Egy x : A→ B 1-ella felhúzásaialatt olyan x : At → Bs 1-ellákat értünk, amikre a bal oldali (1-ellákra vonatkozó) diagramkommutatív.
At

x //

v

��

Bs

v

��
A x

// B

vx

Idω
��

xv

ω Id

��
vy yvHasonlóan, egy ω : x → y 2-ella felhúzásai alatt olyan ω : x→ y 2-ellákat értünk, amikrea jobb oldali (2-ellákra vonatkozó) diagram kommutatív.1.25. Tétel (Street [69℄). Egy adott x : A → B 1-ella felhúzásai bijektív kapsolatbanvannak Mnd(K) (x, ψ) alakú 1-elláival. Egy ω : x → y 2-ellának pontosan akkor van

ω : x → y felhúzása, ha ω 2-ella Mnd(K)-ban a megfelel® (x, ψ) és (y, φ) 1-ellák között;ekkor a felhúzás egyértelm¶.Street tételéb®l azonnal származtatható néhány klasszikus Hopf-algebrai eredmény.1.26. Példa. Bármely adott B algebra esetén bijektív kapsolat van az alábbi struktúrákközött.
• B lehetséges bialgebra struktúrái;
• Mk monoidális struktúrájának lehetséges felhúzásaiMB-re.1.27. Példa. Bármely A algebra és C koalgebra esetén bijektív kapsolat van az alábbistruktúrák között.
• Az (Mk, (−)⊗A) monád lehetséges felhúzásaiMC-re;
• az (Mk, (−)⊗ C) komonád lehetséges felhúzásaiMA-ra;
• az A-t és C-t összekulsoló vegyes disztributív szabályok (azaz ((k,A), (C,ψ)) komo-nádok Mnd(Bim)-ben).1.2. Hopf-algebroidokA bialgebra fogalom általánosítása nem kommutatív alapgy¶r¶k esetére Takeuhi nevéhezf¶z®dik és több, mint harmin éve fellelhet® [72℄. Takeuhi eredetileg a ×R-bialgebra elne-vezést használta de (els®sorban J.H. Lu [51℄ munkája nyomán) napjainkban a bialgebroid
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1.2. HOPF-ALGEBROIDOK 17elnevezés elfogadottabb. A bialgebrák számos ekvivalens leírása közül sok szépen általáno-sítható bialgebroidokra. Például, egy R gy¶r¶ feletti bialgebroidok jellemezhet®k moduluskategóriájuk monoidalitásával és egy, az R bimodulusok kategóriájába men® felejt® funktorszigorú monoidalitásával.Az irodalomban több alternatív javaslat is található arra, milyen további tulajdonságotköveteljünk meg egy Hopf-algebroidtól. A Hopf-algebra antipódja a H → H identitás leké-pezés inverze az (f ∗ g)(h) := f(h1)g(h2) konvolúió szorzásra nézve. Egy R gy¶r¶ feletti Bbialgebroid esetén azonban az identitás leképezés nem eleme (az alap R-kogy¶r¶ és az alap
R-gy¶r¶ közötti bimodulus leképezések alkotta) konvolúió algebrának. Ezen probléma áthi-dalására J.H. Lu az antipód axiómák megfogalmazásához a B ⊗B ։ B ⊗R B epimor�zmusegy szelését használta [51℄, ami azonban sok szempontból nem természetes.Szlahányi Kornéllal közös vállalkozásunk élja egy olyan Hopf-algebroid fogalom megal-kotása volt, amely kategóriaelméleti szempontból is természetes, amely alkalmas a szimmet-ria leírására (minél több) olyan helyzetben, amikor a Hopf-algebrák már nem használhatóak,s amelyre a Hopf-algebrákra vonatkozó eredmények minél szélesebb köre kiterjeszthet®. Azáltalunk javasolt de�níió szerint egy Hopf-algebroidban egy adott algebrán nem egy, hanemkét kompatibilis bialgebroid struktúra van jelen R illetve Rop fölött. Ennek megfelel®en vankét konvolúió algebra, melyeket egy Morita-összefüggés köt össze. Az identitás leképezésa Morita-összefüggés egyik bimodulusának eleme, az antipód a másiknak � s ezek egymásinverzei a Morita-összefüggés szorzására nézve [14℄. A Hopf-algebroidokról írt els®, [19℄ ikk-ben arra az esetre szorítkoztunk, amikor az így de�niált antipód ráadásul bijektív, így azegyik bialgebroid struktúra redundáns informáiót jelent: megkapható a másikból az antipódés annak inverze által.Mint Day és Street [34℄-ben tárgyalta, ezek az axiómák annak felelnek meg, hogy aszigorúan monoidális felejt® funktor a B-modulusok kategóriájából az R-bimodulusok kate-góriájába ráadásul ®rzi a ∗-autonóm struktúrát is. Shauenburg [66℄-ban egy általánosabbHopf-algebroid fogalmat javasolt, melyben a felejt® funktor a zártságot (vagyis a bels® hom-okat) ®rzi. A Shauenburg féle de�níióból nem következik azonban egy H → H antipódlétezése.1.2.1. Az épít®kövek: R-gy¶r¶k; R-kogy¶r¶k; bialgebroidokEgy k kommutatív gy¶r¶ fölötti (ko)algebrák (ko)monoidok a k-modulusok monoidális ka-tegóriájában. Egy tetsz®leges, nem (feltétlenül) kommutatív R (k fölötti) algebra eseténa (jobb vagy bal) R-modulusok kategóriája nem monoidális. Tekinthetjük azonban az R-bimodulusok kategóriáját, mely monoidális az R-modulus tenzor szorzás révén; a monoidálisegység a reguláris bimodulus R. (Hangsúlyozzuk azonban, hogy ez a keret módosításátjelenti a �triviális� R = k esetben is � a k-bimodulusok kategóriája teljes részkategóriakénttartalmazza a k-modulusok kategóriáját.)1.28. De�níió. Amonoidokat az R-bimodulusok kategóriájában R-gy¶r¶knek hívjuk. Exp-liiten, egy R-gy¶r¶ egy R-bimodulus A, ellátva µ : A ⊗R A → A (szorzás) és η : R → A(egység) R-bimodulus leképezésekkel, melyek a szokásos asszoiativitási és egység feltéte-leknek tesznek eleget. R-gy¶r¶k homomor�zmusai a szorzással és egységgel kompatibilis
R-bimodulus homomor�zmusok.Vegyük észre, hogy egy R-gy¶r¶ leírható egyetlen R → A algebra homomor�zmussal.Csakugyan, ha A egy R-gy¶r¶, akkor ellátható egy algebra struktúrával. Az egységet az Ralgebra k → R egységét az A R-gy¶r¶ R → A egységével komponálva kapjuk, a szorzást
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18 1. FEJEZET. BEVEZETÉSpedig az A ⊗ A ։ A ⊗R A epimor�zmust az R-gy¶r¶ A ⊗R A → A szorzásával kompo-nálva. Felhasználva, hogy mind η mind µ (jobb) R-modulus homomor�zmus és η (jobb)egység, könnyen látható, hogy η algebra homomor�zmus. Fordítva, egy η : R → A algebrahomomor�zmus R-bimodulus struktúrát indukál A-n. A szorzása kiegyensúlyozott R-ben,így felírható, mint az A ⊗ A ։ A ⊗R A epimor�zmus és egy egyértelm¶ µ : A ⊗R A → Aleképezés kompozíiója. A µ szorzás és az η egység révén A egy R-gy¶r¶.1.29. De�níió. Egy A R-gy¶r¶ jobb modulusa egy jobb R-modulus M , ellátva egy M ⊗R
A→M jobb R-modulus leképezéssel, mely a szokásos asszoiativitási és egység feltételeknektesz eleget. Az el®z® bekezdés gondolatmenetéhez hasonlóan könny¶ belátni, hogy ez éppenugyanaz, mint az A algebra jobb modulusa. Egy A R-gy¶r¶ jobb modulusainak homo-mor�zmusai jobb R-modulus homomor�zmusok, melyek kompatibilisek a hatásokkal. Ezmegegyezik az A algebra jobb modulus homomor�zmusaival.Szimmetrikusan de�niáljuk R-gy¶r¶k bal modulusait és azok homomor�zmusait.1.30. Példa. Bármely R algebra esetén az R → R k-modulus homomor�zmusok egy
End(R)-rel jelölt R-gy¶r¶t alkotnak. Az algebra struktúrát a leképezések kompozíiója adjaés

R→ End(R) r 7→ r(−)algebra homomor�zmus.A jobb- és bal hatások szerepének felserélése bijektív kapsolatot teremt az R-bimo-dulusok és az Rop-bimodulusok között. Az indukált RMR → RopMRop izomor�zmus anti-monoidális. Egy R-gy¶r¶ ellentettjén azt az Rop-gy¶r¶t értjük, melybe ezen anti-monoidálisizomor�zmus viszi ®t. Egy η : R→ A algebra homomor�zmussal jellemzett R-gy¶r¶ eseténez az η : Rop → Aop algebra homomor�zmussal jellemzett Rop-gy¶r¶t jelenti.A következ®kben különösen fontosak lesznek számunkra az R ⊗ Rop-gy¶r¶k. A fentiekszerint, egy R ⊗Rop-gy¶r¶ leírható egy η : R⊗ Rop → A algebra homomor�zmussal. Ekvi-valens módon, η helyett tekinthetjük az s := η(−⊗ 1) : R→ A és a t := η(1⊗−) : Rop → Aalgebra homomor�zmusokat, melyek értékkészletei kommutálnak A-ban. Egy A R ⊗ Rop-gy¶r¶n négy kommutáló R-hatás van jelen:
• Az

R
A-val jelölt bal R-moduluson a hatás R⊗A→ A, r ⊗ h 7→ s(r)h;

• Az A
R
-val jelölt jobb R-moduluson a hatás A⊗R→ A, h⊗ r 7→ t(r)h;

• Az R
A-val jelölt bal R-moduluson a hatás R⊗A→ A, r ⊗ h 7→ ht(r);

• Az AR -val jelölt jobb R-moduluson a hatás A⊗R→ A, h⊗ r 7→ hs(r).A fenti hatások kombináiójával négy R-bimodulus struktúrát de�niálhatunk A-n. Az
R

A
R
⊗R R

A
R

R-bimodulus entrumát AR× A-val jelöljük, és A önmagával vett Takeuhiszorzatának nevezzük. AR×A maga is R⊗Rop-gy¶r¶. Algebra struktúráját a (jól de�niált!)faktoronkénti szorzás adja és
R⊗Rop → AR×A r ⊗ r′ 7→ s(r)⊗R t(r

′)algebra homomor�zmus. Szimmetrikusan, a fentiek helyett tekinthetjük az
R
A

R
⊗R

R
A

R

R-bimodulus entrumát is, melyre jelölésünk legyen A×R A.
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1.2. HOPF-ALGEBROIDOK 191.31. De�níió. A komonoidokat az R-bimodulusok kategóriájában R-kogy¶r¶knek hívjuk.Expliiten, egy R-kogy¶r¶ egy R-bimodulus C, ellátva δ : C → C ⊗R C (koszorzás) és
ε : C → R (koegység) R-bimodulus leképezésekkel, melyek a szokásos koasszoiativitásiés koegység feltételeknek tesznek eleget. R-kogy¶r¶k homomor�zmusai a koszorzással éskoegységgel kompatibilis R-bimodulus homomor�zmusok.Egy R-kogy¶r¶ ellentettjén azt az Rop-kogy¶r¶t értjük, amibe ®t az RMR → RopMRopanti-monoidális izomor�zmus viszi. Expliiten, egy (C, δ, ε) kogy¶r¶ esetén C-t mint Rop-bimodulust tekintjük, a koszorzás δ : C → C⊗RopC, c 7→ c2⊗Rop c1, a koegység ε : C → Rop.1.32. De�níió. Egy C R-kogy¶r¶ jobb komodulusa egy jobb R-modulus M , ellátva egy
M →M ⊗R C jobb R-modulus leképezéssel, mely a szokásos koasszoiativitási és koegységfeltételeknek tesz eleget. Egy C R-kogy¶r¶ jobb komodulusainak homomor�zmusai jobb
R-modulus homomor�zmusok melyek kompatibilisek a kohatásokkal.Szimmetrikusan de�niáljuk R-kogy¶r¶k bal komodulusait és azok homomor�zmusait.1.33. De�níió. Egy bal R-bialgebroid B áll egy (s : R→ B, t : Rop → B) R⊗Rop-gy¶r¶b®lés egy (

R
B

R
, δ, ε) R-kogy¶r¶b®l, melyekre az alábbi axiómák teljesülnek:

• δ felírható, mint egy B → B R× B algebra homomor�zmus és a B R× B →֒ B ⊗R Binklúzió kompozíiója;
• A B → End(R), b 7→ ε(bs(−)) leképezés algebra homomor�zmus.Egy bal bialgebroid koszorzására a szokásos δ(h) = h1 ⊗R h2 Sweeler-Heynemann indexjelölést használjuk. B tetsz®leges h, h′ elemein és R tetsz®leges r elemén kiírva a bialgebroidaxiómák a következ® alakot öltik.

h1t(r)⊗R h2 = h1 ⊗ h2s(r);

11 ⊗R 12 = 1⊗R 1; (h′h)1 ⊗R (h′h)2 = h′1h1 ⊗R h
′
2h2;

ε(1) = 1; ε(h′h) = ε(h′sε(h)).A második sorban szerepl® második axióma jobb oldalán álló kifejezés az els® sorban szerepl®axióma miatt jól de�niált.Tekintsünk egy B bal R bialgebroidot. Az s : R → B algebra homomor�zmus révén a
R
B

R

R-bimodulus rendelkezik egy R-gy¶r¶ struktúrával. Mivel de�níió szerint a
R
B

R
R-bimodulus rendelkezik egyR-kogy¶r¶ struktúrával, a bimodulus leképezések Hom(

R
B

R
,

R
B

R
)halmaza algebra a

(f ∗ g)(h) := f(h1)g(h2), f, g ∈ Hom(
R
B

R
,

R
B

R

), h ∈ B,konvolúió szorzás révén; sε egységgel.Ha (s : R→ B, t : Rop → B) egy R⊗Rop-gy¶r¶, akkor minden bal B-modulus természe-tesen R-bimodulus is az r.m.r′ := s(r)t(r′).m hatás révén. A B-modulus homomor�zmusok
R bimodulus homomor�zmusok is. Más szóval, létezik egy BM→ RMR felejt® funktor.1.34. Tétel (Shauenburg [67℄). Bármely (s : R → B, t : Rop → B) R ⊗ Rop-gy¶r¶ eseténbijektív kapsolat van az alábbi struktúrák között.
• Bal bialgebroid struktúrák az adott R⊗Rop-gy¶r¶n;
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20 1. FEJEZET. BEVEZETÉS
• monoidális struktúrák a bal B-modulusok kategóriáján úgy, hogy a BM→ RMR felejt®funktor szigorúan monoidális.Ha B egy bal R bialgebroid, akkor (t : R → Bop, s : Rop → Bop) is R ⊗ Rop-gy¶r¶. Abal bialgebroid axiómák helyett azonban más, hasonló alakú axiómáknak tesz eleget:1.35. De�níió. Egy jobb R-bialgebroid B áll egy (s : R → B, t : Rop → B) R ⊗ Rop-gy¶r¶b®l és egy (

R
B

R
, δ, ε) R-kogy¶r¶b®l, melyekre az alábbi axiómák teljesülnek:

• δ felírható, mint egy B → B ×R B algebra homomor�zmus és a B ×R B →֒ B ⊗R Binklúzió kompozíiója;
• A B → End(R)op, b 7→ ε(s(−)b) leképezés algebra homomor�zmus.Egy jobb bialgebroid koszorzására a szokásos δ(h) = h1⊗Rh

2 Sweeler-Heynemann jelölésthasználjuk � ezúttal alsó helyett fels® indexekkel. A jobb bialgebroidok pontosan azok az
R ⊗ Rop-gy¶r¶k, melyek jobb modulus kategóriája monoidális és a felejt® funktor az R-bimodulusok kategóriájába szigorúan monoidális.1.36. Példa. Bármely B bialgebra bal és jobb bialgebroid is R := k fölött. Az R ⊗ Rop-gy¶r¶t leíró s : k → B és t : k → B algebra homomor�zmusok mindegyike megegyezik Begységével. Az R-kogy¶r¶ struktúrát B koalgebra struktúrája adja.Ha egy B bal R-bialgebroidban

R
B végesen generált projektív bal R-modulus, akkora RHom(B,R) bal R-duális ellátható egy jobb R-bialgebroid struktúrával. Ha B

R
végesengenerált projektív jobb R-modulus, akkor a HomR(B,R) jobb R-duális látható el egy jobb R-bialgebroid struktúrával. Szimmetrikusan, egy megfelel® oldalon végesen generált projektívjobb bialgebroid bal- illetve jobb duálisa természetes módon bal bialgebroid, l. [45℄.1.2.2. A Hopf-algebroid axiómák és következményeikA Hopf-algebroid axiómáinak alábbi megfogalmazása [14℄-b®l való.Legyenek L és R tetsz®leges algebrák. Tekintsünk egy H algebrát, mely rendelkezik egybal L-bialgebroid struktúrával � s

L
: L → H és t

L
: Lop → H kommutáló értékkészlet¶algebra homomor�zmusokkal; δ

L
:

L
H

L
→

L
H

L
⊗L L

H
L
koszorzással; illetve ε

L
:

L
H

L
→ Lkoegységgel � valamint egy jobb R-bialgebroid struktúrával � s

R
: R→ H és t

R
: Rop → Hkommutáló értékkészlet¶ algebra homomor�zmusokkal; δ

R
:

R
H

R
→

R
H

R
⊗R

R
H

R koszor-zással; illetve ε :
R

H
R

→ R koegységgel. A két bialgebroid között követeljük meg az alábbikompatibilitási axiómákat:
s

L
ε

L
t
R

= t
R
; t

L
ε

L
s

R
= s

R
; s

R
ε

R
t
L

= t
L
; t

R
ε

R
s

L
= s

L
. (1.6)Könnyen látható, hogy ezen axiómák következtében ε

R
s

L
: L → Rop algebra izomor�zmus,melynek inverze ε

L
t
R
. Ugyanígy, ε

L
s

R
: R → Lop algebra izomor�zmus, melynek inverze

ε
R
t
L
. (1.6) teljesülése esetén értelmes megkövetelni a következ® axiómákat.

(δ
R
⊗L Id)δ

L
= (Id⊗R δL

)δ
R
; (δ

L
⊗R Id)δ

R
= (Id⊗L δR

)δ
L
, (1.7)mint H → R

H
R
⊗R

R
H

L
⊗L L

H
L
illetve H →

L
H

L
⊗L L

H
R
⊗R

R
H

R leképezések. Két, afenti kapsolatban lév® bialgebroid meghatároz egy Morita-összefüggést a Hom(
L
H

L
,

L
H

L

)és Hom(
R
H

R
,

R
H

R
) konvolúió algebrák között. A két szerepl® bimodulus Hom(

L
H

R
,

L
H

R
)
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1.2. HOPF-ALGEBROIDOK 21és Hom(
R
H

L
,

R
H

L
). A Morita-összefüggés valamennyi m¶velete a megfelel® konvolúió szor-zással adott; azaz H bármely h elemére,

(φ ∗ φ′)(h) = φ(h1)φ
′(h2), φ, φ′ ∈ Hom(

L
H

L
,

L
H

L

); (1.8)
(ψ ∗ ψ′)(h) = ψ(h1)ψ′(h2), ψ, ψ′ ∈ Hom(

R

H
R

,
R
H

R

);

(φ ∗ α)(h) = φ(h1)α(h2), φ ∈ Hom(
L
H

L
,

L
H

L

), α ∈ Hom(
L
H

R

,
L
H

R

);

(α ∗ ψ)(h) = α(h1)ψ(h2), ψ ∈ Hom(
R

H
R

,
R
H

R

), α ∈ Hom(
L
H

R

,
L
H

R

);

(ψ ∗ β)(h) = ψ(h1)β(h2), ψ,∈ Hom(
R

H
R

,
R
H

R

), β ∈ Hom(
R

H
L
,

R
H

L

);

(β ∗ φ)(h) = β(h1)φ(h2), φ ∈ Hom(
L
H

L
,

L
H

L

), β ∈ Hom(
R

H
L
,

R
H

L

);

(α ∗ β)(h) = α(h1)β(h2), α ∈ Hom(
L
H

R

,
L
H

R

), β ∈ Hom(
R

H
L
,

R
H

L

);

(β ∗ α)(h) = β(h1)α(h2), α ∈ Hom(
L
H

R

,
L
H

R

), β ∈ Hom(
R

H
L
,

R
H

L

),ahol a korábban bevezetett δ
L
(h) = h1 ⊗L h2 és δ

R
(h) = h1 ⊗R h

2 jelöléseket használtuk.Nyilvánvalóan, a H → H identitás leképezés a Hom(
L
H

R
,

L
H

R
) bimodulus eleme.1.37. De�níió. Egy Hopf-algebroid alatt a következ® struktúrát értjük. Egy H algebrát,ellátva egy bal L-bialgebroid és egy jobb R-bialgebroid struktúrával, melyekre (1.6) és (1.7)axiómák teljesülnek, továbbá az (1.8) Morita-összefüggésben Id ∈ Hom(

L
H

R
,

L
H

R
) inver-tálható. Expliiten, az utóbbi követelmény azt jelenti, hogy létezik S ∈ Hom(

R

H
L
,

R
H

L

),melyre
h1S(h2) = s

L
ε

L
(h); S(h1)h2 = s

R
ε

R
(h), ∀h ∈ H. (1.9)1.38. Tétel ([10℄ Proposition 2.3). Egy H Hopf-algebroid S antipódjára a következ® állításokteljesülnek.

• S homomor�zmus az (s
R

: R→ H, t
R

: Rop → H) R⊗Rop-gy¶r¶b®l az (s
R

= t
L
ε

L
s

R
:

R→ H, s
L
ε

L
s

R
: Rop → H) R⊗Rop-gy¶r¶ ellentettjébe;

• S homomor�zmus az (s
L

: L→ H, t
L

: Lop → H) L⊗ Lop-gy¶r¶b®l az (s
L

= t
R
ε

R
s

L
:

L→ H, s
R
ε

R
s

L
: Lop → H) L⊗ Lop-gy¶r¶ ellentettjébe;

• S homomor�zmus a (
L
H

L
, δ

L
, ε

L
) L-kogy¶r¶b®l abba a kogy¶r¶be, melybe az ε

L
s

R
:

Rop → L algebra izomor�zmus által indukált RopMRop ∼= LML monoidális izomor�z-mus viszi (
R
H

R
, δ

R
, ε

R
) R-kogy¶r¶ ellentettjét;

• S homomor�zmus a (
R

H
R

, δ
R
, ε

R
) R-kogy¶r¶b®l abba a kogy¶r¶be, melybe az ε

R
s

L
:

Lop → R algebra izomor�zmus által indukált LopMLop ∼= RMR monoidális izomor�z-mus viszi (
L
H

L
, δ

L
, ε

L
) L-kogy¶r¶ ellentettjét.Az 1.38 Tételb®l nyilvánvaló, hogy abban az esetben, ha egy Hopf-algebroid antipódjabijektív, a jobb bialgebroidot de�niáló valamennyi leképezés kifejezhet® a bal bialgebroidstruktúrát leíró leképezésekkel, az antipóddal illetve annak inverzével. A Hopf-algebroidokaxiómái ezen adatokkal megfogalmazva [19℄ 4. fejezetében találhatók.1.39. Megjegyzés. Nagyon fontos hangsúlyoznunk, hogy az (1.7) axiómák H → R

H
R
⊗R

R

H
L
⊗L L

H
L
illetve H →

L
H

L
⊗L L

H
R

⊗R
R

H
R leképezésekre vonatkoznak. Tudjuk ugyan,hogy az els® egyenl®ség bal oldalán szerepl® leképezés faktorizálódik (H ×R H) ×L H-nkeresztül, a jobb oldalon álló pedig H ×R (H ×LH)-n keresztül. Ezek azonban nem részhal-mazai R

H
R
⊗R

R
H

L
⊗L L

H
L
-nak, melyeknek lehetne a metszetét venni. Noha a nyilvánvaló
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22 1. FEJEZET. BEVEZETÉS
(H ×RH)×LH → (H ×RH)⊗LH leképezés injektív, (H ×RH)⊗LH → (H ⊗RH)⊗LHnem az, legalábbis további feltevések nélkül nem. Így az olyan ϕ leképezések esetén, melyekmondjuk (H ×R H)×L H-en vannak értelmezve, de nem terjeszthet®k ki H ⊗R H ⊗L H-ra(pl. H ⊗R εR

⊗L H : (H ×R H)×L H → H ×L H), a ϕ(δR ⊗L Id)δL kifejezés átalakításáranem alkalmazható az (1.7) axióma. Sweedler indexeket használva, noha h1
1⊗R h1

2⊗L h2 =

h1⊗h2
1⊗Lh

2
2, mint R

H
R

⊗R
R

H
L
⊗LL

H
L
elemei, a ϕ(h1

1⊗Rh1
2⊗Lh2) = ϕ(h1⊗h2

1⊗Lh
2
2)egyenl®ség hibás, mivel a jobb oldal rosszul de�niált. Sajnos ilyen típusú � saját magam által,vagy hivatkozott ikkben elkövetett � hiba miatt több ikkem javításra szorult.A Hopf-algebroidok a gyenge Hopf-algebrák (így a Hopf-algebrák) általánosításai a kö-vetkez® értelemben.1.40. Tétel ([19℄ Example 4.8). Legyen B egy (gyenge) bialgebra B → B⊗B, b 7→ b1⊗b2 ko-szorzással és ε : B → k koegységgel (l. 1.56 De�níió). Ezen adatok meghatároznak egy jobbbialgebroid struktúrát B-n az {11ε(b12)}b∈B részalgebra fölött és egy bal bialgebroid struktú-rát az {ε(11b)12}b∈B részalgebra fölött. Ha továbbá B (gyenge) Hopf-algebra S antipóddal (l.1.59 De�níió), akkor a fenti bialgebroidok és S Hopf-algebroid struktúrát de�niálnak B-n.Hopf-algebroidok fontos alkalmazása, hogy leírják algebrák kettes mélység¶ Frobenius-kiterjesztéseinek szimmetriáját. A Frobenius-tulajdonság azt jelenti, hogy M végesen gene-rált projektív (jobb vagy bal) N -modulus és a (jobb vagy bal) modulus homomor�zmusokbólálló HomN (M,N) izomorfM -mel mint (N -M vagyM -N) bimodulus. A kettes mélység felté-tel azt jelenti, hogyM⊗NM direkt összeadandóM véges sok példányának direkt összegében� mint N -M bimodulus és M -N bimodulus.1.41. Tétel ([19℄ Setion 3). Tekintsünk egy N ⊆M kettes mélység¶ és Frobenius-tulajdonságúalgebra kiterjesztést. Ezen feltevések mellett mind M N -bimodulus endomor�zmusainak al-gebrája, mind az M ⊗N M M -bimodulus entruma (melynek algebra struktúrája a faktoron-kénti szorzással ill. ellentett szorzással adott) Hopf-algebroidok bijektív antipóddal.Az 1.41 Tétel általánosításaként, bármely k-lineáris bikategória Frobenius-tulajdonságúés kettes mélység¶ 1-ellája meghatároz két (megfelel® értelemben duális) Hopf-algebroidot,l. [20℄.További példák Hopf-algebroidokra [19℄ 4.3 fejezetében találhatók.1.42. Tétel ([19℄ Proposition 4.2). Egy L és R algebrák fölötti Hopf-algebroidban a

H
L

⊗L L
H → H

R

⊗R
R

H h′ ⊗L h 7→ h′h1 ⊗R h
2leképezés bijektív (azaz s

L
: L → H Galois-kiterjesztés az alap jobb bialgebroiddal, l. 1.4fejezet). Vagyis [66℄ szóhasználatával, minden Hopf-algebroid ×R-Hopf-algebra.Ezt a meg�gyelést kombinálva Shauenburg ([66℄ Theorem and De�nition 3.5) eredmé-nyével, azt látjuk, hogy az MH → RMR felejt® funktor ®rzi a jobbról zárt struktúrát.Ebb®l következik, hogy azon jobb H-modulusoknak, melyek végesen generált projektív bal

R-modulusok (így van bal duálisuk RMR-ben), van bal duálisuk MH -ban is, melyet az
MH → RMR felejt® funktor ®riz.Day és Street [34℄-ben (a problémát általánosabban, monoidális bikategóriákban meg-fogalmazva) azt a kérdést vizsgálták, hogy az MH → RMR felejt® funktor mely H jobb
R-bialgebroidokra ®rzi a jobbról zártságnál er®sebb ∗-autonóm struktúrát. Az ehhez szük-séges további struktúrát H-n ∗-autonóm struktúrának nevezték [34, Setion 9℄.
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1.3. HOPF-ALGEBROIDOK INTEGRÁLELMÉLETE 231.43. Tétel ([19℄ Theorem 4.7). Legyen B egy jobb bialgebroid. Egy er®s ∗-autonóm struk-túra (a [34℄-ben tárgyalt értelemben) B-n ekvivalens egy bijektív antipóddal mely B-t Hopf-algebroiddá teszi.1.3. Hopf-algebroidok integrálelméleteAhogyan a Hopf-algebrák esetében, ugyanúgy a Hopf-algebroidok vizsgálatában is fontosinformáiók nyerhet®k az algebrai szerkezetr®l az integrálok tanulmányozásával. E feje-zet � és az alapjául szolgáló [10℄ munka � élja ennek a kérdéskörnek a vizsgálata; an-nak a megfelel® integrál fogalomnak a megtalálása, mely lehet®séget teremt olyan algebraitulajdonságok leírására, mint a félig (ko)egyszer¶ség, a (ko)szeparabilitás vagy a (kvázi-)Frobenius-tulajdonság. A megfelel® integrál fogalom segítségével a Hopf-algebroidokra aHopf-algebrákkal megnyugtató módon analóg tételek igazolhatóak. A lényeges különbség,hogy míg a Hopf-algebrák esetén egyetlen kommutatív gy¶r¶ feletti algebra (ill. koalgebra)tulajdonságairól van szó, egy Hopf-algebroidban négy (páronként izomorf) gy¶r¶t (ill. kétkogy¶r¶t) kell vizsgálnunk, nem kommutatív algebrák fölött.1.3.1. IntegrálokShauenburg 1.34 Tételben idézett észrevétele szerint, ha H egy bal L-bialgebroid, akkor Lbal H-modulus a h.l := ε(hs(l)) hatás révén. Az alábbi de�níió ezt a tényt használja fel.1.44. De�níió. Legyen B egy bal L-bialgebroid. Egy M bal B-modulus invariánsainaknevezzük a
BHom(L,M) ∼= {n ∈M |∀h ∈ B, h.n = sε(h).n}

k-részmodulus elemeit. A bal integrálok B-ben a bal reguláris B-modulus invariánsai.Szimmetrikusan de�niáljuk egy jobb bialgebroid jobb modulusainak invariánsait és azintegrálokat mint a jobb reguláris modulus invariánsait. Egy Hopf-algebroidban egyszerrevan jelen egy jobb és egy bal bialgebroid struktúra, így ez esetben mind bal- mind jobbintegrálokat értelmezhetünk. Egy bal (vagy jobb) integrál antipód általi képe jobb (vagybal) integrál.Egy bialgebroid komodulusain az alap kogy¶r¶ komodulusait értjük. Bármely B bal
L-bialgebroid esetén L jobb B-komodulus az L → L ⊗L B ∼= B, l 7→ s(l) kohatás révén ésbal B-komodulus is az L → B ⊗L L ∼= B, l 7→ t(l) kohatás révén. Így a B-beli integrálokduálisaként bevezethetjük az alábbi fogalmakat is.1.45. De�níió. Legyen B egy bal L-bialgebroid. Egy s-integrál B-n egy B → L bal
B-komodulus homomor�zmus, azaz egy ̺ : B → L leképezés, amire

̺(s(l)h) = l̺(h); t̺(h2)h1 = s̺(h), l ∈ L, h ∈ H.Egy t-integrál B-n egy B → L jobb B-komodulus homomor�zmus, azaz egy ̺ : B → Lleképezés, amire̺
(t(l)h) = ̺(h)l; s̺(h1)h2 = t̺(h), l ∈ L, h ∈ H.Szimmetrikusan de�niálunk integrálokat egy B jobb R-bialgebroidon, mint bal- illetvejobb komodulus homomor�zmusokat B → R.
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24 1. FEJEZET. BEVEZETÉSHa egy B bal L-bialgebroidban
L
B végesen generált projektív bal L-modulus, így

LHom(B,L) jobb L bialgebroid, akkor egy s-integrál B-n pontosan ugyanaz mint egy jobb in-tegrál LHom(B,L)-ban. Ha B
L
végesen generált projektív jobb L-modulus, így HomL(B,L)jobb L bialgebroid, akkor egy t-integrál B-n pontosan ugyanaz mint egy jobb integrál

HomL(B,L)-ban.Egy Hopf-algebroidban egyszerre van jelen egy jobb és egy bal bialgebroid struktúra, ígyegy Hopf-algebroidon négyféle integrál értelmezhet®: s- és t-integrálok az alap bal- és jobbbialgebroidokon. Ha ̺ s-integrál a bal bialgebroidon akkor ̺S t-integrál ugyanezen a balbialgebroidon.1.3.2. Mashke-típusú tételekLegyen H egy Hopf-algebroid L és R (szükségképpen anti-izomorf) algebrák fölött. A meg-felel® értelemben (l. 1.46 Tétel) normált integrálok létezésének H-ban a négy s
L

: L → H,
t
L

: Lop → H, s
R

: R → H illetve t
R

: Rop → H algebra kiterjesztés félig egyszer¶ségé-hez illetve szeparabilitásához van köze. (Egy R → H algebra kiterjesztést szeparábilisnakmondunk, ha a H ⊗R H → H szorzás felhasadó H-bimodulus epimor�zmus. Az R → Halgebra kiterjesztés jobbról (illetve balról) félig egyszer¶, ha minden olyan jobb (illetve bal)
H-modulus homomor�zmus felhasad, amely felhasadó jobb (illetve bal) R-modulus epimor-�zmus.)1.46. Tétel ([10℄ Theorem 3.1). Legyen H egy Hopf-algebroid L és R algebrák fölött. Akövetkez® állítások ekvivalensek.
• Az s

R
: R→ H kiterjesztés szeparábilis;

• A t
R

: Rop → H kiterjesztés szeparábilis;
• Az s

L
: L→ H kiterjesztés szeparábilis;

• Az t
L

: Lop → H kiterjesztés szeparábilis;
• Az s

R
: R→ H kiterjesztés jobbról félig egyszer¶;

• A t
R

: Rop → H kiterjesztés jobbról félig egyszer¶;
• Az s

L
: L→ H kiterjesztés balról félig egyszer¶;

• A t
L

: Lop → H kiterjesztés balról félig egyszer¶;
• Létezik egy bal integrál ℓ az alap bal L-bialgebroidban, ami normált az ε

L
(ℓ) = 1 érte-lemben;

• Létezik egy jobb integrál ℓ az alap jobb R-bialgebroidban, ami normált az ε
R
(ℓ) = 1értelemben;

• ε
L

: H → L felhasadó epimor�zmus a bal H-modulusok kategóriájában;
• ε

R
: H → R felhasadó epimor�zmus a jobb H-modulusok kategóriájában.Hasonlóképpen, megfelel® értelemben (l. 1.47 Tétel) normált integrálok létezésénekH-n akét, L illetve R fölötti kogy¶r¶ félig koegyszer¶ségéhez illetve koszeparabilitásához van köze.(Egy R fölöttiH kogy¶r¶t koszeparábilisnak mondunk, ha aH → H⊗RH koszorzás felhasadó
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1.3. HOPF-ALGEBROIDOK INTEGRÁLELMÉLETE 25
H-bikomodulus monomor�zmus. A H R-kogy¶r¶ jobbról (illetve balról) félig koegyszer¶, haminden olyan jobb (illetve bal) H-komodulus homomor�zmus felhasad, amely felhasadó jobb(illetve bal) R-modulus monomor�zmus.)1.47. Tétel ([10℄ Theorem 3.2). Tekintsünk egy H egy Hopf-algebroidot L és R algebrákfölött. A következ® állítások ekvivalensek.
• H mint R-kogy¶r¶ koszeparábilis;
• H mint L-kogy¶r¶ koszeparábilis;
• H mint R-kogy¶r¶ jobbról félig koegyszer¶;
• H mint R-kogy¶r¶ balról félig koegyszer¶;
• H mint L-kogy¶r¶ jobbról félig koegyszer¶;
• H mint L-kogy¶r¶ balról félig koegyszer¶;
• Létezik egy s-integrál λ az alap R-bialgebroidon, ami normált a λ(1) = 1 értelemben;
• Létezik egy t-integrál λ az alap R-bialgebroidon, ami normált a λ(1) = 1 értelemben;
• Létezik egy s-integrál λ az alap L-bialgebroidon, ami normált a λ(1) = 1 értelemben;
• Létezik egy t-integrál λ az alap L-bialgebroidon, ami normált a λ(1) = 1 értelemben;
• s

R
: R→ H felhasadó monomor�zmus az alap jobb R-bialgebroid jobb komodulusainakkategóriájában;

• t
R

: R → H felhasadó monomor�zmus az alap jobb R-bialgebroid bal komodulusainakkategóriájában;
• s

L
: L → H felhasadó monomor�zmus az alap bal L-bialgebroid bal komodulusainakkategóriájában;

• t
L

: L → H felhasadó monomor�zmus az alap bal L-bialgebroid jobb komodulusainakkategóriájában.1.3.3. A (kvázi-)Frobenius-tulajdonságrólLegyen H egy Hopf-algebroid L és R algebrák fölött. A megfelel® értelemben (l. 1.48 Tétel)nem degenerált integrálok létezése a négy s
L

: L → H, t
L

: Lop → H, s
R

: R → Hilletve t
R

: Rop → H algebra kiterjesztés Frobenius-tulajdonságával (l. 1.41 Tételt megel®z®bekezdés) kapsolatos.1.48. Tétel ([10℄ Erratum, Corollary 3). Tekintsünk egy H egy Hopf-algebroidot L és Ralgebrák fölött. A következ® állítások ekvivalensek.
• Az s

R
: R→ H és a t

R
: Rop → H kiterjesztések mindegyike Frobenius-kiterjesztés;

• Az s
L

: L→ H és a t
L

: Lop → H kiterjesztések mindegyike Frobenius-kiterjesztés;
• H

R végesen generált projektív jobb R-modulus és létezik egy s-integrál λ az alap jobb
R-bialgebroidon, amire a H → HomR(H,R), h 7→ λ(h−) leképezés bijektív;

               dc_124_10



26 1. FEJEZET. BEVEZETÉS
• Az S antipód bijektív, R

H végesen generált projektív bal R-modulus és létezik egy t-integrál λ az alap jobb R-bialgebroidon, amire a H → RHom(H,R), h 7→ λ(h−) leké-pezés bijektív;
•

L
H végesen generált projektív bal L-modulus és létezik egy s-integrál λ az alap bal L-bialgebroidon, amire a H → LHom(H,L), h 7→ λ(−h) leképezés bijektív;

• Az S antipód bijektív,
L
H végesen generált projektív jobb L-modulus és létezik egy t-integrál λ az alap bal L-bialgebroidon, amire a H → HomL(H,L), h 7→ λ(−h) leképezésbijektív;

• Létezik egy bal integrál ℓ az alap bal L-bialgebroidban, ami nem degenerált abban azértelemben, hogy mindkét
HomR(H,R)→ H, ϕ 7→ ℓ1s

R
ϕ(ℓ2) és RHom(H,R)→ H, ψ 7→ ℓ2t

R
ψ(ℓ1)leképezés bijektív;

• Létezik egy jobb integrál ℓ az alap jobb R-bialgebroidban, ami nem degenerált abban azértelemben, hogy mindkét
LHom(H,L)→ H, ϕ 7→ s

L
ϕ(ℓ1)ℓ2 és HomL(H,L)→ H, ψ 7→ t

L
ψ(ℓ2)ℓ1leképezés bijektív.A fenti ekvivalens tulajdonságokkal rendelkez® Hopf-algebroidot Frobenius- Hopf-algebroidnakmondjuk.A fenti tétel ([10℄ Theorem 4.7)-ben megjelent formája nem helyes � egy, a 1.39 Meg-jegyzésben ismertetett hiba miatt.Az integrálok vizsgálatával szükséges és elégséges feltételek adhatók meg a négy, s

L
: L→

H, t
L

: Lop → H, s
R

: R → H illetve t
R

: Rop → H algebra kiterjesztés kvázi-Frobenius-tulajdonságára is, l. ([10℄, Theorem 5.2).1.3.4. (Frobenius-) Hopf-algebroidok dualitásaMint azt az 1.2.1 fejezetben tárgyaltuk, ha egy (bal vagy jobb) R-bialgebroidon valamelyik R-modulus végesen generált projektív, akkor a megfelel® duális rendelkezik egy (jobb vagy bal)bialgebroid struktúrával. Ha tehát egy Hopf-algebroid végesen generált projektív valamelyikértelemben, akkor a megfelel® duális rendelkezik egy bialgebroid struktúrával. Nem ismertazonban az általánosságnak ezen a szintjén, hogy a duális Hopf-algebroid-e. A természetesjelölt, a Hopf-algebroid antipódjával való kompozíió ugyanis nem de�niál antipódot egyikduálison sem, mert erre a m¶veletre nézve egyikük sem zárt. Az antipóddal való kompozíióaz egyik duálisból egy másikba való leképezés. Hopf-algebroidok egy sz¶kebb osztályáróltudható sak, hogy zárt a dualitásra nézve. Tekintsünk egy H Frobenius-Hopf-algebroidot Lés R algebrák fölött. Ez esetben H összes L- illetve R- modulus struktúrája végesen generáltprojektív, tehát mind a négy duális rendelkezik (bal vagy jobb) bialgebroid struktúrával. S®t,az 1.48 Tételben látott izomor�zmusok ezen duálisok ill. ellentettjeik közötti bialgebroidizomor�zmusokká kombinálhatók (l. [19℄ Theorem 5.16). Ezekkel komponálva az eredeti(bijektív) antipód transzponáltját, bármely duális ellátható egy bijektív antipóddal. Mitöbb, az alábbi tétel áll fenn.1.49. Tétel ([19℄ Theorem 5.17 and Proposition 5.19). Egy Frobenius-Hopf-algebroid négyduálisa (anti-)izomorf Frobenius-Hopf-algebroid.
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1.4. GALOIS-KITERJESZTÉSEK HOPF-ALGEBROID SZIMMETRIÁVAL 271.4. Galois-kiterjesztések Hopf-algebroid szimmetriávalMint azt az 1.1.3 fejezetben láttuk, a Hopf�Galois-elmélet alkalmazása igen széles � a soportgradált algebrák elegáns tárgyalásától a nem kommutatív di�ereniálgeometria prinipálisnyalábjainak megfogalmazásáig. Jelen fejezet élja az els® lépések bemutatása a Galois-elmélet Hopf-algebroidokra való általánosítása felé. Az adódó elmélet magában foglalja agrupoid gradált algebrák és a grupoid nyalábok nem kommutatív megfelel®inek leírását.Egy klasszikus Galois-testb®vítés jellemezhet® a Galois-soportra való hivatkozás nél-kül: mint véges szeparábilis normális b®vítés. Evvel szemben nem ismerünk olyan inherenstulajdonságokat, amelyekkel a Hopf-algebrára való expliit hivatkozás nélkül jellemezhet-nénk Hopf�Galois-kiterjesztéseket. Nem ismert továbbá a kapsolat egy adott Hopf�Galois-kiterjesztés szimmetriáját leíró lehetséges Hopf-algebrák között. Mint Bálint és Szlahányi [6℄kiváló munkájában megmutatta, mindezen kérdések megválaszolhatók a (Frobenius-) Hopf-algebroidokkal vett Galois-kiterjesztések tágabb körében.Mint azt az 1.1.3 fejezetben áttekintettük, egy Hopf-algebrával való Galois-kiterjesztésalatt tulajdonképpen az alap bialgebrával való kiterjesztést értjük. Mégis, a Hopf-algebráktovábbi tulajdonságait kihasználva, Hopf-algebrákkal való kiterjesztésekre er®sebb állítá-sok igazolhatók, mint bialgebrákkal való kiterjesztésekre. A bialgebroidokkal illetve Hopf-algebroidokkal való kiterjesztések között sokkal alapvet®bb elvi különbségek vannak, abbóladódóan, hogy egy Hopf-algebroidban egyszerre két bialgebroid (egy bal és egy jobb) vanjelen. Tekinthetünk Galois-kiterjesztéseket ezek bármelyikével; az els® kérdés ezek viszo-nyának tisztázása. Fontos látnunk továbbá, hogy a Hopf�Galois-kiterjesztésekre vonatkozótételek közül melyek terjeszthet®k ki Hopf-algebroidokra. A kanonikus leképezés bijektivitá-sára (azaz a Galois-tulajdonságra) vonatkozó elégséges feltételeket megfogalmazó klasszikustételek közül Kreimer és Takeuhi 1.16 Tételét [11℄-ben, Shneider híres I. tételét [5℄-ben(Ardizzonival és Meninivel együttm¶ködve) általánosítottam Hopf-algebroidokra. Er®s ésgyenge struktúra-tételeket (a Morita-elmélet segítségével) szintén [11℄-ben igazoltam.1.4.1. Hopf-algebroidok komodulusaiÉrtelemszer¶en, egy B (mondjuk jobb) R-bialgebroid (bal vagy jobb) komodulusai alatt azalap R-kogy¶r¶ komodulusait értjük. Az 1.32 De�níió szerint tehát egy (mondjuk) jobb
B-komodulus egy jobb R-modulus M , ellátva egy ̺ : M → M ⊗R

R

B
R , m 7→ m0 ⊗R m

1jobb R-modulus leképezéssel (ahol impliit összegzés értend®), amelyre a szokásos koasszo-iativitási és koegység feltételek teljesülnek. Noha egy jobb B-komodulus de�níió szerintsak jobb R-modulus struktúrával rendelkezik, ([63℄ Lemma 1.4.1) szerint R-bimodulussátehet® az r.m := m0.ε(s(r)m1) bal R-hatás bevezetésével. Erre a hatásra nézve minden ko-modulus homomor�zmus R-bimodulus homomor�zmus is. Mi több, a jobb B-komodulusok
MB kategóriája monoidális és a fent konstruáltMB → RMR funktor szigorúan monoidális.Hasonlóan, B bal komodulusainak BM kategóriája is monoidális és van egy szigorúan mo-noidális funktor BM→ RopMRop . Egy B bal L-bialgebroid bal vagy jobb komodulusainakkategóriája is monoidális és el van látva BM → LopMLop illetve MB → LML szigorúanmonoidális funktorral.Egy B jobb bialgebroid jobb komodulus algebráit tehát de�niálhatjuk, mint monoidokata jobb B-komodulusok monoidális kategóriájában. Egy tetsz®leges M B-komodulus koinva-riánsai alatt az M coB := {n ∈ M |n0 ⊗R n

1 = n ⊗R 1} halmaz elemeit értjük. Egy A jobb
B-komodulus algebra koinvariánsai AcoB részalgebrát alkotnak. Így tekinthetjük a

can : A⊗AcoB A→ A⊗R B a′ ⊗AcoB a 7→ a′a0 ⊗R a
1
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28 1. FEJEZET. BEVEZETÉSkanonikus leképezést. Ha ez bijektív, akkor az AcoB → A algebra kiterjesztést B-Galois-kiterjesztésnek mondjuk.Egy H Hopf-algebroidban egyszerre van jelen egy jobb R-bialgebroid és egy bal L-bialgebroid. Egyikük komodulusait sins jobb okunk a Hopf-algebroid komodulusainak hívni.Ehelyett tekinthetjük az alábbi szimmetrikus fogalmat.1.50. De�níió ([11℄ De�nition 3.2). Egy L és R algebrák fölötti H Hopf-algebroid jobbkomodulusa alatt egy M k-modulust értünk, amely egyszerre komodulusa az alap jobb R-bialgebroidnak � valamely jobb R-hatás és egy ̺
R

: M → M ⊗R
R

M
R kohatás révén �és komodulusa az alap bal L-bialgebroidnak � valamely jobb L-hatás és egy ̺

L

: M →
M⊗LL

M
R
kohatás révén � továbbá ̺R jobb L-modulus homomor�zmus, ̺L jobb R-modulushomomor�zmus, és a két kohatásra az alábbi egyenl®ségek teljesülnek.
(Id⊗R δL

)̺
R

= (̺
R

⊗L Id)̺
L és (Id⊗L δR

)̺
L

= (̺
L

⊗R Id)̺
R

.Azaz ̺R komodulus homomor�zmusa az alap bal L-bialgebroidnak és ̺L komodulus homo-mor�zmusa az alap jobb R-bialgebroidnak. H-komodulusok homomor�zmusai komodulushomomor�zmusai mind az alap bal L-bialgebroidnak mind az alap jobb R-bialgebroidnak.A jobb H-komodulusok és homomor�zmusaik kategóriájátMH -val jelöljük. Megkülön-böztetésül, az alap bal L-bialgebroid komodulusainak kategóriáját MHL-val, míg az alapjobb R-bialgebroid komodulusainak kategóriáját MHR -val jelöljük. Korábbi konveniónk-hoz hasonlóan, az alap jobb R-bialgebroid kohatására az m 7→ m0 ⊗R m
1 index jelöléstalkalmazzuk, míg az alap bal L-bialgebroid kohatására m 7→ m0 ⊗L m1-et, ahol mindkétesetben impliit összegzés értend®. Szimmetrikusan értelmezzük egy Hopf-algebroid bal ko-modulusait.HaM egy L és R algebrák fölötti H Hopf-algebroid jobb komodulusa, akkor tekinthetjük

M koinvariánsait az alap jobb R-bialgebroid kohatására � ezek M azon m elemei, melyekre
m0 ⊗Rm

1 = m⊗R 1 � illetve M koinvariánsait az alap bal L-bialgebroid kohatására � ezek
M azon m elemei, melyekre m0 ⊗L m1 = m ⊗L 1. A ([14℄ Corrigendum, Proposition 3)alapján, az el®bbi értelemben vett koinvariánsok koinvariánsok az utóbbi értelemben is; és akét koinvariáns fogalom egybeesik mindazon esetekben, amikor az antipód bijektív.1.51. Tétel ([14℄ Corrigendum, Theorem 6). Bármely, L és R algebrák fölötti H Hopf-algebroid esetén a H-komodulusokMH kategóriája monoidális; az alábbi diagram kommuta-tív; és a benne szerepl® (felejt®) funktorok szigorúan monoidálisak.

MH
GR //

GL

��

MHR

��
MHL //

LopMLop

∼= //
RMRHangsúlyozzuk, hogy � bár ellenpéldát nem ismerünk � tetsz®leges Hopf-algebroidok ese-tén nem bizonyított, hogy a fenti diagramban szerepl® GL és GR funktorok izomor�zmusok.Az ezt állító ([11℄ Theorem 3.1) bizonyításában az 1.39 Megjegyzésben leírt hiba található.A GL és GR funktorok izomor�zmusok bizonyos további feltevések mellett, például, ha Hlapos bal L-modulus és lapos bal R-modulus.Az 1.51 Tételre alapozva megfogalmazható a következ®.1.52. De�níió. Egy H Hopf-algebroid (jobb vagy bal) komodulus algebrái monoidok a(jobb vagy bal) H-komodulusok kategóriájában.

               dc_124_10



1.4. GALOIS-KITERJESZTÉSEK HOPF-ALGEBROID SZIMMETRIÁVAL 29Expliiten, ha H Hopf-algebroid L és R algebrák fölött, akkor egy jobb H-komodulusalgebra egy R-gy¶r¶, melynek R → H egysége és H ⊗R H → H szorzása H-komodulushomomor�zmusok. Egy H-komodulus algebra komodulus algebrája mindkét alap bialgebro-idnak.Ha A egy L és R algebrák fölötti H Hopf-algebroid jobb komodulus algebrája, akkor � akét alap bialgebroid kohatásának megfelel®en � két kanonikus Galois-leképezést tekinthetünk:
can

R
: A⊗BR

A→ A⊗R
R

H
R

, a′ ⊗BR
a 7→ a′a0 ⊗R a

1 és (1.10)
can

L
: A⊗BL

A→ A⊗L L
H

L
, a′ ⊗BL

a 7→ a′0a⊗L a
′
1,ahol BR az A koinvariánsainak részalgebráját jelöli az alap jobb R-bialgebroid kohatására,míg BL az A koinvariánsainak részalgebráját jelöli az alap bal L-bialgebroid kohatására.Ha H antipódja bijektív, akkor BR = BL; és can

R
pontosan akkor bijektív, ha can

Lbijektív. Azaz ebben az esetben egy jobb H-komodulus algebra A pontosan akkor Galois-kiterjesztése BR = BL-nek az alap jobb R-bialgebroiddal ha Galois-kiterjesztése az alap bal
L-bialgebroiddal.1.4.2. Egy Kreimer�Takeuhi-típusú tételKreimer és Takeuhi klasszikus 1.16 Tétele a következ®képpen általánosítható Hopf-algebro-idokra.1.53. Tétel ([11℄ Lemma 3.3 and Corollary 4.3). Tekintsünk egy H Hopf-algebroidot L és
R k-algebrák fölött, amiben a HR, R

H,
L
H és H

L
modulusok mindegyike végesen generáltprojektív és aminek az antipódja bijektív. Legyen A egy jobb H-komodulus algebra (amijelen esetben ugyanaz, mint bármelyik alap bialgebroid komodulus algebrája) és legyen Ba koinvariáns részalgebra (a jobb- vagy ekvivalens módon a bal alap bialgebroid kohatásáranézve). Ha (A ⊗ A)coH ∼= A ⊗ B (pl. mert A lapos k-modulus), akkor a következ® állításokekvivalensek.

• B → A Galois-kiterjesztés az alap jobb R-bialgebroiddal, azaz az (1.10)-ben de�niált
can

R
kanonikus leképezés bijektív;

• B → A Galois-kiterjesztés az alap bal L-bialgebroiddal azaz az (1.10)-ben de�niált can
Lkanonikus leképezés bijektív;

• can
R
szürjektív;

• can
L
szürjektív.A [11℄ munkában a fenti tétel egy sokkal általánosabb tételb®l (([68℄ Theorem 3.1) általá-nosításából) következik. Az 1.1.4 fejezetben látottakhoz hasonlóan, egy B jobb R-bialgebroid

A jobb komodulus algebrája meghatároz egy
ψ : B ⊗R A→ A⊗R B b⊗R a 7→ a0 ⊗R ba

1 (1.11)vegyes disztributív szabályt az A R-gy¶r¶ és a B R-kogy¶r¶ között (melyben 1 soportszer¶elem, azaz 11 ⊗R 12 = 1 ⊗R 1 és ε(1) = 1). Ha B az alap jobb bialgebroid egy Hopf-algebroidban, melynek antipódja bijektív, akkor a fenti ψ bijektív. Ha ráadásul ebben aHopf-algebroidban az összes fellép® R-modulus végesen generált projektív, akkor ezek amodulusok laposak is; továbbá B projektív mint akár bal, akár jobb B-komodulus (abbanaz értelemben, hogy a HomB(B,−) funktor a B-komodulusok kategóriájából a k-modulusokkategóriájába ®rzi az epimor�zmusokat), azaz ([11℄, Theorem 4.2) összes feltevése teljesül.
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30 1. FEJEZET. BEVEZETÉS1.4.3. Er®s és gyenge struktúra-tételek a Morita-elméletb®lHasonlóan az 1.1.3 fejezetben látottakhoz, ahogy azt [11℄ 5. fejezete tárgyalja, bármely Hjobb R-bialgebroid A jobb komodulus algebrája esetén tekinthetjük az ún. relatív Hopf-modulusok MH
A -val jelölt kategóriáját. Ezt úgy de�niáljuk, mint a jobb A modulusok kate-góriáját a jobb H-komodulusokMH kategóriájában (hiszen de�níió szerint, A egy monoid

MH -ban). Felhasználva azt az észrevételt, hogy A meghatároz egy vegyes disztributív sza-bályt (l. (1.11)),MH
A -ra tekinthetünk úgy is, mint egy A⊗RH A-kogy¶r¶ komodulusainakkategóriájára. Az A koinvariánsainak részalgebráját B-vel jelölve, tekinthetjük az

MB

(−)⊗BA//MH
A ⊣ MH

A

(−)coH

//MB (1.12)adjungált funktor párt. Ebben a szövegkörnyezetben az er®s és gyenge struktúra tételek ajobb adjungált h¶ teliségére; illetve ekvivalenia voltára vonatkozó feltételeket fogalmaznakmeg.HaH végesen generált projektív bal R-modulus, akkorMH
A izomorf az A⊗RH A-kogy¶r¶duálisaként adódó A-gy¶r¶ modulusainak kategóriájával. Ugyanúgy, mint a bialgebrák ese-tében, ez a duális gy¶r¶ most is A-nak és H bal R-duálisának, ∗H := RHom(H,R)-nak

∗H ⋉ A féldirekt szorzataként írható (mely most is egy alkalmas koszorú szorzat). Ebbenaz esetben tehát az er®s és gyenge struktúra-tételek visszavezethet®k a következ® Morita-összefüggés vizsgálatára. A két szerepl® algebra B illetve ∗H ⋉ A; a fellép® bimodulusokpedig A-n illetve (∗H ⋉ A)coH -n vannak de�niálva. Ez a Morita-összefüggés speiális ese-te azon Morita-összefüggéseknek, melyet Caenepeel és társai [28℄-ban soportszer¶ elemmelrendelkez® A-kogy¶r¶khöz rendeltek, azon feltevés mellett, hogy a kogy¶r¶ végesen generáltprojektív bal A-modulus. Szimmetrikusan kezelhetjük egy bal bialgebroid jobb komodulusalgebráit. A következ® gyenge struktúra-tételt úgy kapjuk, hogy a Morita-elmélet eredmé-nyeit kombináljuk azzal az el®z® fejezetben látott ténnyel, hogy az alap jobb- illetve balbialgebroiddal vett Galois-kiterjesztések egybeesnek azon Hopf-algebroidok esetén, melyek-nek antipódja bijektív s amelyekben az összes releváns modulus struktúra végesen generáltprojektív.1.54. Tétel. ([11℄ Theorem 5.4) Tekintsünk egy H Hopf-algebroidot L és R algebrák fölött,amiben a HR , R

H,
L
H és H

L
modulusok mindegyike végesen generált projektív és aminekaz antipódja bijektív. Legyen A egy jobb H-komodulus algebra (ami jelen esetben ugyanaz,mint bármelyik alap bialgebroid komodulus algebrája) és legyen B a koinvariáns részalgebra(a jobb- vagy ekvivalens módon a bal alap bialgebroid kohatására nézve). Ezen feltevésekmellett a következ® állítások ekvivalensek.

• B → A Galois-kiterjesztés az alap jobb bialgebroiddal;
• A projektív bal B-modulus és a kanonikus ∗H ⋉A→ BEnd(A) algebra anti-homomor-�zmus izomor�zmus;
• A generátor a jobb ∗H ⋉A-modulusok kategóriájában;
• (−)coH :MH

A →MB h¶ és teli;
• A (∗H ⋉A)coH ⊗B A→

∗H ⋉A Morita-leképezés szürjekió (így bijekió);
• B → A Galois-kiterjesztés az alap bal bialgebroiddal;
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1.4. GALOIS-KITERJESZTÉSEK HOPF-ALGEBROID SZIMMETRIÁVAL 31
• A projektív jobb B-modulus és a kanonikus ∗H ⋉ A → EndB(A) algebra anti-homo-mor�zmus izomor�zmus (ahol ∗H = LHom(H,L) az alap bal bialgebroid bal duálisa);
• A generátor a bal ∗H ⋉A-modulusok kategóriájában;
• (−)coH : AM

H → BM h¶ és teli (ahol AMH A bal modulusainak kategóriája a jobb
H-komodulusok kategóriájában);

• Az A⊗B (∗H ⋉A)coH → ∗H ⋉A Morita-leképezés szürjekió (így bijekió).Egy C R-kogy¶r¶ valamely M jobb komodulusát relatíve injektívnek mondjuk, ha mind-azon f : P → Q jobb komodulus homomor�zmusokra, amelyek felhasadó jobb R-modulusmonomor�zmusok, HomC(f,M) : HomC(Q,M) → HomC(P,M) szürjekió. Egyfel®l ([13℄,Proposition 4.1); másfel®l ([5℄ Proposition 3.4) szerint, az 1.54 Tételben tárgyalt Galois-kiterjesztésekben A pontosan akkor relatíve injektív jobb/bal komodulusa az alap jobb (vagybal) bialgebroidnak, ha a B → A beágyazás felhasadó jobb/bal B-modulus monomor�zmus,vagy ami evvel ekvivalens, A h¶en lapos jobb/bal B-modulus. ([5℄ Theorem 4.1) szerint, azantipód bijektivitásának köszönhet®en, A pontosan akkor relatíve injektív jobb komodulusha relatíve injektív bal komodulus. Mindezen észrevételeket ötvözve ([23℄ Theorem 5.6)-talilletve a Morita-elmélet eredményeivel, a következ® er®s struktúra-tételre jutunk.1.55. Tétel ([11℄ Proposition 5.5, [5℄ Proposition 4.2). Tekintsünk egy H Hopf-algebroidot
L és R algebrák fölött, amiben a HR, R

H,
L
H és H

L
modulusok mindegyike végesen generáltprojektív és aminek az antipódja bijektív. Legyen A egy jobb H-komodulus algebra (amijelen esetben ugyanaz, mint bármelyik alap bialgebroid komodulus algebrája) és legyen Ba koinvariáns részalgebra (a jobb- vagy ekvivalens módon a bal alap bialgebroid kohatásáranézve). Ezen feltevések mellett a következ® állítások ekvivalensek.

• B → A Galois-kiterjesztés az alap jobb (vagy bal) bialgebroiddal és A h¶en lapos bal
B-modulus;

• A projektív generátor a bal B-modulusok kategóriájában és a kanonikus ∗H ⋉ A →

BEnd(A) algebra anti-homomor�zmus izomor�zmus;
• (−)coH :MH

A →MB ekvivalenia;
• A B és ∗H ⋉A közötti Morita-összefüggés szigorú;
• B → A Galois-kiterjesztés az alap jobb (vagy bal) bialgebroiddal és A h¶en lapos jobb
B-modulus;

• A projektív generátor a jobb B-modulusok kategóriájában és egy és a kanonikus ∗H ⋉

A→ EndB(A) algebra anti-homomor�zmus izomor�zmus;
• (−)coH : AM

H → BM ekvivalenia;
• A B és ∗H ⋉A közötti Morita-összefüggés szigorú.
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32 1. FEJEZET. BEVEZETÉS1.5. Gyenge Hopf-algebrák Doi�Hopf-modulusaiHa R tetsz®leges algebra egy k kommutatív gy¶r¶ felett, akkor � mint láttuk � minden R-gy¶r¶ k-algebra is. Ugyanakkor egy R-kogy¶r¶ nem feltétlenül k-koalgebra, hasak R nemrendelkezik további tulajdonságokkal.Mint az 1.1.2 fejezetben felidéztük, R-et Frobenius-k-algebrának mondjuk, ha végesengenerált és projektív k-modulus, továbbá R és Hom(R, k) izomorfak mint (jobb vagy bal)
R-modulusok. Nem nehéz látni, hogy ez ekvivalens egy ψ ∈ Hom(R, k) ún. Frobenius-funkionál és egy ∑

i ei ⊗ fi ∈ R ⊗k R ún. duális bázis létezésével, melyek a ∑
i ψ(rei)fi =

r = eiψ(fir) egyenl®ségeknek tesznek eleget, R minden r elemére. Ebb®l következik, hogy∑
i rei⊗fi =

∑
i ei⊗fir, Rminden r elemére. Egy R Frobenius-algebra indexe a ∑

i eifi elem
R entrumában. Ha ez egyenl® R egység elemével, akkor bármely M és N R-bimodulusokesetén az M ⊗R N → M ⊗k N , m ⊗R n 7→ ∑

im.ei ⊗k fi.n R-bimodulus homomor�zmusaz M ⊗k N ։ M ⊗R N kanonikus epimor�zmus szelése. Eszerint R szeparábilis, hiszen az
R → R ⊗ R, r 7→ ∑

i rei ⊗ fi =
∑

i ei ⊗ fir R-bimodulus homomor�zmus a szorzás egyszelése.Ha B egy R-bialgebroid, ahol R 1 index¶ Frobenius-algebra k felett, akkor B k-algebraés k-koalgebra is. A bialgebroid B → B⊗RB koszorzását komponálva a B⊗RB  B⊗kBszeléssel nyerjük a koalgebrai koszorzást. A koegység szerepét a Frobenius-funkionál játssza.Az így nyert algebra és koalgebra struktúrák kielégítik a gyenge bialgebra axiómákat s®t,minden gyenge bialgebra el®áll ilyen módon egy 1 index¶ Frobenius-algebra fölötti bialgebro-idból. A gyenge Hopf-algebrák pontosan azok a H, L és R anti-izomorf 1 index¶ Frobenius-algebrák fölötti Hopf-algebroidok, melyekben a két alap (L- illetve R-) kogy¶r¶ ugyanazonkoalgebrából adódik a két H ⊗k H ։ H ⊗R H illetve H ⊗k H ։ H ⊗L H epimor�zmusszeléseinek segítségével.Ilyetén módon a gyenge bialgebrákra illetve gyenge Hopf-algebrákra vonatkozó eredmé-nyek egy része megkapható bialgebroidokra illetve Hopf-algebroidokra vonatkozó állításokspeiális eseteként. Történetileg azonban számos ilyen tétel korábban, függetlenül születettmeg. Vannak továbbá olyan, er®sebb tételek, melyek általánosítása tetsz®leges Hopf-algeb-roidokra nem lehetséges � vagy más esetekben legalábbis nem ismert.1.5.1. Gyenge Hopf-algebrákA gyenge Hopf-algebrák axiómáinak els® változata [18℄-ban jelent meg, a gyenge bialgebrákatpedig [59℄ említi el®ször. A struktúra részletes vizsgálata [17℄-ben található. A gyengejelz® arra utal, hogy a bialgebra axiómák közül a koszorzás és az egység kompatibilitásátmegkövetel® δ(1) = 1 ⊗ 1; valamint a szorzás és a koegység kompatibilitását megkövetel®
ε(ab) = ε(a)ε(b) axiómák gyengíttetnek.1.56. De�níió ([17℄ De�nition 2.1). Egy gyenge bialgebra (valamely k kommutatív gy¶-r¶ felett) egy k-modulus B, ellátva egy (η, µ) algebra struktúrával és egy (δ, ε) koalgebrastruktúrával, melyekre az alábbi diagramokkal megfogalmazott kompatibilitási feltételek tel-jesülnek (ahol tw : V ⊗W → W ⊗ V , v ⊗ w 7→ w ⊗ v a felserélést, azaz a k-modulusok
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1.5. GYENGE HOPF-ALGEBRÁK DOI�HOPF-MODULUSAI 33kategóriájának szimmetria operáióját jelöli).
B⊗2

δ⊗δ//

µ

��

B⊗4
Id⊗tw⊗Id// B⊗4

µ⊗µ

��
B

δ
// B⊗2

B⊗3

Id⊗δ⊗Id ��

Id⊗δ⊗Id//

µ2

((RRRR
RRRR B⊗4

µ⊗µ // B⊗2

ε⊗ε

��
B⊗4

Id⊗tw⊗Id ��
B

ε

((RRRRRRRRRR

B⊗4
µ⊗µ

// B⊗2
ε⊗ε

// k

k
η⊗η //

η⊗η

��

η
((RRRRRRRRRR B⊗2

δ⊗δ // B⊗4

Id⊗tw⊗Id��
B

δ2

((RRR
RRRRR B⊗4

Id⊗µ⊗Id��
B⊗2

δ⊗δ
// B⊗4

Id⊗µ⊗Id
// B⊗3Tetsz®leges B-beli a, b és c elemeken kiírva a gyenge bialgebra axiómák az alábbi alakotöltik.

(ab)1 ⊗ (ab)2 = a1b1 ⊗ a2b2

ε(ab1)ε(b2c) = ε(abc) = ε(ab2)ε(b1c) 11 ⊗ 1211′ ⊗ 12′ = 11 ⊗ 12 ⊗ 13 = 11 ⊗ 11′12 ⊗ 12′ ,ahol 11 ⊗ 12 = 11′ ⊗ 12′ a δ(1) B ⊗B-beli elem példányait jelöli.Vegyük észre, hogy a gyenge bialgebra axiómák önduálisak, azaz az ®ket reprezentálódiagramok összessége invariáns a nyilak megfordítására. Következésképpen, ha egy gyengebialgebra B végesen generált projektív k-modulus (azaz létezik duálisa a k-modulusok kate-góriájában) akkor a Hom(B, k) duális is gyenge bialgebra a transzponált struktúrával.Egy gyenge bialgebrában a (ko)szorzást az ellentettjére serélve ismét gyenge bialgebrátkapunk.1.57. Állítás. ([17℄ Proposition 2.4 and Proposition 2.11) Bármely B gyenge bialgebrábana
⊓L : B → B b 7→ ε(11b)12 és ⊓R : B → B b 7→ 11ε(b12)leképezések idempotensek; továbbá BL := ⊓L(B) és BR := ⊓R(B) (az ún. bal- illetvejobb részalgebrák) egymással kommutáló, anti-izomorf 1-index¶ (így szeparábilis) Frobenius-algebrák, melyekre δ(1) ∈ BR ⊗BL.1.58. Lemma ([17℄ page 391.). Bármely B gyenge bialgebrára a következ® állítások ekviva-lensek:

• B bialgebra;
• δ(1) = 1⊗ 1;
• ε(ab) = ε(a)ε(b), ∀a, b ∈ B;
• ⊓R(a) = ε(a)1, ∀a ∈ B;
• ⊓L(a) = ε(a)1, ∀a ∈ B.A 1.40 Tétel szerint minden B gyenge bialgebra meghatároz egy jobb bialgebroidot BRfölött és egy bal bialgebroidot BL fölött. A jobb bialgebroid BR⊗ (BR)op-gy¶r¶ struktúrájaa BR →֒ B és a (BR)op → B, r 7→ ε(r11)12 algebra homomor�zmusokkal adott. A koszor-zást a gyenge bialgebra B → B ⊗k B koszorzását a B ⊗k B ։ B

R
⊗R

R
B epimor�zmussal

               dc_124_10



34 1. FEJEZET. BEVEZETÉSkomponálva nyerjük a koegység pedig ⊓R. Szimmetrikusan, a bal bialgebroid BL ⊗ (BL)op-gy¶r¶ struktúrája a BL →֒ B és a (BL)op → B, l 7→ 11ε(12l) algebra homomor�zmusokkaladott. A koszorzást a gyenge bialgebra B → B ⊗k B koszorzását a B ⊗k B ։ B
L
⊗L L

Bepimor�zmussal komponálva nyerjük a koegység pedig ⊓L. Ebb®l a meg�gyelésb®l azonnalkövetkezik, hogy B jobb illetve bal modulusainak kategóriája monoidális a BR illetve BLfölötti modulus tenzor szorzás révén. (Mivel BL és BR 1 index¶ Frobenius-algebrák, a BRilletve BL fölötti modulus tenzor szorzat izomorf a k-modulus tenzor szorzat megfelel® ret-raktumával). Igazolható, hogy egy gyenge bialgebra (azaz alap koalgebrája) komodulusainakkategóriája izomorf a megfelel® (akár bal akár jobb) bialgebroid komodulusainak kategóriájá-val, így az is monoidális a megfelel® modulus tenzor szorzás révén (ami izomorf a k-modulustenzor szorzat megfelel® retraktumával).1.59. De�níió ([17℄ De�nition 2.1). Egy gyenge Hopf-algebra egy gyenge bialgebra H,ellátva egy H → H antipódnak nevezett lineáris leképezéssel, mely az alábbi diagramokkalmegfogalmazott axiómáknak tesz eleget.
H

δ //

⊓L

))RRRRRRRRRRRRRRRRRR H⊗2
Id⊗S // H⊗2

µ

��
H

H
δ //

⊓R

))RRRRRRRRRRRRRRRRRR H⊗2
S⊗Id // H⊗2

µ

��
H

H
δ2 //

S
))TTTTTTTTTTTTTTTTTTTT H⊗3

S⊗Id⊗S// H⊗3

µ2

��
HTetsz®leges h ∈ H elemen kiírva, a gyenge Hopf-algebra axiómák a következ®ek.

h1S(h2) = ε(11h)12 S(h1)h2 = 11ε(h12) S(h1)h2S(h3) = S(h).A gyenge Hopf-algebra axiómák önduálisak, így a végesen generált gyenge Hopf-algebrákduálisai is gyenge Hopf-algebrák a transzponált struktúrával.Egy gyenge Hopf-algebrában mind a szorzást mind a koszorzást az ellentettjére serélveismét gyenge Hopf-algebrát kapunk az eredeti antipóddal. Ha az antipód izomor�zmus,akkor vagy a szorzást vagy a koszorzást az ellentettjére serélve is gyenge Hopf-algebrátkapunk, ahol az antipód az eredeti antipód inverze.1.60. Állítás ([17℄ Lemma 2.8 and Theorem 2.10). Egy gyenge Hopf-algebra antipódja egy-értelm¶ (adott gyenge bialgebra esetén). Az antipód algebra anti-homomor�zmus és koalgebraanti-homomor�zmus. Egy test fölötti véges dimenziós gyenge Hopf-algebra antipódja bijektív.Bármely gyenge Hopf-algebra meghatároz egy Hopf-algebroidot a fent leírt bialgebroidstruktúrákkal a bal- illetve jobb részalgebrák fölött, a gyenge Hopf-algebrai antipóddal.1.61. Példa. Nyilvánvalóan, minden bialgebra gyenge bialgebra és minden Hopf-algebragyenge Hopf-algebra. Gyenge bialgebra (gyenge Hopf-algebra) továbbá bialgebrák (Hopf-algebrák) véges direkt összege. A bal- és a jobb részalgebrát a direkt összeadandók egységelemei feszítik ki.1.62. Példa. Bármely B gyenge bialgebrában a BR és BL részalgebrák által generált rész-algebra gyenge Hopf-algebra. A koalgebra struktúra B koalgebra struktúrájának megszo-rításával adódik, az antipód S(rl) := ε(r11)12ε(13l), ha r ∈ BR, l ∈ BL. Az 1.60 Állításszerint ezen S megszorításai BL → (BR)op illetve BR → (BL)op algebra izomor�zmusok.1.63. Példa. Legyen C egy kis kategória véges sok objektummal és legyen k egy kommutatívgy¶r¶. A C mor�zmusai által generált szabad k-modulus ellátható egy gyenge bialgebra
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1.5. GYENGE HOPF-ALGEBRÁK DOI�HOPF-MODULUSAI 35struktúrával. Két mor�zmus szorzatát a kompozíiójukként de�niáljuk, ha az utóbbi létezik,egyébként 0-ként, majd ezt a szorzás m¶veletet k-lineárisan kiterjesztjük. Az egység elem azidentitás mor�zmusok összege C összes objektumára. A koszorzást a mor�zmusokon az f 7→
f ⊗ f diagonális leképezésként de�niáljuk, majd ezt a m¶veletet k-lineárisan kiterjesztjük.A koegység értéke a mor�zmusokon 1, majd ezt a m¶veletet k-lineárisan kiterjesztjük. Abal- és a jobb részalgebrát az identitás mor�zmusok feszítik ki. Ha C grupoid (azaz mindenmor�zmus izomor�zmus), akkor a fenti gyenge bialgebra gyenge Hopf-algebra. Az antipódota mor�zmusokon az inverzként de�niáljuk, majd ezt a m¶veletet k-lineárisan kiterjesztjük.A fenti módon bármely n pozitív egész szám esetén az n × n-es k-beli elem¶ mátrixokalgebrája ellátható gyenge Hopf-algebra struktúrával. A mátrix egységeken a koszorzás adiagonális leképezés; az antipód a mátrix transzponálás. A bal- és a jobb részalgebrát adiagonális mátrixok alkotják.1.64. Példa ([17℄ Appendix). Bármely R 1 index¶ Frobenius-algebra esetén a B ⊗ Bopalgebra gyenge Hopf-algebra. A koszorzás az ∑

i ei ⊗ fi ∈ R ⊗ R duális bázis segítségévelde�niálható x ⊗ y 7→ ∑
i(x ⊗ ei) ⊗ (fi ⊗ y) módon. A koegység a ψ Frobenius-funkionálthasználva x⊗ y 7→ ψ(xy) alakú. Az antipód x⊗ y 7→∑

i y ⊗ eiψ(xfi).1.5.2. Gyenge Doi�Hopf-modulusokMint az 1.1.4 fejezetben láttuk, egy bialgebra különböz® Hopf- típusú modulusainak egységesleírása adható a Doi illetve Koppinen által bevezetett ún. Doi�Hopf-modulusok segítségével.Ezen fejezet � és az alapjául szolgáló [9℄ publikáió � élja egy analóg, a gyenge bialgebrákHopf-típusú modulusait egységesít® fogalom kidolgozása és vizsgálata. Az itt tárgyalt gyengeDoi�Hopf-modulusok inspirálták a vegyes disztributív szabályok (vagy összekulsoló struk-túrák) Caenepeel és De Groot nevéhez f¶z®d® �gyenge� általánosítását, aminek absztraktkategóriaelméleti megalapozása [12℄-ben található.Egy gyenge bialgebra jobb komodulus algebrája monoid a jobb komodulusok monoidáliskategóriájában. Expliiten, ez a következ®t jelenti.1.65. De�níió ([9℄ De�nition 2.1). Egy B gyenge bialgebra jobb komodulus algebrája egyalgebra A ellátva egy a 7→ a0⊗a1 jobb B komodulus struktúrával úgy, hogy minden a, a′ ∈ Aelemre
(aa′)0 ⊗ (aa′)1 = a0a

′
0 ⊗ a1a

′
1 10a⊗ 11 = a0 ⊗ ⊓

L(a1).Egy gyenge bialgebra jobb modulus koalgebrája komonoid a jobb modulusok monoidáliskategóriájában. Expliiten, ez a következ®t jelenti.1.66. De�níió ([9℄ De�nition 2.1). Egy B gyenge bialgebra jobb modulus koalgebrája egykoalgebra C ellátva egy jobb B modulus struktúrával úgy, hogy minden c ∈ C, b ∈ B elemre
(c.b)1 ⊗ (c.b)2 = c1.b1 ⊗ c2.b2 c. ⊓L (b) = ε(c1.b)c2.1.67. De�níió ([9℄ De�nition 2.2). (Jobb-jobb) gyenge Doi�Hopf-adatok alatt olyan (A,B,

C) hármasokat értünk, ahol B gyenge bialgebra, A jobb B-komodulus algebra és C jobb
B-modulus koalgebra.Elegend® jobb-jobb Doi�Hopf-adatokat bevezetnünk, hiszen a többi lehet®séget megkap-juk, ha a gyenge bialgebra (ko)szorzását az ellentettjére seréljük és az így adódó gyengebialgebra jobb-jobb Doi�Hopf-adatait tekintjük.Gyenge Doi�Hopf-adatokhoz hozzárendelhetjük a következ® modulus fogalmat.
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36 1. FEJEZET. BEVEZETÉS1.68. De�níió ([9℄ De�nition 3.1). Tekintsünk egy (A,B,C) gyenge Doi�Hopf-adatot.Ezen adatok gyenge Doi�Hopf-modulusain olyan M k-modulusokat értünk, melyek egy-szerre jobb A modulusok és jobb C-komodulusok és minden m ∈ M , a ∈ A elemre az
(m.a)0⊗(m.a)1 = m0.a0⊗m1.a1 egyenl®ség teljesül. Gyenge Doi�Hopf-modulusok mor�zmu-sai jobb A-modulus jobb C-komodulus homomor�zmusok. A gyenge Doi�Hopf-modulusokés mor�zmusaik kategóriájátMC

A-val jelöljük.1.69. Tétel ([9℄ Setion 3, Examples). Legyen B egy gyenge bialgebra.
• Ha A = B a reguláris B-komodulus algebra és C = BR a triviális B-modulus koalgebra(r 7→ r11 ⊗ S(12) ≡ 11 ⊗ S(12)r koszorzással, B koegységének megszorításával és az
r.b := ⊓R(rb) jobb B-hatással) akkor MC

A izomorf a jobb B-modulusok kategóriájával;
• Ha C = B a reguláris B-modulus koalgebra és A = BR a triviális B-komodulus algebra(az r 7→ 11⊗ r12 kohatással), akkorMC

A izomorf a jobb B-komodulusok kategóriájával;
• Ha C = B a reguláris B-modulus koalgebra és A = B a reguláris B-komodulus algebra,akkor MC

A izomorf B Hopf-modulusainak kategóriájával;
• Ha H egy gyenge Hopf-algebra, B = Hop ⊗H, C = H és A = H a

c.(h⊗ h′) := hch′ és a 7→ a2 ⊗ (S(a1)⊗ a3)hatással illetve kohatással, akkor MC
A izomorf H Yetter�Drinfel'd-modulusainak [56℄,[29℄ kategóriájával.A ([9℄ Proposition 3.3) szerint azMC

A →MA felejt® funktor jobb adjungált, azMC
A →

MC felejt® funktor pedig bal adjungált.1.70. Tétel ([9℄ Proposition 4.2). Ha egy (A,B,C) gyenge Doi�Hopf-adatban C végesengenerált projektív k-modulus, akkor található egy alkalmas algebra amelynek modulus kategó-riája izomorfMC
A-val.Ez a gyenge féldirekt szorzatnak nevezett algebra a következ®képpen konstruálható meg.

C koalgebra struktúrájának transzponálásával C∗ := Hom(C, k) algebra; és a C ⊗ B → Chatás transzponálásával C∗ bal B-modulus. A szokásos (a ⊗ φ)(b ⊗ ψ) := a0b ⊗ (a1.ψ)φféldirekt szorzás formula A⊗C∗-on asszoiatív szorzást de�niál. Ennek a szorzásnak azonbannins egység eleme, az 1 ⊗ ε elem entrális idempotens. Az általa generált ideál a keresettegység elemes asszoiatív algebra, C∗ és A ún. gyenge féldirekt szorzata. Ez A ⊗ C∗ k-modulus retraktuma és elemei 10a⊗ 11.φ alakúak, ahol a ∈ A, φ ∈ C∗.1.71. Tétel ([9℄ Setion 4 Examples and Appendix). Legyen B végesen generált projektívgyenge bialgebra.
• Ha A = B a reguláris B-komodulus algebra és C = BR a triviális B-modulus koalgebra(l. 1.69 Tétel), akkor C∗ és A gyenge féldirekt szorzata izomorf B-vel;
• Ha C = B a reguláris B-modulus koalgebra és A = BR a triviális B-komodulus algebra(l. 1.69 Tétel), akkor C∗ és A gyenge féldirekt szorzata izomorf B-duális algebrájával;
• Ha C = B a reguláris B-komodulus algebra és A = B a reguláris B-komodulus algebra,akkor C∗ és A gyenge féldirekt szorzata izomorf B Heisenberg-duplumával;
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1.6. A MONÁDOK GYENGE ELMÉLETE 37
• Ha H egy végesen generált projektív gyenge Hopf-algebra, B = Hop ⊗ H, C = Hés A = H az 1.69 Tételben látott hatással illetve kohatással, akkor C∗ és A gyengeféldirekt szorzata izomorf H Drinfel'd-duplumával.Mint azt az 1.1.4 fejezetben láttuk, a bialgebrákra vonatkozó hasonló konstrukiók illetveállítások szépen illeszkednek a vegyes disztributív szabályok általánosabb keretébe. Termé-szetesen merül fel a kérdés, beleilleszthet®k-e a fenti általánosítások valamilyen gyenge vegyesdisztributív szabályok, avagy gyenge összekulsoló struktúrák elméletébe. Ezen motiváiókalapján a következ® de�níiót Caenepeel és De Groot javasolták [25℄-ben.1.72. De�níió (Caenepeel and De Groot [25℄). Egy gyenge vegyes disztributív szabály avagygyenge összekulsoló struktúra áll egy A algebrából, egy C koalgebrából és egy ψ : C ⊗A→

A⊗ C k-modulus homomor�zmusból, melyre az alábbi diagramok kommutálnak.
C ⊗A⊗A

Id⊗µ//

ψ⊗Id
��

C ⊗A

ψ

��

A⊗ C ⊗A

Id⊗ψ
��

A⊗A⊗ C
µ⊗Id

// A⊗ C

C ⊗A
δ⊗Id//

ψ

��

C ⊗ C ⊗A

Id⊗ψ
��

C ⊗A⊗ C

ψ⊗Id
��

A⊗ C
Id⊗δ

// A⊗C ⊗ C

C
δ //

Id⊗η

��

C ⊗ C
Id⊗η⊗Id ��
C ⊗A⊗ C
ψ⊗Id ��
A⊗ C ⊗ C

Id⊗ε⊗Id ��
C ⊗A

ψ
// A⊗ C

C ⊗A
ψ //

Id⊗η⊗Id��

A⊗ C

Id⊗ε

��

C ⊗A⊗A
ψ⊗Id��

A⊗ C ⊗A
Id⊗ε⊗Id��

A⊗A µ
// AAz els® két diagram, mely ψ (ko)szorzással való kompatibilitását fejezi ki, ugyanaz, minta Bek féle vegyes disztributív szabály esetén. Csak a második két diagram gyengíttetett,mely ψ (ko)egységgel való kompatibilitását fejezi ki.Minden (A,B,C) gyenge Doi�Hopf-adat meghatároz egy (A,C,ψ) gyenge összekapsolóstruktúrát, ahol ψ(c⊗ a) = a0 ⊗ c.a1.A gyenge Doi�Hopf-modulusok kategóriáját általánosítva, gyenge összekulsoló struk-túrákhoz hozzárendelhet® összekulsolt modulusaik MC

A kategóriája. Igazolható, hogy a
MC

A → MA felejt® funktor jobb adjungált, a MC
A → M

C felejt® funktor pedig bal ad-jungált. Ha egy gyenge összekulsoló struktúrában C végesen generált projektív k-modulus,akkor MC
A izomorf egy, az A és C∗ := Hom(C, k) algebrák gyenge féldirekt szorzatakéntadódó algebra modulus kategóriájával. Mindennek az 1.1.4 fejezetben látotthoz hasonló,absztrakt kategóriaelméleti leírása sak mintegy tíz évvel kés®bb, [12℄-ben történt meg, l.1.6 fejezet.1.6. Gyenge Hopf-algebrákra épül® konstrukiók és a monádokgyenge elméleteE fejezet � és az alapjául szolgáló [12℄ munka � élja, hogy gyenge bialgebrákra épül®konstrukióknak � így az 1.5 fejezet de�níióinak � kategóriaelméleti megalapozását adja.Kidolgozzuk a monádok 1.1.5 fejezetben megismert �formális elméletének� alkalmas általá-nosítását, amely olyanformán képes leírni ezeket a konstrukiókat, ahogy a klasszikus elméletleírta bialgebrai megfelel®iket, l. 1.1.5 fejezet.1.6.1. EMw(K) és a gyenge koszorú szorzatAz 1.1.5 fejezetben bialgebrák modulus algebráinak és modulus koalgebrái duálisának fél-direkt szorzatát mint koszorú szorzatot írtuk le � azaz megmutattuk, hogy egy EM(Bim)-
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38 1. FEJEZET. BEVEZETÉSmel jelölt bikategória monádjából származtatható. A következ®kben a féldirekt szorzat 1.5fejezetben szerepl® gyenge általánosításának hasonló szellem¶ leírását adjuk.Legyen K egy tetsz®leges bikategória. Rendeljük hozzá a következ®, EMw(K)-val jelöltbikategóriát. A 0-ellák legyenek a monádok K-ban, l. (1.2). Az (A, t) → (A′, t′) 1-elláklegyenek x : A → A′ 1-ellák K-ban, ellátva egy ψ : t′x → xt K-beli 2-ellával, melyre(1.3) els® diagramja kommutatív. A második diagramot egyszer¶en vessük el. Hogy mégisbikategóriát kapjunk, ezt a 2-ellákra kirótt további feltétellel kompenzáljuk. Az (x, ψ) →
(y, φ) 2-ellák K-beli ̺ : x→ yt 2-ellák, melyekre az (1.4) diagram és

x
̺ //

̺

��

yt

yt
η′Id

// t′yt
φId

// ytt

Idµ

OO

kommutatív. Az EMw(K) bikategória lokálisan teli rész-bikategóriaként tartalmazza EM(K)-t. Vegyük észre, hogy a K-beli Idη : x → xt 2-ella nem 2-ella EMw(K)-ban. Az (x, ψ) →
(x, ψ) identitás 2-ella ψ.η′Id : x→ xt. Az (1.3) második diagramjának elvetése miatt

xt
η′Id // t′xt

ψId // xtt
Idµ // xtnem identitás 2-ella K-ban, de idempotens.Az EMw(K) bikategória monádjait hívhatjuk akár gyenge koszorúknak is.A monád fogalom általánosításaként tekintsük az alábbi de�níiót.1.73. De�níió ([12℄ De�nition 2.1). Egy pre-monád egy K bikategóriában egy t : A → A1-ella, ellátva η : IdA → t (pre-egység) és µ : tt→ t (szorzás) 2-ellákkal, melyekre az alábbidiagramok kommutatívak.

ttt
µId //

Idµ
��

tt

µ

��
tt µ

// t

t
ηId //

Idη
��

tt

µ

��
tt µ

// t

1A
ηη //

η
  A

A
A

A
A

A
A

A
tt

µ

��
t

tt
ηId //

µ
  B

B
B

B
B

B
B

B
ttt

µ2

��
tBármely pre-monádra a µ.tη : t → t 2-ella idempotens. Tegyük fel, hogy ez az idem-potens 2-ella felhasad, azaz létezik egy t̂ : A → A 1-ella valamint i : t̂ → t és p : t → t̂2-ellák, melyekre p.i = Id és i.p egyenl® a kérdéses idempotens 2-ellával. Ekkor t̂ monád

K-ban,
IdA

η // t
p // t̂ és t̂ t̂

ii // tt
µ // t

p // t̂egységgel illetve szorzással.1.74. Tétel ([12℄ Theorem 2.3). Tekintsünk egy K bikategóriát, egy (A, t) monádot és egy
s : A→ A 1-ellát K-ban. Bijektív kapsolat van az alábbi struktúrák között.
• ((A, t), (s, ψ)) alakú monádok EMw(K)-ban;
• (A, st) alakú pre-monádok K-ban, melyek Θ : stst→ st szorzására Θ.stsµ = sµ.Θt.Ha a fenti tételben az (A, st) pre-monád idempotens st → st 2-ellája felhasad, akkoraz ezáltal meghatározott (A, ŝt) retraktum monádot K-ban hívhatjuk t és s gyenge koszorúszorzatának.
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1.6. A MONÁDOK GYENGE ELMÉLETE 391.75. Példa. Legyen (A,B,C) egy jobb-jobb gyenge Doi�Hopf-adat. Ehhez hozzárendelhe-tünk egy ((k,A), (C∗, ψ)) monádot EMw(Bim)-ben, ahol
ψ : A⊗C∗ → C∗ ⊗A a⊗ φ 7→ φ(−a1)⊗ a0.A hozzátartozó pre-monád C∗ ⊗ A a (φ ⊗ a)(φ′ ⊗ a′) = φ′(−a1)φ ⊗ a0a

′ szorzással és az
ε(−11)⊗ 10 pre-egység elemmel. A

C∗ ⊗A→ C∗ ⊗A φ⊗ a 7→ φ(−11)⊗ 10aidempotens leképezés felhasad, így képe egység elemes és asszoiatív algebra, mely (a tenzorfaktorok felserélése révén) izomorf C∗ és A gyenge féldirekt szorzatával, l. 1.5 fejezet.További példaként a gyenge Hopf-algebrákkal [65℄-ben vett kereszt szorzatok is gyen-ge koszorú szorzatok. A gyenge koszorú szorzat fenti konstrukiója egybeesik a [40℄-ben(bármiféle kategória elméleti megfontolásra való hivatkozás nélkül) javasolt gyenge keresztszorzattal.Tekintsünk egy K bikategóriát, amelyben minden idempotens 2-ella felhasad, és amely-ben léteznek a monádok Eilenberg�Moore-objektumai (azaz a K → Mnd(K) diagonális bi-funktornak van egy R jobb adjungáltja, l. 1.1.5 fejezet). Ezen feltevések mellett konstruál-ható egy Jw : EMw(K)→ K pszeudo-funktor, l. ([12℄ Theorem 3.5). (�Pszeudo� volta annyittesz, hogy a horizontális kompozíiót nem szigorúan, sak koherens izomor�zmusok erejéig®rzi). A 0-ellákon (monádokon) legyen Jw(A, t) := R(A, t) = At a szokásos Eilenberg�Moore-objektum. Egy (x, ψ) : (A, t) → (A′, t′) 1-ella esetén, az 1.23 Tételben bevezetett
f ⊣ v : At → A adjunkió és annak ǫ koegysége segítségével tekintsük az

xv
η′Id // t′xv

ψ // xtv
Idǫ // xv (1.13)idempotens 2-ellát K-ban. Feltevésünk szerint ez felhasad, azaz létezik egy p : xv → x̂ epi2-ella i : x̂→ xv szeléssel úgy, hogy i.p egyenl® az (1.13) idempotens 2-ellával. Nem nehézlátni, hogy (x̂, ψ̂ := p.Idǫ.ψId.Idi) : (At, Id)→ (A′, t′) 1-ella Mnd(K)-ban. Így értelmezhet®

Jw(x, ψ) := R(x̂, ψ̂). Hasonlóan, egy ̺ : (x, ψ)→ (y, φ) 2-ellára
̺̂ := ( x̂

i // xv
̺Id // ytv Idǫ // yv

p // ŷ ) : (x̂, ψ̂)→ (ŷ, φ̂)2-ella Mnd(K)-ban, így értelmezhet® Jw(̺) := R(̺̂). Jegyezzük meg, hogy Jw konstrukió-jához idempotens 2-ellák felhasadását használtuk. A felhasadás azonban sak izomor�zmuserejéig egyértelm¶, így Jw sak pszeudo-természetes izomor�zmus erejéig egyértelm¶. Ugyan-sak a felhasadás nem egyértelm¶ségéb®l következik, hogy általában Jw sak pszeudo-funktor(nem bifunktor).Az alábbi diagram balról jobbra mutató nyilai rendre a diagonális bifunktort; a 0- és1-ellákon identitásként ható és egy ω 2-ellát Idη.ω-ba viv® bifunktort; illetve a nyilvánvalóbeágyazást jelölik. A J bifunktor Jw megszorítása. Az R, J és Jw bifunktorok mindegyikejobb biadjungált, ahogy az ábra mutatja.
K

⊥
// Mnd(K) //

R

ee EM(K) //

J⊥

dd EMw(K)

Jw
⊥

dd
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40 1. FEJEZET. BEVEZETÉS1.6.2. Gyenge felhúzásMivel (x, ψ) : (A, t) → (A′, t′) EMw(K)-beli 1-ellák esetén Idη : x → xt nem 2-ella
EMw(K)-ban, nem természetes kérdés felvetés, hogy mely ω K-beli 2-ellákra lesz Idη.ω2-ella EMw(K)-ban. Ehelyett megkérdezhetjük, hogy mely ω esetén lesz

x
η′Id // t′x

ψ // xt
ωId // yt illetve x

ω // y
η′Id // t′y

φ // yt

(x, ψ)→ (y, φ) 2-ella EMw(K)-ban. A válasz az, hogy pontosan akkor, ha a
t′x

ψ //

Idη′Id ��

xt
ωId // yt

t′t′x
Idψ ��
t′xt

IdωId
// t′yt

φId
// ytt

Idµ

OO illetve t′x
Idω //

ψ ��

t′y
φ // yt

xt
ωId ��
yt

η′Id
// t′yt

φId
// ytt

Idµ

OO (1.14)
diagram kommutatív. Ha (x, ψ) 1-ella EM(K)-ban (azaz kompatibilis a monádok egységével(1.3) második diagramjának értelmében), akkor az (1.14)-beli els® diagram redukálódik (1.5)-té, ha (y, φ) 1-ella EM(K)-ban akkor az (1.14)-beli második diagram redukálódik (1.5)-té.Tetsz®leges (x, ψ) és (y, φ) EMw(K)-beli 1-ellák esetén a két (1.14)-beli diagram szimultánkommutativitása ekvivalens (1.5)-tel.Vezessük be a következ® két, Mndi(K)-val illetve Mndp(K)-val jelölt bikategóriát. A 0-ellák és 1-ellák mindkett®ben legyenek ugyanazok, mint EMw(K)-ban. Az (x, ψ)→ (y, φ)2-ellák Mndi(K)-ban illetve Mndp(K)-ban legyenek ω : x→ y K-beli 2-ellák, amikre (1.14)els® illetve második diagramja kommutatív. Ellen®rizhet®, hogy ezek bikategóriák és vannak
Gi : Mndi(K) → EMw(K) ← Mndp(K) : Gp bifunktorok, melyek identitás leképezéskénthatnak a 0-ellákon és az 1-ellákon, egy ω 2-ellát pedig ωId.ψ.η′Id-be illetve φ.η′Id.ω-bavisznek. Ezek a bikategóriák fontos szerepet játszanak az alábbi gyenge felhúzás problémá-ban.1.76. De�níió ([12℄ De�nition 4.1). Legyen K egy bikategória, melyben léteznek a moná-dok Eilenberg�Moore-objektumai. Legyen adott K-ban egy (A, t) és egy (B, s) monád. Egy
x : At → Bs 1-ellát az x : A→ B 1-ella gyenge felhúzásának mondjuk, ha léteznek

At
x //

v

��
⇓i

Bs

v

��
A x

// B

és At
x //

v

��
⇑p

Bs

v

��
A x

// B2-ellák, melyekre p.i = Id.Egy 2-ella gyenge felhúzásait kétféle értelemben de�niálhatjuk.1.77. De�níió ([12℄ De�nition 4.2). Legyen K egy bikategória, melyben léteznek a mo-nádok Eilenberg�Moore-objektumai. Legyen adott K-ban egy (A, t) és egy (B, s) monádtovábbá x, y : A → B 1-ellák x, y : At → Bs gyenge felhúzásokkal. Egy ω : x → y 2-ellátaz ω : x→ y 2-ella i-felhúzásának mondunk ha az alábbi els® (K-beli 2-ellákra vonatkozó)diagram kommutatív. ω az ω p-felhúzása ha az alábbi második diagram kommutatív.
vx

i //

Idω
��

xv

ω Id

��
vy

i
// yv

vx oo p

Idω
��

xv

ω Id

��
vy oo

p
yv

               dc_124_10



1.6. A MONÁDOK GYENGE ELMÉLETE 41Ha egy K bikategóriában léteznek a monádok Eilenberg�Moore objektumai, akkor adott
(A, t) és (B, s) K-beli monádokra tekinthetjük az alábbi Lifti((A, t), (B, s))-vel illetve
Liftp((A, t), (B, s))-vel jelölt kategóriákat. Mindkét kategória objektumai legyenek (x : A→
B,x : At → Bs, i : vx → xv, p : xv → vx) négyesek, ahol p.i = Id (így x az x gyengefelhúzása). Az (x, x, i, p) → (x′, x′, i′, p′) mor�zmusok legyenek (ω : X → x′, ω : x → x′)párok, ahol ω az ω i-felhúzása illetve p-felhúzása.1.78. Tétel ([12℄ Theorem 4.4). Legyen K egy bikategória, melyben léteznek a monádokEilenberg�Moore-objektumai és melyben minden idempotens 2-ella felhasad. Bármely (A, t)és (B, s) monádokra K-ban az alábbi kategóriák ekvivalensek.
• Lifti((A, t), (B, s)) és Mndi(K)((A, t), (B, s));
• Liftp((A, t), (B, s)) és Mndp(K)((A, t), (B, s)).Ha ω : (x, ψ) → (x′, ψ′) mor�zmus (mondjuk) Mndi(K)((A, t), (B, s))-ben, akkor a fentiekvivalenia általi képe az (ω, JwGi(ω)) : (x, JwGi(x, ψ), i, p) → (x′, JwGi(x′, ψ′), i′, p′) mor-�zmus Lifti((A, t), (B, s))-ben, ahol i és p (i′ és p′) a Jw konstrukiójához használt 2-ellák

K-ban. A fenti tételben látható ekvivaleniák általában nem izomor�zmusok (szemben az1.25 Tétellel), mivel idempotens mor�zmusok felhasadása sak izomor�zmus erejéig egyér-telm¶.1.79. Példa. Bármely B gyenge bialgebráraMB monoidális struktúrája gyenge felhúzássaladódik. Míg a monoidális szorzásMk monoidális szorzásának (mint ⊗ :Mk ×Mk →Mkfunktornak) a gyenge felhúzása, a monoidális egység nemMk monoidális egységének, hanema B : 1→Mk funktornak a gyenge felhúzása, ahol 1 a terminális kategóriát jelöli, melynekegyetlen objektuma van és egyetlen mor�zmusa ennek identitása. Rajzban tehát, léteznek
MB ×MB

⊗ //

v×v

��
⇓i⇑p

MB

v

��
Mk ×Mk ⊗

//Mk

1
B //

⇓i⇑p

MB

v

��
1

B
//Mktermészetes transzformáiók, melyek segítségével az MB monoidális kategória kohereniatermészetes izomor�zmusai a rajz szerinti i-felhúzással adódnak.

MB ×MB ×MB

v×v×v

��

⊗(⊗×Id)

))

⊗(Id×⊗)

55⇓∼= MB

v

��
Mk ×Mk ×Mk

⊗(⊗×Id)

((

⊗(Id×⊗)

66⇓∼= Mk

MB

v

��

⊗(B×Id)

⇓∼=
((

⊗(Id×B)

⇑∼=
66Id //MB

v

��
Mk

⊗(B×Id)

⇓ε×Id ''

⊗(Id×B)

⇑Id×ε
77Id //MkA fenti ábrákon v :MB →Mk a felejt® funktort jelöli, l. 1.24 Példa.Az állítás megfordításához, azaz ahhoz a következtetéshez, hogy valamely adott B algebrarendelkezik gyenge bialgebra struktúrával, nem elég feltenni, hogyMB monoidális valamelygyenge felhúzással adódó monoidális struktúrával � ráadásul a gyenge felhúzásért felel®s

Mndi(Cat)-beli 1-ellák alakjára is feltevést kell tenni, l. 1.84 és 1.85 Tétel.

               dc_124_10



42 1. FEJEZET. BEVEZETÉS1.80. Példa. Tekintsünk egy A algebrát és egy C koalgebrát valamely k kommutatív gy¶r¶fölött, és közöttük egy ψ : C ⊗A→ A⊗C gyenge vegyes disztributív szabályt Bim-ben. Ezugyanaz, mint egy (−)⊗ψ gyenge vegyes disztributív szabály Cat-ban a (Mk, (−)⊗A) monádés a (Mk, (−)⊗C) komonád között. Ezen feltevések mellett a (Mk, (−)⊗C) komonádnaklétezik i-felhúzásaMA-ra. Rajzban, léteznek
MA

(−)⊗C∼=(−)⊗A(A⊗C)//

v

��
⇓i⇑p

MA

v

��
Mk

(−)⊗C
//Mktermészetes transzformáiók (vagy ami ugyanaz, A⊗C ։ A⊗ C és A⊗ C  A⊗C bal A-modulus homomor�zmusok), melyek segítségével a gyengén felhúzott (MA, (−)⊗A (A⊗ C))komonád koszorzása és koegysége a rajz szerinti i-felhúzással adódik.

MA

(−)⊗
A

(A⊗C)

⇓

(−)⊗
A

(A⊗δ)

))

(−)⊗
A

(A⊗C)⊗
A

(A⊗C)

55

v

��

MA

v

��
Mk

(−)⊗C

))

(−)⊗C⊗C

55⇓(−)⊗δ Mk

MA

(−)⊗
A

(A⊗C)

⇓

(−)⊗
A

(A⊗ε)

))

(−)⊗
A

A

55

v

��

MA

v

��
Mk

(−)⊗C

))

Id

55⇓(−)⊗ε MkTöbb is igaz, ([12℄ Proposition 5.7) szerint egy A algebra, egy C koalgebra és egy ψ :
C ⊗ A → A ⊗ C lineáris leképezés pontosan akkor alkotnak gyenge vegyes disztributívszabályt Bim-ben, ha ψ az (Mk, (−) ⊗ C) komonád i-felhúzását indukálja MA-ra a fentiértelemben � azaz ((k,A), (C,ψ)) komonád Mndi(Bim)-ben � és az (Mk, (−)⊗A) monád p-felhúzását indukáljaMC -re a duális értelemben � azaz ((k,C), (A,ψ)) monád Mndi(Bim∗)∗-ben, ahol (−)∗ az ellentett vertikális kompozíiójú bikategóriát jelöli. Ebben az esetben agyengén felhúzott monád és komonád Eilenberg�Moore-kategóriái izomorfak [16℄ szerint ésvisszaadják a Caenepeel és De Groot által bevezetett összekulsolt modulusok kategóriáját,l. 1.5 fejezet.Vegyes disztributív szabályok más általánosításait � a Caenepeel és Janssen által [26℄-ban bevezetett pariális- illetve lax összekulsoló struktúrákat � ([12℄ Setion 5) vizsgálja agyenge felhúzások néz®pontjából.1.7. Gyenge bimonádokMint az 1.1.1 fejezetben felidéztük, a bialgebrák jellemzhet®k, mint pontosan azok a B k-algebrák, melyek modulusainak kategóriája (azaz az (Mk, (−)⊗B) monád Eilenberg�Moore-kategóriája) monoidális úgy, hogy a felejt® funktor a k-modulusok kategóriájába szigorúanmonoidális Ezen a leíráson alapszik a bialgebrák Moerdijk által [53℄-ban javasolt általáno-sítása, melyet ® eredetileg �Hopf-monádnak� hívott, de amelyre azóta inkább a kifejez®bb�bimonád� név használatos.A monádok (e fejezetben konkrétan a Cat 2-kategóriában) az algebrák természetes ál-talánosításai. De�níió szerint, egy monád (Cat-ban) egy hármas, mely áll egy T : C → C
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1.7. GYENGE BIMONÁDOK 43funktorból, egy m : T 2 → T és egy u : Id → T természetes transzformáióból, melyek aszokásos asszoiativitás és egység feltételeknek tesznek eleget. Egy T monádhoz hozzáren-delhetjük az ún. Eilenberg�Moore kategóriáját (l. 1.21 Példa).Moerdijk de�níiója szerint egy bimonád egy monád valamely monoidális kategórián,ellátva mindazon struktúrákkal, melyek ekvivalensek e monád Eilenberg�Moore-kategóriájá-nak monoidalitásával úgy, hogy az alap kategóriába men® felejt® funktor szigorún monoidá-lis. (Eszerint egy B jobb R-bialgebroid is meghatároz egy (−) ⊗Rop⊗R B bimonádot az R-bimodulusok kategóriáján.) Mint MCrudden [52℄-ben megmutatta, egy bimonád ugyanaz,mint egy monád a Monoidális Kategóriák; Opmonoidális Funktorok; Opmonoidális Termé-szetes Transzformáiók 2-kategóriájában.Természetesen felvet®dik a kérdés, mi a bialgebrák két különböz® irányú általánosítását� a bimonádokat és a gyenge bialgebrákat � egyaránt általánosító fogalom. E kérdés megvá-laszolását t¶zte ki éljául Steve Lakkal Ross Streettel közös [15℄ munkánk.1.7.1. Az axiómák és gyenge bimonádok Eilenberg�Moore-kategóriáiSzlahányi [71℄ munkájából ismert, hogy a gyenge bialgebrák jellemzhet®k, mint pontosanazok a k-algebrák, melyek modulusainak kategóriája monoidális, és a felejt® funktor a k-modulusok kategóriájába rendelkezik a következ®, ún. szeparábilis Frobenius-szerkezettel.1.81. De�níió (Szlahányi [71℄). Tekintsünk egy F funktort az (N ,⊠, R) monoidális kate-góriából az (M,⊗, K) monoidális kategóriába. Azt mondjuk, hogy F szeparábilis Frobeniusszerkezet¶, ha el van látva egy pX,Y : FX ⊗ FY → F (X ⊠ Y ), p0 : K → FR monoidálisstruktúrával és egy iX,Y : F (X ⊠ Y )→ FX ⊗ FY , i0 : FR→ K opmonoidális struktúrávalúgy, hogy N minden X,Y,Z objektumára a következ® diagramok kommutatívak.
FX ⊗ F (Y ⊠ Z)

Id⊗iY,Z//

pX,Y ⊠Z

��

FX ⊗ FY ⊗ FZ

pX,Y ⊗Id

��
F (X ⊠ Y ⊠ Z)

iX⊠Y,Z

// F (X ⊠ Y )⊗ FZ

F (X ⊠ Y )⊗ FZ
iX,Y ⊗Id

//

pX⊠Y,Z

��

FX ⊗ FY ⊗ FZ

Id⊗pY,Z

��
F (X ⊠ Y ⊠ Z)

iX,Y ⊠Z

// FX ⊗ F (Y ⊠ Z)

FX ⊗ FY
pX,Y

))TTTTTTTT

F (X ⊠ Y )

iX,Y 55jjjjjjjj

F (X ⊠ Y )Szigorúan monoidális funktorok nyilvánvalóan rendelkeznek szeparábilis Frobenius-szerkezettel.A következ® de�níió tehát általánosítja mind a bimonádokat, mind a gyenge Hopf-algebrákat.1.82. De�níió ([15℄ De�nition 1.3). Egy gyenge bimonád alatt egy T monádot értünkvalamely (M,⊗,K) monoidális kategórián, ellátva mindazon struktúrákkal, melyek ekviva-lensek az MT Eilenberg�Moore-kategória monoidalitásával úgy, hogy az MT → M felejt®funktor rendelkezik szeparábilis Frobenius-szerkezettel.A fenti világos jelentés¶, ámde meglehet®sen impliit de�níió aprópénzre váltható, haráadásul az M monoidális kategória Cauhy-teljes, azaz idempotens mor�zmusai felhasad-nak. Ez azt jelenti, hogy minden olyan M-beli e : A → A mor�zmusra, melyre e2 = e,létezik egy Q objektum valamint p : A → Q és i : Q → A mor�zmusok M-ben, melyekre
pi = IdQ és ip = e.
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44 1. FEJEZET. BEVEZETÉS1.83. Tétel ([15℄ Theorem 1.5). Tekintsünk egy (T,m, u) monádot egy (M,⊗,K) Cauhy-teljes monoidális kategórián. Egy gyenge bimonád struktúra T -n pontosan ugyanaz, mint egy
(T, τ, τ0) opmonoidális struktúra, melyre az alábbi diagramok kommutatívak.

T 2(X ⊗ TK)
TτX,TK// T (TX ⊗ T 2K)

T (Id⊗mK)// T (TX ⊗ TK)
T (Id⊗τ0)// T 2X

mX

��
T (X ⊗ TK)

TuX⊗TK

OO

τX,TK

// TX ⊗ T 2K
Id⊗mK

// TX ⊗ TK
Id⊗τ0

// TX

T 2(TK ⊗X)
TτTK,X// T (T 2K ⊗ TX)

T (mK⊗Id)// T (TK ⊗ TX)
T (τ0⊗Id)// T 2X

mX

��
T (TK ⊗X)

TuTK⊗X

OO

τTK,X

// T 2K ⊗ TX
mK⊗Id

// TK ⊗ TX
τ0⊗Id

// TX

X ⊗ T (Y ⊗ Z)
Id⊗τY,Z// X ⊗ TY ⊗ TZ

uX⊗TY ⊗Id// T (X ⊗ TY )⊗ TZ
τX,TY ⊗Id

// TX ⊗ T 2Y ⊗ TZ

Id⊗mY ⊗Id

��
X ⊗ Y ⊗ Z

Id⊗uY ⊗Z

OO

uX⊗Y ⊗Z

// T (X ⊗ Y ⊗ Z)
τX⊗Y,Z

// T (X ⊗ Y )⊗ TZ
τX,Y ⊗Id

// TX ⊗ TY ⊗ TZ

T (X ⊗ Y )⊗ Z
τX,Y ⊗Id

// TX ⊗ TY ⊗ Z
Id⊗uTY ⊗Z// TX ⊗ T (TY ⊗ Z)

Id⊗τTY,Z// TX ⊗ T 2Y ⊗ TZ

Id⊗mY ⊗Id

��
X ⊗ Y ⊗ Z

uX⊗Y ⊗Id

OO

uX⊗Y ⊗Z

// T (X ⊗ Y ⊗ Z)
τX⊗Y,Z

// T (X ⊗ Y )⊗ TZ
τX,Y ⊗Id

// TX ⊗ TY ⊗ TZ

T 2(X ⊗ Y )
TτX,Y//

mX⊗Y

��

T (TX ⊗ TY )
τTX,TY // T 2X ⊗ T 2Y

mX⊗mY

��
T (X ⊗ Y )

τX,Y

// TX ⊗ TYA fenti tételben fellép® opmonoidális struktúra a gyenge bialgebra koalgebra struktúrájátáltalánosítja, az öt szerepl® diagram pedig rendre megfeleltethet® az 1.56 De�níióban látottöt diagramnak (vö. 1.88 Tétel).Egy gyenge bimonád Eilenberg�Moore-kategóriájának, és alap kategóriájának monoidálisstruktúrái közötti kapsolat megértése az alábbi tételen alapszik.1.84. Tétel ([15℄ Theorem 1.10). Legyen (T,m, u) egy monád valamely (M,⊗,K) monoidá-lis kategórián, melyben (T, τ, τ0) : (M,⊗,K) → (M,⊗,K) egy opmonoidális funktor. Ezenfeltevések mellett az 1.83 Tételben szerepl® diagramok pontosan akkor kommutatívak, ha azalábbiak teljesülnek.
• A K, mint a terminális kategóriából M-be men® funktor segítségével de�niált 1

K
→

M
T
→M funktor; és a

⊓ :=
(
TK

uTK // T 2K
τK,TK // TK ⊗ T 2K

Id⊗mK// TK ⊗ TK
Id⊗τ0 // TK

)természetes transzformáióból felépül® T 2K
mK→ TK

⊓
→ TK természetes transzformáió

(1, Id)→ (M, T ) 1-ellát alkotnak Mnd i(Cat)-ben;
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1.7. GYENGE BIMONÁDOK 45
• Az M×M ⊗

→ M funktor és a T (• ⊗ •)
τ
→ T (•) ⊗ T (•) természetes transzformáió

(M, T ) × (M, T )→ (M, T ) 1-ellát alkotnak Mnd i(Cat)-ben;
• Az

M×M
Id×T //

⇓ Id×τ0

M×M

⊗

��

M×M
T×Id //

⇓ τ0×Id

M×M

⊗

��
M

Id×K

OO

Id
//M M

K×Id

OO

Id
//Mtermészetes transzformáiók 2-ellák Mnd i(Cat)-ben;

• Az alábbi formulákkal de�niált ETX,TY és E(3)
TX,TY,TZ természetes transzformáiók

TX ⊗ TY
uTX⊗TY

// T (TX ⊗ TY )
τTX,TY

// T 2X ⊗ T 2Y
mX⊗mY

// TX ⊗ TY és
TX ⊗ TY ⊗ TZ

uTX⊗TY ⊗TZ

// T (TX ⊗ TY ⊗ TZ)
τ
(3)
TX,TY,TZ

// T 2X ⊗ T 2Y ⊗ T 2Z
mX⊗mY ⊗mZ

// TX ⊗ TY ⊗ TZ ,kommutatívvá teszik az alábbi diagramot,
TX ⊗ TY ⊗ TZ

ETX,TY ⊗Id
//

E
(3)
TX,TY,TZ

))SSSSSSSSSSSSSSSSSSSSS

Id⊗ETY,TZ

��

TX ⊗ TY ⊗ TZ

Id⊗ETY,TZ

��
TX ⊗ TY ⊗ TZ

ETX,TY ⊗Id
// TX ⊗ TY ⊗ TZ

M minden X,Y,Z objektumára.Ezt együtt alkalmazva az 1.78 Tétellel, a következ® igazolható.1.85. Tétel ([15℄ Proof of Proposition 1.11). Egy T gyenge bimonádra valamely (M,⊗,K)Cauhy-teljes monoidális kategórián a következ® állítások teljesülnek.
• MT monoidális egysége az 1

K
→M

T
→M funktor gyenge felhúzása;

• MT monoidális szorzásaM monoidális szorzásának gyenge felhúzása;
• MT asszoiátor izomor�zmusaM asszoiátor izomor�zmusának i-felhúzása;
• MT monoidális egységgel kapsolatos koherenia izomor�zmusai az 1.84 Tétel harma-dik pontjában szerepl® természetes transzformáiók i-felhúzásai.1.7.2. Gyenge bimonádok mint bimonádokAhogy a gyenge bialgebrák speiális bialgebroidok, sejthet®, hogy a gyenge bimonádok ismegkaphatók, mint speiális bimonádok. Ebben a fejezetben ([15℄ Setion 2) alapján átte-kintjük, hogy sakugyan, a gyenge bimonádok kategóriája ekvivalens bimonádok egy alkal-mas kategóriájával.
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46 1. FEJEZET. BEVEZETÉS1.86. De�níió ([15℄ De�nition 2.6). Egy M monoidális kategórián értelmezett gyengebimonádok közötti mor�zmusokat úgy de�niáljuk, mint opmonoidális monád mor�zmuso-kat. Azaz mint g : T → T ′ természetes transzformáiókat, melyek opmonoidálisak abban azértelemben, hogy a
T (X ⊗ Y )

gX⊗Y //

τX,Y

��

T ′(X ⊗ Y )

τ ′
X,Y

��
TX ⊗ TY

gX⊗gY

// T ′X ⊗ T ′Y

TK
gK //

τ0

��

T ′K

τ ′0
��

K Kdiagramok kommutatívakM minden X és Y objektumára, és amelyek monád mor�zmusoka következ® kommutatív diagramok értelmében,M minden X objektumára.
T 2X

TgX //

mX

��

TT ′X
gT ′X // T ′2X

m′
X

��
TX gX

// T ′X

X

uX

��

X

u′
X

��
TX gX

// T ′X .A gyenge bimonádokM-en, mint objektumok, és mor�zmusaik, mint nyilak, egy Wbm(M)-mel jelölt kategóriát alkotnak, amiben a bimonádok kategóriája teljes részkategória.Azt mondjuk, hogy egy (R,µ, η) monoid valamely (M,⊗,K) monoidális kategóriábanrendelkezik a Frobenius-tulajdonsággal, ha a felejt® funktor az R-modulusok kategóriájából
M-be olyan, hogy jobb és bal adjungáltja megegyezik. Ez ekvivalens azzal, hogy létezik egy
(R, δ, ε) komonoid isM-ben és a következ® diagram kommutatív.

R⊗R
δ⊗Id //

Id⊗δ

��

µ

&&MM
M

M
M

M
M

M
R⊗R⊗R

Id⊗µ

��

R
δ

&&MM
M

M
M

M
M

M

R⊗R⊗R
µ⊗Id

// R⊗RSzeparábilis Frobenius-monoidról beszélünk, ha továbbá δ a µ szorzás szelése azaz µδ =
IdR. (A látszólag átfed® terminológia magyarázata az, hogy egy R monoid pontosan akkor(szeparábilis) Frobenius-tulajdonságú, ha a felejt® funktor az R-bimodulusok kategóriájából
M-be (szeparábilis) Frobenius-szerkezet¶.)Tekintsük a következ®, Sfbm(M)-mel jelölt kategóriát. Objektumai legyenek (R, T̃ ) pá-rok, ahol R szeparábilis Frobenius-monoidM-ben és T̃ bimonád az R bimodulusok kategó-riáján. Az (R, T̃ ) → (R′, T̃ ′) mor�zmusok legyenek (γ,Γ) párok, ahol γ : R → R′ monoidés komonoid izomor�zmus (így egy γ∗ izomor�zmust indukál az R-bimodulusok és az R′-bimodulusok monoidális kategóriája között) Γ pedig T̃ → γ∗T̃ γ∗−1 bimonád mor�zmus (az1.86 De�níió értelmében).1.87. Tétel ([15℄ Theorem 2.11). Bármely M Cauhy-teljes monoidális kategória esetén a
Wbm(M) és Sfbm(M) kategóriák ekvivalensek.
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1.7. GYENGE BIMONÁDOK 471.7.3. Gyenge bimonádok és gyenge bialgebrákA gyenge bialgebrák 1.56 De�níiója, illetve a gyenge Hopf-algebrák 1.59 De�níiója mindennehézség nélkül megismételhet® a k-modulusok kategóriája helyett tetsz®leges szimmetrikus,vagy akár fonott monoidális kategóriában, l. [62℄, [3℄.1.88. Tétel ([15℄ Theorem 3.1). Tekintsünk egy (B,µ, η) monoidot valamely (M,⊗,K, c)Cauhy-teljes fonott monoidális kategóriában. Bijektív kapsolat áll fent a következ® struk-túrák között.
• (B,µ, η, δ, ε) alakú gyenge bialgebrák M-ben;
• ((−) ⊗ B, (−) ⊗ µ, (−) ⊗ η, τ, τ0) alakú gyenge bimonádok M-en, melyekre az alábbidiagram kommutatív, M bármely X,Y objektumára.

X ⊗ Y ⊗B
Id⊗Id⊗τK,K//

τX,Y ))TTTTTTTTTTTTTTT
X ⊗ Y ⊗B ⊗B

Id⊗cY,B⊗Id

��
X ⊗B ⊗ Y ⊗B

(1.15)
Ha valamely B monoidra egy (M,⊗,K, c) Cauhy-teljes fonott monoidális kategóriábana (−)⊗B funktor gyenge bimonádM-en, akkor a természetesség miatt minden f : K → X,

g : K → Y , h : K → B mor�zmusra az alábbi diagram kommutatív.
K

f⊗g⊗h
**UUUUUUUUUUUU

h ��

f⊗g⊗h // X ⊗ Y ⊗B
Id⊗Id⊗τK,K// X ⊗ Y ⊗B ⊗B

Id⊗cY,B⊗Id

��

B
τK,K ��

X ⊗ Y ⊗B
τX,Y

++WWWWWWWWWWW

B ⊗B
f⊗Id⊗g⊗Id

// X ⊗B ⊗ Y ⊗BÍgy (1.15) teljesül, ha a K monoidális egység �köbös generátor� a következ® értelemben: Havalamely p, q : X ⊗ Y ⊗ Z → W M-beli mor�zmusokra p ◦ (f ⊗ g ⊗ h) = q ◦ (f ⊗ g ⊗ h)minden f : K → X, g : K → Y , h : K → Z mor�zmus esetén, akkor p = q.A monoidális egység �köbös generátor� például a k-modulusok szimmetrikus monoidáliskategóriájában. Így tehát a fenti tétel magában foglalja a k fölötti gyenge bialgebrák, mint
Mk-n értelmezett gyenge bimonádok leírását (l. Szlahányi [71℄).1.7.4. Gyenge Hopf-monádokEgy (M,⊗,K) monoidális kategóriát jobbról zártnak mondunk, haM minden X objektumá-ra a (−)⊗X :M→M funktor bal adjungált. Például, a k-modulusok kategóriája jobbrólzárt. Jobbról zárt továbbá egy B k-bialgebra modulusainak kategóriája is, és Shauenburg[66℄ észrevétele szerint, az MB → Mk felejt® funktor pontosan akkor kompatibilis a zártstruktúrákkal, ha B Hopf-algebra. Ezen az alapon kézenfekv® egy bimonádot egy jobbrólzárt monoidális kategórián jobb Hopf- monádnak mondani, ha Eilenberg�Moore-kategóriájais jobbról zárt úgy, hogy a felejt® funktor kompatibilis a zárt struktúrákkal.Lawvere (Shauenburg fenti észrevételénél általánosabb) tétele (l. [50℄) szerint egy jobbadjungált funktor (pl. a felejt® funktor) pontosan akkor kompatibilis a zárt struktúrákkal,ha az ún. Frobenius-reiproitás teljesül. Egy (T,m, u, τ, τ0) bimonád esetén ez azt jelenti,
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48 1. FEJEZET. BEVEZETÉShogy azMT →M felejt® funktor pontosan akkor kompatibilis a jobbról zárt struktúrákkal,ha a
canX,Y :=

(
T (TX ⊗ Y )

τTX,Y // T 2X ⊗ TY
mX⊗Id// TX ⊗ TY

) (1.16)kanonikus természetes transzformáió izomor�zmus. Bruguières és társai [22℄-ben azt a de-�níiót javasolták, hogy egy bimonádot egy tetsz®leges monoidális kategórián nevezzünkjobb Hopf-monádnak, ha (1.16) természetes izomor�zmus. Szimmetrikusan de�niálhatóakbal Hopf-monádok a T (X⊗TY )→ TX⊗TY kanonikus természetes transzformáió izomor-�zmus voltával.Az (1.16) természetes transzformáiót tekinthetjük egy gyenge bimonád esetén is. Egygyenge Hopf-algebra által indukált gyenge bimonádra azonban (1.16) nem természetes izo-mor�zmus, de természetes izomor�zmust indukál T (TX⊗Y ) és TX ⊗TY egy-egy alkalmasretraktuma között. A gyenge Hopf-monád de�níiójához az 1.84 Tételben látott ETX,TY :
TX ⊗ TY → TX ⊗ TY ; és egy, T -hez szintén kanonikusan rendelt (l. [15℄ (4.3)) FX,Y :
T (TX⊗Y )→ T (TX⊗Y ) idempotens természetes transzformáiót használunk.1.89. De�níió ([15℄ De�nition 4.1). Egy T gyenge bimonádot valamely (M,⊗,K) mono-idális kategórián gyenge jobb Hopf-monádnak mondunk, ha létezik egy χX,Y : TX ⊗ TY →
T (TX ⊗ Y ) természetes transzformáió, melyre

χX,YETX,TY = χX,Y = FX,Y χX,Y , χX,Y canX,Y = FX,Y , canX,Y χX,Y = ETX,TY ,

M bármelyX,Y objektuma esetén. Szimmetrikusan de�niáljuk a gyenge bal Hopf-monádokata T (X ⊗ TY )→ TX ⊗ TY kanonikus természetes transzformáió segítségével.E de�níió jogosságát igazolja a következ®.1.90. Tétel ([15℄ Theorem 4.2). Tekintsünk egy T gyenge bimonádot valamely (M,⊗,K)Cauhy-teljes monoidális kategórián, és az 1.87 Tétel szerint neki megfelel® T̃ bimonádot (egyszeparábilis Frobenius-monoid bimodulus kategóriáján). A következ® állítások ekvivalensek.
• T̃ jobb (ill. bal) Hopf-monád;
• T gyenge jobb (ill. bal) Hopf-monád.Legyen T egy gyenge jobb Hopf-monád valamely (M,⊗,K) Cauhy-teljes monoidáliskategórián és legyen R az 1.87 Tétel szerint hozzárendelt szeparábilis Frobenius-monoid. Haaz R-bimodulusok kategóriája jobbról zárt, akkor a fenti tétel szerintMT is jobbról zárt úgy,hogy a felejt® funktor az R-bimodulusok kategóriájába kompatibilis a zárt struktúrákkal.Ha M jobbról zárt, akkor az R-bimodulusok kategóriája is jobbról zárt (a megkívánt jobbadjungáltak alkalmas idempotens természetes transzformáiók felhasadásával adódnak).Végül, a remélt kapsolat bizonyítható gyenge Hopf-monádok és gyenge Hopf-algebrákközött.1.91. Tétel ([22℄ Theorems 4.6 and 4.8). Legyen B egy gyenge bialgebra valamely (M,⊗,K, c)Cauhy-teljes fonott monoidális kategóriában. Az indukált (−) ⊗ B funktor pontosan akkorgyenge jobb Hopf-monád, ha B gyenge Hopf-algebra. Továbbá (−)⊗B pontosan akkor gyengebal Hopf-monád is, ha a B gyenge Hopf-algebra antipódja invertálható.
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1.8. KVANTUM GRUPOIDOK ALKALMAZÁSAI 491.8. Kvantum grupoidok alkalmazásaiÉrtekezésem témájául munkásságom azon (részben társszerz®kkel írt) darabjait választottamki, melyek a Hopf-algebrákat általánosító algebrai struktúrák � gyenge Hopf-algebrák, illetvea még általánosabb Hopf-algebroidok � de�níiójának kimunkálásával, a struktúra vizsgála-tával, kategóriaelméleti megalapozásával illetve néhány elemi alkalmazásával foglalkoznak.Mondhatjuk, hogy mára e struktúrák (f®ként a speiálisabb gyenge Hopf-algebrák) al-kalmazási köre viszonylag széles. Faktorok b®vítésének leírására használták például Enok[37℄, David [35℄, Vallin [75℄, Nikshyh és Vainerman [58℄, Das és Kodiyalam [32℄. Frobenius-kiterjesztések szimmetriájaként használta Kadison és Nikshyh [44℄. Dupla grupoidokkal valókapsolatukat mutatták meg Andruskiewitsh és Natale [4℄, dinamikai kvantum soportokatírtak le velük Etingof és Nikshyh [38℄, általánosított Ka-Moody algebrákkal összefüggésbenmerültek föl Wu munkájában [79℄, Cartan mátrixokhoz rendelt gyenge Hopf-algebrákat Yang[74℄, bizonyos kvantum soportokhoz Aizawa és Isaa [1℄. A (dinamikai) Yang-Baxter egyen-let megoldására alkalmazta Etingof és Nikshyh [39℄, somó invariánsok konstrukiójáhozhasználta Nikshyh, Turaev és Vainerman [57℄.A matematika mellett ezek a struktúrák felléptek �zikai alkalmazásokban is. Peremeskonform térelméletek szimmetriájaként jelentek meg Coquereaux és társszerz®i [31℄, Behrend,Piere, Petkova és Zuber [8℄ ikkeiben. Rás modellekben bukkant fel Alekseev, Faddeev,Fröhlih és Shomerus [2℄ munkájában.[18℄ és [17℄ munkánk általánosításaként (kommutatív gy¶r¶k modulus kategóriája helyett)fonott monoidális kategóriákban de�niáltak és vizsgáltak gyenge Hopf-algebrákat Pastro ésStreet [62℄ illetve Alonso Álvárez és társai [3℄. A [9℄-beli gyenge Doi�Hopf-modulusok inspi-rálták Caenepeel és De Groot gyenge vegyes disztributív szabályát [25℄ és Wisbauer gyengekogy¶r¶jét [78℄.A Hopf-algebroidokat általánosító (megint egyszer kvantum grupoidnak nevezett) struk-túrát vezetett be Day és Street [34℄. Számos ikk tárgya a hatalmas Hopf-algebrai irodalomkülönböz® erdményeinek Hopf-algebroidokra (els®sorban gyenge Hopf-algebrákra) való álta-lánosítása, l. pl. [76℄. [10℄ kvázi-Frobenius- kiterjeztésekre vonatkozó eredményeit alkalmazta[41℄. A Hopf-algebroidok Galois-elméletének [11℄-ben megkezdett tanulmányozását folytatta[6℄, [14℄.A monádok gyenge elméletét kidolgozó [12℄ nyomán indult meg együttm¶ködésem aSydney-i kategóriaelméleti soporttal, Steve Lakkal és Ross Streettel. Ennek eredményeeddig két elkészült [15℄, [16℄ és további két folyamatban lév®, részben [12℄-re épül® munka.
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Abstract

Motivated by the study of depth 2 Frobenius extensions, we introduce a new notion of Hopf
algebroid. It is a 2-sided bialgebroid with a bijective antipode which connects the two, left and right
handed, structures. While all the interesting examples of the Hopf algebroid of J.H. Lu turn out to be
Hopf algebroids in the sense of this paper, there exist simple examples showing that our definition is
not a special case of Lu’s. Our Hopf algebroids, however, belong to the class of×L-Hopf algebras
proposed by P. Schauenburg. After discussing the axioms and some examples, we study the theory
of non-degenerate integrals in order to obtain duals of Hopf algebroids.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

There is a consensus in the literature that bialgebroids, invented by Takeuchi [24] as
×R-bialgebras, are the proper generalizations of bialgebras to non-commutative base rings
[5,13,17,20,21,25]. The situation of Hopf algebroids, i.e., bialgebroids with some sort
of antipode, is less understood. The antipode proposed by J.H. Lu [13] is burdened by
the need of a section for the canonical epimorphismA ⊗ A → A ⊗R A the precise role
of which remained unclear. The×R-Hopf algebras proposed by P. Schauenburg in [18]
have a clearcut categorical meaning. They are the bialgebroidsA over R such that the
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forgetful functorAM → RMR is not only strict monoidal, which is the condition forA

to be a bialgebroid overR, but preserves the closed structure as well. In this very general
quantum groupoid, however, antipode, as a mapA → A, does not exist.

Our proposal of an antipode, announced in [2], is based on the following simple
observation. The antipode of a Hopf algebraH is a bialgebra mapS :H → H

op
cop. The

opposite of a bialgebroidA, however, is not a bialgebroid in the same sense. In the
terminology of [8] there are left bialgebroids and right bialgebroids; corresponding to
whetherAM or MA is given a monoidal structure. This suggests that the existence of
antipode on a bialgebroid should be accompanied with a two-sided bialgebroid structure
and the antipode should swap the left and right handed structures. More explicit guesses
for what to take as a definition of the antipode can be obtained by studying depth 2
Frobenius extensions. In [8] it has been shown that for a depth 2 ring extensionN ⊂ M

the endomorphism ringA = EndN MN has a canonical left bialgebroid structure over the
centralizerR = CM(N). If N ⊂ M is also Frobenius and a Frobenius homomorphism
ψ :M → N is given, thenA has a right bialgebroid structure, too. There is a candidate
for the antipodeS :A → A as transposition w.r.t. the bilinear formm,m′ ∈ M 	→ ψ(mm′),
see (3.6). In fact, this definition ofS does not require the depth 2 property, so in this
example antipode exists prior to comultiplication. Assuming the extensionM/N is either
H-separable or Hopf–Galois, L. Kadison has shown [9,10] that the bialgebroidA or its
dualB = (M ⊗N M)N has an antipode in the sense of [13].

In a recent paper [7] B. Day and R. Street give a new characterization of bialgebroids in
the framework of symmetric monoidal autonomous bicategories. They also introduce a new
notion calledHopf bialgebroid. It is more restrictive than Schauenburg’s×R-Hopf algebra
since it requires star autonomy [1] rather than to be closed. We will show in Section 4.2 that
the categorical definition [7] of the Hopf bialgebroid is equivalent to our purely algebraic
Definition 4.1 ofHopf algebroid, apart from the tiny difference that we allowS2 to be
nontrivial on the base ring. This freedom can be adjusted to the Nakayama automorphism
of ψ in case of the Frobenius depth 2 extensions. It is a new feature of our Hopf algebroids,
compared to (weak) Hopf algebras, that the antipode is not unique. The various antipodes
on a given bialgebroid were shown to be in one-to-one correspondence with the generalized
characters (called twists) in [2].

It is encouraging that one can find ‘quantum groupoids’ in the literature that satisfy our
axioms. Such are the weak Hopf algebras with bijective antipode, the examples of Lu–
Hopf algebroids in [5], and the extended Hopf algebras in [11]. In particular, the Connes–
Moscivici algebra [6] is a Hopf algebroid it this sense. We also present an example which
is a Hopf algebroid in the sense of this paper but does not satisfy the axioms of [13]. This
proves that the two notions of Hopf algebroid—the one in the sense of this paper and the
one in the sense of [13]—are not equivalent. Until now we could neither prove nor exclude
by examples the possibility that the latter was a special case of the former.

The left and rightintegrals in Hopf algebra theory are introduced as the invariants of
the left and right regular module, respectively. In this analogy one can define left integrals
in a left bialgebroid and right integrals in a right bialgebroid. Since a Hopf algebroid has
both left and right bialgebroid structures both left and right integrals can be defined.

The properties of the integrals in a (weak) Hopf algebra over a fieldk carry information
about its algebraic structure. For example, the Maschke’s theorem [3,12] states that it is
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a semi-simple algebra if and only if it has a normalized integral. The Larson–Sweedler
theorem [12,26] implies that it is finite dimensional overk if and only if it has a non-
degenerate left (hence also a right) integral. In this case thek-dual also has a (weak) Hopf
algebra structure.

Therefore, in Section 5, we analyze the consequences of the existence of a non-
degenerate integral in a Hopf algebroid. We show that if there exists a non-degenerate
integral in a Hopf algebroidA over the baseL then the ring extensionL → A is
a Frobenius extension hence also finitely generated projective. We donot investigate,
however, the opposite implication, i.e., we do not study the question under what conditions
on the Hopf algebroid the existence of a non-degenerate integral follows.

If some of theL-module structures of a Hopf algebroid is finitely generated projective
then the corresponding dual can be equipped with a bialgebroid structure [8]. There is no
obvious way, however, how to equip it with an antipode in general. We show that in the case
of Hopf algebroids possessing a non-degenerate integral the dual bialgebroids are all (anti-)
isomorphic and they combine into a Hopf algebroid—depending on the choice of the non-
degenerate integral. Therefore, we do not associate a dual Hopf algebroid to a given Hopf
algebroid rather a dual isomorphism class to an isomorphism class of Hopf algebroids. The
well-knownk-dual of a finite (weak) Hopf algebraH over the commutative ringk turns
out to be the unique (distinguished) (weak) Hopf algebra in the dual isomorphism class of
the isomorphism class of the Hopf algebroidH .

The paper is organized as follows. In Section 2 we introduce some technical conventions
about bialgebroids that are used in this paper. Our motivating example, the Hopf algebroid
corresponding to a depth 2 Frobenius extension of rings is discussed in Section 3. In
Section 4 we give some equivalent definitions of Hopf algebroids. We prove that our
definition is equivalent to the one in [7] hence gives a special case of the one in [18].
In the final subsection of Section 4 we present a collection of examples. In Section 5 we
propose a theory of non-degenerate integrals as a tool for the definition of the dual Hopf
algebroid.

2. Preliminaries on bialgebroids

In this technical section we summarize our notations and the basic definitions of
bialgebroids that will be used later on. For more about bialgebroids we refer to the literature
[5,8,18,19,21,22,24].

Definition 2.1. A left bialgebroid (or Takeuchi×L-bialgebra)AL consists of the data
(A,L, sL, tL, γL,πL). TheA andL are associative unital rings, the total and base rings,
respectively. ThesL :L → A and tL :Lop → A are ring homomorphisms such that the
images ofL in A commute makingA anL-L-bimodule via

l · a · l′ := sL(l)tL(l′)a. (2.1)
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The bimodule (2.1) is denoted byLAL. The triple(LAL,γL,πL) is a comonoid inLML,
the category ofL-L-bimodules. Introducing the Sweedler’s notationγL(a) ≡ a(1) ⊗ a(2) ∈
A ⊗ LA the identities

a(1)tL(l) ⊗ a(2) = a(1) ⊗ a(2)sL(l), (2.2)

γL(1A) = 1A ⊗ 1A, (2.3)

γL(ab) = γL(a)γL(b), (2.4)

πL(1A) = 1L, (2.5)

πL

(
asL ◦ πL(b)

) = πL(ab) = πL

(
atL ◦ πL(b)

)
(2.6)

are required for alll ∈ L anda, b ∈ A. The requirement (2.4) makes sense in the view
of (2.2).

TheL actions of the bimoduleLAL in (2.1) are given by left multiplication. Using right
multiplication there exists anotherL-L-bimodule structure on the total ringA of a left
bialgebroidAL:

l · a · l′ := atL(l)sL(l′). (2.7)

ThisL-L-bimodule is calledLAL. This wayA carries four commuting actions ofL.
If AL = (A,L, sL, tL, γL,πL) is a left bialgebroid then so is its co-opposite:AL cop =

(A,Lop, tL, sL, γ
op
L ,πL). The oppositeAop

L = (Aop,L, tL, sL, γL,πL) has a different
structure that was introduced under the nameright bialgebroidin [8].

Definition 2.2. A right bialgebroidAR consists of the data(A,R, sR, tR, γR,πR). TheA

andR are associative unital rings, the total and base rings, respectively. ThesR :R → A and
tR :Rop → A are ring homomorphisms such that the images ofR in A commute makingA
anR-R-bimodule:

r · a · r ′ := asR(r ′)tR(r). (2.8)

The bimodule (2.8) is denoted byRAR. The triple(RAR,γR,πR) is a comonoid inRMR.
Introducing the Sweedler’s notationγR(a) ≡ a(1) ⊗ a(2) ∈ A ⊗ RA the identities

sR(r)a(1) ⊗ a(2) = a(1) ⊗ tR(r)a(2),

γR(1A) = 1A ⊗ 1A,

γR(ab) = γR(a)γR(b),

πR(1A) = 1R,

πR

(
sR ◦ πR(a)b

) = πR (ab) = πR

(
tR ◦ πR(a)b

)
are required for allr ∈ R anda, b ∈ A.
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For the right bialgebroidAR we introduce theR-R-bimoduleRAR via

r · a · r ′ := sR(r)tR(r ′)a. (2.9)

This wayA caries four commuting actions ofR.
Left (right) bialgebroids can be characterized by the property that the forgetful functor

AM → LML (MA → RMR) is strong monoidal [17,20].
It is natural to consider the homomorphisms of bialgebroids to be ring homomorphisms

preserving the comonoid structure. We do not want to make difference however between
bialgebroids over isomorphic base rings. This leads to the following.

Definition 2.3 [21]. A left bialgebroid homomorphismAL → A′
L is a pair of ring

homomorphisms(Φ : A → A′, φ : L → L′) such that

s′
L ◦ φ = Φ ◦ sL, t ′L ◦ φ = Φ ◦ tL,

π ′
L ◦ Φ = φ ◦ πL, γ ′

L ◦ Φ = (Φ ⊗ Φ) ◦ γL.

The last condition makes sense since by the first two conditionsΦ ⊗ Φ is a well-defined
mapA ⊗ LA → A ⊗ L′A.

The pair(Φ,φ) is an isomorphism of left bialgebroids if it is a bialgebroid homomor-
phism such that bothΦ andφ are bijective.

A right bialgebroid homomorphism (isomorphism)AR → A′
R is a left bialgebroid

homomorphism (isomorphism)(AR)op → (A′
R)op.

Let AL be a left bialgebroid. The equation (2.1) describes twoL-modulesAL andLA.
TheirL-duals are the additive groups ofL-module maps

A∗ := {φ∗ :AL → LL} and ∗A := {∗φ : LA → LL},

whereLL stands for the left regular andLL for the right regularL-module. BothA∗ and
∗A carry left A module structures via the transpose of the right regular action ofA. For
φ∗ ∈ A∗, ∗φ ∈ ∗A, anda, b ∈ A we have

(a ⇀ φ∗)(b) = φ∗(ba) and (a ⇁ ∗φ)(b) = ∗φ(ba).

Similarly, in the case of a right bialgebroidAR—denoting the left and right regularR-mo-
dules byRR andRR , respectively—the twoR-dual additive groups

A∗ := {
φ∗ :AR → RR

}
and ∗A := {∗φ : RA → RR

}
carry rightA-module structures:

(φ∗ ↼ a)(b) = φ∗(ab) and (∗φ ↽ a)(b) = ∗φ(ab).
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The comonoid structures can be transposed to give monoid (i.e., ring) structures to the
duals. In the case of a left bialgebroidAL

(φ∗ψ∗)(a) = ψ∗
(
sL ◦ φ∗(a(1))a(2)

)
and

(∗φ∗ψ)(a) = ∗ψ
(
tL ◦ ∗φ(a(2))a(1)

)
(2.10)

for ∗φ, ∗ψ ∈ ∗A, φ∗,ψ∗ ∈A∗, anda ∈ A.
Similarly, in the case of a right bialgebroidAR ,

(φ∗ψ∗)(a) = φ∗(a(2)tR ◦ ψ∗(a(1)
))

and

(∗φ∗ψ)(a) = ∗φ
(
a(1)sR ◦ ∗ψ

(
a(2)

))
(2.11)

for φ∗,ψ∗ ∈A∗, ∗φ, ∗ψ ∈ ∗A, anda ∈ A.
In the case of a left bialgebroidAL also the ringA has rightA∗- and right∗A-module

structures:

a ↼ φ∗ = sL ◦ φ∗(a(1))a(2) and a ↽ ∗φ = tL ◦ ∗φ(a(2))a(1) (2.12)

for φ∗ ∈A∗, ∗φ ∈ ∗A anda ∈ A.
Similarly, in the case of a right bialgebroidAR the ringA has leftA∗- and left ∗A-

structures:

φ∗ ⇀ a = a(2)tR ◦ φ∗(a(1)
)

and ∗φ ⇁ a = a(1)sR ◦ ∗φ
(
a(2)

)
(2.13)

for φ∗ ∈A∗, ∗φ ∈ ∗A, anda ∈ A.
In the case when theL (R) module structure onA is finitely generated projective then

the corresponding dual has also a bialgebroid structure: ifAL is a left bialgebroid such that
the L-moduleAL is finitely generated projective thenA∗ is a right bialgebroid over the
baseL as follows:

(
s∗R(l)

)
(a) = πL

(
asL(l)

)
,

(
t∗R(l)

)
(a) = lπL(a),

γ∗R(φ∗) = bi ⇀ φ∗ ⊗ βi∗, π∗R(φ∗) = φ∗(1A),

where{bi} is anL-basis inAL and{βi∗} is the dual basis inA∗.
Similarly, if AL is a left bialgebroid such that theL-moduleLA is finitely generated

projective then∗A is a right bialgebroid over the baseL as follows:

(
∗sR(l)

)
(a) = πL(a)l,

(
∗tR(l)

)
(a) = πL

(
atL(l)

)
,

∗γR(∗φ) = ∗βi ⊗ bi ⇁ ∗φ, ∗πR(∗φ) = ∗φ(1A),

where{bi} is anL-basis inLA and{∗βi} is the dual basis in∗A.
If AR is a right bialgebroid such that theR-moduleAR is finitely generated projective

thenA∗ is a left bialgebroid over the baseR as follows:
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(
s∗
L(r)

)
(a) = rπR(a),

(
t∗L(r)

)
(a) = πR

(
sR(r)a

)
,

γ ∗
L(φ∗) = φ∗ ↼ bi ⊗ β∗i , π∗

L(φ∗) = φ∗(1A),

where{bi} is anR-basis inAR and{β∗i} is the dual basis inA∗.
If AR is a right bialgebroid such that theR-moduleRA is finitely generated projective

then∗A is a left bialgebroid over the baseR as follows:

(∗sL(r)
)
(a) = πR

(
tR(r)a

)
,

(∗tL(r)
)
(a) = πR(a)r,

∗γL(∗φ) = ∗βi ⊗ ∗φ ↽ bi,
∗πL(∗φ) = ∗φ(1A),

where{bi} is anR-basis inRA and{∗βi} is the dual basis in∗A.

3. The motivating example: D2 Frobenius extensions

3.1. The forefather of antipodes

In this subsectionN → M denotes a Frobenius extension of rings. This means
the existence ofN -N -bimodule mapsψ :M → N possessing quasibases. An element∑

i ui ⊗ vi ∈ M ⊗N M is called the quasibasis ofψ [27] if

∑
i

ψ(mui) · vi = m =
∑

i

ui · ψ(vim), m ∈ M. (3.1)

As we shall see, already in this general situation there exist anti-automorphismsS on the
ring A := EndN MN , one for each Frobenius homomorphismψ . The S will become an
antipode if the extensionN ⊂ M is also of depth 2, soA also has coproduct(s).

The idea of writing the antipode as the difference of two Fourier transforms goes back
to Radford’s paper [16] but plays important role in Szymanski’s treatment of finite index
subfactors [23], too. Ifl is a non-degenerate left integral in a finite dimensional Hopf
algebraH andλ ∈ H ∗ is the dual left integral, i.e.,λ ⇀ l = 1, then the antipode can be
written asS(h) = (λ ↼ h) ⇀ l. This formula generalizes also to weak Hopf algebras [3].
Here we will give the analogous formula for the two-step centralizerA of any Frobenius
extensionN ⊂ M.

Instead of a dual algebra ofA we have the second two-step centralizerB in the Jones
tower ofN ⊂ M which is the center of theN -N -bimoduleM ⊗N M

B := (M ⊗N M)N ≡ {X ∈ M ⊗N M | n · X = X · n ∀n ∈ N}.

It is a ring with multiplication(b1⊗b2)(b′1⊗b′2) = b′1b1⊗b2b′2 and unit 1B = 1M ⊗1M .
Note that the ring structures of neitherA nor B depend on the Frobenius structure. But
if there is a Frobenius homomorphismψ then Fourier transformation makesA and B

isomorphic as additive groups.
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Fixing a Frobenius homomorphismψ with quasibasis
∑

i ui ⊗ vi , we can introduce
convolution products on bothA andB as follows. From now on we omit the summation
symbol for summing over the quasibasis

α,β ∈ A 	→ α ∗ β := α(ui)β(vi_) ∈ A,

a, b ∈ B 	→ a ∗ b := a1ψ
(
a2b1) ⊗ b2 ∈ B.

The convolution product lendsA andB new ring structures. The unit ofA is ψ and the
unit of B is ui ⊗ vi . The Fourier transformation is to relate these new algebra structures to
the old ones. There are two natural candidates for a Fourier transformation:

F :A → B, F(α) := ui ⊗ α(vi), Ḟ :A → B, Ḟ(α) := α(ui) ⊗ vi,

F−1 :B → A, F−1(b) = ψ
(
_b1)b2, Ḟ−1 :B → A, Ḟ−1(b) = b1ψ

(
b2_

)
.

They relate the convolution and ordinary products or their opposites as follows:

F(α ∗ β) =F(α)F(β), Ḟ(α ∗ β) = Ḟ(β)Ḟ(α),

F(αβ) =F(β) ∗F(α), Ḟ(αβ) = Ḟ(α) ∗ Ḟ(β).

The difference betweenF andḞ is therefore an anti-automorphism on bothA andB. This
leads to the “antipodes”

SA :A → Aop, SA := Ḟ−1 ◦F , SA(α) = uiψ
(
α(vi )_

)
, (3.2)

SB :B → Bop, SB := Ḟ ◦F−1, SB(b) = ψ
(
uib

1)b2 ⊗ vi (3.3)

with inverses

S−1
A (α) = ψ

(
_α(ui)

)
vi, (3.4)

S−1
B (b) = ui ⊗ b1ψ

(
b2vi

)
. (3.5)

Notice thatSA is just transposition w.r.t. the bi-N -linear form(m,m′) = ψ(mm′) since

ψ
(
mSA(α)(m′)

) = ψ
(
α(m)m′). (3.6)

These antipodes behave well also relative to the bimodule structures over the centralizer
CM(N) := {c ∈ M | cn = nc,∀n ∈ N}. Let us considerSA. The centralizer is embedded
into A twice: via left multiplications and right multiplications,

L
λ−→ A

ρ←− R,
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whereL stands forCM(N) andR for CM(N)op. Clearly,λ(L) ⊂ CM(ρ(R)). Introducing
the Nakayama automorphism

ν :CM(N) → CM(N), ν(c) := ψ(uic)vi

of ψ and using its basic identities

ψ(mc) = ψ
(
ν(c)m

)
, m ∈ M, c ∈ CM(N),

uic ⊗ vi = ui ⊗ ν(c)vi, c ∈ CM(N),

we obtain

SA ◦ λ = ρ ◦ ν−1, SA ◦ ρ = λ

and therefore

SA

(
λ(l)ρ(r)α

) = SA(α)λ(r)ρ
(
ν−1(l)

)
, l ∈ L, r ∈ R, α ∈ A. (3.7)

In order to interpret the latter relation as the statement thatSA is a bimodule map we define
L-L- andR-R-bimodule structures onA by

l1 · α · l2 := sL(l1)tL(l2)α, (3.8)

r1 · α · r2 := αtR(r1)sR(r2), (3.9)

where we introduced the ring homomorphisms

sL := L
λ−→ A, sR := R

ρ−→ A,

tL := Lop id−→ R
ρ−→ A, tR := Rop ν−→ L

λ−→ A. (3.10)

Also using the notationθ for the inverse of the Nakayama automorphism when considered
as a map

θ :L
ν−1−→ Rop,

Eq. (3.7) can be read as

SA(l1 · α · l2) = θ(l2) · SA(α) · θ(l1). (3.11)

Remark 3.1. The apparent asymmetry betweentL andtR in (3.10) disappears if one repeats
the above construction for the more general situation of a FrobeniusN -M-bimoduleX

instead of theNMM arising from a Frobenius extension of rings. As a matter of fact,

               dc_124_10



G. Böhm, K. Szlachányi / Journal of Algebra 274 (2004) 708–750 717

denoting byX the (two-sided) dual ofX and settingA = EndX ⊗M X, L = EndX, and
R = EndX, we find the obvious ring homomorphisms

sL(l) = l ⊗ X, sR(r) = X ⊗ r;

but there is no distinguished mapL → Rop like the identity is in the case ofX = NMM .
Instead we have two distinguished maps given by the left and right dual functors
(transpositions). It is easy to check that in case ofX = NMM they are the identity and
theν−1, respectively, as we used in (3.10).

In order to restore the symmetry, let us introduce the counterpart ofθ which is the

identity as a homomorphismι :R
id−→ Lop. Then, in addition to (3.11) the antipode satisfies

also

SA(r1 · α · r2) = ι(r2) · SA(α) · ι(r1). (3.12)

The most important consequence of (3.11) and (3.12) is the existence of a tensor square
of SA. In the case of Hopf algebras, one often uses expressions like(S ⊗S)◦Σ , whereΣ is
the symmetryA⊗A → A⊗A, x ⊗y 	→ y ⊗x in the category ofk-modules. Now we have
bimodule categoriesLML andRMR without braiding, soΣ does not exist and neither do
SA ⊗ SA nor S−1

A ⊗ S−1
A becauseSA is not a bimodule map. Instead we have thetwisted

bimodule properties(3.11) and (3.12) which guarantee the existence of the ‘composite of’
SA ⊗ SA andΣ although individually they do not exist. More precisely, there exist twisted
bimodule maps

SA⊗LA :A ⊗L A → A ⊗R A, α ⊗L β 	→ SA(β) ⊗R SA(α),

SA⊗RA :A ⊗R A → A ⊗L A, α ⊗R β 	→ SA(β) ⊗L SA(α).

For later convenience let us record some useful formulas following directly from (3.2)
and (3.10):

SA ◦ sL = tL ◦ ν−1, SA ◦ tL = sL, tL ◦ ι = sR,

SA ◦ sR = tR ◦ ν−1, SA ◦ tR = sR, tR ◦ θ = sL. (3.13)

Notice also thatsL(L) andtR(R) are the same subrings ofA and similarlytL(L) = sR(R).

3.2. Two-sided bialgebroids

Recall from [8] that for depth 2 extensionsN → M the A has a canonical left
bialgebroid structure overL in which the coproductγL :A → A ⊗L A is anL-L-bimodule
map with respect to the bimodule structure (3.8). IfN → M is also Frobenius then there
is another right bialgebroid structure onA, canonically associated to a choice ofψ , in
which R is the base andA is anR-R-bimodule via (3.9). Moreover, these two structures
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are related by the antipode. This two-sided structure is our motivating example of a Hopf
algebroid.

We start with a technical lemma on the left and right quasibases.A andB denotes the
rings as before.

Lemma 3.2. Let N → M be a Frobenius extension andψ , ui ⊗ vi be a fixed Frobenius
structure. Letn be a positive integer andβi , γi ∈ A and bi , ci ∈ B, for i = 1, . . . , n.
Assume they are related viabi =F(γi) andci = Ḟ(βi). Then the following conditions are
equivalent(summation symbols overi suppressed):

(i) b1
i ⊗N b2

i βi(m) = m ⊗N 1M , m ∈ M;

(ii) γi(m)c1
i ⊗N c2

i = 1M ⊗N m, m ∈ M;

(iii) γi(m)βi(m
′) = ψ(mm′), m,m′ ∈ M;

(iv) b1
i ⊗N b2

i c1
i ⊗N c2

i = uk ⊗N 1M ⊗N vk .

If such elements exist the extension is called D2, i.e., of depth 2. The first two conditions
are meaningful also in the non-Frobenius case and therefore{bi, βi} was called in [8] a left
D2 quasibasis and{ci, γi} a right D2 quasibasis. The equivalence of conditions (i) and (ii)
was shown in [8, Proposition 6.4]. The rest of the proof is left to the reader.

For D2 extensions the mapα ⊗ β 	→ {m ⊗ m′ 	→ α(m)β(m′)} is an isomorphism

A ⊗L A
∼−→ HomN−N(M ⊗N M,M),

see [8, Proposition 3.11]. Then the coproductγL : A → A ⊗L A is the unique map
α 	→ α(1) ⊗ α(1) which satisfies

α(mm′) = α(1)(m)α(1)(m
′).

We can dualize this construction for D2 Frobenius extensions. We have the isomorphism

A ⊗R A
∼−→ HomN−N (M,M ⊗N M), α ⊗R β 	→ α(_ui) ⊗N β(vi).

ThenγR :A → A ⊗R A is defined as the unique mapα 	→ α(1) ⊗ α(2) for which

α(m)ui ⊗N vi = α(1)(mui) ⊗N α(2)(vi). (3.14)

Explicit formulas for both coproducts, as well as their counits, are given in the corollary
below. But even without these formulas we can find out how the two coproducts are related
by the antipode.

Theorem 3.3. For a D2 Frobenius extensionN → M of rings the endomorphism ring
A = EndN MN is a left bialgebroid overL = CM(N) and a right bialgebroid overR = Lop

such that the antipode defined in(3.2)gives rise to isomorphisms
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(A,R, sR, tR, γR,πR)op (SA,ι)−−−→ (A,L, sL, tL, γL,πL)cop,

(A,L, sL, tL, γL,πL)
(SA,θ)−−−→ (A,R, sR, tR, γR,πR)

op
cop (3.15)

of left bialgebroids. That is to say,

SA :A → Aop is a ring isomorphism, (3.16)

SA ◦ sR = sL ◦ ι, SA ◦ tR = tL ◦ ι,

SA ◦ sL = sR ◦ θ, SA ◦ tL = tR ◦ θ, (3.17)

γL ◦ SA = SA⊗RA ◦ γR, γR ◦ SA = SA⊗LA ◦ γL, (3.18)

πL ◦ SA = ι ◦ πR, and πR ◦ SA = θ ◦ πL. (3.19)

Proof. The left bialgebroid structure ofA has been constructed in [8, Theorem 4.1]. The
right bialgebroid structure will follow automatically after establishing the four properties
of the antipode. The first two have already been discussed before. In order to prove (3.18)
recall the definition (3.14) ofγR . Thus, (3.18) is equivalent to

S−1
A

(
SA(α)(1)

)
(mui) ⊗N S−1

A

(
SA(α)(1)

)
(vi) = α(m)ui ⊗N vi, (3.20)

SA

(
S−1

A (α)(1)

)
(mui) ⊗N SA

(
S−1

A (α)(1)

)
(vi) = ui ⊗N viα(m) (3.21)

for all m ∈ M. Expanding the left-hand side of (3.20) then using (3.6), then (3.4), then the
definition ofγL, and finally (3.6) again we obtain

S−1
A

(
SA(α)(1)

)
(mui)ψ

(
S−1

A

(
SA(α)(1)

)
(vi)uk

) ⊗N vk

= S−1
A

(
SA(α)(1)

)
(mui)ψ

(
viSA(α)(1)(uk)

) ⊗N vk

= S−1
A

(
SA(α)(1)

)(
mSA(α)(1)(uk)

) ⊗N vk

= ψ
(
mSA(α)(1)(uk)SA(α)(1)(uj )

)
vj ⊗N vk

= ψ
(
mSA(α)(ukuj )

)
vj ⊗N vk = ψ

(
α(m)ukuj

)
vj ⊗N vk

= α(m)uk ⊗N vk

and analogously (3.21). Now it is easy to see that bothπL ◦ SA and θ ◦ πL ◦ S−1
A are

counits forγR. Therefore, both are equal tothecounitπR . This finishes the proof of the
isomorphisms (3.15). ✷
Corollary 3.4. Explicit formulas for the left and right bialgebroid structures can be given
using the quasibases of Lemma3.2as follows:
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γL(α) = γi ⊗L c1
i α

(
c2
i _

) = α
(
_b1

i

)
b2

i ⊗L βi = γi ⊗L βi ∗ α = α ∗ γi ⊗L βi,

πL(α) = α(1M),

γR(α) = α
(
_c1

i

)
c2
i ⊗R ψ

(
_γi(uk)

)
vk = ukψ

(
βi(vk)_

) ⊗R b1
i α

(
b2

i _
)

= α ∗ SA(βi) ⊗R SA(γi) = SA(βi) ⊗R SA(γi) ∗ α,

πR(α) = uiψ ◦ α(vi).

4. Hopf algebroids

4.1. The definition

The total ring of a Hopf algebroid carries eight canonical module structures over the
base ring—modules of the kind (2.1), (2.7)–(2.9). In this situation the standard notation
for the tensor product of modules, e.g.,A ⊗R A, would be ambiguous. In order to avoid
any misunderstandings, we therefore put marks on both modules, as inAR ⊗ RA for
example, that indicate the module structures taking part in the tensor product. Other module
structures (commuting with those taking part in the tensor product) are usually unadorned
and should be clear from the context.

For coproduts of left bialgebroids we use the Sweedler’s notation in the formγL(a) =
a(1) ⊗ a(2) and of right bialgebroidsγR(a) = a(1) ⊗ a(2).

Definition 4.1. The Hopf algebroid is a pair(AL,S) consisting of a left bialgebroid
AL = (A,L, sL, tL, γL,πL) and an anti-automorphismS of the total ringA satisfying

(i) S ◦ tL = sL and (4.1)

(ii) S−1(a(2))(1′) ⊗ S−1(a(2))(2′)a(1) = S−1(a) ⊗ 1A, (4.2)

S(a(1))(1′)a(2) ⊗ S(a(1))(2′) = 1A ⊗ S(a) (4.3)

as elements ofAL ⊗ LA, for all a ∈ A.

The axiom (4.3) implies that

S(a(1))a(2) = tL ◦ πL ◦ S(a) (4.4)

for all a ∈ A. Introduce the mapθL := πL ◦ S ◦ sL : L → L. Owing to (4.4), it satisfies

tL ◦ θL(l) = tL ◦ πL ◦ S ◦ sL(l) = S ◦ sL(l),

θL(l)θL(l′) = πL ◦ S ◦ sL(l)πL ◦ S ◦ sL(l′) = πL

(
tL ◦ πL ◦ S ◦ sL(l′)S ◦ sL(l)

)
= πL

(
S ◦ sL(l′)S ◦ sL(l)

) = θL(ll′). (4.5)
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In view of (4.5)S is atwisted bimodule mapRAR → LAL whereR is a ring isomorphic to
Lop and theR-R-bimodule structure ofA is given by fixing an isomorphismµ : Lop → R:

r · a · r ′ := asL ◦ θ−1
L ◦ µ−1(r)tL ◦ µ−1(r ′). (4.6)

The usage of the same notationRAR as in (2.8) is not accidental. It will turn out from the
next Proposition 4.2 that there exists a right bialgebroid structure on the total ringA over
the baseR for which theR-R-bimodule (2.8) is (4.6).

It makes sense to introduce the maps

SA⊗LA : AL ⊗ LA → AR ⊗ RA, a ⊗ b 	→ S(b) ⊗ S(a) and

SA⊗RA : AR ⊗ RA → AL ⊗ LA, a ⊗ b 	→ S(b) ⊗ S(a). (4.7)

It is useful to give some alternative forms of the Definition 4.1.

Proposition 4.2. The following are equivalent:

(i) (AL,S) is a Hopf algebroid;
(ii) AL = (A,L, sL, tL, γL,πL) is a left bialgebroid andS is an anti-automorphism of

the total ringA satisfying(4.1), (4.4), and

SA⊗LA ◦ γL ◦ S−1 = S−1
A⊗RA ◦ γL ◦ S, (4.8)

(γL ⊗ idA) ◦ γR = (idA ⊗γR) ◦ γL, (γR ⊗ idA) ◦ γL = (idA ⊗γL) ◦ γR, (4.9)

where we introduced the ringR and theR-R-bimoduleRAR as in(4.6)and the map

γR := SA⊗LA ◦ γL ◦ S−1 ≡ S−1
A⊗RA ◦ γL ◦ S : A → AR ⊗ RA.

The equations in(4.9) are equalities of mapsA → AL ⊗ LAR ⊗ RA and A →
AR ⊗ RAL ⊗ LA, respectively.

(iii) AL = (A,L, sL, tL, γL,πL) is a left bialgebroid andAR = (A,R, sR, tR, γR,πR) is
a right bialgebroid such that the base rings are related to each other viaR � Lop.
S is a bijection of additive groups and

sL(L) = tR(R), tL(L) = sR(R) as subrings ofA, (4.10)

(γL ⊗ idA) ◦ γR = (idA ⊗γR) ◦ γL, (γR ⊗ idA) ◦ γL = (idA ⊗γL) ◦ γR, (4.11)

S
(
tL(l)atL(l′)

) = sL(l′)S(a)sL(l), S
(
tR(r ′)atR(r)

) = sR(r)S(a)sR(r ′), (4.12)

S(a(1))a(2) = sR ◦ πR(a), a(1)S
(
a(2)

) = sL ◦ πL(a) (4.13)

hold true for all l, l′ ∈ L, r, r ′ ∈ R, anda ∈ A.
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(iv) AL is a left bialgebroid overL andAR is a right bialgebroid overR such that the
base rings are related to each other viaR � Lop and Eqs.(4.10)and(4.11)hold true.
Furthermore, the maps of additive groups

α : AR ⊗ RA → AL ⊗ LA, a ⊗ b 	→ a(1) ⊗ a(2)b and

β : AR ⊗ RA → AL ⊗ LA, a ⊗ b 	→ b(1)a ⊗ b(2) (4.14)

are bijective.(All modules appearing in(4.14)are the canonical modules introduced
in Section2.)

Each characterization of Hopf algebroids in Proposition 4.2 will be relevant in what
follows. The one in (ii) is as similar to [13] as possible which will be useful in Section 4.3
both in checking that concrete examples of Lu–Hopf algebroids satisfy the axioms in
Definition 4.1 and also in constructing Hopf algebroids in the sense of Definition 4.1 which
do not satisfy the Lu axioms.

As it will turn out from the following proof of Proposition 4.2, the Definition 4.1 implies
the existence of a right bialgebroid structure on the total ring of the Hopf algebroid. The
characterization in (iii) uses the left and right bialgebroids underlying a Hopf algebroid
in a perfectly symmetric way. This characterization will be appropriate in developing the
theory of integrals in Section 5.

The characterization in (iv) is formulated in the spirit of [18], that is the bijectivity of
certain Galois maps is required. The relevance of this form of the definition is that it shows
that the Hopf algebroid in the sense of Definition 4.1 is a special case of Schauenburg’s
×L-Hopf algebra.

Proof. (ii) ⇒ (iii). We construct a right bialgebroidAR such that(AL,AR,S) satisfies
the requirements in (iii). LetR be a ring isomorphic toLop and µ : Lop → R a fixed
isomorphism. Set

AR = (
A,R, sR := tL ◦ µ−1, tR := S−1 ◦ tL ◦ µ−1, γR := S−1

A⊗RA ◦ γL ◦ S,

πR := µ ◦ πL ◦ S
)
. (4.15)

(iii) ⇒ (iv). We construct the inverses of the maps (4.14):

α−1 : AL ⊗ LA → AR ⊗ RA, a ⊗ b 	→ a(1) ⊗ S
(
a(2)

)
b and

β−1 : AL ⊗ LA → AR ⊗ RA, a ⊗ b 	→ S−1(b(1)
)
a ⊗ b(2). (4.16)

(iv) ⇒ (i). Recall that the requirements in (iv) imply that both left bialgebroidsAL and
AL cop are×L-Hopf algebras in the sense of [18]. In particular, [18, Proposition 3.7] holds
true for both. That is, denotingα−1(a ⊗ 1A) := a+ ⊗ a− andβ−1(1A ⊗ a) := a[−] ⊗ a[+],
we have
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(i) a+(1) ⊗ a+(2)a− = a ⊗ 1A, a[+](1)a[−] ⊗ a[+](2) = 1A ⊗ a,

(ii) a(1)+ ⊗ a(1)−a(2) = a ⊗ 1A, a(2)[−]a(1) ⊗ a(2)[+] = 1A ⊗ a,

(iii ) (ab)+ ⊗ (ab)− = a+b+ ⊗ b−a−, (ab)[−] ⊗ (ab)[+] = b[−]a[−] ⊗ a[+]b[+],

(iv) (1A)+ ⊗ (1A)− = 1A ⊗ 1A, (1A)[−] ⊗ (1A)[+] = 1A ⊗ 1A,

(v) a+(1) ⊗ a+(2) ⊗ a− = a(1) ⊗ a(2)+ ⊗ a(2)−,

a[−] ⊗ a[+](1) ⊗ a[+](2) = a(1)[−] ⊗ a(1)[+] ⊗ a(2),

(vi) a+ ⊗ a−(1) ⊗ a−(2) = a++ ⊗ a− ⊗ a+−,

a[−](2) ⊗ a[−](1) ⊗ a[+] = a[−] ⊗ a[+][−] ⊗ a[+][+],

(vii) a = a+tL ◦ πL(a−), a = a[+]sL ◦ πL(a[−]),

(viii ) a+a− = sL ◦ πL(a), a[+]a[−] = tL ◦ πL(a). (4.17)

We define the antipode as

S(a) := sR ◦ πR(a+)a− (4.18)

and what is going to be its inverse as

S′(a) := tR ◦ πR(a[+])a[−]. (4.19)

The maps (4.18) and (4.19) are well-defined due to theR-module map property ofπR .
Sinceα(1A ⊗ sL(l)) = 1A ⊗ sL(l) ≡ tL(l) ⊗ 1A, the requirement (4.1) holds true. By

making use of (vi) and (i) of (4.17), one verifies

S(a(1))(1)′a(2) ⊗ S(a(1))(2)′ = a(1)−(1)′a(2) ⊗ sR ◦ πR(a(1)+)a(1)−(2)′

= a(1)−a(2) ⊗ S(a(1)+) = 1⊗ S(a)

and similarly

S′(a(2))(1)′ ⊗ S′(a(2))(2)′a(1) = S′(a) ⊗ 1A,

which becomes the requirement (4.2) once we provedS′ = S−1. As a matter of fact by (vi)
of (4.17)

S(a)(1) ⊗ S(a)(2) = a−(1) ⊗ sR ◦ πR(a+)a−(2) = a− ⊗ S(a+)

hence, using (ii) of (4.17),

β
(
a(2) ⊗ S(a(1))

) = a(1)−a(2) ⊗ S(a(1)+) = 1A ⊗ S(a),

so, by (viii) of (4.17) and (4.10),
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S′ ◦ S(a) = tR ◦ πR

(
sR ◦ πR(a(1)+)a(1)−

)
a(2) = tR ◦ πR(a(1)+a(1)−)a(2)

= sL ◦ πL(a(1))a(2) = a.

In a similar way one checks thatS ◦ S′ = idA.
The anti-multiplicativity ofS is proven as follows. We haveα(tR(r)⊗1A) = tR(r)⊗1A

and byβ(1A ⊗ sR(r)) = 1A ⊗ sR(r) andS′ = S−1 alsoS(tR(r)a) = S(a)sR(r) hence,

S(ab) = sR ◦ πR

(
(ab)+

)
(ab)− = sR ◦ πR(a+b+)b−a− = sR ◦ πR

(
tR ◦ πR(a+)b+

)
b−a−

= sR ◦ πR

([
tR ◦ πR(a+)b

]
+
)[

tR ◦ πR(a+)b
]
−a− = S

(
tR ◦ πR(a+)b

)
a−

= S(b)sR ◦ πR(a+)a− = S(b)S(a).

(i) ⇒ (ii). The requirements (4.1) and (4.4) hold obviously true. One easily checks that
the mapsα andβ in (4.14) are bijective with inverses

α−1(a ⊗ b) = S−1(S(a)(2)

) ⊗ S(a)(1)b,

β−1(a ⊗ b) = S−1(b)(2)a ⊗ S
(
S−1(b)(1)

)
.

This implies that the [18, Proposition 3.7] holds true both inAL andAL cop. In particular,
introducing the maps

γR : A → AR ⊗ RA, a 	→ (
idA ⊗S−1) ◦ α−1(a ⊗ 1A),

γ ′
R : A → AR ⊗ RA, a 	→ (S ⊗ idA) ◦ β−1(1A ⊗ a)

the part (v) of (4.17) reads as

(γL ⊗ idA) ◦ γR = (idA ⊗γR) ◦ γL, (4.20)

(idA ⊗γL) ◦ γ ′
R = (γ ′

R ⊗ idA) ◦ γL. (4.21)

This means that both (4.8) and (4.9) follow providedγR = γ ′
R. Using the Sweedler’s

notationγR(a) = a(1) ⊗ a(2) andγ ′
R(a) = a〈1〉 ⊗ a〈2〉 by the repeated use of (4.20) and

(4.21), we obtain

(idA ⊗γR) ◦ γ ′
R(a) = a〈1〉 ⊗ sL ◦ πL

(
a〈2〉

(1)

)
a〈2〉

(2)
(1) ⊗ a〈2〉

(2)
(2)

= a(1)
〈1〉 ⊗ sL ◦ πL

(
a(1)

〈2〉)a(2)
(1) ⊗ a(2)

(2)

= a(1)
(1)

〈1〉 ⊗ sL ◦ πL

(
a(1)

(1)
〈2〉)a(1)

(2) ⊗ a(2)

= a(1)〈1〉 ⊗ sL ◦ πL

(
a(1)〈2〉

(1)

)
a(1)〈2〉

(2) ⊗ a(2)

= (
idA ⊗γ ′

R

) ◦ γR(a).
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Since by (viii) of (4.17) botha(1)S(a(2)) = sL ◦ πL(a) anda〈1〉S(a〈2〉) = sL ◦ πL(a), we
have

ε(a) := S ◦ sL ◦ πL ◦ S−1(a) = S(a(1))a(2) = S−1 ◦ sL ◦ πL ◦ S(a)

and

(mA ⊗ idA) ◦ (idA ⊗ ε ⊗ idA) ◦ (idA ⊗γR) ◦ γ ′
R(a)

= a〈1〉ε
(
a〈2〉(1)

) ⊗ a〈2〉(2) = a〈1〉 ⊗ a〈2〉(2)S−2 ◦ sL ◦ πL ◦ S
(
a〈2〉(1)

)
= a〈1〉 ⊗ S−1(S(

a〈2〉)
(1)

)
S−1 ◦ tL ◦ πL

(
S
(
a〈2〉)

(2)

) = γ ′
R(a),

(mA ⊗ idA) ◦ (idA ⊗ ε ⊗ idA) ◦ (
γ ′

R ⊗ idA

) ◦ γR(a)

= a(1)〈1〉ε
(
a(1)〈2〉) ⊗ a(2) = a(1)〈1〉S ◦ sL ◦ πL ◦ S−1(a(1)〈2〉) ⊗ a(2)

= S
(
S−1(a(1)

)
(2)

)
S ◦ sL ◦ πL

(
S−1(a(1)

)
(1)

) ⊗ a(2) = γR(a)

hence by the equality of the left-hand sidesγR = γ ′
R. ✷

The following is a consequence of the proof of Proposition 4.2.

Proposition 4.3. Let (AL,S) be a Hopf algebroid andAR a right bialgebroid such
that (AL,AR,S) satisfies the requirements of Proposition4.2(iii). Then both (S :
A → Aop, ν := πR ◦ sL : L → Rop) and (S−1 : A → Aop,µ := πR ◦ tL : L → Rop)

are left bialgebroid isomorphismsAL → (AR)
op
cop. In particular, AR is unique up to an

isomorphism of the form(idA,φ).

One easily checks thatµ−1 ◦ ν = θL. For the sake of symmetry we introduce also
θR := ν ◦ µ−1 with the help of which the right analogue of (4.5) holds true:

S ◦ sR = tR ◦ θR.

Proposition 4.3 has an interpretation in terms of the forgetful functorsΦR : MA →
RMR and ΦL : AM → RMR as follows. The antipode map defines two functorsS
and S ′ : MA → AM. They have object maps(M,✁) 	→ (M,✁ ◦ S) and (M,✁) 	→
(M,✁ ◦ S−1), respectively, and the identity maps on the morphisms. It is clear thatS and
S ′ are strict antimonoidal equivalence functors. The ring automorphismsµ andν define
endo-functorsµ andν of RMR . The object maps are(M,✄,✁) 	→ (M,✁ ◦ µ,✄ ◦ µ)

and(M,✄,✁) 	→ (M,✁ ◦ ν,✄ ◦ ν), respectively, and the identity map on the morphisms.
Theµ andν are also strict antimonoidal equivalence functors. We have then equalities of
strong monoidal functorsΦL ◦ S = ν ◦ ΦR andΦL ◦ S ′ = µ ◦ ΦR .

Finally, we define the morphisms of Hopf algebroids.

Definition 4.4. A Hopf algebroid homomorphism(isomorphism) (AL,S) → (A′
L,S′) is

a left bialgebroid homomorphism (isomorphism)AL → A′
L. A Hopf algebroid homo-

morphism(Φ,φ) is strict if S′ ◦ Φ = Φ ◦ S.
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The existence of non-strict isomorphisms of Hopf algebroids—that is the non-
uniqueness of the antipode in a Hopf algebroid—is a new feature compared to (weak)
Hopf algebras. The antipodes making a given left bialgebroid into a Hopf algebroid are
characterized in [2].

In the following (in particular in Section 5) we are going to call a triple(AL,AR,S)

satisfying Proposition 4.2(iii) asymmetrized formof the Hopf algebroid(AL,S). The
AR is called the right bialgebroid underlying(AL,S). In the view of Proposition 4.3
the symmetrized form is unique up to the choice of the base ringR of AR within the
isomorphism class ofLop—the opposite of the base ring ofAL—and the isomorphism
µ : Lop → R in (4.15).

Let us define thehomomorphismsof symmetrized Hopf algebroidsA= (AL,AR,S) →
A′ = (A′

L,A′
R,S′) as pairs of bialgebroid homomorphisms(ΦL,φL) : AL → A′

L,
(ΦR,φR) : AR → A′

R . Then by Proposition 4.3 the Hopf algebroid homomorphisms
(Φ,φ) : (AL,S) → (A′

L,S′) are injected into the homomorphisms of symmetrized
Hopf algebroids(AL,AR,S) → (A′

L,A′
R,S′) via (Φ,φ) 	→ ((Φ,φ), (S′−1 ◦ Φ ◦ S,µ′ ◦

φ ◦ µ−1))—whereµ = πR ◦ tL andµ′ = π ′
R ◦ t ′L are the ring isomorphisms introduced

in Proposition 4.3. This implies that two symmetrized Hopf algebroids(AL,AR,S) and
(A′

L,A′
R,S′) are isomorphic if and only if the Hopf algebroids(AL,S) and(A′

L,S′) are
isomorphic.

A homomorphism((ΦL,φL), (ΦR,φR)) of symmetrized Hopf algebroidsA → A′ is
strict if ΦL = ΦR as homomorphisms of ringsA → A′. We leave it to the reader to check
that this is equivalent to the requirement that(ΦL,φL) is a strict homomorphism of Hopf
algebroids(AL,S) → (A′

L,S′), that is two symmetrized Hopf algebroids(AL,AR,S)

and(A′
L,A′

R,S′) are strictly isomorphic if and only if the Hopf algebroids(AL,S) and
(A′

L,S′) are strictly isomorphic.
The usage of symmetrized Hopf algebroids allows for the definition of the opposite

and co-opposite structuresAop = (Aop
R ,Aop

L ,S−1) and Acop = (AL cop,AR cop, S−1),
respectively.

4.2. Relation to the Hopf bialgebroid of Day and Street

In [22] left bialgebroids over the baseL have been characterized as opmonoidal
monadsT on the categoryLML such that their underlying functorsT have right adjoints.
The endofunctorT is given by tensoring overLe = L ⊗ Lop with theLe-Le-bimoduleA.
The monad structure makesA into anLe-ring via an algebra mapη :Le → A, while the
opmonoidal structure comprises the coproduct and counit of the bialgebroidA. In a recent
preprint [7] Day and Street put this into the more general context of pseudomonoids in
monoidal bicategories. Using the notion of∗-autonomy [1] they propose a definition of
Hopf bialgebroidas a∗-autonomous structure on a bialgebroid. We are going to show in
this section that their definition coincides with our Definition 4.1.

Working with k-algebras the base categoryV is the categoryMk of k-modules. Then
the monoidal bicategory in question isMod(V) having as objects thek-algebras and as
hom-categoriesMod(V)(A,B) the categoryBMA of B-A-bimodules. The tensor product
⊗ = ⊗k of k-modules makesMod(V) monoidal. A pseudomonoid inMod(V) is a triple
〈A,M,J 〉 whereA is an object,M :A ⊗ A → A and J : k → A are 1-cells satisfying
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associativity and unitality up to invertible 2-cells that in turn satisfy the pentagon and the
triangle constraints. If〈A,L, s, t, γ ,π〉 is a left bialgebroid inV then we have a strong
monoidal morphism

η∗ : 〈A,M,J 〉 → 〈
Le,m, j

〉
(4.22)

of pseudomonoids where

M = A ⊗L A with actionsa · (x ⊗L y) · (a1 ⊗ a2) = a(1)xa1 ⊗L a(2)ya2, (4.23)

J = L with actiona · x = π
(
as(x)

)
, (4.24)

m = Le ⊗L Le with actions(l ⊗ l′) · ((x ⊗ x ′) ⊗L (y ⊗ y ′)
) · ((l1 ⊗ l′1

) ⊗ (
l2 ⊗ l′2

))
= (

lxl1 ⊗ l′1x ′) ⊗L

(
yl2 ⊗ l′2y ′l′

)
, (4.25)

j = L with action(l ⊗ l′) · x = lxl′ (4.26)

and the bimoduleη∗ = LeAA, induced by the algebra mapη, has a left adjointη∗ = AALe

with the counit ε :η∗ ◦ η∗ → A induced by multiplication ofA. The connection of
this bimodule picture with module categories can be seen by applying the monoidal
pseudofunctorMod(V)(k,−) : Mod(V) → Cat. Then pseudomonoids become monoidal
categories,η∗ becomes the strong monoidal forgetful functorη∗ ⊗A − : AM → LML,
andη∗ its opmonoidal left adjoint. An important piece of the structure is the bimodule
morphism

ψ :η∗ ◦ m → M ◦ (η∗ ⊗ η∗), a ⊗ (l ⊗ l′) 	→ a(1)s(l) ⊗ a(2)t (l
′), (4.27)

which makesη∗ opmonoidal and encodes the comultiplicationγ :A → A ⊗L A of the
bialgebroid.

In [7] a Hopf bialgebroid is defined to be a bialgebroidA overL together with a strong
∗-autonomous structure on the opmonoidal morphismη∗ :Le → A. The latter means:

(1) A ∗-autonomous structure on the pseudomonoidA, i.e.,
(a) a right A ⊗ A-module σ defined on thek-module A in terms of an algebra

isomorphismξ :A → Aop by

x · (a ⊗ b) = ξ−1(b)xa, x, a, b ∈ A, and (4.28)

(b) an isomorphism

Γ :σ ◦ (M ⊗ A) → σ ◦ (A ⊗ M).

(2) A “canonical”∗-autonomous structure on the pseudomonoidLe which consists of the
following:
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(a) A rightLe ⊗Le-moduleσ0 defined onLe using the isomorphismξ0 :Le → (Le)op,
l ⊗ l′ 	→ θ−1(l′) ⊗ l for some algebra automorphismθ :L → L. Thus

(x ⊗ x ′) · ((l1 ⊗ l′1
) ⊗ (

l2 ⊗ l′2
)) = θ−1(l′2)xl1 ⊗ l′1x ′l2

for x, x ′, l1, l′1, l2, l′2 ∈ L where juxtaposition is always multiplication inL and
never inLop. (Note that allowing a non-trivialθ in the definition ofσ0 is a slight
deviation from [7] which is, however, well motivated by Section 3.)

(b) The isomorphism

Γ0 :σ0 ◦ (
m ⊗ Le

) → σ0 ◦ (
Le ⊗ m

)
.

(3) The arrowη∗ is strongly∗-autonomous in the following sense: There exists a 2-cell
τ :σ0 ◦ (η∗ ⊗ η∗) → σ such that[

Γ0 ◦ (η∗ ⊗ η∗ ⊗ η∗)
] • [

σ ◦ (ψ ⊗ η∗)
] • [

τ ◦ (
m ⊗ Le

)]
= [

σ ◦ (η∗ ⊗ ψ)
] • [

τ ◦ (
Le ⊗ m

)] • Γ0 (4.29)

and such that the map

τ l :σ0 ◦ (
η∗ ⊗ Le

) → σ ◦ (A ⊗ η∗),

τ l = [
σ ◦ (ε ⊗ η∗)

] • [
τ ◦ (

η∗ ⊗ Le
)]

(4.30)

is an isomorphism. (We used◦ and• to denote horizontal and vertical compositions in
the bicategoryMod(V).)

Now we are going to translate this categorical definition into simple algebraic
expressions.

Lemma 4.5. ∗-autonomous structures on the pseudomonoid〈A,M,J 〉 are in one-to-one
correspondence with the data〈ξ,

∑
k ek ⊗fk〉 whereξ is an anti-automorphism of the ring

A and
∑

k ek ⊗ fk ∈ A ⊗L A is such that for alla ∈ A∑
k

ξ(a(1))(1′)eka(2) ⊗ ξ(a(1))(2′)fk =
∑

k

ek ⊗ fkξ(a) (4.31)

and such that there exists
∑

j gj ⊗ hj ∈ A ⊗L A satisfying, for alla ∈ A:

∑
j

ξ−1(a(2))(1′)gj ⊗ ξ−1(a(2))(2′)hja(1) =
∑

j

gj ξ−1(a) ⊗ hj , (4.32)

∑
j,k

ξ(gj )(1)ekhj ⊗ ξ(gj )(2)fk = 1A ⊗ 1A, (4.33)

∑
j,k

ξ−1(fk)(1)gj ⊗ ξ−1(fk)(2)hj ek = 1A ⊗ 1A (4.34)

as elements ofA ⊗L A.
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Proof. In order to find explicit formulas forΓ and its inverse, we introduce the isomor-
phisms

ϕ+ :σ ◦ (M ⊗ A) → A ⊗L A, (4.35)

x ⊗A⊗A (a ⊗L b ⊗ c) 	→ (
ξ−1(c)x

)
(1)

a ⊗L

(
ξ−1(c)x

)
(2)b, (4.36)

ϕ− :σ ◦ (A ⊗ M) → A ⊗L A, (4.37)

x ⊗A⊗A (a ⊗ b ⊗L c) 	→ ξ(xa)(1)b ⊗L ξ(xa)(2)c,

with inverses

ϕ−1+ (a ⊗L b) = 1⊗A⊗A (a ⊗L b ⊗ 1), ϕ−1− (b ⊗L c) = 1⊗A⊗A (1⊗ b ⊗L c).

ThenΓ ′ := ϕ− ◦ Γ ◦ ϕ−1+ is a twistedA⊗3-automorphism ofA ⊗L A in the sense of

Γ ′(ξ−1(c) · (x ⊗L y) · (a ⊗ b)
) = ξ(a) · Γ ′(x ⊗L y) · (b ⊗ c). (4.38)

Hence,Γ is uniquely determined by
∑

i ei ⊗ fi = Γ ′(1⊗ 1) as

Γ
(
x ⊗A⊗A (a ⊗L b ⊗ c)

) = 1⊗A⊗A

(
x(1)a ⊗

∑
k

ekx(2)b ⊗L fkc

)
(4.39)

and
∑

k ek ⊗ fk satisfies (4.31). Invertibility then implies thatΓ ′−1
(1⊗ 1) = ∑

j gj ⊗ hj

satisfies the remaining equations.✷
We need also the expression forΓ0. We leave it to the reader to check that

Γ0
(
(x ⊗ x ′) ⊗Le⊗Le

(
l1 ⊗ l′1

) ⊗L

(
l2 ⊗ l′2

) ⊗ (
l3 ⊗ l′3

))
= (1⊗ 1) ⊗Le⊗Le

(
xl1 ⊗ l′1

) ⊗ (
l2 ⊗ l′2x ′) ⊗L

(
l3 ⊗ l′3

)
(4.40)

is well-defined and is invertible.

Lemma 4.6. The∗-autonomous property ofη∗ is equivalent to the existence of an element
i ∈ A satisfying

iη
(
θ−1(l′) ⊗ l

) = ξ−1(η(l ⊗ l′)
)
i, l, l′ ∈ L, (4.41)∑

k

ek ⊗ fkξ(i) = ξ(i)(1) ⊗ ξ(i)(2), (4.42)

while strong∗-autonomy adds the requirement thati be invertible.
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Proof. Since 1⊗ 1 is a cyclic vector in theLe ⊗ Le-moduleσ0, the module mapτ is
uniquely determined byi := τ (1⊗ 1) as

τ (x ⊗ x ′) = iη(x ⊗ x ′). (4.43)

Tensoring withη∗ = AALe from the right being the restriction viaη :Le → A the element
i is subject to condition (4.41) due to (4.28). Using the expressions (4.43), (4.39), (4.40),
and (4.27) the∗-autonomy condition (4.29) becomes equation (4.42). The mate ofτ in
(4.30) can now be written as

τ l
(
(x ⊗ x ′) ⊗Le⊗Le

(
a ⊗ (l ⊗ l′)

)) = iη(x ⊗ x ′)a ⊗A⊗Le

(
1⊗ (l ⊗ l′)

)
.

Henceτ l is invertible iff the mapa 	→ ia is, i.e., iff i is invertible. ✷
Theorem 4.7. A strong∗-autonomous structure on the bialgebroidA overL in the sense
of [7] is equivalent to a Hopf algebroid structure(AL,S) in the sense of Definition4.1.

Proof. Using invertibility of i ∈ A condition (4.41) has the equivalent form

ξ
(
iη(l′ ⊗ l)i−1) = η

(
l ⊗ θ(l′)

)
(4.44)

and (4.42) can be used to express the element
∑

k ek ⊗ fk in terms ofi,

ei ⊗ fi = ξ(i)(1) ⊗ ξ(i)(2)ξ(i)−1.

The conditions (4.31)–(4.34) are then equivalent to

gj ⊗ hj = i(1)i
−1 ⊗ i(2), (4.45)[

i−1ξ−1(a(2))i
]
(1′) ⊗ [

i−1ξ−1(a(2))i
]
(2′)a(1) = i−1ξ−1(a)i ⊗ 1A, (4.46)

ξ
(
ia(1)i

−1)
(1′)a(2) ⊗ ξ

(
ia(1)i

−1)
(2′) = 1A ⊗ ξ

(
iai−1). (4.47)

This means that introducingS : A → Aop, a 	→ ξ(iai−1), the conditions (4.44), (4.46), and
(4.47) are identical to the axioms (4.1)–(4.3), respectively.✷
4.3. Examples

In addition to our motivating example in Section 3, let us collect some more examples
of Hopf algebroids.

Example 4.8. Weak Hopf algebras with bijective antipode. Let (H,∆,ε,S) be a weak Hopf
algebra [3,4,14] (WHA) over the commutative ringk with bijective antipode. This means
thatH is an associative unitalk algebra,∆ : H → H ⊗k H is a coassociative coproduct.
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It is an algebra map (i.e., multiplicative) but not unit preserving in general. In its stead we
haveweakcomultiplicativity of the unit

1[1] ⊗ 1[2]1[1′] ⊗ 1[2′] = 1[1] ⊗ 1[2] ⊗ 1[3] = 1[1] ⊗ 1[1′]1[2] ⊗ 1[2′],

where 1[1] ⊗ 1[2] = ∆(1). The mapε : H → k is the counit of the coproduct∆. Instead of
being multiplicative, it isweaklymultiplicative:

ε
(
ab[1]

)
ε
(
b[2]c

) = ε(abc) = ε
(
ab[2]

)
ε
(
b[1]c

)
for a, b, c ∈ H.

The bijective mapS : H → H is the antipode, subject to the axioms

h[1]S
(
h[2]

) = ε
(
1[1]h

)
1[2], S

(
h[1]

)
h[2] = 1[1]ε

(
h1[2]

)
, S

(
h[1]

)
h[2]S

(
h[3]

) = S(h)

for all h ∈ H . (If H is finite overk then the assumption made about the bijectivity ofS is
redundant.) The WHA(H,∆,ε,S) is a Hopf algebra if and only if∆ is unit preserving.

The algebraH contains two commuting subalgebras:R is the image ofH under the
projection�R : h 	→ 1[1]ε(h1[2]) and L under�L : h 	→ ε(1[1]h)1[2]—generalizing the
subalgebra of the scalars in a Hopf algebra. Both mapsS andS−1 restrict to algebra anti-
isomorphismsR → L. We have four commuting actions ofL andR onH :

H R: h · r := hr, RH : r · h := hS−1(r),

HL: h · l := S−1(l)h, LH : l · h := lh.

Introduce the canonical projections pR : H ⊗k H → H R ⊗ RH and pL : H ⊗k H →
HL ⊗ LH. There exists a left and a right bialgebroid structure corresponding to the weak
Hopf algebra:

HR := (
H,R, idR,S−1|R,pR ◦ ∆,�R

)
,

HL := (
H,L, idL,S−1|L,pL ◦ ∆,�L

)
.

We leave it as an exercise to the reader to check that(HL,HR,S) satisfies the requirements
of Proposition 4.2(iii).

Notice that the examples of the above class are not necessarily finite dimensional and
not even finitely generated overR. To have a trivial counterexample, think of the group
Hopf algebrakG of an infinite group.

Example 4.9. An example that does not satisfy the Lu-axioms[13]. Let k be a field
the characteristic of which is different from 2. Consider the group bialgebrakZ2 with
presentation

kZ2 = bialg-
〈
t
∣∣ t2 = 1, ∆(t) = t ⊗ t, ε(t) = 1

〉
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as a left bialgebroid over the basek. That is to say, we setAL = (kZ2, k, η, η,∆, ε) where
η is the unit mapk → kZ2, λ 	→ λ1. Introduce the would-be-antipodeS : kZ2 → kZ2,
t 	→ −t .

Proposition 4.10. The pair(AL,S) in Example4.9 satisfies the axioms in Definition4.1
but not the Lu-axioms.

Proof. One easily checks the conditions of Proposition 4.2(ii) on the single algebraic
generatort , proving that(AL,S) is a Hopf algebroid in the sense of Definition 4.1.

Now, the base ringL beingk itself, the canonical projectionkZ2⊗k kZ2 → kZ2⊗L kZ2
is the identity map leaving us with the only sectionkZ2⊗L kZ2 → kZ2⊗k kZ2, the identity
map. Sincet(1)S(t(2)) = −1 andη ◦ ε(t) = 1, this contradicts to that(AL,S) is a Lu–Hopf
algebroid. ✷

In the Example 4.8 the left and right coproductsγL and γR are compositions of
a coproduct∆ : A → A ⊗k A with the canonical projections pL and pR, respectively.
Actually, many other examples can be found this way—by allowing for∆ not to be
counital.

Proposition 4.11. LetAL be a left bialgebroid such thatA andL arek-algebras over some
commutative ringk, S an anti-automorphism ofA such that the axioms(4.1)and(4.4)hold
true. Suppose thatγL = pL ◦ ∆, wherepL is the canonical projectionA ⊗k A → AL ⊗ LA

and∆ : A → A ⊗k A is a coassociative( possibly non-counital) coproduct satisfying

pL ◦ (S ⊗ S) ◦ ∆op = pL ◦ ∆ ◦ S, pL ◦ (
S−1 ⊗ S−1) ◦ ∆op = pL ◦ ∆ ◦ S−1. (4.48)

Then(AL,S) is a Hopf algebroid in the sense of Definition4.1.

Proof. We leave it to the reader to check that all the requirements of Proposition 4.2(ii)
are satisfied. ✷
Example 4.12. The groupoid Hopf algebroid.Let G be a groupoid that is a small category
with all morphisms invertible. Denote the object set byG0 and the set of morphisms
by G1. For a commutative ringk the groupoid algebra is thek-module spanned by the
elements ofG1 with the multiplication given by the composition of the morphisms if the
latter makes sense and 0 otherwise. It is an associative algebra and ifG0 is finite it has
a unit 1= ∑

a∈G0 a. The groupoid algebra admits a left bialgebroid structure over the
base subalgebrakG0. The mapsL = tL is the canonical embedding,γL is the diagonal
mapg 	→ g ⊗L g, andπL(g) := target(g). This left bialgebroid together with the antipode
S(g) := g−1 is a Hopf algebroid in the sense of Definition 4.1. Actually this example is of
the kind described in Proposition 4.11 with∆(g) := g ⊗k g.

Example 4.13. The algebraic quantum torus.Let k be a field andTq the unital associativek
algebra generated by two invertible elementsU andV subject to the relationUV = qV U

whereq is an invertible element ink. As it is explained in [11], the algebraTq admits a
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Lu–Hopf algebroid structure over the base subalgebraL generated byU : the mapsL = tL
is the canonical embedding,

γL

(
UnV m

) := UnV m ⊗L V m ≡ V m ⊗L UnV m, πL

(
UnV m

) := Un,

and the antipodeS(UnV m) := V −mUn. The sectionξ of the canonical projection
pL : Tq ⊗k Tq → Tq ⊗L Tq appearing in the Lu axioms is of the form

ξ
(
UnV m ⊗L UkV l

) := U(n+k)V m ⊗k V l.

The reader may check that these maps satisfy the Definition 4.1 as well. This example
is also of the type considered in Proposition 4.11 with∆(UnV m) := UnV m ⊗k V m.

Example 4.14. Examples by Brzezinski and Militaru[5]. In the paper [5] a wide class of
examples of Lu–Hopf algebroids is described. Some other examples [13,15] turn out to
belong also to this class.

The examples of [5] are Lu–Hopf algebroids of the type considered in Proposition 4.11.
Let (H,∆H , εH , τ ) be a Hopf algebra over the fieldk with bijective antipodeτ and the
triple (L, · , ρ) a braided commutative algebra in the categoryHDH of Yetter–Drinfel’d
modules overH . Then the crossed product algebraL#H carries a left bialgebroid structure
over the base algebraL:

sL(l) = l # 1H , tL(l) = ρ(l) ≡ l〈0〉 # l〈1〉,

γL(l #h) = (l #h(1)) ⊗L (1L #h(2)), πL(l #h) = εH (h)l, (4.49)

whereh(1) ⊗k h(2) ≡ ∆H (h). It is proven in [5] that the left bialgebroid (4.49) and the
bijective antipode

S(l #h) := (
τ (h(2))τ

2(l〈1〉)
) · l〈0〉 # τ (h(1))τ

2(l〈2〉) (4.50)

form a Lu–Hopf algebroid. It is obvious thatγL is of the form pL ◦ ∆ with ∆(l # h) :=
(l #h(1))⊗k (1L #h(2)). The map∆ is well-defined sinceL#H is L⊗k H as a k-space and
∆H mapsH into H ⊗k H . We leave it to the reader to check that∆ satisfies (4.48) hence
the left bialgebroid (4.49) and the antipode (4.50) form a Hopf algebroid in the sense of
Definition 4.1.

The Example 4.9 is not of the type considered in Proposition 4.11. AlthoughγL is of the
form pL ◦ ∆, the∆ does not satisfy (4.48). In [11] data(AL,S, S̃) satisfying compatibility
conditions somewhat analogous to (4.48) were introduced under the nameextended Hopf
algebra. The next proposition states that extended Hopf algebras withS bijective (such as
Example 4.9) provide examples of Hopf algebroids.

Proposition 4.15. Let(AL,S, S̃) be an extended Hopf algebra. This means thatAL is a left
bialgebroid such thatA andL are k-algebras over some commutative ringk. The maps
S and S̃ are anti-automorphisms of the algebraA, S̃2 = idA and both pairs(AL,S) and
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(AL, S̃) satisfy(4.1)and(4.4). The mapγL is a composition of a coassociative coproduct
∆ : A → A ⊗k A and the canonical projectionpL : A ⊗k A → A ⊗L A. The compatibility
relations

∆ ◦ S = (S ⊗ S) ◦ ∆op and ∆ ◦ S̃ = (
S ⊗ S̃

) ◦ ∆op

hold true. Then the pair(AL, S̃) is a Hopf algebroid in the sense of Definition4.1.

Proof. We leave to the reader to check that the condition (4.9)—hence all requirements of
Proposition 4.2(ii)—hold true. ✷

5. Integral theory and the dual Hopf algebroid

In this section we generalize the notion of non-degenerate integrals in (weak) bialgebras
to bialgebroids. We examine the consequences of the existence of a non-degenerate integral
in a Hopf algebroid. We donotaddress the question, however, under what conditions on the
Hopf algebroid does the existence of a non-degenerate integral follow. That is we do not
give a generalization of the Larson–Sweedler theorem on bialgebroids and neither of the
(weaker) [3, Theorem 3.16] stating that a weak Hopf algebra possesses a non-degenerate
integral if and only if it is a Frobenius algebra. (About the implications in one direction see
however [2, Theorem 6.3] and Theorem 5.5 below, respectively.)

Assumingthe existence of a non-degenerate integral in a Hopf algebroid we show that
the underlying bialgebroids are finite. The duals of finite bialgebroids w.r.t. the base rings
were shown to have bialgebroid structures [8] but there is no obvious way how to transpose
the antipode to (either of the four) duals. As the main result of this section we show thatif
there exists a non-degenerate integralin a Hopf algebroid then the four dual bialgebroids
are all (anti-) isomorphic and they can be made Hopf algebroids. This dual Hopf algebroid
structure is unique up to isomorphism (in the sense of Definition 4.4).

For the considerations of this section the “symmetric definition” of Hopf algebroids, i.e.,
the characterization of Proposition 4.2(iii) is the most appropriate. Throughout the section
we use the symmetrized form of the Hopf algebroid introduced at the end of Section 4.1.

It is important to emphasize that although the Definitions 5.1 and 5.3 are formulated in
terms of a particular symmetrized Hopf algebroidA = (AL,AR,S), actually they depend
only on the Hopf algebroid(AL,S). That is to say, ifF is a (non-degenerate) left integral
in a symmetrized Hopf algebroid then it is one in any other symmetrized form of the same
Hopf algebroid. Therefore,F can be called a (non-degenerate) left integral of the Hopf
algebroid. Analogously, although the anti-automorphismξ in Lemma 5.9 is defined in
terms of a particular symmetrized Hopf algebroid, it is invariant under the change of the
underlying right bialgebroid.

For a symmetrized Hopf algebroidA= (AL,AR,S) we use the notations of Section 2:
the A∗ and ∗A are theL-duals ofAL, the A∗ and ∗A the R-duals ofAR . Also for
the coproducts ofAL andAR we write γL(a) = a(1) ⊗ a(2) and γR(a) = a(1) ⊗ a(2),
respectively.
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5.1. Non-degenerate integrals

Definition 5.1. The left integralsin a left bialgebroidAL = (A,L, sL, tL, γL,πL) are the
invariants of the left regularA module

IL(A) := {
F ∈ A

∣∣ aF = sL ◦ πL(a)F ∀a ∈ A
}
.

Theright integralsin a right bialgebroidAR = (A,R, sR, tR, γR,πR) are the invariants of
the right regularA module

IR(A) := {
Υ ∈ A

∣∣ Υ a = Υ sR ◦ πR(a) ∀a ∈ A
}
.

The left/right integrals in a symmetrized Hopf algebroid(AL,AR,S) are the left/right
integrals inAL/AR .

Lemma 5.2. For a symmetrized Hopf algebroidA the following properties of the element
F of A are equivalent:

(i) F ∈ IL(A);
(ii) aF = tL ◦ πL(a)F for all a ∈ A;
(iii) S(F) ∈ IR(A);
(iv) S−1(F) ∈ IR(A);
(v) S(a)F(1) ⊗ F(2) = F(1) ⊗ aF(2) as elements ofAR ⊗R A, for all a ∈ A.

Proof. Left to the reader. ✷
Definition 5.3. The left integralF in the symmetrized Hopf algebroidA is non-degenerate
if the maps

FR :A∗ → A, φ∗ 	→ φ∗ ⇀ F, and

RF : ∗A→ A, ∗φ 	→ ∗φ ⇁ F (5.1)

are bijective. The right integralΥ in the symmetrized Hopf algebroidA is non-degenerate
if S(Υ ) is a non-degenerate left integral, i.e., if the maps

ΥL :A∗ → A, φ∗ 	→ Υ ↼ φ∗, and

LΥ : ∗A → A, ∗φ 	→ Υ ↽ ∗φ (5.2)

are bijective.

Remark 5.4. If F is a non-degenerate left integral in the symmetrized Hopf algebroid
A then so is inAcop and when replacingA with Acop the roles ofFR and RF become
interchanged. Hence, any statement proven in a symmetrized Hopf algebroid possessing a
non-degenerate left integral onFR implies that the co-opposite statement holds true onRF.
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Theorem 5.5. Let A be a symmetrized Hopf algebroid possessing a non-degenerate
left integral. Then the ring extensionssR : R → A, tR : Rop → A, sL : L → A, and
tL : Lop → A are all Frobenius extensions.

Proof. Let F be a non-degenerate left integral inA. With its help we construct the
Frobenius system for the extensionsR : R → A. It consists of a Frobenius map

λ∗ := F−1
R (1A) : RAR → R (5.3)

and a quasi-basis (in the sense of (3.1)) for it

F(1) ⊗ S
(
F(2)

) ∈ AR ⊗ RA.

As a matter of fact theλ∗ is a rightR-module mapAR → R by construction. We claim
that it is also a leftR-module mapRA → R. Since(

λ∗ ↼ S(a)
)
⇀ F = F(2)tR ◦ λ∗(S(a)F(1)

) = a(λ∗ ⇀ F) = a, (5.4)

the inverseF−1
R mapsa ∈ A to λ∗ ↼ S(a). This implies thatλ∗ ↼ sR(r) = F−1

R ◦ tR(r).
Now for a given elementr ∈ R the mapχ(r)∗ : AR → R, a 	→ rλ∗(a) is also equal to
F−1

R ◦ tR(r) as

χ(r)∗ ⇀ F = F(2)tR
(
rλ∗(F(1)

)) = (λ∗ ⇀ F)tR(r) = tR(r).

Applying the two equal mapsλ∗ ↼ sR(r) andχ(r)∗ to an elementa ∈ A, we obtain

λ∗(sR(r)a
) = rλ∗(a). (5.5)

This proves thatλ∗ is anR-R-bimodule mapRAR → A. Also

sR ◦ λ∗(aF(1)
)
S
(
F(2)

) = S(λ∗ ⇀ F)a = a and (5.6)

F(1)sR ◦ λ∗(S(
F(2)

)
a
) = aF(1)sR ◦ λ∗ ◦ S

(
F(2)

)
. (5.7)

Now we claim thatF(1)sR ◦ λ∗ ◦ S(F(2)) ≡ λ∗ ◦ S ⇁ F is equal to 1A, which proves the
claim. (Recall that by (5.5)λ∗ ◦ S is an element of∗A.) SinceF−1

R (a) = λ∗ ↼ S(a),

φ∗(a) = [
λ∗ ↼ S(φ∗ ⇀ F)

]
(a) = λ∗(sR ◦ φ∗(F(1)

)
S
(
F(2)

)
a
)

(5.8)

for all φ∗ ∈ A∗ anda ∈ A.
By the bijectivity of RF, we can introduce the element∗λ := RF−1(1A) ∈ ∗A.

Analogously to (5.5) and (5.4), we have

∗λ
(
tR(r)a

) = ∗λ(a)r and (5.9)

RF−1(a) = ∗λ ↽ S−1(a). (5.10)
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Since bothRF and S−1 are bijective, so is the mapA → ∗A, a 	→ ∗λ ↽ a. Using the
identities (5.9), (5.5), and (5.8), compute

(∗λ ↽ S−1(λ∗ ◦ S ⇁ F)
)
(a) = ∗λ

(
tR ◦ λ∗ ◦ S

(
F(2)

)
S−1(F(1)

)
a
)

= λ∗(sR ◦ ∗λ ◦ S−1(F(1)
)
S
(
F(2)

)
S(a)

) = ∗λ(a)

for all a ∈ A. This is equivalent toλ∗ ◦ S ⇁ F = 1A that is ∗λ = λ∗ ◦ S proving that
(λ∗, F(1) ⊗ S(F(2))) is a Frobenius system for the extensionsR : R → A.

By repeating the same proof inAcop, we obtain the Frobenius system(∗λ, F(2) ⊗
S−1(F(1))) for the extensiontR : R → A.

It is straightforward to check that(µ−1 ◦ λ∗, F(1) ⊗ S(F(2))) is a Frobenius system for
the extensiontL : L → A, and(ν−1 ◦ ∗λ, F(2) ⊗ S−1(F(1))) is a Frobenius system for the
extensionsL : L → A. ✷

From now on, letF be a non-degenerate left integral in the symmetrized Hopf
algebroidA, setλ∗ = F−1

R (1A) and∗λ = RF−1(1A).
Theorem 5.5 implies that for a symmetrized Hopf algebroidA possessing a non-

degenerate integral the modulesAR , RA, AL, andLA are finitely generated projective.
Hence, by the result of [8], their dualsA∗ and∗A carry left bialgebroid structures over the
baseR, andA∗ and∗A carry right bialgebroid structures over the baseL

s∗
L(r)(a) = rπR(a), ∗sL(r)(a) = πR

(
tR(r)a

)
,

t∗L(r)(a) = πR

(
sR(r)a

)
, ∗tL(r)(a) = πR(a)r,

γ ∗
L(φ∗) = φ∗ ↼ F(1) ⊗ F−1

R

(
F(2)

)
, ∗γL(∗φ) = RF−1(F(1)

) ⊗ ∗φ ↽ F(2),

π∗
L(φ∗) = φ∗(1A), ∗πL(∗φ) = ∗φ(1A),

s∗R(l)(a) = πL

(
asL(l)

)
, ∗sR(l)(a) = πL(a)l,

t∗R(l)(a) = lπL(a), ∗tR(l)(a) = πL

(
atL(l)

)
,

γ∗R(φ∗) = F(1) ⇀ φ∗ ⊗ F−1
L (F(2)), ∗γR(∗φ) = LF−1(F(1)) ⊗ F(2) ⇁ ∗φ,

π∗R(φ∗) = φ∗(1A), ∗πR(∗φ) = ∗φ(1A). (5.11)

Lemma 5.6. Let F be a non-degenerate left integral in the symmetrized Hopf algebroidA.
Then forλ∗ = F−1

R (1A), ∗λ = RF−1(1A), and any elementa ∈ A, the identities

λ∗ ⇀ a = sR ◦ λ∗(a), (5.12)

∗λ ⇁ a = tR ◦ ∗λ(a) (5.13)

hold true.
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Proof. One checks that

φ∗λ∗ = F−1
R (φ∗ ⇀ 1A) = s∗

L ◦ φ∗(1A)λ∗

for all φ∗ ∈ A∗. This implies thatφ∗(λ∗ ⇀ a) = φ∗(sR ◦ λ∗(a)) for all φ∗ ∈ A∗. Since
AR is finitely generated projective by Theorem 5.5, this proves (5.12). The identity (5.13)
follows by Remark 5.4. ✷

The left integrals in a Hopf algebroid were defined in Definition 5.1 as the left integrals
in the underlying left bialgebroid. The non-degeneracy of the left integral was defined in
Definition 5.3 using however the underlying right bialgebroid as well, that is it relies to
the whole of the Hopf algebroid structure. Therefore, it is not obvious whether the non-
strict isomorphisms of Hopf algebroids preserve non-degenerate integrals. In the rest of
this subsection, we prove that this is the case:

Proposition 5.7. Let both (AL,S) and (AL,S′) be Hopf algebroids. Then their non-
degenerate left integrals coincide.

Proof. A left integralF in (AL,S) is a left integral in(AL,S′) by definition.
Let AR = (A,R, sR, tR, γR,πR) andA′

R = (A,R′, s′
R, t ′R,γ ′

R,π ′
R) be the right bialge-

broids underlying the Hopf algebroids(AL,S) and(AL,S′), respectively. It follows from
the uniqueness of the mapsα−1 andβ−1 in (4.16) that the coproductsγR(a) = a(1) ⊗ a(2)

of AR andγ ′
R(a) = a{1} ⊗ a{2} of A′

R are related as

a(1) ⊗ S′−1 ◦ S
(
a(2)

) = a{1} ⊗ a{2} = S′ ◦ S−1(a(1)
) ⊗ a(2). (5.14)

With the help of the mapsµ = πR ◦ tL, µ′ = π ′
R ◦ tL, ν = πR ◦ sL, andν′ = π ′

R ◦ sL, we
can introduce the isomorphisms of additive groups:

A∗ →A′∗, φ∗ 	→ µ′ ◦ µ−1 ◦ φ∗,
∗A → ∗A′, ∗φ 	→ ν′ ◦ ν−1 ◦ ∗φ.

Then the canonical actions (2.13) ofA′∗ andA∗ and of∗A′ and∗A on A are related as

µ′ ◦ µ−1 ◦ φ∗ ′
⇀ a = S′−1 ◦ S(φ∗ ⇀ a),

ν′ ◦ ν−1 ◦ ∗φ ′
⇁ a = S′ ◦ S−1(∗φ ⇁ a)

what implies the non-degeneracy of the left integralF in (AL,S′) provided it is non-
degenerate in(AL,S). ✷
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5.2. Two-sided non-degenerate integrals

Proposition 5.7 above proves that the structure of the non-degenerate left integrals is the
same within an isomorphism class of Hopf algebroids. In this subsection we prove that for
a non-degenerate left integralF in the Hopf algebroid(AL,S) there exists a distinguished
representative(AL,S′

F) in the isomorphism class of(AL,S) with the property thatF is not
only a non-degenerate left integral in(AL,S′

F) but also a non-degenerate right integral.
The Hopf algebroids with two-sided non-degenerate integral are of particular interest.

Both the Hopf algebroid structure constructed on the dual of a Hopf algebroid in
Section 5.3 and the one associated to a depth 2 Frobenius extension in Section 3 belong to
this class.

Lemma 5.8. Let F be a non-degenerate left integral in a symmetrized Hopf algebroidA.
Setλ∗ := F−1

R (1A) and ∗λ := RF−1(1A). Then any(not necessarily non-degenerate) left
integralF′ ∈ IL(A) satisfies

FsR ◦ λ∗(F′) = F′ = FtR ◦ ∗λ(F′).

Proof. Observe that for∗φ ∈ ∗A and F′ ∈ IL(A) we have∗φ ↽ S−1(F′) = ∗tL ◦ ∗φ ◦
S−1(F′); hence

F′ = (∗λ ↽ S−1(F′)
)
⇁ F = ∗tL ◦ ∗λ ◦ S−1(F′) ⇁ F = FsR ◦ λ∗(F′).

The identityF′ = FtR ◦ ∗λ(F′) follows by Remark 5.4. ✷
Lemma 5.9. Let F be a non-degenerate left integral in a symmetrized Hopf algebroid
A. Setλ∗ := F−1

R (1A). Then the mapξ : A → A; a 	→ S((λ∗ ↼ F) ⇀ a) is a ring anti-
automorphism.

Proof. Using Lemma 5.8 one checks that

[
(λ∗ ↼ F) ⇀ a

][
(λ∗ ↼ F) ⇀ b

] = a(2)tR ◦ λ∗(Fa(1)
)
b(2)tR ◦ λ∗(Fb(1)

)
= a(2)b(2)tR ◦ λ∗(FsR ◦ λ∗(Fa(1)

)
b(1)

)
= a(2)b(2)tR ◦ λ∗(Fa(1)b(1)

)
= (λ∗ ↼ F) ⇀ ab

for a, b ∈ A, hence the mapξ is anti-multiplicative. By analogous calculations the reader
may check that it is bijective with inverseξ−1(a) = S−1((∗λ ↽ F) ⇁ a), where∗λ :=
RF−1(1A) = λ∗ ◦ S. ✷
Proposition 5.10. Let F be a non-degenerate left integral in a symmetrized Hopf algeb-
roid A. Then the following maps are bijective:
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FL : A∗ → A, φ∗ 	→ F ↼ φ∗,

LF : ∗A→ A, ∗φ 	→ F ↽ ∗φ.

Proof. We claim that with the help of the ring isomorphismν (introduced in Proposi-
tion 4.3) we haveF ↽ ∗φ = ξ−1 ◦ FR(ν ◦ ∗φ ◦ S−1), which implies the bijectivity ofLF.
As a matter of fact,

F ↽ ∗
[
ν−1 ◦ F−1

R (a) ◦ S
]

= tL ◦ ν−1 ◦ (
λ∗ ↼ S(a)

) ◦ S(F(2))F(1) = S−1 ◦ tR ◦ ∗λ(F(2)a)F(1)

= S−1(∗λ ⇁ F(2)a
)
F(1) = S−1(S(F(1))F(2)

(1)a(1)sR ◦ ∗λ
(
F(2)

(2)a(2)
))

= S−1(sR ◦ πR

(
F(1)

)
a(1)sR ◦ ∗λ

(
F(2)a(2)

)) = S−1(a(1)sR ◦ ∗λ
(
Fa(2)

))
= S−1((∗λ ↽ F) ⇁ a

) = ξ−1(a). (5.15)

Similarly, by the application of (5.15) toAcop,

F ↼ φ∗ = ξ ◦ RF(µ ◦ φ∗ ◦ S), (5.16)

henceFL is also bijective. ✷
Using (5.16) we have an equivalent form of the anti-automorphismξ introduced in

Lemma 5.9:

ξ(a) = F ↼
(
a ⇀ F−1

L (1A)
)
. (5.17)

Lemma 5.11. Let F be a non-degenerate left integral in a symmetrized Hopf algebroidA.
Then for all elementsa, b ∈ A we have the identities

F−1
R (b) ⇀ a = RF−1(a) ⇁ b, (5.18)

a ↼ F−1
L (b) = b ↽ LF−1(a), (5.19)

F−1
R (b) ⇀ a = a ↼ F−1

L (b), (5.20)

RF−1(b) ⇁ a = a ↽ LF−1(b). (5.21)

Proof. We illustrate the proof on (5.18). Use Lemma 5.6 to see that

RF−1(a) ⇁ b = b(1)
(
λ∗ ⇀ S

(
b(2)

)
a
) = sL ◦ πL(b(1))a

(2)tR ◦ λ∗(S(b(2))a
(1)

)
= F−1

R (b) ⇀ a,

whereλ∗ = F−1
R (1A). The rest of the proof is analogous.✷
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Lemma 5.12. Let F be a non-degenerate left integral in a symmetrized Hopf algebroidA.
Setλ∗ = F−1

R (1A). Then the mapκ : R → R, r 	→ λ∗(FtR(r)) is a ring automorphism.

Proof. It follows from Lemma 5.8 thatκ is multiplicative: forr, r ′ ∈ R

κ(r)κ(r ′) = λ∗(FtR(r)
)
λ∗(FtR(r ′)

) = λ∗(FsR ◦ λ∗(FtR(r ′)
)
tR(r)

) = λ∗(FtR(r ′)tR(r)
)

= κ(rr ′).

In order to show thatκ is bijective, we construct the inverseκ−1 : r 	→ ∗λ(FsR(r)) where
∗λ = RF−1(1A) = λ∗ ◦ S. ✷
Proposition 5.13. Let F be a non-degenerate left integral in the Hopf algebroid(AL,S).
Then there exists a unique Hopf algebroid(AL,S′

F) such thatF is a two-sided non-
degenerate integral in(AL,S′

F).

Proof. Uniqueness.Suppose that(AL,S′
F) is a Hopf algebroid of the required kind. Denote

the underlying right bialgebroid byA′
R = (A,R′, s′

R, t ′R,γ ′
R,π ′

R). Defineλ′∗ ∈ A′∗ with

the property thatλ′∗ ′
⇀ F = 1A (where

′
⇀ denotes the canonical action (2.13) ofA′∗ onA).

Introducing the notationγ ′
R(a) = a{1} ⊗ a{2}, one checks that

S′−1(F) = (
λ′∗ ′

↼ F
) ′
⇀ F = F{2}t ′R ◦ λ′∗(FF{1}) = F{2}t ′R ◦ λ′∗(Fs′

R ◦ π ′
R

(
F{1}))

= Ft ′R ◦ λ′∗(F) = F.

With the help of the elementπL ◦ S−1 ◦ S′ ∈ A∗, we have

S
(
a ↼ πL ◦ S−1 ◦ S′) = S ◦ S′−1(S′(a){1})sR ◦ πR

(
S′(a){2}) = S′(a)

for all a ∈ A, where in the last step the relation (5.14) has been used. Then the condition
S′(F) = F is equivalent to

S′(a) = S
(
a ↼ F−1

L ◦ S−1(F)
)
.

This proves the uniqueness ofS′.
Existence.Let ξ be the anti-automorphism ofA introduced in Lemma 5.9. We claim

that (AL, ξ) is a Hopf algebroid of the required kind. Introduce the right bialgebroidA′
R

on the total ringA over the baseR with structural maps

s′
R = sR, t ′R = ξ−1 ◦ sR, γ ′

R = ξ−1
A⊗LA ◦ SA⊗RA ◦ γR ◦ S−1 ◦ ξ,

π ′
R = πR ◦ S−1 ◦ ξ,

whereAR = (A,R, sR, tR, γR,πR) is the right bialgebroid underlying(AL,S). First, we
check that the triple(AL,A′

R, ξ) satisfies Proposition 4.2(iii). Since

ξ−1 ◦ S ◦ sR = ξ−1 ◦ tR ◦ θR = S−1 ◦ tR ◦ θR = sR and ξ−1 ◦ S ◦ tR = ξ−1 ◦ sR,
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theA′
R is a right bialgebroid isomorphic toAR via the isomorphism(ξ−1 ◦ S, idR).

The requirements′
R(R) ≡ sR(R) = tL(L) obviously holds true. Since

t ′R(r) = ξ−1 ◦ sR(r) = S−1 ◦ sR ◦ ∗λ
(
FsR(r)

) = tR ◦ κ−1(r),

alsot ′R(R) ≡ tR(R) = sL(L). Since

γ ′
R(a) ≡ a{1} ⊗ a{2} = ξ−1

A⊗LA ◦ γL ◦ ξ(a) = a(1) ⊗ ξ−1 ◦ S
(
a(2)

)
= a(1) ⊗ S−1(

RF−1 ◦ S(F) ⇁ S
(
a(2)

)) = a(1) ⊗ S−1(S(
a(2)

)
↽ LF−1 ◦ S(F)

)
= a(1)sR ◦ κ ◦ µ ◦ LF−1 ◦ S(F) ◦ S

(
a(2)

) ⊗ a(3),

we have

(γL ⊗ idA) ◦ γ ′
R(a) = a(1)

(1) ⊗ a(1)
(2) ⊗ ξ−1 ◦ S

(
a(2)

) = a(1) ⊗ a(2)
(1) ⊗ ξ−1 ◦ S

(
a(2)

(2)
)

= (
idA ⊗γ ′

R

) ◦ γL(a),

(idA ⊗γL) ◦ γ ′
R(a) = a(1)sR ◦ κ ◦ µ ◦ LF−1 ◦ S(F) ◦ S

(
a(2)

) ⊗ a(3)
(1) ⊗ a(3)

(2)

= a(1)
(1)sR ◦ κ ◦ µ ◦ LF−1 ◦ S(F) ◦ S

(
a(1)

(2)
) ⊗ a(1)

(3) ⊗ a(2)

= (
γ ′

R ⊗ idA

) ◦ γL(a).

By Lemma 5.9, theξ is an anti-automorphism of the ringA. The identityξ ◦ t ′R = s′
R is

obvious and also

ξ ◦ tL = ξ ◦ sR ◦ µ = S ◦ sR ◦ µ = sL.

Finally,

ξ(a(1))a(2) = sR ◦ πR

(
(λ∗ ↼ F) ⇀ a

) = sR ◦ πR ◦ S−1 ◦ ξ(a) = s′
R ◦ π ′

R(a),

a{1}ξ
(
a{2}) = a(1)ξ ◦ ξ−1 ◦ S

(
a(2)

) = sL ◦ πL(a).

This proves thatA′
F = (AL,A′

R, ξ) satisfies the conditions in Proposition 4.2(iii); hence
(AL, ξ) is a Hopf algebroid. Since

ξ(F) = S
(
(λ∗ ↼ F) ⇀ F

) = S ◦ S−1(F) = F,

theF is a two-sided non-degenerate integral inA′
F. ✷

               dc_124_10



G. Böhm, K. Szlachányi / Journal of Algebra 274 (2004) 708–750 743

5.3. Duality

It follows from Theorem 5.5 that for a symmetrized Hopf algebroidA possessing a non-
degenerate left integralF the dual rings (with respect to the base ring) carry bialgebroid
structures. These bialgebroids (5.11) are independent of the particular choice of the non-
degenerate integral. In this subsection we analyze these bialgebroids. We show that the four
bialgebroids (5.11) are all (anti-) isomorphic and can be equipped with anF-dependent
Hopf algebroid structure. Because of theF-dependence of this Hopf algebroid structure
the duality of Hopf algebroids is sensibly defined on the isomorphism classes of Hopf
algebroids.

Lemma 5.14. LetF be a non-degenerate left integral in the symmetrized Hopf algebroidA.
Then with the help of the anti-automorphismξ of Lemma5.9we have the equalities

ξ−1(F(2)
) ⊗ S−1(F(1)

) = F(1) ⊗ F(2) = S
(
F(2)

) ⊗ ξ
(
F(1)

)
(5.22)

in AL ⊗ LA.

Proof. The elementξ−1(F(2)) ⊗ S−1(F(1)) is in AL ⊗ LA sinceS−1 ◦ sR = tR = sL ◦ ν−1

andξ−1 ◦ tR = S−1 ◦ tR = tL ◦ ν−1. Using (5.15), inAL ⊗ LA we have

ξ−1(F(2)
) ⊗ S−1(F(1)

) = F(1) ⊗ tR ◦ ∗λ
(
F(2)F

(2)
)
S−1(F(1)

) = F(1) ⊗ F(2).

The other equality follows by repeating the proof inAcop. ✷
Corollary 5.15. For a non-degenerate left integralF in the symmetrized Hopf algebroidA
the mapsFL andLF satisfy the identities

FL(a ⇀ φ∗) = FL(φ∗)ξ(a), (5.23)

LF(a ⇁ ∗φ) = LF(∗φ)ξ−1(a), (5.24)

whereξ is the anti-automorphism ofA introduced in Lemma5.9.

Theorem 5.16. Let F be a non-degenerate left integral in the symmetrized Hopf algebroid
A = (AL,AR,S). Then the left bialgebroidsA∗

L, ∗AL, (A∗R)
op
cop, and(∗AR)

op
cop in (5.11)

are isomorphic via the isomorphisms

(A∗R)
op
cop

(
F−1
R ◦ FL,ν

)

(
LF−1◦ ξ−1◦ FL,idR

)
(∗AR)

op
cop

(
RF−1◦ LF,µ

)
,

A∗
L

(
RF−1◦ ξ−1◦ FR,θ−1

R

)
∗AL

whereξ is the anti-automorphism ofA introduced in Lemma5.9 and the mapsµ,ν, and
θR are the ring isomorphisms introduced in Proposition4.3.
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Proof. By Proposition 4.3, the mapν is a ring isomorphismLop → R. By Proposition
5.10,F−1

R ◦FL is bijective. Its anti-multiplicativity follows from (5.20). The comultiplicativ-
ity follows by the successive use of the identityFR(φ∗ ↼ a) = S−1(a)FR(φ∗), the integral
property ofF, (5.22), and (5.23):

γ ∗
L ◦ F−1

R ◦ FL(φ∗) = F−1
R ◦ FL(φ∗) ↼ F(1) ⊗ F−1

R

(
F(2)

)
= F−1

R

(
S−1(F(1)

)
FL(φ∗)

) ⊗ F−1
R

(
F(2)

)
= F−1

R

(
S−1(F(1)

)) ⊗ F−1
R

(
FL(φ∗)F(2)

)
= F−1

R (F(2)) ⊗ F−1
R

(
FL(φ∗)ξ(F(1))

)
= F−1

R ◦ FL

(
F−1

L (F(2))
) ⊗ F−1

R ◦ FL(F(1) ⇀ φ∗)

= (
F−1

R ◦ FL ⊗ F−1
R ◦ FL

) ◦ γ∗R
op(φ∗).

One checks also

(
F−1

R ◦ FL ◦ s∗R(l)
)
(a) = ∗λ

(
S−1(a)sL ◦ πL

[
F(1)sL(l)

]
F(2)

) = ν(l)πR(a) = (
s∗
L ◦ ν(l)

)
(a),(

F−1
R ◦ FL ◦ t∗R(l)

)
(a) = ∗λ

(
S−1(a)sL

[
lπL(F(1))

]
F(2)

) = πR

(
sR ◦ ν(l)a

) = (
t∗L ◦ ν(l)

)
(a),

π∗
L ◦ F−1

R ◦ FL(φ∗) = ν ◦ φ∗
(
tL ◦ ν−1 ◦ ∗λ(F(2))F(1)

) = ν ◦ φ∗(1A) = ν ◦ π∗R(φ∗).

This proves that(F−1
R ◦ FL, ν) is a bialgebroid isomorphism(A∗R)

op
cop → A∗

L. By
Remark 5.4, (RF−1 ◦ LF,µ) is a bialgebroid isomorphism(∗AR)

op
cop→ ∗AL.

By (5.16), RF−1 ◦ ξ−1 ◦ FR = µ ◦ F−1
L ◦ FR(φ∗) ◦ S, hence we have to prove that

(µ ◦ − ◦ S,µ) is a bialgebroid isomorphism(A∗R)
op
cop→ ∗AL.

The mapµ is a ring isomorphismLop → R by Proposition 4.3. The mapφ∗ 	→ µ◦φ∗◦S

is bijective. Its anti-multiplicativity is obvious. The anti-comultiplicativity follows from
(5.16) and (5.22):

∗γL(µ ◦ φ∗ ◦ S) = RF−1(F(1)
) ⊗ µ ◦ φ∗ ◦ S ↽ F(2)

= µ ◦ F−1
L ◦ ξ

(
F(1)

) ◦ S ⊗ µ ◦ (
S
(
F(2)

)
⇀ φ∗

) ◦ S

= µ ◦ φ(2)∗ ◦ S ⊗ µ ◦ φ(1)∗ ◦ S.

Finally, by Proposition 4.3

(
µ ◦ s∗R(l) ◦ S

)
(a) = µ ◦ πL

(
S(a)sL(l)

) = πR

(
sR ◦ µ(l)a

) = (∗sL ◦ µ(l)
)
(a),(

µ ◦ t∗R(l) ◦ S
)
(a) = µ

(
lπL ◦ S(a)

) = πR(a)µ(l) = (∗tL ◦ µ(l)
)
(a),

∗πL(µ ◦ φ∗ ◦ S) = µ ◦ φ∗ ◦ S(1A) = µ ◦ π∗R(φ∗).

This proves the theorem.✷
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Theorem 5.17. Let F be a non-degenerate left integral in the symmetrized Hopf algeb-
roid A. Then the left bialgebroidAF

∗L = (A∗,R, s∗L, t∗L,γ∗L,π∗L) where

s∗L(r)(a) = µ−1(r)πL(a), t∗L(r)(a) = πL

(
atR ◦ κ−1(r)

)
,

γ∗L(φ∗) = ξ−2(F(2)) ⇀ φ∗ ⊗ FL
−1(F(1)), π∗L(φ∗) = λ∗(F ↼ φ∗),

the right bialgebroidA∗R in (5.11), and the antipodeSF∗ := F−1
L ◦ξ ◦FL form a symmetrized

Hopf algebroid denoted byAF∗.

Proof. We show that the tripleAF∗ := (AF
∗L,A∗R,SF∗) satisfies the conditions in Proposi-

tion 4.2(iii).
The AF∗L is a left bialgebroid isomorphic to(∗AR)

op
cop via the isomorphism(LF−1 ◦

FL,µ). Also

s∗L(R) = t∗R(L) and t∗L(R) = s∗R(L)

hold obviously true. Making use of the identities (5.22) and (5.23), one checks that

(idA∗ ⊗γ∗R) ◦ γ∗L(φ∗) = ξ−2(F(2)) ⇀ φ∗ ⊗ F(1′) ⇀ F−1
L (F(1)) ⊗ F−1

L (F(2′))

= ξ−2(F(2)) ⇀ φ∗ ⊗ F−1
L

(
F(1)ξ(F(1′))

) ⊗ F−1
L (F(2′))

= ξ−2(F(2)ξ
2(F(1′))

)
⇀ φ∗ ⊗ F−1

L (F(1)) ⊗ F−1
L (F(2′))

= (γ∗L ⊗ idA∗) ◦ γ∗R(φ∗),

(γ∗R ⊗ idA∗) ◦ γ∗L(φ∗) = F(1′)ξ
−2(F(2)) ⇀ φ∗ ⊗ F−1

L (F(2′)) ⊗ F−1
L (F(1))

= F(1′) ⇀ φ∗ ⊗ F−1
L

(
F(2′)ξ

−1(F(2))
) ⊗ F−1

L (F(1))

= F(1′) ⇀ φ∗ ⊗ ξ−2(F(2)) ⇀ F−1
L (F(2′)) ⊗ F−1

L (F(1))

= (idA∗ ⊗γ∗L) ◦ γ∗R(φ∗).

TheSF∗ = (F−1
L ◦ ξ ◦ LF) ◦ (LF−1 ◦ FL) is a composition of ring isomorphismsLF−1 ◦ FL :

(A∗)op → ∗A andF−1
L ◦ξ ◦LF : ∗A→ A∗, hence it is an anti-automorphism of the ringA∗.

Also

SF∗ ◦ t∗R(l)(a) = µ−1 ◦ RF−1 ◦ FL ◦ t∗R(l) ◦ S−1(a)

= µ−1 ◦ ∗λ
(
S−1[sL

(
lπL(F(1))

)
F(2)

]
S−1(a)

)
= µ−1 ◦ πR ◦ S−1(asL(l)

) = πL

(
asL(l)

) = s∗R(l)(a),

SF∗ ◦ t∗L(r)(a) = µ−1 ◦ RF−1 ◦ FL ◦ t∗L(r) ◦ S−1(a)

= µ−1 ◦ λ∗(asL ◦ πL

(
F(1)tR ◦ κ−1(r)

)
F(2)

)
= µ−1 ◦ λ∗(tL ◦ πL(a)FtR ◦ κ−1(r)

) = µ−1(r)πL(a) = s∗L(r)(a).
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Since

γL ◦ ξ−1(a) = ξ−1(a(2)
) ⊗ S−1(a(1)

)
and γR ◦ ξ−1(a) = ξ−1(a(2)) ⊗ S−1(a(1)),

we haveγL ◦ ξ−2(a) = ξ−1 ◦ S−1(a(1)) ⊗ S−1 ◦ ξ−1(a(2)). Then we can compute

[
SF−1∗ (φ∗(2))φ∗(1)

]
(a) = [

F−1
L ◦ ξ−1(F(1))

(
ξ−2(F(2)) ⇀ φ∗

)]
(a)

= φ∗
([

a ↼ F−1
L ◦ ξ−1(F(1))

]
ξ−2(F(2))

)
= φ∗

([
ξ−1(F(1)) ↽ LF−1(a)

]
ξ−2(F(2))

)
= φ∗ ◦ ξ−2(ξ(

F(2)
(1)F

(2)
(2)

)
LF−1(a) ◦ S−1(F(1)

)
= φ∗(1A)πL(F(1))LF−1(a)(F(2)) = φ∗(1A)πL(a);

henceSF∗(φ∗(1))φ∗(2) = s∗R ◦ π∗R(φ∗) for all φ∗ ∈ A∗. Also

[
φ(1)∗ SF∗

(
φ(2)∗

)]
(a) = [

(F(1) ⇀ φ∗)F−1
L ◦ ξ(F(2))

]
(a)

= µ−1 ◦ RF−1(F(2)) ◦ S−1(sL ◦ φ∗(a(1)F(1))a(2)

)
= µ−1 ◦ λ∗(sL ◦ φ∗(a(1)F(1))a(2)F(2)

) = µ−1 ◦ λ∗(aF ↼ φ∗)

= µ−1 ◦ λ∗(tL ◦ πL(a)F ↼ φ∗
) = µ−1 ◦ λ∗(F ↼ φ∗)πL(a)

= [
s∗L ◦ π∗L(φ∗)

]
(a).

This proves thatAF∗ = (AF
∗L,A∗R,SF∗) is a symmetrized Hopf algebroid.✷

Obviously, the strong isomorphism class of the Hopf algebroid(AF
∗L,SF∗) depends only

on the Hopf algebroid(AL,S) and the non-degenerate left integralF of it. It is insensitive
to the particular choice of the underlying right bialgebroidAR .

The antipodeSF∗ has a form analogous to (5.17):

SF∗(φ∗)(a) = [
(F ↼ φ∗) ⇀ F−1

L (1A)
]
(a). (5.25)

Using the left bialgebroid isomorphisms of Theorem 5.16, also the dual left bialgebroids
(∗AR)

op
cop, A∗

L, and∗AL can be made Hopf algebroids, all strictly isomorphic to the above
Hopf algebroid(AF

∗L,SF∗). They have the antipodes

∗SF = LF−1 ◦ ξ ◦ LF, (5.26)

S∗
F = F−1

R ◦ ξ ◦ FR, (5.27)

∗SF = RF−1 ◦ ξ ◦ RF. (5.28)

Let us turn to the interpretation of the role of the Hopf algebroid(AF∗L,SF∗). As AF∗L is
isomorphic to(∗AR)

op
cop and the right bialgebroid underlying(AF∗L,SF∗) is A∗R , on the
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first sight it seems to be natural to consider it as some kind of a dual of(AL,S). There
are however two arguments against this interpretation. First, the Hopf algebroid(AF∗L,SF∗)

depends onF. Second, as it is proven in Proposition 5.19,(AF∗L,SF∗) belongs to a special
kind of Hopf algebroids: it possesses a two-sided non-degenerate integral.

Lemma 5.18. LetA be a symmetrized Hopf algebroid such that theR-moduleAR in (4.6)
is finitely generated projective. Then a left integralF ∈ IL(A) is non-degenerate if and
only if the mapFR is bijective.

Proof. Theonly if part is trivial.
In order to prove theif part, recall that by the proof of Lemma 5.6 forλ∗ := F−1

R (1A)

and alla ∈ A the identityλ∗ ⇀ a = sR ◦ λ∗(a) holds true,λ∗ is anR-R-bimodule map
RAR → R, and the inverse ofFR reads asF−1

R (a) = λ∗ ↼ S(a). Then

φ∗(a) = F−1
R ◦ FR(φ∗)(a) = λ∗(sR ◦ φ∗(F(1)

)
S
(
F(2)

)
a
) = φ∗(aF(1)sR ◦ λ∗ ◦ S

(
F(2)

))
for all φ∗ ∈ A∗ and a ∈ A. Using the finitely generated projectivity ofAR, we have
F(1)sR ◦λ∗ ◦S(F(2)) = 1A. Sinceλ∗ ◦S ∈ ∗A, the inverseRF−1 can be defined asRF−1(a) =
λ∗ ◦ S ↽ S−1(a). ✷
Proposition 5.19. Let A be a symmetrized Hopf algebroid possessing a non-degenerate
left integralF. Then the elementF−1

L (1A) in A∗ is a two-sided non-degenerate integral in
the symmetrized Hopf algebroidAF∗ (constructed in Theorem5.17).

Proof. It follows from (5.16) thatF−1
L (1A) = µ−1 ◦ λ∗ whereλ∗ := F−1

R (1A) andµ is the
ring isomorphism introduced in Proposition 4.3. For allφ∗ ∈A∗ anda ∈ A, we have

[(
µ−1 ◦ λ∗)φ∗

]
(a) = φ∗ ◦ S

(∗λ ⇁ S−1(a)
) = φ∗(1A)µ−1 ◦ λ∗(a),

hence

[(
µ−1 ◦ λ∗)t∗R ◦ π∗R(φ∗)

]
(a) = t∗R ◦ π∗R(φ∗)(1A)µ−1 ◦ λ∗(a) = φ∗(1A)µ−1 ◦ λ∗(a),

which proves thatµ−1 ◦ λ∗ is a right integral. Using (5.17),

SF∗
(
µ−1 ◦ λ∗) = F−1

L ◦ ξ ◦ FL

(
µ−1 ◦ λ∗) = F−1

L ◦ ξ2(1A) = F−1
L (1A) = µ−1 ◦ λ∗,

henceµ−1 ◦ λ∗ is also a left integral.
As it is proven in [8], sinceAL is finitely generated projective, so is the leftL∗ ≡ L-

moduleL∗(A∗). The corresponding dual bialgebroid∗(A∗)L is isomorphic toAL via the
isomorphism(ι, idL) of left bialgebroids where

ι : A → ∗(A∗), ι(a)(φ∗) := φ∗(a). (5.29)

Since
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(
ι(a) ⇁ φ∗

)
(b) = πL

([
b ↼ (F(1) ⇀ φ∗)

]
sL ◦ F−1

L (F(2))(a)
)

= φ∗
(
bsR ◦ λ∗(aF(1)

)
S
(
F(2)

)) = (a ⇀ φ∗)(b),

the mapL∗(µ
−1 ◦ λ∗) : ∗(A∗) → A∗, ι(a) 	→ ι(a) ⇁ µ−1 ◦λ∗ ≡ a ⇀ µ−1 ◦λ∗ is bijective

with inverse

L∗
(
µ−1 ◦ λ∗)−1 : φ∗ 	→ ι ◦ FL ◦ SF−1∗ ≡ ι ◦ RF(µ ◦ φ∗ ◦ S).

The application of Lemma 5.18 finishes the proof.✷
In the view of Proposition 5.7, the following definition makes sense.

Definition 5.20. Thedual of the isomorphism classof a Hopf algebroid(AL,S) possessing
a non-degenerate left integralF is the isomorphism class of the Hopf algebroid(AF

∗L,SF∗)

(constructed in the Theorem 5.17).

The next proposition shows that this notion of duality is involutive.

Proposition 5.21. Let F be a non-degenerate left integral in the Hopf algebroid(AL,S).
Then the Hopf algebroid

((
AF∗

)F−1
L (1A)

∗L ,
(
SF∗

)F−1
L (1A)

∗
)

(5.30)

is strictly isomorphic to(AL,S′
F)—the Hopf algebroid constructed in Proposition5.13. In

particular, the Hopf algebroid(5.30)is isomorphic to(AL,S).

Proof. Since the Hopf algebroids

((
AF∗

)F−1
L (1A)

∗L ,
(
SF∗

)F−1
L (1A)

∗
)

and
(∗(A∗)L, ∗(SF∗

)
F−1
L (1A)

)
are strictly isomorphic, it suffices to show that the isomorphism(ι, idL) of left bialgebroids
AL → ∗(A∗)L in (5.29) extends to a strict isomorphism of Hopf algebroids(AL,S′

F) →
(∗(A∗)L, ∗(SF∗)

F−1
L (1A)

).

By (5.28) for a non-degenerate left integralF in the Hopf algebroid(AL,S), the
antipode∗SF of the Hopf algebroid(∗AL, ∗SF) reads as

∗SF(
∗φ) = ∗λ ↽

(∗φ ⇁ S−1(F)
)
.

Applying it to the non-degenerate integralF−1
L (1A) in (AF

∗L,SF∗), we obtain

∗(SF∗
)
F−1
L (1A)

(
ι(a)

) = ι(F) ↽
[
ι(a) ⇁ SF−1∗ ◦ F−1

L (1A)
]

= ι
(
F ↼

(
a ⇀ F−1

L (1A)
)) = ι ◦ ξ(a). ✷
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The duality of (weak) Hopf algebras is re-obtained from Definition 5.20 as follows.
Let H be a finite weak Hopf algebra over a commutative ringk. Let (HL,S) be the
corresponding Hopf algebroid (introduced in the Example 4.8) and letF be a non-
degenerate left integral inH . Recall that, in order to reconstruct the weak Hopf algebra
from the Hopf algebroid in Example 4.8, one needs a distinguished separability structure
on the base ring. The dual weak Hopf algebra is the unique weak Hopf algebra in the
isomorphism class of(HF∗L,SF∗) corresponding to the same separability structure onL as
H corresponds to.

If H is a Hopf algebra overk then—since the separability structure onk is unique—the
dual Hopf algebra is the only Hopf algebra in the isomorphism class of(HF∗L,SF∗).
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Abstract. The theory of integrals is used to analyze the structure of Hopf algebroids. We prove that
the total algebra of a Hopf algebroid is a separable extension of the base algebra if and only if it is
a semi-simple extension and if and only if the Hopf algebroid possesses a normalized integral. It is
a Frobenius extension if and only if the Hopf algebroid possesses a nondegenerate integral. We give
also a sufficient and necessary condition in terms of integrals, under which it is a quasi-Frobenius
extension, and illustrate by an example that this condition does not hold true in general. Our results
are generalizations of classical results on Hopf algebras.
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1. Introduction

The notion of integrals in Hopf algebras has been introduced by Sweedler [33]. The
integrals in Hopf algebras over principal ideal domains were analyzed in [19, 32]
where the following – by now classical – results have been proven:

− A free, finite-dimensional bialgebra over a principal ideal domain is a Hopf
algebra if and only if it possesses a nondegenerate left integral. (Larson–
Sweedler Theorem.)

− The antipode of a free, finite-dimensional Hopf algebra over a principal ideal
domain is bijective.

− A Hopf algebra over a field is finite-dimensional if and only if it possesses a
nonzero left integral.

− The left integrals in a finite-dimensional Hopf algebra over a field form a one
dimensional subspace.

− A Hopf algebra over a field is semi-simple if and only if it possesses a nor-
malized left integral. (Maschke’s Theorem.)

There are numerous generalizations of these results in the literature. Historically
the first is due to Pareigis [27] who proved the following statements on a finitely
generated and projective Hopf algebra (H, �, ε, S) over a commutative ring k:
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− H is a Frobenius extension of k if and only if there exists a Frobenius func-
tional ψ : H → k satisfying (H ⊗ ψ) ◦ � = 1Hψ( ).

− The antipode, S, is bijective.

− The left integrals form a projective rank 1 direct summand of the k-module
H .

− H is a quasi-Frobenius extension of k.

− A finitely generated and projective bialgebra over a commutative ring k, such
that pic(k) = 0, is a Hopf algebra if and only if it possesses a nondegenerate
left integral.

The generalization of the Maschke theorem to Hopf algebras H over commuta-
tive rings k states that the existence of a normalized left integral in H is equivalent
to the separability of H over k, which is further equivalent to its relative semi-
simplicity in the sense of [15, 17] that any H -module is (H, k)-projective [12, 20].
This is equivalent to the true semi-simplicity of H (i.e. the true projectivity of any
H -module [28]) if and only if k is a semi-simple ring [20].

As a nice review on these results we recommend Section 3.2 in [13].
Similar results are known also for the generalizations of Hopf algebras. Integrals

for finite-dimensional quasi-Hopf algebras [14] over fields were studied in [16, 25,
26, 11] and for finite-dimensional weak Hopf algebras [4, 3] over fields in [3, 40].

The purpose of the present paper is to investigate which of the above results
generalizes to Hopf algebroids.

Hopf algebroids with bijective antipode have been introduced in [1, 5]. It is
important to emphasize that this notion of Hopf algebroid is not equivalent to
the one introduced under the same name by Lu in [21]. Here we generalize the
definition of [5, 1] by relaxing the requirement of the bijectivity of the antipode.
A Hopf algebroid consists of a compatible pair of a left and a right bialgebroid
structure [21, 34, 35, 38] on the common total algebra A. The antipode relates
these two left- and right-handed structures. Left/right integrals in a Hopf algebroid
are defined as the invariants of the left/right regular A-module in terms of the counit
of the left/right bialgebroid. Integrals on a Hopf algebroid are the comodule maps
from the total algebra to the base algebra (reproducing the integrals in the dual
bialgebroids, provided the duals possess bialgebroid structures).

The total algebra of a bialgebroid can be looked at as an extension of the base
algebra or its opposite via the source and target maps, respectively. This way there
are four algebra extensions associated to a Hopf algebroid. The main results of the
paper relate the properties of these extensions to the existence of integrals with
special properties:

• A Maschke-type theorem, proving that the separability, and also the (in two
cases left in two cases right) semi-simplicity of any of the four extensions
is equivalent to the existence of a normalized integral in the Hopf algebroid
(Theorem 3.1).
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• Any of the four extensions is a Frobenius extension if and only if there exists
a nondegenerate integral in the Hopf algebroid (Theorem 4.7).

• Any of the four extensions is (in two cases a left in two cases a right) quasi-
Frobenius extension if and only if the total algebra is a finitely generated and
projective module, and the (left or right) integrals on the Hopf algebroid form
a flat module, over the base algebra (Theorem 5.2).

Our main tool in proving the latter two points is the Fundamental Theorem for
Hopf modules over Hopf algebroids (Theorem 4.2).

The paper is organized as follows: We start Section 2 with reviewing some
results on bialgebroids from [9, 18, 21, 30, 31, 34–36, 38], the knowledge of which
is needed for the understanding of the paper. Then we give the definition of Hopf
algebroids and discuss some of its immediate consequences. Integrals both in and
on Hopf algebroids are introduced and some equivalent characterizations are given.

In Section 3 we prove two Maschke-type theorems. The first collects some
equivalent properties (in particular the separability) of the inclusion of the base
algebra in the total algebra of a Hopf algebroid. These equivalent properties are
related to the existence of a normalized integral in the Hopf algebroid. The second
collects some equivalent properties (in particular the coseparability) of the cor-
ing, underlying the Hopf algebroid. These equivalent properties are shown to be
equivalent to the existence of a normalized integral on the Hopf algebroid.

In Section 4 we prove the Fundamental Theorem for Hopf modules over a Hopf
algebroid. This theorem is somewhat stronger than the one that can be obtained
by the application of [7, Theorem 5.6], to the present situation. The main result
of the section is Theorem 4.7. In proving it we follow an analogous line of rea-
soning as in [19]. That is, assuming that one of the module structures of the total
algebra over the base algebra is finitely generated and projective, we apply the
Fundamental Theorem to the Hopf module, constructed on the dual of the Hopf
algebroid (w.r.t. the base algebra). Similarly to the case of Hopf algebras, our result
implies the existence of nonzero integrals on any finitely generated projective Hopf
algebroid. Since the dual of a (finitely generated projective) Hopf algebroid is not
known to be a Hopf algebroid in general, we have no dual result, that is, we do
not know whether there exist nonzero integrals in any finitely generated projective
Hopf algebroid. As a byproduct, also a sufficient and necessary condition on a
finitely generated projective Hopf algebroid is obtained, under which the antipode
is bijective. We do not know, however, whether this condition follows from the
axioms.

In Section 5 we use the results of Section 4 to obtain conditions which are
equivalent to the (either left or right) quasi-Frobenius property of any of the four
extensions behind a Hopf algebroid. In order to show that these conditions do not
hold true in general, we construct a counterexample.

Throughout the paper we work over a commutative ring k. That is, the total and
base algebras of our Hopf algebroids are k-algebras. For an (always associative
and unital) k-algebra A ≡ (A, mA, 1A) we denote by AM, MA and AMA the

               dc_124_10



566 GABRIELLA BÖHM

categories of left, right, and bimodules over A, respectively. For the k-module of
morphisms in AM, MA and AMA we write AHom( , ), HomA( , ) and AHomA( , ),
respectively.

2. Integrals for Hopf Algebroids

Hopf algebroids with bijective antipode have been introduced in [5], where several
equivalent reformulations of the definition [5, Definition 4.1] have been given. The
definition we give in this section generalizes the form in [5, Proposition 4.2(iii)] by
allowing the antipode not to be bijective.

Integrals in Hopf algebroids have also been introduced in [5]. As we shall see,
the definition [5, Definition 5.1] applies also in our more general setting. In this
section we introduce integrals also on Hopf algebroids.

In order for the paper to be self-contained we recall some results on bialgebroids
from [38, 21, 34, 35, 18]. For more on bialgebroids we refer to the papers [30, 9,
31, 36].

The notions of Takeuchi’s ×R-bialgebra [38], Lu’s bialgebroid [21] and Xu’s
bialgebroid with anchor [41] have been shown to be equivalent in [9]. We are going
to use the definition in the following form:

DEFINITION 2.1. A left bialgebroid AL = (A, B, s, t, γ, π) consists of two
algebras A and B over the commutative ring k, which are called the total and base
algebras, respectively. A is a B ⊗

k
Bop-ring (i.e. a monoid in B⊗BopMB⊗Bop ) via the

algebra homomorphisms s: B → A and t : Bop → A, called the source and target
maps, respectively. In terms of s and t one equips A with a B–B bimodule structure
BAB as

b · a · b′ := s(b)t (b′)a for a ∈ A, b, b′ ∈ B.

The triple (BAB, γ, π) is a B-coring, that is a comonoid in BMB . Introducing
Sweedler’s convention γ (a) = a(1)

⊗
B

a(2) for a ∈ A, the axioms

a(1)t (b) ⊗
B

a(2) = a(1)
⊗
B

a(2)s(b), (2.1)

γ (1A) = 1A
⊗
B

1A, (2.2)

γ (aa′) = γ (a)γ (a′), (2.3)

π(1A) = 1B, (2.4)

π(a s ◦ π(a′)) = π(aa′), (2.5)

π(a t ◦ π(a′)) = π(aa′) (2.6)

are required for all b ∈ B and a, a′ ∈ A.
Notice that – although A ⊗

B
A is not an algebra – axiom (2.3) makes sense in

view of (2.1).
The homomorphisms of left bialgebroids AL = (A, B, s, t, γ, π) → A′

L =
(A′, B ′, s ′, t ′, γ ′, π ′) are pairs of k-algebra homomorphisms (�: A → A′,
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φ: B → B ′) satisfying

s ′ ◦ φ = � ◦ s, (2.7)

t ′ ◦ φ = � ◦ t, (2.8)

γ ′ ◦ � = (� ⊗
B

�) ◦ γ, (2.9)

π ′ ◦ � = φ ◦ π. (2.10)

The bimodule BAB , appearing in Definition 2.1, is defined in terms of multipli-
cation on the left. Hence – following the terminology of [18] – we use the name
left bialgebroid for this structure. In terms of right multiplication one defines right
bialgebroids analogously. For the details we refer to [18].

Once the map γ : A → A ⊗
B

A is given we can define γ op: A → A ⊗
Bop A via

a �→ a(2) ⊗ a(1). It is straightforward to check that if AL = (A, B, s, t, γ, π) is a
left bialgebroid then AL cop = (A, Bop, t, s, γ op, π) is also a left bialgebroid and
A

op
L = (Aop, B, t, s, γ, π) is a right bialgebroid.
In the case of a left bialgebroid AL = (A, B, s, t, γ, π) the category AM of left

A-modules is a monoidal category. As a matter of fact, any left A-module is a B–B

bimodule via s and t . The monoidal product in AM is defined as the B-module
tensor product with A-module structure

a · (m ⊗
B

m′) := a(1) · m ⊗
B

a(2) · m′ for a ∈ A, m ⊗
B

m′ ∈ M ⊗
B

M ′.

Just the same way as axiom (2.3), also this definition makes sense in the view
of (2.1). The monoidal unit is B with A-module structure

a · b := π(as(b)) for a ∈ A, b ∈ B.

Analogously, in the case of a right bialgebroid AR the category MA of right
A-modules is a monoidal category.

The B-coring structure (BAB, γ, π), underlying the left bialgebroid AL =
(A, B, s, t, γ, π), gives rise to a k-algebra structure on any of the B-duals of BAB

[10, 17.8]. The multiplication on the k-module ∗A := BHom(A, B), for example,
is given by

(∗φ∗ψ)(a) = ∗ψ(t ◦ ∗φ(a(2))a(1)) for ∗φ, ∗ψ ∈ ∗A, a ∈ A (2.11)

and the unit is π . ∗A is a left A-module and A is a right ∗A-module via

a ⇁ ∗φ := ∗φ( a) and a ↽ ∗φ := t ◦ ∗φ(a(2)) a(1) (2.12)

for ∗φ ∈ ∗A, a ∈ A. As it is well known [39, 18], ∗A is also a B ⊗
k

Bop-ring via
the inclusions

∗s: B → ∗A, b �→ π( )b,

∗t : Bop → ∗A, b �→ π( s(b)).

Both maps ∗s and ∗t are split injections of B-modules with common left inverse
∗π : ∗A → B, ∗φ �→ ∗φ(1A). What is more, if A is finitely generated and projective
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as a left B-module, then ∗A has also a right bialgebroid structure (with source and
target maps ∗s and ∗t , respectively, and counit ∗π ).

Notice that the algebra ∗A reduces to the opposite of the usual dual algebra if
(BAB, γ, π) is a coalgebra over a commutative ring B. In the case when A is a
finitely generated projective left B-module, also the coproduct specializes to the
opposite of the usual one in the case when A is a bialgebra. This convention is
responsible for duality to flip the notions of left and right bialgebroids.

Applying the above formulae to the left bialgebroid (AL)cop we obtain a B ⊗
k

Bop-ring structure on A∗ := HomB(A, B). The inclusions B → A∗ and Bop → A∗
will be denoted by s∗ and t∗, respectively. In particular, A∗ is a left A-module and
A is a right A∗-module via

a ⇀ φ∗ := ( a) and a ↼ φ∗ := s ◦ φ∗(a(1)) a(2). (2.13)

If the module A is finitely generated and projective as a right B-module then A∗ is
also a right bialgebroid.

In the case of a right bialgebroid AR = (A, B, s, t, γ, π) the application of
the opposite of the multiplication formula (2.11) to (AR)

op
cop and to (AR)op results

B ⊗
k

Bop-ring structures on A∗ := HomB(A, B) and ∗A := BHom(A, B), respec-
tively. We have the inclusions s∗: B → A∗, t∗: Bop → A∗, ∗s: B → ∗A and
∗t : Bop → ∗A.

In particular, A∗ and ∗A are right A-modules and A is a left A∗-module and a
left ∗A-module via the formulae

φ∗ ↼ a: = φ∗(a ) and φ∗ ⇀ a := a(2) t ◦ φ∗(a(1)), (2.14)
∗φ ↽ a := ∗φ(a ) and ∗φ ⇁ a := a(1) s ◦ ∗φ(a(2)) (2.15)

for φ∗ ∈ A∗, ∗φ ∈ ∗A and a ∈ A. If A is finitely generated and projective as a
right, or as a left B-module then the corresponding dual is also a left bialgebroid.

Before defining the structure that is going to be the subject of the paper let us
stop here and introduce some notations. Analogous notations were already used
in [5].

When dealing with a B ⊗
k

Bop-ring A, we have to face the situation that A

carries different module structures over the base algebra B. In this situation the
usual notation A ⊗

B
A would be ambiguous. Therefore we make the following

notational convention. In terms of the maps s: B → A and t : Bop → A we
introduce four B-modules

BA : b · a := s(b)a,

AB : a · b := t (b)a,

AB : a · b = as(b),
BA : b · a = at (b). (2.16)

(Our notation can be memorized as left indices stand for left modules and right
indices for right modules. Upper indices for modules defined in terms of right mul-
tiplication and lower indices for the ones defined in terms of left multiplication.)
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In writing B-module tensor products we write out explicitly the module struc-
tures of the factors that are taking part in the tensor products, and do not put marks
under the symbol ⊗. For example, we write AB ⊗ BA. Normally we do not denote
the module structures that are not taking part in the tensor product, this should be
clear from the context. In writing elements of tensor product modules we do not
distinguish between the various module tensor products. That is, we write both
a ⊗ a′ ∈ AB ⊗ BA and c ⊗ c′ ∈ AB ⊗ BA, for example.

A left B-module can be considered as a right Bop-module, and sometimes we
want to take a module tensor product over Bop. In this case we use the name of
the corresponding B-module and the fact that the tensor product is taken over
Bop should be clear from the order of the factors. For example, BA ⊗ AB is the
Bop-module tensor product of the right Bop module defined via multiplication by
s(b) on the left, and the left Bop-module defined via multiplication by t (b) on the
left.

In writing multiple tensor products we use different types of letters to denote
which module structures take part in the same tensor product. For example, the
B-module tensor product AB ⊗ BA can be given a right B module structure via
multiplication by t (b) on the left in the second factor. The tensor product of this
right B-module with BA is denoted by AB ⊗ BAB ⊗ BA.

We are ready to introduce the structure that is going to be the subject of the
paper:

DEFINITION 2.2. A Hopf algebroid A = (AL, AR, S) consists of a left bialge-
broid AL = (A, L, sL, tL, γL, πL), a right bialgebroid AR = (A, R, sR, tR, γR, πR)

and a k-module map S: A → A, called the antipode, such that the following
axioms hold true:

(i) sL ◦ πL ◦ tR = tR, tL ◦ πL ◦ sR = sR and

sR ◦ πR ◦ tL = tL, tR ◦ πR ◦ sL = sL, (2.17)

(ii) (γL ⊗ RA) ◦ γR = (AL ⊗ γR) ◦ γL

as maps A → AL ⊗ LAR ⊗ RA and

(γR ⊗ LA) ◦ γL = (AR ⊗ γL) ◦ γR

as maps A → AR ⊗ RAL ⊗ LA, (2.18)

(iii) S is both an L–L bimodule map LAL → LAL

and an R–R bimodule map RAR → RAR, (2.19)

(iv) mA ◦ (S ⊗ LA) ◦ γL = sR ◦ πR and

mA ◦ (AR ⊗ S) ◦ γR = sL ◦ πL. (2.20)

If A = (AL, AR, S) is a Hopf algebroid then so is A
op
cop = ((AR)

op
cop, (AL)

op
cop, S)

and if S is bijective then also Acop = ((AL)cop, (AR)cop, S
−1) and Aop = ((AR)op,

(AL)op, S−1).
The following modification of Sweedler’s convention will turn out to be useful.

For a Hopf algebroid A = (AL, AR, S) we use the notation γL(a) = a(1) ⊗ a(2)
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with lower indices, and γR(a) = a(1) ⊗ a(2) with upper indices for a ∈ A in the
case of the coproducts of AL and of AR, respectively. The axioms (2.18) read in
this notation as

a(1)
(1) ⊗ a(1)

(2) ⊗ a(2) = a(1) ⊗ a(2)
(1) ⊗ a(2)

(2),

a(1)
(1) ⊗ a(1)

(2) ⊗ a(2) = a(1) ⊗ a(2)
(1) ⊗ a(2)

(2)

for a ∈ A.
Examples of Hopf algebroids (with bijective antipode) are collected in [5].

PROPOSITION 2.3. (1) The base algebras L and R of the left and right bialge-
broids in a Hopf algebroid are anti-isomorphic.

(2) For a Hopf algebroid A = (AL, AR, S) the pair (S, πL ◦ sR) is a left
bialgebroid homomorphism (AR)

op
cop → AL and (S, πR ◦ sL) is a left bialgebroid

homomorphism AL → (AR)
op
cop.

Proof. (1) Both πR ◦ sL and πR ◦ tL are anti-isomorphisms L → R with inverses
πL ◦ tR and πL ◦ sR, respectively.

(2) We have seen that the map πL ◦ sR: Rop → L is an algebra homomorphism.
It follows from (2.19), (2.20) and some bialgebroid identities that S: Aop → A is
an algebra homomorphism, as for a, b ∈ A we have

S(1A) = 1A S(1A) = sL ◦ πL(1A) = 1A and

S(ab) = S[tL ◦ πL(a(2)) a(1) b]
= S[a(1) tL ◦ πL(b(2)) b(1)] a(2)

(1)S(a(2)
(2))

= S[a(1)
(1)b

(1)
(1)] a(1)

(2)b
(1)

(2)S(b(2))S(a(2))

= sR ◦ πR(a(1)b(1)) S(b(2)) S(a(2))

= S[b(2) tR ◦ πR(tR ◦ πR(a(1)) b(1))]S(a(2))

= S(b) sR ◦ πR(a(1)) S(a(2)) = S(b)S(a).

The properties (2.7)–(2.8) follow from (2.19) and (2.17) as

sL ◦ πL ◦ sR = S ◦ tL ◦ πL ◦ sR = S ◦ sR,

tL ◦ πL ◦ sR = sR = S ◦ tR.

The properties (2.9)–(2.10) are checked on an element a ∈ A as

γL ◦ S(a) = S(a(1))(1) sL ◦ πL(a(2)) ⊗ S(a(1))(2)

= S(a(1)
(1))(1)a

(1)
(2)S(a(2)) ⊗ S(a(1)

(1))(2)

= S(a(1)
(1))(1) tL ◦ πL(a(1)

(2)(2)) a(1)
(2)(1) S(a(2)) ⊗ S(a(1)

(1))(2)

= S(a(1)(1)
(1))(1)a

(1)(1)
(2)(1)S(a(2))

⊗ S(a(1)(1)
(1))(2)a

(1)(1)
(2)(2)S(a(1)(2))

= S(a(2)) ⊗ sR ◦ πR(a(1)(1)) S(a(1)(2)) = (S ⊗ S) ◦ γ
op
R (a) and

πL ◦ S(a) = πL[S(a(1)) sL ◦ πL(a(2))] = πL ◦ sR ◦ πR(a).
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The proof is completed by the observation that in passing from the Hopf alge-
broid A to A

op
cop the roles of (S, πL ◦ sR) and (S, πR ◦ sL) become interchanged. �

PROPOSITION 2.4. The left bialgebroid AL in a Hopf algebroid A is a ×L-Hopf
algebra in the sense of [30]. That is, the map

α: LA ⊗ AL → AL ⊗ LA, a ⊗ b → a(1) ⊗ a(2)b

is bijective.
Proof. The inverse of α is given by

α−1: AL ⊗ LA → LA ⊗ AL, a ⊗ b �→ a(1) ⊗ S(a(2))b. �
The relation between the left and the right bialgebroids in a Hopf algebroid

A implies relations between the dual algebras A∗ ≡ HomR(AR, R) and A∗ ≡
HomL(AL, L) and also between ∗A ≡ RHom(RA, R) and ∗A ≡ LHom(LA, L):

LEMMA 2.5. For a Hopf algebroid A there exist algebra anti-isomorphisms
σ : ∗A → ∗A and χ : A∗ → A∗ satisfying

a ↽ ∗φ = σ(∗φ) ⇁ a (2.21)

and

φ∗ ⇀ a = a ↼ χ(φ∗) (2.22)

for all ∗φ ∈ ∗A, φ∗ ∈ A∗ and a ∈ A.
Proof. We leave it to the reader to check that the maps

σ : ∗A → ∗A, ∗φ �→ πR( ↽ ∗φ)

and

χ : A∗ → A∗, φ∗ �→ πL(φ∗ ⇀ )

are algebra anti-homomorphisms satisfying (2.21)–(2.22). The inverses are given
by

σ−1: ∗A → ∗A, ∗φ �→ πL(∗φ ⇁ )

and

χ−1: A∗ → A∗, φ∗ �→ πR( ↼ φ∗). �
LEMMA 2.6. The following properties of a Hopf algebroid A = (AL, AR, S) are
equivalent:

(1.a) The module AL is finitely generated and projective.
(1.b) The module AR is finitely generated and projective.
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The following are also equivalent:

(2.a) The module LA is finitely generated and projective.
(2.b) The module RA is finitely generated and projective.

If furthermore S is bijective then all the four properties (1.a), (1.b), (2.a) and (2.b)
are equivalent.

Proof. (1.a) ⇒ (1.b) In terms of the dual bases, {bi} ⊂ A and {βi∗} ⊂ A∗ for the
module AL, the dual bases, {kj } ⊂ A and {κ∗

j } ⊂ A∗ for the module AR, can be
constructed by the requirement that

∑

j

kj ⊗ κ∗
j =

∑

i

b
(1)
i ⊗ [χ−1(βi

∗) ↼ sR ◦ πR ◦ sL ◦ πL(b
(2)
i )]

as elements of AR ⊗ RA∗, where χ is the isomorphism (2.22). The expression on
the right-hand side is well defined since – though the map

AL ⊗ LA∗ → A∗, a ⊗ φ∗ �→ χ−1(φ∗) ↼ sR ◦ πR ◦ sL ◦ πL(a)

is not a left R-module map RAL⊗LA∗ → RA∗ – its restriction to the R-submodule
{∑k ak ⊗ φk∗ ∈ AL ⊗ LA∗ | ∑

k aktL(l) ⊗ φk∗ = ∑
k ak ⊗ φk∗s∗(l) ∀l ∈ L } is so.

(2.a) ⇒ (2.b) Similarly, in terms of the dual bases, {bi} ⊂ A and {∗βi} ⊂ ∗A
for the module LA, the dual bases, {kj } ⊂ A and {∗κj } ⊂ ∗A for the module RA,
can be constructed by the requirement that

∑

j

∗κj ⊗ kj =
∑

i

[σ(∗βi) ↽ tR ◦ πR ◦ tL ◦ πL(b
(1)
i )] ⊗ b

(2)
i

as elements of ∗AR ⊗ RA, where σ is the isomorphism (2.21).
(1.b) ⇒ (1.a) follows by applying (2.a) ⇒ (2.b) to the Hopf algebroid A

op
cop.

(2.b) ⇒ (2.a) follows by applying (1.a) ⇒ (1.b) to the Hopf algebroid A
op
cop.

Now suppose that S is bijective.
(1.a) ⇒ (2.b) In terms of the dual bases, {bi} ⊂ A and {βi∗} ⊂ A∗ for the

module AL, the dual bases, {kj } ⊂ A and {∗κj } ⊂ ∗A for the module RA, can be
constructed by the requirement that

∑

j

∗κj ⊗ kj =
∑

i

πR ◦ tL ◦ βi
∗ ◦ S ⊗ S−1(bi) as elements of ∗AR ⊗ RA.

(2.b) ⇒ (1.a) follows by applying (1.a) ⇒ (2.b) to the Hopf algebroid A
op
cop. �

Now we turn to the study of the notion of integrals in Hopf algebroids. For a
left bialgebroid AL = (A, L, sL, tL, γL, πL) and a left A-module M the invariants
of M with respect to AL are the elements of

Inv(M) := {n ∈ M | a · n = sL ◦ πL(a) · n ∀a ∈ A}.
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Clearly, the invariants of M with respect to (AL)cop coincide with its invariants
with respect to AL. The invariants of a right A-module M with respect to a right
bialgebroid AR are defined as the invariants of M (viewed as a left Aop-module)
with respect to (AR)op.

DEFINITION 2.7. The left integrals in a left bialgebroid AL are the invariants of
the left regular A-module with respect to AL.

The right integrals in a right bialgebroid AR are the invariants of the right
regular A-module with respect to AR.

The left/right integrals in a Hopf algebroid A = (AL, AR, S) are the left/right
integrals in AL/AR, that is the elements of

L(A) = {� ∈ A | a� = sL ◦ πL(a) � ∀a ∈ A}
and

R(A) = {℘ ∈ A | ℘a = ℘ sR ◦ πR(a) ∀a ∈ A}.
For any Hopf algebroid A = (AL, AR, S) we have L(A) = R(A

op
cop) and if S is

bijective then also L(A) = L(Acop) = R(Aop). Since for � ∈ L(A) and a ∈ A,

S(�)a = S[tL ◦ πL(a(1)) �]a(2) = S(a(1)�)a(2) = S(�) sR ◦ πR(a),

we have S(L(A)) ⊆ R(A) and, similarly, S(R(A)) ⊆ L(A).

SCHOLIUM 2.8. The following properties of an element � ∈ A are equivalent:

(1.a) � ∈ L(A),

(1.b) S(a)�(1) ⊗ �(2) = �(1) ⊗ a�(2) ∀a ∈ A,

(1.c) a�(1) ⊗ S(�(2)) = �(1) ⊗ S(�(2))a ∀a ∈ A.

The following properties of the element ℘ ∈ A are also equivalent:

(2.a) ℘ ∈ R(A),

(2.b) ℘(1) ⊗ ℘(2)S(a) = ℘(1)a ⊗ ℘(2) ∀a ∈ A,

(2.c) S(℘(1)) ⊗ ℘(2)a = aS(℘(1)) ⊗ ℘(2) ∀a ∈ A.

By comodules over a left bialgebroid AL = (A, L, sL, tL, γL, πL) we mean
comodules over the L-coring (LAL, γL, πL), and by comodules over a right bial-
gebroid AR = (A, R, sR, tR, γR, πR) comodules over the R-coring (RAR, γR, πR).
The pair (LA, γL) is a left comodule, and (AL, γL) is a right comodule over the left
bialgebroid AL. Since the L-coring (LAL, γL, πL) possesses a grouplike element
1A, also (L, sL) is a left comodule and (L, tL) is a right comodule over AL (see
[10, 28.2]). Similarly, (AR, γR) and (R, sR) are right comodules, and (RA, γR) and
(R, tR) are left comodules over AR.

DEFINITION 2.9. An s-integral on a left bialgebroid AL = (A, L, sL, tL, γL, πL)

is a left AL-comodule map ∗ρ: (LA, γL) → (L, sL). That is, an element of

R(∗A) := {∗ρ ∈ ∗A | (AL ⊗ ∗ρ) ◦ γL = sL ◦ ∗ρ}.
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A t-integral on AL is a right AL-comodule map (AL, γL) → (L, tL). That is, an
element of

R(A∗) := {ρ∗ ∈ A∗ | (ρ∗ ⊗ LA) ◦ γL = tL ◦ ρ∗}.
An s-integral on a right bialgebroid AR = (A, R, sR, tR, γR, πR) is a right
AR-comodule map (AR, γR) → (R, sR). That is, an element of

L(A∗) := {λ∗ ∈ A∗ | (λ∗ ⊗ RA) ◦ γR = sR ◦ λ∗}.
A t-integral on AR is a left AR-comodule map (RA, γR) → (R, tR). That is, an
element of

L(∗A) := {∗λ ∈ ∗A | (AR ⊗ ∗λ) ◦ γR = tR ◦ ∗λ}.
The right/left s- and t-integrals on a Hopf algebroid A = (AL, AR, S) are the
s- and t-integrals on AL/AR.

The integrals on a left/right bialgebroid are checked to be invariants of the
appropriate right/left regular module – justifying our usage of the terms ‘right’
and ‘left’ integrals for them (cf. the remark in Section 2 about using the opposite–
co-opposite of the convention, usual in the case of bialgebras, when defining the
dual bialgebroids ∗A and A∗). As a matter of fact, for example, if ∗ρ ∈ R(∗A)

then

[∗ρ ∗φ](a) = ∗φ(a ↼ ∗ρ) = ∗φ(sL ◦ ∗ρ(a)) = ∗ρ(a) ∗φ(1A)

= [∗ρ ∗s ◦ ∗π(∗φ)](a) (2.23)

for all ∗φ ∈ ∗A and a ∈ A. If the module LA is finitely generated and projective
(hence ∗A is a right bialgebroid) then also the converse is true, so in this case the
s-integrals on AL are the same as the right integrals in ∗A. Similar statements hold
true on the elements of R(A∗), L(A∗) and L(∗A).

The reader should be warned that integrals on Hopf algebras H over commu-
tative rings k are defined in the literature sometimes as comodule maps H → k –
similarly to our Definition 2.9 –, sometimes by the analogue of the weaker invariant
condition (2.23).

For any Hopf algebroid A we have R(∗A) = L((A
op
cop)

∗) and R(A∗) =
L(∗(Aop

cop)). If the antipode is bijective then also R(∗A) = R((Acop)∗) =
L(∗(Aop)).

SCHOLIUM 2.10. Let A = (AL, AR, S) be a Hopf algebroid. The following
properties of an element ∗ρ ∈ ∗A are equivalent:

(1.a) ∗ρ ∈ R(∗A),

(1.b) πR ◦ sL ◦ ∗ρ ∈ L(∗A),

(1.c) sL ◦ ∗ρ(aS(b(1))) b(2) = tL ◦ ∗ρ(a(2)S(b)) a(1) ∀a, b ∈ A.
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The following properties of an element ρ∗ ∈ A∗ are equivalent:

(2.a) ρ∗ ∈ R(A∗),
(2.b) πR ◦ tL ◦ ρ∗ ∈ L(A∗),
(2.c) tL ◦ ρ∗(ab(1)) S(b(2)) = sL ◦ ρ∗(a(1)b) a(2) ∀a, b ∈ A.

The following properties of an element λ∗ ∈ A∗ are equivalent:

(3.a) λ∗ ∈ L(A∗),
(3.b) πL ◦ sR ◦ λ∗ ∈ R(A∗),
(3.c) a(1) sR ◦ λ∗(S(a(2))b) = b(2) tR ◦ λ∗(S(a)b(1)) ∀a, b ∈ A.

The following properties of an element ∗λ ∈ ∗A are equivalent:

(4.a) ∗λ ∈ L(∗A),

(4.b) πL ◦ tR ◦ ∗λ ∈ R(∗A),

(4.c) S(a(1)) tR ◦ ∗λ(a(2)b) = b(1) sR ◦ ∗λ(ab(2)) ∀a, b ∈ A.

In particular, for ∗ρ ∈ R(∗A) the element ∗ρ ◦ S belongs to R(A∗) and for λ∗ ∈
L(A∗) the element λ∗ ◦ S belongs to L(∗A).

3. Maschke Type Theorems

The most classical version of Maschke’s theorem [22] considers group algebras
over fields. It states that the group algebra of a finite group G over a field F is semi-
simple if and only if the characteristic of F does not divide the order of G. This
result has been generalized to finite-dimensional Hopf algebras H over fields F

by Sweedler [32] proving that H is a separable F -algebra if and only if it is semi-
simple and if and only if there exists a normalized left integral in H . The proof goes
as follows. It is a classical result that a separable algebra over a field is semi-simple.
If H is semi-simple then, in particular, the H -module on F , defined in terms of the
counit, is projective. This means that the counit, as an H -module map H → F ,
splits. Its right inverse maps the unit of F into a normalized integral. Finally, in
terms of a normalized integral one can construct an H -bilinear right inverse for the
multiplication map H ⊗

F
H → H .

The only difficulty in the generalization of Maschke’s theorem to Hopf algebras
over commutative rings comes from the fact that in the case of an algebra A over
a commutative base ring k, separability does not imply the semi-simplicity of A

in the sense [28] that every (left or right) A-module was projective. It implies [15,
17], however, that every A-module is (A, k)-projective, i.e. that every epimorphism
of A-modules which is k-split, is also A-split. In order to avoid confusion, we
will say that the k-algebra A is semi-simple [28] if it is an Artinian semi-simple
ring, i.e. if any A-module is projective. By the terminology of [15] we call A a
(left or right) semi-simple extension of k if any (left or right) A-module is (A, k)-
projective.

               dc_124_10



576 GABRIELLA BÖHM

Since the counit of a Hopf algebra H over a commutative ring k is a split
epimorphism of k-modules, the Maschke theorem generalizes to this case in the
following form [12, 20]. The extension k → H is separable if and only if it is (left
and right) semi-simple and if and only if there exist normalized (left and right)
integrals in H .

In this section we investigate the properties of the total algebra of a Hopf alge-
broid, as an extension of the base algebra, that are equivalent to the existence of
normalized integrals in the Hopf algebroid. Dually, we investigate also the prop-
erties of the coring over the base algebra, underlying a Hopf algebroid, that are
equivalent to the existence of normalized integrals on the Hopf algebroid (in any
of the four possible senses).

A Maschke-type theorem on certain Hopf algebroids can be obtained also by
the application of [37, Theorem 4.2]. Notice, however, that the Hopf algebroids
occurring this way are only the Frobenius Hopf algebroids (discussed in Section 4
below), that is the Hopf algebroids possessing nondegenerate integrals (which are
called Frobenius integrals in [37]).

The following Theorem 3.1 generalizes results from [12, Proposition 4.7] and
[20, Theorem 3.3].

THEOREM 3.1 (Maschke Theorem for Hopf algebroids). The following asser-
tions on a Hopf algebroid A = (AL, AR, S) are equivalent:

(1.a) The extension sR: R → A is separable. That is, the multiplication map
AR ⊗ RA → A splits as an A–A bimodule map.

(1.b) The extension tR: Rop → A is separable. That is, the multiplication map
RA ⊗ AR → A splits as an A–A bimodule map.

(1.c) The extension sL: L → A is separable. That is, the multiplication map
AL ⊗ LA → A splits as an A–A bimodule map.

(1.d) The extension tL: Lop → A is separable. That is, the multiplication map
LA ⊗ AL → A splits as an A–A bimodule map.

(2.a) The extension sR: R → A is right semi-simple. That is, any right A-module
is (A, R)-projective.

(2.b) The extension tR: Rop → A is right semi-simple. That is, any right A-module
is (A, Rop)-projective.

(2.c) The extension sL: L → A is left semi-simple. That is, any left A-module is
(A, L)-projective.

(2.d) The extension tL: Lop → A is left semi-simple. That is, any left A-module is
(A, Lop)-projective.

(3.a) There exists a normalized left integral in A. That is, an element � ∈ L(A)

such that πL(�) = 1L.
(3.b) There exists a normalized right integral in A. That is, an element ℘ ∈ R(A)

such that πR(℘) = 1R.
(4.a) The epimorphism πR: A → R splits as a right A-module map.
(4.b) The epimorphism πL: A → L splits as a left A-module map.
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Proof. (1.a) ⇒ (2.a), (1.b) ⇒ (2.b), (1.c) ⇒ (2.c) and (1.d) ⇒ (2.d) It is
proven in [17, Proposition 2.6] that a separable extension is both left and right
semi-simple.

(2.a) ⇒ (4.a) ((2.b) ⇒ (4.a)) The epimorphism πR is split as a right (left)
R-module map by sR (by tR), hence it is split as a right A-module map.

(4.a) ⇒ (3.b) Let ν: R → A be the right inverse of πR in MA. Then ℘ := ν(1R)

is a normalized right integral in A.
(3.a) ⇔ (3.b) By part (2) of Proposition 2.3 the antipode takes a normalized

left/right integral to a normalized right/left integral.
(3.a) ⇒ (1.a) and (3.b) ⇒ (1.b) If � is a normalized left integral in A then, by

Scholium 2.8, the required right inverse of the multiplication map AR ⊗RA → A is
given by the A–A bimodule map a �→ a�(1) ⊗ S(�(2)) ≡ �(1) ⊗ S(�(2))a. Similarly,
if ℘ is a normalized right integral in A then the right inverse of the multiplication
map RA ⊗ AR → A is given by a �→ aS(℘(1)) ⊗ ℘(2) ≡ S(℘(1)) ⊗ ℘(2)a.

The proof is completed by applying the above arguments to the Hopf alge-
broid A

op
cop. �

Let us make a comment on the semi-simplicity of the algebra A (cf. [17, Propo-
sition 1.3]). If R is a semi-simple algebra and the equivalent conditions of The-
orem 3.1 hold true, then A – being a semi-simple extension of a semi-simple
algebra – is a semi-simple algebra. On the other hand, notice that condition (4.a)
in Theorem 3.1 is equivalent to the projectivity of the right A-module R. Hence
if A is a semi-simple k-algebra then the equivalent conditions of the theorem hold
true. It is not true, however, that the semi-simplicity of the total algebra implies
the semi-simplicity of the base algebra (which was shown by Lomp to be the case
in Hopf algebras [20]). A counterexample can be constructed as follows: If B is
a Frobenius algebra over a commutative ring k then A: = Endk(B) has a Hopf
algebroid structure over the base B [6]. If B is a Frobenius algebra over a field
– which can be non-semi-simple! – then A is a Hopf algebroid with semi-simple
total algebra.

The following Theorem 3.2 can be considered as a dual of Theorem 3.1 in
the sense that it speaks about corings over the base algebras instead of algebra
extensions. It is important to emphasize, however, that the two theorems are inde-
pendent results. Even in the case of Hopf algebroids such that all module struc-
tures (2.16) are finitely generated and projective, the duals are not known to be
Hopf algebroids.

Recall that the dual notion of that of a relative projective module is the relative
injective comodule. Namely, a comodule M for an R-coring A is called (A, R)-
injective [10, 18.18] if any monomorphism of A-comodules from M , which splits
as an R-module map, splits also as an A-comodule map.

THEOREM 3.2 (Dual Maschke Theorem for Hopf algebroids). The following as-
sertions on a Hopf algebroid A = (AL, AR, S) are equivalent:
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(1.a) The R-coring (RAR, γR, πR) is coseparable. That is, the comultiplication
γR: A → AR ⊗ RA splits as an AR–AR bicomodule map.

(1.b) The L-coring (LAL, γL, πL) is coseparable. That is, the comultiplication
γL: A → AL ⊗ LA splits as an AL–AL bicomodule map.

(2.a) Any right AR-comodule is (AR, R)-injective.
(2.b) Any left AR-comodule is (AR, R)-injective.
(2.c) Any left AL-comodule is (AL, L)-injective.
(2.d) Any right AL-comodule is (AL, L)-injective.
(3.a) There exists a normalized left s-integral on A. That is, an element λ∗ ∈

L(A∗) such that λ∗(1A) = 1R.
(3.b) There exists a normalized left t-integral on A. That is, an element ∗λ ∈

L(∗A) such that ∗λ(1A) = 1R.
(3.c) There exists a normalized right s-integral on A. That is, an element ∗ρ ∈

R(∗A) such that ∗ρ(1A) = 1L.
(3.d) There exists a normalized right t-integral on A. That is, an element ρ∗ ∈

R(A∗) such that ρ∗(1A) = 1L.
(4.a) The monomorphism sR: R → A splits as a right AR-comodule map.
(4.b) The monomorphism tR: R → A splits as a left AR-comodule map.
(4.c) The monomorphism sL: L → A splits as a left AL-comodule map.
(4.d) The monomorphism tL: L → A splits as a right AL-comodule map.

Proof. (1.a) ⇒ (2.a), (2.b) is proven in [10, 26.1].
(2.a) ⇒ (4.a) ((2.b) ⇒ (4.b)) The monomorphism sR (tR) is split as a right

(left) R-module map by πR hence it is split as a right (left) AR-comodule map.
(4.a) ⇒ (3.a) and (4.b) ⇒ (3.b) The left inverse λ∗ of sR in the category of right

AR-comodules is a normalized s-integral on AR by its very definition. Similarly,
the left inverse ∗λ of tR in the category of left AR-comodules is a normalized
t-integral on AR.

(3.a) ⇒ (3.b) If λ∗ is a normalized s-integral on AR then λ∗ ◦ S is a normalized
t-integral on AR by Scholium 2.10.

(3.b) ⇒ (1.a) In terms of the normalized t-integral ∗λ on AR the required right
inverse of the coproduct γR is constructed as the map

AR ⊗ RA → A, a ⊗ b �→ tR ◦ ∗λ(aS(b(1))) b(2).

It is checked to be an AR–AR bicomodule map using that by Scholium 2.10, (4.b)
and (1.c) we have tR ◦ ∗λ(aS(b(1))) b(2) = a(1) sR ◦ πR[tR ◦ ∗λ(a(2)S(b(1))) b(2)] for
all a, b in A.

(3.a) ⇔ (3.d) follows from Scholium 2.10, (2.b).
The remaining equivalences are proven by applying the above arguments to the
Hopf algebroid A

op
cop. �

The proofs of Theorem 3.1 and 3.2 can be unified if one formulates them as
equivalent statements on the forgetful functors from the category of A-modules,
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and from the category of AL or AR-comodules, respectively, to the category of L-
or R-modules – as it is done in the case of Hopf algebras over commutative rings
in [12]. We believe (together with the referee), however, that the above formu-
lation in terms of algebra extensions and corings, respectively, is more appeal-
ing.

4. Frobenius Hopf Algebroids and Nondegenerate Integrals

A left or right integral � in a Hopf algebra (H, �, ε, S) over a commutative ring k

is called nondegenerate [19] if the maps

Homk(H, k) → H, φ �→ (φ ⊗ H) ◦ �(�) and

Homk(H, k) → H, φ �→ (H ⊗ φ) ◦ �(�)

are bijective.
The notion of nondegenerate integrals is made relevant by the Larson–Sweedler

Theorem [19] stating that a free and finite-dimensional bialgebra over a principal
ideal domain is a Hopf algebra if and only if there exists a nondegenerate left
integral in H .

The Larson–Sweedler Theorem has been extended by Pareigis [27] to Hopf
algebras over commutative rings with trivial Picard group. He proved also that a
bialgebra over an arbitrary commutative ring k, which is a Frobenius k-algebra,
is a Hopf algebra if and only if there exists a Frobenius functional ψ : H → k

satisfying

(H ⊗ ψ) ◦ � = 1Hψ( ).

As a matter of fact, based on the results of [27] the following variant of [13, 3.2
Theorem 31] can be proven:

THEOREM 4.1. The following properties of a Hopf algebra (H, �, ε, S) over a
commutative ring k are equivalent:

(1) H is a Frobenius k-algebra.
(2) There exists a nondegenerate left integral in H .
(3) There exists a nondegenerate right integral in H .
(4) There exists a nondegenerate left integral on H . That is, a Frobenius functional

ψ : H → k satisfying (H ⊗ ψ) ◦ � = 1Hψ( ).
(5) There exists a nondegenerate right integral on H . That is, a Frobenius func-

tional ψ : H → k satisfying (ψ ⊗ H) ◦ � = 1Hψ( ).

The main subject of the present section is the generalization of Theorem 4.1 to
Hopf algebroids.

The most important tool in the proof of Theorem 4.1 is the Fundamental Theo-
rem for Hopf modules [19]. A very general form of it has been proven by Brzez-
iński [7, Theorem 5.6], see also [10, 28.19] in the framework of corings. It can be
applied in our setting as follows.
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Hopf modules over bialgebroids are examples of Doi–Koppinen modules over
algebras, studied in [8]. A left-left Hopf module over a left bialgebroid AL =
(A, L, sL, tL, γL, πL) is a left comodule for the comonoid (A, γL, πL) in the cate-
gory of left A-modules. That is, a pair (M, τ) where M is a left A-module, hence
a left L-module LM via sL. The pair (LM, τ) is a left AL-comodule such that
τ : M → AL ⊗ LM is a left A-module map to the module

a · (b ⊗ m): = a(1)b ⊗ a(2) · m for a ∈ A, b ⊗ m ∈ AL ⊗ LM.

The right–right Hopf modules over a right bialgebroid AR are the left–left Hopf
modules over (AR)

op
cop.

It follows from [8, Proposition 4.1] that the left–left Hopf modules over AL are
the left comodules over the A-coring

W := (AL ⊗ LA, γL ⊗ LA, πL ⊗ LA), (4.1)

where the A–A bimodule structure is given by

a · (b ⊗ c) · d: = a(1)b ⊗ a(2)cd for a, d ∈ A, b ⊗ c ∈ AL ⊗ LA.

The coring (4.1) was studied in [2]. It was shown to possess a group-like element
1A ⊗ 1A ∈ AL ⊗ LA and corresponding coinvariant subalgebra tL(L) in A. The
coring (4.1) is Galois (w.r.t. the group-like element 1A ⊗ 1A) if and only if AL is a
×L-Hopf algebra in the sense of [30]. Since in a Hopf algebroid A = (AL, AR, S)

the left bialgebroid AL is a ×L-Hopf algebra by Proposition 2.4, the A-coring (4.1)
is Galois in this case. Denote the category of left–left Hopf modules over AL (i.e. of
left comodules over the coring (4.1)) by WM. The application of [7, Theorem 5.6]
results that if A = (AL, AR, S) is a Hopf algebroid, such that the module LA is
faithfully flat, then the functor

G: WM → ML,

(M, τ) �→ Coinv(M)L := {m ∈ M | τ(m) = 1A ⊗ m ∈ AL ⊗ LM} (4.2)

(where the right L-module structure on Coinv(M) is given via tL) and the induction
functor

F : ML → WM, NL �→ (LA ⊗ NL, γL ⊗ NL) (4.3)

(where the left A-module structure on LA ⊗ NL is given by left multiplication in
the first factor) are inverse equivalences.

In the case of Hopf algebras H over commutative rings k, these arguments lead
to the Fundamental Theorem only for faithfully flat Hopf algebras. The proof of
the Fundamental Theorem in [19], however, does not rely on any assumption on
the k-module structure of H .

Since the Hopf algebroid structure is more restrictive than the ×L-Hopf alge-
bra structure, one hopes to prove the Fundamental Theorem for Hopf algebroids
also under milder assumptions – using the whole strength of the Hopf algebroid
structure.
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THEOREM 4.2 (Fundamental Theorem for Hopf algebroids). Let A = (AL,

AR, S) be a Hopf algebroid and W the A-coring (4.1). The functors G: WM →
ML in (4.2) and F : ML → WM in (4.3) are inverse equivalences.

Proof. We construct the natural isomorphisms α: F ◦G → WM and β: G◦F →
ML. The map

αM : LA ⊗ Coinv(M)L → M, a ⊗ m �→ a · m

is a left W -comodule map and natural in M . The isomorphism property is proven
by constructing the inverse

α−1
M : M → LA ⊗ Coinv(M)L, m �→ m〈−1〉(1) ⊗ S(m〈−1〉(2)) · m〈0〉,

where we used the standard notation τ(m) = m〈−1〉 ⊗ m〈0〉. It requires some work
to check that α−1

M (m) belongs to LA ⊗ Coinv(M)L. Let us introduce the right L-
submodule X of AL ⊗ LAL ⊗ LM as

X :=
{∑

i

ai ⊗ bi ⊗ mi ∈ AL ⊗ LAL ⊗ LM

∣∣∣∣

∑

i

ai tL(l) ⊗ bi ⊗ mi =
∑

i

ai ⊗ bisL(l) ⊗ mi ∀l ∈ L

}

with L-module structure [∑i ai ⊗ bi ⊗ mi] · l := ∑
i ai tR ◦ πR ◦ tL(l) ⊗ bi ⊗ mi ,

and the map

ω: AL ⊗ LAL ⊗ LM → M,∑

i

ai ⊗ bi ⊗ mi �→
∑

i

S[sL ◦ πL(ai) bi] · mi.

Making M a right L-module via tL, the restriction of ω becomes a right L-module
map X → ML. The image of the map ω ◦ (AL ⊗ τ): AL ⊗ LM → M lies
in Coinv(M), since for any a ⊗ m ∈ AL ⊗ LM we have

τ ◦ ω ◦ (AL ⊗ τ)(a ⊗ m)

= S(m〈−1〉(2))m〈0〉〈−1〉 ⊗ S[sL ◦ πL(a) m〈−1〉(1)] · m〈0〉〈0〉
= sR ◦ πR(m〈−1〉(2)) ⊗ S[sL ◦ πL(a) m〈−1〉(1)] · m〈0〉
= 1A ⊗ ω ◦ (AL ⊗ τ)(a ⊗ m).

Since α−1
M = [LA ⊗ ω ◦ (AL ⊗ τ)] ◦ (γR ⊗ LM) ◦ τ , it follows that α−1

M (m) belongs
to LA ⊗ Coinv(M)L for all m ∈ M , as stated.

The coinvariants of the left W -comodule LA ⊗ NL are the elements of

Coinv(LA ⊗ NL)

=
{∑

i

ai ⊗ ni ∈ LA ⊗ NL

∣∣∣∣
∑

i

ai ⊗ ni =
∑

i

sR ◦ πR(ai) ⊗ ni

}
,
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hence the map

βN : Coinv(LA ⊗ NL) → N,∑

i

ai ⊗ ni �→
∑

i

ni · πL ◦ S(ai) ≡
∑

i

ni · πL(ai)

is a right L-module map and is natural in N . It is an isomorphism with inverse

β−1
N : N → Coinv(LA ⊗ NL), n �→ 1A ⊗ n. �

An analogous result for right–right Hopf modules over AR can be obtained by
applying Theorem 4.2 to the Hopf algebroid A

op
cop.

PROPOSITION 4.3. Let A = (AL, AR, S) be a Hopf algebroid and (M, τ) a
left–left Hopf module over AL. Then Coinv(M) is a k-direct summand of M .

Proof. The canonical inclusion Coinv(M) → M is split by the k-module map

EM : M → Coinv(M), m �→ S(m〈−1〉) · m〈0〉. (4.4)�
As the next step towards our goal, let us assume that A = (AL, AR, S) is a Hopf

algebroid such that the module AR – and hence by Lemma 2.6 also AL – is finitely
generated and projective. Under this assumption we are going to equip A∗ with
the structures of a left–left Hopf module over AL and a right–right Hopf module
over AR.

Let {bi} ⊂ A and {βi∗} ⊂ A∗ be dual bases for the module AL. A left
AL-comodule structure on A∗ can be introduced via the L-module structure

LA∗: l · φ∗ := φ∗ ↼ S ◦ sL(l) for l ∈ L, φ∗ ∈ A∗

and the left coaction

τL: A∗ → AL ⊗ LA∗, φ∗ �→
∑

i

bi ⊗ χ−1(βi
∗)φ

∗. (4.5)

Similarly, a right AR-comodule structure on A∗ can be introduced by the right
R-module structure

A∗
R: φ∗ · r := φ∗ ↼ sR(r) for r ∈ R, φ∗ ∈ A∗

and the right coaction

τR: A∗ → A∗
R ⊗ RA, φ∗ �→

∑

i

χ−1(βi
∗)φ

∗ ⊗ S(bi), (4.6)

where χ : A∗ → A∗ is the algebra anti-isomorphism (2.22).

PROPOSITION 4.4. Let A = (AL, AR, S) be a Hopf algebroid such that the
module AR is finitely generated and projective.
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(1) Introduce the left A-module

AA∗: a · φ∗ := φ∗ ↼ S(a) for a ∈ A, φ∗ ∈ A∗.

Then (AA∗, τL) – where τL is the map (4.5) – is a left–left Hopf module
over AL.

(2) Introduce the right A-module

A∗
A: φ∗ · a: = φ∗ ↼ a for a ∈ A, φ∗ ∈ A∗.

Then (A∗
A, τR) – where τR is the map (4.6) – is a right–right Hopf module

over AR.

The coinvariants of both Hopf modules (AA∗, τL) and (A∗
A, τR) are the elements

of L(A∗).
Proof. (1) We have to show that τL is a left A-module map. That is, for all a ∈ A

and φ∗ ∈ A∗,
∑

i

bi ⊗ χ−1(βi
∗)(φ

∗ ↼ S(a)) =
∑

i

a(1)bi ⊗ (χ−1(βi
∗)φ

∗) ↼ S(a(2)) (4.7)

as elements of AL ⊗ LA∗. Since for any φ∗ ∈ A∗ and a ∈ A,
∑

i

χ−1(βi
∗) ↼ S[sL ◦ φ∗(a(1)bi) a(2)] = χ−1(φ∗) ↼ sL ◦ πL(a),

the following identity holds true in AL ⊗ LA∗ for all a ∈ A:
∑

i

a(1)bi ⊗ χ−1(βi
∗) ↼ S(a(2))

=
∑

i,j

tL ◦ βj
∗ (a(1)bi) bj ⊗ χ−1(βi

∗) ↼ S(a(2))

=
∑

i,j

bj ⊗ χ−1(βi
∗) ↼ S[sL ◦ βj

∗ (a(1)bi) a(2)]

=
∑

j

bj ⊗ χ−1(βj
∗ ) ↼ sL ◦ πL(a). (4.8)

Since for all φ∗, ψ∗ ∈ A∗ and a ∈ A,

(φ∗ψ∗) ↼ a = (φ∗ ↼ a(2))(ψ∗ ↼ a(1)), (4.9)

the identity (4.8) is equivalent to (4.7).
(2) We have to show that τR is a right A-module map. That is, for all a ∈ A and

φ∗ ∈ A∗,
∑

i

χ−1(βi
∗)(φ

∗ ↼ a) ⊗ S(bi) =
∑

i

(χ−1(βi
∗)φ

∗) ↼ a(1) ⊗ S(bi)a
(2) (4.10)
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as elements of A∗
R ⊗ RA. Recall from the proof of Lemma 2.6 that the dual bases,

{bi} ⊂ A and {βi∗} ⊂ A∗ for the module AL, and the dual bases, {kj } ⊂ A and
{κ∗

j } ⊂ A∗ for AR, are related to each other by
∑

i

bi ⊗ βi
∗ =

∑

j

kj (1) ⊗ χ [s∗ ◦ πR(kj (2)) κ∗
j ] as elements of AL ⊗ LA∗.

This implies that τR(φ∗) = ∑
j s∗ ◦ πR(kj (2)) κ∗

j φ∗ ⊗ S(kj (1)). The following
identity holds true in A∗

R ⊗ RA for all a ∈ A:
∑

j

[s∗ ◦ πR(kj (2)) κ∗
j ] ↼ a(1) ⊗ S(kj (1))a

(2)

=
∑

j

s∗ ◦ πR(a(1)
(2)kj (2)) κ∗

j ⊗ S(a(1)
(1)kj (1))a

(2)

=
∑

j

s∗ ◦ πR[sR ◦ πR(a(2)
(1)) kj (2)]κ∗

j ⊗ S(a(1)kj (1))a(2)
(2)

=
∑

j

[s∗ ◦ πR(kj (2)) κ∗
j ] ↼ sR ◦ πR(a(2)

(1)) ⊗ S(a(1)kj (1))a(2)
(2)

=
∑

j

s∗ ◦ πR(kj (2)) κ∗
j ⊗ S(kj (1)) sR ◦ πR(a)

=
∑

j

[s∗ ◦ πR(kj (2)) κ∗
j ] ↼ tR ◦ πR(a) ⊗ S(kj (1)). (4.11)

Here we used the identity (s∗(r)φ∗) ↼ a = s∗(r) (φ∗ ↼ a) for r ∈ R, φ∗ ∈ A∗
and a ∈ A, the property of the dual bases

∑
j kj ⊗ κ∗

j ↼ a = ∑
j akj ⊗ κ∗

j for all
a ∈ A as elements of AR ⊗ RA∗, the right analogue of the bialgebroid axiom (2.6)
and the Hopf algebroid axioms (2.19) and (2.20). In view of (4.9) the identity (4.11)
is equivalent to (4.10).

In the cases of the Hopf modules (AA∗, τL) and (A∗
A, τR) a projection onto the

coinvariants is given by the map (4.4) and its right–right version, respectively, both
yielding

EA∗ : A∗ → Coinv(A∗), φ∗ �→
∑

i

χ−1(βi
∗)φ

∗ ↼ S2(bi). (4.12)

A left s-integral λ∗ on A is a coinvariant, since it is an invariant of the left regular
A∗-module and so for all a ∈ A,

EA∗(λ∗)(a) =
∑

i

χ−1(βi
∗)(1A)λ∗(S2(bi)a)

= λ∗[S2(tL ◦ βi
∗(1A) bi)a] = λ∗(a).

On the other hand, for all a ∈ A,
∑

i

S(bi)(a ↼ βi
∗) = S[tL ◦ βi

∗(a(1)) bi]a(2) = sR ◦ πR(a), (4.13)
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hence for all φ∗ ∈ A∗,

EA∗(φ∗) ⇀ a

=
∑

i

a(2) tR ◦ πR{[φ∗ ⇀ S2(bi)a
(1)] ↼ βi

∗}

=
∑

i

tR ◦ πR ◦ S2(b
(2)
i ) a(2) tR ◦ πR{[φ∗ ⇀ S2(b

(1)
i )a(1)] ↼ βi

∗}

=
∑

i

S(bi(2)) (S2(bi(1))a)(2) tR ◦ πR{[φ∗ ⇀ (S2(bi(1))a)(1)] ↼ βi
∗}

=
∑

i,j

S(bi(2)){[φ∗ ⇀ S2(tL ◦ βj
∗ (bi(1)) bj )a] ↼ βi

∗}

=
∑

i,j

S(bi ↼ βj
∗ ){[φ∗ ⇀ S2(bj )a] ↼ βi

∗}

=
∑

j

sR ◦ πR{[φ∗ ⇀ S2(bj )a] ↼ βj
∗ } = sR ◦ EA∗(φ∗)(a).

That is, any coinvariant is an s-integral on AR. Here we used (4.12), the right
analogue of (2.1), the identity tR ◦πR ◦S2 = S ◦ sR ◦πR, (2.20), the right analogue
of (2.3), the identity γR[(φ∗ ⇀ a) ↼ ψ∗] = (φ∗ ⇀ a(1)) ↼ ψ∗⊗a(2), holding true
for all a ∈ A, φ∗ ∈ A∗ and ψ∗ ∈ A∗, the right L-linearity of the map (φ∗ ⇀ ) ↼

ψ∗: AL → AL and (4.13). �
The application of Theorem 4.2 to the Hopf modules of Proposition 4.4 results

in isomorphisms

αL: LA ⊗ L(A∗)L → A∗, a ⊗ λ∗ �→ λ∗ ↼ S(a) and (4.14)

αR: RL(A∗) ⊗ AR → A∗, λ∗ ⊗ a �→ λ∗ ↼ a (4.15)

of left–left Hopf modules over AL and of right–right Hopf modules over AR, re-
spectively. (The right L-module structure on L(A∗) is given by λ∗·l := λ∗ ↼ sL(l)

and the left R-module structure is given by r · λ∗ := λ∗ ↼ tR(r) – see the
explanation after (4.2).)

COROLLARY 4.5. For a Hopf algebroid A = (AL, AR, S), such that any of
the modules AR, RA, LA and AL is finitely generated and projective, there exist
nonzero elements in all of L(A∗), L(∗A), R(∗A) and R(A∗).

Proof. Suppose that the module AR (equivalently, by Proposition 2.6 the mod-
ule AL) is finitely generated and projective. It follows from Proposition 4.4 and
Theorem 4.2 that the map (4.14) is an isomorphism, hence there exist nonzero
elements in L(A∗).

For any element λ∗ of L(A∗), λ∗ ◦ S is a (possibly zero) element of L(∗A) by
Scholium 2.10. Now we claim that it is excluded by the bijectivity of the map (4.14)
that λ∗ ◦ S = 0 for all λ∗ ∈ L(A∗). For if so, then by the surjectivity of the
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map (4.14) we have φ∗(1A) = 0 for all φ∗ ∈ A∗. But this is impossible, since
πR(1A) = 1R, by definition.

It follows from Scholium 2.10, (3.b) and (4.b) that also R(∗A) and R(A∗) must
contain nonzero elements.

The case when the module LA (equivalently, by Proposition 2.6 the module RA)
is finitely generated and projective can be treated by applying the same arguments
to the Hopf algebroid A

op
cop. �

Since none of the duals of a Hopf algebroid is known to be a Hopf algebroid,
it does not follow from Theorem 4.2, however, that for a Hopf algebroid, in which
the total algebra is finitely generated and projective as a module over the base
algebra, also L(A) and R(A) contain nonzero elements. At the moment we do not
know under what necessary conditions the existence of nonzero integrals in a Hopf
algebroid follows.

It is well known [27, Proposition 4] that the antipode of a finitely generated
and projective Hopf algebra over a commutative ring is bijective. We do not know
whether a result of the same strength holds true on Hopf algebroids. Our present
understanding on this question is formulated in

PROPOSITION 4.6. The following statements on a Hopf algebroid A = (AL,

AR, S) are equivalent:

(1) The antipode S is bijective and any of the modules LA, AL, AR and RA is
finitely generated and projective.

(2) There exists an invariant
∑

k xk ⊗ λ∗
k of the left A-module RA ⊗ L(A∗)R –

defined via left multiplication in the first factor – with respect to AL, satisfying∑
k λ∗

k(xk) = 1R. (The right R-module structure of L(A∗) is defined by the
restriction of the one of (A∗)R, i.e. as λ∗ · r := λ∗( tR(r)).)

Proof. For any invariant
∑

k xk ⊗λ∗
k of the left A-module RA⊗L(A∗)R and any

element a ∈ A the identities

∑

k

S(a)x
(1)
k ⊗ x

(2)
k ⊗ λ∗

k =
∑

k

x
(1)
k ⊗ ax

(2)
k ⊗ λ∗

k and

∑

k

ax
(1)
k ⊗ S(x

(2)
k ) ⊗ λ∗

k =
∑

k

x
(1)
k ⊗ S(x

(2)
k )a ⊗ λ∗

k

hold true as identities in RAR ⊗ RA ⊗ L(A∗)R and in RAR ⊗ RA ⊗ L(A∗)R,
respectively.

(2) ⇒ (1) In terms of the invariant
∑

k xk ⊗ λ∗
k the inverse of the antipode is

constructed explicitly as

S−1: A → A, a �→
∑

k

(λ∗
k ↼ a) ⇀ xk.
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The dual bases {bi} ⊂ A and {∗βi} ⊂ ∗A for the module RA are introduced by the
requirement that

∑

i

∗βi ⊗ bi =
∑

k

λ∗
k(S( )x

(1)
k ) ⊗ x

(2)
k

as elements of ∗AR ⊗ RA. Together with Lemma 2.6 this proves the implication
(2) ⇒ (1).

(1) ⇒ (2) If S is bijective then in the case of the Hopf algebroid Acop the
isomorphism (4.14) takes the form

α
cop
L : AL ⊗ LL(∗A) → ∗A, a ⊗ ∗λ �→ ∗λ ↽ S−1(a),

where the left L-module structure on L(∗A) is defined by l · ∗λ := ∗λ ↽ tL(l).
In terms of

∑
k xk ⊗∗λk := (α

cop
L )−1(πR) the required invariant of RA⊗L(A∗)R

is given by
∑

k xk ⊗ ∗λk ◦ S−1. �
In any Hopf algebroid A = (AL, AR, S), in which the module AL is finitely

generated and projective, the extensions sR: R → A and tL: Lop → A satisfy the
left depth two (or D2, for short) condition and the extensions tR: Rop → A and
sL: L → A satisfy the right D2 condition of [18]. If furthermore S is bijective
then all the four extensions satisfy both the left and the right D2 conditions. This
means [18, Lemma 3.7] in the case of sR: R → A, for example, the existence of
finite sets (the so called D2 quasi-bases) {dk} ⊂ AR ⊗ RA, {δk} ⊂ REndR(RAR),
{fl} ⊂ AR ⊗ RA and {φl} ⊂ REndR(RAR) satisfying

∑

k

dk · mA ◦ (δk ⊗ RA)(u) = u

and
∑

l

mA ◦ (AR ⊗ φl)(u) · fl = u

for all elements u in AR ⊗ RA, where the A–A bimodule structure on AR ⊗ RA

is defined by left multiplication in the first factor and right multiplication in the
second factor.

The D2 quasi-bases for the extension sR: R → A can be constructed in terms
of the invariants

∑
i xi ⊗ λ∗

i : = α−1
L (πR) and

∑
j x ′

j ⊗ ∗λ′
j := (α

cop
L )−1(πR) via the

requirements that
∑

k

dk ⊗ δk =
∑

i

xi(1)
(1) ⊗ S(xi(1)

(2)) ⊗ [λ∗
i ↼ S(xi(2))] ⇀

and
∑

l

φl ⊗ fl =
∑

j

↼ [x ′
j (1) ⇀ πL ◦ sR ◦ ∗λ′

j ◦ S−1] ⊗

⊗ x ′
j (2)

(1) ⊗ S(x ′
j (2)

(2)
)
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as elements of AR ⊗ RAL ⊗ L[REndR(RAR)] and of [REndR(RAR)]L ⊗ LAR ⊗ RA,
respectively. (The L–L bimodule structure on REndR(RAR) is given by

l1 · � · l2 = sL(l1)�( )sL(l2) for l1, l2 ∈ L, � ∈ REndR(RAR).)

The D2 property of the extensions tR: Rop → A, sL: L → A and tL: Lop → A

follows by applying these formulae to the Hopf algebroids Acop, A
op
cop and Aop,

respectively.
The following theorem, characterizing Frobenius Hopf algebroids A = (AL,

AR, S) – that is, Hopf algebroids such that the extensions, given by the source and
target maps of the bialgebroids AL and AR, are Frobenius extensions – is the main
result of this section.

Recall that for a homomorphism s: R → A of k-algebras the canonical R–A

bimodule RAA is a 1-cell in the additive bicategory of [k-algebras, bimodules, bi-
module maps], possessing a right dual, the bimodule AAR. If A is finitely generated
and projective as a left R-module, then RAA possesses also a left dual, the bimodule
A[RHom(A, R)]R defined as

a · φ · r = φ( a)r for r ∈ R, a ∈ A, φ ∈ RHom(A, R).

A monomorphism of k-algebras s: R → A is called a Frobenius extension if the
module RA is finitely generated and projective and the left and right duals

AAR and A[RHom(A, R)]R
of the bimodule RAA are isomorphic. Equivalently, if AR is finitely generated and
projective and the left and right duals

RAA and R[HomR(A, R)]A
of the bimodule AAR are isomorphic. This property holds if and only if there exists
a Frobenius system (ψ,

∑
i ui ⊗ vi), where ψ : A → R is an R–R bimodule map

and
∑

i ui ⊗ vi is an element of A ⊗
R

A such that
∑

i

s ◦ ψ(aui) vi = a =
∑

i

ui s ◦ ψ(via) for all a ∈ A.

THEOREM 4.7. The following statements on a Hopf algebroid A = (AL, AR, S)

are equivalent:

(1.a) The map sR: R → A is a Frobenius extension of k-algebras.
(1.b) The map tR: Rop → A is a Frobenius extension of k-algebras.
(1.c) The map sL: L → A is a Frobenius extension of k-algebras.
(1.d) The map tL: Lop → A is a Frobenius extension of k-algebras.
(2.a) The module AR is finitely generated and projective and the module L(A∗)L,

defined by λ∗ · l := λ∗ ↼ sL(l), is free of rank 1.
(2.b) S is bijective, the module RA is finitely generated and projective and the

module LL(∗A), defined by l · ∗λ := ∗λ ↽ tL(l), is free of rank 1.
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(2.c) The module LA is finitely generated and projective and the module RR(∗A),
defined by r · ∗ρ := sR(r) ⇁ ∗ρ, is free of rank 1.

(2.d) S is bijective, the module AL is finitely generated and projective and the
module R(A∗)R, defined by ρ∗ · r: = tR(r) ⇀ ρ∗, is free of rank 1.

(3.a) The module AR is finitely generated and projective and there exists an ele-
ment λ∗ ∈ L(A∗) such that the map

F : A → A∗, a �→ λ∗ ↼ a (4.16)

is bijective.
(3.b) S is bijective, the module RA is finitely generated and projective and there

exists an element ∗λ ∈ L(∗A) such that the map A → ∗A, a �→ ∗λ ↽ a is
bijective.

(3.c) The module LA is finitely generated and projective and there exists an ele-
ment ∗ρ ∈ R(∗A) such that the map A → ∗A, a �→ a ⇁ ∗ρ is bijective.

(3.d) S is bijective, the module AL is finitely generated and projective and there
exists an element ρ∗ ∈ R(A∗) such that the map A → A∗, a �→ a ⇀ ρ∗ is
bijective.

(4.a) There exists a left integral � ∈ L(A) such that the map

F ∗: A∗ → A, φ∗ �→ φ∗ ⇀ � (4.17)

is bijective.
(4.b) S is bijective and there exists a left integral � ∈ L(A) such that the map

∗F : ∗A → A, ∗φ �→ ∗φ ⇁ � (4.18)

is bijective.
(4.c) There exists a right integral ℘ ∈ R(A) such that the map ∗A → A, ∗φ �→

℘ ↽ ∗φ is bijective.
(4.d) S is bijective and there exists a right integral ℘ ∈ R(A) such that the map

A∗ → A, φ∗ �→ ℘ ↼ φ∗ is bijective.

In particular, the integrals λ∗, ∗λ, ∗ρ and ρ∗ on A satisfying the condition
in (3.a), (3.b), (3.c) and (3.d), respectively, are Frobenius functionals themselves
for the extensions sR: R → A, tR: Rop → A, sL: L → A and tL: Lop → A,
respectively.

What is more, under the equivalent conditions of the theorem the left integrals
� ∈ L(A) satisfying the conditions in (4.a) and (4.b) can be chosen to be equal,
that is, to be a nondegenerate left integral in A. Similarly, the right integrals ℘ ∈
R(A) satisfying the conditions in (4.c) and (4.d) can be chosen to be equal, that is
to be a nondegenerate right integral in A.

Proof. (4.a) ⇒ (1.a) In terms of the left integral � in (4.a) define
λ∗ := F ∗−1(1A) ∈ A∗. We claim that λ∗ is a left s-integral on A. The element
� ⊗ λ∗ ∈ RL(A) ⊗ L(A∗)R is an invariant of the left A-module RA ⊗ L(A∗)R,
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hence by Proposition 4.6 the antipode is bijective and the modules AR and RA are
finitely generated and projective. Since for all φ∗ ∈ A∗,

φ∗λ∗ = F ∗−1(φ∗ ⇀ 1A) = F ∗−1(s∗ ◦ φ∗(1A) ⇀ 1A) = s∗ ◦ π∗(φ∗) λ∗,

λ∗ is an s-integral on AR, so in particular an R–R bimodule map RAR → R.
Since for all a ∈ A,

�(2) tR ◦ λ∗(S(a)�(1)) = a,

we have F ∗−1(a) = λ∗ ↼ S(a) hence �(1) sR ◦ λ∗ ◦ S(�(2)) = 1A. A Frobenius
system for the extension sR: R → A is provided by (λ∗, �(1) ⊗ S(�(2))).

(1.a) ⇒ (2.a) The module AR is finitely generated and projective by assump-
tion. In terms of a Frobenius system (ψ,

∑
i ui ⊗ vi) for the extension sR: R → A

one constructs an isomorphism of right L-modules as

κ: L(A∗) → L, λ∗ �→ πL

[∑

i

sR ◦ λ∗(ui)vi

]
(4.19)

with inverse

κ−1: L → L(A∗), l �→ EA∗(ψ ↼ sL(l)), (4.20)

where EA∗ is the map (4.12). The right L-linearity of κ follows from the property
of the Frobenius system (ψ,

∑
i ui ⊗ vi) that

∑
i aui ⊗ vi = ∑

i ui ⊗ via for all
a ∈ A, the bialgebroid axiom (2.5), and left R-linearity of the map λ∗: RA → R

and the right L-linearity of πL: LA → L.
The maps κ and κ−1 are mutual inverses as

κ−1 ◦ κ(λ∗)
=

∑

i,j

[χ−1(βj
∗ )ψ] ↼ sL ◦ πL(sR ◦ λ∗(ui)vi) S2(bj )

=
∑

i,j

[χ−1(βj
∗ )ψ] ↼ S2(b

(2)
j ) tR ◦ πR[tR ◦ πR ◦ S(sR ◦ λ∗(ui)vi) S2(b

(1)
j )]

=
∑

i,j

[χ−1(βj
∗ )ψ] ↼ S2(b

(2)
j ) sL ◦ πL[S(b

(1)
j ) sR ◦ λ∗(ui)vi] = λ∗, (4.21)

where in the first step we used (4.9), in the second step the fact that by Proposi-
tion 2.3 we have sL ◦ πL = tR ◦ πR ◦ S, then the right analogue of (2.5) and finally
in the last step the identity in RL(A∗) ⊗ AR:

∑

i,j

[χ−1(βj
∗ )ψ] ↼ S2(b

(2)
j ) ⊗ S(b

(1)
j ) sR ◦ λ∗(ui)vi

= α−1
R

(∑

i

ψ ↼ sR ◦ λ∗(ui)vi

)
= λ∗ ⊗ 1A,
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which follows from the explicit form of the inverse of the map (4.15). In a similar
way, also

κ ◦ κ−1(l) =
∑

i,j

πL[sR ◦ (χ−1(βj
∗ )ψ)(sL(l)S2(bj )ui) vi]

=
∑

i,j

πL[sR ◦ (χ−1(βj
∗ ) ψ)(sL(l)ui) vi S2(bj )]

=
∑

i,j

πL[sR ◦ (χ−1(βj
∗ ) ψ)(sL(l)ui) vi tL ◦ πL ◦ S2(bj )]

=
∑

i,j

πL[sR ◦ (χ−1(βj
∗ ) ψ)(sL(l) tL ◦ πL ◦ S2(bj ) ui) vi]

=
∑

i,j

πL{sR ◦ [(χ−1(βj
∗ ) ↼ tL ◦ πL ◦ S2(bj ))ψ](sL(l)ui) vi}

= l,

where in the last step we used that
∑

j χ−1(β
j
∗ ) ↼ tL◦πL◦S2(bj ) = χ−1(

∑
j β

j
∗ t∗◦

πL(bj )) = πR.
(2.a) ⇒ (3.a) If κ: L(A∗)L → L is an isomorphism of L-modules then πR ◦

sL ◦ κ: RL(A∗) → R is an isomorphism of R-modules. Introduce the cyclic and
separating generator λ∗ := κ−1(1L) for the module L(A∗)L. The map F in (4.16)
is equal to αR ◦ (κ−1 ◦πL ◦ tR ⊗AR) – where αR is the isomorphism (4.15) – hence
bijective.

(3.a) ⇒ (4.a), (4.b) A Frobenius system for the extension sR: R → A is
given in terms of the dual bases {bi} ⊂ A and {β∗

i } ⊂ A∗ for the module AR

as (λ∗,
∑

i bi ⊗ F −1(β∗
i )).

The element � := ∑
i bi tL ◦ πL ◦ F −1(β∗

i ) is a left integral in A. Using the
identities

λ∗ ⇀ � = sR ◦ λ∗
[∑

i

bi tL ◦ πL ◦ F −1(β∗
i )

]

= tL ◦ πL

[∑

i

sR ◦ λ∗(bi) F −1(β∗
i )

]
= 1A,

�(1) ⊗ S(�(2)) =
∑

i

bi sR ◦ λ∗[F −1(β∗
i )�(1)] ⊗ S(�(2))

=
∑

i

bi ⊗ S[�(2) tR ◦ λ∗(�(1))]F −1(β∗
i )

=
∑

i

bi ⊗ F −1(β∗
i )

one checks that the inverse of the map F ∗ in (4.17) is given by F ◦S. This implies,
in particular, that S is bijective.

               dc_124_10



592 GABRIELLA BÖHM

The inverse of the map ∗F in (4.18) – defined in terms of the same left integral �

– is the map

A → ∗A, a �→ λ∗ ◦ S ↽ S−1(a).

(1.a) ⇔ (1.d) The datum (ψ,
∑

i ui⊗vi) is a Frobenius system for the extension
sR: R → A if and only if (πL ◦ sR ◦ ψ,

∑
i ui ⊗ vi) is a Frobenius system for

tL: Lop → A, where πL ◦ sR: R → Lop was claimed to be an isomorphism of
k-algebras in part (1) of Proposition 2.3.

(1.a) ⇒ (1.c) We have already seen that (1.a) ⇒ (3.a) ⇒ S is bijective. If the
datum (ψ,

∑
i ui ⊗ vi) is a Frobenius system for the extension sR: R → A then

(πL ◦ sR ◦ ψ ◦ S−1, S(vi) ⊗ S(ui)) is a Frobenius system for sL: L → A.
(4.c) ⇒ (1.c) ⇒ (2.c) ⇒ (3.c) ⇒ (4.c), (1.c) ⇔ (1.b) and (1.c) ⇒ (1.a)

follow by applying (4.a) ⇒ (1.a) ⇒ (2.a) ⇒ (3.a) ⇒ (4.a), (1.a) ⇔ (1.d) and
(1.a) ⇒ (1.c) to the Hopf algebroid A

op
cop.

(1.b) ⇒ (2.b) ⇒ (3.b) ⇒ (4.b) ⇒ (1.b) We have seen that (1.b) ⇔ (1.c) ⇒ S

is bijective. Hence we can apply (1.a) ⇒ (2.a) ⇒ (3.a) ⇒ (4.a) ⇒ (1.a) to the
Hopf algebroid Acop.

(1.d) ⇒ (2.d) ⇒ (3.d) ⇒ (4.d) ⇒ (1.d) follows by applying (1.b) ⇒ (2.b) ⇒
(3.b) ⇒ (4.b) ⇒ (1.b) to the Hopf algebroid A

op
cop. �

It is proven in [5, Theorem 5.17] that under the equivalent conditions of The-
orem 4.7 the duals, A∗, ∗A, ∗A and A∗ of the Hopf algebroid A, possess (anti-)
isomorphic Hopf algebroid structures.

The Hopf algebroids, satisfying the equivalent conditions of Theorem 4.7, pro-
vide examples of distributive Frobenius double algebras [37]. (Notice that the
integrals, which we call nondegenerate, are called Frobenius integrals in [37].)

Our result naturally raises the question, under what conditions on the base
algebra the equivalent conditions of Theorem 4.7 hold true. That is, what is the
generalization of Pareigis’ condition – the triviality of the Picard group of the
commutative base ring of a Hopf algebra – to the noncommutative base algebra of
a Hopf algebroid. We are going to return to this problem in a different publication.

5. The Quasi-Frobenius Property

It is known [27, Theorem added in proof], that any finitely generated projective
Hopf algebra over a commutative ring k is (both a left and a right) quasi-Frobenius
extension of k in the sense of [23]. In this section we examine in what Hopf alge-
broids the total algebra is (a left or a right) quasi-Frobenius extension of the base
algebra.

The quasi-Frobenius property of an extension s: R → A of k-algebras has been
introduced by Müller [23] as a weakening of the Frobenius property (see the para-
graph preceding Theorem 4.7). The extension s: R → A is left quasi-Frobenius (or
left QF, for short) if the module RA is finitely generated and projective (hence the
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bimodule RAA possesses both a right dual AAR and a left dual A[RHom(A, R)]R)
and the bimodule AAR is a direct summand in a finite direct sum of copies of
A[RHom(A, R)]R.

The extension s: R → A is right QF if s, considered as a map Rop → Aop, is
a left QF extension. That is, if the module AR is finitely generated and projective
and the left dual bimodule RAA is a direct summand in a finite direct sum of copies
of the right dual bimodule R[HomR(A, R)]A.

To our knowledge it is not known whether the notions of left and right QF
extensions are equivalent (except in particular cases, such as central extensions,
where the answer turns out to be affirmative [29]; and Frobenius extensions, which
are also both left and right QF [23]).

A powerful characterization of a Frobenius extension s: R → A is the existence
of a Frobenius system – see the paragraph preceding Theorem 4.7. In the following
lemma a generalization to quasi-Frobenius extensions is introduced:

LEMMA 5.1.

(1) An algebra extension s: R → A is left QF if and only if the module RA is fi-
nitely generated and projective and there exist finite sets {ψk} ⊂ RHomR(A, R)

and {∑i u
k
i ⊗ vk

i } ⊂ A ⊗
R

A satisfying
∑

i,k

uk
i s ◦ ψk(v

k
i ) = 1A

and
∑

i,k

auk
i ⊗ vk

i = uk
i ⊗ vk

i a for all a ∈ A.

The datum {ψk,
∑

i u
k
i ⊗ vk

i } is called a left QF-system for the extension
s: R → A.

(2) An algebra extension s: R → A is right QF if and only if the module AR is fi-
nitely generated and projective and there exist finite sets {ψk} ⊂ RHomR(A, R)

and {∑i u
k
i ⊗ vk

i } ⊂ A ⊗
R

A satisfying
∑

i,k

s ◦ ψk(u
k
i ) vk

i = 1A

and
∑

i,k

auk
i ⊗ vk

i = uk
i ⊗ vk

i a for all a ∈ A.

The datum {ψk,
∑

i u
k
i ⊗ vk

i } is called a right QF-system for the extension
s: R → A.

Proof. Let us spell out the proof in the case (1). Suppose that there exists a left
QF system {ψk,

∑
i u

k
i ⊗ vk

i } for the extension s: R → A. The bimodule AAR
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is a direct summand in a finite direct sum of copies of A[RHom(A, R)]R by the
existence of A–R bimodule maps

�k: RHom(A, R) → A, φ �→
∑

i

uk
i s ◦ φ(vk

i ) and

�′
k: A → RHom(A, R), a �→ ψk( a)

satisfying
∑

k �k ◦ �′
k = A.

Conversely, in terms of the A–R bimodule maps {�k: RHom(A, R) → A}
and {�′

k: A → RHom(A, R)}, satisfying
∑

k �k ◦ �′
k = A, and the dual bases,

{bj } ⊂ A and {βj } ⊂ RHom(A, R) for the module RA, a left QF system can be
constructed as

ψk := �′
k(1A) ∈ RHomR(A, R)

and
∑

i

uk
i ⊗ vk

i :=
∑

j

�k(βj ) ⊗ bj ∈ A ⊗
R

A. �

Lemma 5.1 implies, in particular, that for a left/right QF extension R → A, A is
finitely generated and projective also as a right/left R-module.

THEOREM 5.2. The following properties of a Hopf algebroid A = (AL, AR, S)

are equivalent:

(1.a) sR: R → A is a left QF extension.
(1.b) tL: Lop → A is a left QF extension.
(1.c) The modules AR and L(A∗)L – defined by λ∗ · l := λ∗ ↼ sL(l) – are finitely

generated and projective.
(1.d) The module AR is finitely generated and projective and the module L(A∗)L

is flat.
(1.e) The module AR is finitely generated and projective and the invariants of the

left A-module LA⊗L(A∗)L – defined via left multiplication in the first factor
– with respect to AL are the elements of LL(A) ⊗ L(A∗)L.

(1.f) There exist finite sets {�k} ⊂ L(A) and {λ∗
k} ⊂ L(A∗) satisfying

∑
k λ∗

k ◦
S(�k) = 1R.

(1.g) The left A-module AA∗ – defined by a · φ∗ := φ∗ ↼ S(a) – is finitely
generated and projective with generator set {λ∗

k} ⊂ L(A∗).

The following properties of A are also equivalent:

(2.a) sL: L → A is a right QF extension.
(2.b) tR: Rop → A is a right QF extension.
(2.c) The modules LA and RR(∗A) – defined by r · ∗ρ := sR(r) ⇁ ∗ρ – are

finitely generated and projective.
(2.d) The module LA is finitely generated and projective and the module RR(∗A)

is flat.
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(2.e) The module LA is finitely generated and projective and the invariants of
the right A-module RR(∗A) ⊗ AR – defined via right multiplication in the
second factor – with respect to AR are the elements of RR(∗A) ⊗ R(A)R.

(2.f) There exist finite sets {℘k} ⊂ R(A) and {∗ρk} ⊂ R(∗A) satisfying
∑

k ∗ρk ◦
S(℘k) = 1L.

(2.g) The right A-module ∗AA – defined by ∗φ · a := S(a) ⇁ ∗φ – is finitely
generated and projective with generator set {∗ρk} ⊂ R(∗A).

If furthermore the antipode is bijective, then the conditions (1.a)–(1.g) and
(2.a)–(2.g) are equivalent to each other and also to

(1.h) The left ∗A-module on A – defined by ∗φ ·a := ∗φ ⇁ a – is finitely generated
and projective with generator set {�k} ∈ L(A).

(2.h) The right A∗-module on A – defined by a · φ∗ := a ↼ φ∗ – is finitely
generated and projective with generator set {℘k} ∈ R(A).

Proof. (1.a) ⇔ (1.b) It follows from part (1) of Proposition 2.3 that the mod-
ule AL is finitely generated and projective if and only if RA is, and the datum
{ψk,

∑
i u

k
i ⊗ vk

i } is a left QF system for the extension sR: R → A if and only if
{πL ◦ sR ◦ ψk,

∑
i u

k
i ⊗ vk

i } is a left QF system for tL: Lop → A.
(1.a) ⇒ (1.c) The module AR is finitely generated and projective by Lemma 5.1.

In terms of the left QF system, {ψk,
∑

i u
k
i ⊗ vk

i } for the extension sR: R → A,
the dual bases for the module L(A∗)L are given with the help of the map (4.12) as
{EA∗(ψk)} ⊂ L(A∗) and {κk := πL[∑i sR ◦ (uk

i ) vk
i ]} ⊂ HomL(L(A∗)L, L).

The right L-linearity of the maps κk: L(A∗) → L is checked similarly to
the right L-linearity of the map (4.19). Notice that for any R–R bimodule map
ψ : RAR → R we have

EA∗(ψ) ↼ sL(l) =
∑

j

[χ−1(βj
∗ )ψ] ↼ sL(l)S2(bj )

=
∑

j

[χ−1(t∗ ◦ πL ◦ tR ◦ πR ◦ tL(l) βj
∗ )ψ] ↼ S2(bj )

=
∑

j

[χ−1(βj
∗ ) t∗ ◦ πR ◦ tL(l) ψ] ↼ S2(bj )

=
∑

j

[χ−1(βj
∗ ) s∗ ◦ πR ◦ tL(l) ψ] ↼ S2(bj )

=
∑

j

[χ−1(s∗ ◦ πL ◦ tR ◦ πR ◦ tL(l) βj
∗ ) ψ] ↼ S2(bj )

= EA∗(ψ ↼ sL(l))

for all l ∈ L, where in the first step we used (4.12) and (4.9), in the second step
the property of the dual bases {bj } ⊂ A and {βj

∗ } ⊂ A∗ that
∑

j β
j
∗ ⊗ sL(l)bj =

∑
j t∗(l)β

j
∗ ⊗bj for all l ∈ L as elements of LA∗ ⊗AL, in the third step the identity
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χ−1 ◦ t∗ = t∗ ◦ πR ◦ sL, in the fourth step the fact that by the left R-linearity of ψ

we have t∗(r)ψ = s∗(r)ψ for all r ∈ R, in the fifth step χ−1 ◦ s∗ = s∗ ◦ πR ◦ sL,
and finally

∑
j β

j
∗ ⊗ bj sL(l) = ∑

j s∗(l)β
j
∗ ⊗ bj , holding true for all l ∈ L as an

identity in LA∗ ⊗ AL.
The dual basis property of the sets {EA∗(ψk)} and {κk} is verified by the property

that
∑

i,k EA∗(ψk ↼ sL ◦ κk(λ
∗)) = λ∗ for all λ∗ ∈ L(A∗), which is checked

similarly to (4.21).
(1.c) ⇒ (1.d) is a standard result.
(1.d) ⇒ (1.e) If the module AR – equivalently, by Lemma 2.6 the module AL

– is finitely generated and projective then the invariants of any left A-module M

with respect to AL are the elements of the kernel of the map

ζM : M → LA∗ ⊗ ML, m �→
(∑

i

βi
∗ ⊗ bi · m

)
− πL ⊗ m,

where the right L module ML is defined via tL, and the sets {bi} ⊂ A and {βi∗} ⊂ A∗
are dual bases for the module AL.

The map ζA, corresponding to the left regular A-module, is a left L-module map
LA → LA∗ ⊗ LAL and ζLA⊗L(A∗)L = ζA ⊗ L(A∗)L. Since tensoring with L(A∗)L

is an exact functor by assumption, it preserves the kernels, that is the invariants in
this case.

(1.e) ⇒ (1.f) With the help of the map (4.14) introduce
∑

k

�k ⊗ λ∗
k := α−1

L (πR) ∈ Inv(LA ⊗ L(A∗)L) ≡ LL(A) ⊗ L(A∗)L.

It satisfies
∑

k λ∗
k ◦ S(�k) = αL ◦ α−1

L (πR)(1A) = 1R.
(1.f) ⇒ (1.a) In terms of the sets {�k} ⊂ L(A) and {λ∗

k} ⊂ L(A∗) a left QF
system for the extension sR: R → A can be constructed as {λ∗

k, �
(1)
k ⊗ S(�

(2)
k )}.

The module AR is finitely generated and projective since there exist dual bases
{bi} ⊂ A and {β∗

i } ⊂ A∗ defined by
∑

i bi ⊗ β∗
i = ∑

k �
(1)
k ⊗ λ∗

k[S(�
(2)
k ) ], as

elements of AR ⊗ RA∗. The module AL is finitely generated and projective by
Lemma 2.6, hence so is RA.

(1.f) ⇒ (1.g) In terms of the sets {�k} ⊂ L(A) and {λ∗
k} ⊂ L(A∗) the

dual bases for the module AA∗ are given by {λ∗
k} ⊂ L(A∗) and { ⇀ �k} ⊂

AHom(AA∗, A).
(1.g) ⇒ (1.f) In terms of the dual bases {λ∗

k} ⊂ L(A∗) and {�k} ⊂
AHom(AA∗, A) one defines the required left integrals �k := �k(πR) in A.

The equivalence of the conditions (2.a)–(2.g) follows by applying the above
results to the Hopf algebroid A

op
cop.

Now assume that S is bijective. Then
(1.f) ⇔ (2.f) follows from Scholium 2.10.
(1.f) ⇒ (1.h) Scholium 2.8, (1.b) and Scholium 2.10, (3.c) can be used to show

that in terms of the sets {�k} ⊂ L(A) and {λ∗
k} ⊂ L(A∗) the dual bases for the
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left ∗A-module on A are given by {�k} ⊂ L(A) and {λ∗
k ◦ S ↽ S−1( )} ⊂

∗AHom(A, ∗A).
(1.h) ⇒ (1.f) Let {�k} ⊂ L(A) and {χk} ⊂ ∗AHom(A, ∗A) be dual bases for

the left ∗A-module A. Since for all a ∈ A we have
∑

k �
(1)
k sR ◦ χk(a)(�(2)) = a,

the module AR, and hence by Proposition 2.6 also RA, is finitely generated and
projective. For any value of the index k the element χk(1A) is an invariant of the
left regular ∗A-module, hence a t-integral on AR. By Scholium 2.10 the elements
λ∗

k := χk(1A) ◦ S−1 are s-integrals on AR, satisfying

∑

k

λ∗
k ◦ S(�k) = πR

[∑

k

χk(1A) ⇁ �k

]
= 1R.

(2.f) ⇔ (2.h) follows by applying (1.f) ⇔ (1.h) to the Hopf algebroid A
op
cop. �

If the antipode of a Hopf algebroid A = (AL, AR, S) is bijective then the appli-
cation of Theorem 5.2 to the Hopf algebroid Aop results in equivalent conditions
under which the extensions sR: R → A and tL: Lop → A are right QF, and
sL: L → A and tR: Rop → A are left QF.

In order to show that – in contrast to Hopf algebras over commutative rings
– not any finitely generated projective Hopf algebroid is quasi-Frobenius, let us
give here an example (with bijective antipode) such that the total algebra is finitely
generated and projective as a module over the base algebra (in all the four senses
listed in (2.16)) and the total algebra is neither a left nor a right QF extension of
the base algebra.

The example is taken from [21, Example 3.1] where it is shown that for any
algebra B over a commutative ring k the k-algebra A := B ⊗

k
Bop has a left

bialgebroid structure, AL, over the base B with structural maps

sL: B → A, b �→ b ⊗ 1B,

tL: Bop → A, b �→ 1B ⊗ b,

γL: A → AB ⊗ BA, b1 ⊗ b2 �→ (b1 ⊗ 1B) ⊗ (1B ⊗ b2),

πL: A → B, b1 ⊗ b2 �→ b1b2. (5.1)

The bialgebroid AL satisfies the Hopf algebroid axioms of [21] with the involutive
antipode S, equal to the flip map

S: B ⊗
k

Bop → Bop ⊗
k

B, b1 ⊗ b2 �→ b2 ⊗ b1. (5.2)

The reader may check that A has a Hopf algebroid structure also in the sense of
this paper with left bialgebroid structure (5.1), antipode (5.2) and right bialgebroid
structure AR = (A, Bop, S ◦ sL, S ◦ tL, (S ⊗ S) ◦ γ

op
L ◦ S, πL ◦ S).

If B is finitely generated and projective as a k-module then all modules ABop
,

Bop
A, AB and BA are finitely generated and projective, and vice versa. What is

more, we have
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LEMMA 5.3. Let B be an algebra over the commutative ring k with trivial center.
The following statements are equivalent:

(1) The extension k → B is left QF.
(2) The extension k → B is right QF.
(3) The extension B → B ⊗

k
Bop, b �→ b ⊗ 1B is left QF.

(4) The extension B → B ⊗
k

Bop, b �→ b ⊗ 1B is right QF.

The equivalence (1) ⇔ (2) is proven in [29] and the rest can be proven using
the techniques of quasi-Frobenius systems.

In view of Lemma 5.3 it is easy to construct a finitely generated projective Hopf
algebroid which is not QF. Let us choose, for example, B to be the algebra of n×n

upper triangle matrices with entries in the commutative ring k. Then B has trivial
center and it is neither a left nor a right QF extension of k, hence A = B ⊗

k
Bop is

neither a left nor a right QF extension of B.
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Abstract Because of similar errors in Lemma 2.6 and Theorem 4.2, we need to add
stronger assumptions in several statements.

At several points in the paper we repeated essentially the same incorrect step,
thanks to which the to-be-dual-bases in the proof of Lemma 2.6 (1.a)⇔(1.b) and
(2.a)⇔(2.b), and also the map [L A ⊗ ω ◦ (AL ⊗ τ)] ◦ (γR ⊗ L M) ◦ τ in the proof of
Theorem 4.2, are ill-defined. As a consequence of these errors, the published proofs
of Lemma 2.6, Theorem 4.2 and Proposition 4.4(2) are not correct. Since in this way
also some unjustified claims were used to prove them, Corollary 4.5, Proposition 4.6,
some considerations on page 587, Theorems 4.7 and 5.2 become valid only by adding
some finitely generated projectivity assumptions. Although the obtained results are
somewhat weaker than their (eventually incorrect) versions in the original paper, the
most interesting cases are still covered.

Below we go through the necessary corrections.
In Lemma 2.6, only the equivalences (1.a)⇔(2.b) and (1.b)⇔(2.a) are justified, for

a Hopf algebroid with a bijective antipode.
Theorem 4.2 is replaced by Theorem 1 below. In its formulation Sweedler’s index

notation τ(m) = m〈−1〉 ⊗ m〈0〉 (with implicit summation) is used, for the left coaction
τ : M → AL ⊗ L M of the constituent left L-bialgebroid AL in a Hopf algebroid A,
on a left AL-comodule M and m ∈ M.

The online version of the original article can be found at
http://dx.doi.org/10.1007/s10468-005-8760-0.
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Theorem 1 Let A = (AL,AR, S) be a Hopf algebroid and W be the A-coring (4.1).
Assume that the kernel of the maps

M → AL ⊗ L M, m 	→ (
m〈−1〉 ⊗ m〈0〉

) − (1A ⊗ m) (1)

is preserved by the functor L A ⊗ − : ML → ML, for any M ∈ WM (e.g. L A is a flat
module). Then the functors (4.2) and (4.3) are inverse equivalences.

Proof We only need to check that α−1
M (m) = m〈−1〉(1) ⊗ S(m〈−1〉(2)) · m〈0〉 belongs to

L A ⊗ Coinv(M)L, the rest of the proof in the paper is valid. By the assumption that
the kernel of Eq. 1 is preserved by the functor L A ⊗ − : ML → ML, we need to
show only that

m〈−1〉(1) ⊗ (
S

(
m〈−1〉(2)

) · m〈0〉
)
〈−1〉 ⊗ (

S
(
m〈−1〉(2)

) · m〈0〉
)
〈0〉

= m〈−1〉(1) ⊗ 1A ⊗ S
(
m〈−1〉(2)

) · m〈0〉, (2)

as elements of L A ⊗ AL ⊗ L ML, for all m ∈ M. Compose the well defined map

AR ⊗ R AL ⊗ L A → AR ⊗ R A, a ⊗ b ⊗ c 	→ a ⊗ S(b)c

with the equal maps (γR ⊗ L A) ◦ γL = (AR ⊗ γL) ◦ γR : A → AR ⊗ R AL ⊗ L A
(cf. (2.18)) in order to conclude that, for any a ∈ A,

a(1)
(1) ⊗ S

(
a(1)

(2)
)

a(2) = a(1) ⊗ S
(
a(2)

(1)

)
a(2)

(2) = a(1) ⊗ sR ◦ πR
(
a(2)

) = a ⊗ 1A. (3)

In Eq. 3, in the second equality (2.20) was used and the last equality follows by
the counitality of γR. Using the left A-linearity of the coaction τ : M → W ⊗A M ∼=
AL ⊗ L M, anti-comultiplicativity of the antipode (cf. Proposition 2.3(2)), coassocia-
tivity of τ and γR and finally Eq. 3, the left hand side of Eq. 2 is computed to be
equal to

m〈−2〉(1) ⊗ S
(
m〈−2〉(2)

)
(1)

m〈−1〉 ⊗ S
(
m〈−2〉(2)

)
(2) · m〈0〉

= m〈−2〉(1) ⊗ S
(

m〈−2〉(2)(2)
)

m〈−1〉 ⊗ S
(

m〈−2〉(2)(1)
)

· m〈0〉

= m〈−1〉(1)
(1)(1) ⊗ S

(
m〈−1〉(1)

(2)
)

m〈−1〉(2) ⊗ S
(

m〈−1〉(1)
(1)(2)

)
· m〈0〉

= m〈−1〉(1) ⊗ 1A ⊗ S
(
m〈−1〉(2)

) · m〈0〉.

Thus it follows that α−1
M (m) belongs to L A ⊗ Coinv(M)L for all m ∈ M, as stated. ��

In the arXiv version of [1] a more restrictive notion of a comodule of a Hopf
algebroid is studied, cf. [1, arXiv version, Definition 2.20]. The total algebra A of
any Hopf algebroid A can be regarded as a monoid in the monoidal category of
A-comodules in this more restrictive sense. In this setting, the category of A-modules
in the category of A-comodules, and the category of modules for the base algebra
L of A, were proven to be equivalent without any further (equalizer preserving)
assumption, see [1, Theorem 3.27 and Remark 3.28]. That is, in the arXiv version of
[1] a weaker statement is proven under weaker assumptions, compared to Theorem 1
above.

Since the original version of Lemma 2.6 turned out to be incorrect, so is the proof
of Proposition 4.4(2) built on it. In order to replace Proposition 4.4(2) by a justified
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claim, take a Hopf algebroid A, such that the module R A is finitely generated and
projective, and let {k j} ⊂ A and {∗κ j} ⊂ ∗A be dual bases for it. Alternatively to (4.6),
a right AR-comodule structure on A∗ can be introduced by the right R-action

A∗
R : φ∗ · r : = φ∗ ↼ sR(r) for r ∈ R, φ∗ ∈ A∗

and the right coaction

τR : A∗ → A∗
R ⊗ R A φ∗ 	→

∑

i

χ−1(πL ◦ tR ◦ ∗κ j ◦ S)φ∗ ⊗ k j, (4)

where χ : A∗ → A∗ is the algebra anti-isomorphism (2.22). Note that if both modules
AL and R A are finitely generated and projective, then the dual bases {bi} ⊂ A,
{β i∗} ⊂ A∗ for AL, and {k j} ⊂ A, {∗κ j} ⊂ ∗A for R A, are related via the identity

∑

i

β i
∗ ⊗ S(bi) =

∑

j

πL ◦ tR ◦ ∗κ j ◦ S ⊗ k j

in A∗ R ⊗ R A. Hence in this case the coaction (4) is equal to (4.6).
Proposition 4.4 is replaced by the following.

Proposition 2 Let A = (AL,AR, S) be a Hopf algebroid.

(1) Introduce the left A-module

AA∗ : a · φ∗ : = φ∗ ↼ S(a) for a ∈ A, φ∗ ∈ A∗.

If the module AL is finitely generated and projective, then (AA∗, τL)—where τL

is the map (4.5)—is a left-left Hopf module over AL.
(2) Introduce the right A-module

A∗
A : φ∗ · a : = φ∗ ↼ a for a ∈ A, φ∗ ∈ A∗.

If the module R A is finitely generated and projective, then (A∗
A, τR)—where τR

is the map (4)—is a right-right Hopf module over AR.

The coinvariants of both Hopf modules (AA∗, τL) and (A∗
A, τR) are the elements

of L(A∗).

Proof Part (1) of Proposition 2 is proven in the paper, and part (2) follows by similar
steps. ��

Since Theorem 1 and Proposition 2 contain stronger assumptions than their
original counterparts, we need stronger assumptions than those in the paper to
conclude that the maps (4.14) and (4.15) are isomorphisms. Applying Theorem 1
to the Hopf modules in Proposition 2, the following are obtained. The map (4.14) is
an isomorphism of left-left Hopf modules over AL provided that the module AL is
finitely generated and projective, and the kernel of the map

L A ⊗ A∗L → L A ⊗ AL ⊗ LA∗L
, a ⊗ φ∗ 	→ a ⊗ τL(φ∗) − a ⊗ 1A ⊗ φ∗

is equal to L A ⊗ L(A∗)L. The map (4.14) is an isomorphism, in particular, if both
modules AL and L A are finitely generated and projective. The map (4.15) is an
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isomorphism of right-right Hopf modules over AR provided that the module R A
is finitely generated and projective, and the kernel of

RA∗ ⊗ AR → RA∗
R ⊗ R A ⊗ AR, φ∗ ⊗ a 	→ τR(φ∗) ⊗ a − φ∗ ⊗ 1A ⊗ a

is equal to RL(A∗) ⊗ AR. The map (4.15) is an isomorphism, in particular, if both
modules R A and AR are finitely generated and projective.

The proofs of Corollary 4.5, Proposition 4.6, considerations about depth 2 prop-
erties on page 587, Theorems 4.7 and 5.2 all resort to the bijectivity of (4.14) and/or
(4.15). Hence, as it is explained above, they are valid only under more restrictive
assumptions. In each case, it has to be added to the hypothes is that

A = (AL,AR, S) is a Hopf algebroid such that all of the modules AR, R A, L A

and AL are finitely generated and projective.

Accordingly, all claims about finitely generated projectivity of these modules need to
be removed in the statements (together with their verifications in the proofs).

Based on the corrected form of Theorem 4.7, we obtain the following generaliza-
tion of Theorem 4.1.

Corollary 3 For any Hopf algebroid A = (AL,AR, S), the following assertions are
equivalent.

(1.a) Both maps sR : R → A and tR : Rop → A are Frobenius extensions of
k-algebras.

(1.b) Both maps sL : L → A and tL : Lop → A are Frobenius extensions of
k-algebras.

(2.a) The module AR is finitely generated and projective and there exists an element
λ∗ ∈ L(A∗) such that the map F : A → A∗, a 	→ λ∗ ↼ a is bijective.

(2.b) S is bijective, the module R A is finitely generated and projective and there exists
an element ∗λ ∈ L(∗A) such that the map A → ∗A, a 	→ ∗λ ↽ a is bijective.

(2.c) The module L A is finitely generated and projective and there exists an element
∗ρ ∈ R(∗A) such that the map A → ∗A, a 	→ a ⇁ ∗ρ is bijective.

(2.d) S is bijective, the module AL is finitely generated and projective and there exists
an element ρ∗ ∈ R(A∗) such that the map A → A∗, a 	→ a ⇀ ρ∗ is bijective.

(3.a) There exists a non-degenerate left integral, that is an element � ∈ L(A) such
that both maps F∗ : A∗ → A, φ∗ 	→ φ∗ ⇀ � and ∗F : ∗A → A, ∗φ 	→
∗φ ⇁ � are bijective.

(3.b) There exists a non-degenerate right integral, that is, an element ℘ ∈ R(A) such
that both maps ∗A → A, ∗φ 	→ ℘ ↽ ∗φ and A∗ → A, φ∗ 	→ ℘ ↼ φ∗
are bijective.

Proof (1.a) ⇔ (1.b): This follows by the same reasoning used to prove (1.a)⇔(1.d)
and (1.b)⇔(1.c) in Theorem 4.7.

(1.a) ⇒ (2.a): Since sR : R → A is a Frobenius extension by assumption, the
modules AR and R A (hence also AL) are finitely generated and projective by
definition. Similarly, since tR : Rop → A is a Frobenius extension, the modules R A
and L A are finitely generated and projective. Thus this implication follows by (the
corrected form of) Theorem 4.7 (1.a)⇒(3.a).
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(2.a) ⇒ (3.a) and S is bijective: This is proven by repeating the same steps used to
prove (3.a)⇒(4.a) and (4.b) in Theorem 4.7.

(3.a) ⇒ (1.a) and S is bijective: Putting λ∗ := F∗−1(1A), the map a 	→ (λ∗ ↼ a) ⇀

� is checked to be the inverse of S.
For any r ∈ R, F∗(rλ∗(−)) = tR(r) = F∗(λ∗ ↼ sR(r)). So by the bijectivity of F∗,

we conclude that λ∗ is a left R-module map R A → R. Therefore the module R A
is finitely generated and projective with dual basis λ∗(S(−)�(1)) ⊗ �(2) ∈ ∗AR ⊗ R A.
Since the antipode is bijective, the module AL is finitely generated and projective
by Lemma 2.6 (2.b)⇒(1.a). Applying the same reasoning to the Hopf algebroid
Acop, we conclude that by the bijectivity of ∗F also the modules AR and L A are
finitely generated and projective. Hence the claim follows by (the corrected form of)
Theorem 4.7, (4.a)⇒(1.a) and (1.b).

(1.b) ⇔ (2.c) ⇔ (3.b): This follows by applying (1.a)⇔(2.a)⇔(3.a) to the Hopf
algebroid Aop

cop.
(1.a) ⇔ (2.b): Since we proved that (1.a) implies the bijectivity of the antipode,

we can apply (1.a)⇔(2.a) to the Hopf algebroid Acop.
(1.b) ⇔ (2.d): This follows by applying (1.a)⇔(2.b) to the Hopf algebroid Aop

cop.
��

Finally, we would like to correct some regrettable typos in the paper.
In both parts of Lemma 5.1, instead of the condition

∑
i,k auk

i ⊗ vk
i = ∑

i,k uk
i ⊗

vk
i a, for all a ∈ A, the conditions

∑
i auk

i ⊗ vk
i = ∑

i uk
i ⊗ vk

i a need to hold, for all
possible values of k and all a ∈ A. (In the published version also the summation
symbols are missing on the right hand sides.)

In the computation on page 595, the first and the last expressions are interchanged.
In the penultimate line on page 597, the phrase “and vice versa” has to be erased.
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Galois theory for Hopf algebroids 

G A B R I E L L A  B ( ) H M  (*) 

S U N T O  - Un'estensione B c A di algebre su un anello commutativo k ~ una 7-/-estensione per 
un L-bialgebroide 7 / se  A ~ una 7-/-comodulo algebra e B ~ la sottoalgebra dei suoi coin- 
varianti. Essa ~ 7-/-Galois se l'applicazione canonicaA | B --~ A | 7-I ~ un isomorfismo o, 
equivalentemente, se il coanello canonico (A | 7/ : A) ~ un coanello di Galois. 
Nel caso di un algebroide di Hopf 7-/= (~L, ~R, S) si dimostra che ogni ~R-estensione 
una 7-/L-estensione. Se rantipode ~ biiettivo allora si dimostra che anche le nozioni di 
estensioni ~-/R-Galois e 7-/L-Galois coincidono. 
I risultati per  le strutture biiettive entwining sono estesi alle strutture entwining su al- 
gebre non commutative, al fine di dimostrare un teorema simile al Teorema dii Kreimer- 
Takeuchi per un Hopf algebroide 7-/proiettivo finitamente generato con antipode biiettivo. 
I1 teorema afferma che ogni estensione 7-/-Galois B c A ~ proiettiva e se A ~ k-piatto allora 
la suriettivit~ dell'applicazione canonica ~ sufficiente a garantire la propriet~ di Galois. 
La teoria di Morita, sviluppata per i coanelli da Caenepeel, Vercruysse e Wang, viene 
applicata per ottenere criteri equivalenti per  la propriet/~ di Galois per estensioni di al- 
gebroidi di Hopf. Questo conduce a risultati analoghi, per algebroidi di Hopf, a quelli ot- 
tenuti da Doi per  estensioni di algebre di Hopf e da Cohen Fishman e Montgomery nel 
caso degli algebroidi di Hopf Frobenius. 

A B S T R A C T  - nil  extension B c A of algebras over a commutative r ing k is an 7-/-extension 
for an L-bialgebroid 7-/if A is an 7-/-comodule algebra and B is the subalgebra of its 
coinvariants. I t  is ~-/-Galois if the canonical map A | A --~ A |  7-/ is an isomorphism 
or, equivalently, if the canonical coring (A |  7-/ : A) is a Galois coring. 
In the case of a Hopf algebroid 7l = (~-/L, 7-/R, S) any 7-/R~extension is shown to be also 
an 7-/L-extension. If  the antipode is bijective then also the notions of 7-/R-Galois ex- 
tensions and of ~/L-Galois extensions are proven to coincide. 
Results about bijective entwining structures are extended to entwining structures 
over non-commutative algebras in order to prove a Kreimer-Takeuchi type theorem 
for a finitely generated projective Hopf algebroid 7-/with bijective antipode. I t  states 
that any ~-Galois extension B c A is projective, and if A is k-flat then already the 
surjectivity of the canonical map implies the Galois property. 

(*) Indirizzo dell'autore: Research Insti tute for Particle and Nuclear Physics, Buda- 
pest, H-1525 Budapest 114, P.0.B. 49, Hungary; e-mail: G.Bohm@rmki.kfki.hu 
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The Morita theory, developed for corings by Caenepeel, Vercruysse and Wang, is applied 
to obtain equivalent criteria for the Galois property of Hopf algebroid extensions. This 
leads to Hopf algebroid analogues of results for Hopf algebra extensions by Doi and, in the 
case of Frobenius Hopf algebroids, by Cohen, Fishman and Montgomery. 

1 .  - I n t r o d u c t i o n .  

An extension B c A of algebras over a commutative ring k is an H-extension 
for a k-bialgebra H ifA is a right H-comodule algebra and B is the subalgebra of 
its coinvariants i.e. of elements b c A such that b{0) | b{1) = b | 1H -- where the 
map A ~ A | H, a~a(o) | a(1) is the coaction of H on A (summation under- 
stood). An H-extension B c A is H-Galois if the canonical map A | A - +  

A | H, a | a'~aaio I | all ) is an isomorphism of k-modules. 
In many cases it is technically much easier to check the surjectivity of the ca- 

nonical map than its injectivity. A powerful tool in the study of H-extensions is the 
Kreimer-Takeuchi theorem [25] stating that if H is a finitely generated projective 
Hopf algebra then the surjectivity of the canonical map implies its bijectivity and 
also the fact that A is projective both as a left and as a right B-module. 

The proof of the Kreimer-Takeuchi theorem went through both simplification 
and generalization in the papers [30, 32, 9, 31]. In the present paper we adopt the 
method of Brzezifiski [9] and of Schauenburg and Schneider [31], who used the 
following observation. A comodule algebra A for a bialgebra H determines a 
canonical entwining structure [11] consisting of the algebra A, the coalgebra 
underlying the bialgebra H, and the entwining map H| |  
h | a ~ a(ol | ha(l). In the case when the bialgebra H possesses a skew antipode, 
this entwining map is a bijection. The proof of (a wide generalization of) the 
Kreimer-Takeuchi theorem both in [9] and in [31] is based on the study of bi- 
jective entwining structures, under slightly different assumptions. In Section 4 
below we are going to show that these arguments can be repeated almost without 
modification by using entwining structures over non-commutative algebras [4]. 

In the paper [21] Doi constructed a Morita context for an H-extension B c A. If 
H is finitely generated and projective as a k-module then the surjectivity of one of 
the connecting maps is equivalent to the projectivity and the Galois property of the 
extension B c A, while the strictness of the Morita context is equivalent to faithful 
flatness and the Galois property. This observation made it possible to use all results 
of Morita theory for characterizing H-Galois extensions. In the case when H is a 
finite dimensional Hopf algebra over a field (or a Frobenius Hopf algebra over a 
commutative ring), the Morita context of Doi is equivalent to another Morita 
context, introduced by Cohen, Fishman and Montgomery [20]. 

One of the most beautiful applications of the theory of corings [14] is the 
observation [8] that the Galois property of an H-extension B c A is equivalent to 
the Galois property of a canonical A-coring A | H. In [18] the construction of the 
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Morita context by Doi has been extended to any A-coring C possessing a 
grouplike element (i.e. such that A is a C-comodule). In the case when C is a 
finitely generated projective A-module (or an A-progenerator, see [15]) the ap- 
plication of Morita theory results then several equivalent criteria for the Galois 
property of the coring C and the projectivity (or faithful flatness) of A as a 
module for the subalgebra of coinvariants in A. In the case when the A-dual 
algebra of the coring C is a Frobenius extension of A, also the Morita context in 
[20] has been generalized to the general setting of corings and the precise re- 
lation of the two Morita contexts has been explained. 

The notion of bialgebra extensions has been generalized to bialgebroids by 
Kadison [23] as an extension B c A of k-algebras such that A is a comodule al- 
gebra and B is the subalgebra of coinvariants. The Galois property of a bial- 
gebroid extension can be formulated also as the Galois property of a canonical 
coring. This implies that the general theory, developed in [18], can be applied also 
to bialgebroid extensions. 

In the present paper we study Hopf algebroid extensions. The notion of Hopf 
algebroids has been introduced in [7, 3] and studied further in [5]. It consists of 
two compatible (left and right) bialgebroid structures on the same algebra which 
are related by the antipode. 

It is shown in Section 3 below that any comodule for the constituent right 
bialgebroid ~R of the Hopf algebroid possesses a unique comodule structure for 
the constituent left bialgebroid 7-tL in such a way that the ~R-coaction is ~L-CO- 
linear and the ~-/L-coaction is ~R-Colinear. In particular, an ~tR-comodule algebra 
possesses a distinguished ~L-comodule algebra structure and the 7-tR- and the ~L- 
coinvariants coincide. What is more, - j u s t  as in the case of Hopf algebras - if ~/is a 
Hopf algebroid with bijective antipode then the canonical entwining structure (over 
the non-commutative base algebra of 7-t), associated to an ~-extension, is bijective. 
This fact is used to prove a Kreimer-Takeuchi type theorem in Section 4. 

In Section 3 we show that if the antipode of the Hopf algebroid ~ is bijective 
then an ~ -  extension is Galois for the left bialgebroid structure of ~ if and only if 
it is Galois for its right bialgebroid structure. 

In Section 5 we apply the Morita theory for corings to a Hopf algebroid 
extension B c A, looked at as a right bialgebroid extension. In the finitely 
generated projective case this results equivalent criteria, under which it is a 
projective right bialgebroid Galois extension. Similarly, we can look at B c A 
as a left bialgebroid extension and obtain equivalent conditions for its pro- 
jective left bialgebroid Galois property. Making use of the results about Hopf 
algebroid extensions in Section 3, and the Kreimer-Takeuchi type theorem 
proven in Section 4, we conclude that if ~ is a finitely generated projective 
Hopf algebroid with bijective antipode then the two equivalent sets of condi- 
tions are equivalent also to each other. In the case of Frobenius Hopf algeb- 
roids [5] we obtain a direct generalization of ([20], Theorem 1.2). 
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Throughout the paper k is a commutative ring. By an algebra R = (R,/~, J7) we 
mean an associative unital k-algebra. Instead of the unit homomorphism ~/we use 
sometimes the unit element 1R: = ~/(lk). We denote by RM, MR and R.MR the 
categories of left, right, and bimodules for R, respectively. For  the k-module of 
morphisms in R M ,  M R  and RA4R we write RHom(, ), HomR(, ) and 
RHomR(, ), respectively. 

Acknowledgment.  I would like to thank Tomasz Brzezifiski and Korn~l 
Szlachgnyi for useful discussions. 
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2 .  - P r e l i m i n a r i e s .  

2.1 - Bialgebroids and H o p f  algebroids. 

L-bialgebroids [26, 37, 34, 28] or, what were shown in [12] to be equivalent to 
it, XL-bialgebras [36] are generalizations of bialgebras to the case of non-com- 
mutative base algebras. This means that instead of coalgebras and algebras over 
commutative rings one works with corings and rings over non-commutative base 
algebras. Recall that a coring over a k-algebra L is a comonoid in L./t4L while an 
L-ring is a monoid in L34L. The notion of L-rings is equivalent to a pair, con- 
sisting of a k-algebra A and an algebra homomorphism L --* A. 

DEFINITION 2.1. A left bialgebroid is a 6-tuple 7-I = (H, L, s, t, ),, z:), where H 
and L are k-algebras. H is an L ~)L~ via the algebra homomorphisms 
s : L ~ H and t : L op ~ H, the images of which are required to commute in H. In 
terms of the maps s and t one equips H with an L-L bimodule structure as 

(2.1) I . h .  l': = s(1)t(l')h for h ~ H, l, l' E L. 

The triple (H,y~u) is an L-coring. Introducing Sweedler's notation 
),(h) = h(1) ~ h(2) for h c H the axioms 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

h(1)t(1) ~i ~ h(.2) - h(1) ~ h(2)s(1) 

y(1H) =IH ~ 1H 

~,(hh') =),(h)i,(h') 

7~(1H) =IL 

n(h s o u(h')) = u(hh') = 7~(h t o 7~(h')) 

are required for all I E L and h, h' E H. 
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Notice that - although H ~ H is not an algebra - the axiom (2.4) makes sense 
in view of (2.2). 

The bimodule (2.1) is defined in terms of multiplication by s and t on the left. 
The R - R  bimodule structure in a right  bialgebroid 7-I = (H, R ,  s, t, ~,, 7:) is defined 
in terms of multiplication on the right. For  the details we refer to [24]. 

The opposite of a left bialgebroid %/= (H, L,  s, t, 7', ~) is the right bialgebroid 
7-I ~ = (H ~ L, t, s, ~,, ~) where H ~ is the algebra opposite to H. Its co-opposite is 
the left bialgebroid %loop = (H,L~ s, ~/ol~ ~) where y ~  H i~ H is the 
opposite coproduct h ~ h(2) L~ h(1). 

I t  has been observed in [24] that for a left bialgebroid 7-I = (H, L, s, t, ),~ ~) such 
that H is finitely generated and projective as a left or right L-module the cor- 
responding L - d u a l  possesses a right bialgebroid structure over the base algebra 
L. Analogously, the R-duals of a finitely generated projective right bialgebroid 
possess left bialgebroid structures. For  the explicit forms of the dual bialgebroid 
structures consult [24]. 

Before defining the notion of Hopf algebroid let us introduce some notations. 
Analogous notations were used already in [7, 5]. 

When dealing with an L ~ L~ H we have to face the situation that  H 
carries different module structures over the base algebra L. In this situation the 
usual notation H ~ H would be ambiguous. Therefore we make the following 
notational convention. In terms of the algebra homomorphisms s : L -~ H and 
t : L ~ ~ H (with commuting images in H) we introduce four L-modules 

(2.7) 

LH : 1. h: = s(1)h 

HL : h .  l: = t(1)h 

H L : h .  l = hs(1) 

LH : I .  h = ht(l). 

This convention can be memorized as left indices stand for left modules and right 
indices for right modules. Upper indices for modules defined in terms of right 
multiplication and lower indices for the ones defined in terms of left multi- 
plication. 

In writing L-module tensor products we write out explicitly the module 
structures of the factors that are taking part in the tensor products, and do not 
put marks under the symbol | E.g. we write HL Q LH. In writing elements of 
tensor product modules we do not distinguish between the various module tensor 
products. That is, we write both h ~ h' c HL • L H  and g ~ g' c H L | LH,  for 
example. 

A left L-module can be considered as a right L~ and sometimes we 
want to take a module tensor product over L ~ In this case we use the name of 
the corresponding L-module and the fact that the tensor product is taken over 
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L ~ should be clear from the order of the factors. 
In writing multiple tensor products we use different types of letters to denote 

which module structures take part  in the same tensor product. 

DEFINITION 2.2. A Hop]" algebroid 7-I = (7-~L, 7-~R, S )  consists of a left bial- 
gebroid 7-lL = ( H , L ,  SL, tL,~L,7~L) and a right bialgebroid 7-IR = ( H , R ,  sR, 

tR, 7R, ZR), with common total algebra H, and a k-module map S : H ~ H, called 
the antipode, such that the following axioms hold true: 

i) SL O T~L O tR = tR, tL O T~L O SR = SR and  8R O T~R O tL : tL, tR O ZR O SL : SL 

ii) (yL | RH) ~ yR = (HL | TR) ~ TL as m a p s H - ~ H L |  R | R H  and 
(YR | LH) o 7L = ( HR | 7L) o YR as maps H --* H R | RHL | L H  

iii)  S is both an L - L bimodule map LHL --~ L H  L and an R - R bimodule map 
R H  R --~ R H  R 

iv) gH o (S | LH) o 7L = SR o 7~ R and gH o (H  R | S) o 7R -= 8L o 7~ L. 

If  7-/= (7-/L, 7-/R, S) is a Hopf algebroid then so is 7-/~~ = ((7/R)c~ (7-tL)~ p ,  S) 

and if S is bijective then also 7-leop = ((7-lL)~op, (7~R)~op, S -1) and 7-l ~ = ((~R) ~ 
(~L) ~ S-t). 

We are going to use the following variant of Sweedler's convention. For  a 
Hopf algebroid 7-/= (7-/L, ~R, S) we use the notation 75(h) = h(1) | h(2) with lower 
indices and 7R(h) = h (1) | h (2) with upper indices for h c H in the case of the 
coproducts of ~L and ~R, respectively. The axioms (Definition 2.2 (ii)) read in 
this notation as 

h~ | h(1)(2) | h (2) = h(t) | h(2) (t) @ h(2) (2) 

h(t) (1) | h(1) (2) @ h(2) = h (t) | h(2)(D | h(2)(2) 

for h E H. 
I t  is proven in ([5], Proposition 2.3) that the base algebras L and R of the left 

and right bialgebroids ~L and 7-/R in a Hopf  algebroid 7-/are anti-isomorphic via 
any of the isomorphisms UL o SR and ~L o tR. The antipode is a homomorphism of 
left bialgebroids ~ L  -~  (~R)co  ~  and also (~R)e~ p -~ ~L in the sense that it is an 
anti-algebra endomorphism of H and the pair of maps (S, UL o SR) is a coring 
homomorphism from the R~ (H, y~ uR) to the L-coring (H, YL, UL) and 
the pair of algebra homomorphisms (S, uR o SL) is a coring homomorphism 
(H, yL, ~L) ~ (H, y~P,.R). 

By ([5], Lemma 2.6) the module HL is finitely generated and projective if and 
only i f H  R is and the module L H  is finitely generated and projective if and only if 
R H  iS. I f  the antipode is bijective then the finitely generated projectivity of all 
the four listed modules are equivalent properties. Therefore we term a Hopf 
algebroid 7-/, the antipode of which is bijective and one (and hence, afortiori,  all) 
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of the modules H R, RH, HL and LH is finitely generated and projective, as a 
f i n i t e l y  generated  project ive Hopf algebroid with bijective antipode. 

The left in tegrals  in a left bialgebroid 7-/L are defined ([7], Definition 5.1) as 
the invariants of the left regular H-module i.e. the elements of 

s  V h E H } .  

By ([5], Scholium 2.8) an element 6 of a Hopf algebroid ~ is a left integral if and 
only if h6 (1) ~ S(6 (2)) = 6 (1) ~ Sff(2))h for all h E H. 

A left integral 6 in a Hopf algebroid ~/is called non-degenerate  ([7], Definition 
5.3) ff both maps 

6 R : H * : = H O m R ( H R , R ) - §  r 1 6 2  tRor (1)) and 

R6 : *H: = RHom(RH,  R)  ---* H *r ~--~*r ~ g =~ 6 (1) SR o *r (2)) 

are isomorphisms. By ([7], Proposition 5.10) for a non-degenerate left integral 
in a Hopf algebroid 7-/also the maps 

~L : H,:  = H o m L ( H ~ L )  -~ H r  ~ r = SL o r 6(2) and 

L 6 : , Y :  : LHom(LH,  L)  ~ H , r  ~ .r ~ tL o ,r 6(1) 

are isomorphisms. It is shown in ([5], Theorem 4.7) that the existence of a non- 
degenerate left integral in a Hopf algebroid ~-/is equivalent to the Frobenius 
property of any of the four extensions SR : R -~ H,  tR : R ~ ~ H ,  SL : L ~ H and 
tL : L ~ --~ H and it implies the bijectivity of the antipode. What is more, if the 
Hopf algebroid 7-/ possesses a non-degenerate left integral then also the four duals 
H*, *H, H,  and , H  possess (anti-) isomorphic Hopf algebroid structures with non- 
degenerate integrals ([7], Theorem 5.17 and Proposition 5.19). Motivated by these 
results we term a Hopf algebroid possessing a non-degenerate left integral as a 
Froben ius  Hopf algebroid. Recall from [35] that a Frobenius Hopf algebroid is 
equivalent to a distributive Frobenius double algebra. 

2.2 - M o d u l e  a n d  comodule  algebras. 

The category H.A/~ of left modules for the total algebra H of a left bialgebroid 
(H, L, s, t, ),, u) is a monoidal category. As a matter of fact, any H-module is an L- 
L bimodule via s and t. The monoidal product in H.A/~ is the L-module tensor 
product with H-module structure 

h . ( m ~ n ) : = h ( 1 ) . m ~ h ( 2 ) . n  f o r h E H ,  m ~ n ~ M ~ N  

and the monoidal unit is L with H-module structure 
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h. h = u(hs(l)) for h E H, 1 c L. 

A left H-module algebra is defined as a monoid in the monoidal category HM. 
A left H -module algebra A is in particular an L-ring via the homomorphism 

L ~ A  l ~ l .  1A ==- 1A "l. 

The invariants of A are the elements of 

A H : = { a E A [ h . a = s o z c ( h ) . a  Y h c H } .  

Just the same way, the category MH of right modules for the total algebra H 
of a right R-bialgebroid is a monoidal category with monoidal product the R- 
module tensor product and monoidal unit R. A right H-module algebra is a 
monoid in A4H. A right module algebra is in particular an R-ring. The invariants 
are defined analogously to the left case in terms of the counit. 

By a comodule for a left bialgebroid 7-/= (H, L, s, t, y, r) we mean a comodule 
for the L-coring (H,),, ~). Recall that the category of left 7~-comodules is also a 
monoidal category in the following way. Any left H-comodule (M, r) can be 
equipped with a right L-module structure via 

(2.8) m.  h = ~(m(_llS(l)) m(ol for m E M, l c L 

where m(-l /~ m(0/stands for r(m) (summation understood). Indeed, (2.12) is the 
unique right action via which M becomes an L-L bimodule and r becomes an L-L 
bimodule map from LML to the Takeuchi product H XL M. Recall from [36] that 
H XL M is the L-L submodule of LH~ | LM the elements ~ i  hi ~ mi of which 
satisfy 

(2.9) ~ hi ~ mi . l = E hit(l) ~ mi for l E L. 
i i 

This observation amounts to saying that our definition of left ~-/-comodules is 
equivalent to ([28], Definition 5.5). Hence, without loss of generality, from now on 
we can think of a comodule in this latter sense. On the basis of ([28], Definition 
5.5) the category HM of left 7-I -comodules was shown in ([28], Proposition 5.6) to 
be monoidal. The monoidal product is the L-module tensor product with como- 
dule structure 

M ~ N ~ H ~ M ~ N m ~ n~m(_ l )n (1 )  ~ re(o) i~ > n(o) 

and the monoidal unit is L with comodule structure 

L --~ L ~ H ~_ H l~s(1). 

Following ([28], Definition 5.7), a left comodule algebra for a left bialgebroid ~ is 
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a monoid in the monoidal category HA/[. Notice that - in view of the equivalence 
of the two definitions of H -comodules - this definition of comodule algebras is 
equivalent to ([10], Definition 3.4). 

By similar arguments also the category of right ~-/-comodules - that is of right 
comodules for the L-coring (H, y, ~) - is monoidal. The monoidal product is the L- 
module tensor product with coaction 

M ? N -+ M ~ N ? H m ~ n~m<0> ~ n<0> ~ n<l>m<l) 

and the monoidal unit is L with comodule structure 

L -+ H lilt(l), 

where the left L-module structure of a right (H, y, u)-comodule M is defined as 
I. m: = re<o> �9 u(m<l>s(1)). Similarly to the case of left comodule algebras we ex- 
pect the coaction of a right comodule algebra A to be multiplicative - i.e. such 

f Q f ! ~ ! ; that (aa)<o> L (aa)<1> = a<o>a<o> ~ a(l>a(l> for a, a c A. Therefore we consider the 
monoidal category (A4H) ~ the monoidal structure of which is the opposite of 
A4 H (i.e. it comes from the monoidal structure of Lo~MLo,). A right 7-/-comodule 
algebra is defined as a monoid in the category (A/tH) ~ 

Notice that a left %/-comodule algebra is in particular an L-ring while a right 
%/-comodule algebra is an L~ 

The coinvariants of a left (right) }/-comodule algebra (A, v) are the elements 
of the subalgebra 

A~~ { a E A ] ~(a) = IH ~ a } ( A~~ { a ~ A ] v(a) = a ~ lH ) ). 

Recall that for a left L-bialgebroid ~-/the left and right L-duals .H  and H. are 
rings. The category M.H of right .H-modules is a full subcategory in the cate- 
gory M H of right 7/-comodules and the two categories are equivalent if and only 
if the module LH is finitely generated and projective. The category MH. is a full 
subcategory in HAd and they are equivalent if and only if the module HL is fi- 
nitely generated and projective. 

The left and right comodules, comodule algebras and their coinvariants for a 
right bialgebroid are defined analogously. 

2.3 - Entwin ing  structures over non-commutat ive algebras. 

Entwining structures over non-commutative algebras were introduced in [4] 
as mixed distributive laws in the bicategory of [Algebras, Bimodules, Bimodule 
maps]. This definition is clearly equivalent to a monad in the bicategory of cor- 
ings i.e. the bicategory of comonads [33] in the bicategory of [Algebras, 
Bimodules, Bimodule maps]. Explicitly, we have 
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DEFINITION 2.3. An entwining structure over an algebra R is a triple 
(A, C, ~,) whereA = (A,/~, ~]) is an R-ring, C = (C, A, e) is an R-coring and ~ is an R- 
R bimodule map C ~ A --, A ~ C satisfying 

~ , o ( C ~ ) = ~ C  

(A ~ e ) o ~ = e ~ A  

~ C) o (A oR ~) o (~ ~ A) = ~ o (C ~ it) 

(A e R d) o ~ = (V ~ C) o (C ~ ~,) o (d ~ A). 

An entwining structure is bijective if ~ is an isomorphism. 

It is shown in ([4], Example 4.5) that an entwining structure (A, C, ~) over the 
algebra R determines an A-coring structure on A ~ C with A-A bimodule 
structure 

al.  (a ~ c). a2 = ala~,(c oR a2) for al, a2 E A, a ~ c E A ~ C, 

coproduct A ~ d and counit A ~ e. 

DEFINITION 2.4. A right entwined module over an R-entwining structure 
(A, C, ~) is a right comodule over the correspondingA-coringA ~ C. Explicitly, it 
is a triple (M, p, r), where (M, p) is a right A-module, making M in particular a 
right R-module. The pair (M, r) is a right C-comodule such that ~ is a right A- 
module map i.e. 

r o p = ( p ~ C ) o ( M  ~ , ) o ( T ~ A ) .  

A morphism of entwined modules is a morphism of comodules for the A-coring 
A ~ C, that is, anA-linear and C-colinear map. The category of entwined modules 
will be denoted by MA c . 

By ([14], 18.13 (2)) the forgetful functor A4A C -~ A4A possesses a right adjoint, 
the functor 

(2.10) ~ C : A 4 A ~ A 4  C ( M , p ) H ( M ~ C ,  ( p ~ C ) o ( M ~ , ) ,  M ~ ) ,  

where the right R-module structure of M comes from its A-module structure. 
What is more, by the self-duality of the notion of R-entwining structures, also 
([14], 32.8 (3)) extends to entwining structures over non-commutative algebras. 
That is, also the forgetful functor MA C -~ A4 C possesses a left adjoint, the functor 

(2.11) ~A: .A4C~A.4  C ( M , r ) ~ ( M e ~ A ,  (M~/~) ,  ( M ~ ) o ( r ~ A ) ) .  
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This implies, in particular, that both A }~ C and C ~ A are entwined modules. The 
morphism ~ becomes a morphism of entwined modules. 

If the R-coring C possesses a grouplike element, e, then also the A-coring 
A ~ C possesses a grouplike element, 1A ~ e. Hence A is an entwined module via 
the right regular A-action and the C-coaction 

A ~ A ~ C a ~ ( e  ~ a). 

The coinvariants of an entwined module are defined as its coinvariants as a 
comodule for the A-coring A ~ C ,  w.r.t, the grouplike element 1d ~r e. This is the 
same as its C-coinvariants w.r.t.e. 

In this case also the functors 

(2.12) ( )coC : 3dcA ~ .MA~OC and ~ A :  fl/iA~oC ~ j~C 
- ACOC 

are adjoints ([14], 28.8). (The entwined module structure of NAG A for a right 
X~ N is defined via the second tensor factor). The unit and the eounit of 
the adjunction are 

tlN: N ~ (N AG A)C~ n ~ n  A~oC | 1A and 

I~M : Mc~ | A ~ M m A2c a ~ m  �9 a A coC 

for any right At~ N and entwined module M. 

2.4 - Morita theory for  corings. 

In the paper [18] a Morita context (A "c, *C,A, *C "c, v,/z) has been associated 
to an A-coring C possessing a grouplike element e. Here the ring 
*C = AHom(C,A)  is the left A-dual of the A-coring C with multiplication 
(fg)(c) = g(c(1) .f(ca))). The invariants of a right *C-module M are defined with 
the help of the grouplike element e as the elements of 

M*C:={  m ~ M f m . f  = m . [ e ( _ ) f ( e ) ]  VfE*C}.  

In terms of the grouplike element e the k-module A can be equipped with a right 
*C-module structure as 

a .f: = f ( e .  a) for a E A, f 6 *C. 

The ring A "c is the subring of *C-invariants of A i.e. 

A * c = { b C A ] f ( e . b ) = b f ( e )  V f E * C } .  

A is an A "c - *C bimodule via 

b . a . f : = b f ( e . a ) = f ( e . b a )  f o r b c A * C , a ~ A ,  f E*C. 
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*C *C is the k-module of *C-invariants of the right regular *C-module i.e. 

*C *C = { q E *C f f(c(1), q(c(2))) = f (q (c ) .  e) Vf  c *C, c ~ C }. 

It  is a *C - A *C bimodule via 

( f .  q- b)(c): = q(c(1) .f(c(2)))b f o r f  c *C, q ~ *C *C, b E A *c, c c C. 

The connecting maps v and/L are given as 

v : A *c~ *C *C ~ A *C a ~ qHq(e ,  a) and 

IL : *C *C A~, A ~ *C q A~" a ~ (  c~q(c)a ). 

In [18] the following theorem has been proven. 

THEOREM 2.5. Let C be an A-coring possessing a grouplike element e, and let 
(A "c, *C,A, *C *c, ~, ~) be the Mori ta context associated to it. 

(1) ([18], Theorem 3.5). I f  C is f ini tely generated and projective as a left A- 
module (hence the categories A/[ c and M . c  are isomorphic and the C-coin- 
variants  coincide with the *C-invariants) then the following assertions are 
equivalent. 

(a) The map lL is surjective (and, a fortior~ bijective). 
(b) The functor  ( _ )c~ : M C  ---* A4AcOC is fu l ly  faithful. 
(c) A is a right *C-generator. 
(d) A is projective as a left At~ and the map  

*C --~ AcooEnd (A) f H (  a H f ( e ,  a) ) 

is an algebra anti-isomorphism. 
(e) A is projective as a left At~ and the A-coring C with grouplike 

element e is a Galois coring. 
(2) ([18], Theorem 2.7). I f  the algebra extension 

A -~ *C a ~ (  c~e(c)a ) 

is a Frobenius extension with Frobenius system (~, ui ~ vi) then the Mori ta 
context (A *c,*C,A, *C *c,v,z) is equivalent to the Mori ta context 
(A*C, *C,A,A,  v', ll') via the isomorphism 

A ~ *C *C a ~ (  c ~  ~ v i [ c .  aui(e)] ). 

               dc_124_10



GALOIS THEORY FOR HOPF ALGEBROIDS 245 

3. - H o p f  a l g e b r o i d  e x t e n s i o n s .  

An extension B c A  is an ~/R -extension for a right bialgebroid 
~R = (H, R, s, t, y, 7:) ifA is a right 7-/R-comodule algebra and B is the subalgebra 
of 7-/R-coinvariants of A. In this situation - denoting the R-coring (H, y, 7:) by C - 
the triple (A, ~-IR, C) is a Doi-Koppinen datum over R in the sense of ([10], 
Definition 3.6). This implies that the R - R  bimodule map 

(3.13) ~ : H ~ A -~ A ~ H h ~ a l i a  (~ ~ ha (11 

gives rise to an entwining structure (A, C, ~,) over R. Hence the R - R  bimodule 
A ~ H possesses an A-coring structure with A - A  bimodule structure 

al . (a ~ h ) .  a2 = alaa~ ~ ~ ha~ 11 for al, a2 c A, a ~ h c A ~ H, 

coproduct A ~ y and counit A ~ 7:. This coring possesses a grouplike element 
1A ~ 1H. The ~R-extension B c A was termed ~R-Galois in [23] if the A-coring 
A ~ H, associated to it above, is a Galois coring. This property is equivalent to the 
bijectivity of the canonical map 

(3.14) canR : A ~ A ---* A ~ H a ~ a' ~ aa '(~ ~ a '(1) . 

Analogously, in the case of a right comodule algebra A for the left bialgebroid 
~-IL = (H, L,  s, t, ~, 7:) the ~L-Galois property of the extension A c~ c A means 
the bijectivity of the canonical map 

(3.15) canL : A | A ~ A ~ H a ~ a '~a(o)a '  ~ a(1). AeO~L 

This is equivalent to the Galois property of the A-coring A ~ H with A - A  bimo- 
dule structure 

a l .  (a ~ h ) .  a2 = al(o)aa2 ~ al(llh for al, a2 c A, a ~ h E A ~ H, 

coproduct A ~ y, counit A ~ 7: and grouplike element 1A ~ 1H. (Recall from 
Subsection 2.2 that by our convention A is an L~ in this case.) 

A Hopf algebroid ~l = ( ~ ~ L , ~ - ~ R , S )  possesses two compatible bialgebroid 
s t r u c t u r e s ,  ~-~L and 7-/R, on the same total algebra H. It turns out that the notions 
of comodules (comodule algebras) for the constituent left bialgebroid 7-/L and for 
the constituent right bialgebroid ~'~R a r e  related as follows. 

PROPOSITION 3.1. 
right  ~R-comodule .  
s t ruc ture  w i th  

(1) Let  ~ = (~L,  ~~R, S)  be a H o p f  algebroid a n d  (M, rR) a 
M a k i n g  M an  L - L  b imodule  u s ing  its R - R  b imodule  

(3.16) l . m . l' = 7:R o tL(l') . m . 7:R o tL(1), 
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there exists a unique right ?-lL-coaction rL on M such that TR is right }-~L- 

colinear and rL is right 7-lR-Colinear. That is, the identities 

(3.17) (rR ~ H) o VL = (M ~ YL) o r R 

(3.18) (T L ~ H) o ZR = (M ~ 7R) o T L 

hold true. Furthermore, the ~R-coinvariants of  M coincide with its %lL-coin- 
variants. 

(2) Let  7-l = (7-/L, 7-tR, S) be a Hopf  algebroid and (A, rR) a right ~tR-comodule 
algebra. Then A is a right 7-lL-comodule algebra with the 7-lL-coaction TL in (1). 

(3) Let  7-/= (7-/L, 7-lR, S) be a Hop f  algebroid and (M, r~R ) and (N, r~R) tWO right 
7~R-comodules. Considering the right ~L-comodule structures of  M and N as in 
(1), any  right 7~R-Colinear map  is also ~L-Colinear. 

PROOF. Denote vR(m) ---- m <~ ~ m <1) for m E M. Recall from Subsection 2.2 
that  M is an R-R  bimodule with 

(3.19) r .  m . r' = m (~ . ~R(SR(r)m(1)sR(r~)) -- m (~ �9 7~R(SR(r)m(1))r ', 

and an L-L  bimodule with (3.16). The required right 7-/L-coaction on M is given 
by the map 

(3.20) ZL : M -~ M ~ H m ~ m  (~ �9 rtR(m(1)(1)) L ~ m(1)(2). 

In order  to see that  the map (3.20) is well defined, we have to show that  
it makes sense to apply the map (M~7:R) ~ H  to the element 
m (0) R o m(1)(1) L o m(1)(2) of M ~ H ~ H. This can be seen, on one hand, by using 
the left R-linearity of 7L (i.e. the identi ty 7L(htR(r)) = h(1)tR(r) ~ h(2)) and the 
left R-linearity of UR. On the other hand, the image of rR is in the Takeuchi 
product M •  (see Subsection 2.2), hence m (~ ~m(1)(1)LOre(l)(2 ) is an 
element  of (M •  ~ H .  Since the restriction of the map 
M ~ UR : M ~ H -~ M to M • H is r ight  L-linear, the expression on the r ight  
hand side of (3.20) makes sense. 

In order to see that  M is a right ~/-comodule we have to check the counitality 
and the coassociativity of the map (3.20). I t  goes as follows. 

(M ~ ~L) o ~L(m) = ( m  (~ �9 7~R(m{1)(1))) �9 ~L(m(1)(2)) 

= m  (~176 -~R[tL o 7tL(m(1) (2))m(~ (1)s R o nR(m(1)(1))] 

----m (~ - ~R[tL o uL(mO)(2))m(1)(1)(1)s R o UR(m(1)(1)(2))] = m, 

where the second equality follows from (3.16) and (3.19), the third one from the 
coassociativity of ~R and the Hopf algebroid axiom (Definition 2.2 (ii)) and the 
last one from the counitality of the r ight  and left coproducts YR and 75 together  
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with the counitality of rR- 

(M ~ YL) o ~L(m) = m (~ - ~R(m(1)(1))  ~ m(1)(2)(1) ~ m(1>(2)(2) 

(1) {1} (2), 
= m  (0) �9 7~R(m{1>(1)) L ~ / (1 ) (2) (1  ) 8R 0 7CR(m ( 2 ) ( 1 ) )  L @ m(1)(2)(2) 

= re(o} (0>. 7~R(m(0} (1}(1)) L e re(o} (1}(2)8R o 7~R(m(1}(1)) L 0 m(1>(2) 

= (~L ~ H) o ~L(m), 

where the second equality follows from the counitality of YR, the penultimate 
one from the Hopf algebroid axiom (Definition 2.2 (ii)) and the coassociativity 
of ~R and the last one from the right R-linearity of ~R and of YL (i.e. of ~L). 

The 7-/R-colinearity of Z" L is checked as 

o - . | ~<0> <I> m<1> (7:L @R H)  ZR(m) -- m (~176 7~R(m<0> (1)(1)) L "'~ (2) R @ 

__-- m (0) . •R( /{1>(1))  L Q m(1)(2) (1) R @ m(1>(2) (2) 

= (M ~ YR) o ~L(m), 

where the second equality follows from the coassociativity of "t" R and the Hopf 
algebroid axiom (Definition 2.2 (ii)). Also "C R is ~L-Colinear as 

(VR @L H)  o vL(m ) = m (~176 ~ m(~ <l)8 R o 7~R(m(1)(1)) L ~ m<1>(2 ) 

= m<~ @R m(1)(1)(1)SR o 7~R(/(1}(1)(2) ) i @ / ( 1 } ( 2  ) 

= (M ~ YL) o VR(m), 

where the first equality follows from the right R-linearity of ~R, the second one 
from the coassociativity of ~R and the Hopf algebroid axiom (Definition 2.2 (ii)) 
and the last one from the counitality of YR. 

The 1-/L-coaction (3.20) is unique since any right 1-/R-Colinear right ~L-COaC- 
tion m H m<o> ~ m(l> on M satisfies 

m<o) L ~ m(1)  = m<o) <~ �9 7~R(m(0) (1)) L ~ m(1)  = m <~ �9 7~R(m<l>(1)) L ~ re( l ) (2)  ~-- l:i(m). 

It is clear from (3.20) that any ~R-coinvariant in M is ~/-coinvariant. Writing 
~L(m) ---- m(o> ~ m<l) and using the right 1-/u-colinearity of ~'L the relation (3.20) 
can be inverted to yield 

m<O> ~/(1)  _-- m<o) �9 7~5( / (1 )  (1)) ~ re(l> (2), 

which shows that any ~/-coinvariant in M is also 1-/s-coinvariant. 
(2) Let (A, VR) be a right ~R-comodule algebra. Then by (1) A is an 7-/5-co- 
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module. It remains to check that the ~L-coaction ~L on A is multiplicative. 
Indeed, for a, a' c A 

vL(a)vL(a') =[a {~ �9 7~R(a (1 ) (1 ) ) ] [a  '(0) . 7~R(a'(1)(1))] L @ a{1)(2)a'(1)(2 ) 

= a ( ~  �9 a ' (O).  7~R(a'(1}(1)) ] L 0 a{1}(2)a'(1}(2 ) 

= a(~ '(~ rCR (tR o •R(a (1) (1))a '(1) (1))] ~ a {1)(2)a '(1) (2) 

= (a(0}a'(O)). 7~R(a(1)(1)a'(1)(1)) ~ a(1}(2)a'(1}(2) 

= ~L(aa'), 

where the second equality follows from the fact that A is an R-ring, the third one 
from the fact that the image of rR is in the Takeuchi product A XR H, the fourth 
one from the right bialgebroid version of axiom (2.6) and the R-ring structure of 
A and the last one from the multiplicativity of VR and of ~L- 

(3) Suppose that f : M  ~ N is a right 7tR-Colinear map. Denote the 7tL- 
coactions on M and on N as in (1) by vi(m) = m(0> ~ re(l) for m E M and 
r~L (n) = n(0) ~ n(1} for n E N, respectively. Then 

f(m)<o) ~f(m)(l> = f(m)(o} (0}. ~ R ( f ( m ) ( o ) ( 1 } )  ~f(m)(l> 

=f(m)< ~ . 7~R(f(m)(1)(1)) ~f(m)<l>(2) 

= f(m(~ 7:R(m(1}(1)) L o re(l)(2) 

= f ( m  (~ . 7oR(m(1}(1))) L o m(1}(2 ) 

= f(m(o> (0>. UR (m(o> <1))) ~ re(l> = f(m(o)) ~ m(1}, 

where the first and the last equalities follow from the counitality of ~R, the second 
and the penultimate ones from the right %//-cohnearity of ~R, the third one from 
the 7/s-colinearity o f f  and the fourth one from the right R-linearity off .  �9 

In view of Proposition 3.1 the usage of both the :Hi- and the 7tR-comodule 
structures of a comodule for a Hopf algebroid (7-/L, ~R, S) is redundant. On the 
other hand, it turns out that a symmetric treatment makes the theory more 
transparent. Therefore we make the following 

DEFINITION 3.2. A right comodulefor the Hopfalgebroid ~ = (~-/L, ~a ,  S) is 
a triple (M, ~L, ~R), where the pair (M, rR) is a right 7~R-comodule and (M, ~i) is a 
right ~L-comodule such that the R-R and the L-L  bimodule structures of M are 
related via (3.16) and the compatibility relations (3.21-3.22) hold true. 
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The right 7-/-comodule (A, rL, rS) is a right 7-l-comodule algebra if (A, ~R) is a 
right ~-/R-comodule algebra. Equivalently, if (A, rL) is a right ~-/L-comodule algebra. 

An extension B c A is an 7t-extension if A is a right ~-/-comodule algebra 
such that  B is the coinciding subalgebra of the HL- and of the ~-ts-coinvariants. 

An/-/-extension B c A is ~-l-Galois if it is both 7-/L-Galois and ?-/R-Galois. 

We follow the convention of using upper indices to denote the components of 
the coaction of a right bialgebroid and lower indices in the case of a left bial- 
gebroid. 

LEMMA 3.3. Let 7-I be a Hop f  algebroid with bijective antipode and let B c A 
be an H-extension. The canonical map  

cans : A ~ A -~ A oR H a ~ a ' ~ a a  '(~ ~ a '(t) 

is injective/surjective/bijective i f  and only i f  the canonical map 

cann : A ~ A ~ A ~ H a ~ a'~a(o)a' ~ a(1) 

is injective/surjective/bijective. 

PROOF. For  any right ~-comodule (M, %, rR) there exists an isomorphism 

q5 M : M ~ H ~ M e L H m ~ h~m(o) ~ mll)S(h) 

with inverse 

�9 i 1 : M ~ H -~ M ~ H m ~ h ~ m  (~ ~ S l(h)m{1). 
Using the 7-/s-colinearity of %, the Hopf algebroN axiom (Definition 2.2 (iv)), the 
fact that  the image of % is in the Takeuchi product A XL H, the L~ 
structure of A and the counitality of % one checks that  for an ~-/-comodule 
algebra (A, TL, TR) the identity r o cans = canL holds true. �9 

EXAMPLE 3.4. A k-bialgebra (H, IL, tl, A, ~) is an example both of a left- and of a 
right bialgebroid via the correspondence B: = (H, k, 0, t/, A, ~). A Hopf algebra 
(H,/~, 0, A, s, S) is an example of a Hopf algebroid via ~:  = (g, B, S). 

A right H-comodule (algebra) (A, T) is an example of a right B-comodule 
(algebra) and gives rise to an ~-comodule (algebra) via (A, ~, ~). The H-coin- 
variants are obviously the same as the g-coinvariants and the extension 
A c~ C A is H-Galois if and only if it is g-Galois. 

EXAMPLE 3.5. A weak bialgebra ([27, 6]) has been shown to determine a left 
bialgebroid in ([22, 29, 34]). Weak comodule algebras ([2, 16, 17]) over a weak 
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bialgebra have been shown in ([10], Proposition 3.9) to be equivalent to comodule 
algebras for the corresponding left bialgebroid. 

Now just the same way as the weak bialgebra determines a left bialgebroid, it 
determines also a right bialgebroid, and a weak Hopf algebra determines a Hopf 
algebroid ([7], Example 4.8). A weak comodule algebra for the weak bialgebra is 
equivalent also to a comodule algebra for the corresponding right bialgebroid, 
and a weak comodule algebra for a weak Hopf algebra is equivalent to a comoduie 
algebra for the corresponding Hopf algebroid. 

The coinvariants of a weak comodule algebra for a weak bialgebra are the 
same as its coinvariants for the corresponding left or right bialgebroid. 

A weak bialgebra extension is Galois in the sense of [17] if and only if the 
corresponding right bialgebroid extension is Galois. In the case of a weak Hopf 
algebra with bijective antipode this is equivalent also to the Galois property of 
the corresponding left bialgebroid extension. 

EXAMPLE 3.6. The total algebra H of a right bialgebroid 7-/R = (H, R, 
s, t, y, ~) is a right 7-/R-comodule algebra via y. We have H c~ = t(R). 

The total algebra H of a left bialgebroid ~L = (H, L, s, t, y, ~) is a right 7-tL- 
eomodule algebra via y and H c~ = s(L). 

For a Hopf algebroid 7-I = (~L,~IR,S) the total algebra is then a right 7-l- 
comodule algebra and the canonical map 

canR : RH | HR --~ H R | RH h ~ h'~-~,hh '(1) ~ h '(2) 

is bijective with inverse 

can~ ~ : H R Q RH ~ RH | HR h ~ h'~-~hS(hll )) ~ h'(2). 

That is, the extension tR : R ~ ~ H is 7-/R-Galois. If the antipode S is bijective 
then also the canonical map 

canL : H L Q LH ~ I-1L | LH h ~ h'Hh(1)h' ~ h(e) 

is bijective with inverse 

cani 1 : HL | LH --~ H L | LH h ~ h ' ~ h  '(2) ~ S-l(h'(1))h, 

that is also the extension SL : L -~ H is 7~L-Galois. 

EXAMPLE 3.7. Let 7-/be a Hopf algebroid and A a right ?-/R-module algebra. 
The smash product algebra [24] A )~ H is defined as the k-module A R Q RH with 
multiplication 

(a >~ h)(a' ~ h'): = a'(a. h '(l)) ~ hh '(2). 
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With this definition A ~ H is an R-ring via the homomorphism 

R - ~  A x H  r H  iA)~Sl~(r) 

or an L~ via the anti-homomorphism 

L - ~  A x H  l~-~ lA)~tL(1). 

One can introduce right ~tL- and right ~n-comodule structures on A ~ H via 
~S: = A ~ YL and TR: = A ~ YR, respectively. The triple (A • H, ~L, rn) is a right 7-/- 
comodule algebra. We have (A ~ H) c~nR = {a x 1H}a~A and the canonical map 

cann : (A)~ H) ~ (A)~ H) _~ A n | RHR | RH --~ (A x H) ~ H ~- A R | RHR @ RH 

a ~ h a o h' ~-* a ~ h'h (1) ~ h (2) 

is bijective with inverse 

can~ 1 : A R | RHR | RH ~ A R | RHR | RH a ~ h ~ h'~-*a ~ h'(2) OR hS(hil)). 

This means that  the extension A c A )~ H is ~R-Galois. I f  the antipode of 7-/is 
bijective then it is also 7-/n-Galois. 

EXAMPLE 3.8. In ([23], Theorem 5.1) Kadison has shown that  a depth 2 
extension B c A of k-algebras - if it is balanced or faithfully flat - is a Galois 
extension for the right bialgebroid, constructed in [24] on the total algebra 
(A ~ A) B (the centralizer of B in the canonical bimodule A ~ A). 

Recall that  if the extension B c A is in addition a Frobenius extension, 
(A ~ A) B possesses a Frobenius Hopf algebroid structure [7]. Extending the 
result of [23] considerably, B~lint and Szlach~nyi have shown in ([1], Theorem 
3.7) that  an extension B c A of k-algebras is 7-/-Galois for some Frobenius Hopf 
algebroid 7 / i f  and only if it is a balanced depth 2 Frobenius extension. 

4. - A Kreimer-Takeuchi  type theorem for Hopf  algebroids.  

In this section we investigate ~-extensions for finitely generated projective 
Hopf algebroids 7-I with bijective antipode. We show that  for an ~-Galois ex- 
tension B c A the algebra A is projective both as a left and as a right B-module 
and - under the additional assumption that  (A ~ A) c~ ~- A ~ B, see below - the 
surjectivity of the canonical map (3.18) implies its bijectivity. This is a genera- 
lization of the classical theorem for finitely generated projective Hopf algebras 
by Kreimer and Takeuchi ([25], Theorem 1.7). 

Recently Brzezifiski [9] and Schauenburg and Schneider [31] have used new 
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ideas to prove the Kreimer-Takeuchi theorem and generalizations of it. Their 
arguments are formulated in terms of entwining structures [11] over a com- 
mutative ring. In what follows we claim that their line of reasoning can be applied 
almost without modification to entwining structures over non-commutative al- 
gebras so to prove a Kreimer-Takeuchi type theorem for Hopf algebroids. 

As we have seen at the beginning of Section 3, a right comodule algebra A for 
a right R -bialgebroid 7-/R determines an entwining structure (3.17) over R. 

LEMMA 4.1. Let ~ ----- (~ - [L ,  ~R, S) be a Hopf  algebroid with bijective antipode 
and A a right ~l-comodule algebra. The map ~ in (3.17), corresponding to the 
right ~R-comodule algebra structure of A, is an isomorphism. 

PROOF. The inverse of ~ is constructed using the 7-/L-comodule algebra 
structure of A as 

1 : A ~ H - ~ H ~ A  a ~ h ~ h S  l(a(ll)~a(o ). �9 

Motivated by Lemma 4.1 we study bijective entwining structures over R. We 
are going to generalize ([31], Theorem 3.1) which is, indeed, a variant of ([9], 
Theorem 4.4). Recall that for any entwined module M and any k-module V the k- 
module V ~ M is an entwined module via the second tensor factor. The elements 
of V ~ M C~ form a subset of (V ~ M) C~ We have V ~ M c~ = (V ~ M) c~ if, for 
example, the k-module V is flat. 

PROPOSITION 4.2. Let (A, C, ~) be a bijective entwining structure over the 
algebra R, such that the R-coring C possesses a grouplike element e. Denote the 
corresponding right C-coaction on A by alo I ~ a(l/: = ~(e ~ a) and the subring of 
its coinvariants by B. Assume that C is fiat as a left (right) R-module and 
projective as a right (left) C-comodule. 

(1) Suppose that (A ~ A) c~ = A ~ B and the canonical map 

I t I (4.21) can : A ~ A ~ A oR C a ~ a ~aa(o I ~ all I 

is surjective. Under these assumptions the canonical map (4.25) is bijective. 
(2) I f  the canonical map (4.25) is bijective then A is projective as a right (left) 

B-module. 

PROOF. The proof is actually the same as the proof of ([31], Theorem 3.1), so 
we present only a sketchy proof here. 

(1) Let us use the assumption that C is projective as a right C-comodule. By 
the bijectivity of ~, and the adjunction (2.15) for any entwined module M we have 
HomAc(A ~ C, M) _~ HomC(C, M). By the flatness of the left R-module C the 
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projectivity of the right C-comodule C implies the projectivity of the entwined 
module A ~ C. Hence the surjective map 

,~) ! 
A ~ A ---* A ~ C a "~ a' ~ aalo I R a(l> 

is a split epimorphism of entwined modules. This means that A ~ C is a direct 
summand of A ~ A. 

Notice that (A ~ CY ~ ~_ A via the isomorphism 

a :A  ~ (A ~ C) c~ a l i a  ~ e, 

hence the canonical map (4.25) is related to the unit of the adjunction (2.16) as 
can = t~A~iC o (a ~ A). This means that can is bijective provided I~A~A is bijective. 
Tensoring a k-free resolution 

. . .P~ - ~  P,-1 --~. �9 �9 ---~P1 ~-~ P0 ~176 A---~0 

of A with A over k we can write A ~ A as the cokernel of the morphism 
01 ~ A : P1 ~ A -~ P0 ~ A between entwined modules that are direct sums of 
copies of A. The functoriality of I~ implies that 

/~A~:A o [(00 ~ B) ~ A] = (0o ~ A) o (P0 ~/~A)- 

Since #A is an isomorphism we can use the universality of the cokernel to define 
the inverse of ttA~ A as the unique map r : A ~ A ~ (A ~ A Y  ~ ~ A = (A ~ B) ~ A 
which satisfies 

r o (00 ~ A) = [(0o ~ B) ~ A] o (P0 ~//A1) - 

This proves the bijectivity of ZA~A, hence of the canonical map (4.25). 
If C is projective as a left C-comodule and flat as a right R-module then ~ has 

to be replaced with its inverse in the above line of reasoning. 
(2) The projectivity of the right B-module A is proven from the projectivity of 

the right C-comodule C as follows. By the bijectivity of the canonical map (4.25) 
and the adjunction (2.16) for any entwined module M we have HomC(C, M) ~_ 
-~ HomB(A, Me~ hence the functor HomB(A, ( )coC) : .A4C ~ .h~k is exact. 

L e t f  : | ~ A be an epimorphism in MB for some index set I. Thenf  ~ A is 
an epimorphism in MA C which is mapped by the functor Horns(A, ( _ yoC) to the 
epimorphism HOmB(A,f) in AJk. 

In order to prove the projectivity of the left B-module A from the projectivity 
of the left C-comodule C replace ~ by its inverse in the above arguments. �9 

As it has been explained to us by Tomasz Brzezifiski, there exists an alter- 
native, more general argument proving the bijectivity of the canonical map (4.25) 
from its split surjectivity in M C. Namely, the application of ([13], Theorem 2.1) to 
the A-coring A ~ C, corresponding to the R-entwining structure (A, C, ~,) with 
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grouplike element e c C, and its comodule M = A, implies the claim. Indeed, in 
this case the condition b) of ([13], Theorem 2.1) reduces to (A ~ A) c~ ~- A ~ A c~ 

We have formulated Proposition 4.2 (1) in terms of the assumption 
(A ~ A) c~ = A ~ X ~ It  has the advantage that  in certain situations (e.g. i fk  is a 
field) it obviously holds true. We do not know, however, whether it is also a 
necessary condition for the claim of Proposition 4.2 (1). On the other hand, notice 
that  if the canonical map (4.25) is an isomorphism in MA c then 

(4.22) (A ~ A) c~ ~- (A ~ C) c~ = A,  

where B stands for A c~ as before. The application of ([38], Proposition 5.1) to 
the A-coring A ~ C, corresponding to the R-entwining structure (A, C, ~) with 
grouplike element e ~ C, and its comodule M = A, implies that the bijectivity of 
the canonical map (4.25) follows from its split surjectivity also under the (suffi- 
cient and necessary) condition (4.26). 

Le t  us turn to the application of Proposition 4.2 to Hopf algebroid extensions. 
Le t  7-/be a finitely generated projective Hopf algebroid with bijective antipode. 
I t  follows from the Fundamental  Theorem for Hopf algebroids ([5], Theorem 4.2) 
and the existence of a Hopf module structure on H* = HomR(H, R) with coin- 
variants s ([5], Proposition 4.4) that  for such a Hopf algebroid the map 

(4.23) aL : L H  | f f~(g*)  L --~ H* h ~ ,t* H ,F ~- S(h) =- ~*[S(h) _ ] 

is an isomorphism of Hopf modules, hence in particular of left H-modules. (The 
left H-module structure on LH | s L is given by left multiplication in the first 
tensor factor, and on H* by h-r = r ~ S(h) =- r _ ].) This implies that  
the element a~l(~R) is an invariant of the left H-module LH @ s L. The ele- 
ments {xi} c H and {~} c s satisfying ~ i  xi ~ ~ = a~l(rCR) can be used 
to construct dual bases for the left *H-module on H defined as 
*r ~ h : =  h ~ SR o *r As a matter  of fact, for ~*E s we have 
4" o S E s ([5], Scholium 2.10), and *H is a right H module via 
*r ~ h = *r _ ). We leave it to the reader to check that the sets {x/} c H and 
{~  o S ~ S-1( _ )} c .HHom(H, *H) are dual bases, showing that  H is a finitely 
generated and projective *H-module. 

Since the antipode was assumed to be bijective, we can apply the same ar- 
gument  to the co-opposite Hopf algebroid ?-tcop to conclude on the finitely gen- 
erated projectivity of the left H*-module on H defined as r  h : =  
= h (2) tR o r 

Now the projeetivity of H as a left *H module implies that it is projective as a 
right 7-/R-comodule and its projectivity as a left H*-module implies that it is pro- 
jective as a left %/R-comodule. These observations allow for the application of 
Proposition 4.2 to the entwining structure (3.17) - which is bijective by Lemma 4.1. 
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COROLLARY 4.3. Let ~-I be a f ini tely generated projective H o p f  algebroid with 
bijective antipode and let B c A be an 7-l-extension. 

(1) Suppose that (A ~ A)  c~ = A ~ B (e.g. A is k-flat). I f  the canonical map  

canR : A ~ A ~ A ~ H a ~ a ~ a a  '(~ ~ a '(1) 

is surjective then the extension B c A is ~R-Galois (equivalently, ~L-Galois). 
(2) I f  the extension B c A is 7-l-Galois then A is projective both as a left and 

as a right B-module. 

5. - Morita theory for Hopf algebroid extensions. 

As we have seen at the beginning of Section 3, an ~R-extension B c A for a 
r ight  R-bialgebroid ~R determines an A-coring s tructure on A ~ H. One can 
apply the Morita theory for corings, developed in [18], to this coring. In par- 
ticular, if A is finitely generated and projective as a left R-module, then 
Theorem 2.5 (1) can be used to obtain criteria which are equivalent to the ~R- 
Galois proper ty  of the extension B c A and the projectivity of the left B- 
module A. Analogously, one can apply Theorem 2.5 (1) to obtain criteria which 
are equivalent to the Galois proper ty  of an ~L-extension B c A for a finitely 
generated projective left bialgebroid ~L and the projectivity of the r ight  B- 
module A. 

Applying the results of the previous sections we prove that  if 7-/= (~tL, ~R, S) 
is a finitely generated projective Hopf algebroid with bijective antipode and 
B c A is an ~t-extension then the equivalent conditions, derived from Theorem 
2.5 (1) forB c A as an ~tR-extension, on one hand, and as an ~L-extension, on the 
other hand, are equivalent also to each other. 

Let  ~R = (H, R, s, t, y, ~) be a right bialgebroid such that  H is finitely gen- 
erated and projective as a left R-module and let A be a right ~R-comodule al- 
gebra. As a first step, let us identify the Morita context (A *C, *C,A, *C *C, ~,/~), 
associated to the A-coring C = A ~ H (as it is explained in Subsection 2.4). 

Recall that  A - being a right 7-/R-comodule - is also a left *H-module via 
*r a = a (~ - *r Since the module RH is finitely generated and projective, 
*H possesses a left bialgebroid structure. Let  us introduce the smash product 
algebra *H ~< A as the k-module *H ~ A (where the right R-module structure of 
*H is given by (*r = *r with multiplication 

(5.24) (*r ~ a)(*~ ~( a'): = *~Y(1)*r ~( ( * ~ ( 2 ) "  a)a'. 

With this definition *H ~ A is an A-ring via the homomorphism 

iA : A - ~  * H ~ A  a ~ u ~ ( a .  
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Define a right-right relative (A, HR) -module to be an entwined module for 
the R -entwining structure (3.17), i.e. a right comodule for the A-coring A ~ H. 
This means a right A-module (and hence in particular a right R-module) and a 
right HR-comodule M such that the compatibility condition 

(m. a) (~ ~ (m- a) (1) = m (~ - a (~ ~ m{1)a {1) 

holds true for any m E M and a E A. Clearly, A is itself a relative (A, HR)- 
module. It is straightforward to check that the category M H of relative (A, HR)- 
modules is isomorphic to the category M.H ~ A of right *H ~< A-modules and the 
*H ~< A-invariants are the same as the ~R-coinvariants. This fact can be easily 
understood in view of 

LEMMA 5.1. Let ~-~R be a right R- bialgebroid such that H is finitely generated 
and projective as a left R-module and let A be a right %lR-comodule algebra. 

The left A-dual algebra of the A-coring A ~ H is isomorphic to the smash 
product algebra * H ~< A. 

PROOF. The required algebra isomorphism is constructed as 

*H ~( A ~ AHom(A ~ H,A) *r ~( a ~ (  a' ~ h~a'(*r a)). 

The Morita context, associated to the 7-/R-extension B c A ,  is 
(B, *H ~< A , A ,  (*H ~ A) c~ ~R, I~R) with connecting maps 

(5.25) VR :A  *~A (*H ~< A) c~ ~ B 

(5.26) #R : (*H ~ A) c~ ~ A ~ *H ~( A 

then 

a' .~A ( E * r  ~< a i )~  E (*r a')ai 
i i 

( E * r  ~< ai) ~ a 'H  E *r ~( aia'. 
i i 

Since H is finitely generated and projective as a left R-module, so is the left A- 
module A ~ H. Hence part (1) in Theorem 2.5 implies 

PROPOSITION 5.2. Let ~-~R be a right R- bialgebroid such that H is f ini tely 
generated and projective as a left R-module and let B c A be an ~R-extension. 
The following assertions are equivalent. 

(a) The map/a R in (5.30) is surjective (and, a fortiori, bijective). 
(b) The functor ( _ )conR : A, IH ~ A, IB is fu l ly  faithful. 
(c) A is a right *H ~( A-generator. 
(d) A is projective as a left B-module and the map 

(5.27) * H ~ A  ~ BEnd(A) *r a l l (  a '~(*r  a')a ) 

is an algebra anti-isomorphism. 
(e) A is projective as a left B-module and the extension B c A is ~R-Galois. 
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The arguments, leading to Theorem 5.2, can be repeated by replacing the 
right bialgebroid ~R with a left L-bialgebroid ~-~L such that H is finitely gen- 
erated and projective as a left L-module. Indeed, in this case the left L-dual, 
,H, possesses a right bialgebroid structure and A is a right ,H-module via 
a . ,  r = a(0) �9 r The right A-dual of the A-coring A ~ H is isomorphic to the 
smash product algebra ,H ~< A, which is defined as the k-module ,H ~ A, (where 
the right L-module structure on ,H is given by (,r 1)(h) = ,r with multi- 
plication 

(,r ~< a)(,~ ~< a'): = ,~,r ~( a(a'. ,r 

Since A is an L~ a left A-module is in particular a right L-module and we 
have the isomorphism (A ~ H) ~ M -~ M ~ H for any left A-module M. A left 
comodule for the A-coring A ~ H is then equivalent to a left A-module (hence in 
particular a right L-module) and a right ?-/L-comodule M such that the com- 
patibility condition 

(a- m)(o) ~ (a. m)(1) = a(0) - m(o) ~ a(1)m(1) 

holds true for m ~ M and a ~ A. Such modules are called left-right relative 
(A, ?-/L)-modules and their category is denoted by A M  H. It follows that the ca- 
tegory A./~ H i s  isomorphic also to ,H~AM, the category of left ,H ~< A-modules. 
The Morita context associated to the 7-/L-extension B c A  is (B,,H~<A, 
A, ( ,H ~< A) c~ , ~L, #L) with connecting maps 

( 5 . 2 8 )  ~)L : (,H ~< A) c~ ,~A A ~ B 

(5.29) PL : A ~ ( ,H ~< A) c~ ~ ,H ~< A 

Part (1) of Theorem 2.5 implies 

( E , r  ai),~A a ' ~ E a ~ ( a ' . , r  i) 
i i 

a' ~(  E *r ~< a i ) ~  E *r ~< a'ai. 
i i 

PROPOSITION 5.3. Let 7-IL be a left L- bialgebroid such that H is f ini tely 
generated and projective as a left L-module and let B c A be an ~L-extension. 
The following assertions are equivalent. 

(a) The map tt L in (5.33) is surjective (and, afortiori, bijective). 
(b) The functor ( _ )coWL : Aj~4H ~ B~4 is ful ly faithful. 
(c) A is a left ,H  ~< A-generator. 
(d) A is projective as a right B-module and the map 

(5.30) ,H ~< A -~ EndB(A) ,r ~< a ~ ( a '~a(a ' .  ,r ) 

is an algebra isomorphism. 
(e) A is projective as a right B-module and the extension B c A is 7-~ L-GalOis. 
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Combining Proposition 5.2, 5.3, Corollary 4.3 and Lemma 3.3 we can state our 
main result. 

THEOREM 5.4. Let ~ = (%lL, %lR, S) be a f ini te ly  generated projective H o p f  
algebroid with bijective antipode and let B c A be an %l-extension. The following 
assertions are equivalent. 

(a) The extension B c A is 7-IR -Galois. 
(b) A is projective as a left B-module and the map  (5.31) is an algebra anti- 

isomorphism. 
(c) A is a right *H ~ A-generator. 
(d) The functor  ( _ )co~R :/~4 H ~ A/IB is.fully faithful. 
(e) The map tt R in (5.30) is surjective (and, afortiori,  bijective). 
(a') The extension B c A is %lL -Galois. 
(b') A is projective as a right B-module and the map (5.34) is an algebra 

isomorphism. 
(c') A is a left . H  ~ A-generator. 
(d') The functor  ( _ )coU~ : A.MH ~ B.A/[ is fu l l y  faithful. 
(e') The map I~L in (5.33) is surjective (and, a fortior~ bijective). 

PROOF. It follows from part (2) of Corollary 4.3 that (a) is equivalent to any 
of the assertions 

(5.31) A is projective as a left B module and the extension B c A is ~R-Galois. 

(5.32) A is projective as a right B module and the extension B c A is 7-/R-Galois. 

By Lemma 3.3 the assertions (a) and (a') are equivalent and (5.36) is equivalent to 

(5.33) A is projective as a right B module and the extension B c A is ~-~L--Galois. 

The rest of the proof follows from Theorem 5.2 and 5.3. �9 

Let us mention that in ([15], Theorem 4.7) a stronger version of Theorem 2.5 
(1) has been proven. Its application to bialgebroid extensions implies 

PROPOSITION 5.5. Let ~-~R be a right R- bialgebroid such that H is f ini te ly  
generated and projective as a left R-module and let B c A be an %lR-extension. 
The following assertions are equivalent. 

(a) The Morita context (B, *H ~ A , A ,  (*H ~ toUR A)  , OR,/~R) is strict. 
(b) The functor  (_)c~ ~ A.4B is an equivalence with inverse 

_ ~ A : M B - - - * M t ~ .  

(c) The map (5.31) is an algebra ant i - isomorphism and A is a left B-pro- 
generator. 

(d) A is fai thful ly  f lat  as a left B-module and the extension B c A is %lR- 
Galois. 

               dc_124_10



GALOIS THEORY FOR HOPF ALGEBROIDS 259 

Also the analogue of Proposition 5.5 for left bialgebroid extensions can be 
proven. We can not prove, however, that for an H-extension, in the case of any 
finitely generated projective Hopf algebroid 7-I with bijective antipode, the 
equivalent conditions in Proposition 5.5 and their counterparts on the left bial- 
gebroid of H are equivalent also to each other (as it was seen to be the case with 
Proposition 5.2 and 5.3). 

The Morita context ( X  C, *C,A~ *C *C, o, ]L), associated in [18] to an A-coring C 
with a grouplike element, is the generalization of the Morita context, associated 
to a bialgebra extension in [21]. In the case of a finite dimensional Hopf algebra 
over a field (or a Frobenius Hopf algebra over a commutative ring) another 
Morita context has been associated to a Hopf algebra extension in [20, 19]. The 
relation of the two Morita contexts is of the type described in part (2) of Theorem 
2.5. In order to see what is the analogue of the Morita context of Cohen, Fishman 
and Montgomery in the case of Hopf algebroids, in the rest of the section we 
assume that 7-I is a Frobenius Hopf algebroid. 

LEMMA 5.6. Let H be a Frobenius Hopf  algebroid and A a left HL-module 
algebra. Consider the smash product algebra H ~( A, which is the k-module 
H ~ A with multiplication 

(h ~< a)(g ~ a'): = g(1)h ~ (g(2)" a)a'. 

The extension 

i : A - - ~ H ~ ( A  a H 1 H ~ a  

is a Frobenius extension. 

PROOF. Recall (from Subsection 2.1) that a Frobenius Hopf algebroid pos- 
sesses non-degenerate left integrals. Let us f'LX such an integral ~ and denote by p. 
the unique element in H., for which ~ ~ p. =_ SL o p,(~(1))~(2) = 1H. A Frobenius 
functional �9 : H ~< A -~ A is given by h ~( a ~ p.(h), a. A Hopf algebroid calcu- 
lation shows that it is an A-A bimodule map and possesses a dual basis 
(S(g (2)) ~< 1A) A e (~(1) ~< 1A). �9 

Recall that for a Frobenius Hopf algebroid ~/also the left bialgebroid *H 
possesses a Frobenius Hopf algebroid structure. Applying Lemma 5.6 together 
with part (2) of Theorem 2.5 we conclude that the Morita context 
(A c~ * H ~< A , A ,  (* H ~< A) c~ oR, IXR), associated to the right HR -comodule al- 
gebra structure of a right H-eomodule algebra A for the Frobenius Hopf al- 
gebroid H, is equivalent to the Morita context (A c~ *H ~< A , A , A ,  o', IX') with 
connecting maps 

(5.34) ~' : A .~A A ~ A c~ a . ~  a'~*~ . (aa') 
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(5.35) /[ :A ~ A ~ * H ~ A  aA, % d~-*(zR~a)(*,~lA)(Z~R~<a'), 

where "4 is a non-degenerate left integral in *H. 

COROLLARY 5.7. I f  we add to the conditions of Theorem 5.4 the requirement 
that 7t be a Frobenius Hopf  algebroid then we can add to the equivalent 
assertions (a)-(e') also 

(f) For any non-degenerate left integral " 4 in the Frobenius Hopf  algebroid 
* H the map 

A ~ A ~ *H ~< A a ~ a'~(7~R ~ a)(*~ ~ 1A)(7~ R P(a') 

is surjective (and, afortiori, bijective). 

By ([7], Lemma 5.14) for any non-degenerate left integral g in a Hopf al- 
gebroid ~/, for p . :=g~l (1H)C H,  and any element h of H we have 
[(l)h ~ ~(2) = t?(1) ~ [(2)tL o p,(~h(1))S(h(2)). This implies that  the image of the map 
(5.39) is an ideal in *H ~( A. Hence - jus t  as it has been proven for finite di- 
mensional Hopf algebras in ([20], Corollary 1.3) - we see that  it is true also for 
?-/-extensions B c A for a Frobenius Hopf algebroid ~ that  if the k-algebra 
*H ~( A is simple then the extension B c A is ~-Galois. 
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Abstract

We construct a ‘weak’ version EMw(K) of Lack and Street’s 2-category of monads in a 2-category K,
by replacing their compatibility constraint of 1-cells with the units of monads by an additional condition
on the 2-cells. A relation between monads in EMw(K) and composite pre-monads in K is discussed. If K
admits Eilenberg–Moore constructions for monads, we define two symmetrical notions of ‘weak liftings’
for monads in K. If moreover idempotent 2-cells in K split, we describe both kinds of weak lifting via
an appropriate pseudo-functor EMw(K) → K. Weak entwining structures and partial entwining structures
are shown to realize weak liftings of a comonad for a monad in these respective senses. Weak bialgebras
are characterized as algebras and coalgebras, such that the corresponding monads weakly lift for the corre-
sponding comonads and also the comonads weakly lift for the monads.
© 2010 Elsevier Inc. All rights reserved.

Keywords: 2-Category; Monad; Weak lifting

0. Introduction

Many constructions, developed independently in Hopf algebra theory, turn out to fit more
general situations studied in category theory. For example, crossed products with a Hopf algebra
in [21,2,12] are examples of a wreath product in [16]. As another example, the comonad induced
by the underlying coalgebra in a Hopf algebra H , has a lifting to the category of modules over
any H -comodule algebra. So-called Hopf modules are comodules (also called coalgebras) for the
lifted comonad. Galois property of an algebra extension by a Hopf algebra turns out to correspond
to comonadicity of an appropriate functor [14].
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Motivated by noncommutative differential geometry, these constructions were extended from
Hopf algebras to coalgebras (over a commutative base ring) and to corings (over an arbitrary base
ring), see e.g. the pioneering paper [8]. The resulting theory turns out to fit the same categorical
framework, only the occurring (co)monads have slightly more complicated forms [14].

For a study of non-Tannakian monoidal categories (i.e. those that admit no strict monoidal
fiber functor to the module category of some commutative ring), another direction of generaliza-
tion was proposed in [6]. The essence of this approach is a weakening of the unitality of some
maps and it leads to the replacing of a Hopf algebra by a ‘weak’ Hopf algebra. In the last decade
many Hopf algebraic constructions were extended to the weak setting. Weak crossed products
were studied e.g. in [9,13] and [18]. Weak Galois theory was developed, among other papers, in
[9,8]. However, just because in these generalizations one deals with non-unital maps, they do not
fit the categorical framework of (co)monads, their wreath products and liftings.

The aim of the current paper is to provide a categorical framework for ‘weak’ constructions.
For this purpose, in Section 1 we construct, for any 2-category K, a 2-category EMw(K) which
contains the 2-category EM(K) in [16] as a vertically full 2-subcategory. In EMw(K) 0-cells are
the same as in EM(K), i.e. monads in K. Since we aim to describe constructions in terms of non-
unital maps, in the definition of a 1-cell in EMw(K) we impose the same compatibility condition
with the multiplications of monads which is required in EM(K), but we relax the compatibility
condition in EM(K) with the units of monads. Certainly, without compensating it with some
other requirements, we would not obtain a 2-category. We show that imposing one further axiom
on the 2-cells in addition to the axiom in EM(K), EMw(K) becomes a 2-category, with the same
horizontal and vertical composition laws used in EM(K).

It was observed in [9] that smash products (and more generally crossed products [18]) by
weak bialgebras are not unital algebras. Motivated by the definition of a pre-unit in [9], we study
pre-monads (defined in Section 2) in any 2-category K. In Section 2 we interpret ‘weak crossed
products’ in [13] as monads in EMw(K). This leads to a bijection between monads t

s→ t in
EMw(K) and pre-monad structures (in K) on the composite 1-cell st with a ‘t-linear’ multiplica-
tion.

Starting from Section 3, we restrict our studies to 2-categories K which admit Eilenberg–
Moore constructions for monads (in the sense of [19]) and in which idempotent 2-cells split.
These assumptions are motivated by applications to bimodules. The bicategory BIM of [Al-
gebras; Bimodules; Bimodule maps], over a commutative, associative and unital
ring k, satisfies both assumptions. However, in order to avoid technical complications caused by
non-strictness of the horizontal composition in a bicategory, we prefer to restrict to 2-categories.
In the examples, instead of the bicategory BIM, we can work with its image in the 2-category
CAT = [Categories; Functors; Natural transformations], under the hom
2-functor BIM(k,−) : BIM → CAT, which image is a 2-category with the desired properties.

For a 2-category K which admits Eilenberg–Moore constructions for monads, the inclusion
2-functor I : K → EM(K) possesses a right 2-adjoint J , cf. [16]. In Section 3 we use the split-
ting property of idempotent 2-cells in K to construct a factorization of J through the inclusion
2-functor EM(K) ↪→ EMw(K) and an appropriate pseudo-functor Jw : EMw(K) → K. For a
monad t

s→ t in EMw(K) and any 0-cell k in K, we prove that both monads K(k, Jw(s)) and
K(k, ŝt) in CAT possess isomorphic Eilenberg–Moore categories, where ŝt is a canonical retract
monad of the pre-monad st .

In a 2-category K which admits Eilenberg–Moore constructions for monads, any monad

k
t→ k determines an adjunction (k

f→ J (t), J (t)
v→ k) in K, cf. [19]. A lifting of a 1-cell k

V→ k′
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in K for monads k
t→ k and k′ t ′→ k′ is, by definition, a 1-cell J (t)

V→ J (t ′), such that v′V = V v,
cf. [17]. In Section 4 we define a ‘weak’ lifting by replacing this equality with the existence of a
2-cell v′V ι⇒ V v, possessing a retraction V v

π⇒ v′V . This leads to two symmetrical notions of
weak lifting of a 2-cell V

ω⇒ W for the monads t and t ′. A weak ι-lifting V
−→ω⇒ W is defined by

the condition ι ∗ v′−→ω = ωv ∗ ι and a weak π -lifting V
←−ω⇒ W is defined by v′←−ω ∗ π = π ∗ ωv. We

show that any weak ι-lifting and any weak π -lifting of a 2-cell in K, if it exists, is isomorphic to
the image of an appropriate 2-cell in EMw(K) under the pseudo-functor Jw . Both a weak ι-lifting
and a weak π -lifting are proven to strictly preserve vertical composition and to preserve horizon-
tal composition up to a coherent isomorphism. We also give sufficient and necessary conditions
for the existence of weak ι- and π -liftings of a 2-cell in K.

A powerful tool to treat algebra extensions by weak bialgebras is provided by ‘weak entwining
structures’ in [9]. A weak entwining structure in a 2-category K consists of a monad t and a
comonad c, together with a 2-cell tc ⇒ ct relating both structures in a way which generalizes a
mixed distributive law in [1]. It was observed in [8] that any weak entwining structure (in BIM)
induces a comonad (called a ‘coring’ in the particular case of the bicategory BIM). In Section 5
we show that – in the same way as mixed distributive laws in a 2-category K provide examples
of comonads in EM(K) – weak entwining structures provide examples of comonads in EMw(K).
Moreover, if the 2-category K satisfies the assumptions in Section 3, then the comonad in K,
induced by a weak entwining structure, is an example of a weak ι-lifting of a comonad for a
monad.

Studying partial coactions of Hopf algebras, in [10] another generalization of a mixed distribu-
tive law, a so-called ‘partial entwining structure’ was introduced. Partial entwining structures (in
BIM) were proven to induce comonads as well. We show that also partial entwining structures
in a 2-category K provide examples of a comonad in EMw(K). Moreover, if the 2-category K
satisfies the assumptions in Section 3, then the comonad in K, induced by a partial entwining
structure, is an example of a weak π -lifting of a comonad for a monad.

As a final application, weak bialgebras are characterized via weak liftings. If a module H ,
over a commutative, associative and unital ring k, possesses both an algebra and a coalgebra
structure, then it induces two monads tR = (−) ⊗k H and tL = H ⊗k (−), and two comonads
cR = (−) ⊗k H and cL = H ⊗k (−) on the category of k-modules. We relate weak bialgebra
structures of H to weak ι-liftings of cR and cL for tR and tL, respectively, and weak π -liftings
tR and tL for cR and cL, respectively.

Notation. We assume that the reader is familiar with the theory of 2-categories. For a review of
the occurring notions (such as a 2-category, a 2-functor and a 2-adjunction, monads, adjunctions
and Eilenberg–Moore construction in a 2-category) we refer to the article [15].

In a 2-category K, horizontal composition is denoted by juxtaposition and vertical composi-
tion is denoted by ∗, 1-cells are represented by an arrow → and 2-cells are represented by ⇒.

For any 2-category K, Mnd(K) denotes the 2-category of monads in K as in [19] and
Cmd(K) := Mnd(K∗)∗ denotes the 2-category of comonads in K, where (−)∗ refers to the ver-
tical opposite of a 2-category. We denote by EM(K) the extended 2-category of monads in [16].
We use the reduced form of 2-cells in EM(K), see [16].

1. The 2-category EMw(K)

For any 2-category K, the 2-category EMw(K) introduced in this section extends the 2-
category EM(K) in [16].
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Theorem 1.1. For any 2-category K, the following data constitute a 2-category, to be denoted
by EMw(K).

0-cells are monads (k
t→ k, tt

μ⇒ t, k
η⇒ t) in K.

1-cells (t,μ,η) → (t ′,μ′, η′) are pairs (V ,ψ), consisting of a 1-cell k
V→ k′ and a 2-cell

t ′V ψ⇒ V t in K, such that

V μ ∗ ψt ∗ t ′ψ = ψ ∗ μ′V. (1.1)

The identity 1-cell is t
(k,t)−→ t .

2-cells (V ,ψ) ⇒ (W,φ) are 2-cells V
	⇒ Wt in K, such that

Wμ ∗ 	t ∗ ψ = Wμ ∗ φt ∗ t ′	, (1.2)

	 = Wμ ∗ φt ∗ η′Wt ∗ 	. (1.3)

The identity 2-cell is (W,φ)
φ∗η′W

(W,φ).

Horizontal composition of 2-cells (V ,ψ)
	⇒ (W,φ), (V ′,ψ ′) 	′⇒ (W ′, φ′) (for 1-cells

(V ,ψ), (W,φ) : t → t ′ and (V ′,ψ ′), (W ′, φ′) : t ′ → t ′′) is given by

	′ ◦ 	 := W ′Wμ ∗ W ′	t ∗ W ′ψ ∗ 	′V. (1.4)

Vertical composition of 2-cells (V ,ψ)
	⇒ (W,φ)

τ⇒ (U, θ) (for 1-cells (V ,ψ), (W,φ) and
(U, θ) : t → t ′) is given by

τ • 	 := Uμ ∗ τ t ∗ 	. (1.5)

Proof. We verify only those axioms whose proof is different from the proof of the respective
axiom for EM(K).

The vertical composite of 2-cells (V ,ψ)
	⇒ (W,φ)

τ⇒ (U, θ) in EMw(K) is checked to satisfy
(1.2) by the same computation used to verify that the vertical composite of 2-cells in EM(K)

is a 2-cell in EM(K). In order to see that τ • 	 satisfies (1.3), use the interchange law in K,
associativity of the multiplication μ of the monad t and the fact that τ satisfies (1.3):

Uμ ∗ θt ∗ η′Ut ∗ (τ • 	) = Uμ ∗ θt ∗ η′Ut ∗ Uμ ∗ τ t ∗ 	

= Uμ ∗ Uμt ∗ θtt ∗ η′Utt ∗ τ t ∗ 	 = Uμ ∗ τ t ∗ 	 = τ • 	.

Associativity of the vertical composition follows by the same reasoning as in the case of EM(K).

Using the constraint (1.1), it follows for any 1-cell t
(W,φ)−−−→ t ′ in EMw(K) that

Wμ ∗ φt ∗ t ′φ ∗ t ′η′W = φ ∗ μ′W ∗ t ′η′W = φ and

Wμ ∗ φt ∗ η′Wt ∗ φ = Wμ ∗ φt ∗ t ′φ ∗ η′t ′W = φ ∗ μ′W ∗ η′t ′W = φ.
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Thus the 2-cell (W,φ)
φ∗η′W

(W,φ) in K satisfies (1.2) and (1.3), proving that it is a 2-cell in

EMw(K). It is immediate by condition (1.3) that for any 2-cell (V ,ψ)
	⇒ (W,φ) in EMw(K),

(
φ ∗ η′W

) • 	 = Wμ ∗ φt ∗ η′Wt ∗ 	 = 	.

Using (1.2), the interchange law in K and then (1.3), one checks that also

	 • (
ψ ∗ η′V

) = Wμ ∗ 	t ∗ ψ ∗ η′V = Wμ ∗ φt ∗ t ′	 ∗ η′V = Wμ ∗ φt ∗ η′Wt ∗ 	 = 	.

Hence there are identity 2-cells of the stated form.

On identity 2-cells (V ,ψ)
ψ∗η′V

(V,ψ) and (V ′,ψ ′)
ψ ′∗η′′V ′

(V ′,ψ ′), the horizontal com-

posite comes out as

(
ψ ′ ∗ η′′V ′) ◦ (

ψ ∗ η′V
) = V ′ψ ∗ ψ ′V ∗ η′′V ′V,

where we applied (1.1) for ψ and unitality of the monad t ′. That is to say, the horizontal

composite of the 1-cells t
(V ,ψ)−−−→ t ′ (V ′,ψ ′)−−−−→ t ′′ is the 1-cell (V ′V,V ′ψ ∗ ψ ′V ). By the same

computations used in the case of EM(K), the horizontal composite of 2-cells (V ,ψ)
	⇒ (W,φ),

(V ′,ψ ′) 	′⇒ (W ′, φ′) is checked to satisfy condition (1.2). It satisfies also (1.3), as

W ′Wμ ∗ W ′φt ∗ φ′Wt ∗ η′′W ′Wt ∗ (
	′ ◦ 	

)
= W ′Wμ ∗ W ′φt ∗ φ′Wt ∗ η′′W ′Wt ∗ W ′Wμ ∗ W ′	t ∗ W ′ψ ∗ 	′V

= W ′Wμ ∗ W ′Wμt ∗ W ′φtt ∗ W ′t ′	t ∗ φ′V t ∗ η′′W ′V t ∗ W ′ψ ∗ 	′V

= W ′Wμ ∗ W ′Wμt ∗ W ′	tt ∗ W ′ψt ∗ φ′V t ∗ η′′W ′V t ∗ W ′ψ ∗ 	′V

= W ′Wμ ∗ W ′	t ∗ W ′V μ ∗ W ′ψt ∗ W ′t ′ψ ∗ φ′t ′V ∗ η′′W ′t ′V ∗ 	′V

= W ′Wμ ∗ W ′	t ∗ W ′ψ ∗ W ′μ′V ∗ φ′t ′V ∗ η′′W ′t ′V ∗ 	′V

= W ′Wμ ∗ W ′	t ∗ W ′ψ ∗ 	′V = 	′ ◦ 	.

The first and last equalities follow by (1.4). In the second and fourth equalities we used the
interchange law in K and associativity of the multiplication μ of the monad t . In the third equal-
ity we used that 	 satisfies (1.2). The fifth equality is derived by using that ψ satisfies (1.1).
The penultimate equality follows by using that 	′ satisfies (1.3). This proves that the horizon-
tal composite of 2-cells is a 2-cell. Associativity of the horizontal composition in EMw(K) is

checked in the same way as it is done in EM(K). Obviously, for any 2-cell (V ,ψ)
	⇒ (W,φ),

	 ◦ η = Wμ ∗ Wηt ∗ 	 = 	. By (1.2) and (1.3), also η′ ◦ 	 = Wμ ∗ 	t ∗ ψ ∗ η′V = 	. Hence
the identity 2-cell (k, t)

η⇒ (k, t) is a unit for the horizontal composition, proving the stated form
(k, t) of the identity 1-cell t → t .

The interchange law in EMw(K) is checked in the same way as it is done in EM(K). �
Clearly, any 1-cell in EM(K) is a 1-cell also in EMw(K). For a 1-cell t

(W,φ)−−−→ t ′ in EM(K), any
2-cell 	 in K of target Wt satisfies (1.3). Hence 2-cells in EMw(K) between 1-cells of EM(K)

               dc_124_10



6 G. Böhm / Advances in Mathematics 225 (2010) 1–32

are the same as the 2-cells in EM(K). Comparing the formulae of the horizontal and vertical
compositions in EM(K) and EMw(K), we conclude that EM(K) is a vertically full 2-subcategory
of EMw(K).

One may ask what 2-subcategory of EMw(K) plays the role of the 2-subcategory, obtained as
an image of Mnd(K) in EM(K). As the lemmata below show, there seems to be no unique answer

to this question. This is because, for some 1-cells t
(V ,ψ)−−−→ t ′ and t

(W,φ)−−−→ t ′ in EMw(K) and a
2-cell V

ω⇒ W in K, the 2-cells ωt ∗ ψ ∗ η′V and φ ∗ η′W ∗ ω in K need not be equal. Still,
there are two distinguished sets of 2-cells in EMw(K) on equal footing, both closed under the
horizontal and vertical compositions and both containing the identity 2-cells.

Lemma 1.2. For any 2-category K, let t
(V ,ψ)−−−→ t ′ and t

(W,φ)−−−→ t ′ be 1-cells in EMw(K) and
V

ω⇒ W be a 2-cell in K.

(1) The following assertions are equivalent:
(i) ωt ∗ ψ ∗ η′V : (V ,ψ) ⇒ (W,φ) is a 2-cell in EMw(K);

(ii) ωt ∗ ψ = Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V ;
(iii) Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ ∗ η′V = ωt ∗ ψ ∗ η′V and Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ =

Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V .
(2) The following assertions are equivalent:

(i) φ ∗ η′W ∗ ω : (V ,ψ) ⇒ (W,φ) is a 2-cell in EMw(K);
(ii) φ ∗ t ′ω = Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ ;

(iii) Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ ∗ η′V = φ ∗ η′W ∗ ω and Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ = Wμ ∗
φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V .

(3) The following assertions are equivalent:
(i) φ ∗ η′W ∗ ω and ωt ∗ ψ ∗ η′V are (necessarily equal) 2-cells (V ,ψ) ⇒ (W,φ) in

EMw(K);
(ii) φ ∗ t ′ω = ωt ∗ ψ .

Proof. (1) (i) ⇔ (ii) Using that ψ satisfies (1.1) together with the unitality of the monad t ′,
condition (1.2) for 	 := ωt ∗ψ ∗η′V comes out as the equality in part (ii). Hence in order to prove
the equivalence of assertions (i) and (ii), we need to show that (ii) implies that 	 satisfies (1.3).
Indeed, applying the equality in part (ii) in the second step, we obtain

Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ ∗ η′V = Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V ∗ η′V = ωt ∗ ψ ∗ η′V. (1.6)

(ii) ⇔ (iii) We have seen in the proof of equivalence (i) ⇔ (ii) above, that assertion (ii) im-
plies (1.6), i.e. the first condition in part (iii). The second condition is checked as follows:

Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ = Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ V μ ∗ ψt ∗ t ′ψ ∗ η′t ′V

= Wμ ∗ Wμt ∗ φtt ∗ η′Wtt ∗ ωtt ∗ ψt ∗ η′V t ∗ ψ

= Wμ ∗ ωtt ∗ ψt ∗ η′V t ∗ ψ

= ωt ∗ ψ = Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V. (1.7)

The first equality follows by (1.1) and unitality of the monad t ′. In the second equality we used
associativity of μ and the interchange law. The third equality is obtained by using (1.6). The
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penultimate equality follows by (1.1) and unitality of the monad t ′ again. The last equality fol-
lows by assertion (ii).

Conversely, assume that the identities in part (iii) hold. Then

ωt ∗ ψ = ωt ∗ V μ ∗ ψt ∗ t ′ψ ∗ η′t ′V = Wμ ∗ Wμt ∗ φtt ∗ η′Wtt ∗ ωtt ∗ ψt ∗ η′V t ∗ ψ

= Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ = Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V.

The first equality follows by (1.1) and unitality of the monad t ′. In the second equality we applied
the first condition in part (iii). The third equality is obtained by using the associativity of μ, the
interchange law and (1.1) again. The last equality follows by the second condition in part (iii).

(2) (i) ⇔ (ii) Using that φ satisfies (1.1) together with the unitality of the monad t ′, condition
(1.2) for 	 := φ ∗ η′W ∗ ω comes out as the equality in part (ii). Condition (1.3) holds for 	

automatically, i.e. it follows by applying (1.1) for φ.
(ii) ⇔ (iii) If (iii) holds, then

φ ∗ t ′ω = Wμ ∗ φt ∗ t ′φ ∗ t ′η′W ∗ t ′ω

= Wμ ∗ φt ∗ t ′Wμ ∗ t ′φt ∗ t ′η′Wt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V

= Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V = Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ.

The first equality follows by applying (1.1) for φ, together with the unitality of the monad t ′.
The second equality is obtained by the first identity in part (iii). In the penultimate equality we
applied the interchange law, associativity of μ, (1.1) on φ and unitality of t ′. The last equality
follows by the second condition in part (iii).

Conversely, if assertion (ii) holds, then the first condition in part (iii) is proven by composing
both sides of the equality in part (ii) by η′V on the right. The second condition, i.e. equality (1.7),
is proven by the following computation:

Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V = Wμ ∗ Wμt ∗ φtt ∗ t ′φt ∗ t ′η′Wt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V

= Wμ ∗ φt ∗ t ′φ ∗ t ′η′W ∗ t ′ω

= φ ∗ t ′ω = Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ.

The first equality follows by applying (1.1) for φ, together with the unitality of the monad t ′.
The second equality is obtained by using the associativity of μ, the interchange law and the
first condition in part (iii). The third equality follows by applying (1.1) for φ, together with the
unitality of the monad t ′ again. The last equality follows by part (ii).

(3) Assume first that assertion (3)(i) holds. Then by parts (1) and (2), also (1)(ii) and (2)(ii)
hold, implying (1.7). Hence

ωt ∗ ψ = Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V ′ = Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ = φ ∗ t ′ω.

Conversely, if assertion (3)(ii) holds, then

Wμ ∗ φt ∗ t ′ωt ∗ t ′ψ ∗ t ′η′V = Wμ ∗ ωtt ∗ ψt ∗ t ′ψ ∗ t ′η′V = ωt ∗ ψ and

Wμ ∗ φt ∗ η′Wt ∗ ωt ∗ ψ = Wμ ∗ φt ∗ η′Wt ∗ φ ∗ t ′ω = φ ∗ t ′ω,
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where in both computations the first equality follows by (3)(ii) and the second equality follows
by (1.1) and the unitality of the monad t ′. We conclude by parts (1) and (2) that both ωt ∗ψ ∗η′V
and φ ∗ η′W ∗ω are 2-cells in EMw(K). It follows by comparing the first identities in (1)(iii) and
(2)(iii) that φ ∗ η′W ∗ ω = ωt ∗ ψ ∗ η′V , as stated. �

Next we investigate the behaviour of the correspondences in Lemma 1.2 with respect to the
horizontal and vertical compositions in K and EMw(K).

Lemma 1.3. For any 2-category K, let (V ,ψ), (W,φ) and (U, θ) be 1-cells t → t ′ and (V ′,ψ ′)
and (W ′, φ′) be 1-cells t ′ → t ′′ in EMw(K).

(1) If some 2-cells V
ω⇒ W and V ′ ω′⇒ W ′ in K satisfy the equivalent conditions in Lemma 1.2(1),

then (ω′t ′ ∗ ψ ′ ∗ η′′V ′) ◦ (ωt ∗ ψ ∗ η′V ) = ω′ωt ∗ V ′ψ ∗ ψ ′V ∗ η′′V ′V . Hence in particular
also ω′ω satisfies the equivalent conditions in Lemma 1.2(1).

(2) If some 2-cells V
ω⇒ W and V ′ ω′⇒ W ′ in K satisfy the equivalent conditions in Lemma 1.2(2),

then (φ′ ∗ η′′W ′ ∗ ω′) ◦ (φ ∗ η′W ∗ ω) = W ′φ ∗ φ′W ∗ η′′W ′W ∗ ω′ω. Hence in particular
also ω′ω satisfies the equivalent conditions in Lemma 1.2(2).

(3) If some 2-cells V
ω⇒ W

κ⇒ U in K satisfy the equivalent conditions in Lemma 1.2(1), then
(κt ∗ φ ∗ η′W) • (ωt ∗ ψ ∗ η′V ) = κt ∗ ωt ∗ ψ ∗ η′V . Hence in particular also κ ∗ ω satisfies
the equivalent conditions in Lemma 1.2(1).

(4) If some 2-cells V
ω⇒ W

κ⇒ U in K satisfy the equivalent conditions in Lemma 1.2(2), then
(θ ∗ η′U ∗ κ) • (φ ∗ η′W ∗ ω) = θ ∗ η′U ∗ κ ∗ ω. Hence in particular also κ ∗ ω satisfies the
equivalent conditions in Lemma 1.2(2).

Proof. (1) This compatibility with the horizontal composition follows by applying (1.1) for ψ ,
and unitality of the monad t ′.

(2) This follows by using that ω obeys Lemma 1.2(2)(ii).
(3) This compatibility with the vertical composition follows using that, by Lemma 1.2(1),

ωt ∗ ψ ∗ η′V satisfies (1.3).
(4) This assertion follows by using that κ satisfies Lemma 1.2(2)(ii). �
The message of Lemmas 1.2 and 1.3 can be summarized as follows.

Corollary 1.4. Consider an arbitrary 2-category K.

(1) There is a 2-category, to be denoted by Mndι(K), defined by the following data:
0-cells are monads t in K;

1-cells t
(V ,ψ)−−−→ t ′ are the same as 1-cells in EMw(K), cf. (1.1);

2-cells (V ,ψ)
ω⇒ (W,φ) are 2-cells V

ω⇒ W in K, satisfying the equivalent conditions in
Lemma 1.2(1);
horizontal and vertical compositions are the same as in K.

Furthermore, there is a 2-functor Gι : Mndι(K) → EMw(K), acting on the 0- and 1-cells as
the identity map and taking a 2-cell (V ,ψ)

ω⇒ (W,φ) to ωt ∗ ψ ∗ η′V .
(2) There is a 2-category, to be denoted by Mndπ (K), defined by the following data:

0-cells are monads t in K;
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1-cells t
(V ,ψ)−−−→ t ′ are the same as 1-cells in EMw(K), cf. (1.1);

2-cells (V ,ψ)
ω⇒ (W,φ) are 2-cells V

ω⇒ W in K, satisfying the equivalent conditions in
Lemma 1.2(2);
horizontal and vertical compositions are the same as in K.

Furthermore, there is a 2-functor Gπ : Mndπ (K) → EMw(K), acting on the 0- and 1-cells
as the identity map and taking a 2-cell (V ,ψ)

ω⇒ (W,φ) to φ ∗ η′W ∗ ω.

Clearly, both Mndι(K) and Mndπ (K) contain Mnd(K) as a vertically full subcategory.

2. Monads in EMw(K) and pre-monads in K

It was observed in [16, p. 257] that monads in EM(K) induce monads in K. The aim of this
section is to give a similar interpretation of monads in EMw(K).

A monad in EMw(K) is given by a triple ((s,ψ), ν,ϑ), consisting of a 1-cell (t,μ,η)
(s,ψ)−−−→

(t,μ,η) and 2-cells (s,ψ) ◦ (s,ψ)
ν⇒ (s,ψ) and (k, t)

ϑ⇒ (s,ψ) in EMw(K), such that

ν • (
ν ◦ (s,ψ)

) = ν • (
(s,ψ) ◦ ν

)
,

ν • (
ϑ ◦ (s,ψ)

) = (s,ψ) = ν • (
(s,ψ) ◦ ϑ

)
.

In light of Theorem 1.1, this means a 1-cell k
s→ k, and 2-cells ts

ψ⇒ st , ss
ν⇒ st and k

ϑ⇒ st in
K, subject to the following identities.

ψ ∗ μs = sμ ∗ ψt ∗ tψ, (2.1)

sμ ∗ ψt ∗ tν = sμ ∗ νt ∗ sψ ∗ ψs, (2.2)

sμ ∗ ψt ∗ ηst ∗ ν = ν, (2.3)

sμ ∗ ψt ∗ tϑ = sμ ∗ ϑt, (2.4)

sμ ∗ νt ∗ sν = sμ ∗ νt ∗ sψ ∗ νs, (2.5)

sμ ∗ νt ∗ sψ ∗ ϑs = ψ ∗ ηs, (2.6)

sμ ∗ νt ∗ sϑ = ψ ∗ ηs. (2.7)

Condition (2.1) expresses the requirement that (s,ψ) is a 1-cell in EMw(K), (2.2) and (2.3)
together mean that ν is a 2-cell in EMw(K), (2.4) means that ϑ is a 2-cell in EMw(K) (condition
(1.3) on ϑ follows by the interchange law in K, (2.4) and unitality of the monad t). Conditions
(2.5), (2.6) and (2.7) express associativity and unitality of the monad ((s,ψ), ν,ϑ), after being
simplified using (2.1), (2.2), (2.3) and (2.4).

Note that a monad (t
(s,ψ)−−−→ t, ν,ϑ) in EMw(K), for a monad k

t→ k in K, is identical to
a ‘crossed product system’ (t, s,ψ, ν) in the monoidal category K(k, k), in the sense of [13,
Definition 3.5], subject to the ‘twisted’ and ‘cocycle’ conditions in [13, Definitions 3.3 and 3.6],
the normalization condition in [13, Proposition 3.7] and identities (11), (12) and (13) in [13,
Theorem 3.11], for ϑ .

The following definition is inspired by [9, Section 3.1] (see also [13, Definition 2.3]).

               dc_124_10



10 G. Böhm / Advances in Mathematics 225 (2010) 1–32

Definition 2.1. A pre-monad in a 2-category K is a triple (t,μ,η), consisting of a 1-cell k
t→ k

and 2-cells t t
μ⇒ t and k

η⇒ t , such that the following conditions hold:

μ ∗ μt = μ ∗ tμ, (2.8)

μ ∗ ηt = μ ∗ tη, (2.9)

μ ∗ ηη = η, (2.10)

μ ∗ μt ∗ ηtt = μ. (2.11)

Note that if k
t→ k is a 1-cell in a 2-category K and some 2-cells t t

μ⇒ t and k
η⇒ t satisfy

μ ∗ μt = μ ∗ tμ and μ ∗ ηt = μ ∗ tη = μ ∗ μt ∗ ηηt as in [9, Section 3.1], then (t,μ′ := μ ∗ μt ∗
ηtt, η′ := μ ∗ ηη) is a pre-monad in the sense of Definition 2.1.

The motivation for a study of pre-monads stems from the following observation.

Lemma 2.2. Consider a pre-monad (t,μ,η) in an arbitrary 2-category K.

(1) The 2-cell μ ∗ ηt is idempotent.
(2) Assume that there exists a 1-cell t̂ and 2-cells t

π⇒ t̂ and t̂
ι⇒ t in K, such that μ ∗ ηt = ι ∗ π

and t̂ = π ∗ ι. Then (t̂ , μ̂ := π ∗ μ ∗ ιι, η̂ := π ∗ η) is a monad in K.

Proof. The proof is an easy computation using Definition 2.1 of a pre-monad and the properties
ι and π obey, so it is left to the reader. �

Improving [13, Theorem 3.11], we obtain the following generalization of a correspondence
between monads in EM(K) and in K, observed by Lack and Street in [16].

Theorem 2.3. For any monad (k
t→ k,μ,η) and any 1-cell k

s→ k in an arbitrary 2-category K,
there is a bijective correspondence between the following structures:

(i) A monad (t
(s,ψ)−−−→ t, ν,ϑ) in EMw(K);

(ii) A pre-monad (st,Θ,ϑ) in K, such that

Θ ∗ stsμ = sμ ∗ Θt. (2.12)

Proof. The proof is built on the same constructions as [13, Theorem 3.11].
Assume first that there exist 2-cells ψ and ν as in part (i). A multiplication Θ for the pre-

monad in part (ii) is given by the same formula of a ‘wreath product’ in [16, p. 256]:

Θ := sμ ∗ νt ∗ ssμ ∗ sψt. (2.13)

Its associativity is checked by the same computation as in the case of the wreath product in [16].
By (2.6) on one hand, and by (2.4) and (2.7) on the other,

Θ ∗ ϑst = sμ ∗ ψt ∗ ηst = Θ ∗ stϑ, (2.14)

               dc_124_10



G. Böhm / Advances in Mathematics 225 (2010) 1–32 11

proving (2.9). By applying (2.4) again, we conclude that Θ ∗ ϑϑ = ϑ , i.e. also (2.10) holds true.
Condition (2.11) is proven by the following computation:

Θ ∗ Θst ∗ ϑstst = sμ ∗ νt ∗ ssμ ∗ sψt ∗ sμst ∗ ψtst ∗ ηstst

= sμ ∗ νt ∗ ssμ ∗ ssμt ∗ sψtt ∗ stψt ∗ ψtst ∗ ηstst

= sμ ∗ sμt ∗ sμtt ∗ νttt ∗ sψtt ∗ ψstt ∗ tsψt ∗ ηstst

= sμ ∗ sμt ∗ sμtt ∗ ψttt ∗ tνtt ∗ tsψt ∗ ηstst

= sμ ∗ sμt ∗ νtt ∗ sψt = Θ.

The second equality follows by (2.1). The fourth and the fifth equalities follow by (2.2) and (2.3),
respectively. Condition (2.12) follows by associativity of μ. This proves that the data in part (i)
determine a pre-monad as in part (ii).

Conversely, assume that there is a 2-cell Θ as in part (ii). The 2-cells ψ and ν in part (i) are
constructed as

ψ := Θ ∗ sμst ∗ ϑtst ∗ tsη, ν := Θ ∗ sηsη. (2.15)

By (2.12),

sμ ∗ ψt = Θ ∗ sμst ∗ ϑtst and sμ ∗ νt = Θ ∗ sηst. (2.16)

Moreover, by (2.8), (2.12) and (2.9),

Θ ∗ stψ = Θ ∗ Θst ∗ stsμst ∗ stϑtst ∗ sttsη = Θ ∗ sμst ∗ Θtst ∗ ϑsttst ∗ sttsη. (2.17)

With identities (2.16), (2.17), (2.12) and (2.10) at hand, (2.1) is verified as

sμ ∗ ψt ∗ tψ = Θ ∗ stψ ∗ sμts ∗ ϑtts = Θ ∗ sμst ∗ Θtst ∗ stsμtst ∗ ϑϑttst ∗ t tsη

= Θ ∗ sμst ∗ sμtst ∗ ϑttst ∗ t tsη = ψ ∗ μs.

Use next (2.16), (2.17), (2.12) and (2.11) to compute

sμ ∗ νt ∗ sψ = Θ ∗ stψ ∗ sηts = Θ ∗ Θst ∗ ϑstst ∗ stsη = Θ ∗ stsη. (2.18)

In order to prove that (2.2) holds, apply (2.18), (2.8) and (2.16):

sμ ∗ νt ∗ sψ ∗ ψs = Θ ∗ ψst ∗ tssη = Θ ∗ Θst ∗ sμstst ∗ ϑtstst ∗ tsηsη

= sμ ∗ ψt ∗ tν. (2.19)

Condition (2.3) is verified by comparing the last and third expressions in (2.19), and using (2.11):

sμ ∗ ψt ∗ ηst ∗ ν = Θ ∗ Θst ∗ ϑstst ∗ sηsη = Θ ∗ sηsη = ν.

Condition (2.4) is proven by using (2.16), (2.9), (2.12) and (2.10):
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sμ ∗ ψt ∗ tϑ = Θ ∗ stϑ ∗ sμ ∗ ϑt = Θ ∗ stsμ ∗ ϑϑt = sμ ∗ Θt ∗ ϑϑt = sμ ∗ ϑt.

Condition (2.5) follows by (2.18), (2.8) and (2.16):

sμ ∗ νt ∗ sψ ∗ νs = Θ ∗ Θst ∗ sηsηsη = Θ ∗ sηst ∗ sΘ ∗ ssηsη = sμ ∗ νt ∗ sν.

Condition (2.6) is checked by applying (2.18):

sμ ∗ νt ∗ sψ ∗ ϑs = Θ ∗ ϑst ∗ sη = Θ ∗ sμst ∗ ϑtst ∗ ηsη = ψ ∗ ηs. (2.20)

Finally, (2.7) is proven by making use of (2.16), (2.9) and comparing the second and last expres-
sions in (2.20):

sμ ∗ νt ∗ sϑ = Θ ∗ stϑ ∗ sη = Θ ∗ ϑst ∗ sη = ψ ∗ ηs.

This proves that the data in part (ii) determine a monad as in part (i).
It remains to show that the above constructions are mutual inverses. Take 2-cells ν and ψ as

in part (i). Use (2.13) to associate a 2-cell Θ as in part (ii) to them, and then use (2.15) to define
2-cells ν′ and ψ ′ as in part (i) again. We obtain

ν′ = sμ ∗ νt ∗ sψ ∗ sηs = sμ ∗ sμt ∗ νtt ∗ sνt ∗ ssϑ = sμ ∗ νt ∗ ssμ ∗ sψt ∗ stϑ ∗ ν

= sμ ∗ sμt ∗ νtt ∗ sϑt ∗ ν = sμ ∗ ψt ∗ ηst ∗ ν = ν.

The first equality follows by unitality of μ and the second equality follows by (2.7) and associa-
tivity of μ. The third equality is obtained by (2.5) and the fourth equality follows by (2.4) and
associativity of μ. The penultimate equality is a consequence of (2.7) and the last one follows
by (2.3). Also,

ψ ′ = sμ ∗ νt ∗ sψ ∗ sμs ∗ ϑts = sμ ∗ sμt ∗ νtt ∗ sψt ∗ ϑst ∗ ψ = sμ ∗ ψt ∗ tψ ∗ ηts = ψ.

The first equality follows by unitality of μ, the second equality follows by (2.1) and associativity
of μ, and the third equality is obtained by (2.6). The last equality follows by (2.1) and by unitality
of μ.

In the opposite order, start with a 2-cell Θ as in part (ii). Apply (2.15) to construct 2-cells ψ

and ν as in part (i) and then apply (2.13) to obtain a 2-cell Θ ′ as in part (ii). It satisfies

Θ ′ = sμ ∗ νt ∗ ssμ ∗ sψt = Θ ∗ sηst ∗ ssμ ∗ sψt = sμ ∗ Θt ∗ stψt ∗ sηtst

= Θ ∗ sμst ∗ Θtst ∗ ϑsttst ∗ sηtst = Θ ∗ Θst ∗ ϑstst = Θ.

The second equality follows by the second identity in (2.16). The third equality is obtained
by (2.12). The fourth equality is a consequence of (2.17), (2.12) and unitality of μ. The penulti-
mate equality follows by (2.12) and unitality of μ. The last equality is obtained by (2.11). �
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Examples 2.4. Examples of a composite pre-monad as in Theorem 2.3(ii) are given, first of all, by
wreath products in [16]. It is shown in [16, Example 3.3] that crossed products by Hopf algebras
in [21,2,12] are examples of a wreath product. As it was observed by Ross Street [20] (see also
[13, Example 3.18]), so are the crossed products with coalgebras in [7] and their generalizations
to comonads in [22, Section 4.8].

Examples of a composite pre-monad, which are not monads, are provided by ‘weak smash
products’ in [9, Section 3] (for a review see [13, Example 3.16]). This includes smash products
with weak bialgebras [6]. Crossed products with weak bialgebras in [18] are also shown in [13,
Section 4] to provide examples.

Note, however, that (weak) crossed products with bialgebroids in [5, Section 4 & Appendix]
are not (pre-)monads of the kind in Theorem 2.3(ii). Let k be a commutative and associative
unital ring. A k-algebra B , measured by a left bialgebroid H over a k-algebra L, determines two
monads, (−) ⊗k B on the category of k-modules and (−) ⊗L B on the category of L-modules.
In terms of the measuring · : H ⊗k B → B and the comultiplication h 
→ ∑

h1 ⊗L h2 in H ,
consider the left L-module map

H ⊗k B → B ⊗L H, h ⊗k b 
→
∑

h1 · b ⊗L h2.

It equips the left L-module (or L–k bimodule) H with the structure of a 1-cell (−)⊗LB
(−)⊗LH−−−−−→

(−) ⊗k B in EM(CAT) (or in EMw(CAT) if · is only a weak measuring). However, if L is a
non-trivial k-algebra, this 1-cell has different source and target. Although in [5] the composite
endofunctor − ⊗k B ⊗L H on the category of k-modules is proven to carry a monad structure, it
is not a composite of a monad with an endofunctor.

3. A pseudo-functor EMw(K) → K

Throughout this section (and the next one), we make two basic assumptions on the 2-category
K we deal with:

(i) Idempotent 2-cells in K split;
(ii) K admits Eilenberg–Moore constructions (EM constructions, for short) for monads.

In more details, assumption (i) means that for any 2-cell V
�⇒ V in K, such that � ∗ � = � ,

there exist a 1-cell V̂ and 2-cells V̂
ι⇒ V and V

π⇒ V̂ , such that π ∗ ι = V̂ and ι ∗ π = � . It is

easy to see that the datum (V̂ , ι, π) is unique up to an isomorphism V̂
ι⇒ V

π ′⇒ V̂ ′.
Property (ii) of a 2-category was introduced by Street in [19, p. 151]. It means that the inclu-

sion 2-functor K → Mnd(K) (with underlying maps k 
→ (k
k−→ k, k, k), (k

V→ k′) 
→ (k
V→ k′,

V
V⇒ V ), (V

	⇒ W) 
→ (V
	⇒ W) on the 0-, 1-, and 2-cells, respectively) possesses a right

2-adjoint. By [16, Section 1], property (ii) can be formulated equivalently by saying that the
inclusion 2-functor I : K → EM(K) possesses a right 2-adjoint J . Important properties of 2-
categories admitting EM constructions for monads are formulated in the following theorem. It is
recalled from [19, Theorem 2] and [16, Section 1].

Theorem 3.1. In a 2-category K which admits EM constructions for monads, any monad

(k
t→ k,μ,η) determines an adjunction (k

f→ J (t), J (t)
v→ k, k

η⇒ vf,f v
ε⇒ k) in K, such that
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(t,μ,η) = (vf, vεf,η). One can choose JI = K, and the isomorphism corresponding to the
2-adjunction (I, J ) is given by the mutually inverse functors

K
(
l, J (t)

) → EM(K)
(
I (l), t

)
, (V

ω⇒ W) 
→ (
(vV, vεV )

vω�⇒ (vW,vεW)
)
,

EM(K)
(
I (l), t

) → K
(
l, J (t)

)
,

(
(A,α)

	⇒ (B,β)
) 
→ (

J (A,α)
J (	)

J (B,β)
)
, (3.1)

for any 0-cell l and monad t in K.

The notations in Theorem 3.1 are used throughout, without further explanation.

Lemma 3.2. Consider a 2-category K which admits EM constructions for monads. For any

1-cell (t,μ,η)
(V,ψ)−−−→ (t ′,μ′, η′) in EMw(K), the 2-cell V vε ∗ ψv ∗ η′V v : V v ⇒ V v in K is

idempotent, and obeys the following identities:

V μ ∗ ψt ∗ η′V t ∗ ψ = ψ; (3.2)

V vε ∗ ψv ∗ t ′V vε ∗ t ′ψv ∗ t ′η′V v = V vε ∗ ψv. (3.3)

Proof. All statements follow easily by applying the interchange law, (1.1) and unitality of the
monad t ′. �

The idempotent 2-cell in Lemma 3.2, corresponding to a 1-cell (t,μ,η)
(V,ψ)−−−→ (t ′,μ′, η′) in

EMw(K), is an identity 2-cell if and only if ψ ∗ η′V = V η, i.e. (V ,ψ) is a 1-cell in EM(K).
Our next aim is to extend the 2-functor J in Theorem 3.1 to EMw(K). Our method is reminis-

cent to the way J is obtained from the right adjoint of the inclusion 2-functor K → Mnd(K).

Lemma 3.3. Consider a 2-category K which admits EM constructions for monads and in which

idempotent 2-cells split. For a 1-cell (t,μ,η)
(V,ψ)−−−→ (t ′,μ′, η′) in EMw(K), denote a chosen

splitting of the idempotent 2-cell in Lemma 3.2 by V v
π⇒ Ṽ

ι⇒ V v. Then (Ṽ , ψ̃ := π ∗ V vε ∗
ψv ∗ t ′ι) is a 1-cell IJ (t) → t ′ in EM(K).

Proof. By the interchange law, ψ̃ ∗ η′Ṽ = π ∗ ι ∗ π ∗ ι = Ṽ . Furthermore, by (3.3) and (1.1),

ψ̃ ∗ t ′ψ̃ = π ∗ V vε ∗ ψv ∗ t ′V vε ∗ t ′ψv ∗ t ′t ′ι = π ∗ V vε ∗ V μv ∗ ψtv ∗ t ′ψv ∗ t ′t ′ι

= π ∗ V vε ∗ ψv ∗ μ′V v ∗ t ′t ′ι = ψ̃ ∗ μ′Ṽ . �
Lemma 3.4. Consider a 2-category K which admits EM constructions for monads and in which

idempotent 2-cells split. For any 2-cell (V ,ψ)
	⇒ (W,φ) in EMw(K), 	̃ := π ∗ Wvε ∗ 	v ∗ ι is

a 2-cell in EM(K), between the 1-cells (Ṽ , ψ̃) and (W̃ , φ̃) in Lemma 3.3 (where π and ι denote
chosen splittings of both idempotent 2-cells in Lemma 3.2, corresponding to the 1-cells (V ,ψ)

and (W,φ)).

Proof. Apply (3.2) (in the first equality), (1.2) (in the third equality) and (1.3) (in the penultimate
equality) to conclude that
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	̃ ∗ ψ̃ = π ∗ Wvε ∗ 	v ∗ V vε ∗ ψv ∗ t ′ι = π ∗ Wvε ∗ Wμv ∗ 	tv ∗ ψv ∗ t ′ι

= π ∗ Wvε ∗ Wμv ∗ φtv ∗ t ′	v ∗ t ′ι = π ∗ Wvε ∗ φv ∗ t ′ι ∗ t ′π ∗ t ′Wvε ∗ t ′	v ∗ t ′ι

= φ̃ ∗ t ′	̃. �
Theorem 3.5. Consider a 2-category K which admits EM constructions for monads and in which
idempotent 2-cells split. The following maps determine a pseudo-functor Jw : EMw(K) → K.

For a 0-cell t , Jw(t) := J (t).

For a 1-cell t
(V ,ψ)−−−→ t ′, Jw(V,ψ) := J (Ṽ , ψ̃), where the 1-cell (Ṽ , ψ̃) in EM(K) is de-

scribed in Lemma 3.3. That is, denoting by ι and π a chosen splitting of the idempo-
tent 2-cell in Lemma 3.2, Jw(V,ψ) is the unique 1-cell Jw(t) → Jw(t ′) in K for which
v′ε′Jw(V,ψ) = π ∗ V vε ∗ ψv ∗ t ′ι.
For a 2-cell (V ,ψ)

	⇒ (W,φ), Jw(	) := J (	̃), where the 2-cell 	̃ in EM(K) is described
in Lemma 3.4. That is, Jw(	) is the unique 2-cell Jw(V,ψ) ⇒ Jw(W,φ) in K for which
v′Jw(	) = π ∗ Wvε ∗ 	v ∗ ι.

The pseudo-natural isomorphism class of Jw is independent of the choice of the 2-cells ι and π

in its construction.

Proof. Let us fix splittings (π, ι) of the idempotent 2-cells in Lemma 3.2, for all 1-cells (V ,ψ)

in EMw(K).

By construction, v′Jw(ψ ∗ η′V ) = π ∗ ι ∗ π ∗ ι = Ṽ , for any 1-cell t
(V ,ψ)−−−→ t ′ in EMw(K).

Hence Jw preserves identity 2-cells (V ,ψ)
ψ∗η′V

(V,ψ). For 2-cells (V ,ψ)
	⇒ (W,φ)

τ⇒
(U, θ) in EMw(K), it follows by (1.3) (applied to 	) that

v′Jw(τ) ∗ v′Jw(	) = π ∗ Uvε ∗ τv ∗ Wvε ∗ 	v ∗ ι

= π ∗ Uvε ∗ Uμv ∗ τ tv ∗ 	v ∗ ι = v′Jw(τ • 	).

We conclude by the isomorphism (3.1) that Jw preserves the vertical composition.

For an identity 1-cell t
(k,t)−−−→ t , the idempotent 2-cell in Lemma 3.2 is the identity

2-cell v by the adjunction relation vε ∗ ηv = v. Hence any splitting of it yields mutually
inverse isomorphisms v

πk�⇒ k̃ and k̃
ιk�⇒ v. They give rise to an isomorphism Jw(t) =

J (v, vε)
J (πk)

Jw(k, t) = J (k̃,πk ∗ vε ∗ t ιk) with the inverse J (ιk). Thus Jw preserves iden-
tity 1-cells up to isomorphism. (In particular, we can choose for the definition of Jw a trivial
splitting v

v⇒ v
v⇒ v, in which case the 1-cell (k̃, t̃ ) in Lemma 3.3 is equal to (v, vε). Applying

the isomorphism (3.1), we conclude that with this choice, Jw strictly preserves identity 1-cells,
i.e. Jw(k, t) = J (v, vε) = Jw(t).)

In order to investigate the preservation of the horizontal composition, consider different split-
tings (π, ι) and (π ′, ι′) of the idempotent 2-cell in Lemma 3.2, for some 1-cell (V ,ψ), and denote
the corresponding 1-cells in Lemma 3.3 by (Ṽ , ψ̃) and (Ṽ ′, ψ̃ ′), respectively. Applying (3.3) (for
(π ′, ι′)) and (3.2) (for (π, ι)),

π ′ ∗ V vε ∗ ψv ∗ t ′ι′ ∗ t ′π ′ ∗ t ′ι = π ′ ∗ V vε ∗ ψv ∗ t ′ι = π ′ ∗ ι ∗ π ∗ V vε ∗ ψv ∗ t ′ι.

               dc_124_10



16 G. Böhm / Advances in Mathematics 225 (2010) 1–32

Hence (Ṽ , ψ̃)
π ′∗ι

(Ṽ ′, ψ̃ ′) is an iso 2-cell in EM(K), so J (Ṽ , ψ̃)
J (π ′∗ι)

J (Ṽ ′, ψ̃ ′) is an iso

2-cell in K.
For 1-cells (V ,ψ), (W,φ) : t → t ′ and (V ′,ψ ′), (W ′, φ′) : t ′ → t ′′ and 2-cells (V ,ψ)

	⇒
(W,φ) and (V ′,ψ ′) 	′⇒ (W ′, φ′) in EMw(K), the idempotent 2-cell in Lemma 3.2 corresponding
to the 1-cell (V ′,ψ ′) ◦ (V ,ψ) comes out as V ′V vε ∗ V ′ψv ∗ ψ ′V v ∗ η′′V ′V v. We claim that it
has a splitting given by the mono 2-cell V ′ι ∗ ι′Jw(V,ψ) and the epi 2-cell π ′Jw(V,ψ) ∗ V ′π ,
where (π, ι) and (π ′, ι′) are the chosen splittings of the idempotent 2-cells in Lemma 3.2, cor-
responding to the 1-cells (V ,ψ) and (V ′,ψ ′) in EMw(K), respectively. Indeed, by construction
of Jw (its action on a 1-cell (V ,ψ)), (3.2) and (3.3),

V ′ι ∗ ι′Jw(V,ψ) ∗ π ′Jw(V,ψ) ∗ V ′π

= V ′ι ∗ V ′π ∗ V ′V vε ∗ V ′ψv ∗ V ′t ′ι ∗ V ′t ′π ∗ ψ ′V v ∗ η′′V ′V v

= V ′V vε ∗ V ′ψv ∗ ψ ′V v ∗ η′′V ′V v. (3.4)

Denote by V ′V v
π2�⇒ Ṽ ′V ι2�⇒ V ′V v the canonical splitting of this idempotent which was

chosen to define Jw on the 1-cell (V ′,ψ ′) ◦ (V ,ψ) = (V ′V,V ′ψ ∗ ψ ′V ). By consider-
ations in the previous paragraph, there are mutually inverse iso 2-cells J (π ′Jw(V,ψ) ∗
V ′π ∗ ι2) : Jw(V ′V,V ′ψ ∗ ψ ′V ) ⇒ Jw(V ′,ψ ′)Jw(V,ψ) and J (π2 ∗ V ′ι ∗ ι′Jw(V,ψ)) :
Jw(V ′,ψ ′)Jw(V,ψ) ⇒ Jw(V ′V,V ′ψ ∗ ψ ′V ). In order to see their naturality, observe that

v′′Jw
(
	′ ◦ 	

) = π2 ∗ W ′Wvε ∗ W ′Wμv ∗ W ′	tv ∗ W ′ψv ∗ 	′V v ∗ ι2.

On the other hand,

v′′Jw
(
	′)Jw(	)

= π ′Jw(W,φ) ∗ W ′π ∗ W ′Wvε ∗ W ′φv ∗ 	′Wv ∗ V ′ι ∗ V ′π ∗ V ′Wvε ∗ V ′	v

∗ V ′ι ∗ ι′Jw(V,ψ)

= π ′Jw(W,φ) ∗ W ′π ∗ W ′Wvε ∗ W ′Wμv ∗ W ′φtv ∗ W ′t ′	v ∗ 	′V v ∗ V ′ι ∗ ι′Jw(V,ψ)

= π ′Jw(W,φ) ∗ W ′π ∗ W ′Wvε ∗ W ′Wμv ∗ W ′	tv ∗ W ′ψv ∗ 	′V v ∗ V ′ι ∗ ι′Jw(V,ψ).

The second equality follows by applying (1.3), and the third one follows by applying (1.2), for 	.
With this information in mind, we conclude that

v′′Jw
(
	′ ◦ 	

) ∗ π2 ∗ V ′ι ∗ ι′Jw(V,ψ)

= π2 ∗ W ′Wvε ∗ W ′Wμv ∗ W ′	tv ∗ W ′ψv ∗ 	′V v ∗ V ′ι ∗ ι′Jw(V,ψ)

= π2 ∗ W ′ι ∗ ι′Jw(W,φ) ∗ v′′Jw
(
	′)Jw(	).

Thus naturality of J (π2 ∗V ′ι∗ ι′Jw(V,ψ)) follows by the isomorphism (3.1). It remains to check
its associativity and unitality. For a further 1-cell (V ′′,ψ ′′) : t ′′ → t ′′′ in EMw(K), use the nota-

tion V ′′V ′V v
π3�⇒ ˜V ′′V ′V ι3�⇒ V ′′V ′V v for the canonically split idempotent in the construction
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of Jw on (V ′′,ψ ′′) ◦ (V ′,ψ ′) ◦ (V ,ψ) = (V ′′V ′V,V ′′V ′ψ ∗ V ′′ψ ′V ∗ ψ ′′V ′V ). By (3.4), the
associativity condition

π3 ∗ V ′′ι2 ∗ ι′′Jw
(
V ′V,V ′ψ ∗ ψ ′V

) ∗ v′′′Jw
(
V ′′,ψ ′′)J (

π2 ∗ V ′ι ∗ ι′Jw(V,ψ)
)

= π3 ∗ V ′′ι2 ∗ V ′′π2 ∗ V ′′V ′ι ∗ V ′′ι′Jw(V,ψ) ∗ ι′′Jw
(
V ′,ψ ′)Jw(V,ψ)

= π3 ∗ V ′′V ′ι ∗ V ′′ι′Jw(V,ψ) ∗ ι′′Jw
(
V ′,ψ ′)Jw(V,ψ)

= π3 ∗ V ′′V ′ι ∗ ι′2Jw(V,ψ) ∗ π ′
2J

w(V,ψ) ∗ V ′′ι′Jw(V,ψ) ∗ ι′′Jw
(
V ′,ψ ′)Jw(V,ψ)

holds. The 2-cells ιk and πk , splitting the idempotent (identity) 2-cell in Lemma 3.2 correspond-
ing to a unit 1-cell (k, t), are mutual inverses. Hence also the unitality conditions

v′J
(
π ∗ V ιk ∗ ιJw(k, t)

) ∗ v′Jw(V,ψ)J (πk) = π ∗ V ιk ∗ V πk ∗ ι = v′Jw(V,ψ),

v′J
(
ιk′Jw(V,ψ)

) ∗ v′J (πk′)Jw(V,ψ) = ιk′Jw(V,ψ) ∗ πk′Jw(V,ψ) = v′Jw(V,ψ)

hold. Thus we conclude by the isomorphism (3.1) that Jw preserves also the horizontal compo-
sition up to a coherent family of iso 2-cells, i.e. that it is a pseudo-functor.

Finally, we investigate the ambiguity of the pseudo-functor Jw , caused by a free choice of the
splittings of the idempotent 2-cells in Lemma 3.2. Take two collections {(π, ι)} and {(π ′, ι′)}
of splittings (indexed by the 1-cells in EMw(K)). The pseudo-functors Jw and J ′w , associ-
ated to both families of splittings, are pseudo-naturally isomorphic via Jw(t) = J ′w(t) and

Jw(V,ψ)
J(π ′∗ι)

J ′w(V,ψ), for any 0-cell t and 1-cell (V ,ψ) in EMw(K). �
Consider a 2-category K which admits EM constructions for monads and in which idempotent

2-cells split. We can regard a 1-cell t
(V ,ψ)−−−→ t ′ in EM(K) as a 1-cell in EMw(K). Choosing a trivial

splitting V v
V v�⇒ V v

V v�⇒ V v of the identity 2-cell, the corresponding 1-cell IJ (t)
(Ṽ ,ψ̃)−−−→ t ′ in

Lemma 3.3 comes out as the 1-cell (V v,V vε ∗ ψv) in EM(K). By 1-naturality of the counit
of the 2-adjunction (I, J ), we have (v′J (V,ψ), v′ε′J (V,ψ)) = (V v,V vε ∗ ψv). From this and
from the isomorphism (3.1) it follows that

Jw(V,ψ) = J (V v,V vε ∗ ψv) = J (V,ψ).

Similarly, we can regard a 2-cell (V ,ψ)
	⇒ (W,φ) in EM(K) as a 2-cell in EMw(K). The

corresponding 2-cell (Ṽ , ψ̃)
	̃⇒ (W̃ , φ̃) in Lemma 3.4 is equal to the 2-cell Wvε ∗ 	v : (V v,

V vε ∗ψv) ⇒ (Wv,Wvε ∗φv) in EM(K). By the 2-naturality condition v′J (	) = Wvε ∗	v and
the isomorphism (3.1) we obtain that

Jw(	) = J (Wvε ∗ 	v) = J (	).

Summarizing, we proved that the pseudo-functor Jw : EMw(K) → K in Theorem 3.5 can be
chosen such that the 2-functor J : EM(K) → K in Theorem 3.1 factorizes through the obvious
inclusion EM(K) ↪→ EMw(K) and Jw .

The pseudo-functor Jw in Theorem 3.5 takes a monad ((s,ψ), ν,ϑ) in EMw(K) to a monad

Jw(s,ψ) in K, with multiplication Jw(s,ψ)Jw(s,ψ)
∼=⇒ Jw((s,ψ) ◦ (s,ψ))

Jw(ν)
Jw(s,ψ)
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and unit Jw(t)
∼=⇒ Jw(k, t)

Jw(ϑ)
Jw(s,ψ). Applying to this monad in K a hom 2-functor

K(l,−) : K → CAT (for any 0-cell l in K), we obtain a monad in CAT. Our next aim is to describe
its Eilenberg–Moore category.

Lemma 3.6. Consider a 2-category K which admits EM constructions for monads and in which

idempotent 2-cells split. Let l be a 0-cell and (k
t→ k,μ,η) be a monad in K and let t

(s,ψ)−−−→ t

be a 1-cell in EMw(K). There is a bijective correspondence between the following structures:

(i) Pairs (l
V→ Jw(t), Jw(s,ψ)V

ζ⇒ V ), consisting of a 1-cell V and a 2-cell ζ in K;

(ii) Pairs ((l
W−→ k, tW

	⇒ W), sW
λ⇒ W), consisting of a 1-cell I (l)

(W,	)−−−→ t in EM(K) and

(regarding (W,	) as a 1-cell in EMw(K)), a 2-cell (s,ψ) ◦ (W,	)
λ⇒ (W,	) in EMw(K).

Proof. Denote by ι and π the splitting of the idempotent 2-cell in Lemma 3.2, corresponding
to the 1-cell (s,ψ) in EMw(K), that was chosen to construct Jw(s,ψ). For the 1-cell (W,	) in

EMw(K), choose the trivial splitting of the identity 2-cell W
W⇒ W , so that Jw(W,	) = J (W,	).

By (3.1), there is a bijection between the 1-cells I (l)
(W,	)−−−→ t in EM(K) as in part (ii), and

the 1-cells V := J (W,	) = Jw(W,	) : l → J (t) = Jw(t) in K as in part (i). In order to see that
it extends to the stated bijection, take first a 2-cell λ in EMw(K) as in part (ii). Then there is a

2-cell ζ := (Jw(s,ψ)V
∼=⇒ Jw((s,ψ) ◦ (W,	))

Jw(λ)
V ) in K as in part (i). Conversely, for a

2-cell ζ in K as in part (i), put λ := vζ ∗ πV . It satisfies

	 ∗ tλ = vεV ∗ tvζ ∗ tπV = vζ ∗ vεJw(s,ψ)V ∗ tπV

= vζ ∗ πV ∗ svεV ∗ ψvV ∗ t ιV ∗ tπV = λ ∗ s	 ∗ ψW. (3.5)

The second equality follows by the interchange law and the third one follows by construction of
the pseudo-functor Jw , cf. Theorem 3.5. The last equality follows by (3.3). Together with the
unitality of 	, this proves that λ is a 2-cell in EMw(K), as needed.

The above two constructions can be seen to be mutual inverses. Take first a pair (V , ζ )

as in part (i) and iterate both constructions. The result is (V ,Jw(s,ψ)V
∼=⇒ Jw((s,ψ) ◦

(W,	))
Jw(vζ∗πv)

V ) = (V , ζ ). In the opposite order, a datum ((W,	),λ) is taken to ((W,	),

sW
πV�⇒ vJw(s,ψ)V

∼=⇒ vJw((s,ψ) ◦ (W,	))
vJw(λ)

W) = ((W,	),λ∗ ιV ∗πV ). The result-
ing 2-cell λ ∗ ιV ∗ πV in K is equal to λ since by (3.5) and unitality of 	,

λ ∗ ιV ∗ πV = λ ∗ s	 ∗ ψW ∗ ηsW = 	 ∗ tλ ∗ ηsW = λ. � (3.6)

The following extends [16, Proposition 3.1] and also [9, Theorem 3.4].

Proposition 3.7. Consider a 2-category K which admits EM constructions for monads and in

which idempotent 2-cells split. Let l be a 0-cell and (k
t→ k,μ,η) be a monad in K and let

(t
(s,ψ)−−−→ t, ν,ϑ) be a monad in EMw(K). The following categories are isomorphic:

(i) The Eilenberg–Moore category EM(K)(I (l), Jw(s,ψ)) of the monad K(l, Jw(s,ψ)) :
K(l, Jw(t)) → K(l, Jw(t));
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(ii) The Eilenberg–Moore category EM(K)(I (l), ŝt) of the monad K(l, ŝt) : K(l, k) → K(l, k),
where the monad ŝt is obtained from the pre-monad st in Theorem 2.3 in the way described
in Lemma 2.2;

(iii) The category C , with

objects that are pairs ((W,	),λ), consisting of a 1-cell I (l)
(W,	)−−−→ t in EM(K) and a 2-cell

(s,ψ) ◦ (W,	)
λ⇒ (W,	) in EMw(K), satisfying

λ • (
(s,ψ) ◦ λ

) = λ • (
ν ◦ (W,	)

); (3.7)

(W,	) = λ • (
ϑ ◦ (W,	)

); (3.8)

morphisms ((W,	),λ) → ((W ′, 	′), λ′) that are 2-cells (W,	)
α⇒ (W ′, 	′) in EM(K) such

that

λ′ • (
(s,ψ) ◦ α

) = α • λ. (3.9)

Proof. Denote by ι and π the splitting of the idempotent 2-cell in Lemma 3.2, corresponding
to the 1-cell (s,ψ) in EMw(K), that was chosen to construct Jw(s,ψ). For the 1-cell (W,	) in

EMw(K), choose the trivial splitting of the identity 2-cell W
W⇒ W , so that Jw(W,	) = J (W,	).

Introduce shorthand notations s := Jw(s,ψ) and V := Jw(W,	).
Isomorphism of EM(K)(I (l), Jw(s,ψ)) and C . In light of Lemma 3.6, any object in

EM(K)(I (l), Jw(s,ψ)) is of the form (Jw(W,	), sV
∼=⇒ Jw((s,ψ) ◦ (W,	))

Jw(λ)
V ), for a

unique 1-cell I (l)
(W,	)−−−→ t in EM(K) and a unique 2-cell (s,ψ) ◦ (W,	)

λ⇒ (W,	) in EMw(K).
So we only need to show that λ satisfies (3.7), i.e. the equality

λ ∗ sλ = λ ∗ s	 ∗ νW (3.10)

of 2-cells in K, if and only if sV
∼=⇒ Jw((s,ψ) ◦ (W,	))

Jw(λ)

V is an associative action, and
λ satisfies (3.8), i.e.

W = λ ∗ s	 ∗ ϑW (3.11)

if and only if this s-action on V is unital. Compose the associativity condition Jw(λ) ∗
Jw((s,ψ)◦λ) = Jw(λ)∗Jw(ν ◦ (W,	)) with v horizontally on the left, and compose it with the
chosen split epimorphism ssW → vJw(ssW, ss	 ∗ sψW ∗ψsW) on the right (i.e. on the ‘top’).
It yields the equality

λ ∗ sλ ∗ (ss	 ∗ sψW ∗ ψsW ∗ ηssW) = λ ∗ s	 ∗ νW ∗ (ss	 ∗ sψW ∗ ψsW ∗ ηssW).

Making use of (3.5), the left-hand side is easily shown to be equal to λ ∗ sλ. As far as the right-
hand side is concerned, use associativity of 	 (in the first equality), (2.2) and (2.3) (in the second
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and third equalities, respectively) to see that

λ ∗ s	 ∗ νW ∗ ss	 ∗ sψW ∗ ψsW ∗ ηssW = λ ∗ s	 ∗ sμW ∗ νtW ∗ sψW ∗ ψsW ∗ ηssW

= λ ∗ s	 ∗ sμW ∗ ψtW ∗ tνW ∗ ηssW = λ ∗ s	 ∗ νW.

This proves that the s-action on V is associative if and only if (3.10) holds. Similarly, the unitality
condition Jw(λ) ∗ Jw(ϑ ◦ (W,	)) = V is equivalent to λ ∗ ιV ∗ πV ∗ s	 ∗ ϑW = W , hence
by (3.6) it is equivalent to (3.11). Thus the bijection in Lemma 3.6 restricts to a bijection between
the objects in EM(K)(I (l), Jw(s,ψ)) and the objects in C .

For a 2-cell (W,	)
α⇒ (W ′, 	′) in EM(K), the condition Jw(λ′) ∗ Jw((s,ψ) ◦ α) = Jw(α) ∗

Jw(λ) (expressing that Jw(α) = J (α) is a morphism in EM(K)(I (l), Jw(s,ψ))) is equivalent
to λ′ ∗ sα ∗ ιV ∗ πV = α ∗ λ ∗ ιV ∗ πV . The right-hand side is equal to α ∗ λ by (3.6) and the
left-hand side is equal to

λ′ ∗ sα ∗ s	 ∗ ψW ∗ ηsW = λ′ ∗ s	′ ∗ ψW ′ ∗ ηsW ′ ∗ sα = 	′ ∗ tλ′ ∗ ηsW ′ ∗ sα = λ′ ∗ sα,

using that α is a 2-cell in EM(K), (3.5) and unitality of 	′. Hence Jw(α) = J (α) is a morphism
in EM(K)(I (l), Jw(s,ψ)) if and only if (3.9) holds. Thus we conclude by the isomorphism
(3.1) that the 2-functor J induces an (obviously functorial) bijection between the morphisms in
EM(K)(I (l), Jw(s,ψ)) and the morphisms in C .

Isomorphism of EM(K)(I (l), ŝt) and C . In view of (2.14), we can choose ŝt = vsf as 1-cells
in K. Moreover, taking axioms (2.8), (2.9) and (2.11) of a pre-monad into account,

ιf ∗ πf ∗ Θ = Θ ∗ ιf st ∗ πf st = Θ ∗ stιf ∗ stπf = Θ. (3.12)

For an object (l
W−→ k, vsf W

γ⇒ W) in EM(K)(I (l), ŝt), put

	 := γ ∗ πf W ∗ sμW ∗ ϑtW and λ := γ ∗ πf W ∗ sηW. (3.13)

We show that ((W,	),λ) is an object in C . Recall that associativity and unitality of γ read as

γ ∗ vsf γ = γ ∗ πf W ∗ ΘW ∗ ιf ιf W and W = γ ∗ πf W ∗ ϑW,

respectively. Hence using associativity of γ and (3.12) (in the second equality) and applying the
first identity in (2.16) (in the last equality),

	 ∗ tγ ∗ tπf W = γ ∗ vsf γ ∗ πf πf W ∗ sμstW ∗ ϑtstW

= γ ∗ πf W ∗ ΘW ∗ sμstW ∗ ϑtstW = γ ∗ πf W ∗ sμW ∗ ψtW. (3.14)

Moreover, apply associativity of γ and (3.12) (in the second equality) and use (2.12) (in the third
equality) to obtain

λ ∗ s	 = γ ∗ vsf γ ∗ πf πf W ∗ sηstW ∗ ssμW ∗ sϑtW

= γ ∗ πf W ∗ ΘW ∗ stsμW ∗ stϑtW ∗ sηtW

= γ ∗ πf W ∗ sμW ∗ ΘtW ∗ stϑtW ∗ sηtW = γ ∗ πf W. (3.15)
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In the last equality we used (2.14) and that (since μ = vεf ) the interchange law yields sμ ∗ ιf t ∗
πf t = ιf ∗ πf ∗ sμ. With these identities at hand, associativity of 	 is checked as

	 ∗ t	 = 	 ∗ tγ ∗ tπf W ∗ tsμW ∗ tϑtW = γ ∗ πf W ∗ sμW ∗ sμtW ∗ ψttW ∗ tϑtW

= γ ∗ πf W ∗ sμW ∗ sμtW ∗ ϑttW = 	 ∗ μW.

The second equality follows by (3.14) and by associativity of μ. In the third equality we ap-
plied (2.4). The last equality follows by associativity of μ and the form of 	 in (3.13). The
unitality condition 	 ∗ ηW = W follows by unitality of μ and unitality of γ . Conditions (3.5),
(3.10) and (3.11) are proven by

	 ∗ tλ = 	 ∗ tγ ∗ tπf W ∗ tsηW = γ ∗ πf W ∗ sμW ∗ ψtW ∗ tsηW = λ ∗ s	 ∗ ψW ;
λ ∗ sλ = γ ∗ vsf γ ∗ πf πf W ∗ sηsηW = γ ∗ πf W ∗ νW = λ ∗ s	 ∗ νW ;

W = γ ∗ πf W ∗ ϑW = λ ∗ s	 ∗ ϑW.

In each case, the last equality follows by (3.15). In the first computation, the second equal-
ity follows by (3.14). In the second equality of the second computation we used associativity
of γ together with (3.12) and we applied the expression of ν in (2.15). In the first equal-
ity of the last computation we used unitality of γ . This proves that ((W,	),λ) is an object
in C .

Conversely, for an object ((W,	),λ) in C , put

γ := λ ∗ s	 ∗ ιf W. (3.16)

It is associative as

γ ∗ πf W ∗ ΘW ∗ ιf ιf W = λ ∗ s	 ∗ ΘW ∗ ιf ιf W

= λ ∗ s	 ∗ νW ∗ ss	 ∗ sψW ∗ sts	 ∗ ιf ιf W

= λ ∗ sλ ∗ ss	 ∗ sψW ∗ sts	 ∗ ιf ιf W

= λ ∗ s	 ∗ stλ ∗ sts	 ∗ ιf ιf W = γ ∗ vsf γ.

The first equality follows by (3.16) and (3.12). In the second equality we substituted Θ by its
expression in (2.13) and we used associativity of 	 twice. In the third equality we applied (3.10)
and in the fourth one we used (3.5). By (2.4) and unitality of μ, ιf ∗ πf ∗ ϑ = sμ ∗ ψt ∗ ηst ∗
ϑ = ϑ . Hence the unitality condition γ ∗ πf W ∗ ϑW = W follows by (3.11). This proves that
(W,γ ) is an object in EM(K)(I (l), ŝt).

Let us see that the above constructions are mutual inverses. Starting with an object (W,γ )

of EM(K)(I (l), ŝt) and iterating the above constructions, we re-obtain (W,γ ) by (3.15). In the
opposite order, applying both constructions to an object ((W,	),λ) of C , we obtain ((W,λ∗ s	 ∗
ιf W ∗πf W ∗ sμW ∗ϑtW),λ∗ s	 ∗ ιf W ∗πf W ∗ sηW). Since ιf ∗πf ∗ sμ = sμ∗ ιf t ∗πf t =
sμ ∗ Θt ∗ ϑstt , axiom (2.10) of a pre-monad, associativity of 	 and (3.11) imply that

λ ∗ s	 ∗ ιf W ∗ πf W ∗ sμW ∗ ϑtW = λ ∗ s	 ∗ sμW ∗ ϑtW = λ ∗ s	 ∗ ϑW ∗ 	 = 	.
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Also, by (2.14), unitality of μ, (3.5) and unitality of 	,

λ ∗ s	 ∗ ιf W ∗ πf W ∗ sηW = λ ∗ s	 ∗ sμW ∗ ψtW ∗ ηsηW = λ ∗ s	 ∗ ψW ∗ ηsW = λ.

Hence we constructed a bijection between the objects of EM(K)(I (l), ŝt) and C . It is immediate
by the form of the bijection between the objects that a 2-cell W

α⇒ W ′ in K is a morphism in
EM(K)(I (l), ŝt) if and only if it is a morphism in C . �
4. Weak liftings

If K is a 2-category which admits EM constructions for monads, then ‘liftings’ of 1- and
2-cells for monads in K arise as images under the right 2-adjoint J of the inclusion 2-functor
K → EM(K), see [17]. In this section we discuss ‘weak’ liftings and the role what the pseudo-
functor Jw plays in their description.

Definition 4.1. Consider a 2-category K which admits EM constructions for monads. We say that

a 1-cell k
V→ k′ in K possesses a weak lifting for some monads (k

t→ k,μ,η) and (k′ t ′→ k′,μ′, η′)
in K if there exist a 1-cell J (t)

V−→ J (t ′) and a split mono 2-cell v′V ι⇒ V v (with a retraction
denoted by V v

π⇒ v′V ).

If in a 2-category K which admits EM constructions for monads also idempotent 2-cells split,

then we know by Theorem 3.5 that, for every 1-cell t
(V ,ψ)−−−→ t ′ in EMw(K), the underlying 1-cell

k
V→ k′ in K possesses a weak lifting Jw(V,ψ) for t and t ′. As we will see later in this section,

in fact in such a 2-category K, up-to an isomorphism, every weak lifting arises in this way. This
extends assertions about 1-cells in [17, Lemma 3.9 and Theorem 3.10].

Definition 4.2. Consider a 2-category K which admits EM constructions for monads. Let (k
t→ k,

μ,η) and (k′ t ′→ k′,μ′, η′) be monads, and k
V→ k′ and k

W−→ k′ be 1-cells in K, such that there

exist their weak liftings (J (t)
V−→ J (t ′), ιV ,πV ) and (J (t)

W−→ J (t ′), ιW ,πW ) for t and t ′. For a
2-cell V

ω⇒ W in K, we say that

a 2-cell V
−→ω⇒ W is a weak ι-lifting of ω if ιW ∗ v′−→ω = ωv ∗ ιV ;

a 2-cell V
←−ω⇒ W is a weak π -lifting of ω if v′←−ω ∗ πV = πW ∗ ωv.

Throughout, indices of ι and π are omitted, as they can be reconstructed without ambiguity
from the context.

By the isomorphism (3.1), the weak ι-lifting or weak π -lifting of a 2-cell is unique, provided
that it exists. Moreover, if a 2-cell ω in Definition 4.2 possesses both a weak ι-lifting −→ω and a
weak π -lifting ←−ω , then

v′−→ω = π ∗ ι ∗ v′−→ω = π ∗ ωv ∗ ι = v′←−ω ∗ π ∗ ι = v′←−ω.

Hence in view of the isomorphism (3.1), −→ω = ←−ω .
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Proposition 4.3 below, about weak liftings of 2-cells in a (nice enough) 2-category, extends
statements about 2-cells in [17, Lemma 3.9 and Theorem 10]. Therein, notions and notations
introduced in Corollary 1.4 are used.

Proposition 4.3. Consider a 2-category K which admits EM constructions for monads and in

which idempotent 2-cells split. Let t
(V ,ψ)−−−→ t ′ and t

(W,φ)−−−→ t ′ be 1-cells in EMw(K) and V
ω⇒ W

be a 2-cell in K. Denote by ι and π the splittings of both idempotent 2-cells in Lemma 3.2,
corresponding to the 1-cells (V ,ψ) and (W,φ), that were chosen to construct Jw(V,ψ) and
Jw(W,φ), respectively.

(1) The following assertions are equivalent:
(i) ω is a 2-cell (V ,ψ) ⇒ (W,φ) in Mndι(K);

(ii) ωt ∗ ψ ∗ η′V : (V ,ψ) ⇒ (W,φ) is a 2-cell in EMw(K);
(iii) π ∗ ωv ∗ ι : (v′Jw(V,ψ), v′ε′Jw(V,ψ)) ⇒ (v′Jw(W,φ), v′ε′Jw(W,φ)) is a 2-cell in

EM(K) such that ι ∗ π ∗ ωv ∗ ι = ωv ∗ ι;
(iv) ω possesses a weak ι-lifting −→ω : (Jw(V,ψ), ι,π) → (Jw(W,φ), ι,π).
If these equivalent statements hold, then v′JwGι(ω) = π ∗ ωv ∗ ι, that is, −→ω = JwGι(ω).

(2) The following assertions are equivalent:
(i) ω is a 2-cell (V ,ψ) ⇒ (W,φ) in Mndπ (K);

(ii) φ ∗ η′W ∗ ω : (V ,ψ) ⇒ (W,φ) is a 2-cell in EMw(K);
(iii) π ∗ ωv ∗ ι : (v′Jw(V,ψ), v′ε′Jw(V,ψ)) ⇒ (v′Jw(W,φ), v′ε′Jw(W,φ)) is a 2-cell in

EM(K) such that π ∗ ωv ∗ ι ∗ π = π ∗ ωv;
(iv) ω possesses a weak π -lifting ←−ω : (Jw(V,ψ), ι,π) → (Jw(W,φ), ι,π).
If these equivalent statements hold, then v′JwGπ(ω) = π ∗ ωv ∗ ι, that is, ←−ω = JwGπ(ω).

(3) The following assertions are equivalent:
(i) φ ∗ t ′ω = ωt ∗ ψ ;

(ii) φ ∗ η′W ∗ ω and ωt ∗ ψ ∗ η′V are (necessarily equal) 2-cells (V ,ψ) ⇒ (W,φ) in
EMw(K);

(iii) π ∗ ωv ∗ ι : (v′Jw(V,ψ), v′ε′Jw(V,ψ)) ⇒ (v′Jw(W,φ), v′ε′Jw(W,φ)) is a 2-cell in
EM(K) such that ι ∗ π ∗ ωv = ωv ∗ ι ∗ π ;

(iv) ω possesses both a weak ι-lifting and a weak π -lifting 2-cell (Jw(V,ψ), ι,π) →
(Jw(W,φ), ι,π) (which are necessarily equal).

Proof. (1) (i) ⇔ (ii) This equivalence follows by Lemma 1.2(1).
(ii) ⇔ (iii) The 2-cell π ∗ ωv ∗ ι in K is a 2-cell in EM(K) if and only if v′ε′Jw(W,φ) ∗ t ′π ∗

t ′ωv ∗ t ′ι = π ∗ωv ∗ ι∗ v′ε′Jw(V,ψ). Compose this equality by f horizontally on the right, and
compose it vertically by ιf on the left and by t ′πf ∗ t ′V η on the right. By virtue of (3.2), (3.3)
and the adjunction relation εf ∗ f η = f , the resulting equivalent condition is identical to (1.7).
Property ι ∗π ∗ωv ∗ ι = ωv ∗ ι is equivalent to ι ∗π ∗ωv ∗ ι ∗π = ωv ∗ ι ∗π , what is easily seen
to be equivalent to (1.6). Thus we conclude by Lemma 1.2(1)(i) ⇔ (iii).

(iii) ⇔ (iv) By the isomorphism (3.1), π ∗ ωv ∗ ι is a 2-cell in EM(K) if and only if there is a

2-cell Jw(V,ψ)
−→ω⇒ Jw(W,φ) in K such that v′−→ω = π ∗ ωv ∗ ι. Clearly, ι ∗ π ∗ ωv ∗ ι = ωv ∗ ι if

and only if −→ω is a weak ι-lifting of ω.
If the equivalent statements (i)–(iv) hold, then

v′Jw
(
ωt ∗ ψ ∗ η′V

) = π ∗ Wvε ∗ ωtv ∗ ψv ∗ η′V v ∗ ι = π ∗ ωv ∗ ι ∗ π ∗ ι = π ∗ ωv ∗ ι.
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(2) (i) ⇔ (ii) This equivalence follows by Lemma 1.2(2).
(ii) ⇔ (iii) As we have seen in the proof of part (1), π ∗ωv ∗ ι is a 2-cell in EM(K) if and only

if (1.7) holds. Property π ∗ ωv ∗ ι ∗ π = π ∗ ωv is equivalent to ι ∗ π ∗ ωv ∗ ι ∗ π = ι ∗ π ∗ ωv

hence to the first condition in Lemma 1.2(2)(iii). Thus we conclude by Lemma 1.2(2)(i) ⇔ (iii).
(iii) ⇔ (iv) is proven by the same reasoning as in part (1).
If the equivalent statements (i)–(iv) hold, then

v′Jw
(
φ ∗ η′W ∗ ω

) = π ∗ Wvε ∗ φv ∗ η′Wv ∗ ωv ∗ ι = π ∗ ι ∗ π ∗ ωv ∗ ι = π ∗ ωv ∗ ι.

(3) These equivalences follow immediately by Lemma 1.2(3) and parts (1) and (2) in the
current theorem. �

For suggesting the following theorem, the author is grateful to the referee.

Consider a 2-category K which admits EM constructions for monads. To any monads (k
t→ k,

μ,η) and (k′ t ′→k′,μ′, η′) in K, we can associate categories Liftι(t, t ′) and Liftπ (t, t ′), as follows.

In both categories objects are quadruples (V ,V , ι,π) such that the 1-cell J (t)
V−→ J (t ′) in K is

a weak lifting of the 1-cell k
V→ k′, corresponding to the split monic 2-cell v′V ι⇒ V v, with a

retraction V v
π⇒ v′V . Morphisms (V ,V , ι,π) → (W,W, ι,π) are pairs of 2-cells (ω,ω) in K

such that V
ω⇒ W is a weak ι-lifting, respectively, a weak π -lifting, of V

ω⇒ W . Composition of
morphisms is defined via component-wise composition of 2-cells in K.

Theorem 4.4. For any 2-category K which admits EM constructions for monads and in which

idempotent 2-cells split, and for any monads (k
t→ k,μ,η) and (k′ t ′→ k′,μ′, η′) in K, the fol-

lowing assertions hold.

(1) Liftι(t, t ′) is equivalent to the category Mndι(K)(t, t ′).
(2) Liftπ (t, t ′) is equivalent to the category Mndπ (K)(t, t ′).

For t = t ′, these equivalences are also strong monoidal, with respect to the monoidal structure
of Liftι/π (t, t) induced by the horizontal composition in K.

Proof. (1) For any 1-cell t
(V ,ψ)−−−→ t ′ in EMw(K), denote by V v

πc�⇒ v′Jw(V,ψ)
ιc�⇒ V v the

chosen splitting of the idempotent 2-cell in Lemma 3.2, used to construct Jw(V,ψ).
By Corollary 1.4 and Theorem 3.5, there is a pseudo-functor JwGι : Mndι(K) → K. By

Proposition 4.3(1)(i) ⇒ (iv), it induces a functor G : Mndι(K)(t, t ′) → Liftι(t, t ′), with object
map (V ,ψ) 
→ (V ,Jw(V,ψ), ιc,πc) and morphism map ω 
→ (ω,JwGι(ω)).

In the opposite direction, consider a functor F : Liftι(t, t ′) → Mndι(K)(t, t ′) with the object
map

(V ,V , ι,π) 
→ (
V,ψ := ιf ∗ v′ε′V f ∗ t ′πf ∗ t ′V η : t ′V ⇒ V t

)
(4.1)

and morphism map (ω,ω) 
→ ω. By the form of ψ in (4.1) and the adjunction relation vε ∗ ηv =
v, it follows that

V vε ∗ ψv = ι ∗ v′ε′V ∗ t ′π. (4.2)
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Using (4.2) together with the form of ψ in (4.1) and naturality, it is easily checked that ψ sat-
isfies (1.1), i.e. (V ,ψ) is an object in Mndι(K)(t, t ′). By (4.2), the associated idempotent in
Lemma 3.2 obeys ιc ∗ πc = V vε ∗ ψv ∗ η′V v = ι ∗ π . Applying (4.2) together with (3.2) and
(3.3), respectively, we conclude that

v′ε′Jw(V,ψ) ∗ t ′πc ∗ t ′ι = πc ∗ ι ∗ v′ε′V and π ∗ ιc ∗ v′ε′Jw(V,ψ) = v′ε′V ∗ t ′π ∗ t ′ιc.

That is, there are 2-cells (v′Jw(V,ψ), v′ε′Jw(V,ψ))
π∗ιc

(v′V ,v′ε′V ) and (v′V ,v′ε′V )
πc∗ι

(v′Jw(V,ψ), v′ε′Jw(V,ψ)) in EM(K). By (3.1) they induce mutually inverse iso-

morphisms Jw(V,ψ)
J(π∗ιc)

V and V
J(πc∗ι)

Jw(V,ψ) in K. Both of these 2-cells are weak

ι-liftings of the identity 2-cell V
V⇒ V . Hence, for any morphism (V ,V , ι,π)

(ω,ω)−−−→ (W,W,

ι,π) in Liftι(t, t ′), the composite J (πc ∗ ι) ∗ ω ∗ J (π ∗ ιc) : Jw(V,ψ) ⇒ Jw(W,φ) is a
weak ιc-lifting of ω (where both ψ and φ are defined via (4.1)). Thus it follows by Proposi-
tion 4.3(1)(iv) ⇒ (i) that ω is a morphism (V ,ψ) → (W,φ) in Mndι(K)(t, t ′). This proves that
F is a well-defined functor.

For any object (V ,ψ) in Mndι(K)(t, t ′), we obtain FG(V,ψ) = (V ,ψ) by (3.2), (3.3) and
unitality of μ. Evidently, also FG(ω) = ω. For any object (V ,V , ι,π) of Liftι(t, t ′), we ob-
tain GF(V,V , ι,π) = (V ,Jw(V,ψ), ιc,πc). The mutually inverse isomorphisms (V ,V , ι,π)
(V,J (πc∗ι))−−−−−−−→ (V ,Jw(V,ψ), ιc,πc) and (V ,Jw(V,ψ), ιc,πc)

(V,J (π∗ιc))−−−−−−−→ (V ,V , ι,π) in Liftι(t, t ′)
define, in turn, mutually inverse natural isomorphisms between the identity functor and GF .

Indeed, for any morphism (V ,V , ι,π)
(ω,ω)−−−→ (W,W, ι,π) in Liftι(t, t ′), we conclude by Corol-

lary 1.4 and Theorem 3.5 that

v′JwGι(ω) ∗ πc ∗ ι = πc ∗ Wvε ∗ ωtv ∗ ψv ∗ η′V v ∗ ι = πc ∗ ωv ∗ ι = πc ∗ ι ∗ v′ω.

Hence naturality follows by the isomorphism (3.1).
It remains to prove strong monoidality of G in the t = t ′ case. Recall from the proof of The-

orem 3.5 that the coherent natural isomorphisms Jw(V ′,ψ ′)Jw(V,ψ)
jV ′,V

Jw((V ′,ψ ′) ◦
(V ,ψ)) and Jw(t)

j0�⇒ Jw(k, t), rendering Jw (hence JwGι) a pseudo-functor, arise as weak
ι-liftings of identity 2-cells, for any 1-cells (V ′,ψ ′), (V ,ψ) : t → t in EMw(K). Hence they

induce a strong monoidal structure G(V ′,ψ ′)G(V,ψ)
(V ′V,jV ′,V )

G((V ′,ψ ′) ◦ (V ,ψ)) and

(k, Jw(t))
(k,j0)

G(k, t) of G.
Part (2) is proven symmetrically. �

5. Applications

In this section we collect from the literature several situations where weak liftings occur. The
following corollary is a consequence of Proposition 4.3 and Theorem 4.4.

Corollary 5.1. Consider a 2-category K which admits EM constructions for monads and in

which idempotent 2-cells split. Let (k
t→ k,μ,η) be a monad and (k

c−→ k, δ, ε) be a comonad
in K.

(1) The following assertions are equivalent:
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(i) There exists a comonad ((c,ψ), δ, ε) in Mndι(K). That is, there exists a 1-cell t
(c,ψ)−−−→ t

in EMw(K), satisfying

δt ∗ ψ = ccμ ∗ cψt ∗ ψct ∗ tδt ∗ tψ ∗ tηc; (5.1)

εt ∗ ψ = μ ∗ tεt ∗ tψ ∗ tηc. (5.2)

(ii) There is a comonad (t
(c,ψ)−−−→ t, δt ∗ ψ ∗ ηc, εt ∗ ψ ∗ ηc) in EMw(K).

(iii) There are a comonad (Jw(t)
c−→ Jw(t),

−→
δ ,−→ε ) and a split monic 2-cell vc

ι⇒ cv in K
such that

−→
δ is a weak ι-lifting of δ and −→ε is a weak ι-lifting of ε.

If these equivalent statements hold, then we say shortly that the comonad (c,
−→
δ ,−→ε ) is a weak

ι-lifting of the comonad (c, δ, ε) for the monad (t,μ,η).
(2) The following assertions are equivalent:

(i) There exists a comonad ((c,ψ), δ, ε) in Mndπ (K). That is, there exists a 1-cell t
(c,ψ)−−−→ t

in EMw(K), satisfying

cψ ∗ ψc ∗ tδ = ccμ ∗ cψt ∗ ψct ∗ ηcct ∗ δt ∗ ψ; (5.3)

tε = εt ∗ ψ. (5.4)

(ii) There is a comonad (t
(c,ψ)−−−→ t, cψ ∗ ψc ∗ ηcc ∗ δ, η ∗ ε) in EMw(K).

(iii) There are a comonad (Jw(t)
c−→ Jw(t),

←−
δ ,←−ε ) and a split epi 2-cell cv

π⇒ vc in K such
that

←−
δ is a weak π -lifting of δ and ←−ε is a weak π -lifting of ε.

If these equivalent statements hold, then we say shortly that the comonad (c,
←−
δ ,←−ε ) is a weak

π -lifting of the comonad (c, δ, ε) for the monad (t,μ,η).
(3) The following assertions are equivalent:

(i) There exists a 1-cell t
(c,ψ)−−−→ t in EMw(K), satisfying

cψ ∗ ψc ∗ tδ = δt ∗ ψ; (5.5)

tε = εt ∗ ψ. (5.6)

(ii) There are a comonad (Jw(t)
c−→ Jw(t), δ, ε) and a split epi-mono pair of 2-cells cv

π⇒
vc

ι⇒ cv in K such that δ is both a weak ι-lifting and a weak π -lifting of δ and ε is both
a weak ι-lifting and a weak π -lifting of ε.

Note that by Lemmas 1.2 and 1.3, in parts (1) and (2) of Corollary 5.1, assertions (i) and (ii)
are equivalent in case of an arbitrary 2-category K.

Let us stress the (tiny) difference between a 2-cell tc
ψ⇒ ct in K occurring in Corol-

lary 5.1(3)(i), and a mixed distributive law. A 2-cell ψ in Corollary 5.1(3)(i) satisfies three
of the identities defining a mixed distributive law: compatibility with the multiplication of the
monad (as (c,ψ) is a 1-cell in EMw(K)), compatibility with the comultiplication of the comonad
(by (5.5)) and compatibility with the counit of the comonad (by (5.6)). However, the fourth con-
dition on a mixed distributive law, compatibility ψ ∗ ηc = cη with the unit of the monad, does
not appear in Corollary 5.1(3)(i) – it plays no role in a weak lifting.
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Example 5.2. Generalizing a mixed distributive law of a monad and a comonad (in particular
in the bicategory BIM), weak entwining structures were introduced by Caenepeel and De Groot
in [9]. The axioms are obtained by weakening the compatibility conditions of a mixed distributive
law with the unit of the monad and the counit of the comonad. Precisely, a weak entwining
structure in an arbitrary 2-category K consists of a monad (k

t→ k,μ,η), a comonad (k
c−→ k,

δ, ε) and a 2-cell tc
ψ⇒ ct subject to the following conditions:

ψ ∗ μc = cμ ∗ ψt ∗ tψ; (5.7)

δt ∗ ψ = cψ ∗ ψc ∗ tδ; (5.8)

ψ ∗ ηc = cεt ∗ cψ ∗ cηc ∗ δ; (5.9)

εt ∗ ψ = μ ∗ tεt ∗ tψ ∗ tηc. (5.10)

We claim that under these assumptions ((c,ψ), δt ∗ψ ∗ηc, εt ∗ψ ∗ηc) is a comonad in EMw(K).
For that, we need to show that axioms (5.7)–(5.10) imply (5.1). Indeed,

ccμ ∗ cψt ∗ ψct ∗ tδt ∗ tψ ∗ tηc = ccμ ∗ δtt ∗ ψt ∗ tψ ∗ tηc = δt ∗ ψ.

The first equality follows by (5.8) and the second one follows by (5.7) and unitality of the
monad t .

Hence if moreover K admits EM constructions for monads and idempotent 2-cells in K split
(hence there exists the pseudo-functor Jw) then, by Corollary 5.1(1), the comonad c has a weak
ι-lifting for the monad t .

For a commutative, associative and unital ring k, consider a k-algebra A and a k-coalgebra C.
Let Ψ : C ⊗k A → A ⊗k C be a k-module map such that the triple ((−) ⊗k A, (−) ⊗k C,

(−) ⊗k Ψ ) is a weak entwining structure in CAT. (If we are ready to cope with the more in-
volved situation of a bicategory, we can say simply that (A,C,Ψ ) is a weak entwining structure
in BIM.) The corresponding weak ι-lifting of the comonad (−) ⊗k C for the monad (−) ⊗k A

is studied in [9, Section 2]. Brzeziński showed in [8, Proposition 2.3] that it can be described
as a comonad (−) ⊗A C on the category of right A-modules, where the A-coring (i.e. comonad
A → A in BIM) C is constructed as a k-module retract of A ⊗k C.

Examples of weak entwining structures, thus examples of weak ι-liftings of comonads for
monads, are provided by weak Doi–Koppinen data in [3] (see [9]), i.e. by comodule algebras
and module coalgebras of weak bialgebras. Further examples are weak comodule algebras of
bialgebras in [11, Proposition 2.3].

Example 5.3. Another generalization of a mixed distributive law, motivated by partial coactions
of Hopf algebras, is due to Caenepeel and Janssen. Following [10, Proposition 2.6], a partial

entwining structure in a 2-category K consists of a monad (k
t→ k,μ,η), a comonad (k

c−→ k,

δ, ε) and a 2-cell tc
ψ⇒ ct in K, such that identities (5.4) and (5.7) hold, together with

ccμ ∗ cψt ∗ cηct ∗ δt ∗ ψ = cψ ∗ ψc ∗ tδ. (5.11)

Observe that axiom (5.11) implies (5.3):
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ccμ ∗ cψt ∗ ψct ∗ ηcct ∗ δt ∗ ψ = ccμ ∗ ccμt ∗ cψtt ∗ cηctt ∗ δtt ∗ ψt ∗ ηct ∗ ψ

= ccμ ∗ cψt ∗ cηct ∗ δt ∗ ψ = cψ ∗ ψc ∗ tδ.

The first and last equalities follow by (5.11) and the second equality is obtained using associativ-
ity of μ and (3.2). This implies that ((c,ψ), cψ ∗ ψc ∗ ηcc ∗ δ, η ∗ ε) is a comonad in EMw(K).
Thus if moreover K is a 2-category which admits EM constructions for monads and in which
idempotent 2-cells split, then we conclude by Corollary 5.1(2) that a partial entwining structure
(t, c,ψ) in K induces a weak π -lifting of the comonad c for the monad t .

Consider the particular case when a monad t := (−) ⊗k A in CAT is induced by an al-
gebra A over a commutative, associative and unital ring k, a comonad c := (−) ⊗k C is in-
duced by a k-coalgebra C and a natural transformation tc

ψ⇒ ct is induced by a k-module map
C ⊗k A → A ⊗k C. Then the weak π -lifting of the comonad c for the monad t , induced by a
partial entwining ψ , is a comonad (−) ⊗A C on the category of right A-modules. The A-coring
C was constructed in [10, Proposition 2.6] as a k-module retract of A ⊗k C.

Examples of partial entwining structures (hence of weak π -liftings of a comonad for a monad)
are provided by partial comodule algebras of bialgebras in [11, Proposition 2.6].

Example 5.4. Yet another way to generalize a mixed distributive law was proposed in [10].
Following [10, Proposition 2.5], a lax entwining structure in a 2-category K consists of a monad

(k
t→ k,μ,η), a comonad (k

c−→ k, δ, ε) and a 2-cell tc
ψ⇒ ct in K, such that identities (5.7),

(5.10) and (5.11) hold, together with

cμ ∗ ctεt ∗ ctψ ∗ ctηc ∗ ψc ∗ tδ ∗ ηc = ψ ∗ ηc.

As we observed in Example 5.3, (5.11) implies (5.3), and (5.10) is identical to (5.2). However,
none of (5.1) and (5.4) seems to hold for an arbitrary lax entwining structure. Still, the axioms
of a lax entwining structure allow us to prove that there is a comonad ((c,ψ), cψ ∗ ψc ∗ ηcc ∗
δ, εt ∗ ψ ∗ ηc) in EMw(K). Therefore, if K admits EM constructions for monads and idempotent
2-cells in K split, then Jw takes it to a comonad (Jw(t)

c−→ Jw(t),
←−
δ ,−→ε ) in K. However, it is

neither a weak ι-lifting nor a weak π -lifting of the comonad c, it is of a mixed nature.
In the particular case when a lax entwining structure in CAT is induced by modules over a

commutative associative and unital ring, the comonad (c,
←−
δ ,−→ε ) is induced by a coring, which

was computed in [10, Proposition 2.5]. Examples of lax entwining structures are provided by lax
comodule algebras of bialgebras in [11, Proposition 2.5].

A fourth logical possibility, to obtain a comonad structure on a weak lifting for a monad t of
a 1-cell c underlying a comonad (c, δ, ε), is to allow the comultiplication to be a weak ι-lifting

of δ and the counit to be a weak π -lifting of ε. That is, to require a 1-cell t
(c,ψ)−−−→ t in EMw(K)

to satisfy (5.1) and (5.4). By (the proof of) Lemma 1.3, it yields a coassociative and counital
comonad (c,

−→
δ ,←−ε ) in K.

For any 2-category K, one may consider the vertically-opposite 2-category K∗. The 2-cate-
gory K∗ has the same 0-, 1-, and 2-cells as K, the same horizontal composition and the opposite
vertical composition. Obviously, 2-cells in K split if and only if 2-cells in K∗ split. Since monads
in K∗ are the same as the comonads in K, the 2-category K∗ admits EM constructions for monads
if and only if K admits EM constructions for comonads, cf. [17]. In this case we denote by
Jw∗ : EMw(K∗)∗ → K the pseudo-functor in Theorem 3.5.
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Definition 5.5. Consider a 2-category K which admits EM constructions for comonads. We say
that a 1-cell V in K possesses a weak lifting V for some comonads c and c′, provided that,
regarded as 1-cells in K∗, V is a weak lifting of V for the monads c and c′ in K∗.

For a 2-cell ω in K, a weak ι-lifting (resp. weak π -lifting) for some comonads c and c′ in K is
defined as a weak π -lifting (resp. weak ι-lifting) of ω, regarded as a 2-cell in K∗, for the monads
c and c′ in K∗.

The following corollary is obtained by applying Corollary 5.1 to the vertically-opposite of a
2-category. Therein, the symbol ∗ denotes the vertical composition in K (not its opposite).

Corollary 5.6. Consider a 2-category K which admits EM constructions for comonads and in

which idempotent 2-cells split. Let (k
t→ k,μ,η) be a monad and (k

c−→ k, δ, ε) be a comonad
in K.

(1) The following assertions are equivalent:

(i) There is a monad ((t,ψ),μ,η) in Mndι(K∗)∗. That is, there exists a 1-cell c
(t,ψ)−−−→ c in

EMw(K∗)∗ (i.e. a 2-cell tc
ψ⇒ ct in K such that δt ∗ ψ = cψ ∗ ψc ∗ tδ), satisfying

ψ ∗ μc = cεt ∗ cψ ∗ cμc ∗ ψtc ∗ tψc ∗ t tδ; (5.12)

ψ ∗ ηc = cεt ∗ cψ ∗ cηc ∗ δ. (5.13)

(ii) There is a monad (c
(t,ψ)−−−→ c, εt ∗ ψ ∗ μc, εt ∗ ψ ∗ ηc) in EMw(K∗)∗.

(iii) There are a monad (Jw∗ (c)
t−→ Jw∗ (c),←−μ,←−η ) and a split epi 2-cell π in K such that ←−μ

is a weak π -lifting of μ and ←−η is a weak π -lifting of η.
If these equivalent statements hold, then we say shortly that the monad (t,←−μ,←−η ) is a weak
π -lifting of the monad (t,μ,η) for the comonad (c, δ, ε).

(2) The following assertions are equivalent:

(i) There is a monad ((t,ψ),μ,η) in Mndπ (K∗)∗. That is, there exists a 1-cell c
(t,ψ)−−−→ c

in EMw(K∗)∗, satisfying

cμ ∗ ψt ∗ tψ = ψ ∗ μc ∗ εttc ∗ ψtc ∗ tψc ∗ t tδ; (5.14)

cη = ψ ∗ ηc. (5.15)

(ii) There is a monad (c
(t,ψ)−−−→ c,μ ∗ εtt ∗ ψt ∗ tψ,η ∗ ε) in EMw(K∗)∗.

(iii) There are a monad (Jw∗ (c)
t−→ Jw∗ (c),−→μ,−→η ) and a split monic 2-cell ι in K such that

−→μ is a weak ι-lifting of μ and −→η is a weak ι-lifting of η.
If these equivalent statements hold, then we say shortly that the monad (t,−→μ,−→η ) is a weak
ι-lifting of the monad (t,μ,η) for the comonad (c, δ, ε).

(3) The following assertions are equivalent:

(i) There exists a 1-cell t
(c,ψ)−−−→ t in EMw(K∗)∗, satisfying

cμ ∗ ψt ∗ tψ = ψ ∗ μc; (5.16)

cη = ψ ∗ ηc. (5.17)
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(ii) There are a monad (Jw∗ (c)
t−→ Jw∗ (c),μ,η) and a split epi-mono pair (π, ι) of 2-cells in

K such that μ is both a weak ι-lifting and a weak π -lifting of μ and η is both a weak
ι-lifting and a weak π -lifting of η.

A 2-cell ψ in Corollary 5.6(3)(i) differs from a mixed distributive law by the compatibility
condition with the counit of the comonad.

In a 2-category K which admits EM constructions for both monads and comonads and in
which idempotent 2-cells split, one can say more about weak entwining structures than it was
said in Example 5.2.

Proposition 5.7. Consider a 2-category K which admits EM constructions for both monads and

comonads and in which idempotent 2-cells split. For a monad (k
t→ k,μ,η), a comonad (k

c−→ k,

δ, ε), and a 2-cell tc
ψ⇒ ct in K (with a chosen splitting (π, ι) of the associated idempotent in

Lemma 3.2), the following assertions are equivalent:

(i) The triple (t, c,ψ) is a weak entwining structure, that is, axioms (5.7)–(5.10) are satisfied.
(ii) The 2-cell ψ induces both a weak ι-lifting of the comonad c for the monad t and a weak

π -lifting of the monad t for the comonad c. That is to say, the assertions in Corollary 5.1(1)
and Corollary 5.6(1) hold.

Proof. We have seen in Example 5.2 that axioms (5.7)–(5.10) imply (5.1). Similarly, they can
be seen to imply (5.12) as well, applying first (5.7) and next (5.8). �

Proposition 5.7 is the basis of a construction in [4] of a 2-category of weak entwining struc-
tures in any 2-category. In that paper, for a weak entwining structure in a 2-category K which
admits EM constructions for both monads and comonads and in which idempotent 2-cells split,
it is proven that the weakly lifted monad, and the weakly lifted comonad, occurring in part (ii) of
Proposition 5.7, possess equivalent Eilenberg–Moore objects.

The characterization of weak entwining structures in Proposition 5.7 can be used, in particu-
lar, to describe weak bialgebras [6] in terms of weak liftings. Recall that a weak bialgebra H over
a commutative, associative and unital ring k, is a k-module which possesses both a k-algebra and
a k-coalgebra structure, subject to the following compatibility conditions. Denote the multiplica-
tion H ⊗k H → H in H by juxtaposition of elements. Write 1 for the unit element of the algebra
H and write ε : H → k for the counit. For the comultiplication H → H ⊗k H , use a Sweedler
type index notation h 
→ ∑

h1 ⊗k h2. With these notations, the axioms

∑(
hh′)

1 ⊗k

(
hh′)

2 =
∑

h1h
′
1 ⊗k h2h

′
2; (5.18)

∑
11 ⊗ 1211′ ⊗ 12′ =

∑
11 ⊗k 12 ⊗k 13 =

∑
11 ⊗k 11′12 ⊗k 12′ ; (5.19)

∑
ε(h11)ε

(
12h

′) = ε
(
hh′) =

∑
ε(h12)ε

(
11h

′) (5.20)

are required to hold, for all elements h and h′ of H . However, the comultiplication is not required
to preserve the unit, i.e.

∑
11 ⊗k 12 is not required to be equal to 1 ⊗ 1 and the counit is not

required to be multiplicative, i.e. ε(hh′) is not required to be equal to ε(h)ε(h′), for elements
h,h′ ∈ H .
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In the following proposition we deal with the (co)monads H ⊗k (−) and (−) ⊗k H , induced
by a k-(co)algebra H on the category of modules over a commutative, associative and unital
ring k.

Proposition 5.8. For a commutative, associative and unital ring k, consider a k-module H which
possesses both a k-algebra and a k-coalgebra structure. Using the notations introduced above
the proposition, the following assertions are equivalent:

(i) The algebra and coalgebra structures of H constitute a weak bialgebra;
(ii) The k-module map

ΨR : H ⊗k H → H ⊗k H, h ⊗k h′ 
→
∑

h′
1 ⊗k hh′

2 (5.21)

induces a weak ι-lifting of the comonad (−) ⊗k H for the monad (−) ⊗k H and a weak
π -lifting of the monad (−) ⊗k H for the comonad (−) ⊗k H , and the k-module map

ΨL : H ⊗k H → H ⊗k H, h ⊗k h′ 
→
∑

h1h
′ ⊗k h2 (5.22)

induces a weak ι-lifting of the comonad H ⊗k (−) for the monad H ⊗k (−) and a weak
π -lifting of the monad H ⊗k (−) for the comonad H ⊗k (−). That is to say,

(
(−) ⊗k H, (−) ⊗k ΨR

)
and

(
H ⊗k (−),ΨL ⊗k (−)

)

are comonads in Mndι(CAT), via the comultiplication and counit induced by the coalge-
bra H , and they are monads in Mndι(CAT∗)∗, via the multiplication and unit induced by the
algebra H .

Proof. Note first that assertion (ii) implies (5.18). Indeed, (5.21) determines a 1-cell ((−)⊗k H,

(−) ⊗k ΨR) in EMw(CAT) if and only if

∑(
h′h′′)

1 ⊗k h
(
h′h′′)

2 =
∑

h′
1h

′′
1 ⊗k hh′

2h
′′
2,

for any elements h, h′ and h′′ of H . Putting h = 1 we obtain (5.18).
By Proposition 5.7, assertion (ii) is equivalent to saying that ((−)⊗k H, (−)⊗k H, (−)⊗k ΨR)

and (H ⊗k (−),H ⊗k (−),ΨL ⊗k (−)) are weak entwining structures in CAT (or, in the termi-
nology of [9], (H,H,ΨR) is a right–right weak entwining structure and (H,H,ΨL) is a left–left
weak entwining structure in BIM). This statement was proven to be equivalent to (i) in [9, Theo-
rem 4.7]. �
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We define a weak bimonad as a monad T on a monoidal category
M with the property that the Eilenberg–Moore category M T

is monoidal and the forgetful functor M T → M is separable
Frobenius. Whenever M is also Cauchy complete, a simple set
of axioms is provided, that characterizes the monoidal structure
of M T as a weak lifting of the monoidal structure of M .
The relation to bimonads, and the relation to weak bimonoids
in a braided monoidal category are revealed. We also discuss
antipodes, obtaining the notion of weak Hopf monad.

© 2010 Published by Elsevier Inc.

Introduction

Bialgebras (say, over a field) have several equivalent characterizations. One of the most elegant is
due to Pareigis, who proved that an algebra A over a field K is a bialgebra if and only if the category
of (left or right) A-modules is monoidal and the forgetful functor from the category of A-modules
to the category of K -vector spaces is strict monoidal. This fact extends to bialgebras in any braided
monoidal category [12].

Pareigis’ characterization of a bialgebra was the starting point of Moerdijk’s generalization in [14]
of bialgebras to monoidal categories possibly without a braiding. He defined a bimonad (originally
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called a Hopf monad) as a monad T on a monoidal category M , such that the Eilenberg–Moore cat-
egory M T of T -algebras is monoidal and the forgetful functor M T → M is strict monoidal. That
is, the monoidal structure of M lifts to M T . Because liftings of functors (respectively, of natural
transformations) are described by 1-cells (respectively, by 2-cells) in the 2-category Mnd(Cat) of mon-
ads (in the notation of [18]), Moerdijk’s definition says that a monad is a bimonad if and only if the
functor induced by the monoidal unit of M , from the terminal category to M , and the functor pro-
vided by the monoidal product of M , from M × M to M , both admit the structure of a 1-cell in
Mnd(Cat), and the coherence natural isomorphisms in M are 2-cells in Mnd(Cat). In [11], McCrudden
showed that a bimonad is the same as an opmonoidal monad, that is, a monad in the 2-category
of monoidal categories, opmonoidal functors and opmonoidal natural transformations. Equivalently,
bimonads are the same as monoids in a multicategory of monads on a monoidal category.

Pareigis’ characterization of a bialgebra was generalized to a weak bialgebra [15,4] by Szlachányi
in [21]. He proved that an algebra A over a field K is a weak bialgebra if and only if the category of
(left or right) A-modules is monoidal and the forgetful functor from the category of A-modules to the
category of K -vector spaces obeys the so-called separable Frobenius condition. The latter means that
the forgetful functor admits both a monoidal and an opmonoidal structure that satisfy some compat-
ibility relations: see Definition 1.1. These (op)monoidal structures are no longer strict. In particular,
the monoidal unit of the category of A-modules is not K as a vector space but a non-trivial retract
of A. Also, the monoidal product of two A-modules is not their K -module tensor product but a linear
retract of it.

Weak bialgebras can be defined in any braided monoidal category, see [1] and [16], as objects
possessing both a monoid and a comonoid structure, subject to compatibility axioms that generalize
those in [15] and [4] in the case of a symmetric monoidal category of vector spaces. The resulting
category of modules was investigated in [16].

The aim of this paper is to generalize weak bialgebras to monoidal categories possibly without a
braiding. Inspired by Szlachányi’s characterization of a weak bialgebra, we define a weak bimonad as
a monad T on a monoidal category M , with extra structure making M T monoidal and the forgetful
functor M T → M separable Frobenius.

For a weak bimonad T , the forgetful functor M T → M is no longer strict monoidal, hence the
monoidal structure of the domain category M does not lift to M T , and so the monoidal unit
and the monoidal product of M are no longer 1-cells in Mnd(Cat). However, the notion of lifting
F :M T → M ′ T ′

of a functor F :M → M ′ was weakened in [3] by replacing commutativity of the
diagram of functors

M T
F

U

M ′ T ′

U ′

M
F

M ′

by the existence of a split natural monomorphism i : U ′ F → F U . A weak lifting of a natural trans-
formation is defined as a natural transformation between the lifted functors that commutes with
the natural monomorphisms i in the evident sense. Weak liftings of functors and of natural trans-
formations in a locally Cauchy complete 2-subcategory of Cat, are related to 1-cells and 2-cells in a
2-category Mndi(Cat) in [3], extending Mnd(Cat).

In Section 1 we give an interpretation of the axioms of a weak bimonad (on a Cauchy complete
monoidal category), similar to the interpretation of a bimonad in [14]. While for a bimonad T the
monoidal structure of M T is given by lifting of the monoidal structure in the domain category M ,
for a weak bimonad T the monoidal product in M T is a weak lifting of the monoidal product in M ,
the monoidal unit is a weak lifting of the functor 1 → M T−→ M , the associativity constraint is a
weak lifting of the associativity constraint in M and the unit constraints are weak liftings of certain
morphisms in M constructed from the other data.

By results in [16], a weak bimonoid in a braided monoidal category can be described as a quantum
category over a separable Frobenius base monoid. Extending this result in Section 2, we establish an
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equivalence between the category of weak bimonads on a Cauchy complete monoidal category M
and the category of bimonads on bimodule categories over separable Frobenius monoids in M .

In Section 3 we show that weak bimonoids in a braided monoidal category (cf. [16,1]) induce
weak bimonads. In certain braided monoidal categories the converse can also be proved: if a monoid
induces a weak bimonad then it admits the structure of a weak bimonoid.

In Section 4, using the result in Section 2 that any weak bimonad (on a Cauchy complete monoidal
category) can be regarded as a bimonad (on another monoidal category), we define a weak right Hopf
monad to be a weak bimonad such that the associated bimonad is a right Hopf monad in the sense
of [5] and [7]; there is a companion result involving weak left Hopf monads and left Hopf monads.
A weak bimonoid in a Cauchy complete braided monoidal category is shown to induce a weak right
Hopf monad by tensoring with it on the right if and only if it is a weak Hopf monoid in the sense
of [1] and [16]; once again there is a companion result with left in place of right.

Notation and conventions. The monoidal categories in this paper are not necessarily strict but in or-
der to simplify our expressions, we omit explicit mention of their coherence isomorphisms wherever
possible.

Recall that, for an opmonoidal functor F : (N ,�, R) → (M ,⊗, K ) with opmonoidal structure
i X,Y : F (X � Y ) → F X ⊗ F Y and i0 : F R → K , the diagram

F (X � Y � Z)
i X�Y ,Z

i X,Y �Z

F (X � Y ) � F Z

i X,Y �F Z

F X � F (Y � Z)
F X�iY ,Z

F X � F Y � F Z

commutes. We sometimes write i(3)
X,Y ,Z for the common composite, and we use an analogous notation

for monoidal functors.
We say that a category is Cauchy complete provided that idempotent morphisms in it split.

1. Weak bimonads and their Eilenberg–Moore category of algebras

The definition of weak bimonad is based on the notion of separable Frobenius functor introduced
in [21]:

Definition 1.1. A functor F from a monoidal category (N ,�, R) to a monoidal category (M ,⊗, K )

is said to be separable Frobenius when it is equipped with a monoidal structure p X,Y : F X ⊗ F Y →
F (X � Y ), p0 : K → F R and an opmonoidal structure i X,Y : F (X � Y ) → F X ⊗ F Y , i0 : F R → K such
that, for all objects X , Y , Z in N , the following diagrams commute:

F X ⊗ F (Y � Z)
F X⊗iY ,Z

p X,Y �Z

F X ⊗ F Y ⊗ F Z

p X,Y ⊗F Z

F (X � Y � Z)
i X�Y ,Z

F (X � Y ) ⊗ F Z

F (X � Y ) ⊗ F Z
i X,Y ⊗F Z

p X�Y ,Z

F X ⊗ F Y ⊗ F Z

F X⊗pY ,Z

F (X � Y � Z)
i X,Y �Z

F X ⊗ F (Y � Z)

F X ⊗ F Y
p X,Y

F (X � Y )

i X,Y

F (X � Y )
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Example 1.2. (1) Strong monoidal functors are clearly separable Frobenius.
(2) The composite of separable Frobenius functors is separable Frobenius, cf. [8].
(3) In a monoidal category (M ,⊗, K ) possessing (appropriate) coequalizers preserved by ⊗, one

may consider the monoidal category RMR of bimodules over a monoid R in M . The monoidal
product is provided by the R-module tensor product and the monoidal unit is R . Justifying the ter-
minology, the forgetful functor RMR → M is separable Frobenius if and only if R is a separable
Frobenius monoid; that is, a Frobenius monoid in the sense of [19] such that, in addition, composing
its comultiplication R → R ⊗ R with its multiplication R ⊗ R → R yields the identity morphism R .

Definition 1.3. A weak bimonad on a monoidal category (M ,⊗, K ) is a monad (T ,m, u) on M
equipped with a monoidal structure on the Eilenberg–Moore category M T and a separable Frobe-
nius structure on the forgetful functor M T → M .

The main aim of this section is to find an equivalent formulation of Definition 1.3 – in the spirit
of the descriptions of bimonads in [14] and [11] (there called Hopf monads).

If a monad T possesses a monoidal Eilenberg–Moore category (M T ,�, (R, r)) then, for any T -
algebras (A,a) and (B,b), there is a T -algebra (A,a) � (B,b) that we denote by (A � B,a � b). (Note
that by definition a�b is a morphism T (A � B) → A � B in M , while a � b is a morphism (T A,mA)�
(T B,mB) → (A,a)� (B,b) in M T ; that is, a morphism T A � T B → A � B in M . Note also that A � B
depends not just on A and B but on the algebras (A,a) and (B,b).)

In order to get started, we need the following basic observation:

Proposition 1.4. Consider a monad (T ,m, u) on a monoidal category (M ,⊗, K ) equipped with a monoidal
Eilenberg–Moore category (M T ,�, (R, r)). If the forgetful functor U :M T → M admits both a monoidal
structure (p, p0) and an opmonoidal structure (i, i0) then T is opmonoidal, with τ0 and τX,Y given, respec-
tively, by the composite morphisms

T K
T p0

T R
r

R
i0

K and (1.1)

T (X ⊗ Y )
T (u X ⊗uY )

T (T X ⊗ T Y )
T pT X,T Y

T (T X � T Y )
mX�mY

T X � T Y
iT X,T Y

T X ⊗ T Y . (1.2)

Proof. Since U is monoidal, its left adjoint F is opmonoidal. Since U is also opmonoidal, so is T = U F .
The explicit form of the structure morphisms (1.1) and (1.2) is immediate. �

At this point we can now state one characterization of weak bimonads:

Theorem 1.5. Let T = (T ,m, u) be a monad on a monoidal category (M ,⊗, K ) in which idempotents split. To
give T the structure of a weak bimonad is equivalently to give the endofunctor T the structure of an opmonoidal
functor (T , τ , τ0) in such a way that the following conditions hold:

T 2(X ⊗ T K )
T τX,T K

T (T X ⊗ T 2 K )
T (T X⊗mK )

T (T X ⊗ T K )
T (T X⊗τ0)

T 2 X

mX

T (X ⊗ T K )

T u X⊗T K

τX,T K
T X ⊗ T 2 K

T X⊗mK
T X ⊗ T K

T X⊗τ0
T X

(1.3)
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T 2(T K ⊗ X)
T τT K ,X

T (T 2 K ⊗ T X)
T (mK ⊗T X)

T (T K ⊗ T X)
T (τ0⊗T X)

T 2 X

mX

T (T K ⊗ X)

T uT K⊗X

τT K ,X
T 2 K ⊗ T X

mK ⊗T X
T K ⊗ T X

τ0⊗T X
T X

(1.4)

X ⊗ T (Y ⊗ Z)
X⊗τY ,Z

X ⊗ T Y ⊗ T Z
u X⊗T Y ⊗T Z

T (X ⊗ T Y ) ⊗ T Z
τX,T Y ⊗T Z

T X ⊗ T 2Y ⊗ T Z

T X⊗mY ⊗T Z

X ⊗ Y ⊗ Z

X⊗uY ⊗Z

u X⊗Y ⊗Z
T (X ⊗ Y ⊗ Z)

τX⊗Y ,Z
T (X ⊗ Y ) ⊗ T Z

τX,Y ⊗T Z
T X ⊗ T Y ⊗ T Z

(1.5)

T (X ⊗ Y ) ⊗ Z
τX,Y ⊗Z

T X ⊗ T Y ⊗ Z
T X⊗uT Y ⊗Z

T X ⊗ T (T Y ⊗ Z)
T X⊗τT Y ,Z

T X ⊗ T 2Y ⊗ T Z

T X⊗mY ⊗T Z

X ⊗ Y ⊗ Z

u X⊗Y ⊗Z

u X⊗Y ⊗Z
T (X ⊗ Y ⊗ Z)

τX⊗Y ,Z
T (X ⊗ Y ) ⊗ T Z

τX,Y ⊗T Z
T X ⊗ T Y ⊗ T Z

(1.6)

T 2(X ⊗ Y )
T τX,Y

mX⊗Y

T (T X ⊗ T Y )
τT X,T Y

T 2 X ⊗ T 2Y

mX ⊗mY

T (X ⊗ Y )
τX,Y

T X ⊗ T Y

(1.7)

We shall spend the rest of the section proving this theorem as well as formulating a further
characterization in terms of weak lifting. One half of the theorem we prove immediately:

Proposition 1.6. For any weak bimonad, Eqs. (1.3)–(1.7) hold when the endofunctor is given the opmonoidal
structure of Proposition 1.4.

Proof. (R, r) is the monoidal unit in M T and the coherence natural isomorphisms in M T are T -
algebra morphisms. For any morphisms f : (A,a) → (A′,a′) and g : (B,b) → (B ′,b′) of T -algebras,
f � g is a morphism of T -algebras, so that

T (A � B)

a�b

T ( f �g)

T (A′ � B ′)

a′�b′

A � B
f �g

A′ � B ′

(1.8)
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commutes. By (1.2) and unitality of the T -action mX � mY , the diagram

X ⊗ Y

u X⊗Y

u X ⊗uY
T X ⊗ T Y

pT X,T Y

T X � T Y

iT X,T Y

T (X ⊗ Y )
τX,Y

T X ⊗ T Y

(1.9)

commutes, for any objects X , Y of M . Hence a straightforward computation, using these facts to-
gether with the unitality of m and with the opmonoidality of (U , i, i0), shows that both routes
around (1.3) are equal to

T (X ⊗ T K )
T (X⊗T p0)

T (X ⊗ T R)
T (X⊗r)

T (X ⊗ R)
T (u X ⊗R)

T (T X ⊗ R)
T pT X,R

T 2 X
mX

T X .

Equality (1.4) is proved symmetrically. In view of (1.9), the bottom path of (1.5) is equal to

X ⊗ Y ⊗ Z
u X ⊗uY ⊗u Z

T X ⊗ T Y ⊗ T Z
p(3)

T X,T Y ,T Z

T X � T Y � T Z
i(3)
T X,T Y ,T Z

T X ⊗ T Y ⊗ T Z .

This expression is checked to be equal also to the upper path of (1.5), by applying (1.9) repeatedly,
and using monoidality of (U , p, p0) and the first property in Definition 1.1 of the separable Frobenius
functor U . Equality (1.6) is proved symmetrically, using the second property in Definition 1.1 of the
separable Frobenius functor U instead of the first one. Finally, by (1.2), by naturality of i and p,
by (1.8), and by unitality of m, we deduce that (mX ⊗ mY ) ◦ τT X,T Y = iT X,T Y ◦ (mX � mY ) ◦ T pT X,T Y .
Hence (1.7) follows by the third property in Definition 1.1 of the separable Frobenius functor U and
associativity of the action mX � mY : T (T X � T Y ) → T X � T Y . �
Lemma 1.7. Let (T , τ , τ0) be an opmonoidal endofunctor of a monoidal category (M ,⊗, K ), and (T ,m, u)

a monad on M , and suppose that Eq. (1.3) holds. Then the morphism

� := (
T K

uT K

T 2 K
τK ,T K

T K ⊗ T 2 K
T K⊗mK

T K ⊗ T K
T K⊗τ0

T K
)

is idempotent, and the diagram

T 2 K
T �

mK

T 2 K
mK

T K

�

T K � T K

(1.10)

commutes.
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Proof. In the diagram

T K
�

uT K

T K
uT K

T 2 K

τK ,T K

T 2 K
τK ,T K

τK ,T K

T K ⊗ T 2 K
T K⊗T �

T K⊗τK ,T K

T K ⊗ T 2 K

T K⊗mK

T K ⊗ T 2 K
τK ,K ⊗T 2 K

T K ⊗ T K ⊗ T 2 K
T K⊗T K⊗mK

T K⊗τ0⊗T 2 K

T K ⊗ T K ⊗ T K
T K⊗T K⊗τ0

T K⊗τ0⊗T K

T K ⊗ T K

T K⊗τ0

T K ⊗ T 2 K
T K⊗mK

T K ⊗ T K
T K⊗τ0

T K

the squares at the bottom and the region at the top commute by naturality, the triangle and the
square above it commute since (T , τ , τ0) is opmonoidal, and the remaining region is seen to commute
by taking X = K in Eq. (1.3) and then tensoring on the left by T K . The composite of the top path
is ��, and that of the bottom path is �.

As for commutativity of the displayed diagram, in the following diagram

T K

uT K

T 2 K
mK

uT 2 K

T �
T 2 K

mK

T 2 K

τK ,T K

T 3 K

τK ,T 2 K

T K

uT K

T K ⊗ T 2 K T K ⊗ T 3 K
T K⊗T mK

T K⊗mT K

T K⊗T 2�
T K ⊗ T 3 K

T K⊗mT K

T K⊗T mK

T 2 K

τK ,T K

T K ⊗ T 2 K

T K⊗τK ,T K

T K⊗T �
T K ⊗ T 2 K

T K⊗mK

T K ⊗ T 2 K

T K⊗mK

T K ⊗ T K ⊗ T 2 K
T K⊗T K⊗mK

T K⊗τ0⊗T 2 K

T K ⊗ T K ⊗ T K
T K⊗T K⊗τ0

T K⊗τ0⊗T K

T K ⊗ T K

T K⊗τ0

T K ⊗ T 2 K

T K⊗mK

T K ⊗ T 2 K
T K⊗mK

T K ⊗ T K
T K⊗τ0

T K

the large regions at the top commute by naturality, the pentagonal region in the middle commutes
by the case X = K of Eq. (1.3), and remaining regions commute by naturality, associativity of m, and
the opmonoidal functor axioms. �
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Lemma 1.8. Consider a weak bimonad (T ,m, u) on a monoidal category (M ,⊗, K ), with opmonoidal struc-
ture τ0 in (1.1) and τ in (1.2). Then the idempotent morphism

� := (
T K

uT K

T 2 K
τK ,T K

T K ⊗ T 2 K
T K⊗mK

T K ⊗ T K
T K⊗τ0

T K
)

factorizes through an epimorphism T K → R and a section of it, where R denotes the object in M underlying
the monoidal unit (R, r) of M T .

Proof. The desired epimorphism is constructed as

P := (T K
T p0

T R
r

R) (1.11)

with a section

I := (R
uR

T R
τK ,R

T K ⊗ T R
T K⊗r

T K ⊗ R
T K⊗i0

T K ), (1.12)

where (p, p0) denotes the monoidal structure and (i, i0) denotes the opmonoidal structure of the
forgetful functor U :M T → M . �
Lemma 1.9. For a weak bimonad T and any T -algebras (A,a) and (B,b), the idempotent morphism

E A,B := (
A ⊗ B

u A⊗B
T (A ⊗ B)

τA,B
T A ⊗ T B

a⊗b
A ⊗ B

)

is equal to i A,B ◦ p A,B , where τ is the natural transformation (1.2), (p, p0) denotes the monoidal structure and
(i, i0) denotes the opmonoidal structure of the forgetful functor U :M T → M .

Proof. This is immediate by (1.2) and unitality of the T -actions a, b and mA � mB . �
The 2-category Mnd(Cat) of monads was extended in [3] to a 2-category Mndi(Cat), as follows. The

objects of Mndi(Cat) are the monads in Cat. The 1-cells from a monad (T ,m, u) on a category C to a
monad (T ′,m′, u′) on C ′ , are pairs consisting of a functor V :C → C ′ and a natural transformation
ψ : T ′V → V T , such that the diagram below on the left commutes, while the 2-cells (V ,ψ) → (W ,ϕ)

are natural transformations ω : V → W such that the diagram on the right commutes.

T ′T ′V
T ′ψ

m′V

T ′V T
ψT

V T T

V m

T ′V
ψ

V T

T ′T ′V
T ′ψ

T ′V T
T ′ωT

T ′W T
ϕT

W T T

W m

T ′V

T ′u′V

ψ
V T

ωT
W T

There is a variant, Mndp(Cat), of this 2-category which has the same objects and 1-cells but in
which a 2-cell (V ,ψ) → (W ,ϕ) is a natural transformation ω : V → W such that ϕ ◦ T ′ω = W m ◦
ϕT ◦ u′W T ◦ ωT ◦ ψ .

For a monad T on C and a monad T ′ on C ′ , we say that a functor V :C T → C ′ T ′
is a weak

lifting of a functor V :C → C ′ if there exists a split natural monomorphism i : U ′V → V U (where
U :C T → C and U ′ :C ′ T ′ → C ′ are the forgetful functors). Associated to a 1-cell (V ,ψ) in Mndi(Cat),
there is an idempotent natural transformation V U → V U . Evaluated on a T -algebra (A,a), it is the

               dc_124_10



JID:YJABR AID:13051 /FLA [m1G; v 1.45; Prn:10/08/2010; 8:28] P.9 (1-30)

G. Böhm et al. / Journal of Algebra ••• (••••) •••–••• 9

morphism V a ◦ ψ A ◦ u′V A : V A → V A. Whenever it splits (that is, it factorizes through some natural
epimorphism V U → V 0 and a section), the resulting functor V 0 :C T → C ′ has a lifting to a functor
V :C T → C ′ T ′

, which is clearly a weak lifting of V . Conversely, every weak lifting V :C T → C ′ T ′

of a functor V :C → C ′ arises in this way from a unique 1-cell (V ,ψ) in Mndi(Cat) such that the
corresponding idempotent natural transformation splits: see [3, Theorem 4.4].

A natural transformation ω : V → W between weakly lifted functors is said to be a weak i-lifting of
a natural transformation ω : V → W provided that ωU ◦ i = i ◦ U ′ω. By [3, Proposition 4.3], a natural
transformation has a weak i-lifting if and only if it is a 2-cell in Mndi(Cat). Symmetrically, ω is said
to be a weak p-lifting of ω provided that p ◦ ωU = U ′ω ◦ p, in terms of a natural retraction p of i.
By [3, Proposition 4.3], a natural transformation has a weak p-lifting if and only if it is a 2-cell in
Mndp(Cat).

Theorem 1.10. Let (T ,m, u) be a monad on a monoidal category (M ,⊗, K ), where (T , τ , τ0) : (M ,⊗, K ) →
(M ,⊗, K ) is an opmonoidal functor. Then Eqs. (1.3)–(1.7) hold if and only if the following conditions are sat-
isfied:

(i) The functor 1 K−→ M T−→ M and the natural transformation T 2 K
mK−−→ T K �−→ T K constitute a 1-cell

1 → T in Mndi(Cat).
(ii) The functor M ×M

⊗−→ M and the natural transformation T (•⊗•)
τ−→ T (•)⊗ T (•) constitute a 1-cell

T × T → T in Mndi(Cat).
(iii) The natural transformations

M × M
M×T

⇓M×τ0

M × M

⊗

M × M
T ×M

⇓τ0×M

M × M

⊗

M

M×K

M
M M

K×M

M
M

are 2-cells in Mndi(Cat).
(iv) The idempotent natural transformations E T X,T Y and E(3)

T X,T Y ,T Z which are respectively the composites

T X ⊗ T Y
uT X⊗T Y

T (T X ⊗ T Y )
τT X,T Y

T 2 X ⊗ T 2Y
mX ⊗mY

T X ⊗ T Y and

T X ⊗ T Y ⊗ T Z
uT X⊗T Y ⊗T Z

T (T X ⊗ T Y ⊗ T Z)
τ

(3)
T X,T Y ,T Z

T 2 X ⊗ T 2Y ⊗ T 2 Z

mX ⊗mY ⊗mZ
T X ⊗ T Y ⊗ T Z ,

make the following diagram commute:

T X ⊗ T Y ⊗ T Z
ET X,T Y ⊗T Z

E(3)
T X,T Y ,T Z

T X⊗ET Y ,T Z

T X ⊗ T Y ⊗ T Z

T X⊗ET Y ,T Z

T X ⊗ T Y ⊗ T Z
ET X,T Y ⊗T Z

T X ⊗ T Y ⊗ T Z

for any objects X , Y , Z in M .
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Proof. Using the definition of 1-cells in Mndi(Cat), assertion (i) is seen to be equivalent to the equa-
tion � ◦ mK ◦ T � = � ◦ mK which by Lemma 1.7 holds whenever Eq. (1.3) does. Assertion (ii) is clearly
equivalent to (1.7). Condition (iii) depends on the 1-cells in Mndi(Cat) constructed in parts (i) and (ii).
Now τ0 ◦ � = τ0 by opmonoidality of T , and then the two conditions in (iii) are equivalent to (1.3)
and (1.4). Similarly the two conditions in (iv) are equivalent to (1.5) and (1.6). �

Our next aim is to prove the other half of Theorem 1.5, which we state as:

Proposition 1.11. Consider a monad (T ,m, u) on a monoidal category (M ,⊗, K ) and an opmonoidal struc-
ture (τ , τ0) on the functor T . Assume that the identities (1.3)–(1.7) hold and that the following idempotent
morphisms split:

� := (
T K

uT K

T 2 K
τK ,T K

T K ⊗ T 2 K
T K⊗mK

T K ⊗ T K
T K⊗τ0

T K
)

(1.13)

and

E A,B := (
A ⊗ B

u A⊗B
T (A ⊗ B)

τA,B
T A ⊗ T B

a⊗b
A ⊗ B

)
, (1.14)

for any T -algebras (A,a) and (B,b). Then T is a weak bimonad.

Proof. We prove this claim by constructing a monoidal structure on M T weakly lifting that of M ,
and by showing that with respect to this monoidal structure the forgetful functor U :M T → M is
separable Frobenius.

By Theorem 1.10 (ii), (⊗, τ ) is a 1-cell in Mndi(Cat) (equivalently, in Mndp(Cat)) and so induces a
weak lifting � :M T × M T → M T ; that is, a functor � equipped with natural transformations

M T × M T
�

U×U

M T

U⇓ip⇑

M × M ⊗ M

such that p ◦ i is the identity natural transformation. Explicitly, for T -algebras (A,a) and (B,b), the to-
be-tensor product (A,a) � (B,b) = (A � B,a � b) is given by splitting the idempotent (1.14) to obtain
A � B , via maps i A,B : A � B → A ⊗ B and p A,B : A ⊗ B → A � B , and then a � b is the composite

T (A � B)
T i A,B

T (A ⊗ B)
τA,B

T A ⊗ T B
a⊗b

A ⊗ B
p A,B

A � B.

By coassociativity of τ , the associativity isomorphism in M is an invertible 2-cell both in
Mndi(Cat) and Mndp(Cat). So it weakly lifts to an associativity isomorphism for � such that the
following diagrams, with the associativity isomorphisms on the vertical arrows, commute.

(A � B) � C
i A�B,C

(A � B) ⊗ C
i A,B⊗C

(A ⊗ B) ⊗ C

A � (B � C)
i A,B�C

A ⊗ (B � C)
A⊗iB,C

A ⊗ (B ⊗ C)

(A ⊗ B) ⊗ C
p A,B⊗C

(A � B) ⊗ C
p A�B,C

(A � B) � C

A ⊗ (B ⊗ C)
A⊗pB,C

A ⊗ (B � C)
p A,B�C

A � (B � C)
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That is, p and i satisfy the associativity conditions that will be needed to make U a monoidal and an
opmonoidal functor. The pentagon identity for � follows from that for ⊗ and commutativity of either
of the diagrams above.

Next we construct the unit object for the monoidal category M T . By Theorem 1.10 (i), (T K ,

� ◦ mK ) is a 1-cell in Mndi(Cat) and so gives an object (R, r) of M T . Explicitly, R is obtained by
splitting the idempotent � via maps I : R → T K and P : T K → R , and r is the composite

T R
T I

T 2 K
mK

T K
P

R.

The unit constraints for M T are constructed by applying Theorem 1.10 (iii). The 2-cells of
Mndi(Cat) therein induce morphisms �A : A � R → A and λA : R � A → A of T -algebras, natural in
the T -algebra (A,a). Explicitly, �A and λA are given by the composites

A � R
i A,R

A ⊗ R
A⊗I

A ⊗ T K
A⊗τ0

A,

R � A
iR,A

R ⊗ A
I⊗A

T K ⊗ A
τ0⊗A

A, (1.15)

respectively. Since A � R was constructed by splitting the idempotent E A,R , to show that �A is invert-
ible, it will suffice to show that

A ⊗ R
E A,R

A ⊗ R
A⊗I

A ⊗ T K
A⊗τ0

A

is the epimorphism part of a splitting for E A,R . We claim that the other half of the splitting can be
taken to be

A
u A

T A
τA,K

T A ⊗ T K
a⊗P

A ⊗ R.

By commutativity of the following diagram, one composite yields the identity morphism on A.

A
u A

u A

T A
τA,K

uT A

T A ⊗ T K
a⊗P

A ⊗ R

u A⊗R

T 2 A
T τA,K

mA

T (T A ⊗ T K )
T (a⊗P )

τT A,T K

T (A ⊗ R)

τA,R

T 2 A ⊗ T 2 K
T a⊗T P

mA⊗mK

T A ⊗ T R

a⊗r

A ⊗ R

A⊗I

T A
τA,K

T A ⊗ T K
a⊗�

a⊗τ0

A ⊗ T K

A⊗τ0

A

The top two squares on the right-hand side commute by naturality. The third (pentagonal) region
below them commutes by the associativity of a, definition of r and (1.10). The other pentagonal region

               dc_124_10



JID:YJABR AID:13051 /FLA [m1G; v 1.45; Prn:10/08/2010; 8:28] P.12 (1-30)

12 G. Böhm et al. / Journal of Algebra ••• (••••) •••–•••

on its left commutes by (1.7) and the region on the left of that commutes by the unitality condition
on a monad. The triangle at the bottom commutes by the (straightforward) fact that τ0 ◦ � = τ0. The
bottom-left region commutes by the opmonoidality of T and unitality of a.

Composition in the opposite order yields E A,R by commutativity of

A ⊗ R

A⊗I

A ⊗ R

E A,R

A ⊗ T K

A⊗P

E A,T K

E A,T K

u A⊗T K
A ⊗ T K

A⊗P

A⊗�

T (A ⊗ T K )

τA,T K

T A ⊗ T 2 K

a⊗mK
A ⊗ T K

A⊗τ0

A
A⊗uK

u A

A ⊗ T K
E A,T K

A ⊗ T K
A⊗P

A ⊗ R

T A
τA,K

T A ⊗ T K
a⊗T K

The leftmost vertical path is equal to (A ⊗ τ0) ◦ (A ⊗ I) ◦ E A,R since by the definition of r, τ0 ◦ I ◦ r =
τ0 ◦mK ◦ T I . The regions surrounded by the curved arrows commute by (1.14). The triangle at the top
commutes by the definitions of I and P . The concave quadrangle below it commutes by naturality
of E , since P is a morphism of T -algebras by (1.10). The large polygon at the bottom-left involves the
morphism

� := (τ0 ⊗ T K ) ◦ ET K ,T K ◦ (T K ⊗ uK ) = (τ0 ⊗ T K ) ◦ (mK ⊗ T K ) ◦ τT K ,K ◦ uT K ,

where the last equality follows by (1.14). In order to see that this polygon commutes, note that asso-
ciativity of a together with (1.3) implies

E A,T K ◦ (A ⊗ τ0 ⊗ T K ) ◦ (E A,T K ⊗ T K ) = (A ⊗ τ0 ⊗ T K ) ◦ E(3)
A,T K ,T K .

Using the first one of the equivalent forms of � above, this implies commutativity of the bottom-left
polygon. In order to see that the triangle on its right commutes, use the second form of �. By (1.4)
and opmonoidality of T , it obeys τ0 ◦mK ◦ T � = τ0 ◦mK which implies �◦� = � hence commutativity
of the triangle in question.

The case of λ is similar. We record here the explicit forms of �−1
A and λ−1

A as

A
u A

T A
τA,K

T A ⊗ T K
a⊗P

A ⊗ R
p A,R

A � R,

A
u A

T A
τK ,A

T K ⊗ T A
P⊗a

R ⊗ A
pR,A

R � A, (1.16)

respectively.
To conclude that M T is a monoidal category, we only need to prove that the triangle condition

holds. This follows by functoriality of weak lifting because both morphisms
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(A � R) � B A � (R � B)
A�λB

A � B and (A � R) � B
�A�B

A � B

are weak i-liftings of (A ⊗ τ0) ⊗ B : (A ⊗ T K ) ⊗ B → A ⊗ B , for any T -algebras A and B .
It remains to show that the forgetful functor U :M T → M is separable Frobenius. We already

have the binary parts of the monoidal and opmonoidal structures, in the form of morphisms p A,B : A⊗
B → A � B and i A,B : A � B → A ⊗ B . We already proved that they satisfy the associativity, respectively,
coassociativity conditions. A counit i0 for U , so that (U , i, i0) becomes an opmonoidal functor, is
constructed as the composite

R
I

T K
τ0

K

and the counit laws then reduce to Eqs. (1.15) defining λ and �. The unit p0 for the monoidal struc-
ture of U will be the composite

K
uK

T K
P

R.

One of the unit laws follows by commutativity of the diagram below; the other is similar and left to
the reader.

A
A⊗uK

u A

A ⊗ T K
A⊗P

u A⊗T K

A ⊗ R
p A,R

u A⊗R

A � R

i A,RT A
T (A⊗uK )

τA,K

T (A ⊗ T K )
T (A⊗P )

τA,T K

T (A ⊗ R)

τA,R

T A ⊗ T K
T A⊗T uK

T A ⊗ T 2 K
T A⊗T P

T A⊗mK

T A ⊗ T R
a⊗r

A ⊗ R

A⊗I

T A ⊗ T K
a⊗�

T A⊗τ0

A ⊗ T K

A⊗τ0

T A
a

A

The four squares in the top left corner commute by naturality; the large region in the top right
corner by definition of i and p; the triangle by one of the unit laws for a monad, the region to its
right by definition of r and (1.10), and the bottom region by the equation τ0 ◦ � = τ0 once again. The
left/bottom path yields an identity morphism by opmonoidality of T and unitality of a.

The separability condition p A,B ◦ i A,B = A � B holds by construction. As for the Frobenius con-
ditions in Definition 1.1, by (1.14) we have E A,B�C = (A ⊗ pB,C ) ◦ E(3)

A,B,C ◦ (A ⊗ iB,C ), and now the
first Frobenius condition follows by Theorem 1.10 (iv); the other Frobenius condition is proved simi-
larly. �
2. Weak bimonads vs. bimonads over a separable Frobenius base

The aim of this section is to study the category of weak bimonads on a given Cauchy complete
monoidal category M . As a main result, we prove that it is equivalent to an appropriate category of
bimonads on bimodule categories over separable Frobenius monoids in M .
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Recall that if T is a bimonad then M T can be given a monoidal structure so that the forgetful
functor U :M T → M is strict monoidal. Conversely, any monad T for which U :M T → M is strong
monoidal can be made into a bimonad; and these two processes are, in a suitable sense, mutually
inverse. Similarly, if g : T → T ′ is a morphism of bimonads and M T and M T ′

are made monoidal as
above, then the induced functor g∗ :M T ′ → M T is strict monoidal; and conversely if g : T → T ′ is a
morphism of monads for which the induced functor g∗ is opmonoidal, compatibly with the forgetful
functors, then g can be made into a morphism of bimonads.

For the entire section, we introduce the following notation. We work in a monoidal category M ,
with monoidal product ⊗ and monoidal unit K . For a weak bimonad T , the monad structure is de-
noted by m : T 2 → T and u :M → T . The opmonoidal structure of T is denoted by τX,Y : T (X ⊗ Y ) →
T X ⊗ T Y and τ0 : T K → K . The forgetful functor M T → M is called U . The monoidal unit of M T

is denoted by (R, r). By the separable Frobenius property of U , R is a separable Frobenius monoid
in M . Its monoid structure is denoted by (μ : R ⊗ R → R, η : K → R) and for the comonoid structure
we write (δ : R → R ⊗ R, ε : R → K ). (See their explicit expressions in terms of (m, u) and (τ , τ0) be-
low.) For the monoidal category of R-bimodules, the forgetful functor is denoted by V : RMR → M .
We use the notation � introduced in (1.13), E in (1.14) and E(3) in Theorem 1.10 (iv). For other
(weak) bimonads T ′ , T̃ , etc., we use the same symbols introduced for T , distinguished by prime,
tilde, etc.

Our starting point is the following result due to Szlachányi.

Theorem 2.1. (See [21, Theorem 2.2 and Lemma 6.2].) Any separable Frobenius functor U , from a monoidal
category N with unit R, to a Cauchy complete monoidal category M , factorizes through the forgetful functor
U RMU R → M via a strong monoidal functor N → U RMU R .

In particular, for a weak bimonad T on a Cauchy complete monoidal category M , the forgetful
functor U :M T → M factorizes through a strong monoidal functor Ũ from M T to the bimodule
category RMR for the monoidal unit R of M T and the forgetful functor V : RMR → M . Explicitly,
the monoid structure of R comes out as

μ := (R ⊗ R
E R,R

R ⊗ R
R⊗I

R ⊗ T K
R⊗τ0

R), η := (K
uK

T K
P

R)

(2.1)

and its comonoid structure is given by

δ := (R
R⊗uK

R ⊗ T K
R⊗P

R ⊗ R
E R,R

R ⊗ R), ε := (R
I

T K
τ0

K ).

(2.2)

By (1.15), Ũ takes a T -algebra (A,a) to the R ⊗ • ⊗ R-algebra (A,�A) with the structure morphism

�A = (R ⊗ A ⊗ R
E(3)

R,A,R
R ⊗ A ⊗ R

I⊗A⊗I
T K ⊗ A ⊗ T K

τ0⊗A⊗τ0
A), (2.3)

where T K
P

R
I

T K denotes a chosen splitting of the idempotent morphism � of (1.13). (Re-
call that R ⊗•⊗ R-algebras (M,�M) are in bijection with R-bimodules (M,αM : M ⊗ R → M, βM : R ⊗
M → M) via the correspondence �M = αM ◦ (βM ⊗ R) = βM ◦ (R ⊗ αM).)

Next we compare the monadicity properties of the functors in the factorization in Theorem 2.1.
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Lemma 2.2. For a separable Frobenius monoid R in a Cauchy complete monoidal category M with forgetful
functor V : RMR → M , any V -contractible pair is a split coequalizer pair. (For the terminology we refer
to [2].)

Proof. Consider a Cauchy complete category C and an adjunction L 
 V :C → M in which the
counit n : LV → 1 is split by a natural monomorphism n. Under these assumptions, any V -contractible
pair is a split coequalizer pair. Indeed, if for some morphisms μ,ν : M → N in C , the first diagram in

V M

V μ

V ν

V N,ξ M

μ

ν

NnM◦Lξ◦nN

is a contractible pair, then so is the second one. Hence by Cauchy completeness of C , the coequalizer
of μ and ν exists.

We conclude by applying this observation to the adjunction R ⊗ • ⊗ R 
 V : RMR → M , whose
counit is given by the R ⊗ • ⊗ R-action �M : R ⊗ M ⊗ R → M , for any object (M,�M) of RMR , hence
by separable Frobenius property of R it is split by (R ⊗ �M ⊗ R) ◦ (δ ◦ η ⊗ M ⊗ δ ◦ η). �
Proposition 2.3. Let R be a separable Frobenius monoid in a Cauchy complete monoidal category M . Then
for a Cauchy complete category C , a functor W :C → RMR is monadic if and only if its composite with the
forgetful functor V : RMR → M is monadic.

Proof. This is proved by applying Beck’s theorem [2, Theorem 3.14].
Assume first that W is monadic. Then it is immediate by monadicity of V that V W has a left

adjoint and that it is conservative. It remains to show that the Beck condition holds. For a V W -
split coequalizer pair (α,β) in C , (W α, W β) is in particular V -contractible. Hence by Lemma 2.2
it is a split coequalizer pair (evidently preserved by V ). Then by monadicity of W , there exists the
coequalizer of α and β and it is preserved by W , so also by V W .

Conversely, assume that V W is monadic. Since V W is conservative by assumption, so is W . As for
the Beck condition, a W -split coequalizer pair (α,β) is also a V W -split coequalizer pair. Hence by
monadicity of V W , its coequalizer exists and it is preserved by V W . Since V is faithful, this implies
that W preserves the coequalizer of α and β . Thus we need only to check that W has a left adjoint.
This holds by a standard adjoint-lifting argument [2], made particularly simple here since the relevant
coequalizers are split. In more detail, let L be the left adjoint of V W , with counit n : LV W → 1 and
unit u : 1 → V W L. Consider the mate of V �W for � : R ⊗ V (•) ⊗ R → RMR under the adjunction
L 
 V W ; that is, the morphism

λX := (
L(R ⊗ X ⊗ R)

L(R⊗u X ⊗R)
L(R ⊗ V W L X ⊗ R)

LV ρW L X
LV W L X

nL X
L X

)
(2.4)

for any object X of M . Whenever the coequalizer of L�M , λM : L(R ⊗ M ⊗ R) → LM exists for any
object (M,�M) of RMR , it defines a left adjoint for the lifting W of V W ; see [2]. By the separable
Frobenius property of R , the morphism λX is split by the natural monomorphism λR⊗X⊗R ◦ L(δ ◦ η ⊗
X ⊗ δ ◦ η). Since the diagram

L(R ⊗ M ⊗ R)
L�M

λM

LM

LM
λM◦L((R⊗�M⊗R)◦(δ◦η⊗M⊗δ◦η))

LM

λR⊗M⊗R◦L(δ◦η⊗M⊗δ◦η)

LM
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is serially commutative, and the coequalizer of the bottom pair exists by Cauchy completeness of C ,
it follows that it is also a coequalizer of the top pair, defining a left adjoint of W . �
Remark 2.4. Proposition 2.3 implies a relation between weak bimonads on a Cauchy complete
monoidal category M and bimonads on RMR , for some separable Frobenius monoid R in M .
Namely, for a weak bimonad T , the separable Frobenius forgetful functor U :M T → M factorizes
through a strong monoidal functor Ũ :M T → RMR for a separable Frobenius monoid R , and the for-
getful functor V : RMR → M ; see Theorem 2.1. By Proposition 2.3, Ũ is also monadic hence together
with its left adjoint L̃, it induces a bimonad T̃ := Ũ L̃ on RMR , whose Eilenberg–Moore category is
equivalent to M T ; see [9]. Conversely, for a bimonad T̃ on a bimodule category RMR over a sep-
arable Frobenius monoid R , the composite U of the forgetful functor Ũ : (RMR)T̃ → RMR and the
forgetful functor V : RMR → M is separable Frobenius; cf. Example 1.2. It is also monadic by Propo-
sition 2.3, hence together with its left adjoint L, it induces a weak bimonad T := U L on M such that
M T is equivalent to (RMR)T̃ . What is more, by uniqueness of a left adjoint up to natural isomor-
phism, T and V T̃ (R ⊗ • ⊗ R) differ by an opmonoidal isomorphism of monads (or in fact they can be
chosen equal).

Remark 2.5. Consider a weak bimonad T on a Cauchy complete monoidal category M . By (the
proof of) Proposition 2.3, the left adjoint L̃ of the strong monoidal functor Ũ :M T → RMR (oc-
curring in the factorization of the forgetful functor U :M T → M ) is constructed by choosing a

splitting LM L̃(M,�M) LM of the idempotent natural transformation

λM ◦ L
(
(R ⊗ �M ⊗ R) ◦ (δ ◦ η ⊗ M ⊗ δ ◦ η)

)
: LM → LM, (2.5)

for any object (M,�M) of RMR , where λM is as in (2.4). Applying U , this yields a split idempotent

natural transformation U LV = T V
q

U L̃ = V T̃
j

T V = U LV . What is more, also as a monad,

T̃ = Ũ L̃ is a weak q-lifting of T hence by [3, Proposition 3.7], the Eilenberg–Moore categories M T

and (RMR)T̃ are in fact isomorphic. Explicitly, there is an isomorphism Ξ :M T → (RMR)T̃ , taking
a T -algebra (A,a) to the R ⊗ • ⊗ R-algebra A described in (2.3), with a T̃ -algebra structure provided
by the unique morphism ã : T̃ A → A for which ã ◦ qA = a. On the morphisms, Ξ acts as the identity
map. The inverse of Ξ takes an object ((A,�A), ã ) of (RMR)T̃ to the T -algebra A, with structure
morphism T A

qA−−→ V T̃ A ã−→ A, and it also acts on the morphisms as an identity map. In particular,
also the Eilenberg–Moore categories (RMR)T̃ and M V T̃ (R⊗•⊗R) are isomorphic, for any bimonad T̃
on a bimodule category RMR over a separable Frobenius monoid R .

The final aim of this section is to extend the correspondence in Remark 2.4 between weak bi-
monads on one hand, and bimonads over separable Frobenius base monoids on the other hand, to an
equivalence of categories.

Definition 2.6. A morphism of weak bimonads on a monoidal category M is defined as an opmonoidal
morphism of monads; that is, as a natural transformation g : T → T ′ which is opmonoidal in the sense
that, for any objects X and Y in M ,

T (X ⊗ Y )
gX⊗Y

τX,Y

T ′(X ⊗ Y )

τ ′
X,Y

T X ⊗ T Y
gX ⊗gY

T ′ X ⊗ T ′Y

T K
gK

τ0

T ′K

τ ′
0

K K
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and which is a morphism of monads in the sense that, for any object X in M ,

T 2 X
T gX

mX

T T ′ X
gT ′ X

T ′2 X

m′
X

T X
gX

T ′ X

X

u X

X

u′
X

T X
gX

T ′ X .

Weak bimonads on M (as objects) and their morphisms (as arrows) constitute a category Wbm(M ),
which contains the category of bimonads on M as a full subcategory.

Example 2.7. Any monoid R in a monoidal category M , induces a monad R ⊗ • ⊗ R on M . If R is a
separable Frobenius monoid in a Cauchy complete monoidal category M , then R ⊗ • ⊗ R is a weak
bimonad; see Example 1.2 (3). Its opmonoidal structure is provided by the maps

R ⊗ R
ε◦μ

K and R ⊗ X ⊗ Y ⊗ R
R⊗X⊗δ◦η⊗Y ⊗R

R ⊗ X ⊗ R ⊗ R ⊗ Y ⊗ R,

for any objects X , Y in M , where (μ,η) and (δ, ε) denote the monoid and comonoid structures of R ,
respectively. A morphism γ : R → R ′ of separable Frobenius monoids in M induces a morphism of
weak bimonads γ ⊗ • ⊗ γ : R ⊗ • ⊗ R → R ′ ⊗ • ⊗ R ′ .

Lemma 2.8. Consider any morphism g : T → T ′ of weak bimonads on a Cauchy complete monoidal cate-
gory M , with monoidal units R, respectively R ′ , of the Eilenberg–Moore categories M T and M T ′

. There is
a unique isomorphism γ : R → R ′ of separable Frobenius monoids such that the following diagram of functors
commutes,

(R ′MR ′)T̃ ′ ∼= M T ′ g∗

Ũ ′

M T ∼= (RMR)T̃

Ũ

R ′MR ′
γ ∗

V ′

RMR

V

M

(2.6)

where the bimonads T̃ and T̃ ′ are associated to the weak bimonads T and T ′ as in Remark 2.4.

Proof. By Lemma 1.8, for weak bimonads T and T ′ , the associated idempotent morphisms � and �′

in (1.13) split through R and R ′ , respectively; thus there are epi-mono pairs T K
P

R
I

T K

and T ′K
P ′

R ′ I ′
T ′ K . Using the fact that a morphism g : T → T ′ of weak bimonads is an

opmonoidal natural transformation as well as a morphism of monads, one checks that for any objects
X , Y in M , the two diagrams on the left
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T K
gK

�

T ′K

�′

T K
gK

T ′K

T X ⊗ T Y
gX ⊗gY

ET X,T Y

T ′ X ⊗ T ′Y

E ′
T ′ X,T ′Y

T X ⊗ T Y
gX ⊗gY

T ′ X ⊗ T ′Y

T K
gK

T ′K

P ′

R

I

γ
R ′

(2.7)

commute and so the morphism γ defined by the diagram on the right is compatible both with
the monoid and with the comonoid structures of R and R ′ , written out explicitly in (2.1) and (2.2).
That is, γ is a morphism of separable Frobenius monoids. By [16, Proposition A.3], any morphism
of Frobenius monoids is an isomorphism hence so is γ . It obviously renders commutative the lower
triangle in (2.6). It renders commutative also the upper square by commutativity of the following
diagram, for any T ′-algebra (A,a).

R ⊗ A ⊗ R
uR⊗A⊗R

γ ⊗A⊗γ

T (R ⊗ A ⊗ R)
τ

(3)
R,A,R

T (γ ⊗A⊗γ )

T R ⊗ T A ⊗ T R
T R⊗g A⊗T R

Tγ ⊗T A⊗Tγ

T R ⊗ T ′ A ⊗ T R

r⊗a⊗r

R ′ ⊗ A ⊗ R ′ uR′⊗A⊗R′

u′
R′⊗A⊗R′

T (R ′ ⊗ A ⊗ R ′)
τ

(3)

R′,A,R′

gR′⊗A⊗R′
T R ′ ⊗ T A ⊗ T R ′

gR′⊗g A⊗gR′
R ⊗ A ⊗ R

γ ⊗A⊗γ
ε⊗A⊗ε

T ′(R ′ ⊗ A ⊗ R ′)
τ

′ (3)

R′,A,R′
T ′R ′ ⊗ T ′ A ⊗ T ′R ′

r′⊗a⊗r′ R ′ ⊗ A ⊗ R ′
ε′⊗A⊗ε′ A

(2.8)

The two squares in the upper left corner commute by naturality and the square below them com-
mutes by the opmonoidality of g . The triangles in the bottom row commute since g is a monad
morphism, and since γ is a comonoid morphism, respectively. The remaining region commutes by
commutativity of the following diagram,

T R
T I

T I (1.10)

r

Tγ

T T K
mK

T K
P

R

I

γ

T T K

T gK (2.7)

T T K

T P

mK

T gK

T K

gK

T T ′K

T P ′

T T ′K
T P ′

gT ′ K
T ′T ′K

T ′ P ′

m′
K

(1.10)

T ′K

P ′

T R ′
gR′ T ′R ′

T ′ I ′

r′

T ′T ′K
m′

K

T ′K
P ′ R ′

(2.9)

where the undecorated region in the middle commutes since g is a morphism of monads. It remains
to show that γ is unique with the stated property. The upper part of the diagram in (2.6) commutes
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if and only if, for any T ′-algebra (A,a) and the corresponding T -algebra (A,a ◦ g A), the R ⊗ • ⊗ R-
action �A and the R ′ ⊗ • ⊗ R ′-action �′

A in (2.3) obey �A = �′
A ◦ (γ ⊗ A ⊗ γ ); see (2.8). Applying it in

the case where (A,a) is the monoidal unit (R ′, r′) of M T ′
and composing the resulting identity on

the right with η ⊗η′ ⊗ R , we deduce that γ = (R ′ ⊗ ε) ◦ E R ′,R ◦ (η′ ⊗ R). Thus γ renders commutative
the last diagram in (2.7) by the forms of P ′ and I in (1.11) and (1.12), the form of E R ′,R in (1.14), and
naturality. �

On the other hand, any isomorphism of separable Frobenius monoids clearly induces a strict
monoidal isomorphism between the categories of bimodules, which can be seen as a particular case
of the following:

Lemma 2.9. If g : T → T ′ is a morphism of weak bimonads on a Cauchy complete monoidal category M then
the induced functor g∗ :M T ′ → M T is strong monoidal and (2.6) is a commutative diagram of separable
Frobenius monoidal functors.

Proof. If T and T ′ are bimonads then the monoidal structures on M T and M T ′
are lifted from

that on M , and so clearly g∗ :M T ′ → M T is strong (in fact strict) monoidal. If T is only a weak
bimonad then the monoidal structure on M T is only weakly lifted from that on M , but it is lifted,
up to equivalence, from that on RMR . Thus if g : T → T ′ is a morphism of weak bimonads, then
the isomorphism γ : R → R ′ of the previous lemma induces a strict monoidal isomorphism R ′MR ′ →
RMR , and now the strong monoidal structure on the composite M T ′ → R ′MR ′ → RMR lifts to a
strong monoidal structure on g∗ :M T ′ → M T . Explicitly, this is given by

γA,B := (
A � B

i A,B
A ⊗ B

p′
A,B

A �′ B
)
,

and γ : R → R ′ . �
We now turn to our category of bimonads on categories of bimodules over separable Frobenius

monoids in M .

Definition 2.10. For a monoidal category M , the category Sfbm(M ) is defined to have objects which
are pairs (R, T̃ ), consisting of a separable Frobenius monoid R in M and a bimonad T̃ on RMR .
Morphisms (R, T̃ ) → (R ′, T̃ ′) are pairs (γ ,Γ ), consisting of an isomorphism γ : R → R ′ of separable
Frobenius monoids (inducing a strong monoidal isomorphism γ ∗ : R ′MR ′ → RMR ), and a morphism
of bimonads Γ : T̃ → γ ∗ T̃ ′(γ ∗)−1 (that is, an opmonoidal morphism of monads, in the sense expli-
cated in Definition 2.6).

There is an evident functor Ψ : Sfbm(M ) → Wbm(M ) defined as follows. The object map is given
by associating to a pair (R, T̃ ) the weak bimonad induced by the composite of the forgetful functors
Ũ : (RMR)T̃ → RMR and V : RMR → M , as described in Remark 2.4; explicitly, Ψ (R, T̃ )X = V T̃ (R ⊗
X ⊗ R). A morphism (γ ,Γ ) : (R, T̃ ) → (R ′, T̃ ′) in Sfbm(M ) gives rise to a commutative diagram of
functors

MΨ (R ′,T̃ ′) ∼= (R ′MR ′)T̃ ′

Ũ ′

Γ ∗
(RMR)T̃ ∼= MΨ (R,T̃ )

Ũ

R ′MR ′
γ ∗

V ′

RMR

V

M
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and so in particular to a morphism of monads g :Ψ (R, T̃ ) → Ψ (R ′, T̃ ′), explicitly, g X : V T̃ (R ⊗ X ⊗
R) → V ′ T̃ ′(R ′ ⊗ X ⊗ R ′) is given by

V T̃ (R ⊗ X ⊗ R)
V ΓR⊗X⊗R

V γ ∗ T̃ ′(γ ∗)−1(R ⊗ X ⊗ R)

V ′ T̃ ′(γ ∗)−1(R ⊗ X ⊗ R)
V ′ T̃ ′(γ ⊗X⊗γ )

V ′ T̃ ′(R ′ ⊗ X ⊗ R ′)

and it is opmonoidal since V , V ′ , and T̃ ′ are opmonoidal functors, and Γ and γ ⊗ X ⊗γ : (γ ∗)−1(R ⊗
X ⊗ R) → R ′ ⊗ X ⊗ R ′ are opmonoidal natural transformations.

Theorem 2.11. If M is a Cauchy complete monoidal category, the functor Ψ : Sfbm(M ) → Wbm(M ) is an
equivalence of categories.

Proof. First we show that Ψ is fully faithful. Suppose then that objects (R, T̃ ) and (R ′, T̃ ′) of
Sfbm(M ) are given. We must show that any morphism g :Ψ (R, T̃ ) → Ψ (R ′, T̃ ′) of weak bimon-
ads is induced by a unique morphism (γ ,Γ ) : (R, T̃ ) → (R ′, T̃ ′) in Sfbm(M ). The existence of a
unique isomorphism γ : R → R ′ of monoids, inducing an isomorphism γ ∗ : R ′MR ′ → RMR of cat-
egories rendering commutative (2.6), is given by Lemma 2.8. By Lemma 2.9, g induces a strong
monoidal functor g∗ :M T ′ → M T . By commutativity of the upper square in (2.6) as a diagram of
strong monoidal functors, it is necessarily of the form Γ ∗ for a unique opmonoidal monad morphism
Γ : T̃ → γ ∗ T̃ ′(γ ∗)−1. This proves that Ψ is fully faithful. It is essentially surjective on objects by
Remark 2.4. �

Bimonads are monads in the 2-category OpMon of monoidal categories, opmonoidal functors and
opmonoidal natural transformations; cf. [11]. That is, they can be regarded as 0-cells in the 2-category
Mnd(OpMon). Clearly, for a Cauchy complete monoidal category M , the category Sfbm(M ) is a sub-
category in the opposite of the category underlying Mnd(OpMon). We may consider also the full
subcategory of the underlying category of Mnd(OpMon), with objects the bimonads on bimodule cat-
egories over separable Frobenius monoids R in Cauchy complete monoidal categories. In this way
(using the correspondence in Remark 2.4), we can define more general morphisms between weak bi-
monads than the arrows in Wbm(M ) for a fixed M . These more general morphisms do not need to
preserve the underlying separable Frobenius monoid R .

3. An example: Weak bimonoids in braided monoidal categories

In this section we show that weak bimonoids in a Cauchy complete braided monoidal category M
induce weak bimonads on M .

Theorem 3.1. For a monoid (B,μ,η) in a Cauchy complete braided monoidal category (M ,⊗, K , c), there is
a bijection between

(1) weak bimonoids of the form (B,μ,η, δ, ε) in M ;
(2) weak bimonads (• ⊗ B,• ⊗ μ,• ⊗ η,τ , τ0) on M for which the diagram

X ⊗ Y ⊗ B
X⊗Y ⊗τK ,K

τX,Y

X ⊗ Y ⊗ B ⊗ B

X⊗cY ,B⊗B

X ⊗ B ⊗ Y ⊗ B

(3.1)

commutes for all objects X , Y of M .
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Remark 3.2. Consider a monoid B in a Cauchy complete braided monoidal category (M ,⊗K , c) such
that •⊗ B is a weak bimonad on M . By naturality, for all morphisms f : K → X , g : K → Y , h : K → B ,
the natural transformation τX,Y : X ⊗ Y ⊗ B → X ⊗ B ⊗ Y ⊗ B makes

K
f ⊗g⊗hh

f ⊗g⊗h
X ⊗ Y ⊗ B

X⊗Y ⊗τK ,K
X ⊗ Y ⊗ B ⊗ B

X⊗cY ,B⊗BB
τK ,K

X ⊗ Y ⊗ B
τX,Y

B ⊗ B
f ⊗B⊗g⊗B

X ⊗ B ⊗ Y ⊗ B

commute. Hence (3.1) holds provided that the monoidal unit K is a ‘cubic generator’ in the following
sense: If, for some morphisms p,q : X ⊗Y ⊗ Z → W in M , the equality p ◦( f ⊗ g ⊗h) = q◦( f ⊗ g ⊗h)

holds, for all morphisms f : K → X , g : K → Y , h : K → Z , then p = q.
The monoidal unit is a ‘cubic generator’, for example, in the symmetric monoidal category

Mod(k) of modules over a commutative ring k. With this observation in mind, Theorem 3.1 includes
Szlachányi’s description in [21, Corollary 6.5] of weak bialgebras over k as weak bimonads on Mod(k).

Proof of Theorem 3.1. Suppose that (B,μ,η, δ, ε) is a weak bimonoid in M . By [16, Proposition 3.8],
the category of B-modules is monoidal and there is a strong monoidal functor from it to a certain bi-
module category RMR . Furthermore, the resulting monoid R is a separable Frobenius monoid by [16,
Proposition 1.4]. In view of Example 1.2, this proves that • ⊗ B is a weak bimonad. Its opmonoidal
structure comes out with τX,Y equal to the composite

X ⊗ Y ⊗ B
X⊗Y ⊗δ

X ⊗ Y ⊗ B ⊗ B
X⊗cY ,B⊗B

X ⊗ B ⊗ Y ⊗ B

and τ0 = ε. Hence (3.1) is satisfied.
Assume conversely that (2) holds. We claim that (B,μ,η, δ := τK ,K , ε := τ0) is a weak bimonoid

in M . The functor • ⊗ B is opmonoidal and so sends comonoids to comonoids; in particular, it
sends the comonoid K in M to a comonoid, which turns out to be (B, δ, ε). Use (3.1) to write
τX,Y as (X ⊗ cY ,B ⊗ B) ◦ (X ⊗ Y ⊗ δ), for any objects X , Y of M . Substituting this expression in
conditions (1.3)–(1.7), we obtain the following commutative diagrams.

B2
B⊗η⊗B

B⊗δ

B3
B⊗δ⊗B

B4
B⊗c−1

B,B⊗B

B4

μ⊗μ

B3

B⊗c−1
B,B

B2

ε⊗B

B3
μ⊗B

B2
ε⊗B

B

B2
B⊗η⊗B

B⊗δ

B3
B⊗δ⊗B

B4

μ⊗μ

B2

ε⊗B

B3
μ⊗B

B2
ε⊗B

B

(3.2)

K

η⊗η

η
B

δ

B2

δ⊗B

B2
δ⊗δ

B4

B⊗c−1
B,B⊗B

B4
B⊗μ⊗B

B3

K

η⊗η

η
B

δ

B2

δ⊗B

B2
δ⊗δ

B4
B⊗μ⊗B

B3

(3.3)
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B4
B⊗cB,B⊗B

B4

μ⊗μ

B2

δ⊗δ

μ
B

δ
B2

(3.4)

Condition (3.4) is identical to axiom (b), and the identities in (3.3) are identical to axiom (w) in the
definition of a weak bimonoid in [16, Definition 2.1]. Thus we only need to show that, whenever the
diagrams in (3.2), (3.3), and (3.4) commute, then axiom (v) in [16, Definition 2.1] holds; that is, the
following diagram commutes.

B3
B⊗δ⊗B

B⊗δ⊗B

μ2

B4
B⊗c−1

B,B⊗B

B4

μ⊗μ

B

ε

B2

ε⊗ε

B4
μ⊗μ

B2
ε⊗ε

K

(3.5)

Commutativity of the lower triangle in (3.5) follows by commutativity of

B3

B⊗δ⊗B

B3
B⊗μ

B⊗η⊗B2

B2

B⊗η⊗B

B2
μ

B⊗δ

B

ε

B4

B⊗δ⊗B2

B3

B⊗δ⊗B

(3.2)

B3

μ⊗BB4

μ⊗B⊗B

(3.2) B5

μ⊗μ⊗B

B4

μ⊗μ

B3

ε⊗B⊗B

B2

ε⊗B

B2

ε⊗B

B3
ε⊗B⊗B

B2
μ

B B
ε

K .

The undecorated regions commute by naturality, counitality of δ and by associativity of μ. Commuta-
tivity of the upper triangle in (3.5) is proved similarly, making use of the first identity in (3.2). �
4. The antipode

The first attempt to equip Moerdijk’s bimonad with an antipode, i.e. to define a Hopf monad, was
made by Bruguières and Virelizier in [6]. Here the authors studied bimonads on autonomous monoidal
categories such that the (left/right) duals lift to the Eilenberg–Moore category. This generalizes finite
dimensional Hopf algebras to the categorical setting.

A more general notion of Hopf monad was introduced in [5] (see also [7]). This is based on the
observation of Lawvere [10] that a right adjoint preserves internal homs precisely when Frobenius
reciprocity holds; this Frobenius reciprocity condition also appeared in [17, Theorem & Definition 3.5]
in the context of Takeuchi bialgebroids. Based on this result, the following definition was proposed
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also for monoidal categories which are not necessarily closed. For any monad (T ,m, u) on a monoidal
category (M ,⊗, K ) such that T admits an opmonoidal structure (τ , τ0) (hence in particular for any
(weak) bimonad T on M ), there is a canonical natural transformation, given for any objects X , Y
of M by

canX,Y := (
T (T X ⊗ Y )

τT X,Y

T 2 X ⊗ T Y
mX ⊗T Y

T X ⊗ T Y
)
. (4.1)

By the terminology in [5], a bimonad is called a right Hopf monad whenever the associated natural
transformation (4.1) is invertible. Similarly, a bimonad is a left Hopf monad when the analogous natural
transformation T (X ⊗ T Y ) → T X ⊗ T Y is invertible, and a Hopf monad when it is both left and right
Hopf.

In this section we propose a definition of a right weak Hopf monad T on a monoidal category M –
characterized by the property that, whenever M is also Cauchy complete, the associated bimonad T̃
(on another monoidal category) in Remark 2.4, is a right Hopf monad, with analogous definitions for
left weak Hopf monads and weak Hopf monads.

Suppose that T is a weak bimonad on a Cauchy complete monoidal category M , and R the corre-
sponding separable Frobenius monoid, with forgetful functor V : RMR → M and G 
 V . To say that
T̃ is right Hopf is to say that for all X̃, Ỹ ∈ RMR , the canonical morphism

T̃ (T̃ X̃ ⊗R Ỹ )
c̃an X̃,Ỹ

T̃ X̃ ⊗R T̃ Ỹ

is invertible. Since every X̃ ∈ RMR is (naturally) a retract of one of the form G X , this will be the case
precisely when

T̃ (T̃ G X ⊗R GY )
c̃anG X,GY

T̃ G X ⊗R T̃ GY

is invertible. Now

T̃ (T̃ G X ⊗R GY ) ∼= T̃
(
T X ⊗R (R ⊗ Y ⊗ R)

) ∼= T̃ (T X ⊗ Y ⊗ R)

and V T̃ (T X ⊗ Y ⊗ R) is a retract of T (T X ⊗ Y ) by construction of T̃ , while

V (T̃ G X ⊗R T̃ GY ) ∼= T X � T Y

which is a retract of T X ⊗ T Y . Thus we obtain a composite map

T (T X ⊗ Y )
qX,Y

V T̃ (T̃ G X ⊗R GY )
c̃anG X,GY

V (T̃ G X ⊗R T̃ GY )
iT X,T Y

T X ⊗ T Y (4.2)

which turns out to be the canonical map canX,Y associated to T itself.
Now the inclusion T X � T Y → T X ⊗ T Y is the section for a splitting of the idempotent E T X,T Y on

T X ⊗ T Y defined in (1.14).
On the other hand, the quotient T (T X ⊗ Y ) → V T̃ (T̃ G X ⊗R GY ) is the retraction of a splitting of

an idempotent F X,Y on T (T X ⊗ Y ) defined by

T (T X ⊗ Y )
T (δ◦η⊗T X⊗Y ⊗η)

T (R ⊗ R ⊗ T X ⊗ Y ⊗ R)
T (R⊗βT X ⊗Y ⊗R)

T (R ⊗ T X ⊗ Y ⊗ R)

λT X⊗Y
T (T X ⊗ Y ), (4.3)
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where βT X denotes the left R-action on T X and λ is the natural transformation in (2.4).
To say that c̃an is invertible, is to say that can induces an isomorphism between the splittings of

the idempotents F X,Y and ET X,T Y . We then call T a weak right Hopf monad:

Definition 4.1. A weak bimonad T on a monoidal category (M ,⊗, K ) is said to be a weak right Hopf
monad provided that there is a natural transformation χX,Y : T X ⊗ T Y → T (T X ⊗ Y ) such that, for
the canonical natural transformation can of T in (4.1), for the idempotent morphisms E T X,T Y and
F X,Y (4.3), and for any objects X , Y of M ,

χX,Y ◦ ET X,T Y = χX,Y = F X,Y ◦ χX,Y , χX,Y ◦ canX,Y = F X,Y , canX,Y ◦ χX,Y = ET X,T Y .

(4.4)

The definition just given makes sense for any monoidal category M , but is motivated by the
following theorem, which requires M to be Cauchy complete.

Theorem 4.2. For any weak bimonad T on a Cauchy complete monoidal category (M ,⊗, K ), and the associ-
ated bimonad T̃ in Remark 2.4, the following assertions are equivalent.

(1) The canonical natural transformation c̃an of T̃ as in (4.1), is an isomorphism; that is, T̃ is a right Hopf
monad.

(2) There is a natural transformation χX,Y : T X ⊗ T Y → T (T X ⊗ Y ) obeying (4.4); that is, T is a weak right
Hopf monad.

Proof. The equations in (4.4) state exactly that the morphism induced by χX,Y between the splittings
of F X,Y and ET X,T Y is inverse to the morphism c̃anX,Y induced by canX,Y between the splittings of
ET X,T Y and F X,Y . �
Remark 4.3. Consider a weak right Hopf monad T on a Cauchy complete monoidal category M with
corresponding separable Frobenius monoid R . By Theorem 4.2 and [5, Theorem 3.6] we conclude that
whenever the category of R-bimodules is right closed, this closed structure lifts to the Eilenberg–
Moore category M T . The category of R-bimodules is right closed whenever M is right closed (in
which case the internal homs are defined by splitting an appropriate idempotent natural transforma-
tion).

Next we show that, as expected, a weak bimonoid B in a Cauchy complete braided monoidal
category M , induces a right weak Hopf monad • ⊗ B on M if and only if it is a weak Hopf monoid
in the sense of [1,16].

Lemma 4.4. For an arbitrary category C , consider a functor T :C → C which admits both a monad struc-
ture T = (T ,m, u) and a comonad structure T = (T ,d, e). Denote by U :C T → C and by U :C T → C the

corresponding forgetful functors with respective left adjoint F :C → C T and right adjoint F :C → C T . The
following monoids (in Set) are isomorphic.

(1) The monoid of natural transformations F U → F U , with multiplication given by the composition of natural
transformations.

(2) The monoid of those natural transformations γ : F T → F T for which Fm ◦ γ T = γ ◦ Fm, with multipli-
cation given by the composition of natural transformations.

(3) The monoid of natural transformations T → T , with multiplication given by the ‘convolution product’
ϕ ∗ ϕ′ := m ◦ Tϕ′ ◦ ϕT ◦ d.

Proof. (1) ∼= (2) The stated isomorphism is given by the maps Nat(F U , F U )  β �→ β F , with the
inverse γ �→ F Uκ ◦ γ U ◦ F uU , where κ is the counit of the adjunction F 
 U .

(1) ∼= (3) This is the adjunction isomorphism Nat(F U , F U ) ∼= Nat(U F , U F ). �
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For a functor T as in Lemma 4.4, one may consider the so-called ‘fusion operator’ in [20],

γ := (
T 2 dT

T 3
T m

T 2
)
. (4.5)

Clearly, it belongs to the monoid in Lemma 4.4 (2). The corresponding element of the isomor-
phic monoid in Lemma 4.4 (3) is the identity natural transformation T → T . (Hence, incidentally,
Lemma 4.4 provides an alternative proof of [13, Theorem 5.5].)

Lemma 4.5. For a weak bimonoid (B,μ,η, δ, ε) in a Cauchy complete braided monoidal category (M ,⊗,

K , c), and its induced weak bimonad T := • ⊗ B, the following assertions hold, for any objects X , Y of M .

(i) For the natural transformation (4.1) of T = • ⊗ B,

canX,Y = (X ⊗ cY ,B ⊗ B) ◦ (X ⊗ Y ⊗ γK ) ⊗ (
X ⊗ c−1

Y ,B ⊗ B
)
,

where γ is the fusion operator (4.5) for the monad and comonad • ⊗ B.
(ii) The idempotent natural transformation ET X,T Y on T X ⊗ T Y (1.14) satisfies

ET X,T Y = (X ⊗ cY ,B ⊗ B) ◦ (X ⊗ Y ⊗ ET K ,T K ) ⊗ (
X ⊗ c−1

Y ,B ⊗ B
)
. (4.6)

Moreover, • ⊗ ET K ,T K belongs to the monoid in Lemma 4.4 (2) and the corresponding element of the
isomorphic monoid in Lemma 4.4 (3) is • ⊗ t, where t is the composite

B
B⊗η

B2
B⊗δ

B3
cB,B⊗B

B3
B⊗μ

B2
B⊗ε

B.

(iii) The idempotent natural transformation F X,Y on T (T X ⊗ Y ) (4.3) satisfies

F X,Y = (X ⊗ cY ,B ⊗ B) ◦ (X ⊗ Y ⊗ F K ,K ) ◦ (
X ⊗ c−1

Y ,B ⊗ B
)
. (4.7)

Moreover, • ⊗ F K ,K belongs to the monoid in Lemma 4.4 (2) and the corresponding element of the iso-
morphic monoid in Lemma 4.4 (3) is • ⊗ r, where r is the composite

B
η⊗B

B2
δ⊗B

B3
B⊗cB,B

B3
μ⊗B

B2
ε⊗B

B.

(iv) If in addition T := • ⊗ B is a weak right Hopf monad; that is, there exists a natural transformation χ
obeying (4.4), then

χX,Y = (X ⊗ cY ,B ⊗ B) ◦ (X ⊗ Y ⊗ χK ,K ) ⊗ (
X ⊗ c−1

Y ,B ⊗ B
)

(4.8)

and • ⊗ χK ,K belongs to the monoid in Lemma 4.4 (2).

Proof. Assertion (i) is immediate by relation (3.1) between the opmonoidal structure τX,Y of T = •⊗ B
and the comultiplication δ = τK ,K in B = T K .

(ii) Eq. (4.6) follows from the formula (1.14) for ET X,T Y and ET K ,T K . Then the morphism

ET K ,T K = (
B2

B2⊗η

B3
B2⊗δ

B4
B⊗cB,B⊗B

B4
μ⊗μ

B2
)
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renders commutative the first diagram in

B3
B⊗ET K ,T K

μ⊗B

B3

μ⊗B

B2
ET K ,T K

B2

B2

B⊗δ

ET K ,T K

B2

B⊗δ

B3
ET K ,T K ⊗B

B3

(4.9)

by associativity of μ. By self-duality of the axioms of a weak bimonoid, the dual of (3.2) holds; that
is, the first diagram in

B
η⊗B

η⊗B

B2
δ⊗B

B3
B⊗c−1

B,B

B3

B⊗μB2

δ⊗δ

B4

B⊗c−1
B,B⊗B

B4
B⊗μ⊗B

B3
B⊗ε⊗B

B2

B3
ET K ,T K ⊗B

B3

B⊗ε⊗B

B2

B⊗δ

ET K ,T K
B2

commutes. Tensoring on the left with B and then composing with μ ⊗ B gives commutativity of the
diagram on the right. It follows by coassociativity of δ that also the second diagram in (4.9) commutes.
This proves that • ⊗ ET K ,T K belongs to the monoid in Lemma 4.4 (2). The corresponding element of
the isomorphic monoid in Lemma 4.4 (3) is (B ⊗ ε) ◦ E T K ,T K ◦ (η ⊗ B) = t as stated, by unitality of μ.

(iii) Similarly to part (ii), one easily checks that

F X,Y = (X ⊗ cY ,B ⊗ B) ◦ (
X ⊗ Y ⊗ (μ ⊗ ε ◦ μ ⊗ B) ◦ (

B ⊗ c−1
B,B ◦ δ ◦ η ⊗ δ

)) ◦ (
X ⊗ c−1

Y ,B ⊗ B
)
,

which proves (4.8). By associativity of μ and by coassociativity of δ,

F K ,K = (
B2

B⊗η⊗B
B3

B⊗δ⊗δ

B5
B⊗c−1

B,B⊗B2

B5
μ⊗μ⊗B

B3
B⊗ε⊗B

B2
)

makes commute both diagrams in

B3
B⊗F K ,K

μ⊗B

B3

μ⊗B

B2
F K ,K

B2

B2

B⊗δ

F K ,K

B2

B⊗δ

B3
F K ,K ⊗B

B3.

(4.10)

Thus • ⊗ F K ,K is an element of the monoid in Lemma 4.4 (2). By unitality of μ and counitality of δ,
the corresponding element (B ⊗ ε) ◦ F K ,K ◦ (η ⊗ B) of the isomorphic monoid in Lemma 4.4 (3) is the
stated morphism r.

(iv) In (4.2) we have seen a relationship between the canonical morphism can of T and the canon-
ical morphism c̃an of the weakly lifted bimonad T̃ . Using this along with part (i), we deduce that
c̃anR⊗X⊗R,R⊗Y ⊗R is equal to

pT X,T Y ◦ (X ⊗ cY ,B ⊗ B) ◦ (X ⊗ Y ⊗ iT K ,T K ◦ c̃anR⊗R,R⊗R ◦ qK ,K ) ◦ (
X ⊗ c−1

Y ,B ⊗ B
) ◦ j X,Y
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where pT X,T Y is the epi part of the splitting of ET X,T Y , and j X,Y is the mono part of the splitting
of F X,Y . Hence in view of (4.6) and (4.7), c̃an−1

R⊗X⊗R,R⊗Y ⊗R is equal to

qX,Y ◦ (X ⊗ cY ,B ⊗ B) ◦ (
X ⊗ Y ⊗ jK ,K ◦ c̃an−1

R⊗R,R⊗R ◦ pT K ,T K
) ◦ (

X ⊗ c−1
Y ,B ⊗ B

) ◦ iT X,T Y .

Thus for χX,Y = j X,Y ◦ c̃an−1
R⊗X⊗R,R⊗Y ⊗R ◦ pT X,T Y , the required condition (4.8) holds.

We need to show that χK ,K induces a natural transformation as in Lemma 4.4 (2). By part (i),
canK ,K = γK induces such a natural transformation. Hence in view of (4.2), since iT X,T Y is a morphism
of left B-modules and of right B-comodules, and by (4.10),

(μ ⊗ B) ◦ (B ⊗ jK ,K ) ◦ (
B ⊗ c̃an−1

R⊗R,R⊗R

) = jK ,K ◦ c̃an−1
R⊗R,R⊗R ◦ (μ ⊗R B) and

(B ⊗ δ) ◦ jK ,K ◦ c̃an−1
R⊗R,R⊗R = ( jK ,K ⊗ B) ◦ (

c̃an−1
R⊗R,R⊗R ⊗ B

) ◦ (B ⊗R δ).

Since pT K ,T K is a morphism of left B-modules and of right B-comodules, this implies that χK ,K =
jK ,K ◦ c̃an−1

R⊗R,R⊗R ◦ pT K ,T K belongs to the monoid in Lemma 4.4 (2). �
Theorem 4.6. For a weak bimonoid B in a Cauchy complete braided monoidal category (M ,⊗, K , c), the
induced functor • ⊗ B is a weak right Hopf monad if and only if B is a weak Hopf monoid.

Proof. By Lemma 4.5, • ⊗ B is a weak right Hopf monad if and only if (using the same notation in
the lemma) there is an element X ⊗ Y ⊗ χK ,K : X ⊗ Y ⊗ B ⊗ B → X ⊗ Y ⊗ B ⊗ B of the monoid in
Lemma 4.4 (2), such that

χK ,K ◦ ET K ,T K = χK ,K = F K ,K ◦ χK ,K , χK ,K ◦ canK ,K = F K ,K , canK ,K ◦ χK ,K = ET K ,T K .

By Lemma 4.4, this is equivalent to the existence of a morphism ν : B → B , such that

ν ∗ r = ν = t ∗ ν, ν ∗ B = t, B ∗ ν = r,

where the morphisms t, r : B → B are introduced in Lemma 4.5 and ∗ denotes the convolution product
f ∗ g = μ ◦ ( f ⊗ g) ◦ δ, for any morphisms f , g : B → B in M . �

Finally we turn to connections between right weak Hopf monads and left weak Hopf monads. Con-
ditions (1.3)–(1.7) are invariant under replacing the monoidal product ⊗ with the opposite product ⊗.
That is, if (T ,m, u, τ0, τ ) is a weak bimonad on a monoidal category (M ,⊗, K ), then (T ,m, u, τ 0, τ )

is a weak bimonad on (M ,⊗, K ), where τ 0 = τ0 : T K → K and τ X,Y = τY ,X : T (X ⊗ Y ) = T (Y ⊗ X) →
T Y ⊗ T X = T X ⊗ T Y . We say that a weak bimonad (T ,m, u, τ0, τ ) is a left weak Hopf monad
on a monoidal category (M ,⊗, K ) provided that (T ,m, u, τ 0, τ ) is a right weak Hopf monad on
(M ,⊗, K ). Clearly, this means that the left canonical map

T (X ⊗ T Y )
τX,T Y

T X ⊗ T 2Y
T X⊗mY

T X ⊗ T Y

induces an isomorphism between the retracts of T (X ⊗ T Y ) and T X ⊗ T Y defined as above.
Some known facts about right weak Hopf monads immediately translate to left weak Hopf mon-

ads: obviously, for a weak Hopf monoid (B,μ,η, δ, ε, ν) in a braided monoidal category (M ,⊗, K , c),
the same data (B,μ,η, δ, ε, ν) describe a weak Hopf monoid in (M ,⊗, K , c), where the braiding is
given by c X,Y = cY ,X : X ⊗ Y = Y ⊗ X → X ⊗ Y = Y ⊗ X . From Theorem 4.6 we deduce

Proposition 4.7. For a weak bimonoid B in a Cauchy complete braided monoidal category (M ,⊗, K , c), the
following assertions are equivalent:
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(1) the weak bimonad • ⊗ B on (M ,⊗, K ) is a right weak Hopf monad;
(2) the weak bimonad • ⊗ B = B ⊗ • on (M ,⊗, K ) is a left weak Hopf monad;
(3) B is a weak Hopf monoid in (M ,⊗, K , c);
(4) B is a weak Hopf monoid in (M ,⊗, K , c).

In particular, the equivalence of the second and fourth assertions says that a weak bimonoid in a
Cauchy complete braided monoidal category is a weak Hopf monoid if and only if it induces a left
weak Hopf monad by tensoring on the left.

Our next aim is to describe those weak bimonoids (B,μ,η, δ, ε) in a Cauchy complete braided
monoidal category (M ,⊗, K , c) for which • ⊗ B is both a right and a left weak Hopf monad.

Consider the weak bimonoid Bop in (M ,⊗, K , c−1) with the same comonoid structure (δ, ε) of B ,
multiplication μop := μ ◦ c−1

B,B and unit η. Observe that via c•,B :• ⊗ B → B ⊗ •, the weak bimonads
• ⊗ B and Bop ⊗ • are isomorphic. Hence the following assertions on B are equivalent:

(1) the weak bimonad • ⊗ B on (M ,⊗, K ) is a left weak Hopf monad;
(2) the weak bimonad Bop ⊗ • on (M ,⊗, K ) is a left weak Hopf monad;
(3) Bop is a weak Hopf monoid in (M ,⊗, K , c−1);
(4) there is a morphism νop : B → B (the antipode for Bop) such that the following diagrams commute.

B
δ

η⊗B

B2
νop⊗B

B2

c−1
B,B

B2

δ⊗B

B2

μ

B3
B⊗μ

B2
B⊗ε

B

B
δ

B⊗η

B2
B⊗νop

B2

c−1
B,B

B2

B⊗δ

B2

μ

B3
μ⊗B

B2
ε⊗B

B

B
δ2

νop

B3

νop⊗B⊗νop

B3

(μ◦c−1
B,B )2

B B

We shall use the notations s, r, t in weak Hopf monoids, as in [16]; the forms of t and r are recalled
in Lemma 4.5 above. The left-bottom path in the first diagram in (4) above (playing the role of top)
is equal to s. The left-bottom path in the second diagram is conveniently denoted by rop . The four
morphisms s, t , r, rop obey the following four equations

ν ◦ s = r, ν ◦ rop = t, s ◦ ν = t, rop ◦ ν = r. (4.11)

The first one is (15) in Appendix B of [16], and the others are proved by similar steps.
Finally we are ready to provide the desired characterization:

Theorem 4.8. For a weak bimonoid B in a Cauchy complete braided monoidal category (M ,⊗, K , c), the
following conditions are equivalent:

(1) the weak bimonad • ⊗ B on (M ,⊗, K ) is both a right and a left weak Hopf monad;
(2) B is a weak Hopf monoid in (M ,⊗, K , c) and Bop is a weak Hopf monoid in (M ,⊗, K , c−1);
(3) B is a weak Hopf monoid in (M ,⊗, K , c) with an invertible antipode ν;
(4) Bop is a weak Hopf monoid in (M ,⊗, K , c−1) with an invertible antipode νop.

In case (3), ν−1 will be an antipode for Bop; in case (4), (νop)−1 will be an antipode for B.

Proof. We have already seen that (1) and (2) are equivalent. We show that (3) is equivalent to (2);
the equivalence of (4) and (2) is similar.

Assume first that the (3) holds: B is a weak Hopf monoid in (M ,⊗, K , c) with an invertible
antipode ν . In order to see that ν−1 provides an antipode for the weak Hopf monoid Bop , compose
with ν−1 on the left the antipode axioms for B . The first two antipode axioms for Bop follow from
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the respective axiom for B , using the anti-multiplicativity of ν [16, (17)] and the identities ν ◦ s = r
and ν ◦ rop = t , respectively. The third antipode axiom for Bop follows from the corresponding axiom
for B by [16, (17), (6)]. Thus (2) holds.

Conversely, assume that (2) holds: B admits an antipode ν and Bop admits an antipode νop . In
order to see that νop is a left inverse of ν , use associativity of the multiplication, and coassociativity
of the comultiplication in B to compute the convolution product (νop ◦ ν) ∗ ν ∗ B = μ2 ◦ ((νop ◦ ν) ⊗
ν ⊗ B) ◦ δ2 in two different ways. On one hand,

((
νop ◦ ν

) ∗ ν
) ∗ B = (

μ ◦ c−1
B,B ◦ (

B ⊗ νop) ◦ δ ◦ ν
) ∗ B = (

rop ◦ ν
) ∗ B = r ∗ B = B.

The first equality follows by anti-comultiplicativity of ν , cf. [16, (16)]. The second equality is a
consequence of one of the antipode axioms for Bop . The third equality follows by the identity
rop ◦ ν = r (4.11) and the last equality is easily derived from the form of r and axiom (b) in [16].
On the other hand,

(
νop ◦ ν

) ∗ (ν ∗ B) = (
νop ◦ ν

) ∗ t = (
νop ◦ ν

) ∗ (s ◦ ν) = μ ◦ c−1
B,B ◦ (

s ⊗ νop) ◦ δ ◦ ν = νop ◦ ν.

The first equality follows by one of the antipode axioms for B . The second equality follows by the
identity s ◦ν = t (4.11) and the third one follows by anti-comultiplicativity of ν , cf. [16, (16)]. The last
equality follows by the weak Hopf monoid identity t ∗ ν = ν applied to Bop . A symmetrical reasoning
shows that νop is also a right inverse of ν: By [16, (17)], one of the antipode axioms for Bop , the
identities ν ◦ s = r (4.11) and r ∗ B = B ,

((
ν ◦ νop) ∗ ν

) ∗ B = B.

On the other hand, by one of the antipode axioms for B , the identity ν ◦ rop = t (4.11), by [16, (17)]
and the weak Hopf monoid identity ν ∗ r = ν applied to Bop ,

(
ν ◦ νop) ∗ (ν ∗ B) = ν ◦ νop.

Thus (3) holds. �
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