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1. Introduction

1.1. History and motivation

This dissertation deals with class number problems for quadratic number fields and with
summation formulas for automorphic forms. Both subjects are important areas of number

theory.

1.1.1. The class numbers of quadratic number fields were studied already by Gauss (he
considered these questions in the language of quadratic forms though). Let K = Q(V/d),
where Q is the rational field, and d is a fundamental discriminant. In the case of an
imaginary quadratic field (i.e. d < 0) Gauss conjectured that if we denote by h(d) the class
number of K, we have h(d) — oo as |d| — oo. This fact was first proved by Heilbronn
in [Hei]. However, Heilbronn’s solution was ineffective: the problem of determining all
imaginary quadratic fields with class number 1 remained open for a long time. As it is
well-known, it was first solved by Heegner ([Hee]), but his proof was not accepted at that
time, and then it was also solved independently by Baker ([Ba]), and by Stark ([St]).
Baker’s solution was an immediate consequence of his famous theorem on logarithms of
algebraic numbers, using earlier work of Gelfond and Linnik ([G-L]).

The situation is completely different for a general real quadratic field (d > 0): Gauss
conjectured for this case that there are infinitely many d with class number 1. This
problem is still unsolved.

However, for some special families of real quadratic fields (where the fundamental unit is
very small), e.g. when d = p? + 4 with some integer p, the situation is analogous to the
imaginary case: it was known for a long time that there are only finitely many fields with
class number one in such a family, but the effective determination of these finitely many
fields constitutes a separate problem. Chapter 2 of the present dissertation discusses the

solution of Yokoi’s conjecture: this conjecture stated that h (p2 + 4) > 1 for p > 17.

1.1.2. In general, as it is mentioned on p. 65 of [I-K], an identity connecting one series of
an arithmetic function (weighted by a test function of certain class) with another is called

a summation formula. The most well-known summation formulas used in analytic number
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theory are the Poisson formula and the Voronoi formula. We will consider such summation
formulas where the arithmetic functions are related to automorphic forms.

Automorphic forms play a central role in modern number theory. They are important both
in analytic and algebraic number theory, but they are related also to many other fields
of mathematics, including representation theory, ergodic theory, combinatorics, algebraic
geometry.

In the analytic theory of automorphic forms several summation formulas are very impor-
tant. We just mention generalizations of the classical Voronoi formula, the Selberg trace
formula and the Kuznetsov formula.

In Chapter 3 of our dissertation we will present such a summation formula which is formally
very similar to the classical Poisson formula, but contains triple products of automorphic
forms. Roughly speaking, a triple product is the integral of a product of three automorphic
forms over a fundamental domain. Such triple products are subjects of intensive research
in several directions: it is enough to mention the famous Quantum Unique Ergodicity
Conjecture, solved recently by Lindenstrauss and Soundararajan in the nonholomorphic
case ([Li] and [So]) and by Holowinsky and Soundararajan in the holomorphic case ([H-
S]), or the representation theoretic work [B-R) of Bernstein and Reznikov giving nontrivial

upper bounds for triple products.

1.1.3. My interest in both subjects originates from my PhD thesis, which contained more
or less the material of my papers [Bil] and [Bi2].

The connection is more direct in the case of Chapter 3, since [Bil] and [Bi2] dealt with
automorphic forms, in particular, in [Bil] I proved a summation formula including auto-
morphic quantities: a generalization of the Selberg trace formula.

However, the subject of Chapter 2 is also related to automorphic forms. To see this
connection in the most simple way, we note that one side of the Selberg trace formula
contains a summation over conjugacy classes of a discrete subgroup I' of SL(2,R), see

Chapter 10 of [I1]. If we choose I' = SL(2,Z), then these conjugacy classes are related to
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class numbers of a family of real quadratic fields with very small fundamental unit. Indeed,
the subset of I' = SL(2,Z) with a given trace t, i.e.

rtz{@ Z) . a,b,e,d € Z, ad —be = 1, a+d=t},

is obviously a union of conjugacy classes. It can be shown that there is a one-to-one
correspondence between the conjugacy classes contained in I'; and the SL(2, Z)-equivalence
classes of the integer quadratic forms with discriminant d = 2 — 4. Hence for a given
integer ¢t > 2 the set I'; is a union of h (t2 — 4) conjugacy classes, and the fields Q(\/E)
with d = t? — 4 have very small fundamental unit.

Moreover, the very first version of my proof of Yokoi’s conjecture used automorphic forms:
for the proof of the very important Lemma 2.1 (see Chapter 2) I expressed the function
Cp(k)(s,Xx) there by integrals of Eisenstein series over certain closed geodesics of the Rie-
mann surface obtained by factorizing the open upper half-plane by SL(2,Z). Then, when
I gave my first talk on the proof of Yokoi’s conjecture in Oberwolfach in September 2001,
the paper [Shl] of Shintani was drawn to my attention by S. Egami. Using Shintani’s
paper I could simplify my original proof of Lemma 2.1, and the new proof (presented also

here in Chapter 2) have not used already automorphic forms.

1.2. Class number problems for special real quadratic fields

Today we know that the fact (mentioned already in Subsection 1.1.1) that there are only
finitely many imaginary quadratic fields with class number one is an immediate conse-
quence of Dirichlet’s class number formula and Siegel’s theorem. To see this, and to ana-
lyze also the real case, we first state Dirichlet’s class number formula (using [W], Chapter
3 and p. 37).

Let K = Q(v/d), where d is a (positive or negative) fundamental discriminant, let h(d) be
the class number of K, and let x4 be the real primitive character associated to K. Then

for d < 0 we have
B w\d|1/2

i(d) 2w

L(1, xaq), (1.2.1)
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where w is the number of roots of unity in K; for d > 0 we have
h(d)logeq = d“/?L(1, xq), (1.2.2)

where €4 > 1 is the fundamental unit in K. Using Siegel’s theorem for the value at 1 of a
Dirichlet L-function:
L(1, xa) > |d|”

(which is an ineffective estimate), we see that (1.2.1) implies indeed that there are only
finitely many solutions of the imaginary class number one problem. However, for d > 0,
we can not separate the class number and the fundamental unit. But, if we assume that

the fundamental unit is small, e.g.
logd < logeg < logd, (1.2.3)

then (1.2.2) implies that h(d) > 1 for large d. But since we used Siegel’s theorem, the
estimate obtained is ineffective, we cannot determine in this way all fields with class number
one in a given family satisfying (1.2.3), e.g. in the family of Yokoi’s discriminants d = p*+4.
In Chapter 2 we prove Yokoi’s conjecture (formulated in [Y], and mentioned already in
Subsection 1.1.1). More precisely we prove the following

THEOREM 1.1 ([Bi3]). If d is squarefree, h(d) = 1 and d = p* + 4 with some integer
p, then d is a square for at least one of the following moduli: q = 5,7,41,61,1861 (that
is, (d/q) = 0 or 1 for at least one of the listed values of q).

Combining this with the well-known fact that if h(d) = 1 then d is a quadratic nonresidue
modulo any prime r with 2 < r < p (for the sake of completeness, we will prove it, see our
Fact B stated in Section 2.2), we obtain the main result of Chapter 2:

COROLLARY 1.1 ([Bi3]). Ifd is squarefree, and d = p?+4 with some integer p > 1861,
then h(d) > 1.

It is easy to prove on the basis of the above-mentioned Fact B that h(d) > 1 if 17 <
p < 1861, see the last part of Section 2.2 (this statement follows also from [Mi]), so we
have a full solution of Yokoi’s conjecture. Note that there are six exceptional fields where

h(d) = 1, belonging to p =1,3,5,7,13,17.
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The same proof with minor modifications works for Chowla’s conjecture, which is a similar
class number one problem (this was formulated in [C-F]). We presented that proof in the
paper [Bi4]. The method was applied later to several similar cases, see e.g. [B-K-L| and
[Le].

But it seems that in Yokoi’s case the present proof works only for the class number one
problem, the class number 2 problem (for example) remains open. But, of course, the
harder problem of giving an effective lower bound tending to infinity for h(p? + 4) (the
similar statement in the imaginary case was proved by Goldfeld, Gross, Zagier, see [Go]
and [G-Z]) is also open. We mentioned above that the fundamental unit is small (hence
Siegel’s theorem is applicable), however, its logarithm is as large as logp, so it is large
enough to cause a problem if one wants to apply the Goldfeld-Gross-Zagier method.

The starting point of our proof is an idea of the paper [Be] of J. Beck. In that paper
he excluded some residue classes for p, i.e. he gave effective upper bounds for p in the
class number 1 case provided p belongs to certain residue classes. He combined elementary
number theory with formulas for special values of zetafunctions related to K and certain
quadratic Dirichlet characters. In our proof, we use zetafunctions related to nonquadratic
Dirichlet characters; this leads us to elementary algebraic number theory. Using also new
elementary ingredients, we are able to exclude all residue classes modulo a given concrete
modulus, hence to prove the conjecture.

Up until this proof, only quadratic characters have been used in the proof as ” parameters”.
I mean that in the quoted paper of Beck, and also in the classical work of Gelfond-Linnik-
Baker in the imaginary case, besides the quadratic Dirichlet character belonging to the
given quadratic field K, there are other Dirichlet characters, and one can consider them
as parameters, since one tries to choose them in a way which is most useful for the proof.
Now, in the present proof these parameter characters are not quadratic. This provides a
lot of new possibilities for excluding residue classes for p. The use of such characters was
made possible by proving our Lemma 2.1 (see Section 2.2 for its statement), which gives
a useful expression for the value at 0 of some zetafunctions. We will give a more detailed

sketch of the proof in Section 2.2.
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The proof requires also computer work. We emphasize that the results of the computations
made by the computer program given in Section 2.5 are important for the proof of Theorem
1.1 (which is a theoretical result). So we think that this computer program belongs to the
proof, consequently, for the sake of completeness it is necessary to give its details. However,
if one is willing to accept the results of the computer work, one can skip Section 2.5.

As it was pointed out in [Bi5], the proof of Yokoi’s conjecture can be considered to be an
analogue of the Gelfond-Linnik-Baker solution of the imaginary class number one problem.
But at first sight they seem to be very different, since Baker’s theorem on logarithms is
replaced here by elementary algebraic number theory. We return to this question in Section

2.2.

1.3. A Poisson-type formula including automorphic quantities

1.3.1. In this section we will discuss the result of Chapter 3. In order to be able to describe
our formula it is unavoidable to introduce first a few notations concerning automorphic
forms. Then, before actually describing the formula, we will give such an interpretation of
the classical Poisson formula which will help us to show that our formula is analogous to

the Poisson formula.

1.3.2. Notations. We denote by H the open upper half plane. We write

To(4) = {(Cc‘ Z) € SL(2,Z): ¢=0 (mod 4)}.

let Dy be a fundamental domain of I'g(4) on H, let

_ dzdy

dp

(this is the SL(2, R)-invariant measure on H), and introduce the notation

(fi,f2) = |  fi(2)[2(2)dp..
Dy
Introduce the hyperbolic Laplace operator of weight I:

0? 0? 0
2 gl —
A=y (83:2 ayQ) ity or’
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For a complex number z # 0 we set its argument in (—m, 7], and write logz = log |z| +

iarg z,where log |2 is real. We define the power z° for any s € C by z° = e*1°8%, We write

e(z) = e*™ and (w), = Fgf’g:g)"), as usual.
For z € H we write 0 (2) = °____e(m?z), and we define

W=

By(z) := (Imz)* 0 (2) . (1.3.1)

If v is the well-known multiplier system (see e.g. [Du], (2.1) for its explicit form), we have

)\ /2
Bdw%=ﬂﬂ<§%%) Bo(z) for ~ € To(4),

b
d

Let | = % + 2n or [ = 2n with some integer n. We say that a function f on H is an

where for v = € SL(2,R) we write j,(z) = cz + d. Note that v* = 1.

automorphic form of weight [ for I' = SL(2,Z) or I'g(4) (but, if I = § + 2n, we can take

only I' =T'¢(4)), if it satisfies, for every z € H and v € I, the transformation formula

Nmz(”@)ﬁm

7(2)]

in the case [ = 2n,

fwazmw(j“”)U@>

145 (2)]

in the case [ = % + 2n, and f has at most polynomial growth in cusps. The operator A;
acts on smooth automorphic forms of weight [. We say that f is a Maass form of weight
[ for T', if f is an automorphic form, it is a smooth function, and it is an eigenfunction
on H of the operator A;. If a Maass form f has exponential decay at cusps, it is called a
(Maass) cusp form.

Denote by L?(Dy) the space of automorphic forms of weight [ for I'g(4) for which we have
(f, f) < o0.

Take w12 = coBo, where ¢y is chosen such that (ug/2,u0,1/2) = 1. It is not hard to
prove (using [Sa], p. 290) that the only Maass form (up to a constant factor) of weight

% for I'g(4) with A, o-eigenvalue —1—36 is By, and the other eigenvalues are smaller. Let
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uj1/2 (j > 0) be a Maass form orthonormal basis of the subspace of L? /2(D4) generated

by Maass forms, write
1 .
Al/2“j,1/2 = Ajuj,1/2a Aj = Sj(Sj — 1), Sj = 5 +2Tj,

then Ay = —13—6, A< —13—6 for j > 1, and A; — —o0.
For the cusps a = 0,00 denote by E, (z,s, %) the Eisenstein series of weight % for the
group I'g(4) at the cusp a (for precise definition see Section 2). As a function of z, it is
an eigenfunction of A/, of eigenvalue s(s —1). If f is an automorphic form of weight 1/2

and the following integral is absolutely convergent, introduce the notation

)= [ F2)E. (z, L, 1>duz.
D, 2 2

If I > 1 is an integer, let S;, 1 be the space of holomorphic cusp forms of weight [ + % with
the multiplier system v!*+2 for the group I'g(4) (sse [I2], Section 2.7). Note that 12 = v
if and only if [ is even.

We will be mainly concerned with the case when [ is even. If £ > 1, let fi 1, fr.2, ..., fr,s,
be an orthonormal basis of Sy, 1, and write g ;(2) :(Imz)%ﬂg f,;(2). We note that gy
is a Maass cusp form of weight 2k + 1, and Aopy 19y = (k+3) (k—32) gr,; (see [F],

formulas (4) and (7)).

We also introduce the Maass operators

0 0 0
Ky := (z—E)——Fk:iy%—f—y——kk?

0z dy
- 0 0 0
Ly = (z—z)£—k¢— ~ e +ya—y—k:.

For basic properties of these operators see [F], pp. 145-146. We just mention now that if
[ is a Maass form of weight k, then Ky /o f and Ly /o f are Maass forms of weight k + 2 and
k — 2, respectively.

1.3.3. Poisson’s summation and our formula. Now, to state the Poisson formula,

d

consider the space of smooth, 1-periodic functions on the real line R, and let D = J-

be the derivation operator. Then the eigenfunctions of D in this space are the functions

8
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e?™inT the eigenvalues are 2min, and these eigenfunctions form an orthonormal basis of
the Hilbert space L? (Z \ R). We parametrize the eigenvalues with the numbers n, these
parameters are contained in the set R, and the Poisson formula states that if F'is a "nice”

function on R and we write w(n) = 1 for every n, then the expression

> w(n)F(n)

n=—oo

remains unchanged if we replace F' by G, where G is the Fourier transform of F. We
inserted the notation w(n) for the identically 1 function to emphasize the analogy, since
in our case we will indeed have nontrivial weights.

In our case, instead of the smooth, 1-periodic functions on R, consider all the smooth
automorphic forms on H of any weight % + 2k, where k > 0 is any integer. Instead
of the eigenfunctions of D, we will consider the eigenfunctions of the operators A, 41
k > 0. In fact, if £ > 0 is fixed, the eigenfunctions of A, , 1 are almost in a one-to-one
correspondence with the eigenfunctions of Aqy 4, 41 through the Maass operators, except
that the eigenfunctions of weight 2(k + 1) + % corresponding to holomorphic forms are
annihilated by L ;1) 1. Hence, the essentially different eigenfunctions of the operators
Ayt 1 (playing a role in the spectral expansion of functions in the spaces L2 1 (Dy)) are
the following;:

1 1
u;1/2 (J > 0), Ea<*7§—i—z'r,§) (a=0,00, 7€R), gi;(k>11<j<sy).

If u is one of these functions, we will parametrize its Laplace eigenvalue by a number T

such that
Agpyru= (53 +iT) (—5 +iT)u

with the suitable k. In particular, this parameter will be

1 1 1
T; in case of uj /o, 7 in case of E, (*, 3 +r, 5) , 1 (Z — k) in case of gy ; .
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These numbers correspond to the numbers n in Poisson’s formula. In our case these pa-
rameters are contained (at least with finitely many possible exceptions: call j exceptional,

if T; ¢ R) in the set RU D%, where

1
Dt = {z <Z — k) :k>1isan integer} . (1.3.2)

Now, in fact we prove not just one summation formula, but many formulas: to every pair
u1,us of Maass cusp forms of weight 0 there will correspond a summation formula. So
let us fix two such cusp forms. Our formula states that there are some weights way, u, (4),
Way (@, 1) and wy, 4, (K, §) such that if F is a "nice” function on RUD™, even on R (note
that "nice” will mean, in particular, that the continuous part of F', i.e. the restriction of
F to R, extends as a holomorphic function to a relatively large strip containing R, so we

can speak about F' (7)) even for the exceptional js), then the expression

iwul,m DF T+ 3 /_Z W, (@, 1) F () dr + iiwum(k,j)p (Z G _ k))

a=0,00 k=1j=1

remains unchanged if we write %3 in place of w1, uy in place of us, and we replace F' by G,
where G is obtained from F' by applying a certain integral transform which maps functions
on RUD™, even on R again to such functions: this integral transform is a so-called Wilson
function transform of type I1, which was introduced quite recently by Groenevelt in [G1].
This integral transform plays the role what the Fourier transform played in the case of
Poisson’s formula. We will speak in more detail about the Wilson function transform of
type II in Subsection 1.3.5 below. We just mention here that it shares some nice properties
of the Fourier transform: it is an isometry on a suitably defined Hilbert space, and it is
its own inverse (this last property is true at least on the even functions in the case of the
Fourier transform).

The weights w,, 4, in the above formula contain very interesting automorphic quantities.
We give now only w,, ., (j), since the other weights will be analogous, and everything will

be given precisely in the theorem. So we will have for j > 0 that w,, ., (j) equals

T (% + z’Tj> T (Z - iTj) /D Bo (2) (4@@%/ Bo (2) uz (42) ;.1 (2)dp-.

Dy

10
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1.3.4. Remarks on relations to other works and on possible future work. We have
shown above that there is a strong formal analogy between our summation formula and
the Poisson summation formula. I guess that this analogy may be deeper, perhaps there is
a common generalization of the two formulas. I think that the explanation of this analogy
and the proof of further generalization (perhaps even for groups of higher rank) may come
from representation theory. Such an approach could be useful also for the understanding
of the appearance of the Wilson function transform of type II in the formula, which is
rather mysterious at the moment. A representation theoretic interpretation of this integral
transform was given by Groenevelt himself in [G2], but it does not seem to help in the
explanation of our formula. However, it is possible that the general method of [R] for
proving spectral identities may be useful in better understanding of our formula.

Spectral identities having similarities to our result were proved by several authors. We
mention e.g. the concrete identities proved in the above-mentioned paper [R] (as an appli-
cation of the general method there), and the paper [B-M], whose method of proof based
directly on the spectral structure of the space L*(SL(2,Z)\SL(2,R)) may be also impor-
tant in the context of our formula.

But, as far as I see, the nearest relative of our result is an identity suggested by Kuznetsov
in [K] and proved by Motohashi in [Mo]. The weights are different there than in our
case, but the structure of the two formulas are very similar. Indeed, on the one hand, the
summation is over Laplace-eigenvalues and integers in both cases. On the other hand, in
the case of both identities we have the same type of weights on both sides of the given
identity. That formula has been successfully applied already to analytic problems (see [Iv],
[J]), so perhaps our formula also may be applied along similar lines for the estimation of
the weights w,, ,, hence the estimation of triple products, especially in view of the fact
that in the case u; = us the weights are nonnegative.

We mention finally that the weights wy, 4, (j) (or rather their absolute values squared)
given at the end of Subsection 1.3.3 are (at least in some cases, and at least conjecturally)
closely related to central values of L-functions. Indeed, let us assume that u; /5 is an
eigenfunction of the Hecke operator T, (of weight 1/2) for every prime p # 2, and that

u;.1/2 is an eigenfunction of the operator L of eigenvalue 1 (see [K-S] for the definitions of

11
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the operators Tp> and L). Assume also that the first Fourier coefficient at oo of u; /5 is
nonzero. Then Shimu; ;o (the Shimura lift of u;/5) is defined in [K-S|, pp 196-197. It is
a Maass cusp form of weight 0 which is a simultaneous Hecke eigenform. If u; and us are
also simultaneous Hecke eigenforms, then by the Theorem of [Bi6] we see that w, u, (J)
is closely related to

/ |U1(Z)|2 (Shimuj,l/z) (2) d,uz/ |U2(Z)|2 (Shimuj,l/Z) (2) dpz,
SL(2,Z)\H SL(2,Z)\H

at least if we accept the unproved but likely statement that the sum in (1.4) of [Bi6] is
a one-element sum (see Remark 2 of [Bi6] and Remark (a) on p 197 of [K-S]). Using the
formula of Watson (see [Wat]) we finally get that |wy, 4, ()| is closely related to

1 1
L (§’u1 X U1 X Shimuj71/2) L (§,u2 X Uy X Shimuj71/2> .

1.3.5. Wilson function transform of type II. For the statement of our result the
Wilson function transform of type II (introduced in [G1]) is needed. This transform will
be discussed in more detail in Subsection 3.3.1, here we just give the most basic properties.
Let t; and t2 be two given nonzero real numbers (these numbers will come from the
Laplace-eigenvalues of two cusp forms, see Theorem 1.2 below). We will define explicitly
in terms of ¢; and t a positive number C' and a positive even function H(x) on the real
line in (3.3.2) and (3.3.1). Let D% as in (1.3.2), and for functions F' on R U D™, even on
R write

/ Fla)dh(z) = & /0 TP H(@)de +iC Y F()Resmy H(2).

2
reD+

The numbers

Rk = Resz:i(%—k)H (Z)

will be given explicitly in (3.3.3), and it will turn out that iRy is positive for every k.

For any complex numbers A and x the Wilson function
o () = o (z;a,b,¢,d)

12
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is defined in [G1], formula (3.2). We will use parameters a, b, ¢, d depending only on ¢; and
to, and we will give them explicitly in Subsection 3.3.1. We define the Hilbert space H
to be the space consisting of functions on R U DT, even on R that have finite norm with

respect to the inner product

mmﬁz/ﬂwaﬁww.

Then the Wilson function transform of type IT is defined in [G1] as

<wwM:/mewmmm

It is defined first (as in the case of the classical Fourier transform) on the dense subspace
of 'H where this is absolutely convergent. Then it extends to H, and the following nice
theorem is proved in [G1], Theorem 5.10 (it will be explained in Subsection 3.3.1 that in
our case Theorem 5.10 of [G1] has this form):

The operator G : H — 'H is unitary, and G is its own inverse.

The second statement will be important for us, i.e. that G is its own inverse.

Since we will work separately with the continuous and discrete part of a function F' on

R U DT, even on R, we introduce notations for them:

f@) = F(z) @ €R), ap:=F <z G - n)> (n>1).

So instead of F', we will speak about a pair consisting of an even function f on R and a
sequence {ay},>1. In this language, the Wilson function transform of type 11 of the pair

f5 {an}n>1 is the pair of the function g and the sequence {b,,},>1 defined by

g(\) = % /OOO F(@)ox (x) H(z)dz + zci ardy (z (i - k)) Ry, (1.3.3)
k=1
and
by, = % /Ooo @)ys ) (@) H(w)do + ngakqﬁi(in) (2 (i . k)) R, (1.3.4)

forn > 1.

13
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1.3.6. The formula. We now state precisely the summation formula. We use the
notation I'( X £Y) =T (X +Y)['(X —Y). If u is a cusp form of weight 0 for SL(2,Z)
with Agu = s(s — 1)u, for n > 0 define a cusp form &, (u) of weight 2n for the group I'g(4)
by

. (Kn_lKn_Q e KlKQU) (42)
bl ) =, ),

THEOREM 1.2 ([Bi7]). Let u1(z) and uz(z) be two Maass cusp forms of weight O for

SL(2,Z) with Laplace-eigenvalues s;(s; — 1), where s; = 3 +it; and t; > 0 (j = 1,2).
There is a positive constant K depending only on uy and us such that proerty P (f,{an})

below is true, if f(x) is an even holomorphic function for |Ilmz| < K satisfying that
f(@)e 271 (14 Ja)) €]

is bounded on the domain |Imz| < K, and {a,}n>1 is a sequence satisfying that

K+3 (=1)" Cm
e A T g >
0<m<K
is bounded for n > 1 with some constants ¢,, (m runs over integers with 0 < m < K ).
Property P (f,{a,}). By g andb,, defined in (1.3.3) and (1.5.4) the sum of the following

three lines:

oo

Z f(T ( + 4T, > (Bo/io (uq) ,ujé) <Bor<co (uz) ,uj’%>, (1.3.5)

Z/ fr < i“”) Ca (Boko (u1) ,7) Ca (Boko (uz) , r)dr, (1.3.6)

S

Z“n (2”+ 1>Zn(30/<&n (u1), gn.j) (Bokin (u2) , gn,j) (1.3.7)

equals the sum of the following three lines:

ig (T;)T G + z’Tj) (BO,-;O (@) ,uj,%) (BOI{() (1) ,uj,%), (1.3.8)
j=1
i /OO g(r)T <2 + ir) Ca (Boko (uz) , 1) (o (Boko (uy) , r)dr, (1.3.9)
a=0,00 " =X

14
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Sn

S b,r (2n + %) >~ (Botin () gni) (Borin (1) G- (1.3.10)

The sums and integrals in (1.3.3) and (1.5.4) are absolutely convergent for ImA| < 2 and
n > 1, and every sum and integral in (1.3.5)-(1.8.10) is absolutely convergent.
The class of functions appearing in the theorem seems to be sufficiently general, but it

may happen that the statement can be extended further for some other functions.

1.4. An expansion theorem for Wilson functions

For the proof of Theorem 1.2 it is necessary to know some properties of Wilson functions.
But we prove these results only in the Appendix (i.e. in Chapter 4), since they are
completely independent of automorphic forms, they belong to the area of special functions.
However, we think that one of these results is interesting enough to be stated here, in the
Introduction.

Let t1, to, H(x) and ¢y (z) have the same meaning as in Subsection 1.3.5 above. So ¢; and
to are fixed, hence every variable and every O-constant may depend on ¢; and ts, even if
we do not denote this dependence.

The next theorem shows that a nice enough even function on R satisfying a vanishing
property can be written as a linear combination of the functions ¢, (1) () (N >1).
THEOREM 1.3 ([Bi8]). Assume that K is a positive number, and f(x) is an even

holomorphic function for |Imx| < K satisfying

1

/_OO f () H(T)wch =0 (1.4.1)

and that

el (1 Ja))

is bounded on the domain |Imx| < K. If k is a positive integer and K is large enough in

terms of k, then we have a sequence d,, satisfying

(1) [N ey 1
dn =75 Zﬁ*O T (1.4.2)

Jj=0

15
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with some constants e; and
F@) =) dadyy_) () (1.4.3)
n=1

3

1, and the sum on the right-hand side of (1.4.3) is absolutely convergent

for every |Imx| <

for every such x.

16
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2. Yokoi’s Conjecture

2.1. Structure of the chapter

In this chapter we prove Theorem 1.1. In Section 2.2 we give the plan of the proof, in
Section 2.3 we prove the important Lemma 2.1 and Fact B mentioned already in the
Introduction, in Section 2.4 we fix the numerical parameters, in Section 2.5 we give a
BASIC program. Finally, in Section 2.6 we give the results of this computer program and
conclude the proof of Theorem 1.1. This chapter is based mostly on [Bi3], but uses also
[Bi5].

2.2. Outline of the proof

We use the notations of Section 1.2 and we introduce some new notations. Let R be the
ring of algebraic integers of K, denote by I(K) the set of nonzero ideals of R and by P(K)
the set of nonzero principal ideals of R. Let N(a) be the norm of an a € I(K), i.e. its
index in R. Let ¢ > 2 be an integer with (¢,d) = 1 (remember that d = p? + 4), and let x
be an odd (i.e we assume x(—1) = —1) primitive character with conductor ¢. (This will

be the parameter character.) For s > 1 define

and

_ X(N(a))
CP(K)(SaX) = Z N .
It is well-known (see e.g. [W], Theorems 4.3 and 3.11) that

(i (s) = C(s)L(s, xa), (2.2.1)

where

17
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is a Jacobi symbol; moreover, if h(d) = 1, then d is a prime (see Fact B below), so this is

a Legendre symbol. It follows easily that

CK(&X) = L(87X)L(57XXd)'

It is also well-known (see e.g. [W], Theorem 4.2 and [Dal, Chapter 9) that for a primitive
character ¢ with ¢¥(—1) = —1 and with conductor f one has

f
L(0,4) = == > atp(a) # 0.

|

Consequently, since xxq4 is a primitive character with conductor gd by our conditions, and

Xd(—1) =1 because d is congruent to 1 modulo 4, so

q qd
Ck(0,x) = q%d (Z ax(@)) (Z bX(b)Xd(b)> : (2:2.2)
a=1 b=1

Now, if A(d) = 1, then

gK(&X) = gP(K)(&X) (223)
by definition. In the next section we will prove
LEMMA 2.1. Ifd = p* + 4 is squarefree, ¢ > 2 is an integer with (q¢,d) = 1, and x is a
primitive character modulo q with x(—1) = —1 , then (p(k)(s, x) extends meromorphically

m s to the whole complex plane and

CP(K)(Oa X) = éAx (p),

where [t] is the least integer not smaller than t, and for any integer a we write
A@) = Y x(D*—=C*—aCD)[(aC - D)/q](C —q).
0<C,D<q—1
Note that gd divides the sum

d—1

> U+ zg)xall + zq)

=0

\g
I

18
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for any fixed 1 <[ < ¢. Indeed, the numbers [ + xzq give a complete system of residues

modulo d, so

by

! Z Xd(y) =0 (mod q), X = Z yxa(y) =0 (mod d),
y mod d y mod d

since xq4 is an even nonprincipal character modulo d. Now,

qd q d—1
> bx(®)xa®) =Y _x() Y (1 +zq)xa(l + zq),
b=1 =1 =0

so using (2.2.2), (2.2.3), Lemma 2.1 and the last remark, we obtain the following
FACT A. Ifd = p? + 4 is squarefree, h(d) = 1, q is an integer with ¢ > 2, (¢,d) =1, and

X 1s a primitive character modulo q with x(—1) = —1, then, writing

my = Z ax(a)

we have that m, # 0, and

Ay (p)m;l

18 an algebraic integer.
We will prove that Theorem 1.1 follows from Fact A.
First we introduce the following notation. If m is an odd positive integer, we denote by

U, the set of rational integers a satisfying that

244
r

for every prime divisor r of m. Observe that U,, is a union of certain residue classes

modulo m.
We assume that h(d) = 1. We will use Fact A in the following way. Denote by L, the field

generated over Q by the values x(a) (1 < a < g), and take a prime ideal I of £, such that
my, € 1. (2.2.4)

Let
p = Pq+ po with 0 < py < g, (2.2.5)
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then it is easy to see that

Ay (p) = PBy(po) + Ax(po) (2.2.6)

where for any integer a we write
By(a)= >  x(D*-C®-aCD)C(C—q). (2.2.7)
0<C,D<g—1

We then obtain by (2.2.4), (2.2.6) and Fact A that
PB,(po) + Ay(po) =0 (mod I). (2.2.8)

Assume that ¢ is odd, and that p € U, (equivalently py € U,). Observe that this already
determines the ideal generated by By (po). Indeed, if a1, as € Uy, then

(By(a1)) = (By(az)), (2.2.9)

i.e. By(a1) and B, (a2) generate the same ideal in the ring of integers of £,. We will show
this statement at the end of this section. (Note that (2.2.9) is not important for the proof,
but we think it is worth remarking.) Assume also that the positive integers g and r satisfy

the following condition:

Condition (x). The integer q is odd, r is an odd prime, and there is an odd primitive
character x with conductor q and there is a prime ideal I of L, lying above r such that
my € I, but I does not divide the ideal generated by B, (a) in the ring of integers of L,

if a is any rational integer with a € U,.

Then, since pg € U,, we obtain by (2.2.8) that

A
P=- x(Po) (mod T),
By (po)
where we divide in the residue field of I. Combining it with (2.2.5), we see that
Ax(Po)
P=po—q mod I). 2.2.10
0 BX (pO) ( ) ( )

Let ¢ and pg be fixed. Note that in principle it may happen, if the residue field of I

is not the prime field (in our concrete applications, the residue field will always be the
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prime field), that there is no rational integer p satisfying (2.2.10); but anyway, if there
are solutions, then all the solutions belong to a unique residue class modulo r, since I lies
above r. This implies that if we know ¢ and pg, then we can specify a congruence class
modulo r such that p must belong to this class.

Summing up: let h(d) = 1, and let ¢ and r satisfy Condition (x). Then, if p is in a given
congruence class modulo ¢ such that p € U, this forces p to be in a certain residue class
modulo r; then we can test whether p € U, or not. This is our key new elementary tool,
and Theorem 1.1 follows by several applications of this tool. The technicalities of this are
very roughly as follows.

Denote by ¢ — r that ¢ and r satisfy Condition (*) above. We could say that we defined
a directed graph (with the positive integers as vertices) in this way. We will use a certain
triangle in this graph. To be concrete, we will use the arrows (more precisely, the special

cases belonging to these arrows of the above-mentioned tool):
175 — 61, 175 — 1861, 61 — 1861.

There are 40 residue classes modulo 175 = 52 - 7 contained in U;75, so we may assume that
p belongs to one of these classes. For 20 of these classes, the arrow 175 — 61 forces p into
a residue class modulo 61 which is not contained in Ugy. The arrow 175 — 1861 similarly
eliminates 10 of the remaining residue classes, so 10 possible residue classes remain for p
modulo 175.

Next we apply also the arrow 61 — 1861, and we find that for eight of the remaining
residue classes modulo 175, different residue classes modulo 1861 are prescribed for p by

consecutive application of the two arrows
175 — 61, 61 — 1861,

and by the arrow 175 — 1861. This contradiction eliminates these classes. We are left
with

p==+13 (mod 175 - 61 - 1861).
We then use a new arrow

61 — 41,
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and this finally forces p to residue classes modulo 41 which are not contained in Uy;. This
will prove Theorem 1.1.

We explain briefly how we found the triangle 61,175,1861. It is clear that if ¢ and r satisfy
Condition (x), then there is an odd primitive character x with conductor ¢ such that r
divides the norm of m, (this is a necessary, but not sufficient condition for (x)). Now,
such divisibility relations can be found by the table on pp. 353-360. of [W]: this table lists
relative class numbers of cyclotomic fields, and in view of Theorem 4.17 of [W], relative
class numbers are closely related to the norms of such numbers m,,.

To deduce Corollary 1.1 we use the following

FACT B. Ifd = p? + 4 is squarefree and h(d) = 1, then d is a prime, and if 2 <1 < p is

(£)--

also a prime, then

(Legendre symbol).

We prove it in the next section.

The small values of p, i.e. the cases 1 < p < 1861, are easily handled by Fact B. In
fact, it can be checked by an easy calculation that if 1 < p < 1861 is an odd integer and
p#1,3,5,7,13,17, then there is a prime 3 < r < 31 such that » < p and

(p2 +4> Y
.

Hence Yokoi’s conjecture is proved.

Examining the proof, we see that Yokoi’s conjecture follows from Facts A and B by ele-
mentary algebraic number theory and a finite amount of computation. I think that the
present way is not the only one to prove the conjecture on the basis of these two facts.
We also see that in order to get the linear congruence (2.2.8), it was very important that
once Y, its conductor ¢ and the residue of p modulo ¢ are fixed, then (p(x)(0, x) depends
linearly on p (see Lemma 2.1, (2.2.5) and (2.2.6)). In the case of quadratic characters x,
this linear dependence was proved by Beck in [Be].

We now try to explain why the proof of Yokoi’s conjecture can be considered to be an

analogue of the Gelfond-Linnik-Baker solution of the imaginary class number one problem,
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in spite of applying so different tools (elementary algebraic number theory is used here in
place of Baker’s theorem). Again, let d be a fundamental discriminant, and let y4(n) =

(%) The equation
CK(S7 X) = L(87 X)L(S7 XXd)

was the basis of the Gelfond-Linnik-Baker solution of the imaginary class number one
problem, and this is used also here. Gelfond and Linnik considered the s = 1 case in the
above equation (but this is equivalent to the substitution s = 0 because of the functional
equation). If % is a primitive Dirichlet character modulo ¢, then the arithmetic nature
of L(1,v) depends on the parity of : it is m times an algebraic number for odd v, and
it is a linear combination of logarithms of algebraic numbers, if 1) is even. It is known
that if d < 0, then x4 is odd, and if d > 0, then x4 is even. This implies that in the
imaginary case (d < 0) it is sure, by any choice of the parameter character x, that one of
the characters x and xxgq is odd and the other one is even. Therefore, one of L(1, x) and
L(1, xxq) is a linear form of logarithms of algebraic numbers, and we are led to Baker’s
theorem. However, if d > 0, and we choose an odd x, then both of xy and xx4 are odd,
L(1,x)/m and L(1,xxq4)/m are algebraic numbers, and this leads to elementary algebraic
number theory.

Finally, we prove formula (2.2.9). By (2.2.7), we have

x(4)

(2D - a10)2
x(af +4)

—C? - 2.2.11
o C*)C(C —q), ( )

By(a1) = Z X(

0<C,D<q—1

where dividing by a? + 4 means multiplying by its inverse modulo ¢ (which exists by the
assumption that a; € U,). Now, if C is fixed, then (2D — a1C) runs over a complete

residue system modulo ¢. A similar formula is valid for as in place of a;. Since
(a3 +4)(ai +4)7"

is the square of a reduced residue class modulo g, if a1, a2 € Uy, so the right-hand side of
(2.2.11) remains unchanged if we replace a; by ag, hence (2.2.9) is proved. In fact one can
say more about the numbers B, (a), especially if ¢ is a prime, but we do not need it, so we

do not analyze it any further.
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2.3. Proof of Lemma 2.1 and Fact B

Before proving these two important results stated in Section 2.2, we introduce some further
notations.

Let o be the positive root of the equation z2 + pz = 1. It is easily seen that 1,a~! is
an integral basis of R, and 1,« is also an integral basis. On the other hand, a~! is the
fundamental unit of K, this is true because the fundamental solution of X2 — (p? +4)Y?2 =
—4is (X,Y) = (p,1). Hence the units of R are +a’ with integer j. For 3 € R, denote by
3 the algebraic conjugate of 3, and let

Q(C,D) = D* — C* — pCD.

It is easy to verify that for
f=C+Da!

with integers C',D one has
BB =—-Q(C, D). (2.3.1)

Proof of Lemma 2.1. Suppose that (7) is a principal ideal of R. If v < 0, then replace 7y
by —. If, then, 7 < 0, replace v by ya~!, which is positive, and its conjugate, ¥(a)~!, is
also positive. Therefore, without loss of generality, we may assume that v > 0 and 7 > 0.
The units of R which are positive and whose conjugate are also positive are (a?)? with

integer j. So there is a unique § € R such that (v) = (5) and

ﬁ>QB>ogng%<a4.

Since a~? is irrational, we can write any element of K as a Q-linear combination of 1 and
a~2. Say
f=X+Ya 2.
Now
13%@3§5@Ym4—a%20@Y20
Similarly

<atef<fate X t-1)>0e X >0.
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We deduce that every principal ideal of R can be written in a unique way in the form (),
where

B ER, B=X+Ya ? with some rationals X >0, Y > 0.

Next write X = qx + qnq and Y = qy + gno for some nonnegative integers n; and ns and
real numbers 0 < x < 1, 0 < y < 1 which can be done in a unique way. Then 3 € R if and
only if

q(z +ya?) €R,

since, evidently, q(n1 + noa™?2) € qR.
Now, since C'+ Da~! with integers 0 < C, D < ¢ — 1 form a complete system of represen-

tatives of R/qR, we can uniquely select an integer pair 0 < C, D < ¢ — 1 such that
q(x +ya=?) € C+ Da ' +qR.

Therefore

C + Da™ !
r4ya - ST o p (2.3.2)
q

Tracing this back gives
X +Ya?=C+ Da ' (mod qR),
and since for the principal ideal a generated by (X + Ya™2) we have
N(a)=(X+Ya?)(X +Ya2)
because X >0, Y >0, so
N(a) = (C+ Da™")(C + Da~') = —Q(C, D) (mod g),

where we used (2.3.1). Therefore, using also (2.3.2), if we partition the § € R according
to the associated values for C' and D we obtain the following formula of Shintani (p. 595.

of [Sh2)):

q—1

CASIERE=1 DIRTLCICY D DINNS ( CRRP B ICE S

C,D=0 (2.4)ER(C,D)
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with the following notations: R(C, D) denotes the set

C + Da™ !
{(w,y)GQZ: 0<x<l, O§y<1,x+ya_2—+—a€R},

q

b . o . .
) with positive entries and x > 0, y > 0 we write

d
(2 2)en)

} a
and for a matrix <
c

for the function

o0

Y (alny+2) +b(na +y)) " (e(ny +2) +dlnz +y)) "

nl,’I’LQ:O
The key result we need to quote is easily deduced from the Corollary to Proposition 1 of
[Sh1]:
Proposition (Shintani). For any a,b,c,d,z > 0 and y > 0 the function

(s (8 0) @),

which is absolutely convergent for Rs > 1, extends meromorphically in s to the whole

complex plane and the special value

equals

BB+ (B (§+5) + Bt (£+1))

C a

where By and Bs are the Bernoulli polynomials

1 1
Bi(z) =2-3, Bs(z) =z2—z+8.

We thus can substitute the result of this proposition into (2.3.3) to evaluate (px)(0, X).
Using that
a ?+a? :p2—|—2,

26



dc_344 11

we obtain

Cpx)(0,x) = — Z x(Q(C, D))%c,p, (2.3.4)

where Y¢ p denotes the sum

2 2 2 2
P p°+4 p+2 59  D°+D
E ( 5Ty 1 (x +y) + 1 (x+y)°+ 15 :
(z,y)ER(C,D)

To investigate X p for a fixed pair 0 < C,D < g — 1, we observe that for any m,n we

have o
ma~'+n (n—")+Ta”

q q
and so it is easy to see that the possibilities for (m,n) having (z,y) € R(C, D) with

@)= (5= 2.2

q pqp
are

] C—-D

with any integer 0 < j < p — 1. This is so because the possible values of m are obviously

these p values, and once m is fixed, n is unique.

One has
o<1+i—w<2,
p p
SO
nj=Cfor0<j<A
and

n; =C+qfor A <j<np,

where we put

A=[(pC—D)/ql,

and clearly 0 < A < p.

So we have

S AL D . n; + n} +

Lk p? m; . m;  p? 44 pP’+2 5, p*+5
Sep = i .
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By the description of n; and m; above, considering separately the cases 0 < j < A and
A < j < p, using the summation formulas for Z;V:O j and Z;V:o 42 (for any integer N > 0),

straightforward (but tedious) calculations give

Co,p e 1o
by =A(1l — — —y - — 2.3.5
cp=A0-0)+ Lyt - 38 (2:3.5)
where
Se)p =202 + D? + (D — pC + qA)?,
and

2&p =2pC + (p—2)D + (p + 2)(D — pC + qA).

Remember that A depends on C' and D, but for brevity we do not denote it.
We show that

S xQ,D)sg, =0

0<C,D<q—1

for j = 1,2. To this end we introduce the transformation
T((C,D))=(C,D)

with

C=D-pC—q((D-pC)/q, D=C
(here we used lower integer part). We will also use the notation
T2 ((C, D)) = (C, D).

Note that C (similarly to C, D and 15) depends on the pair (C, D). The transformation
T is a permutation of the set of the pairs (C, D) with 0 < C,D < g — 1.

Now, observe that

gA=pC —D+C.

Using this relation, and
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we obtain the identities

) = (m ; (D)2> ; (@)2 ; (15)2>

2 = (p—2) (D+D>+(p+2) <D+f)>.

It is easy to verify that
Q(év ﬁ) = _Q<C> D) (HlOd q)a

hence
¥ (@G, D)) = —x(Q(C. D)),

since x is odd. Consequently, any orbit of 7' (where x is not 0) has an even number of
elements, and the value of x (Q(C, D)) changes to its negative at each step by 7. Our last
identities then show that in fact, when we substitute (2.3.5) into (2.3.4), the terms

1 2
5¢br SG)p

give 0 after the summation over C, D (since they give 0 on each orbit). Lemma 2.1 is
proved.

For the proof of Fact B, we need the following lemma.

LEMMA 2.2. If0# 3 € R, and |33| < p, then 3 is associated in R to a rational integer.
Proof. Let § = ca — d with integers ¢ and d. We may assume that a <|3| < 1 and ¢ > 0
(since for ¢ = 0 we are done). Then

_ 1 1 1
Bl =lc=+d| =[c(la+ =) = B] > cla+ =) -1,
(0 e} «

hence

p> |88l >c—a.

The right-hand side is greater than p—1 for ¢ > p, so we have 1 < ¢ < p. Then 0 < ca < 1,
and by || < 1 we can assume d = 1, because in the case d = 0 the proof is complete.

Then
p> 1688 =1-c+pc,
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which is impossible for ¢ in the given range, and the lemma is proved.

Proof of Fact B. Assume that d is not a prime (but, by our assumptions, it is odd and
squarefree). Let ¢ be the least prime divisor of d. Since (p,d) = 1, and (p + 1)? is greater
than d, we have 2 < t < p. The discriminant of K is d, hence the prime ¢ is ramified in
K, so the ideal generated by t in R is a square of an ideal, say (t) = a®. The class number

is 1, so a = () with some 0 # § € R, and this implies that

8Bl = N(a) =t,

hence |36| < p and |30] is not a square, which is a contradiction by Lemma 2.2.

So we know that d is a prime, it is obviously congruent to 1 modulo 4, and by quadratic
reciprocity it is enough to prove that (5) = —1. Assume that (5) = 1. It is well-known
(and we can see from (2.2.1)) that the ideal (r) is then a product of two prime ideals in
R; both prime ideals must have norm r. Since the class number is 1, it follows that there
is a 0 # 3 € R such that |33| = r, and since 7 < p and r is not a square, this contradicts

Lemma 2.2, just as above. Fact B is proved.

2.4. Fixing the parameters

We will use the notations introduced in Section 2.2.

We will use Fact A for three concrete characters x, denote them by x1, x2 and x3. The
character x; has conductor 175 = 52 - 7, while 2 and x5 have conductor 61.

Since 2 is a primitive root modulo 25, and 3 is a primitive root modulo 7, the character
x1 is well defined by

_ ngs) (7)

X1 X1

where X§25> is a character modulo 25, Xﬁ” is a character modulo 7, and

\2) =ie, \\V3) = w,

where £ is a primitive fifth root of unity, ¢ is the usual primitive fourth root of unity, and w
is a primitive third root of unity. It is easily seen that x; is a primitive character modulo

175 and x1(—1) = —1.
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Since 2 is a primitive root modulo 61, the characters x2 and y3 are well defined by

x2(2) = w¢, x3(2) = i€.

These are obviously primitive characters modulo 61, and

x2(—1) = x3(—1) = —1L.
Clearly
Ly = Q(&o) for x = x1 and x = x2,

and

Ly = Q(&0) for x = x3,

where &,, denotes a primitive nth root of unity.

Before giving the concrete examples we will work with, we quote a well-known general fact
on the factorization of rational primes in cyclotomic fields. Let r be a rational prime and
assume that

r =1 (mod n). (2.4.1)

Then, in the ring of algebraic integers of Q(¢,,) the ideal (r) is a product of ¢(n) distinct

prime ideals, and these prime ideals have the form

(r,6n — a), (2.4.2)

where a runs over the rational integers 1 < a < r with
or(a) =n, (2.4.3)

and o,(a) denotes the order of a modulo r. (See [W], pp. 14-15.) What we actually need
is the fact that in the case of (2.4.1), the ideal (2.4.2) is a prime ideal for every rational
integer a satisfying (2.4.3).

We now give our four examples. These examples correspond to the four arrows

175 — 61, 175 — 1861, 61 — 1861, 61 — 41,
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respectively, mentioned in Section 2.2.

Example 1. Here
q= 1757 r= 617 X = X1, ﬁx = Q(§60)a

and we choose

I = (61,iwe — 10).
Since 0g1(10) = 60, this is a prime ideal. We then have

X7 (2) = (w6)* = 10% = 8 (mod 1),

and

X§7)(3) = (1w€)*” = 10* = 47 (mod I).
Consequently, for rational integers a,
if a = 2% (mod 25), then Xg%)(a) = 8% (mod 1), (2.4.4)

if @ = 3" (mod 7), then Xp(a) = 47" (mod I). (2.4.5)

Example 2. Here
q= 1757 r= 18617 X = X1, £X = Q(§60)a

and we choose

I = (1861, iw& — 173).
Since 01861(173) = 60, this is a prime ideal. We then have, just as above,
X§25)(2) = 173*! = 380 (mod I), and X§7)(3) = 173% = 1406 (mod I).
Consequently, for rational integers a,
if o = 2° (mod 25), then v\ (a) = 380° (mod 1), (2.4.6)

if a = 3" (mod 7), then X(17)(a) = 1406" (mod I). (2.4.7)

Example 3. Here
q= 617 r= 18617 X = X2, ‘CX = Q(§60)7
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and we choose

I = (1861, iw¢ — 1833).

Since 01861(1833) = 60, this is a prime ideal. We then have, for rational integers a:
if a = 2° (mod 61), then x(a) = 1833° (mod I). (2.4.8)

Example 4. Here
q= 617 r= 417 X = X3, Ex = Q(£20)7

and we choose

I = (41,i¢ — 33).

Since 041(33) = 20, this is a prime ideal. We then have, for rational integers a:
if a = 2® (mod 61), then x(a) = 33° (mod I). (2.4.9)

It is clear that using formulas (2.4.4) — (2.4.9), we can verify whether Condition (*) (see
Section 2.2) is valid for these four (g, r) pairs or not (with the given x and ). We will use
for this the computer program of the next section, and we will find that the condition is
satisfied in each case. Then we will have a possibility to apply the arguments of Section

2.2, in particular, formula (2.2.10).
2.5. The computer program

The aim of the computer program of this section is to compute m, modulo 7, and also
A, (po), By(po) modulo I for every relevant residue class pp modulo ¢ (see Section 2.2 for
these notations). We will compute these quantities with the concrete parameters of the
examples of Section 2.4, i.e. we compute them in four separate cases. Since I lies above
r, and |R/I| = r, the computation modulo I is in practice a computation with rational
integers modulo 7.

Before giving the BASIC program itself, we say a few words about it.

We will apply the program for the four examples given in the previous section. We have to
give the value of ¢, and then the value of r. These two values already identify the example,

and the program then works with the other data (i.e. x and I) of that example.
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The program uses data from a file depending on (g, r). Each data file contains 20 numbers,
we write the interesting values of py followed by zeros, if there are less than 20 interesting
values. See the contents of the data files below. It will turn out in Section 2.6 that indeed
these are the interesting values of py. Firstly, the program computes the values of our

characters modulo the ideal I, based on equations (3.4.4)-(3.4.9). If ¢ = 175, we have
d(n,0) = X§25)(n) (mod I), d(n,1) = Xp(n) (mod 1).

If ¢ = 61, we have
d(n,2) = x(n) (mod I).

We use two subroutines. The first one (at line 20) is used only if ¢ = 175. If 1 < g <3
is fixed, and the integers J, Z and s(g) are given, this subroutine adds x(J)Z to s(g)
(modulo the ideal I, of course). The second subroutine (at line 30) is the same as the
previous one, but it is used when g = 61.

After computing the values of the characters, the program computes m, (we get it in
resultl.txt), then A, (po) (we get in result2.txt) and B, (po) (result3.txt) modulo I for
every interesting value of py.

We now give the data files. In the first line we write the contents of data0.txt, the second

line is datal.txt, the third line is data2.txt, while the fourth one is data3.txt:
3,8, 13, 17, 18, 22, 27, 32, 38, 43, 48, 52, 53, 57, 62, 67, 73, 78, 83, 87;

8, 13, 18, 22, 32, 38, 43, 53, 67, 78, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0;
6, 10, 24,0, 0,0,0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0;
13,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0.

Here is the QBasic program:

DEFDBL A-Z

IF q =175 AND r = 61 THEN OPEN ”data0.txt” FOR INPUT AS #1
IF q =175 AND r = 1861 THEN OPEN ”"datal.txt” FOR INPUT AS #1
IF q = 61 AND r = 1861 THEN OPEN ”data2.txt” FOR INPUT AS #1
IF q = 61 AND r = 41 THEN OPEN ”data3.txt” FOR INPUT AS #1
OPEN "resultl.txt” FOR OUTPUT AS #2
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OPEN "result2.txt” FOR OUTPUT AS #3

OPEN 7result3.txt” FOR OUTPUT AS #4

DIM d(60, 2): DIM s(3)

REM ======= WE COMPUTE THE VALUES OF THE CHARACTERS
p=1d(1,0)=1: FORJ=1TO 19

v=p: p=(2%p) MOD 25

IF r = 61 THEN d(p, 0) = (8 * d(v, 0)) MOD r

IF r = 1861 THEN d(p, 0) = (380 * d(v, 0)) MOD 1

NEXT J

p=1:d(1,1)=1: FORJ=1TO5

v=p:p=(3%p) MOD 7

IF 1 = 61 THEN d(p, 1) = (47 * d(v, 1)) MOD r

IF r = 1861 THEN d(p, 1) = (1406 * d(v, 1)) MOD r

NEXT J

p=1:d(1,2)=1: FORJ =1 TO 59

v=p: p=(2%p) MOD 61

IF 1 = 1861 THEN d(p, 2) = (1833 * d(v, 2)) MOD r

IF r = 41 THEN d(p, 2) = (33 * d(v, 2)) MOD r

NEXT J

GOTO 40

REM =======1F ¢ = 175, THIS SUBROUTINE ADDS x(J)Z 20 IF J
MOD 5 =0 OR JMOD 7 =0 THEN GOTO 25

s = d(((J MOD 25) + 25) MOD 25, 0): L = d(((J MOD 7) + 7) MOD 7, 1)
w=(s* L) MOD r

s(g) = (((s(g) + w=+Z) MOD r) + r) MOD r

25 RETURN

REM =======1F ¢ = 61, THIS SUBROUTINE ADDS x(J)Z

30 IF J MOD 61 = 0 THEN GOTO 35

s = d(((J MOD 61) + 61) MOD 61, 2)

s(g) = (((s(g) + s*Z) MOD r) + 1) MOD r

35 RETURN
REM ======= WE COMPUTE m,, (ASs(1)) 40 g =1: FOR J = 1
TOq -1

Z = J:IF q = 175 THEN GOSUB 20

IF q = 61 THEN GOSUB 30

NEXT J

REM ——===—=— p(a) ARE THE POSSIBLE VALUES OF p,
DIM p(20): FOR a = 1 TO 20: INPUT #1, p(a)

IF p(a) = 0 THEN GOTO 70

REM ======= WE COMPUTE A, (po) (AS s(2)) AND
REM ——————— B, (i) (AS 5(3))

FORc¢=0TO q—1: FORd=0TO q — 1
J=dxd—-cx*xc—pa)xcx*d
g=2:2=(q—c)*INT((d - p(a) * c) / q)
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IF q = 175 THEN GOSUB 20

IF q = 61 THEN GOSUB 30

g=3:Z=(c—q)xc

IF q = 175 THEN GOSUB 20

IF q = 61 THEN GOSUB 30

NEXT d: NEXT c

REM ======= WE PRINT THE RESULTS
FOR g =1TO 3: IF a > 1 AND g = 1 THEN GOTO 60

IF g > 1 THEN PRINT #(g + 1), "for ”; p(a); ” we get ”; s(g)
IF g = 1 THEN PRINT #(g + 1), ” we get ”; s(g)

s(g) =0
60 NEXT g 70 NEXT a
CLOSE #1: CLOSE #2: CLOSE #3: CLOSE #4

2.6. Concluding the proof

Firstly, we show that a residue class and its negative always behave in the same way during
our proof. We can spare half of the computations by this observation.

Recall the definitions of A, (j) and B, (j) from Section 2.2.

LEMMA 2.3. Let q be a positive integer, x a character modulo q and j an integer with
(7,q9) = 1. Then

(1) Bx(q —34) = By (j);

(i) Ax(q = J) + Ax(J) =By (5)-

Proof. Let (t), denote the least nonnegative residue of ¢ modulo ¢. Then, replacing
D by (¢ — D)4 in the definition of B, (¢ — j), we get (i). The same reasoning gives that
the left-hand side of (ii) equals

f X(D? — C* - jCD) G(q_j)c_(q_mﬂ i FC_DD e

C,D=0 q q

If D # 0, then

[l4=9C—ta=D) , [1€=D

C—1,if D= jC (mod q)
q q —‘:

bl

C otherwise
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since the sum of the arguments of the upper integer parts is C'— 1. If D = 0, then the sum

is 1 larger. Thus, using (j,q) = 1, the left-hand side of (ii) equals

By(4) - > X(=CHC -+ Y, X(=CHC-q

1<C,D<q—1, D=jC 1<C<g—1, D=0
(the congruence in the first sum is meant modulo ¢), which proves (ii).
Proof of Theorem 1.1. Since our program in Section 2.5 applied for the four (gq,r) pairs
given in the examples of Section 2.4 gives 0 for m, (modI), but gives nonzero results for
B, (po) (mod I) (i.e. the results are rational integers not divisible by r) for certain values
of po € Uy (hence for all py € Uy, see (2.2.9)), we get that these four (¢,r) pairs satisfy
Condition (x). Hence we can apply (2.2.10), and we can follow the steps outlined in Section
2.2. Note that if two rational integers are congruent modulo I, then they are congruent
modulo 7, so (2.2.10) gives us the value of p modulo r.
By Lemma 2.3, we have

j - qg’;g; = - ((q —J) - qw) (2.6.1)

modulo I for every (j,q) = 1, so (see (2.2.10)) a residue class contained in U, and its
negative determine residue classes modulo r which are again negatives of each other.
We first consider Example 1 from Section 2.4. In the first column of Table 1 we list the 20

values of py (see (2.2.5) for its meaning) for which
175
0<po< 5 Po = +2 (mod 5) and pg = +1, 43 (mod 7).

These are the elements of Uj7s in the given range (for pg & Uy75 we are done, p?+4is a
square modulo 5 or 7). In the second and third columns we give A, (pg) and B, (po) modulo
I, respectively (obtained by the program); the fourth column gives p modulo 61, and it is
computed from the first three columns, using (2.2.10). The fifth column is determined by
the fourth column: if p? +4 is a square modulo 61, then we write a number n into the fifth
column such that

n? = p* + 4 (mod 61);
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otherwise we leave the fifth column empty.

For the 10 values of pg where the fifth column of Table 1 is empty, we apply the program
with the parameters of Example 2 (in particular, ¢ = 175 and r = 1861). The results are
summarized in Table 2, which is completely analogous to Table 1.

We know from (2.6.1) that if we replace a particular py by 175 — pg in the first column of
Table 1 or Table 2, then in the fourth column we obtain the negative of the residue class
belonging to pg in the fourth column. Consequently, p? + 4 modulo 61 (or modulo 1861 in
the case of Table 2) is unchanged. Hence, if the fifth column is nonempty at the row of a

po in Table 1 or in Table 2, then py and 175 — py are excluded in the sense that for
p = +po (mod 175)

p? + 4 is a square modulo 61 or modulo 1861. The remaining possibilities are summarized
in Table 3, where we mean that either the plus or the minus sign is valid inside a row, and
one of the rows must be valid for our p.

For p = 6, 10 or 24 modulo 61 we apply the program with the parameters of Example 3.
The result is Table 4, which is completely analogous to Tables 1 and 2, but we do not need

the fifth column, so we omit it. Since
612 £ £1058, 881 £ +£1107, 881 # +1062 and 460 # +1634

modulo 1861, so, using (2.6.1), we see by Tables 3 and 4 that the only possible values for p
modulo 61 are £13 (since otherwise p would belong to two different residue classes modulo
1861, which is a contradiction). Hence, if we consider Example 4 (¢ = 61, r = 41), the
only possibilities for pg are 13 and 61 — 13 = 48. For pp= 13 we apply the program and
we obtain

Ay (po) =0 (mod I) and B, (po) = 13 (mod I).

Hence (2.2.10) gives
p =13 (mod 41).

By (2.6.1), we know that then py = 48 gives
p = —13 (mod 41).
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In both cases, we have

p? +4 =173 = 3% (mod 41),

so Theorem 1.1 is proved.
TABLE 1.
We use the parameters of Example 1, in particular q=175, r = 61.

The second and third columns are meant modulo I.

Po Ay (po) By (po) p mod r V/p? + 4 mod r
3 0 51 3 14
8 0 33 8

13 0 24 13

17 0 26 17 7
18 34 44 2

22 34 53 49

27 24 50 4 9
32 1 44 10

38 40 30 8

43 46 23 59

48 20 50 39 0
52 14 32 25 18
53 13 51 6

o7 54 23 36 18
62 42 24 15 30
67 28 26 24

73 6 32 44 7
78 27 53 51

83 32 33 39 0
87 19 30 27 1
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TABLE 2.
We use the parameters of Example 2, in particular q=175, r = 1861.

The second and third columns are meant modulo 1.

Po Ay (po) By (po) p mod r \/m mod r
8 0 1121 8 505
13 0 1498 13

18 1254 1060 285 385
22 60 1588 1492 263
32 135 1060 1107

38 1633 1397 321 760
43 1294 1102 1685 748
53 1275 1389 1058

67 1773 1720 1634

78 344 1588 1062

TABLE 3.

p mod 175 p mod 61 p mod 1861

+13 +13 +13

+32 +10 +1107

+53 +6 +1058

+67 +24 +1634

+78 +51 +1062

TABLE 4.

We use the parameters of Example 3, in particular q=61, » = 1861.

The second and third columns are meant modulo 1.

Do A, (po) By (po) p mod r
6 957 1000 612
10 1150 616 881
24 173 663 460
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3. A Poisson-type summation formula

3.1. Structure of the chapter and a convention

In this chapter we prove Theorem 1.2. In Section 3.2 we give a sketch of the proof,
in Section 3.3 we introduce some more notations and gather together some well-known
preliminary facts. In Section 3.4 we prove our most important lemmas, then we prove a
special case (the special case (3.2.1), see below) of Theorem 1.2 in Section 3.5, and the
general case in Section 3.6. Some remaining lemmas on automorphic functions are proved
only in Section 3.7 (but the results of Section 3.7, i.e. Lemmas 3.9-3.14 are used already in
earlier sections). In this chapter we use some facts (for example Theorem 1.3, but we will
quote also some other results of Chapter 4) related to the function ¢, (z), but these facts
will be proved only in the Appendix (i.e. in Chapter 4). The present chapter is based on
[Bi7].

CONVENTION. In what follows, u; and us (hence ¢; and t5) will be fixed (see the
statement of Theorem 1.2 for these notations). So every variable and every constant
(including the constants implied in the < and O symbols) may depend on u; and ugy, even

if we do not denote this dependence.

3.2. Sketch of the proof of Theorem 1.2

In this sketch we ignore problems related to convergence, we just give a formal argument.

Assume first that the following special case of Theorem 1.2 is already proved:
flx)=0 (z€R), a,=0 (n#N), ay=1 (3.2.1)

with a fixed positive integer N. Using Groenevelt’s result that the Wilson function trans-
form of type II is its own inverse (see Subsection 1.3.5), we can see that this special case
(reading it ”in the other direction”, and making the changes u; — Uz, us — uy) proves

another case of Theorem 1.2:

flz) = @(%—N) (z) (xeR), ap, = ﬁbi(i_z\r) (z (Z - n)) (3.2.2)
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with a fixed positive integer N.

There is a special case of Theorem 1.2 which is easily seen to be true:

1

w (x € R), a, =0 (n>1). (3.2.3)

fz) =

This special case will follow trivially from the spectral theorem for weight 1/2.

It turns out that the general statement can be proved using these three special cases
by purely analytical means. This will follow from Theorem 1.3 which implies that a nice
enough even function on R can be written as a linear combination of the functions m
and qﬁi(ifN) () (N > 1). This will mean that if f is a given nice even function on R, then
by (3.2.2) (using it for every integer N > 1) and (3.2.3) we can prove that Theorem 1.2 is
true for this f and for some sequence {a,},>1. But then, using (3.2.1) for every integer
N > 1, we can achieve any sequence {ay },>1 without changing f. This will complete the
proof of Theorem 1.2.

Hence, it is enough to prove the special case (3.2.1). We now give a sketch of the proof of
this special case.

Observe that we have to give an expression for

SN
Z Bokn (u1),9n,5) (Bokn (u2) , 9n.5), (3.2.4)

which is the inner product of the projection of Byrx (u1) and the projection of Bokn (us2) to
the space (Imz) THN Song 1. This is in fact the space of Maass cusp forms of weight 2N + 3 z
and Agn %—eigenvalue (N + i) (N — —) We will show that this projection operator can
be written as an integral operator: if U is a cusp form of weight 2N for I'g(4), then the

projection of ByU to the above-mentioned space is

/ Bo(2)U(z)mn(z,w)dp.,

with a suitable kernel function my. We can apply a theorem of Fay (see our Lemma 3.4)

to determine the Fourier expansions of By and U on noneuclidean circles around w. Since
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the behavior of my(z,w) on such circles is well understood, we can compute this integral

using geodesic polar coordinates around w, and we get that the projection equals

S CuaBilw) (U)_, (w),
=0

where the coefficients Cyy; are explicitly known, and
1 1
(U)—l - ELN_H_l e LN_lLNU, Bl - EK(Z_l)'i'i e K%KiBo.
Hence, applying it with U = sy (u1) and also with U = ky (uz) we see that for the

computation of (3.2.4) we have to compute integrals of the form

| Bu(w) (ki () g, () Biy (w) (kv (u2)) —y, (W)t

We will consider this integral as the inner product of By, (kn (uz2))_;, and By, (kn (u1))_,, -
These are automorphic forms of weight % +2(l1 + 13— N), and we will compute their inner
product using the spectral theorem for this weight (in the form of Corollaries 3.1 or 3.2

below). This leads us to a sum of products of triple products of the form

(Bu (e (), F) (Bulin (w)) 4, F).

where F is a Maass form of weight 3 + 2(I; + [ — N). Using partial integration (in the
form of Lemmas 3.1 and 3.2) it turns out in Lemma 3.7 that these triple products can be
written as linear combinations of such triple products which are present in Theorem 1.2.

This reasoning shows relatively easily that we can get some expression for (3.2.4) with
the products of inner products which are present in Theorem 1.2. However, I cannot give
a good explanation of the actual form of the relation, i.e. the occurrence of the Wilson

function ¢ (z), besides the fact that this will be the result of the computation.

3.3. Further notations and preliminaries

3.3.1. Some details on the Wilson function transform of type II. We first give
explicitly the quantities C', H(z) and ¢Rj mentioned in Subsection 1.3.5: we use the

notations '(X £Y)=T(X+Y)I'(X -Y) and
I(X+Y+2Z)=T(X+Y+ )T (X+Y-2)T(X-Y+2Z)I(X-Y - 2),
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and define
H(x) = I (1 ity +iz) T (§ ity £iz) T (5 £iz) T (3 +ix) (3.3.1)
= 72T (£2iz) ’ e
2
s
C = : 3.3.2
T L) T (L L) (3:3.2)
and (writing s; = 1 4 it; for j = 1,2, as in Theorem 1.2)
. 2k — L0 (k+ it |T (k+it)|> . (1 1
iR = —— 2 5 - r (5 = ztl) r <§ = ztg) : (3.3.3)
[(s1) ™ [(s2)

(Note that there is a mistake in the concrete expression for this residue in Section 5.1 of
[G1], the formula there should be multiplied by 4¢?, which is { in our case.)
As it was promised in Subsection 1.3.5, we now give explicitly the parameters of the Wilson

function ¢ (z) introduced there. Indeed, let

1 1 1
CL:——I—itl,b:——l—itQ,C:——itQ,d:

1 1 ;. +ity. (3.3.4)

W o

Then this set of parameters is self-dual, i.e. for the dual parameters @, b, ¢, d defined in

formula (2.6) of [G1] we have
a=ab=>b¢é=cd=d.

For the definition of the Wilson function transform of type II in Section 5.1 of [G1] one
more parameter is needed, we denote it by t. We choose t = % there, and then in the
beginning of Section 5.1 of [G1] we see also that ¢ = ¢. Then the definition of H(z) in
(3.3.1) above is in accordance with [G1], and since our parameters are self-dual, we quoted
correctly Theorem 5.10 of [G1] in our Subsection 1.3.5.

We mention two more important facts what will be needed. The first one is ¢ () = ¢ (N),
see (3.4) of [G1] and remember that our parameters are self-dual. The second one is that
o (x;a,b, ¢, d) is symmetric in a, b, ¢, 1 —d (see Remark 4.5 of [G1]), hence that our Wilson

function transform is symmetric in ¢; and t,.
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3.3.2. Other notations. Let D; be the closure of the standard fundamental domain of
SL(2,7Z), hence
1 1
Dlz{zEH:—ESRezgﬁ, |z|21}.

Then, it is easy to check that the following set is a closure of a fundamental domain of

FO (4) .

Dy =D,
=0
where
0 -1 .
7j:(1 ]> (0§j§3),
and

(10 (1 0
74_ O 1 ) 75_ _2 1 .

In the sequel D4 will always denote this fixed fundamental domain of I'g(4).

The three cusps for T'g(4) are oo, 0 and —%. If a denotes one of these cusps, we take a

scaling matrix o, € SL(2,R) as it is explained on p. 42 of [I1]. We can easily see that one

(1 0 (0 F (-1 F
9o=\o 1) =2 o) 957\ 2 0 )

The only cusp for SL(2,7Z) is oo, and, of course, we take the identity matrix o, for scaling

can take

matrix also in this case.

Let LY and F(«,[,7;2) be the usual notations for Laguerre polynomials and Gauss’
hypergeometric functions, respectively, see [G-R], p. 990 and p. 995.

If a is a cusp for I'g(4), we define x, by

V(O'a(é })chl) :G(—Xa), OSXa<1-

It is easy to check that y. = xo = 0, and X-1= %. So the cusps 0 and oo are said to be
singular, and —1/2 is said to be nonsingular.

If fis a Maass form of weight I, A;f = s(s — 1) f with some Res > %, 5 = % +it, and a is

: =
a cusp of T, then f(0,2) <|§GGE2|) has the Fourier expansion

Cf,a(y) + Z pfya(m)Wésgn(m — Xa):it (47T ‘m - Xa| y) € ((m - Xa) .CC)
m € Z
m—Xa 7 0
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for = = x + iy € H where W, g is the Whittaker function (see [G-R], p. 1014), and
ct.a(y) = 01if x, # 0, while it is a linear combination of y* and y'~* for s # % and of y'/2
and y'/?logy for s = %, if xo, = 0.

Let P;(Dy4) be the space of such smooth automorphic forms of weight [ for I'g(4) for which

we have that for any integers B, C' > 0 there is an integer A = A(B, C') such that

(Geoe?) )

is bounded on Dy (i.e. every partial derivative grows at most polynomially near each cusp

—A
(max Imo ! z)
a

on the fixed fundamental domain D4). We denote by R;(D,) the space of such smooth
automorphic forms of weight [ for I'g(4) for which we have that for any integers A, B,C > 0

(G ae?) o)

is bounded on Dy (i.e. every partial derivative decays faster than polynomially near each

the function

A
(maX Imo ! z)
a

cusp on the fixed fundamental domain Dy).
Let
o ={y€SL(2,Z): yoo =00}

For z,w € H let

Bl

H(zw) = i* Qj:g)% - (fu__z>_ (3.3.5)

(the last equality holds because the fourth powers are the same, and the arguments of both
sides lie in (=%, 7)), as on p. 349 of [Hej]. It is easy to see that for any T' € SL(2,R) we

have

et - (25 (2

SO

N=

fﬁﬁiiﬁ”zz(éii%)é(éiﬁﬂ)_ | (3.3.6)

since both sides lie in the right half-plane. Observe also that

H(w,z) = H(z,w). (3.3.7)
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If z € H is arbitrary, let T, € PSL(2,R) be such that T is an upper triangular matrix and

T.i = z. It is clear that T, is uniquely determined by z, for z = x + iy we have explicitly

If z € H is fixed, the function (Imz)i 0 (Tz <z¥>> (1-— L)_% is holomorphic for |L| < 1,

so it has a Taylor expansion

L ol

(Imz)7 0 (TZ (z%)) (1-L)2 =Y Ba(:)L". (3.3.8)

n=0

We defined in this way a function B, (z) (z € H) for every n > 0. For n = 0 this is in
accordance with (1.3.1).

For 71,72 € SL(2,R), we define

w(y1,72) = Jn (”722)1/23'72( ) /2.77172(2)_1/2;

the right-hand side is indeed independent of z € H. Clearly w = +1.
For a = 0,00, Res > 1, z € H and any integer n define (I';, denotes the stability group of
ain T'g(4))

jo-a_lfy('z)

1,(2)

a

1
E, (z, 55 + 2n) = Z v(v)w (oa *,7)(Imo, 1y2)*

'Vera\FO (4)

Js
It follows from [F], formula (5) on p. 145 that for n > 0 we have
E, (z,s, 1 —|—2n) =c,($)K,_s...KsK1FE, <z,s, 1) )
2 1 11 2
for n < 0 we have

1 1
E, <z,s, 3 —|—2n> =c, (S)L%Jrn...L_%L%Ea (z,s,§> ,

(of course s is fixed and we apply the operators in z), where

ll_[s—l— +1
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for n > 0, and

for n <0.
It is known that for every z the function F, (z, s, %) has a meromorphic continuation in s
to the whole plane, and this function is regular at every point s with Res = %

If j > 0 and n > 0 are integers, define

Uj 1400 (2) = Cjm (Kn_% ...K%K%uj7%> (2);
if 1 > 1 and n < 0, define

Uj 1400 (2) =Cjm (L%Jrn : ..L_%L%uj7%> (2),

where the numbers c;, are chosen in such a way that <uj’%+2n,uj7%+2n> = 1, and, of

course, ¢jo = 1 for every j > 0. We see by [F], pp. 145-146 that this is possible, we have

At onty 1o, = Si(S; — Duj1,45,, and for a fixed n the functions u; 1,5, (j = 0 for

n >0, and j > 1 for n < 0) form an orthonormal system in L% +on(Da). We also see by
2

(11) of [F] that
1

linl? = (3.3.9)
’ (S + 1), (- 95),
for n > 0, and
1
lcin]? = (3.3.10)
’ (= 1), (G =5)_,
for n < 0. In this case we used also the general identity
Krg = L_g, (3.3.11)

and we will use frequently (and sometimes tacitly) this identity throughout this chapter.

Forn>k>1and 1 <j < s, let

Grjn = Chjintn_g o Ky s Ky 10k 5,
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where ¢, j,, is chosen such that (gx jn, 9k n) = 1. By [F], pp. 145-146 this is possible,
AQ,H_%gk,j,n = (k + %) (k — %) Jk,jn, and for a fixed n > 0 the functions

{uj,%+2n R 0} U{grjn: 1 <k<n,1<j<s}

form an orthonormal system in L% 4o, (D1). We also see by (11) of [F] that
2

Chjm]? = !
BT 2k 4+ 1) (n— k)

(3.3.12)

form>k>1and 1<j < sg.
We will make several times a transition to geodesic polar coordinates: if zy € H is fixed,

then for every z € H we can uniquely write

S - tanh(g)eid’ (3.3.13)

Z — 20

with r > 0 and 0 < ¢ < 27. The invariant measure is expressed in these new coordinates

as du, = sinh rdrdg.

3.4. Basic lemmas

3.4.1. Partial integration. We prove here two simple lemmas, but they will play an
important role in the proof of Theorem 1.2, as it is mentioned in Section 3.2.

LEMMA 3.1. Let f1 c P2m1 (D4) and f2 S P2m2 (D4) with mq + mo = 3

4’
that at least one of f1 € Rom, (D4) and fo € Rap,(Dy) is true. Then we have

and assume

i Bo(2) (Lm, f1) (2) fa(2)dp = — i Bo(2) f1(2) (Lm, f2) (2)dp.

Proof. By (9) of [F] (we use a slight extension of that formula, because our functions are

not of compact support, but the rapid decay at cusps is sufficient) and (3.3.11) we have

Bo(z) (L4 (A 0) (i == [ (L450) () (o) (e

Dy

The right-hand side here is 0, since L1 By = 0 by (4) of [F]. On the other hand,

(Lrmy4m, (f1£2)) (2) = (L, f1) (2)f2(2) + f1(2) (L f2) (2)
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by the definitions, and this proves the lemma.
In the next lemma we deal with the functions B,, defined in (3.3.8), the basic properties
of these functions are given in Lemma 3.9 in Section 3.7.

LEMMA 3.2. Letl > 0 be an integer, let f € Py, (Dy) and g € Po,(Dy) with m +n =

% — 1, and assume that at least one of f € Ray(Dy) and g € Royn(Dy) is true. Then

A)&&U@M@MW

equals

N
(z'l) 3 (é)/ Bo(2) (Kmar1 - Kmir K f) (2) (Knsi—i1 - - K1 Fng) (2)dpss.
" L=0 Dy

Proof. Using (3.7.2), and formula (9) of [F] (a slight extension of that formula again), we
easily get that

1\
/D4 Bi(2)f(2)g(2)du, = ( l;l) /D4 By(2) <K_§ oK s K

Using the general identity

(EKmytm, (f1/2)) (2) = (Km, f1) (2) f2(2) + f1(2) (K f2) (2)

several times, we get the lemma.

3.4.2. Inner product of two automorphic forms of weight % + 2n. Here n is any
integer. First we give the spectral decomposition of an f € Ry +on(D4) in Lemma 3.3: in
the case n > 0 we give a complete spectral decomposition (Lemma 3.3 (i)), in the case
n < 0 a bit less complete statement will be enough for our purposes (Lemma 3.3 (ii)).
We then give two corollaries describing the inner product of two forms. We again give a
complete statement in the case n > 0 (Corollary 3.1); in the case n < 0 (Corollary 3.2)
the vanishing property (3.4.3) will suffice instead of a detailed spectral expression for the
inner product.

Every statement here is more or less standard, therefore we just give brief indications of

the proofs.
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LEMMA 3.3. Letn be an integer, and f € R%+2n(D4). Write

Ca(fyr) = f(z)E, (*, % +ar, % + Zn) du,
Dy

for a = 0,00 and real r. Define

S 1
gr=1f— Z(f7uj,%+2n)uj,%+2n . / Calfsm) ( - t+ar o 5 +2n) dr,

Jj=Jo a=0,00
where jo =0 forn >0, and jo =1 forn < 0.
(1) If n > 0, we have

n Sk
9f = Z Z(f, Gk,jn) Gk, jn- (3.4.1)

k=1 j=1

(i1) If n <0, w have

_:ZK—n—%"'Kk-i-%Kk—in,m (3.4.2)
k=1

where Gy, (2) :(Imz)f%ﬂl€ Hyn(2) with some Hy gy € Sop_1

Remarks on the proof. The case n = 0 (where the statement in (3.4.1) is g5 = 0) is well-
known, and follows e.g. from [P], formula (27). For larger |n| we can prove the statements
by induction, applying the suitable operator L for the left-hand side of (3.4.1) and (3.4.2),
and applying [F], formula (4).

COROLLARY 3.1. If f1, f2 € R145,(D4), then for n > 0 we have that (f1, f2) equals

the sum of

9
Zfla —|—2n f27 —|—2n +ZZ fl gkjn f2agkjn)
7=0

k=1 j5=1

and

Z/ Cal o7V Ca )

aOoo

Moreover, we have that the sum of

(fla gk,j,n)(fQ? gk,j,n)

e —m—m
Z‘ f17 i+2n (fZ?uJ l+2n)
7=0
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=2 )

a=0,00

and

Ca flv Ca(féa )

is < (fD f1(2)[? dﬂz> (fD4|f2 )l d'uz>l

Remarks on the proof. The expression for (f1, f2) follows at once from Lemma 3.3 (i). The

inequality of the lemma follows by Cauchy’s inequality.

COROLLARY 3.2. Ifn<0and f € R%+2n(D4), then we have (g is defined in Lemma
K

"K%+%—TK%+%—an+%—r“'L—%+nL%+ngf::O (343)

Bl

for every integer r > 0. If h is another element of Ry ,(Da4), then (f,h) equals

(97, h +Z sy Uj Lyon h,U]éJrzn ‘|‘— Z / Ca(fyr)Ca(h 7“) (3.4.4)
=1

a=0,00

and

Ca(fs7)Calhy7)| dr

(g L+ 3 [0t 20)
j=1

1 L)
+_z%:a2%%m”/;x

' 2 e 2 3
is < (Jo, I )™ (U, I )
Remarks on the proof. We see by (3.3.11) and Lemma 3.3 (ii) that for the proof of (3.4.3)

it is enough to show that

L%...Lk_%(LkJr%...L_ T I 1G,€n>:0

n—z+r-—n—3

for every 1 < k < —n. This is true by (8) and (4) of [F], so (3.4.3) follows. Formula (3.4.4)

follows at once from the definition of g;. Lemma 3.3 (ii) easily implies

(g7, 1) = (9f,9n),

and then the inequality follows from (3.4.4) and Cauchy’s inequality.

3.4.3. Fourier expansion of Laplace-eigenforms on noneuclidean circles. We
reproduce here an important theorem of Fay, which will be applied several times in the

sequel.
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LEMMA 3.4. Let k € R, s € C, and let f be a smooth function on H satisfying
Aopf = s(s—1)f. If zg € H is given, then for every z € H we have the absolutely

convergent expansion

Zo—z

f(z) (Z - Z_0> = Z (f)n (ZO)Psn,k:(Zv ZO)eind)a (345)

n=—oo

where r =1 (z,20) >0 and 0 < ¢ = ¢ (2z,20) < 2w are determined from z by (3.3.13), and
| kn
P (2, 20) = (mm(%)) (1 - tanh2(g)> F(s—kn1l—s—kn1+n|,—y) (3.4.6)

tanh®(5) g forn #0, ko = *+k,

1—tanh?(%)” ™7 [n|

with y =

n! (f)n (Zo) = (Kk+n—1 ce Kk+1ka) (Zo) for n Z 0,

(—n)! (f),, (20) = (K—k—n—l e K_;H_lK_kf) (20) = (Lkans1---Lp—1Lgf) (z0) for n <O0.

(3.4.7)
Proof. This follows from Theorems 1.1 and 1.2 of [F]. Formula (3.4.6) is formally different
from (13) of [F], but the right-hand side of (3.4.6) equals

(tanh(%)) " (1 - tanhQ(g))S F (s —kn, s+ |n| + kn, 1+ |n| 7tath(g))

by [G-R], p. 998, 9.131.1. For the second equality in (3.4.7) we use again (3.3.11). We
remark that for a fixed r > 0 the left-hand side of (3.4.5) is a smooth 27-periodic function
of p € R (z is determined from ¢ by (3.3.13)), and the right-hand side is its Fourier

expansion, hence it is absolutely convergent. The lemma is proved.

3.5. Proof of the theorem in a special case

Let N > 1 be an integer. Our aim in this section is to prove the following special case.
See Theorem 1.2 for property P (f,{a,}).
LEMMA 3.5. Property P (f,{an}) is true if f is identically zero, a, = 0 forn # N, and

any = 1. We have the estimates

o 3 (1)) (3 (ot 0,) (ot ) < v

(3.5.1)
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a_;oo /o:o o ( G - )> b G * ) Ga (Boko (w2) ) G (Bowo (@) ,r)dr| < CNP,
(3.5.2)

gg Pi(1 k) (z G - N)) r (2kz + %) (Bok () , gr.;) (Bors (@), gg)| < CNP
(3.5.3)

with positive constants C and D depending only on uy, us.
In the proof of the general case of the theorem the upper bounds (3.5.1)-(3.5.3) will be

important.

3.5.1. Projection to the space S,y 1. We first construct a kernel function, then we
show that the integral operator with this kernel function maps ByU (if U is a cusp form of
weight 2V for I'g(4)) into Sy 1, finally we expand this image of BoU in our given basis

Write
_N_1
kn@)=0+y) V71, Hy(zw) = H(zw)*N T,

where H(z,w) is defined in (3.3.5), and for z,w € H define

and

Knzw) = S hn(yzwp() (M)N

& (2]

this sum can be seen to be absolutely convergent. It is not hard to check that if w € H is

fixed, then for every ¢ € I'y(4) and z € H we have

js(z) \# T

Kn(dz,w) =v(d) | Z—F—= Kn(z,w). (3.5.4)
175 (2)|

Let U be a cusp form of weight 2N for I'g(4) with AonyU= s(s —1)U. Then we may define

Fy(w) = (Imw) N1 /D Bo(2)U(2)K (2, w)du. (3.5.5)
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for w € H. We claim that Fiy € Sy, 1. We remark first that it is not hard to check using
(3.3.6) and (3.3.7) that
Ky(w,z) = Kn(z,w). (3.5.6)

So the required transformation property of Fyy follows at once from (3.5.4). It is not hard

to check that (Imw)_N_% kn(w, z) is holomorphic in w for every z, using the identity
AlmzImw + |z — w|* = |z — @[, (3.5.7)

and then the same is true for (Imw)_N_% Ky (w, z), using

Imw

—— = Imyw. 0.
P (358)

Hence Fy(w) is holomorphic. It remains to check the behavior at cusps, i.e. that

Fu(0aw) (jo, (w)) 2N 72| =0

as Imw— oo for each of the three cusps (in the case of a = —% much less would be enough

in fact, but it can be proved easily). To see this, we use the trivial estimate

vz — w|”
K < fy [ 22—
En(zwl< ) N<4Imz1mw ’

v€T0(4)

and the fact that |By(z)U(z)]| is bounded in z. These bounds together and the definition of

kn(y) imply that the integral in (3.5.5) is bounded in w, and then the factor (Imw)_N_i
assures the required estimate (taking into account (3.5.8)). Hence indeed, Fiy € Sy 1.

Consider the inner product

/D (Imw) N "2 By (w) fv (W) dpe (3.5.9)

for some 1 < j < sy. This is easily seen to be absolutely convergent as a double integral

(see (3.5.5)). Using (3.5.6) we see by unfolding for any z € D, that

K (zw) f(w) mw)N T dpy, = 2 / kn(w, 2) faj (w) (Imw) ¥ T dp,.  (3.5.10)

Dy H
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We use geodesic polar coordinates around z:

w—z

= tanh(g)ew,

I}

w —

and since (using (3.5.7) and the definition of ky(y)) we have

2 2 2\ V-1
1 lw —Z| |z — w| |z — w|
s = and ky | ———— | = | ————
1 —tanh*(5)  4lmzImw 4ImzImw 4ImzImw
so (taking into account the definition of ky (w, z) and Hy (w, z)) we see that (3.5.10) equals

1 0 1 27
dhon (1 3N B 2,7\ 2N+ .
2i% <4Imz> /O (1 tanh (2)> . F.(¢)d¢ | sinhrdr,

where we write

Fr(@) = (w—2)2"" f(w)

using the explicit expression for w in terms of r» and ¢:

For fixed 0 < r < oo and z € Dy this last expression is a regular function of Z (with values
in H) in a domain containing the unit circle, hence by Cauchy‘s formula the inner integral

is 27 (z — E)%HN In,j(2), so (3.5.10) equals (recall gy ;(2) = (Imz)NJri n,i(2))

—_ [ 2, T 2N+% .
47TgN7j(z)/ (1 — tanh (5)) sinh rdr.
0

The integral can be computed, its value is ﬁ, and so by (3.5.5) we get that (3.5.9)

equals
16m

AN —1

/D Bo(2)U(2)gn,;(2)dp.

Since the functions fy,; form an orthonormal basis of Syy 1, this implies for any w € H

that

PN

Fy(w) Imw)™

- 4]%76i > (/m BO(Z)U(Z)QN,j(z)duz) gn 5 (w). (3.5.11)

Jj=1
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3.5.2. Computation in geodesic polar coordinates. We now compute the left-hand
side of (3.5.11) in another way: by unfolding the right-hand side of (3.5.5). Up to some
point, we continue working with a general cusp form U of weight 2N for I'g(4), but then
we will specialize to U = ky(u), where u is a cusp form of weight 0 for SL(2,Z).

By unfolding we see that

/ Bo(2)U(2)Kn(z,w)du, = 2/ Bo(2)U(2)kn(z,w)dp (3.5.12)
Dy H

for any fixed w € H. The integrand here can be written as (see (3.3.5))

<BM@(;iZ>l>(U@9(;12)N>kN<%%%%%>'

We now use geodesic polar coordinates around w:

IN

w r. o
= tanh(;)e"’
——— = tanh(5)e",

anh?(Z
;wn—h(z?)%) we get that (3.5.12) equals

4/00o ko () (/0% (Bo(z) (i}‘_i) ) (U(z) (Z}‘_Z)N> dgb) dy,  (3.5.13)

where 0 < r = r(y) < oo and z = z(y, ¢) € H are determined from y and ¢ by the relations

and using the substitution y =

N

above.
For every fixed y we will now compute the inner integral by the Fourier expansions of the
two functions there, and then we will integrate in y. To justify this computation remark

that if

Bo(2) (;:Z) — i a(y)e™ and U(2) (;__Z)N: i bi(y)eils,

l=—00 l=—o00

then for any y by Cauchy’s inequality in [ and Parseval’s formula in ¢ we have that (the

implied constant in < is absolute)

3 MMyW—Aw|<:(ZfWU%CﬂFd¢>%([fﬂwﬂdfd¢)§,

l=—00

[
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hence by Cauchy’s inequality in y we get that

/mkN@)E:\m@W4@N@

0 l=—00

<(AmmwmA%U%quwﬁ%(Ammwwé%umaﬁw@),

which is (making backwards the steps leading from (3.5.12) to (3.5.13))

is

[N

KE@WOBM@F@%>2(

1
2

< Myfw) = ( Kigle.w) [0 d.

D4 D4

with implied absolute constant, where

2

Ky(z,w) = Z kn (%) :
v€To(4)

We get an upper bound for this by extending the summation for v € SL(2,Z), and then

we can see by Lemma 3.11 (using (3.7.9) and (3.7.10) for fixed z;) and the concrete form

of ky that K} (z,w) is bounded in z, so My (w) is a finite number for every fixed w, hence

we can compute (3.5.13) as we described above.

We now compute (3.5.13) explicitly for a given w. By Lemma 3.4 and (3.7.2), taking into
account that L;,4Bo = 0, we get

o0

By(z) (;:Z)i = Z (tanh(%))l (1 — tanhQ(g))

=0

1
1

B; (w)eil¢,

and again by Lemma 3.4 we have

l“@(iﬁZ)N:misznxwwmwawwm¢

with the functions (U),, defined in Lemma 3.4, we will determine them explicitly later.

tanh2(%) )

Using (3.4.6) we get for any [ > 0 that (recall y = Tt 5
2

jgaDkN(y)<tanh(g)>l(1——tanh?(g)>%<P;&(z,uody
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equals
/ yl(1+y)7%7lF(s+N,1—3+N,1—l—l,—y)dy,
0
and by [G-R], p. 807, 7.512.10 the value of this integral is

F(1+0)T(s—5+N)T(-s+35+N)
I'(3+0)T(3+2N) ‘

So Fy(w) (Imw)NJr% equals (using (3.5.5), (3.5.12) and (3.5.13))

&1

F(s—§+N)F(—s+§+N)i

r'1+1)
T (1 +2N) e Bi(w) (U)_; (w). (3.5.14)

1=0
It remains to determine (U)_, (w). By (3.4.7) for every | > 0 we have

1 —
U)_; (w) = i (K-nyi-1--- K-y K_n (U)) (w). (3.5.15)
We now assume that U = kn(u), where u is a cusp form of weight 0 for SL(2,Z) with
Aou= s(s —1)u, s = 3 +it and t > 0. Using (3.5.15), the definition of x,(u), (3.3.11) and
[F], p. 145, formula (8), we get that

U)_, (w) = ( (kn—i(u)) (w) for 0 < I < N, (3.5.16)

0)_, (w) = (K_nsi_1... K1 Ko (@) (4w) for I > N. (3.5.17)

We remark a consequence of (3.5.16) and (3.5.17), which will be useful later: by the
definition of k,,(u) and by [F], formula (11) we can check for every [ > 0 with v = u or

v = u that

(s = N),
N(s)y

[(U)_; (w)] = . (3.5.18)

((5) ! K|Z7N|71 .. KlKO (U)) (4'11))

ll=N|

3.5.3. The inner product of two projections. We now consider two cusp forms of
weight 2N for I'g(4), and we substitute the results of the previous two subsections. For

proving convergence, we need an upper bound lemma.
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Let Uj(z) = (kn(uj)) (2) for j = 1,2, where uy, ug are as in Theorem 1.2. Then U; and
Uy are two cusp forms of weight 2N for I'g(4) with AonUj;= s;(s; — 1)U; (j = 1,2), and
we have by (3.5.11), applying it for U = U; and also for U = U, that

Z/D BO(Z)Ul(Z)gN,j(Z)sz/D Bo(2)U2(2)gn,j(z)dp- (3.5.19)

equals

AN —1\2 . ;
( 167 > / F, (w) (Imw)*7 Fy, (w) (Imw) ™ 7 dp,.
Dy

Using (3.5.14) twice in this last expression, we then see that (3.5.19) equals

HLAN&—éHWFv&+éHW>§3ru+mru+m

I .., 3.5.20
I2 (=5 +2N) DL 0)T(} i) ot 3520

I1,la=0

where I;, ;, is defined by

la

T = [ (Bu )0, @) (@), (0)dn, (3521

(this depends also on U; and Us, of course, but we do not denote it), this computation is
justified by the next lemma, which will be used also later.

LEMMA 3.6. We have

>~ I'(1 (1 1
J = Z ( +l1) ( +l2) Jll,lz DlND222N

S e —
W LG0T (G +) r2(3 +N)

with some positive constants Dy, Do depending only on uy and us, where

Yt = </D B, () (U)o, ()] duwf ( /D ) @), @) duw)%

Proof. Let 1 < K < 3/2 be fixed. Clearly J, ;, is at most

(L+1)" )"

(1 + ll)K

(1+04

/D4 {Bll(w) (U2)_12 (w)| dpty + m

/ {Blz(w) (Uh)_y, (w)|2duw.
Dy

Hence, by Lemma 3.12 and (3.5.18) we have, using K > 1, that

2

J urus Y

i=1

1

(8i)n

log? (24 |1 — N|).
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Using N > 1, K < 3/2, by simple estimates (using e.g. also the summation formula for
F(a,B,7;1), see [G-R], p. 998, 9.122.1.) and Stirling’s formula we obtain the lemma.

3.5.4. Inner products (ma, F) . For the computation of I}, ;, (see (3.5.21)) using
Corollaries 3.1 and 3.2, we give expressions for such inner products, mostly with Maass
forms F' (see (i), (ii) and (iii) of Lemma 3.7 below), but because of Corollary 3.2 we need
such inner products also for some automorphic F' which are not Laplace eigenfunctions
(see (iv) of Lemma 3.7).

Let U, be as in Subsection 3.5.3. The definition of the constants c;, and ¢y, ; » can be found
above formulas (3.3.9) and (3.3.12), respectively. During the proof we will use several times
tacitly (3.3.11) and the general fact that if Ajg = s(s —1)g, then A_;g =3(5—1)7.
LEMMA 3.7. Letly,lo >0, and m = % + (I3 + la — N). Introduce the notation

(—1)Lr+2 T (sy — N+ 134 Ly) (S — m)ll—Ll
! T(s34+4N—-Il3—L)T(S+m—11+1Ly)

Ap (S)=T G +s>

Let F' € Py, (Dy) satisfy the conditions of (i), (ii), (i) or (iv) below. Then

Iy
Z;&AMQM4JWFWMMF*7F—§:(E)hnW% (3:5.22)

where Jr, (F) is given in the various cases as follows.
(1) If F = wj om, where j >0 form >0, and j > 1 for m <0, then for every 0 < L; <1y
we have that Jr, (F) equals

— 1 1
Au(Sﬂ@I?EZV<3r+Z%H(m~—Z)>‘ %/ Bo(w)uz (4w}, 5 (w)dps.
m—3|J Dy

i) If F = E, (%,5,2m) with a = 0 or oo, Res = 1, then for every 0 < L < l; we have
2
that

To (F) = Ap. (s) / Bo(w)us (Aw)E, (w,s,%)duw.

Dy
(111) If F' = gi ji,41,—N with some 1 < k < l; +1lp — N, 1< j < s, then for every
0 < L <l we have that

I () = A, (b 3 Yo (b5 ) [ Botw) (s () () T
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(w) If m <0, and F' € Py, (Dy) is such that

K_s...Kpri1Km—vLmiir ... Lyy1LmF =0

_3
1

for every integer r > 0, then for every 0 < Ly <y we have that Jp, (F') = 0.
Proof. First we assume only F' € P, (Dy). By Lemma 3.2 we see that (3.5.22) holds with

Jr, (F) = (Bo, (LN-ty—1,41--- LN—1,-1Ln—1, (U2)_},) (Ln—t, 4L, 41 - - - Lin—1Lin F))
(3.5.23)
(the right-hand side denotes an inner product on Dy). It is clear by (3.5.15) that

ly+ Ly)!
LN—ty—141- - Ln—ty-1Ln—y, (Uz)_,, = (QZ—'l) U2)_y,_1, - (3.5.24)
2+

For the computation of Jp, (F') we now distinguish between two cases.

Case I. We assume Iz + L1 < N. Then we see by (3.5.24) and (3.5.16) that

(LN—ty—L141--- LNy 1Ln—1, (U2)_,,) (w)

equals

(—l)N F(SQ — N—f—lg —|—L1)
! T(sg+ N —1ly—Ly)

(Ll—N+l2+L1 N L_lLou_Q) (4w) .

Hence, using Lemma 3.1, we see that if Iy + L1 < N, then Jp, (F') equals

)T T sy — N £y + L S
( l) I o 2+ 1) / Bo(w)(uz) (4w)Fiy, 1, (w)d e, (3.5.25)
ol T (se+N—1Ily—Ly) Jp,
where we write
F’ll,L1 = L% - L—m+l1—L1—1L—m+l1—L1 (Lm—l1—|—L1—|—1 ce Lm_leF) . (3526)

By (3.5.25) and (3.5.26) we get (iv) of the lemma at once (since if m < 0, then we are in
Case I for every Ly < ).

Assume that F' is a Maass form, and As,,,F' = S(S — 1)F. Then, applying (8) of [F], we
see that if [y + 1o > N > Iy + Ly, then

T(S+ DT (S—m+u —Ly)
L'(S—HL(S+m—1I+ L)

1, = Ls .. Ly 1L F: (3.5.27)

3
4
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if [1 + 1o < N, then

F(S+m)F(S—m+l1—L1)
I‘(S—m)I‘(S+m—l1+L1)

L

F,L = oLy 1Ly (F). (3.5.28)

3
1

And, using (8) and (4) of [F], by (3.5.25), (3.5.27) and (3.5.28) we get, checking every case,
that (i), (ii) and (iii) are true for the case Iy + L1 < N. (In case (iii) we have that (3.5.27)
is 0, and also Az, (k+ 1) =0.)

Case II. Assume now that I, + L1 > N. In this case, we need to consider F' only of the
following form: F' = K,, _1K,,_o... K%HK%HFO with an integer 0 <t <[y +1lo — N and
a Maass form Fy of weight 1 + 2t for I'g(4), such that we have ¢ = 0 or Ly, Fo=0. Let
A1 g Fo = S(S —1)Fp. It is clear, using (4) and (8) of [F] that if [ + Ly — N <t (hence
m—UL+L1+1< }l+t§mandt>0),then

Lonetyir141 - Lno1 L F = 0. (3.5.29)

Iflo+ Ly —N>t,then Ly, 410,41 - Lin—1 L F equals (by (8) of [F])

P(S—i—lz—L1+N)r(S+m)K
T (S+21+l+Li—N)T(S—m) —athatLli-N

Ky Ky o,

and so, by (3.5.23), Lemma 3.1 and (3.5.24), Jr, (F) equals

rS—+—lhy—Li+N)(S —_
(—1)letla=N=t ( i VLS +m) / Bo(w) Vi, .1, (w) Fo(w)dpt,
LP(S+:+l+L —N)['(S—m) /D,
(3.5.30)

where we write

lo + Lq)! @
‘/lg,[q = %L,H_l . .L_N+12+L1_1L_N+12+L1 <(U2)—12—L1> .

Since lo + L1 > N, so by (3.5.17) we get

(="

— 7 (K_ ... KKy (us)) (4
(l2+L1)!( NtlotLy—1 1Ko (U2)) (4w),

(UZ)_ZQ—Ll (w) =

hence, again by (8) of [F], for ls + L1 — N >t we get

(DT (s2 =T (52— N+ 1z + Ly)
LI T(sg+t)['(s2+ N —1ly— L)
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By (3.5.23), (3.5.29), (3.5.30) and (3.5.31), checking every case, we get that (i), (ii) and
(iii) are true also for lo + L1 > N. (In case (iii) and Il + L1 — N < k we have that (3.5.29)
is 0, and also Ar, (k; + i) = 0.) The lemma is proved.

3.5.5. Expression for the sum in (3.5.20). We first compute I;, ;, (see (3.5.21)) on
the basis of the previous subsection, using Corollary 3.1 for the case l; + Il > N, and
Corollary 3.2 for I; + Iy < N. Then we substitute the obtained expressions into (3.5.20).
We first note that

| B @), @, (3.5.32)

is the same as the left-hand side of (3.5.22), if we use the substitutions ly < Iy, Uy < Us.
Hence we can compute also (3.5.32) using Lemma 3.7.
As in Lemma 3.7, write

1

m:Z—l—ll—l—lg—N

In fact we should write m = my, ;, to indicate the dependence on [y and Iy (note that N
is fixed), but for simplicity we use just the notation m.
In the case I3 + Iy > N, by Corollary 3.1 and (i), (ii) and (iii) of Lemma 3.7, using also

(3.3.9) and (3.3.12) we get that I;, ;, equals the sum of

l2

oo l1—|—l2—N Sk
> O (wa,uy ) (o, uy )+ > Y Oy (ks ) (V2,k, 9kg) (01 k5 Gk j)
j=0 k=1 j=1

and

ﬁ Z / C’llvlz(r)Ca(’UQ,?“)mdr’

a=0,00

where we write
v; =Vi0, Uik = Boky () (i=1,2and k=0,1,2,...),
and the coefficients are defined as follows:
Clt.j = Diy15,0(55), (3.5.33)

Cl17l2 (k7j) = Dll,lz,k (k + _> y (3534)
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1
Cll,l2 (T) = Dl17l2,0 (5 + ZT> (3535)

with the notations (for general S)

T(S+14+K)T (2 -S+k) T(S+m)

D = by .5.

l1,l2,k(s) (l1')2 <12')2 T (1 ~ g T m) l1,l2 (5)7 (3 5 36)
l l
5,0, (8 Z Z L1+L2( ! ) < L22) G(S, 11, 1a, L1, L), (3.5.37)
L1=0Ly=0
where G(S, 1,12, L1, Lo) denotes
I'(so—N+Ilo+Li)T(si =N+ + Lo) (S—m)ll_Ll (S_m)ZQ_LQ

F(82+N_ZQ_L1)F(81+N_Z1 —L2)F(S+m—l1—|—L1>F(S+m—l2+L2)

(3.5.38)

In the case Iy +la < N, we apply Corollary 3.2 for the choices f(w) = By, (w)(U1)_;, (w),
h(w) = By, (w)(U2)_,, (w). Applying (iv) of Lemma 3.7 and (3.4.3) we obtain that

Z)&mmuw4xwmmwm%=o.

Then using (i) and (ii) of Lemma 3.7, after some calculations we obtain from Corollary 3.2

(using also (3.3.10) and the fact that ReS; = 1 or S; is real) that I;, ;, equals

D Cuy s (va,uy 1) (01,0 1) Z/ Ciy 15 (r)Ca(v2,7)Ca(v1, 7)dr
j=1

aOOO

for 1 + ls < N, with the above notations.
Then, using that (vi,ug 1) = 0 by Lemma 3.14, combining the cases l; + Il > N and
l1 +1y < N, we get that

oo

L(1+1) T(1+1g)
2. I'(3+04)0 (L +10)

I, ., (3.5.39)
11,l2=0

equals the sum of

o0

0o Sk
ZCJ va, g 1) (1) + > Clk, §) (v2.k, Gk.5) (01 k5 Gk ) (3.5.40)

k=1j=1

and

Z / Ca V2, T )Ca(Ul,T)dT, (3541)

aOoo
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where
T (1+04) T(1+1)
C; = Cly o js (3.5.42)
2 T )
, — D(1+0h) T(1+1b) .
C(ka]) = Cl1,l2(k7]>7 (3543)
2 TR T (D)
~ T(1+04h) T (1+1)
C(T) = 011,12 (’I“) (3544)
ll%:zo r (% + l1) r (% + lg)

(in the case of C(k,j) we used that the factor m in (3.5.34) is 0, if k > [ + 13— N,
since S = k+ %) The reordering of the sum is justified by Lemma 3.6 and the inequalities

in Corollaries 3.1 and 3.2, and we also see by these statements that if

oo

L(1+10) T(1+1)
C; = |Cl1,l2, "7
P 2 T TG )
~ I'(1+04) I'(1+
C(k ]) ‘Cll ZQ(k j)’
2, T ) T ()

then with a constant Dy depending only on uy, us we have

- . ND292N
Z (v, uj,1) (01,4 1) ];Zlc (B, 3)" | (2, Gre, i) (V1 15 Gr5) | K yus m
(3.5.45)
and
ND292N
Z / 1 Calv2,7)Ca(v1,7) | dr Koy us I+ N) (3.5.46)

We can compute Cj, C(k,j) and C(r) by formulas (3.5.36)-(3.5.38) and Theorem 4.2
(proved in Chapter 4), using (3.5.42) and (3.5.33) in the case of C}, (3.5.43) and (3.5.34)
in the case of C(k,7), finally (3.5.44) and (3.5.35) in the case of C(r). Then, on the
one hand, by (3.5.19), (3.5.20), (3.5.39)-(3.5.41) and (3.3.2), (3.3.3) we get the property
P (f,{an}) required in Lemma 3.5; on the other hand, by (3.5.45) and (3.5.46) we obtain
also the upper bounds (3.5.1)-(3.5.3), so Lemma 3.5 is proved.
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3.6. Proof of the general case of the theorem

3.6.1. Some upper bounds. Formula (4.5.9) (see Chapter 4) and formula (3.5.3) with
N =1 imply that

oo

1 1\ & . —
I; WF (2]€ + 5) Zl (B()Ii]€ (UQ) ;gk,j) (Bolik (ul) agk,j)‘ < Q. (361)
= J:

We now prove that there is a constant A > 0 depending only on u; and us such that

i e™Til (1 + |Tj|)_A ‘(Bofio (uz) ,uj,%) <B()I€() (u1) a%‘,%)' < 00, (3.6.2)
> /OO ™"l (14 |r) ™" Ca (Boko () ,7) a (Bokio (1) ,7“)‘ dr < oc. (3.6.3)
a=0,00 7 —0°

To prove this, let k£ be a large positive integer. It follows from Theorem 1.3 and elementary
linear algebra that if M > 0 is large enough in terms of k, then there is a nonzero vector

(@m) pp<m<aps Such that for

2M a
@)= 2 St
m=M
formula (1.4.1) is true and the coefficients e; in (1.4.2) are 0, so we have
fla)y=>" dno;(1_ ) (@)
N=1

with some coefficients dy = O(N _k). If £ is large enough in terms of the constant D in

(3.5.1), we get combining (3.5.1) for different integers N with coefficients dy that
j=1

and similarly for Eisenstein series on the basis of (3.5.2). By the definition of f and

f(T,)T (z + iTj) (Boro (73) .3 ) (Boro (1) ujﬂ < oo,

Stirling’s formula this proves the estimates (3.6.2) and (3.6.3).

3.6.2. A consequence of Lemma 3.5. It is clear, in view of the upper bounds (3.5.1)-
(3.5.3), that if {Cn}n>1 is a rapidly decreasing sequence, then we can take the linear

combination of the cases of Lemma 3.5 with these coefficients, since everything is absolutely
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convergent. We will now show that we can take such a linear combination even in some
cases when {Cy}n>1 is not so rapidly decreasing.

LEMMA 3.8. For every A with ReA > g we have that

e (= A (50,7 [(52), T (20— 3) | .
;( 1) I (n) !F(n+it1)\2!F(n+itz)!2;(BOM(m)’gw)(BOKH(UZ)’QW)

(3.6.4)
equals the sum of the following three lines (see Theorem 4.3 in Chapter 4 for the definition

of Mx(A)):

f: My, (A)T G + @'Tj) (BOKO (73) ,uj,%) (BOKO (@) u3> (3.6.5)
j=1

% > /_O; M, (A)T <2 + z’r) Ca (Boko (u2) ;) Ca (Boko (ur) , 7)dr, (3.6.6)

a=0,00

Sk

Z Mi(i—k) (A)r (% T %) Z (Bokk (U2) , gk,5) (Bokk (U1) , gk.5)s (3.6.7)
)

J=1

and every sum and integral is absolutely convergent here for every such number A.

Proof. By formulas (3.3.2), (3.3.3) and (1.3.3)-(1.3.10) we see that the identity of this
lemma is obtained formally by taking a linear combination of the identities of Lemma 3.5
with coefficients (—1)N%. It follows from (3.3.2), (3.3.3) and Lemma 3.5 that if
ReA is large enough (depending on u; and us), then the statement of the present lemma is
true (note, in particular, that (3.6.5) and (3.6.6) are absolutely convergent if ReA is large
enough). We extend this result to ReA > 5/2 by analytic continuation and continuity.

It follows from (3.6.1) (applying it with w7 in place of ug, and w3 in place of uy, which is
possible, these are also fixed cusp forms) that (3.6.4) extends regularly to ReA > 2 and
extends continuously to ReA > 2. The same assertions are true for (3.6.7) using Theorem
4.3 (ii) and (3.6.1).

We claim that the same assertions are true for (3.6.5) and (3.6.6) too, but the proof in this

case is more complicated. Take any compact subset L of the half-plane ReA > g, and let

K be a large but fixed integer. Take the integer ¢ > 0, complex numbers Ay, Ao, ..., A;
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and polynomials Q1, Qs, . .., Q¢ as in Theorem 4.3 (iii). Define for ReA > g and [Im\| < %

(taking into account Theorem 4.3 (i))
t
Sa(A) = My(A) = > 2474Q; (A) My(A;). (3.6.8)
i=1

We see by (3.6.2) and Theorem 4.3 (iii) that if K is large enough depending on u; and us,
and we write St,(A) in place of My, (A) in (3.6.5), then the sum in 7} will be uniformly
absolutely convergent for A € L, and the resulting function of A will be regular on every
open subset of L. The same is true for (3.6.6) if we write S, (A) in place of M, (A) there.
We have seen in the first paragraph of the proof of the present lemma that (3.6.5) and
(3.6.6) are absolutely convergent if we write any A; in place of A (since K is large enough
depending on u; and up and ReA;> K). Hence, expressing Mr,(A) and M, (A) from
(3.6.8), we finally proved that (3.6.5) and (3.6.6) are uniformly absolutely convergent for
A € L, and the resulting functions are regular on every open subset of L.

By analytic continuation and continuity, these considerations prove the lemma.

3.6.3. Conclusion. We now finish the proof of Theorem 1.2, combining Lemmas 3.5, 3.8
and Theorem 1.3.

We remark first that we have to show that the statement of Theorem 1.2 is true if we fix
the constant K to be large enough. We will choose K to be larger and larger several times
during the proof.

The statement about the absolute convergence in (1.3.3) and (1.3.4) follows easily from
the absolute convergence of the left-hand side of (4.5.11), (4.5.10) (see Corollary 4.1 in
Chapter 4), (3.3.3) and Prop. 4.4 of [G1].

When f is identically 0, the statement follows at once from Lemma 3.5 and from the cases
A=2 7,9 ... of Lemma 3.8 (a finite number of them suffice). Indeed, by subtracting
a suitable finite linear combination of these cases of Lemma 3.8, we can achieve that
an = O (n™%) for any given R > 0 (we use for this Stirling’s formula in the form [G-R], p.

889, 8.344), and then we can apply Lemma 3.5.
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In the case when f(z) = ﬁ and a,, = 0 for every n, we have g(z) = f(z) and b, =0
1 1T

by the formula in the proof of Theorem 6.5 of [G1] with n = 0 and g = 1/4 there. Then
by Corollary 3.1 and Lemma 3.14 we see that both sides equal

[ 1Ba @ (42) 2 e

Hence the statement is true for this case, and so we may assume that f satisfies (1.4.1) by
. . . 1

subtracting a suitable constant multiple of T(TLia)’

Let f be a function satisfying (1.4.1) and the conditions of Theorem 1.2, then we can apply

Theorem 1.3. Define now sequences b,, and a,, (n > 1) in the following way: iCb, R,, = d,,

ie. o icgbmw (i(5-%))m

for [Imz| < 2 on the basis of (1.4.3), and

e i0S gy (1 (3-4)) e

Observe that the pair f, {a,} is the Wilson function transform of type II of the pair g,
{b,}, where g = 0. The sequences a,, and b,, satisfy the condition given for a,, in Theorem
1.2 (the constant K there may be different than the original K, but it is still large), for b,
it follows from (1.4.2) and (3.3.3), and for a,, it follows from (4.5.11). We claim that with
this by, a, and f formula (1.3.10) equals the sum of (1.3.5), (1.3.6) and (1.3.7). Indeed,
this follows from an already proved special case of Theorem 1.2, the P (g, {b,}) case (this
is really proved already, since g = 0), writing in this special case uy in place of us, Uz in
place of u1, and taking into account that ¢y (z;a, b, ¢, d) is symmetric in a, b, ¢, 1 —d, hence
that our Wilson function transform is symmetric in ¢; and to.

Since our Wilson function transform is its own inverse by Theorem 5.10 of [G1] (note that
our functions are square integrable with respect to the measure dh of [G1]), we get that
(1.3.3) and (1.3.4) are true with g = 0 and with b,,, a,, and f above. Hence the fact (proved
above) that (1.3.10) equals the sum of (1.3.5), (1.3.6) and (1.3.7) implies that our theorem

is true with the given f and with this sequence a,,.
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Since we proved the f = 0 case already, Theorem 1.2 is proved.

3.7. Lemmas on automorphic functions

3.7.1. The functions B,,. We prove in Lemmas 3.9 and 3.10 basic identities and estimates
for the functions B,, defined in (3.3.8). Lemma 3.11 is needed for Lemma 3.10 but it is
used also at another point in this chapter. Recall that L denotes Laguerre polynomials.

Lemma 3.9. We have

By(z) = yi Z L;% (4mm?y) e (m°z) (3.7.1)

for everyn >0 and z =x+ 1y € H, and

1
EK(’R—D—F% K%KiBO :Bn (372)

for every n > 1. We also have the following relations for everyn > 0:

A2n+%Bn = i <i - 1) Bna (373)
_ j’Y(Z) 2nts
B (vz) =v(v) e By(2) (3.7.4)

for every v € T'g(4),

B, (;—D —e (%) (é)%ﬁ Bn(2), (3.7.5)

1_

. —5—2n
and finally, for every z = x+iy € H andn > 0 we have that B, (o_; 2) (—|7°1/2E ;’)
Jo_1,2\7

e(—%)yi m_f_:oo Lt <4n <m 4 %)2 y) ’ ((m 4 %)2 z> | (3.7.6)

Proof. Using [G-R], p. 992, formula 8.975.1, we have

equals
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for y > 0 and |L| < 1, from which it follows for z = x + iy € H and |L| < 1 that

(3 st emtage o)) <o (1 (125) Y-t

n=0 \m=—o0

wl»-A

which, together with (3.3.8), proves (3.7.1). To prove (3.7.2), it is enough to show that

1

n——{—lKn—i_%Bn - B?’H—l (377)
for every n > 0. By the definition of the operators K and by (3.7.1) we have that

_1\ (D) _1
<Kn +iB”) (z) equals (here <Ln é) denotes the derivative of L, %)

> (1)

yi Z <(—47rm2y+n—l—%)l; 2(47Tm y) + 4mm? y(L )

(47Tm2y)) e (m2z) ,
and applying [G-R], p. 991, 8.971.3 we get (3.7.2). Formula (3.7.3) can be checked directly
for n = 0, and then it follows for larger n from (3.7.2) and [F], p. 145, formula (6).
Similarly, (3.7.4) and (3.7.5) are well-known for n = 0, and they follow for larger n from
(3.7.2) and [F], p. 145, formula (5). The case n = 0 of (3.7.6) is known (and not hard
to prove), and the general case follows by induction, using again (3.7.2), [G-R], p. 991,
8.971.3 and [F], formula (5). The lemma is proved.

LEMMA 3.10. Let z € Dy, and let 0 < j < 5 be such that ’yj_lz € Dy.
(i) There is an absolute constant A > 0 such that if n > 0 is an integer and Im (’yj_lz) >

An, then

N[
D=

|1Bn(2)] < A (Im (’yj_lz))

(i) If N > 0 is an integer and Im (”yj_lz) < N + 1 with implied absolute constant, then

(n+1)"

for any e > 0 we have

Z|B P& (N+1)2F

Proof. Part (i) follows easily from (3.7.1), (3.7.5), (3.7.6) and [G-R], p.990, formula 8.970.1,
since L;%(O) <L (n+1)2

For the proof of (ii) let n > 0, and write h,(L) = (Imz)i 0 <Tz (2%)) (1-L)

l\)bi

, then

1 ho(L)

=5t o T =L (3.7.8)
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for any 0 < r < 1. Now,

Tm (Tz (ziji)) = (Imz) |11__|§:zv
ho(L) = Bo (TZ <@1f§)) (1—|L|2>‘%%

Hence, using Parseval‘s identity and (3.7.8) for a fixed r, and then averaging over 1— == <

N—|—2
r<1-—
/1_N+2 /27'r

1 +re\\|* rdpdr
Bo =\"7 i¢ 212’
s —re (1—1r2)

SO

,\,,H ol

1
Nt2° we get

l\)lH

Z|Bn( < (N +1

hence, using a substitution,

ij «:N+1>%/1¥ | |Bo (Tow)? dpta
we

w
w1

with implied absolute constant. For simplicity, instead of |B0|2, we take an SL(2,Z)-

invariant majorant, write

5
Z)=7) |Bo(v;Z
j=0

w—i |2

: wii _ |w—i?
Since = T = Tmw’ hence
1
E 1B, (2)]* < (N +1) 2 K (z,w; N + 2) F(w)d iy,

Dy

where we write

K (z,w;x) = Z 1.

L(2,Z), = wl2 o
YESLE, )’4Im7zImw

Since we have F(w) < (Imw)% for w € D; (which follows from the n = 0 case of (i)),
Lemma 3.11 below proves the present lemma.
LEMMA 3.11. Let z1,22 € Dy, write y; = Imzy, yo = Imzs, and let x > 2. Then for

every € > 0 we have

[N

K (21, 20;2) <e '+ (zy192) 2, (3.7.9)
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and if E is a large enough absolute constant and yo > Exyy, then
K (z1,29;x) = 0. (3.7.10)

Proof. Tt is easy to see by (1.2), (1.3) of [I1], and by the triangle inequality (for the

hyperbolic distance function on H) that if v € (CCZ Z) € SL(2,Z) and
var — 2o <y
AIm(yz1)Imzy —
then )
v (iy1) — iy2|
. <Cr
Alm (v (iy1)) y2

with some absolute constant C' > 0. The left-hand side here is

(ay: — dy2)2 +(b+ Cy1y2)2

Y

4Y1Y2
hence we need
a®y? 4+ d*ys + b + Cytys < (4Cx + 2) y1yo. (3.7.11)
This implies )
b] < (402 +2)y1ye)?, | < (%)_ (3.7.12)

If y1y2 < 4Cx + 2, then the number of possible (b,c¢) pairs is < x. If b and ¢ are given and
bc # —1, then ad = 1 + be is also given, and 0 # |ad| < z, hence the number of possible
(a,d) pairs is < x¢. If bc = —1, then the number of possible (b,c) pairs is < 1, and a = 0
or d =0, and we also see by (3.7.11) and the relations y1ys < 4Cx + 2 and yq,y2 > 1 that
a? + d* < 2%. This proves (3.7.9) for the case yy2 < 4Cz + 2.

If y1y2 > 4Cx + 2, then (3.7.12) implies ¢ = 0, hence the number of possible (a,d) pairs
is < 1, and the number of possible numbers b is < (azylyg)%. The inequality (3.7.9) is
proved. Since d? + c*y? > 1, so (3.7.11) implies (3.7.10).

3.7.2. An upper bound for an integral of Maass forms.
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LEMMA 3.12. Let C > 1/2, and let u be a cusp form of weight O for SL(2,Z) with
Agu= s(s — 1)u, where s = % + it and t > 0. Then for integers n > 0 we have, by the

notation

P s+1

wmy (2) = <1:[ ! )(Kn_lKn_g...KlKou) (2),

the inequality

/ <Z 1+l |Bl ) ‘U(n) 42’ ‘ d,uz <<u010g (TL+2)
D4 \i=0

Proof. We use the substitution z — —-=, which normalizes I'y(4). By (3.7.5) we see that

4 Y

()

and () (4 (—4)) = ww) (2) by the SL(2, Z)-invariance of u. For z € Dy we have

2
= [Bi(2)*,

oo

5
ZZ (14079 By Y;2 2 <o (Imz)l/2

§=0 1=0

by Lemma 3.10, so it is enough to prove that
/ (Imz)l/2 |w(n) (z)‘2 dp, <o log® (n +2).
Dy

We will give an upper bound by extending the integration to Imz > v/3/2, |Rez| < 1/2,

and using Parseval’s formula. Consider the Fourier expansion

Uy (2 Zb“” nsgn( ), (4 m|y)e(mz).

m#0

It is well-known (see [Du], formulas (2.4) and (2.6), and take into account our formula

(3.3.11)) that for m > 0 we have

bun(m) = (—1)" (1:[ . -1+ z) bu.o(m),

and for m < 0 we have
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By [G-R], p. 814, 7.611.4 and p. 893, 8.362.1 we see for real t # 0 and any integer m (note
that W, i+(y) is real) that

> 1
/ ‘Wm,it(y)r (— —m+z’t>
0 2

which is <; log (|m| 4+ 2). By these relations, Lemma 3.13 below and formulas (8.17) and

oo

2
_y: T Z 1 _ 1
Y sin27rtk:O %—it—m—kk %—Fit—m—f—k ’

(8.5) of [I1] we easily get the lemma.
LEMMA 3.13. There are positive absolute constants C4,Cs,Cs such that if n € 7Z,
t >0, then

1
'Wn,it(y)f‘ (5 —n+ it) ‘ < Cye~ %Y for y > C5max (1+t,n). (3.7.13)

Proof. By [G-R], p.1015, formula 9.223 we have for y > 0 and ¢ > 0 that

e—%/" I%u—wﬂF(%—u—%ﬂf(%—u+¢ﬂy%m
(1/4)

2mi I (3—n—it)

1
oston (1)
is < than

)T (3 —u—dt)T (5 —u+it)

I (5 —n—it)

e u

Y

ol

F'u—mn
Res,—;

n

7j=1

(this is of course 0 for n < 0). We use the well-known statement that if o is a real number
which is not a nonpositive integer, then max,;cr |I'(c +i7)| = |['(0)]. We apply this
statement to estimate I' (u —n) if Rew = 1/4, and I' (3 — u — it) if u = j. Then Stirling’s

formula easily implies (3.7.13), the lemma is proved.

3.7.3. An orthogonality relation.
LEMMA 3.14. Ifu is a cusp form of weight 0 for SL(2,Z), then

| 1Boe) P utdz)d. = . (3.7.14)

Proof. By the substitution z — —é and by (3.7.5) with n = 0 we get (as in the proof of
Lemma 3.12) that the left-hand side of (3.7.14) equals

éuwaaﬁw@mgzéh
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We now determine the Fourier expansion of F(z) := Z?:o | Bo(7y; 2)|°. We use that

06 (-G E )

It is also not hard to see for any integer n and y > 0 that

. . 2 1 . 2
By (W) e(—nx)dx = 4/ By <a: + %)
0

4
hence, using (3.7.5) and (3.7.6), we get that fol F (z + iy) e(—nx)dx equals

3

[ (>

Jj=0

e(—4nx)dz,

2 2 2 2
y? > e~ 2m(mitmi)y 4 o3 > emlmiama)t,
m1,m2€%z mi,mo € 7
m2 —m3=n m2 —m3 = 4n

One easily checks that the two sums above have the same value, and, writing a = m; —mso,

d = my 4+ mo in the first sum, we finally get for any y > 0 and integer n that

1
/ F (z +iy) e(—nz)dx = 3y? Z e (), (3.7.16)
0 a,d €’
ad =n

We now show that a certain incomplete Eisenstein series has the same Fourier coefficients.

Indeed, for z € H let

G(z) =E(z¢)= Y  ¢(Im(y2)),

’YEFOC\SLQ(Z)

where

m=1

Then by [I1], (3.17) we have for y > 0 and n # 0 that

/01 G (z + iy) e(—nz)dx = Ci:;S(O,n,c) /0o » ( yc22> e(—nt)dt,

> 2 +y

where S(0,n,c) is given by [I1], (2.26). We can compute easily that

9] -2 e 2
yc 1 —my(m2ci+ L
/ (% <—t2 yg) e(—nt)dt = d\/y EZl o ( )

— 00

7
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with a nonzero absolute constant d. Since for any positive integer a we have

a, if a |n,

ZS(O,n,c):

cla 0 otherwise,

so we get finally for any y > 0 and nonzero integer n that

/0 G (z + 1y) e(—nx)dx = d\/ﬂz e_wy(a2+z_§).

aln

This and (3.7.16) imply that there is a nonzero absolute constant D such that F'(z)—DG(z)
depends only on Imz. Since F'(z) — DG(z) is SL(2,Z)-invariant, so it is a constant. This
implies that (3.7.15) is 0 (since cusp forms are orthogonal to incomplete Eisenstein series

and constants), the lemma is proved.
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4. Appendix: some properties of Wilson functions

4.1. Statement of the results

In this chapter we prove some results applied in Chapter 3. These results are independent
of automophic forms, we deal only with special functions here.

We first give the necessary notations. Let ¢t; and t2 be two nonzero real numbers and let
$1 = % +it1,s2 = 1 4 its. As before, we write (w), = I'(w+n) /T (w), [(X£Y) =
N'X+Y)'(X-Y), and

PN(X+Y+2)=T(X+Y+ )T (X4+Y - 2)T(X-Y+2)T(X-Y - Z).
We will use the notations (3.3.1), (3.3.2), (3.3.4). We use the Wilson function

ox (x) = éx (x3a,b,c,d)

as in Chapter 3, i.e. with the parameters given in (3.3.4).
See [S] for the definition of the generalized hypergeometric functions F4 p. Sometimes we

will write F' («, 3,7; 2) in place of Fy 1 («, 5,7; 2). Introduce the notation

_ _11,,.1_
F574 1 N’Nl 2?441—233,'4 1’L£E,;[ ,1 —1
5 tty, 5 —t1, 5 +ite, 5 —ito

P (@) = ) (3 +ix)

1
~ —N(N -

N|—

for integers N > 1. We make a similar convention as in Chapter 3.

CONVENTION. In what follows, t; and to will be fixed. So every variable and every
constant (including the constants implied in the < and O symbols) may depend on ¢; and
to, even if we do not denote this dependence.

We can now state our three theorems. Theorem 4.1 is a more precise form of Theorem
1.3 (i.e. it is enough to prove Theorem 4.1 for the proof of Theorem 1.3). Theorem 4.2
shows that the result of a complicated summation is a Wilson function. Theorem 4.3 gives

estimates for a certain series of Wilson functions.
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THEOREM 4.1 ([Bi8]). Assume that K is a positive number, and f(x) is an even

holomorphic function for |Imx| < K satisfying

1
/ POV ) gy i =0 (4.1.1)

and that

F)e 1 (1 J2))

is bounded on the domain |Imzx| < K. If k is a positive integer and K is large enough in

terms of k, then

/Ooof(m) Fy (z zk: NL (#) (4.1.2)

with some constants cy; as N — oo. If K is large enough (depending only on t1 ad t3),

we have

C & I (L +2N) (/ F6) Fy (¢ (5>df)¢z’(i—N)(’”) (4.1.3)

_% 11_ NI(N+

for every |Imz| < 3, and the sum on the right-hand side of (4.1.3) is absolutely convergent
for every such x.

THEOREM 4.2 ([Bi8]). Let n be a fixed positive integer, and write

1
my, 1, = Z+l1+l2—n.

For nonnegative integers ly,ly and complex S define

l l
X0, (S Z Z L1+L2 ( ! ) <L22) G(S,ly,1la, L1, Lo),

L1=0 Ly=0

where G(S, 11,12, L1, Ly) denotes

F(Sz—ﬂ+lz+L1)F(81—n—|—l1 —I—Lz) (S_mh,lz)ll_Ll (S_ml1,lz)l2_L2
F(Sg—f-n—lg —Ll)r(sl +n_ll _L2)F(S+mll712 —l1+L1)F(S+ml1,l2 _l2+L2)‘

Note that since n is given. we have not denoted the dependence on n in my, 1,, i, 1,(S)

and G(S,ll,lg,Ll,Lg).
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Then, if S = % + o7, where T is either real or purely imaginary, we have that the sum

oo

Z T (S + mlth) le,lQ (S)
FA=S+m,p)T(3+0)TA+0)T (5 +12)T(1+1)

I1,la=0
18 absolutely convergent, and equals

|r@nﬁwwﬂﬁr@é+ﬂm¢TQ(1 0)):

T (s1 +n) T (55 +n)? 4

4

THEOREM 4.3 ([Bi8]). Write

k=1

(i) Mx(A) is absolutely convergent if ReA > 1+2[Im\|, or if A =i ( — k) with a positive
integer k and ReA > 2.
(ii) If a compact set L on the complex plane is given such that 2 < ReA for every A € L,

then
Mgy =00 (5

for any A € L and positive integer k. The left-hand side here is reqular in A on every open
subset of L for every fized positive integer k.

(7ii) If a compact set L on the complex plane and an integer K > 2 are given such that 2 <
ReA for every A € L, then we can find an integer t > 0, complex numbers Ay, As, ..., A,
with ReA; > K (i =1,2,...,t) and polynomials Q1,Q2, .. .,Q+ such that

MA(A) = 2 2474Qi (4) Ma(4i) = O (2™ (14 A) )

for any A € L and real \. The left-hand side here is reqular in A on every open subset of
L for every fixed real .

REMARK. In Chapter 3 we applied the following results on Wilson functions: Theorem
1.3, Theorem 4.2, Theorem 4.3, and one more result, namely Corollary 4.1 below. Hence
(since Theorem 1.3 follows from Theorem 4.1), to complete the proof of Theorem 1.2 it

will be enough to prove the three theorems stated above and Corollary 4.1.
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Theorems 4.1., 4.2 and 4.3 are proved in Sections 4.2, 4.3 and 4.4, respectively, using
Lemmas 4.5-4.9 and Corollaries 4.1 and 4.2 proved only in Section 4.5.

4.2. Expansion in Wilson functions

4.2.1. A biorthogonal system. We will consider now the inner product

Ame@ﬁA@Hwﬂw

for two even functions f1,f> on R. We will show that the system of functions Fy (N > 1)

is biorthogonal to the system (ﬁi( 1N) (N > 1) with respect to this inner product. Then
we will consider for a given function f satisfying (4.1.1) and some additional properties
the asymptotic behaviour of the sequence of inner products of f with F. The reason of
imposing the condition (4.1.1) is that it is true for every f = gbl.( 1), as we will show
shortly.

Recall the symmetry property ¢y (z) = ¢, (A) from (3.4) of [G1] (we use here that our pa-
rameters a, b, ¢, d are self-dual, see (2.6) of [G1]). By the formula in the proof of Theorem 6.5
of [G1] with n = 0 and g = ;+k we have (in general, (X +Y), means (X +Y), (X -Y),)

(4.2.1)

C [ i Gy B 2,

TEti) ™~ TE+hi

for any integer £ > 0 and any A (see Prop. 4.4 of [G1] to see the absolute convergence).
So for any integer N > 1 we have that

. F54( NtN 2,t4+m,£1 12’907175 _1)_1
o ’ + 9 ) + ) —1 ’
™ Jo F(Zizx)
equals
N (N -3) 1-N,N+3,1
r(ZTxin) 7 N S

and by [S], (2.3.1.4) this equals

_N(N-1) (GEN)y

1
(N—T4+)(N=L—iNT(E+in) :_N(N_ﬁ) T(3+iA+N)
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This implies that we have for every pair of integers k, N > 1 that
C oo
— G124 (z) Fn () H(z)dr =0 for k # N, (4.2.2)
27'(' 0 1'<4 )

(1-N)y 1 (N +3)

N—-1
for k=N, (423
T (1 +2N) or (4.2.3)

- /0 " b3 (@) P () H(z)do =

i.e. these two systems ((bl( 1N) (z) and Fi (x)) are biorthogonal in this sense.
Note that (4.2.1) with k = 0 and A =i (3 — V) implies indeed that (4.2.1) holds for any
N > 1 with f = qﬁi(%fN).

In the proof of the next lemma we will use Lemma 4.6 which will be proved later. For
the function f we impose the condition of Lemma 4.6. Some of these conditions will be
released later.

LEMMA 4.1. Let f be a function satisfying (4.2.1) and the conditions of Lemma 4.6. If

k is a positive integer and K in Lemma 4.6 is large enough in terms of k, then we have

/Ooof(x) Fy (z) H(z)dz :é%—j +0 (ﬁ)

with some constants cyj as N — oo.
Proof. By shifting the path of integration to the right, we see that if —;11 < a <0, Tisreal

and m > 0 is an integer, then

F(-A+in)T (2 +A+it)) T (1 +A
1/ CAXI (ALt (i+A+m), (4.2.4)
(@)

(
" Juy TEEATGEAT (S + AT m)
equals the sum of
[ (=2ir)T (5 +i7 £it1) T (5 + it +m) N
I'( i) D (3+ir)T (3 +ir+m) 7

and
[ (2ir)T (1 —ir i) T (§ —Z'7'+m)F_
F(I+in) (3 +in)T (2 —ir+m) >
where

+ _ 7 taty, g o —aty, g T +m
Fso F3:2( 1+ 27,3 +ir +m )

83



dc_344 11
and Fy, is obtained from F;fz by writing —7 in place of 7. Using [S], (2.4.4.4) we then get
that (4.2.4) equals

[ (3 +ir+it) T (3 +it+m)
D(3)T(5+ir)T (3 +ir)T (5 £ity +m)

(4.2.5)

This implies that if —%1 < a < 0 and 7 is real, then for every integer N > 1 we have that

1 [(—A+ir)T (34 Axity) N N-11iA1
o /(Q)F(%_A)F(%_A)Fz (%+A) (F43(%+it27%_it27%+14’1> _1> a4

(4.2.6)

equals

1 . . ; 1

[ (7 Lir+ity) I ~N,N — 5,5 +ir, 3 —ir,1 1) —1 (4.2.7)

DT CEin) D (L Lity) \ P\ S+t d ity L +ity, L — ity -
2 = 5 ’61) 2 1,3 1,2 22 2

We claim that if N > 1 is an integer and ReA > —%, then

_ 15 L (T4+A)T(2—it
F4,3(13 N’]\;+2.’4$A’j;1): G+A)L(;—its) (4.2.8)
5 tite, 5 —ita, 3 + L (2+A)T(1—ity)
with
1 1 3 1
o _1 . —ito 1—N,N—|—§ Z+A,§Z—l
I—/O 272 (1—2) F271< %—i—itz ,z) F271< 1 ity ' dz. (4.2.9)

Indeed, this follows by writing the first F5 ; function as a polynomial in z, then applying
(6.6) of [G1] (note that there is a misprint there, $*= should be replaced by =) after the
substitution y = 1 — z. This proves the equality of (4.2.8) and (4.2.9). We remark also

that (by [G-R], p. 998, 9.131.1) the second F5; function in (4.2.9) equals
1 L _A—ity, !
Z2F2’1 <4 1_7:1;22 2;1_2) . (4210)

It follows then that if f is a function satisfying the conditions of Lemma 4.6, then for every

integer NV > 1 we have that

> I (§+ity +i7) T (3 £ty +ir) T (3 £i7) T (3 +i7)
F - - . ! 4.2.11
/_ D EN () T (£2i7) dr - 42dl)
equals .
. _ 1
c/ (1—2)""Fy, <1 3N’ N3 ;z) K(z)dz (4.2.12)
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with a constant ¢ # 0 (¢ may depend on ¢; and ts, since these are fixed numbers), where

(for G(A) see Lemma 4.6)

1

LA 1
<4 4 ”2’2;1—z>d,4 (4.2.13)

K(z) = 1 — ity

NEETNEET R

271

1/ I'(3+Axit;) G(A)
(a)

with —% < a < 0. Indeed, by Lemma 4.6 and [G-R], p 995, 9.111 we see that the double
integral in A, z is absolutely convergent here, we first compute the integral in z by (4.2.8),
(4.2.9), (4.2.10), then we insert the definition (4.5.12) of G(A), the resulting integral in A
and 7 is again absolutely convergent, and we compute the integral in A by the equality of
(4.2.6) and (4.2.7), we obtain in this way the equality of (4.2.11) and (4.2.12). We also see
by Lemma 4.6 and [G-R], p 995, 9.111 that if k is a positive integer and the number K
in Lemma 4.6 is large enough in terms of k, then the function (d%)j K is bounded on the
closed interval [%, 1] for every 0 < j < k. For the estimation of K and its derivatives on
[0, 1] we use that the F;; function in (4.2.13) equals, by [G-R], p. 998, 9.131.2, the sum

2
of

D(L—it)D(344) o (G- A=its 3,
['(1—ity) T (2 +4) F2a < 34 >Z> (4.2.14)
and . |
1 4l (1—ite) T (—3 — A 1t 344
4+A 4 2 274 .
Rt G S N B

We estimate here the F5; functions by their power series expansions. Observe first that
the zeroth term of the F5 ; function in (4.2.14) gives 0 in (4.2.13), since (4.1.1) holds. This
follows from the definition of G(A) in (4.5.12) and from the equality of (4.2.4) and (4.2.5)
for m = 0, see also (3.3.1). Now, using Lemma 4.6 and shifting the line of A-integration

to the right in (4.2.13) when we substitute (4.2.15) we see that, if the number K is large

1

enough in terms of k, then on the closed interval [0, 5] we have

k
K(z) = a7 + 2272 [ (z) (4.2.16)
j=1

with some constants a; and a function L such that (%)] L is bounded on the closed interval

[0, 5] for every 0 < j < k. By our investigation above on the behavior of K on [3,1], we
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finally see that in fact (4.2.16) is valid and (d%)J L is bounded on the whole interval [0, 1]
for every 0 < j < k.
Observe that by [G-R], p 990, 8.962.1 we have (P,S,O"ﬁ ) is Jacobi’s polynomial)

_ 1 —DNYN = 1) (—ity, 144
Fg,l(l NN A5, ):( 3> it )PJ(V_IQ’Q“Q)(%—U,
7 (3 +Zt2)N—1
SO
1 . _ 1 1,
/ (1—2)"" Fy, (1 SN’N e ;z) z2 T2 [(2)dz (4.2.17)
0 ’ 5 + Zt2
()N "HN-1) ,.
equals d—<%+“2)N_1 times
! ; ; —ito, 3440 1
/1 (1= )itz (1 4 g)bHite p(Titadtite) ) p ( ;x) dx (4.2.18)
with a nonzero constant d. By [G-R], p 989, 8.960.1 we see that
(1) (1) e P (g
equals
(-D¥N—-k—-1)! [/ d F —itotk Liitodk (—it2tk,s4itotk
pov—i () (@t aen e p e ),

hence by repeated partial integration we see by the property of L that (4.2.18) is < than

1
N’“/
-1

In order to get a Jacobi polynomial with real parameters, remark that by [G-R], p. 807,
7.512.12 we have that

—itatk, g +itatk)

(1—2) "t a1+ m)%+it2+k P]E,_l_k (z)|dz.

)

po (1tk=NN+k+3 1+
2 Spita vk 72

equals

L(3+itat+k) [, . l4k—NN+k+1 14z
2 (1-y) " F ’ 2, dy.
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This, together with [G-R], p 990, 8.962.1 (we use this formula twice) and substituting
a =y(1 +x) — 1 in place of y, implies that (4.2.18) is < than

Nl—k /1
—1

Computing the inner integral, and using Cauchy’s inequality and [G-R], p 800, 7.391.1 we

(1+a)k__ N1+1k];_ ‘/ (1 — )" dada.

finally see that (4.2.18) is < than N'~* so the same is true for (4.2.17).
Noting that by [G-R], p. 807, 7.512.12

1
_ )2 NN+2 j ' NN+2,]+1
/0 S FM( 3 ity Z)z dz = fJF3’2( 3oty j— ity +2

with a constant f;, and this equals

[ (—j+its = N)T (=5 — j +it2+ N)
T (I +ita— N)T (L +its + N)

with a constant g; by [S], (2.3.1.4), so by (3.3.1), (4.2.11), (4.2.12), (4.2.16) and the above

estimate for (4.2.17) we proved the lemma.

4.2.2. A nonvanishing result. In order to eliminate some conditions imposed on f in
Lemma 4.1 (namely the vanishing of the integral for 0 < j < K — 10 in the statement of
Lemma 4.6), we prove the next lemma.

LEMMA 4.2. If P is a nonzero polynomial, then there is an integer n > 1 such that

/°° ['(1+iz)D (2 +iz) T (§ ity +ix)

I (£2ix) P (a*) Pi(1_n) (¥) dz #0.

— 00

Proof. If k > 0 and n > 1 are integers, define

- 1 3 1 . 2\ F
. /_OO r (4 iw:) r <4Fi(ji;)x§ (4 + it + ZZL“) <$2 + (i -|—z't1) ) ¢¢(l—n) () dz.

We first prove that
Ino=(D+o(1l)n (4.2.19)

with a nonzero constant D.
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By Proposition 4.4 of [G1] we see that I,, o equals the sum of

I'(3—2n) X (ntity),, (n+ity), (1
T e DD Dl e FRR AR BCEE
and
I'(2n—1) o0 (%:I:z’tl—n)m2 (%:l:itQ_n)mz 3
[ (n=£it)) T (n +ity) m;() ma! (3 —2n), J (1 —n+ mz) (4.2.21)

with the abbreviation

[ T (§Eix)D(§ +ix) D (5 +ity +ix)
Tla) = / ’ r (i;ix)F (a itx) d

xZ.
—00

Using that for m; > 0 and real x we have

1 1 1
TCtntmtic) T(Qxi) 2@ tntm)

and for ms > n and real x we have

1 1 1

TC _ntmptir) T(xi) T2 —ntmy)

it is not hard to see (estimating every term separately) that for any fixed € > 0 the whole
sum (4.2.20) and the mg > n part of (4.2.21) give o(n). (To see this estimate it helps to
consider separately the cases mi,mo > n?~¢ and m,mg < nQ*G.) We thus see that the

difference of I, o and the 0 < mgy < n part of (4.2.21) is o(n). In this case we have

3 1
J — — N+ me =cI —+n—m2:|:it1
4 2
by (3.6.1) of [A-A-R] with a nonzero constant c. So we proved that

" I’(%—n—km:l:itg)

Lo = +c¢*n? (1 +o(1 :
o0 =oln)+emn*{1+o(l)) m!T (2 — 2n + m)

(4.2.22)

m=0

with a nonzero constant c¢*. By the relations

3 ['(1—n+mzxity)
m!F(%—Qn—f—m)

(2

n+1<m<n2-¢
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2.

m>n2—¢

m!IT (2 — 2n + m) L'(m+4)T(1—2n+m)

T (L —n+mity) T (—n+m =+ ity) ‘_ (1)

>

T (—n + m % ity) ‘20(1)7

on<ienit L'(m+3)T(1—2n+m) n
Z —n-l—miztg) _ T(nxity) I (3)
— DT (1=2n+m) T (n+1xity)’
i —n—}—m:l:ztg)_F(%—n:l:z'tg)F(%)
= m!T (3 —2n+m) [ (1—n+ity)

we get (the last two relations follow from [S], (1.7.6)) that

mll (3 —2n+m)  T(1—ntity) I (n+ 3 Lits)

n I‘(%—n—l—mj:ztg)_I‘(%—nj:itg)F(%) F(nj:itz)f‘(%) 1
Z 0 (n) .
2 (3 +ity)
T (1= its) T (%it)
hence, together with (4.2.22) this implies (4.2.19).

71,

By Proposition 3.1 and (3.4) of [G1] we have the recursion relation (a = § + it;)

(IE +a >¢(4_n)( )_an¢( —(n— 1)) (x)+bn¢i(%_n)( )+Cn¢( (n+1))( )

with (for the functions A and B see [G1])

and since

A(ii G—n)) _ %2(1—}-0(1)), B(iz’ Gl—n)) %2(1+0(1))

we get by induction on the basis of (4.2.19) that for any fixed integer & > 0 we have
In,k: = (Dk + 0(1)) pit2k

as n — oo with a nonzero constant Dj. This proves the lemma.
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4.2.3. Proof of Theorem 4.1. The first statement in Theorem 4.1 is a strengthening
of Lemma 4.1, since we prove the same conclusion from weaker conditions. The second

statement is the promised theorem on the expression of a general function in the system

¢¢(%—N)'
It follows from Lemma 4.2 (applying it writing ¢» in place of ¢;, which is possible, since
o (z) is symmetric in ¢; and to, see Remark 4.5 (iii) of [G1]) by elementary linear algebra

that there is a finite linear combination
No
9(2) ==Y dubys_) (@)
n=1

such that for h(x) := f(z) — g(z) we have that

/oo I‘(%iix)l’(%iix)l“(iiitgiix)xjdxzo

h(z) T (+2iz)

for every integer 0 < j < K —10. We see by (4.2.1) with k£ = 0 that (4.1.1) is still satisfied
if we write h in place of f there. Since g is an entire function and satisfies a much better
upper bound by Proposition 4.4 of [G1] than the one needed here, we finally see that the

conditions of Lemma 4.1 are satisfied by writing A in place of f there. Since

/OOO g (@) Fy (z) H(z)dz = 0

for N > Ny by (4.2.2), so Lemma 4.1 applied for h implies (4.1.2).

Denote by d(x) the difference of the left-hand side and the right-hand side of (4.1.3). By
analytic continuation, using (4.1.2) and (4.5.7) we see the statement about the absolute
convergence and that it is enough to prove that d(x) = 0 for every real x. By (4.1.2),
(4.5.6), (4.2.2), (4.2.3), (4.1.1) and (4.2.1) (with k = 0 and A\ = i (3 — N)) we see that

d(x) is an even continuous function on the real line satisfying
2mx 2
d(z) < e™ (1 + |x|)

and
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for every N > 1. Hence

= H{(z) _
/_OO d(x) wp(x)dx =0

for every polynomial P. In view of the definition of H and these properties of d, applying
[A-A-R], Theorem 6.5.2 we get that d is identically 0. This proves (4.1.3), hence Theorem
4.1.

4.3. An expression for the Wilson function

4.3.1. Transforming the double sum into a double integral. We first construct a

function Py(S) such that when ReS = 3 or S is real, then

2 T(S+myu,) S0 0 (S)
1,02 1,02 _P(5). 131
lllzg:—or(l_s+ml1,lz)F(%+l1)r(1—|—l1)F(%_|_l2)F(1_|_12) 1( ) ( )

and Pz(S) has the properties that for fixed |Z| < 1 it is entire in S, and for a fixed S it
is holomorphic on |Z] < 1 and continuous on |Z| < 1. Hence it is enough to determine
Py (S), and by analyticity in S it is enough to consider ReS = % And for a fixed ReS = %,
for |Z] < 1/3 we can apply the lemmas of Subsection 4.5.3 to get an expression for Pz(.S),
which will then be extended also to Z = 1.

For simplicity, we write m = my,;, in the sequel. Now, it is not hard to see for any S that

m h 1 So— "N 2 1 S_m _
T'(S+m) Z(_l)Ll(l )F( +lh+ L) )i - L,

F(l—S+m)L1:0 Li) T(so+n—1Ily—L)T(S+m—1 + L)
equals
_1)h _ _ _ _q_
( 1) F(SQ n+l1—|—l2) F’ ( ll,S m,l S m ’1> (432)
T(sg+n—1 —1o)L'(1—S+m) so+n—l—lpl1—sa+n—10—1

If ReS = § or S is real, then (using that {S,1 — S} ={S,1 — S}) this equals

—1ar _ _ _ _q_
(=) (s2 —n+1 +12) o (_ l1,8 m,l_S m ;1). (4.3.3)
T(sa+n—11—Il)I'(1—S+m) Sgtn—lh—l1-53+n—1l1 -l

Again for any S, we have that

ZZQ (1) < Iy ) P(si—n+l+Ly) (S—m), g,

= Ly )T (s1+n—11— L) T(S+m—1ly+ Lo)
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equals
(=1)2T (s1 —n+ 11 + o) —l3,S—m,1 -5 —m
3,2 1], (4.34)
F(81+n—l1—l2)F(S+m) ’ 81+7’L—l1—l2,1—81+n—l1—l2

For any complex S, denote the product of (4.3.3) and (4.3.4) by Py, 1,(S). We just proved

that
L'(S+m)
r'1—-5S+m)

Y11, (8) = Py, (5), (4.3.5)

if ReS = % or S is real.
Let Z be a fixed complex number with |Z] < 1. We can see using Lemma 4.7 (ii) (by
writing S = % +iT,a=n—10 -l = i — m, and estimating trivially, term by term the

new Fj o functions) that the series

> glitlz
Pz(S) = P (S) 436)
zl,zzz—of(%Hl)F(lHl)P(% + 1) T (1 +1o)

is locally uniformly absolutely convergent on the whole plane. Hence, for any given |Z| < 1
the function Pz(S) is an entire function. We also see by the same estimates that for a
given complex S the function Pz(S) is holomorphic on the open disc |Z]| < 1 and extends
continuously to |Z| < 1. We also see by (4.3.5) and (4.3.6) that (4.3.1) is valid if ReS =

1
2
or S is real. Hence for the proof of Theorem 4.2 it is enough to show for every complex S

_ PGP D (o) T (=5 +20) (o (1
B 5)= IT (51 +n)]* [T (s2 + )| ¢T((4 )) 437

that

if we write S = % + 7.

For any complex S, denote the product of (4.3.2), (4.3.4) and LA_Stm) 1,y Ry, 1,(S). Let

T'(S+m)
Z be a fixed complex number with |Z| < 1, and write
(5)= 3 2 (s)
RZ S = Rl N S .
2 TR AT T 3+ ) Tl
Observe that for ReS = % we have
Rz(S) = Pz(9). (4.3.8)
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Applying Corollary 4.2 and Lemma 4.9 we see that this series is locally uniformly absolutely
convergent for 2 <ReS< 2, hence Rz(S) is a continuous function of S there (remark that
it is not holomorphlc).

And by Lemma 4.7 (i) for 3 <ReS< 3, if S = 1 4 i, we see that Ry, ;,(5) equals the

product of

4ReS = 2(_ 1)ty 11, T (51) ) [T (52)]°
4?0 (L ity +47)T (3 ity +ir) T (3 40 —lo — ito)D (L +n— 1y —ity)

> (2 1T 1 d
/ yf+t2 L, 2(y1)J(n—l1—12,y1,7')€_y71 y21
0

and

T L () T 1y — —p 2
Yo Iy (92) (n 1 23y277-) 2
0

where we write

1
e 1 [(144dT\* “ i
Sapn = [ e (L) et

oo 1 —qT

For 1 <ReS< 2 and |Z] < 1 we then get, using also Lemma 4.8 that Rz(S) equals the

product of
3, _
24R€S — §+l(t1 —to+T—T) ‘1—1 (81)’2 |F (82)‘2 A
3 1 . o 1 . . 1 . 1 , ( 39)
47 P(Z — 1tg —ZT)P(Z—I—zt1+z7')1"(§+n+zt2)I‘(§+n—zt1)
and
/ / F(T1,T2) Gz (T1,T2) Hz (T1,Ts) dT1dT5, (4.3.10)

where F' (T1,T3) denotes
(14 Z'Tl)—%+n+ﬁ (1- iTl)—%—nJritz (14 iTy)"? 1on—it, (1-— iTg)_%+"_iT |

Gz (Th,T») denotes

- —5+n—i 14iT
1 T 2+TL 1ty 1 1 1 22#
(1+Z “2) F(——n+it1,—+it2—ﬁ =, R0 ) )

1—iTy 2 4 20 14 zHD
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and Hz (T1,T) denotes

—gtnti 1—iT
14T 5 t+ntits 1 1 1 222—1_1
(1+Z - 1) F(——n—itg,——z't1+i7',—; UHT)U~iT2) )

B 1—4T
1+4Ty 2 4 2 1+z-0

By continuity of Rz(S) in S this is also valid for |Z| < 3 and ReS = 1. By (4.3.8) we
then see that Pz (S) equals the product of (4.3.9) and (4.3.10), if | Z| < 3, S = 5 + 47 and
7 is real. But since by using [S], (1.8.1.11) (for the case when the absolute value of the
argument of the hypergeometric function is greater than 1) it can be checked that for a
fixed S with ReS = 3 the product of (4.3.9) and (4.3.10) is holomorphic on the open disc
|Z] < 1 and tends to the same expression with Z = 1 when Z tends to 1, we finally get
that if S = % + 47 and 7 is real, then

1
_ 22 2 | (1) [T (s2)
Am3T (2 — ity —ir) D (2 +ity +i7) D (A +n+it) T (3 +n—ity)

Pyi(S) M (n)

(4.3.11)
with the definition

M(V) = / / M(Tl,TQ,V) dTldTQ,
where M (T, T5,v) denotes the product of

(1 + Z-Tl)—%—itg—l—iT (1 . iTl)—%—U—I-itg (1 + iTQ)—%—I/—itl (1 _ iTZ)—%—‘y—’itl—iT

and

1 T S 1 1+4dT5 1 P S 1 141
Fl-- ty, - + ity —T, - Fl|z—v—ity, - —it = :
(2 V+21,4—|—22 27,2,1+iT1) (2 v — iy, o 21+Z7’,2,1_Z_T2)

4.3.2. Identifying M (v) with a Wilson function. In the above formula (4.3.11) for
Py (S) we have only the value M (n), but we will determine it by analytic continuation in
v.

It can be checked (using again [S]|, (1.8.1.11)) that M(v) is a holomorphic function for

1
4

and in the case * < Rerv < % we can deform the path of integration in the

Rev > 1 5

following way. For a fixed T3 instead of the line segment [-R,R| (where R is a large positive

number) we integrate in 77 on the following route:
[_R7 a] U [CL, b] U [ba C] U [07 d] U [d7 R]a
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where
1 . 1 . 1 1 . ) 1 .
a__E_ZR7b__E_Z+E7C_§_ +E,d—E—ZR

Letting R — oo, the integral on [—R,al, [b,c] and [d, R] tends to 0, and we are left with

two integrals: 1 — ¢T7 runs once on the "upper side” and once on the ”lower side” of the

negative real axis. Writing x = ’TlT_l we get in this way that

/ M(Tl,TQ,V) dT1
equals
. 1 . . —l—U—itl . —l-ﬁ-’itl—iT o *
4sin (7 §—|—u—zt2 (1+1iT) 2 (1 —iTy) * M* (z,Ty,v) dz,
0
where M* (z,T5,v) denotes the product of
(20 + 2) T H2HIT 9y 3V

and

1 1 ) 1 14705 1 1 . 1 =2z
Fl-— t1, — to — ——— | F | = —v —ity, — — 1t —: .
(2 V+21,4—i—22 17,2,2(1+$>> (2 v zg,4 Z1+ZT,2,1_Z,T2)

Then for a given x we compute the integral in 75 in the same way, but this time 1 + 75

goes to the negative real axis, and we write y = % We finally obtain in this way in

the case i < Rev < % that

1 1 o0 o0
M (v) = 16sin (7r (5 + v+ it1>> sin <7r (5 T itg)) / / M** (z,y,v) dxdy,
o Jo
where M** (z,y,v) denotes the product of
— L _Gtotir — L _vtity -l _y—ity —Lit,—ir
(2+2z) 7 (2z) 2 (2y) 2 (2+2y) *

and

Pl it it =Y ) (L o~ — ity + iy =y
— —v - — T, = e - — —; .
9 Z174 112 Z7—7271+x 9 1274 (251 27—7271_'_y
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We apply now [S], (1.6.1.6) for both hypergeometric functions, and we compute the result-
ing integral in = and in y by [G-R], p 312, 3.191.2. We get in this way for i < Rev < %
that M (v) equals for any Rev — 3 < o < 0 the product of

2752V gip (m (5 +v+ity))sin (7 (5 +v —it2)) 2 (3)
16 l_ . l_ s l . s l_. .
F(2 1/+zt1)I‘(2 v ztg)I‘(4—|-zt2 ZT)I‘(4 ztl—}—fw)
and
( ) ( )f(Sl)g<SQ)h(Sl,SQ) dSldSQ,
where ) :
I'(s— it I'(zs—-v—it
f(Sl): (2 I/+Z1+51)F(_(2 I/) 11+S1) ( Sl)’
2
D(3—v+ita+S)T (A —v—ita+ S S
g(52) = ERARIE 2%(1(+ V) et ST 2),
2

1
h(Sl,Sg):F(—Z—FV—FZ'T—FSQ—Sl) (——+V—ZT—SQ+51)
For any fixed S we have by the Second Barnes Lemma ([S], (4.2.2.2)) that

1 _F(——1/+zt1)F(§—V—ztl)F(—%—i—Qy)
2mi (o) (SR (51, 52) dSi = ['(v—it) T (v +ity)

G (S2)

with

I (= +v—ir— )T (5 +ir+ So+it1) (3 + i1 + Sz —it1)

G(Sy) =
(52) T(3—vtir+S,)

By shifting the line of integration to the right, we have that

equals the sum of

Fy

I‘(——V+Zt2)F(——V—it2)I‘(—

and

2
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with
F =Py, %—y—l—itg,%—?)V—itg,&g—h%—it'l,%l—i—iT—z'tl.l
’ 5,5 —Vvtat, 7 —v+ar )
_F’2 :F43 V—i_itlal/l_litl?i _ZT,;_ZtQ,i_ZT_Zt271 '
’ §,Z+V—ZT,Z+V—ZT

By formula (3.3) of [G1] this sum equals the product of

1 1 1
F(g—V:]:Ztg)F(Z—I—ZT:tZtl)F(V:tZtl)F(Z—ZT:]:Ztg)

and
1 r 3
b1, <t2; SR + 4T, 1 + z7’> . (4.3.12)
By [G2], Lemma 5.3 (i) and (ii) we see that (4.3.12) equals
(1 r 1 .1 .3 .
Or <2 (1 — l/) 1 + itq, 1 + itg, 1 its, 1 + zt1> . (4.3.13)

< Rev < 1 that M(v) equals the product of

AN

Finally, we get for

D (3 —ir—ito) T (5 +ir+it) T (—5 +2v)

2—3—21/1 3
Lo L(3+v+it)) T (3 +v—ity)

and (4.3.13).
We now use the fact that the Wilson function ¢y (z) is analytic in both variables, which
is mentioned in [G1], and can be seen at once from (3.3) of [G1]. Then, by (4.3.11) and

analytic continuation in v, if §' = %4—@'7’ and 7 is real, we see that P;(S) equals the product

of
T (s1)” T (s2)]*T (% + 2n)

(4.3.14)
T (s1 4 n)]* T (s2 + n)|?
and
1 r - 1r 1 3 .
Or <z <Z - n) ' 1 + itq, 1 + ito, 1 ito, 1 + ztl) ) (4.3.15)

By analytic continuation this is valid for every complex S. Hence we proved (4.3.7), so the

proof of Theorem 4.2 is complete.
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4.4. Proof of Theorem 4.3

4.4.1. The easy statements. We will apply Lemma 4.5 several times. Note that we

have
Ya(4)
r1-A)’

where M) is defined in Theorem 4.3, and X is defined in Lemma 4.5.

My (A) =

Theorem 4.3 (i) follows from Lemma 4.5 (i) and (ii). Theorem 4.3 (ii) follows from Lemma
4.5 (ii), taking there A =i (§ — k) and shifting the integration in formula (4.5.1) there to
U:§+ewithasmalle>0.

It remains to prove Theorem 4.3 (iii). This will follow from Lemma 4.4 below and formula

(4.5.2).

4.4.2. Estimation of a Fourier transform. Our aim is to prove that taking a suitable
linear combination of functions G4 (see (4.5.3)) for different A, the Fourier transform in
(4.5.2) will be rapidly decreasing, see Lemma 4.4. We first need an elementary claim.

LEMMA 4.3. If a positive integer K is given, then we can find an integert > 0, complex
(non-integer) numbers Ay, As, ..., Ay with Red; > K (i = 1,2,...,t) and polynomials
Q1,Q2,...,Q: with the following property. If a compact set L on the complex plane and

a real o are given such that

for every A € L, then

¢ r
N CEE N cre D SLUCO o ey B WwmreTL

P

T (S+ 45T (5+4) (S+%fﬂﬂ$+%)20< 1 )

if A€ L and ReS > 0.

Proof. Let us remark that since

P(S+4H)T(S+3) _
T(S—-3Ir(S+1i+4) _F<_
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for % < ReS—l—R%A by [S], (1.7.6), so there are polynomials Py, P, ..., Px_1 such that

D(S+479T(S+4) X P(A) 1
M- i 2 s O\arEF

k=0

Re
2

if o is a fixed real number, and A is in a fixed compact set such that % < o+ A for every
element A of this compact set, and ReS > o.
It is clear that P, is identically 1. Let ¢ > 0 be maximal with the property that there are

integers 0 < k1 < ko < ... < k;y < K — 1 such that the ¢t-variable polynomial

det (Pe, (X;))1<; <

is not identically 0, and fix such integers k;. Then it is clear that we can find non-integer
numbers Ay, A, ..., A; with arbitrarily large real part such that the number

det (P, (Aj))

1<i,j<t

is nonzero, fix such numbers Ay, Ao, ..., A;. Then we see by Cramer’s rule that there are

polynomials 01, Qs, ..., Q: such that

t

Y Pel4)) Qs (4) = P (4)

Jj=1

for every k = k; (1 < i <t), but it follows easily by the maximality property above that
it is true also for every 0 < k < K — 1. The lemma is proved.

LEMMA 4.4. If a compact set L on the complex plane and an integer K > 2 are
giwen such that 1 < ReA for every A € L, then we can find an integer t > 0, complex
(non-integer) numbers Ay, Aa, ..., Ay with Red; > K (i = 1,2,...,t) and polynomials
Q1,Q2,...,Q¢ such that (see (4.5.8) for the definition of the function G4(x))

> AT _ ; A—-Ai . T T = —1
/Ooe (GA(:I:) ;2 Qi (4) Gy, ( ))d o((ler)K)

for any A € L and real \. The left-hand side here is reqular in A on every open subset of
L for every fized real X.
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Proof. We choose t, Ay, As,..., Ay and Q1,Q3,...,Q; for this K as in Lemma 4.3, and

choose a fixed —1 < 0 < 0 in (4.5.3) such that 1 <o+ RS’A for every A € L. Using the

identity

r2S+A-1)= ﬁfﬂf‘—lr (S + %) r (S + é)

the claim follows by repeated partial integration. Indeed, because of the rapid decay in
|S| (assured by Lemma 4.3), we can compute for z > 0 and also for z < 0 the first few

derivatives in z of

- Z 2441, (A) Gy, (2) (4.4.1)

by taking the derivatives of (e2 + e_%)zsin x (in the integral representation of (4.4.1)
derived from (4.5.3), using the above o there), and we can see that these derivatives of
(4.4.1) are continuous at 0 (we see this fact by shifting the S-integration to the right

using again Lemma 4.3, since I' (—25) (62”5 — 6—27”35)

is regular everywhere). The last
statement is obvious by (4.5.3), the lemma is proved.

In view of our remarks at the beginning of this section, this completes the proof of Theorem

4.3.

4.5. Remaining lemmas

4.5.1. Basic properties of the functions ¢, (z (i — k))

LEMMA 4.5. Write
= r k; A) 1
-2 ()

=1

(1) £A(A) is absolutely convergent, if ReA > 14 2 |ImA\|, and A is not an integer.

(ii) If ReA is large enough (ReA > 2, say), A is not an integer, and X\ is either a real

number or X\ =1 (i — n) with a positive integer n, then X\ (A) is absolutely convergent and

equals the product of
- I'(1—A)
D (% Lity £i\)T (3 £ito £4))
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and

1 (A —S)T (2 +S+it)) D (2 +SLity) T (25 +A—1)
27 [ o) I'(S—1)T(S+3+A)T(29)

ds (4.5.1)

with —% < o < 0. In the case A > 0 we have that

(1— A)e 2™ Sl
IANA) = =73 ( , )61 : , / eG4 (2) d, (4.5.2)
F(Z:I:@tl iz)\)f‘(z:i:ztgiz)\) oo

where G 4 (x) denotes

1 D(—29T (2 +S+it )T (L +5+it,) (25 + A —1
/ (290 (G + S+t T (5 +5£it2) (25 + ) (@.8)dS  (453)
(o)

2mi r(S—-Hr(s+i+4)r@2s)

with —i <o <0 and

v (z,S) = (e% + e_%)QS 2™ Tar

(iii) If k is a positive integer and X is any complex number such that i + ity £ 1A\ and
Z—i + ite 1A are not integers, then ¢y (z (% — k)) equals the product of

1
[ (1 +ity £i\) T (3 ity £iN)

and
1 [TEA=ST(3+S+ity) T (5+S£it)
[G+5+(G-5)

ds (4.5.4)

with an integration route from —ioco to ioco such that the poles of T’ (% —I-Siz'tl) and
r (i +S5+ z'tg) are on the left of the route, and the poles of T' (£i\ — S) are on the right
of it. In the case X > 0 we have that (4.5.4) equals

0 _ 1 ] 1 )
6_27”\/ AT (2—;/ F(25)T (41+ ot Ztll) L5 +S+ita) v (x,5) dS) dr (4.5.5)
(0) P(z+85+(5-k)

— 00

with y (x, S) as above and —3 < o < 0.

() If k is a positive integer and X is real, then for any € > 0 we have that

P (z (i - k))‘ < (14 AP EE (4.5.6)
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For any given compact set L on the complex plane and any € > 0 we have

éa (z G - k:))) Lo p k2 (4.5.7)

for positive integers k and \ € L.

Proof. Note first that (i) will follow from (4.5.7). Note also that by continuity we may
assume A # 0 in (ii).
By Proposition 5.3 of [G1] we see that if ReA > 2 and A is not an integer, and A is either

a nonzero real number or A =1 (l - n) with a positive integer n, then ¥, (A) equals

1
T (—2i)\) T (2i)) -
Tttt VT T C s Y
where S (L) denotes
i TEiti+iL) (5 izt2+sz§: (k— A)
= m!(1+2iL), — )F(%—FiL—Fmi(%—k’))'

By the given conditions the double sum here is absolutely convergent for L. = £A. To

see this, we first remark that if iL = i — n with some positive integer n, then we have

a factor hence we can take m > n, since the other terms are 0. It is not

1
I'(l+m—n—k)>
hard to check then that we have Re (iL +m) > 0 in every case, and this implies that

the sequence is monotonically decreasing for £ > 1. This proves the

1
r($+iL+m=+(1-k))
absolute convergence of the double sum. Hence ¥ (A) is absolutely convergent, and the
inner sum in S (L) equals
r1—-AT(2L+2m+A-1)
I (—5+il+m)D(;+iL+m+A)T(2L+2m)’

which follows from [S], (1.7.6) in the case when L is real or L =i (3 —n) with a positive

integer n, and follows from [S], (1.7.7) in the case when L = i (n — 1) with a positive
integer n. The expression for 3 (A) involving (4.5.1) in (ii) then follows easily by shifting
the line of integration to the right in (4.5.1).

Let us now assume that A is a nonzero real number. Since for ReS < 0 we have

I (+i\ — S) =T (-25) /OO e (e + 6—5)23 da (4.5.8)

— 00

102



dc_344 11

by [G-R], p. 332, 3.313.2, hence we see in this case that

(1- A) /OO N
Sa(A) = — Xeg ) (z) dx,
M) = T T TN T s e [ ¢ salw)dr

where g4 (z) denotes (—1 < o < 0)

(e% +e 3)25

ds.

1/ D(—29)T (3+Sxit1) T (2 +S5+its) T(2S+A4-1)
270 J (), L(S—1)T(S+3+A4)T(29)

We now extend analytically the function g4 (x). To this end, let
D={ze€C: 0<Imz<2m, 2z ¢ [mi,2mi)},

and observe that log (e§ + 6_%) can be defined holomorphically on the domain D in such
a way that this function is real on (0,im). Denote this unique holomorphic function by
h(z). It is easy to see that

Imh (2)| <7

for z € D, hence (—3 < 0 < 0)

1/ P(=29)T (3 + S+t (G+5+i) DRSS+ A1) 50
()

Z) = 5
94(2) = 33 F(5_ DT (S5+14A)T (25
is a holomorphic function on D. We claim that g4(z) extends holomorphically to the open
strip 0 < Imz < 27. Indeed, if € > 0 is fixed, then we can take a small open neighborhood

G of the closed line segment [i€, i(2m — €)] such that
}eé + e‘é} <2

for z € G. Then we can compute g4(z) for z € G by shifting the path of integration to
the right, and since 25 is a nonnegative integer at the poles, we get in this way that ga(z)
extends holomorphically to G, hence to the whole strip 0 < Imz < 27r. Then we can see

that
/ eN@H) g\ (¢ 4+ ih) da

—o0
is independent of 0 < h< 2w, and taking the limits as h — 0+ 0 and h — 27 — 0, using

the dominated convergence theorem, we finally complete the proof of (ii).
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Completely similarly as in the case of ¥(A) in (ii), we can prove the statements of (iii).
Since we can take o arbitrarily close to 0 in (4.5.5), and ¢ (z (i — k)) is even in A\, we easily
get (4.5.6) from (iii). Formula (4.5.7) can be seen from (4.5.4) using that ¢, (i (3 — k)) is
entire in A\. The lemma is proved.

COROLLARY 4.1. (i) We have

b_s; (@ G _ k:)) _ ctsl/)f (14 0(1)) (4.5.9)

with a nonzero constant ¢ as k — 0.

(ii) For any given compact set L on the complex plane and any e > 0 we have

dx <z (i - lc))‘ e p, ket2mA (4.5.10)

for positive integers k and X\ € L.
(iti) If an (n > 1) is any given sequence satisfying a, = O (n®) with a number d < 5, then

for any positive integer M there are constant coefficients b, such that

g “ni(4-n) (Z G N k>) - (k;_3—1/)2k <MZ_: Z_Z +0 (k_M)> (4.5.11)

as k — oo over positive integers, and the left-hand side here is absolutely convergent for
every integer k > 1.

Proof. Part (i) follows from (4.5.4). Indeed, we shift the route of integration to the right
of ReS = 2 in (4.5.4), and we get the first pole at S = 3. In the same way (but this time
shifting the route of integration a bit further, to a large but fixed ReS) we get part (iii).

Part (ii) is contained in Lemma 4.5 (iv).

4.5.2. Properties of a function transform. The next lemma is used in the proof of
Lemma 4.1.
LEMMA 4.6. Assume that K is a positive number, and f(7) is an even holomorphic

function for |Imt| < K, it satisfies that

f()e I (14 |r)"
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is bounded on the domain [Im7| < K, and

/_ ) (5 j:n)r(élrj(:iz;z;)(4 + ity :I:ZT)Tde 0

for every integer 0 < j < K — 10 (say). For ReA < 0 define

> 1Hin) D (5 4in) T (§ ity +ir
G(A)Z/Oof(T)F(4j: )F(‘ﬁﬂzg(‘*i f2 £ )F(—Aiif)dr (4.5.12)

Then, if k is a positive integer and K is large enough in terms of k, then G(A) extends

meromorphically to the domain ReA< k with possible singularities only at the points

1—|—'3+'1+'t—|—'1 to +
— — — 1 - —1
4 j74 ]74 2 jv4 2 J

with integers 0 < 7 < k — 1, it has at most simple poles at these points, and
G(A)em A (14 A"

is bounded on the set —% < ReA<k, [ImA| > 1+ [ts].
Proof. We see by (4.5.8) that for ReA < 0 we have

o0

G(A) =T (—2A)/ F(z)(e? + e*%)“ dzx (4.5.13)

— 00

with the definition

F(:p):/_oo f(T)F(%i”)T(%iif)F(iiz’tin)

ide .
T (£2i7) o

It is not hard to see that if k£ is a positive integer, and K is large enough in terms of
k, then, on the one hand, F' is k£ times continuously differentiable on the real line and
<(d%)l F) (0) = 0 for every 0 <[ < 2k, on the other hand (%)l F is even for even [ and
odd for odd 1, and (shifting the line of 7-integration upwards, using that ¢ # 0)

d l k—1 . ) . |
((@) F> (:E) = ef(z+3)w (Aj,l + Bj’leiﬁ _|_Cj7lefzt2:c +Dj,l€n2m) +0 (eka)

=0

as x — 400 with some constant coefficients for every 0 <[ < k.
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Define now Fy = F, and

[V

Fral =~ (4 (2% ) @

for 7 > 0. It is not hard to see that for any 0 < j < k the function Fj(x) is continuous at

0, and the behaviour of the function

as x — +oo is the same as we saw above for the derivatives of F'. Then by repeated partial
integration, we get from (4.5.13) for —% < ReA<0 that

G(A) =T (—24) m /_OO Fy (z) (e2 + e—%)““’“ dz.

By the above-mentioned properties of F'j this almost proves the lemma, using also the
easy fact that if w is a given complex number and M > 0 is an integer, then there are

constants Y 1,Yw,2,---sYw,M—1 such that

for real x as * — oo.
The only fact which still requires a proof is that G(A) is regular at the poles of I' (—2A4).
For the proof of this fact we return to (4.5.12).

Let b be a large positive integer (we will fix it later). Since we have

I'(z) _ - -1
ﬁ = ;cmb (z+a)

z+b
with some constants ¢, 4, so, applying it for z = —A £ 47, we see that
F(—A:t’l,’]') :F<_A:|:ZT+I)) Z Cay,bCas,b

(—A+iT+a1) (A —iT+a2)

Ogal,aggb—l
We use the identity

29T + a9 — aq B 1 1 (4.5.14)
(—A+it+a))(—A—it+ay) —A+it+a —A—it+ay’ o
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and because of the presence of the factor m, shifting the line of integration in (4.5.12)
in the case ReA < 0 to Im7 = j:g (the minus sign is used in the case of the first term on
the right-hand side of (4.5.14), and the plus sign is used in the case of the second term),
since b can be arbitrarily large, we get such an expression for G(A) which proves that it is

regular at the poles of I' (—2A). The lemma is proved.

4.5.3. Lemmas needed for Theorem 4.2
LEMMA 4.7. Let n > 0 be an integer, and let t and a be real numbers. Then we have
that

(i) if =% <Imt <0, then

2nl (3 +it £i7) (5 +a—it +n) —n,ttir4a,t—ir+a
2 1 . 3 . 3,2 1 . 1 . ;1 (4.5.15)
QZTn!F(§+a:|:2t)F(Z—a—}—zr) stit+a,5—it+a

equals

1
o loir (14T ® s ire—1 i dy
/_ (1472) (1_Z.T) (/0 gL E () ot y—z) dr;  (45.16)

(i1) for any T, (4.5.15) equals

1 ; ; 1 . . . .
. 2771: (Z*’Zt.:l: 27')3(5)n P, <—n,i+127'—i.-zt,% IZT+’L[‘,;1) (4517
22”n!1“(§+a+@t)11(z—a+27) ’ 5tit+a, 3

Proof. By Corollary 3.3.5 of [A-A-R] we see (ii). Since for & > 0 and real 7" we have

o o o d 1 44T —(L+it—it+k) 1
/ y%-l-zt—m‘—i—ke—y#—:g = ( —'_22 > I (é_l —|—it—i7—|—k>
0 Yy

by [G-R], p 884, 8.312.2, hence by [G-R], p 990, 8.970.1 and p 899, 8.381.1 we get that
(4.5.16) equals (4.5.17) for —1 < Im7 < 0, the lemma is proved.

COROLLARY 4.2. Letn > 0 be an integer, let t and a be real numbers, and let
—1 <Im7 < 0. Then we have that (4.5.15) equals

QU

Y

y?’

e

o 5 . . _ 1
/ yiT L (y) I (a,y,T) e”
0

where I (a,y,T) denotes the sum of

T . 1-a

@y i — 1 T 4 i

I (a,y,T):/ (1—|—T2) 2 <1i_lT) e_yTTdT,
—Tay 7
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1
21 0 1 (14471 ° iT
IQ a,y,T) = —— a 1+T2 2 ( - ) e_deT’
( ) Yy T>|Ta,y| oT <( ) 1—qT

1_ 1_
2 (1+172 )—%—” 1—iTay\* " R Lt iTay )" " R
Y “y 1415, 1 —14T5, ’

10

and

and here Ty, = <y + % + |a|>
Proof. For —i < Im7 < 0 this follows at once from Lemma 4.7 (i) by partial integration
in T'. Since everything is absolutely convergent in this new expression even for Im7 = 0,
by continuity we get the result.

LEMMA 4.8. Ify > 0 and z,w are complex numbers, write

Z LZ_% () w'.

=0

MI)—\
v

If Reb > 0, Res >| 2

and |w| < 3, then

z—1
< Lo (l—w+ 5 s~? w
/ ¢ yyb ISy’Z(w)dy = ( ) F(1- - b, é’ stw—sw )
0 r (z)

Proof. By [G-R], p 990, 8.970.1, for |w| < 3 we have for any y > 0 that S, .(w) equals

(_kﬁ ). By the binomial

(for |w| < 3 the double sum is absolutely convergent, since ‘
z—k—1
theorem, the inner sum here is wk%. For a given k the y-integral can be computed

by [G-R], p 884, 8.381.1, and since

1 1 1 =l
F 1_27b7_;L :F ]__Z,__b7_;L 1+L
2" s(w—1) 2 2" s+ w—sw s(1—w)

by [G-R], p. 998, 9.131.1, we get the lemma.
LEMMA 4.9. (i) Let n > 0 be an integer, andy > 0. If y > 100n, then

1

Lu? (y)| < Cc

NI
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with some absolute constant C.

(ii) If N > 0 is an integer and y > 0, then

2N

2.

n=N

2
Lt () e ¥ <Clog(V +2)

with some absolute constant C'.
Proof. 1t is easy to see that
(i) zer
t
for 0 <t < n with some absolute constant C, so by [G-R], p 990, 8.970.1 we have for any
M > 1 that

Ln® (y)( < C2"M" i ()" < C@2M)" et

m!

m=0
Taking M = 100 we get (i).
For the proof of (ii), remark that by [G-R], p 992, 8.975.1 we have for any 0 < r < 1 that

1 1 y(=2-1) dz ‘
Zn—l—l

Since Re(zfl — %) <0 for |z|] < 1, hence taking r =1 — ﬁ’ from Parseval’s identity we

obtain (ii).
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