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Introduction

Combinatorics is one of the most rapidly developing areas of research in math-
ematics recently. It has close ties and applications in many other fields of math-
ematics, such as geometry, number theory, statistical physics, and theoretical
computer science. The rapid advancement of digital devices, which require dis-
cretization of problems, made useful combinatorics, as it became indispensable
to computer science. Meanwhile, the importance of it as a field of research in
pure mathematics has grown greatly. It has attracted a considerable amount of
attention from many of the world’s leading mathematicians, as demonstrated by
the Wolf Prizes awarded in 1983 and 1999, by the Fields medals awarded in 1998
and 2006, and the Abel prize awarded in 2012. A few somewhat unexpected con-
nections to other fields of mathematics, as in the case of the celebrated theorem of
Szemerédi on arithmetic progressions, have been made. New mathematical con-
cepts and tools have been introduced, some notorious old problems have been

solved, and a plethora of challenging new questions have emerged.
This thesis consists of 3 chapters:

Chapter 1 is based on two papers [36] and [37], which are joint work with my

ex-graduate student, Wojciech Samotij.

The origin of extremal graph theory is dated by many people to Mantel [99],
who determined the maximum number of edges of a triangle-free graph. How-
ever, the great impact on the field is rather due to Turan [129], who extended this

result for cliques, and since there is a systematic study of extremal questions.
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Denote by f,(H) the number of labeled H-free graphs on a fixed vertex set
of size n. Let ex(n, H) denote the Turan number for H, i.e., the maximum size
of an H-free graph on n vertices. Extending the classical theorem of Turan [129],
Erdés, Stone and Simonovits [55] proved that if / is not bipartite, then the order

of magnitude of ex(n, H) depends only on the chromatic number of H, i.e.,
2
L o(n?).

i)

Since every subgraph of an H-free graph is also H-free, it follows that f,(H) >

exto ) = (1~

2ex(nH) Frd6s, Frankl and Rodl [48] proved that this crude lower bound is in fact
tight whenever y(H) > 3, namely

fn(H) — 2(1+0(1))-ex(n,H). (1)

This area is well-studied in the literature, and there are many related results, also
on the (different) problem of induced containment. With several collaborators,
I wrote several papers on this subjects, various extensions included counting
tournaments, ordered graphs, words, hypergraphs, see [4, 5, 6, 11, 12, 13, 14, 15,
16,17, 18,19, 20, 21, 22, 23, 24, 31, 32, 33, 34, 35, 36, 37].

In Chapter 1, I included papers [36] and [37], mainly because of the meth-
ods developed here were the beginning of the methods which are appearing in
Chapter 2, see the discussion later.

So what is proved in Chapter 1.? The picture changes dramatically when one
drops the x(H) > 3 assumption in (1). Erd6s asked [42] if (1) is still true if H
is a bipartite graph containing a cycle, but his question remains unanswered for
all such graphs and for most such H, not even the correct order of magnitude of

log, f.(H) is known. For bipartite cyclic graphs the first aim was to establish
fn(H) — 20(ex(n,H)). (2)

The only published results in this direction were due to Kleitman and Win-
ston [83], who proved that log, f,,(C4) < 2.17-ex(n, Cy), Kleitman and Wilson [84],
who showed that log, f,.(Cs) = O(ex(n, Cs)).

The main result of Chapter 1. is the following.
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Theorem 1. For every s and t with 2 < s < t there is a positive constant Cy,, such that

the number of labeled K, ,~free graphs on n vertices satisfies
10gy fr(Kay) < Cyy-n> 1,

Erd6s conjectured multiple times, see for example [46], that ex(n, K,;) =
O(n?7Y/%) for all s and ¢ with 2 < s < t. If this conjecture is true, Theorem 44
would be asymptotically sharp for all pairs (s,?). So far it has been resolved in
the affirmative in the case when s < 3 (see [40, 62, 63]) or t > (s — 1)! (see [8, 94]).
Therefore, Theorem 1 is sharp for ‘most’, and conjectured to be asymptotically
sharp for all pairs (s, t).

Several corollaries of Theorem 1 are discussed after its proof in that chapter.

Chapter 2 is based on a paper with Robert Morris and Wojciech Samotij [31].
However, the corollaries of our main result resolves couple of conjectures and
gives new proofs of some known results. Additionally, several other researchers
announced that they were using our main result as a tool, unfortunately at this
time no manuscript is available.

The topics of Chapter 2 is connected to the Szemerédi’s regularity lemma [127]
and its applications. Without any doubt, the Szemerédi’s regularity lemma is one
of the most powerful tools in modern graph theory. As one of its first applications
of it was number theoretic, that any positive density subset of the integers con-
tains long arithmetic progression (this is the famous Szemerédi Theorem [126]),
it received attention from outside of combinatorics. By now, there exists proofs
of Szemerédi Theorem by Fourier analysis [74], Ergodic theory [66], hypergraph
regularity lemma [108, 75], using discrete geometry [121], also the Regularity
Lemma is proved with analysis [128], ultrafilters [45], graph limits [97], and I am
sure that this list of references is highly incomplete.

In order to apply the Regularity Lemma for different purposes, many vari-
ants were proved. Top researchers, including Fields medalists: Bourgain, Gow-
ers, Roth, Tao; Abel prize recipient: Szemerédi; Wolf prize recipients: Erdos,

Fiirstenberg, Lovasz; were involved working on this theory. A top result of the
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recent years were due to Green and Tao [77], who proved that the primes contain

long arithmetic progressions.

One of the most important trends in combinatorics in the past twenty years
has been the introduction and proofs of various ‘random analogues’ of well-
known theorems in extremal graph theory, Ramsey theory, and additive com-
binatorics. This extensive study has recently culminated in the breakthrough
papers of Conlon and Gowers [43] and Schacht [117], which developed general
transference theorems to attack such questions. Even though these tools have
proved useful in resolving a few central conjectures, many important related

questions remained open.

One of the most interesting application is the so-called ‘Sparse Szemerédi
question’. The methods of Green and Tao [77] (including some ‘transference
theorems’) also proved that a p-random subset of [n] contains long arithmetic
progressions, if p is sufficiently large. The proper value of p was determined by
Conlon and Gowers [43] and Schacht [117]. These transference theorems yield
solution to other long-standing problems in graph theory, combinatorial num-
ber theory and in hypergraph theory. The methods in [43] were analytical and
in [117] probabilistic. With Morris and Samotij [31] I gave a combinatorial proof
of these theorems, characterizing independent sets in hypergraphs. These recent
general theorems, proved by different methods, give hopes that some of the old

hard questions in number theory and graph theory could be succesfully attacked.

Let me summarize the results from Chapter 2. Here a structural characteriza-
tion of the family of independent sets in uniform hypergraphs is provided which
satisfies a certain natural boundedness condition. It is proved that the indepen-
dent sets of each such hypergraph H exhibit a certain clustering phenomenon,
namely that the family of independent sets in H admits a partition into relatively
few classes such that all members of each class are essentially contained in a sin-
gle subset of VV(#) that is almost independent. This somewhat abstract statement
has surprisingly many deep and interesting consequences. In particular, it gives

a new (much simpler) proof of several general transference theorems of Conlon
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and Gowers [43] and of Schacht [117]. These transference theorems are used to
prove, among other things, sparse random analogues of the classical theorems
of Szemerédi [126], Erd6s-Stone [55], and Turdn [129]. The new results in [31]
imply counting version of these classical theorems, and additionally settle sev-
eral conjectures. In particular, a counting version of the Szemerédi’s Theorem on
the arithmetic progressions was proved, and also a sparse version of the Erd6s-
Frankl-Rodl Theorem [48] was established. Additionally, the results in [31] imply
the so-called KLR-conjecture by Kohayakawa, Luczak and Rédl [89], in connec-
tion with applications of the Szemerédi Regularity Lemma in sparse graphs.

The method of the proof was built on the technique used in Chapter 1, and
were subsequently developed in [5] and [6]. Additionally, I used the main result
in [25, 30, 32].

Chapter 3 is based on two papers [27] and [29], which are joint work one of
my ex-graduate student, John Lenz, and on a joint paper [26] with one of my
current graduate students, Ping Hu, and Miklés Simonovits [26].

Erd&s and Sés [54] introduced the concept of Ramsey-Turan functions more
than forty years ago, since then Bollobas and Erdés [39], Szemerédi [125], Exrds,
Hajnal, S6s and Szemerédi [50] and Erd6s, Hajnal, Simonovits, S6s and Sze-
merédi [49] had major contributions to the area. (This list is certainly incomplete,

only references closely related to this chapter are listed.)

S6s [122] and Erdés and Sos [54] defined the following ‘Ramsey-Turdn’ func-
tion RT (n, L, m) which is the maximum number of edges of an L-free graph on n
vertices with independence number less than m. We are interested in the asymp-
totic behavior of RT(n, L, f(n)) and its “phase transitions”, i.e., in the question,
when and how the asymptotic behavior of RT(n, L, f) changes sharply when we
replace f by a slightly smaller g. The theory of RT(n, L, f(n)) is very complex,

with many open questions, here we focus on the case when L is a clique.

Erd6s and S6s [54] proved that for every positive integer r,

RT(n, Kor 1, 0(n)) = % <1 - %) n? + o(n?).
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The meaning of this result is that the Ramsey-Turdn density of K5, in this
case is essentially the same as the Turdn density 1(1 — 1/r) of K, ;. Turan’s
Theorem [129] states that RT(n, Ka,41,n) = % (1 — 5) n? + o(n?). Therefore the
result of Erd6s and Sés [54] implies that Ky, has phase transition at n. In [26] the
theory of phase transitions of cliques is built up, in this dissertation, because of

lack of space, only a small part of it is included, see Subsection 3.2.

The case when 7 is even has a more interesting history. Szemerédi [125] used
an early version of the Szemerédi Regularity Lemma to upper bound RT(n, K4,
o(n)) by (§ + o(1))n?. This turned out to be sharp as four years later Bollobas
and Erdés [39] constructed K,-free graphs with n?/8 — o(n?) edges and sublinear

independence number, proving that

RT(n, K;, o(n)) — (é + 0(1)) n2

Erd6s, Hajnal, S6s and Szemerédi [50] extended these results to determine RT (n,
Ky, 0(n)) forall r > 2.

Another Ramsey-Turdn type of result is an important and widely applicable
theorem of Ajtai, Komlés, and Szemerédi [2]. They lower bounded the indepen-
dence number of triangle-free, n-vertex graphs with m edges. Their result can be

phrased as

RT <n, K, ﬁlog <E)) <m (3)

m n

for some positive constant c. This result imples a sharp upper bound of cn?/logn
on the Ramsey number R(3,n). Other applications of (3.1) include Ajtai, Komlés,
and Szemerédi’s [3] impovements on Erd6s and Turdn’s [56] result on the ex-
istence of dense infinite Sidon sets. Recently, Fox [57] used (3.1) to find large
clique-minors in graphs with independence number two. Hypergraph variants
of (3.1) by Ajtai, Komlés, Pintz, Spencer and Szemerédi [1] have been applied
by Komlés, Pintz and Szemerédi [95] in discrete computational geometry to pro-

vide a counterexample for Heilbronn’s Conjecture. See an excellent survey of

Simonovits and Sés [120] for a more detailed history of Ramsey-Turdn numbers.

In Chapter 3, first a theorem on the phase transition of Ramsey-Turan func-

tion is given, giving a taste of the theory built in [26]:
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In [54], Erd6s and S6s proved that RT(n, K5, cy/n) < n?/8 + o (n?) for every
¢ > 0. If Erd6s and S6s knew the result of Ajtai, Komlés and Szemerédi [2] on the
Ramsey number R(3, n), then they were able to prove that RT (n, K5, 0 (v/nlogn))
< n?/8 + o(n?). They also asked if

RT(n, K5, cv/n) = o (n2)
for some ¢ > 0. We answer this question [26], proving that

Theorem 2.
RT (n, Ks,0 <m>> = o(n?).

Here, the function o (\/n log n) is the best possible in the sense that

1 1 1
RT (n,Kg,,c\/nlogn) > 3 (1 — §> =1 for any ¢ > 1. 4)

The other results of Chapter 3, which are from [27] and [29], extend to the
theory of Ramsey-Turdn functions into an other direction.

Recall that for a graph G the K,-independence number of G is
a,(G) :=max{|S|: S CV(G), G[S] is K, — free}. )

Define RT, (n, H, f(n)) to be the maximum number of edges in an H-free graph
G on n vertices with «.,.(G) < f(n).

Section 3.3 focuses on the problem of determining RT,(n, K¢, o(n)) for r >
3, suggested by Erd6s, Hajnal, S6s, and Szemerédi [50, p. 80] (see also [120,
Problem 17]). Erd&s, Hajnal, Simonovits, S6s, and Szemerédi [49] proved that
RT, (n, K, 0(n)) < 1 (1 — ) and this is best possible for all ¢ = 1 (mod r). This
left open the question when t # 1 (mod r), where they made partial progress for
s < min{5,r}.

Our main contribution is proving that RT,(n, K;,0(n)) = O(n?) for every
t > r + 2. The constructions used in the proofs involve a new type of product of
high dimensional unit spheres. This new family of graphs is applicable for other
questions as well, with Lenz [28] we used them when we were working on the

chromatic thresholds of hypergraphs.
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Notation

Here we shall consider only simple graphes, i.e., graphs without loops and multi-
ple edges.

For a graph G, we denote its vertex and edge sets by V(G) and E(G), respec-
tively. The number of edges in G is ¢(G). For a vertex v € V(G), we denote
the set of its neighbors by N¢(v) or simply N(v) whenever G is clear from the
context. The degree of v in (G, denoted d;(v), is the size of its neighborhood, i.e.,
dg(v) == |Ng(v)|. The minimum degree of G is 6(G). For a set A of vertices of G,
by N¢(A) we will denote the set of common neighbors of all vertices in 4, i.e.,
N§(A) == N,ea Na(v), and refer to such sets as | A|-fold neighborhoods in G.

As usual, G, will always denote a graph on n vertices. More generally, in
case of graphs the (first) subscript will always denote the number of vertices, for
example K, is the complete graph on s vertices, and T, , is the r-partite Turan
graph on n vertices, i.e., the complete r-partite graph on n vertices with class
sizes as equal as possible.

Given a subset U of the vertex set of a graph G, we use G[U] to denote the
subgraph of GG induced by U. For an arbitrary graph i we say that a graph G is
H-free if G does not contain H as a (not necessarily induced) subgraph.

Given a graph G, we use a(G) to denote its independence number. Let G be

a graph and define the K -independence number of G as
a,(G) =max{|S|: S CV(G), G[S] is K,—free}.

A graph G is k-colorable (or k-partite) if its vertex set can be partitioned into
at most k independent sets. The chromatic number of G, denoted by x(G), is the
smallest integer k that G is k-colorable. We say that G is bipartite if x(G) = 2.

1
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When £k is a nonnegative integer, the term k-set (or k-subset) abbreviates the
phrase k-element set (or k-element subset).

For a hypergraph H, we denote its vertex and edge sets by V(#) and E(H),
respectively. We say that H is k-uniform if E(H) consists only of k-subsets of
V(#H). The number of edges in # is e(H). For an arbitrary X C V(H), the
subhypergraph induced on X is the hypergraph H[X] with V(H[X]) = X and
E(H[X]) ={D € E(H) : D C X}. Given a subset S C V(H), H — S abbreviates
HIV(H) - S].

For a subset W C V(H), the degree of W in #, denoted degy, (W), is the
number of edges of # that W is contained in, i.e., deg, (W) := {D € E(H) :
W C D}|. Given a vertex w € V(#), we denote the degree of w by deg,,(w). For

a positive integer ¢, the maximum (-degree of ‘H is
Ay(H) = max{degy (W) : W C V(H) with |W| = (}.

The maximum degree of 7, denoted A(H), is its maximum 1-degree, A;(H).

Clearly, for every positive integer ¢,
A(H) < [VH)T - Au(H). 6)

We will extensively use the standard asymptotic notation. Let f and g be two
non-negative real-valued functions defined on the set N of integers. Moreover,
assume that g(n) > 0 for all n € N. We write
f = O(yg) if there exists a C' > 0 and an ny € N such that f(n) < C - g(n) for all
n > ny,

f = Q(g) if there exists a ¢ > 0 and an ny € N such that f(n) > ¢- g(n) for all
n > ny,
f = o(g) if the ratio LZ; tends to 0 as n tends to infinity,

q(

f = w(g) if the ratio % tends to infinity as n tends to infinity.
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Chapter 1

The number of K ;-free graphs

1.1 Introduction

Denote by f,(H) the number of labeled H-free graphs on a fixed vertex set of
size n. Let ex(n, H) denote the Turan number for H, i.e., the maximum size of an
H-free graph on n vertices. Extending the classical theorem of Turan [129], Erd6s
and Stone [55] proved that if H is not bipartite, then the order of magnitude of
ex(n, H) depends only on the chromatic number of H, i.e.,

TL2

— +o(n?).

an-1)

Since every subgraph of an H-free graph is also H-free, it follows that f,,(H) >

exto. 1) = (1~

2ex(n.H) " Erdés, Frankl, and Rodl [48] proved that this crude lower bound is in
fact tight whenever x(H) > 3, namely

fn(H) _ 2(1+0(1))'ex(n,H)‘ (11)

This area is well-studied in the literature, for a brief survey and some related
results, also on the (different) problem of induced containment, see, e.g., [4, 17,
18,19, 93, 106].

The picture changes dramatically when one drops the x(H) > 3 assumption.
Erdés asked [42] if (1.1) is still true if H is a bipartite graph containing a cycle,

but his question remains unanswered for all such graphs and for most such H,

3
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not even the correct order of magnitude of log, f,,(H) is known. The only pub-
lished results in this direction are due to Kleitman and Winston [83], who proved
that log, f,,(Cy) < 2.17 - ex(n, Cy), Kleitman and Wilson [84], who showed that
log, fn(Cs) = O(ex(n,Cg)), and an earlier result of the author with Samotij, who
showed [36] that log, f,,(K33) < 3.30 - ex(n, K3 3). It is worth mentioning that the
200" bound on the number of Cs-free graphs obtained by Kleitman and Wil-

son [84] as well as the 20("*

—1/m

) bound on f,(K,,,,) obtained in [36] may turn
out to be asymptotically tight once the orders of the Turdn numbers ex(n, Cs)
and ex(n, K, ,,) in the case m > 4 are determined. At the time of writing this
thesis, Morris and Saxton [101] announced that log, f,,(Ca) = O(n'*¥/*), using
partly the methods of this and the next section of this thesis. Their result is best
to be expected at this stage, as it is conjectured that ex(n, (Cy;)) = O(n'*+1/%).
Here, in section, we prove the best possible result that one can expect for
all complete bipartite graphs. This section is based on with a joint work with

Samotij [37].

Definition 3. The binary entropy function H: [0, 1] — R is defined as
H(z):= —zxlogyx — (1 — x)logy(1 — x).

For every positive integer s with s > 2, let

Cs:= sup (2 ""V/*H(x))
z€(0,1)

and observe that C; € [s7, (s + 2)7], where v = (log, ¢)/e ~ 0.531, which can be

shown using elementary calculus.
The main result of this section is the following statement.

Theorem 4. For all s and t with 2 < s <, the number of labeled K ,-free graphs on n
vertices satisfies

s(t—1)Ys

Cs' 2—1/8.
2s — 1 "

logy fu(Ks1) < (14 0(1))

Erd6s conjectured multiple times, see for example [46], that ex(n, K,;;) =

O(n?7Y/%) for all s and t with 2 < s < t. If this conjecture is true, Theorem 4
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would be asymptotically sharp for all pairs (s, t). So far it has been resolved in
the affirmative in the case when s < 3 (see [40, 62, 63]) or t > (s — 1)! (see [8, 94]).
Therefore, Theorem 4 is sharp for ‘most’ pairs (s, t).

Fiiredi [62] proved that if ¢ > 2, then ex(n, K»;) = 1/t —1-n%? + O(n'/3).
Together with Theorem 4, it implies the following.

Corollary 5. If t > 2, then the number of K, ~free graphs of order n satisfies
ex(n, Kayy) <logy fr(Koy) < (2.16384 4 o(1)) - ex(n, Kay).

Let f,.(H) denote the number of H-free graphs on a fixed n-element vertex
set, having exactly m edges. The methods used in the proof of Theorem 4 also

give an upper bound on f,, ,,(K;,).

Theorem 6. For every s and t with2 < s <t, let

_1+ s—1
Hat =7 St—1)(t—s+1)+s

There is an ng (depending on s and t) such that for all n and m with n > ny and
m > n?Fet(logn)3/**+2, the number f,,.(K,,) of labeled K free graphs of order n

and size m satisfies

2s—1\ ™
fn,m(Ks,t) S <3tn ) .

ms

Remaining interesting bipartite graphs, for which Erd6s” conjecture is still
wide open include Cy; for k > 5, Q3 — the graph of the 3-dimensional cube and
the universal graphs U (k). Recall that for a positive integer k, the universal graph
U(k) is the bipartite graph with parts A := 2/¥ and B := [k], and edge set defined
as follows:

E(U(k)) :=={{a,b} :a€ A,bc Band b € a}.

The remainder of this Chapter is organized as follows. Section 1.2 studies var-
ious corollaries of Theorems 4 and 6. In Section 1.3 we introduce some notation
and state a general counting lemma, which is one of the basic building blocks in

the proof of Theorem 4, given in Section 1.4. Theorem 6 is proved in Section 1.5.
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1.2 Implications of the main results

The main results of this Chapter, Theorems 4 and 6, have various interesting con-
sequences, some of which we list below. Most of the statements in this subsection
are straightforward applications of the main results, and hence their proofs are

omitted.

Balogh-Bollobas-Simonovits conjecture

Let H be a fixed non-bipartite graph. For every positive constant ¢, almost all
H-free graphs on n vertices have between (3 — ¢) ex(n, H) and (3 + ¢) ex(n, H)
edges. It is not known whether a similar concentration around one half still
occurs when H is bipartite. Nevertheless, one would expect that the number
of edges in a ‘typical’ H-free graph is at least bounded away from the extremal
values, 0 and ex(n, H). Balogh, Bollobas, and Simonovits [19] formalized this

intuition by stating the following conjecture.

Conjecture 7 ([19]). For every bipartite graph H that contains a cycle, there is a positive
constant cy such that almost all H-free graphs on n vertices have at least cy ex(n, H)

and at most (1 — cy) ex(n, H) edges.

So far, Conjecture 7 has been proved only in the case H = C, [35, 61] and par-
tially (only the lower bound) for Cg [61, 84] and K33 [36]. These results are ex-
tended for every Cy; in the very recent paper of Morris and Saxton [101]. In [19],
the precise structure of almost all octahedron-free (K - »-free) graphs was charac-
terized. The main obstacle to extending that result to other complete multipartite
graphs was the lack of results establishing the lower bound in Conjecture 7 for
complete bipartite graphs other than Cy. An immediate corollary of Theorem 6

provides such a lower bound.

Corollary 8. Let s and t be integers satisfying s € {2,3} andt > s, or s > 3 and
t > (s — 1)l There exists a positive constant c,; such that almost all K ,-free graphs
of order n have at least ¢, ex(n, K,) edges. Moreover, if t > 2, then we may choose

Coy = 1/12,
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Combining the methods developed in the proof of Theorem 4 to obtain an
upper bound on the number of one-vertex extensions of a K,;-free graph with

the argument used in [35], one gets the following.

Theorem 9. There exists a positive constant € such that for every t with t > 2, almost

all K, 4~free graphs of order n have at most (1 — ¢) - ex(n, Ky;) edges.

The proof of Theorem 9 in the case ¢t > 2 is virtually identical to the proof for
the case ¢t = 2 in [35]. The only non-trivial change is reformulating [35, Lemma 5]

and reproving it using the coding algorithm developed in the proof of Theorem 4.

Haxell-Kohayakawa-Luczak conjecture

Given two graphs GG and H, let us define the generalized Turdn number for H in
G,
ex(G,H) :=max{e(K): H¢ K C G}.

A simple averaging argument implies that for every positive integer k, an arbi-
trary graph G has a k-partite subgraph with at least (1 — 1/k) - e(G) edges. It
follows that for every G and H,

1

ex(n, H)
X(H) =1

()

It is natural to ask for which graphs G the above inequality becomes an equal-

ex(G, H) > (1 . > (@) ~ - e(G).

ity. Haxell, Kohayakawa, and Luczak [79] conjectured that whenever p is large
enough, so that the random graph G(n, p) has many uniformly distributed copies
of H, then asymptotically almost surely, ex(G(n,p),H) = (1 — m + o(1)) -

Definition 10. Let H be a fixed graph. The 2-density of H, denoted d»(H), is
defined by

[E(E)| — 1 K CH,|V(K)| >3

00 s { 2L |
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Conjecture 11 ([79]). Let H be a fixed balanced graph and let G(n, p) denote the Erdds-
Rényi random graph of order n with edge probability p. If p(n) > n=Y %) then with
probability tending to 1 as n — oo,

1

ex(G(n,p), H) = (1 Y1

+ 0(1)) ~e(G(n,p)).

First, Conjecture 11 has been proved for all cycles [79, 80], K, [89], and K5 [72].
Some partial results are also were known for larger complete graphs. In 2010,
Conlon and Gowers [43] and, independently, Schacht [117] have announced that
they have proved Conjecture 11 in its full generality and extended it to the setting
of random uniform hypergraphs. A different, and shorter proof was obtained by
the author jointly with Morris and Samotij [31], see for details Chapter 2. Subse-
quently, Saxton and Thomason [116] proved similar results. A straightforward
application of Theorem 6 and the first moment method gives the following re-

laxed version of Conjecture 11 when H is a complete bipartite graph.

Corollary 12. Assume that 2 < s < t and let s, be as in the statement of Theorem 6.

If pn#=t > (log n)®/*¥2, then asymptotically almost surely
eX(G(n,p), KS,t) = o(e(G(n,p))). (1.2)

Note that in order to prove Conjecture 11, one has to show that (1.2) is still
true if we only assume that pn% — oo. Still, unless pn'/* — oo, and hence
ex(n, K,;) = o(E[e(G(n,p))]), the result proved in Corollary 12 is non-trivial.
The proof for the case s = ¢ given in [36] works for all s and ¢.

Actually, Theorem 6 allows us to prove (1.2) in a stronger form. Namely, the

little 0 in (1.2) can be replaced with an explicit function of n and p.

Corollary 13. Assume that 2 < s < t and let j,, be as in the statement of Theo-
rem 6. There exists a constant C' (depending only on s and t) such that if p(n) >

Cn'=st=t(log n)32%, then asymptotically almost surely

ex(G(n,p), Kq) < Cpl/SnQ_l/s. (1.3)
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Since for arbitrary graphs G and H, one trivially has ex(G, H) > e(G)/(}) -
ex(n, H), if Erd6s’ conjecture is true and ex(n, K, ;) = ©(n*"'/%), then for some

positive constant ¢, asymptotically almost surely
ex(G(n,p), Kaz) > epn® 1/, (1.4)

At the time of publishing our work [37], closing the gap between (1.3) and (1.4)
remained an interesting problem. In the case of K5, (and all even cycles), this
is done in [87], where sharp estimates are obtained for certain range of p. Very
recently, Morris and Saxton [101] announced that refining the methods of this

Chapter and Chapter 2 closed this gap for every complete bipartite graphs.

Kohayakawa-Luczak-R6dl conjecture

Let G be a bipartite graph with parts V; and Vs. For twosets V/ C Vi and V, C V5,
we define the density of the bipartite graph induced by the pair (V/, V), denoted
d(V{,V3), to be the quantity e(V{,V3)/(|V{||V;]), where e(V{, V;) is the number of
edges of G between V] and V;. We say that G is e-reqular if for all sets V/ C V;
and Vj C V5 that satisfy |V]| > ¢|Vi| and |V}]| > ¢|V%], the density d(V/, V) differs
from the density d(V;, V2) of G by at most ¢.

Definition 14. For a graph H, let G(H, n, m) be the family of graphs on the vertex
set U,ey () Ve, where V, are pairwise disjoint sets of vertices of size n, whose
edge setis Uy, ,1cp(m) Eoy, Where B,y €V, x V,and [E, | = m. Let G(H,n, m,¢)
denote the set of graphs in G(H, n, m) in which each (V, UV, E, ,) is an e-regular
graph.

A graph G € G(H,n,m,¢) looks like H in which every vertex has been re-
placed by an independent set of size n and every edge — by a set of m edges
which form an e-regular bipartite graph. Kohayakawa, Luczak, and Rodl [89]
conjectured that whenever these bipartite graphs are dense enough, only a small

fraction of graphs in G(H, n, m, <) does not contain a copy of H.
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Conjecture 15. Let H be a fixed graph. For any positive [3, there exist positive constants

2—1/dy

e, C, and ng such that for all m and n satisfying m > Cn H) and n > ny, we have

|E(H)]
\{GEQ(H,n,m,a):HZGH§5m(:i) :

Conjecture 15 was known first to be true when H is a tree, a cycle [69], or a
complete graph on three [98], four [71], or five vertices [72]. Some partial results
were also known for larger complete graphs [70]. A straightforward application
of Theorem 6 gives the following relaxed version of Conjecture 15 in the case

when H is a complete bipartite graph.

Corollary 16. Let s and t be integers satisfying 2 < s < t, and let us, be as in the
statement of Theorem 6. For any positive 3 and e, there exist positive constants C' and

ng such that for all n and m satisfying m > Cn*~#=t(logn)®/**2 and n > ng, we have

2 ‘E(Ks,t)l
" ) . (1.5)

m

HeewmmmmﬁwszGHsm(

Note that Conjecture 15 is proved in the Chapter 2, therefore we will not
discuss it further in this Chapter.

Random Ramsey graphs

A graph G is Ramsey with respect to H, G — H, if every two-coloring of the edges
of G results in a monochromatic subgraph isomorphic to H. Unsurprisingly,
the smallest graphs that are Ramsey with respect to the four-cycle are saturated
by C4’s. Erdds and Faudree asked (see [61]) whether this is always the case,
i.e., if there exists a graph G such that G — C,, but G does not contain a K> 3.
Answering this question, Fiiredi [61] proved a much stronger result — whenever
m is large enough, there are K, 3-free graphs with m edges, whose largest .-
free subgraph has only m'~¢ edges, where ¢ > 1/51 + o(1). Clearly, all such
graphs are Ramsey with respect to Cy. He also asked if similar results can be
proved for other pairs of graphs. Using the random graph argument from [61]

combined with Theorem 6, we can give an answer to this question. We would
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also like to remark that the problem of Erd6s and Faudree mentioned above was

independently solved by NeSettil and Rodl [103].

Corollary 17. For all integers s and t with 2 < s < t, there exist an integer u withu >t
and a positive constant c such that for all large enough m, there exists a K ,~free graphs
G with m edges, whose largest K -free subgraph has only m'~¢ edges. In particular, if

s =t = 3, then one can take u = 4.

1.3 Notation and preliminaries

Given a hypergraph H on a linearly ordered vertex set V, the max-degree ordering
of the vertices of H is the unique ordering wy, ..., wy| of V such that for each j,
if welet W, = {wy,...,w;}, then w;, is the vertex with the smallest label among
all vertices in V' — W; minimizing degy_yw,j(w;+1)-

Finally, o(#) will denote the minimum size of a set of vertices that covers

more than half of the edges of H, i.e.,
o(H) == min{|S| : e(H — 5) < e(H)/2}.

Since one vertex covers no more than A(H) edges of H, one clearly has

e(H)

o(H) > SACH)

(1.6)

Throughout this Chapter, log will always denote the natural logarithm.

One of the key ingredients in the proof of Theorem 4 is the following lemma,
whose proof is a double counting argument in the spirit of Kévéri, Sés, and Turdn

[96].

Lemma 18. Fix two integers s and t with 1 < s < t and a positive real € such that
e(1+4¢)t < 1. Let G be an n-vertex graph with minimum degree at least d, and A be any
set of a vertices of G, where a > (1+¢)(t —1)(")/(%). Then the number of copies of K,

in G with the larger partite set completely contained in A, denoted N ,(A), satisfies

Ns,t(A) 2 6 : aty
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RN
5:ﬁ(s,t,n,d,z—:):§(8) /<s) )

Proof. Let U be an s-set of vertices of G and assume that U = {uy,...,us}. Let

where

c(U) be the number of common neighbors of uy, . .., us in the set 4, i.e.,
= [N&(U) N Al.
Clearly,

05 (4) () o).

S S
U weA

The number of copies of K ; in G with the larger partite set contained in A satis-

No(4) =Y <C(§])> > <Z) (a(f)t/ (’Z)))

where the above inequality follows from convexity of the function B; defined by

fies

0 ife <t-—1,

(x) ife >t—1,
and the assumption that a(?) /(") > ¢ — 1. It follows that
n 1T n NEIRAWES s TA0
e stg< ) s)(@)ﬂEG ()
B0 Ll-mm)

7

S0 () () RO ()

where the last inequality follows from the fact that (1 +¢)"~! < 1. O

Vv

1.4 Proof of Theorem 4

Let G be a K, -free graph of order n and let v be a vertex of minimum degree in

G. Furthermore, let G = G — {v}. Clearly, G is K, -free and 6(G) > 6(G) — 1 =
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dc(v) — 1. It easily follows that one can find an ordering vy, . .., v, of V(G), such

that if we let G; := G[{vy,...,v;}], then
5(Gz> > dGiJrl(’UiJrl) —1 forall i e {1, N 1}

In other words, every n-vertex K, ;-free graph can be obtained from a single ver-
tex by successively adjoining a vertex of degree d + 1 to a graph with minimum
degree at least d, for some d. The general idea of the proof is showing that the
number of ways in which one can obtain a K ;-free graph of order i + 1 from
some i-vertex K -free graph in the above process of adjoining vertices of mini-

@it

mum degree is 2°0' "), and therefore the number of labeled K -free graphs of

order n satisfies

n—1

fn(Ks,t) <n!- H 2O(i1_1/.s) _ 2O(n2_1/s)'
i=1

We start by introducing some notation. For a fixed n-vertex K, -free graph
G, let f(G; K, ;) denote the number of ways we can extend G to a K ;-free graph
of order n + 1 by adjoining to G' a new vertex of degree at most §(G) + 1. Then,
we let

f(n; Kgy) = Sup (G Kyy),

where the supremum is taken over all K, ;-free graphs with n vertices.
The core of the proof is the description and analysis of an algorithm that en-
codes the aforementioned one-vertex extensions in an economical way, i.e., using

only few bits. Precisely, we will achieve the following goal.
Goal. Construct an algorithm A meeting the following specification:

e INPUT: An n-vertex K, ;-free graph G and a set N C V(G) of size at most
d(G) + 1 such that the addition of a new vertex v with N(v) = N yields a

K -free graph of order n + 1.

e OUTPUT: A bitstring of length at most (1 + o(1))(t — 1)¥/*C; - n'~/* that

uniquely encodes N.

By saying that .4 uniquely encodes N, we mean that there is another algo-

rithm B, which given G and A(G, N), the code of N in G produced by A, outputs
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N. Although we will not explicitly construct such B, it will become clear that
one can obtain such an algorithm by slightly modifying A. In particular, the
existence of such coding and decoding procedures implies that for a fixed K-
free graph G, the map A(G, —) is an injection of the set of all possible K ;-free
extensions of G by a single vertex of degree at most §(G) + 1 into a set of size

(oMY= *Con' =1 Tt then follows that for every n-vertex K, ,~free graph G,

F(G; Kyy) < 200000 Coni

Y

and hence
n—1 1
10g2 fn(Ks,t) < 10g2 (TL' . H f(l, K57t)> < (1 + 0(1))(t _ 1)1/805 . Zil—l/s
=1 i=1
— S(t — 1)1/8 2—1/s
= <1+0(1))ﬁ05~n .

In the remainder of the proof, we will describe and analyze an algorithm that
meets our requirements. To begin with, let us fix some valid input for A4, i.e., an
n-vertex K ;-free graph G and a set N C V(G) with [N| < 6(G) + 1 such that
making a new vertex v adjacent to all of N yields a K ;-free graph G’ of order
n + 1. Furthermore, let d := |N| — 1 and note that 6(G)) > d by our assumption.

Since |V (G)| = n, we may clearly assume that there is an injective mapping
of V(@) into the set {0,1}°52"1 or, in other words, a distinct [log, n]-bit code
for each vertex of G. To simplify notation, from now on we will generally not
distinguish vertices of G from their codes.

For the most part, the output of our algorithm will be a sequence of ver-
tex codes interwound with numbers and short ‘control sequences’ (strings like
LOW DEGREE VERTEX, PREPROCESSING, etc.) coming from a constant sized
set. Since all the numbers involved will come from the set {0,...,n —1}, in order
to avoid confusion, let us agree that by outputting a number we will mean out-
putting its unique code of fixed length [log, n], e.g., the binary representation of
the number. Same convention applies to ‘control sequences’ — each of them will
be assigned a unique code of length [log, n].

Recall that d+1 = |N|and §(G) > d. If d < n'~Y/*/[log, n], then A will simply

output LOW DEGREE VERTEX, followed by d +1 and the list of all d + 1 elements
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of N in an arbitrary order. Clearly, the length of the output string is precisely
(d + 3)[log, n], which does not exceed (1 + o(1))n'~1/*.

After having handled the easy case, for the remainder of this section we will
restrict our attention to the more interesting case d > n'~/¢/[log, n]. Since ¢/,
which we recall is the graph obtained from G by adjoining v to the vertices in N,
is K ;-free, whenever a t-set D C V(G) is the larger partite set in a copy of K_1 ;
in G, N does not contain D, i.e., [N N D| < t — 1. Since d > n'~/¢/(2logn) >

1-1/(s=1) Lemma 18 implies that G contains many copies of K,_; ;. Vaguely, this

n
means that NV cannot be an arbitrary (d+1)-subset of V' (G), but is very restricted,

and hence its entropy is much lower than log, (7). Below, we try to make this

£
intuition precise. For the sake of brevity, let us first introduce the following defi-

nition.

Definition 19. A t-set D C V(G) is dangerous if |[N*(D)| = s — 1, i.e., D is the
larger partite set in a copy of K,_;, in G. In other words, a t-set D is dangerous
if and only if D C N*(U) for some (s — 1)-set U C V(G).

The starting point in designing of the algorithm are the following three simple
observations and an estimate on the number of dangerous sets.

Observation 20. No dangerous set is fully contained in N.

Observation 21. Let U C V/(G) be an arbitrary (s — 1)-set of vertices. Then |N N
N*U)| <t-1.

Observation 22. Let W C V(G) be an arbitrary s-set of vertices. Then |N*(W)| <

t — 1 and hence N*(W) contains at most (")) different (s — 1)-subsets.

Lemma 23. Fix some positive e satisfying e(1+¢)" < 1 and let A be any set of a vertices
in Gwitha > (1+¢)(t —1)(,",)/(,%,). There is a dy such that for all d with d > dy,

s—1

the number D(A) of dangerous t-sets in A satisfies

where
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Proof. Since G is K, ;-free, every dangerous ¢-set is the larger partite set of exactly

one copy of K,_;, in G, and therefore by Lemma 18,
D(A) = Ny_1,4(A) > B(s — 1,t,n,d,e) - a’,

where (s — 1,t,n,d, ) is defined in the statement of Lemma 18. It suffices to

prove that 5 > «. First let us observe that
lim (1 — s/d)* Dt =1,
d—ro0
and hence there is a d; (depending only on s and ¢) such that if d > d, then

S - (d o S)(s—l)t Z d(s—l)t‘

It follows that if d > d,,, then

et d N\, 0\ - et ((d—s) N\ (s =D\
6_5(5—1>/(3—1> _E.((s—l)!).(Tﬁl )
et dls—1t
= - s(s — 1)Inls—D=1) -

]

Next, let us sketch the rough idea of how our algorithm works. Although this
description is not very formal or precise and misses out a lot of technical details,
we hope that it will make the understanding of the pseudocode of A somewhat
easier.

At all times, A will maintain a list of already encoded elements of NV (neigh-
bors of v), denoted by (), and a set A containing the remaining neighbors — the
set N — (). We will refer to A as the set of eligible vertices and () — the set of already
encoded vertices. Our goal will be to shrink the eligible set A as much as we can
without growing () too much at the same time. This will be achieved by moving
to  only very carefully chosen vertices from N. Since, as we will later see, en-

coding one element of () requires approximately log, n bits, at all times we can

4]
IN-Q

done shrinking A, this number will be small enough for our purposes.

encode the entire set N using roughly |Q|log, n + log, ( ) bits. Once we are
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Before we proceed with the explanation, let us define a few parameters. Let
e=¢(n):=1/logn, w=w(n):=(logn)®, and b:= drsi,

The target size of the eligible set A4, i.e., the maximum number of elements we

would like A to have at the very end, is a, defined as

o = (1+g>(t—1>(8f1>/<8f1>.

Note that a, is the lower bound on the cardinality of a set A that surely contains
a lot of dangerous t-subsets (see Lemma 23).

The algorithm will work in steps. During a single step, A will lose many el-
ements, whereas () (and the length of the code generated by .A) will grow very
little. Each step starts with preprocessing of the eligible set A, a procedure which
makes sure that A is ‘well-behaved’ in terms of the sizes of induced (s — 1)-fold
neighborhoods. In step 3a, we simply remove from A all (s — 1)-fold neighbor-
hoods larger than w|A|/d, and encode (and move to () all neighbors of v (ele-
ments of N) that those large neighborhoods contain (Observation 21 says that
there are at most ¢t — 1 neighbors of v in each such neighborhood). This will be of
extremely high importance later, when we analyze the algorithm.

When A no longer contains very large (s — 1)-fold neighborhoods, then we
run the core part of A. In step 3¢, we pick out a carefully chosen sequence of
subsets Q;, ..., Q.11 € N —Q of size b each that we encode and move to (). At the
same time, we construct a sequence H,, ..., H;, where each H, is an r-uniform

hypergraph on the vertex set A with
E(H,) C {D CA:Aw,...,w.11}UD

is dangerous for some w; € Qy, ..., w,41 € Qr+1}~

The key property of each #, is that not only none of its edges is fully contained
in N (see Observation 21), but also the fact that H, can be computed from only
G and the sets (), ..., Q,+1, without the full knowledge of N (this will allows
us to decode A(G, N) later). Our ultimate goal in the for loop 3¢ is to maximize

the number of edges in H,. Since the edges of the r-uniform hypergraph #, are
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neighbors in the (r + 1)-uniform hypergraph #,, of the vertices from @, 4, i.e.,
D e E(H,)if DU{w} € E(H,41) for some w € ()41, we try to achieve this goal
by maximizing e(H,) in turn for all r € {t — 1,...,s}. In order to do that, we
try to add to @, vertices with highest degrees in #,,. Since Q,;1 C N, our
choices are quite limited and it might happen that very few of the high-degree
vertices in #,, belong to N. In this case, we will not be able to make e(#,.) very
large, but we can use the extra information about V (the fact that NV contains very
few vertices that have high degree in H, ;) to shrink the eligible set — we simply
delete from A all the high-degree non-neighbors of v, which we keep listed in the
set Y. Finally, the existence of very few vertices not belonging to N that cover
most of the edges of H,,; would get us into trouble as only deleting them from
A would not shrink the eligible set well enough. We overcome this obstacle by
keeping the maximum degree of each #, bounded - the auxiliary set X serves

this purpose.

By definition, the edges of the s-uniform hypergraph H, will have the nice
property that none of them is fully contained in N. In the for loop 3d, we will
exploit this fact to shrink the eligible set by working with H,. The rough idea
is the following. If many vertices of N have high degree in H,, and hence some
(s — 1)b of them almost-cover many edges, i.e., many edges of #, contain s — 1
of these (s — 1)b vertices from N, then we can remove all the uncovered vertices
in these almost-covered edges from A. Otherwise, very few of the high-degree
vertices in H, are members of NV and we can significantly shrink A by deleting
all the high-degree non-neighbors of v from A. More precisely, we will repeat the
following b times. Using #,, we construct a sequence H;_1, ..., H;, where each
H, is an r-uniform hypergraph that can be computed from only G' and @ and
has the property that none of its edges is fully contained in V. In particular, each
edge of H; has empty intersection with NV and hence we can remove it from A.
Similarly as before, either #; has many edges or in the process of computing the
sequence Hs_1, ..., H1, we gain some extra information about /N that we can use

to shrink the eligible set. Either way, we will delete many elements from A.
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After this lengthy introduction, we present the algorithm in the “high-degree”
case, i.e., when d > n'~1/¢/(2logn). Recall the definition of the max-degree or-

dering given in Section 1.3.

1. Output “HIGH DEGREE VERTEX”.

2. Set A:=V(G)and Q := 0.

3. While |A| > ay, do the following:

(a) If there exists an (s — 1)-set U C V(G) with |[N*(U) N A| > w|A|/d, do
the following:

i. LetU ={uy,...,us—1} and N*(U)NN = {wy, ..., w}.
ii. SetA:=A—N*(U)and Q := QU {wy,...,wg}.

ii. Output “PREPROCESSING : Uy, ..., Us—1, Kk, wi, ..., wg

and go to step 3.
(b) Let H, :={D C A:|D|=tand D is dangerous}.
() Forr=t—1,...,s,do the following:
i. SetQ, 11 :=0,X :=0,and Y := 0.
ii. LetH, be an empty r-uniform hypergraph on A.
iii. Fori=1,...,b, do the following:
o Let wi,...,w/, x | be the max-degree ordering of the ver-
tices of H,1[A — X — Y] and let W} = {w},... ,w}} for every

J-

Let j; be the smallest j such that w} € N.
Heo=H,U{D:{wi}UD e H, 1 [A-X -Y —W]_|]}.
Set Q7»+1 = QT+1 U {U);Z} and Y =YU VVJZZ

e Set X := X U{w e A:degy (w) > b"d~t|A]"1}.

iv. SetQ :=QU Q1.
v. Suppose the vertices added to Q.. were wy, ..., w,. Output “wy,

.y Wy .
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vi. If|Y|>o(H,41)/2,then A:= A—Y, output “SKIP” and go to step
3.

(d) Fori=1,...,b, do the following:

i. Forr=s—1,...,1, do the following:

o Letwi,... s Wiy, be the max-degree ordering of the vertices of
H.1[A] and let W = {w], ..., w}} for every j.

e Let j, be the smallest j such that wj € N.
e SetA:=A—-Wj and Q := QU {wj }.
e SetH,:={DCA:{w)}UDeH,1}.

i. Let A:=A—{w:{w}e EH)}.

ji. Output “w™', ..., wl”

Js—1" J1

4. Let N’ := N — Q. Clearly N’ C A. The set N is one of the (“;\‘,‘,H) dif-
ferent |N'|-subsets of A. Output “REMAINDER : |A|, |N’|”, followed by a

[log, () 1-bit code of N”in A.

For the remainder of this discussion, let us fix G and N withd = |[N| -1 >
nt=1/5/(2logn) and assume that we run A on the pair (G, N). Note that given G
and the output A(G, N), one can reconstruct N. The key observation that reas-
sures us that it is possible is noting that the final sets A and () can be recomputed
step-by-step in the exact same way as they were computed by A as all the nec-
essary information about N that is needed for it appears in A(G, N). Once we
reconstruct A and @), we can easily decode N = N’ U @ using the last fragment
of A(G, N) starting with REMAINDER.

The non-trivial part of the analysis is proving an O(n'~'/*) bound on the size
of the output of A. Recall that our aim is to prove that the length of the output
satisfies

|A(G,N)| < (1+0(1)(t —1)3C, - nt=Ye,

We start by looking at the preprocessing stage. Let p denote the total number of
times A preprocesses the eligible set A, i.e., the number of times an appropriate

(s — 1)-set U is found in step 3a.
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Claim 24. The total number of preprocessing steps satisfies p < H%" + 1.

Proof. Each time A preprocesses the eligible set, A loses more than w|A|/d ele-
ments. Hence, preprocessing the eligible set ¢ times shrinks it by a factor of at

most 7!, where
1<(-5) <

Since A starts with |A| = n and after p—1 preprocessing steps A is still non-empty,

it follows that (p — 1)w/d < logn. O
Let o be as in the definition in Lemma 23. Moreover, foreachr € {¢t,...,s—1},
let
t—1 r—t
B, = (4t ) and D, :=3(t—s)(t—r). (1.7)
S —

The core of our analysis will be the following lemma.

Lemma 25. Suppose that during some iteration of the main while loop, step 3, A does
not preprocess the eligible set. Then during that iteration, the eligible set A loses at least

Bs—l

.dt—s . A
(logn)Ps-1 a-|4]

elements.

Let z be the total number of times A does not preprocess the eligible set A
in an iteration of the main while loop. The following corollary is an immediate

consequence of Lemma 25.

Corollary 26. The total number of times A executes the main while loop without pre-

processing A,

(log n>Ds—1+1

z < T N ATC I
Proof. By Lemma 25, during each iteration of the main while loop, in which A
does not preprocess the eligible set, A loses at least

B

_ Pl e A
(logm)Ps—1 a- 4]

'The phrase “A shrinks by a factor of at most 7” means that the size of A drops from some a

to at most 7y - a or, in other words, that A loses at least (1 — v) - a elements.
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elements. Hence, as a result of ¢ such iterations, the eligible set shrinks by a

factor of at most v, where

B_1 _ 1 B—l —
< [1=-_—== . gt=s < g — 57 gt )
”—*< (log n)Ps-1 “) —‘“p( " Qlog n)P— “)

Since A starts with |A| = n and after z — 1 such iterations A is still non-empty,

Bs—l

— 5 . da<l .
(logn)Ps-1 @ =ogn

(z=1)-
O

Before we dive into the proof of Lemma 25, let us show how Corollary 26

implies that A outputs short codes.

Lemma 27. For every input pair (G, N), the length of the output produced by A does

not exceed
(14 o(1)(t — 1)/5Cy - nt=Vs, (1.8)

Proof. Note that by Observation 21, the k in the preprocessing step 3a never ex-
ceeds t — 1. Hence the total length ¢, of the output produced by A in step 3a
satisfies

dlogn

L<p-1+(s—1)+14+(t—1))-[logyn]| < ( —i—l) (s +t)[logy n],(1.9)

where the bound on the total number p of preprocessing steps comes from Claim 24.
Since w = (logn)? > logn - [log, n], it follows that ¢; = o(d).

Each of the z executions of the main while loop with no preprocessing outputs
either codes of at most (¢ — 1)b vertices or codes of at most (¢t — s)b vertices and
the SKIP control sequence. Either way, this is never more than tb[log, n] bits.
Therefore the total length ¢, of the output produced by A in steps 3¢ and 3d
satisfies

(10g n)Dsfl‘i‘l

Uy < z-th[logyn| < < B,

ATl 4 1) - tb[log, n], (1.10)

where the second inequality comes from Corollary 26. Recall that ¢ = 1/logn,

and we are in the ‘high-degree’, i.e., d > n'~1/¢/(2logn), case. Therefore,
(s—1)(t=1)

sTtamt = slt! - t. 2
Ao slt! - (logn) T

< 25Dl . (log n) s+t (1.11)
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and hence ¢, < g(n) - b, where g(n) is polylogarithmic in n. It follows that ¢, =
o(d).

When A finally reaches step 4, then |A| < ao and hence the total length ¢; of
the output produced by A in step 4 satisfies

a ag +
U3 < 3[logyn] + [log2 (|J\S/’>—‘ < 4log,n + log, (’]\;l +|C‘QC£|> (1.12)
= 4log,n + log, (ao ;\I”Q’)
< blogyn + log, (ao—;@])

Next, note that for n large enough,

G = (1+5)(t—1)(sﬁl)/(sfl)§(1+5)(t—1)% (1.13)

< (142)(t-1) <%>81 .

Since ex(n, K, ;) = O(n?>7'/%),

!
g < 2e(G) < 2ex(n+1, Kyy)
“n+1 7 n+1

= O(n'"1).

Recall that () gains at most ¢ — 1 elements in each of the p preprocessing steps,
and at most (t—1)b elements in each of the z non-preprocessing steps. From (1.9),
(1.10), and (1.11) it follows that
d 1 ny\s-1
<p(t— —1b=0(——)=0(— (= . .
Q| <p(t—1)+2(t—1)b=0 ((1ogn)2) o) ((logn)2 (d) ) (1.14)
Recall again that ¢ = 1/logn. Inequalities (1.13) and (1.14) imply that

a0+ Q| < (1+3¢)(t — 1) (%)“. (1.15)

Using (1.12), (1.15), and the following well-known estimate relating binomial
coefficients with the binary entropy function:

1
n+1

Con-H(k/n) < (n) < on-H(k/n)
= k — ?

we further estimate

3[logyn] + [log2 (ﬁ,ﬂ < 5log,n + log, <(1+35>(t;1) (%)S_l) (1.16)

< 5logyn+ (1+3¢)(t—1)(n/d)* ' - H (<1 n 36)58_ 1)n5—1) .
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Substituting x := d*/((1 + 3¢)(t — 1)n*"') in (1.16) yields

3[logy n] + [Iogz <|?v0|ﬂ < 5logyn + ((1+3e)(t —1))"*- 5@5 Y5 (1.17)

Recall that Cy = sup,, (H(z)/z'~1/*). Since the total size of the output, {1 + (5 + (3,
is bounded by the sum of the quantities in the right-hand sides of (1.9), (1.10),
and (1.17), we get (1.8). O

Before we are able to prove Lemma 25, we need to make some preparations.
For the sake of brevity, by i iteration of any for loop, we will denote the iteration,
where the loop variable takes the value i. The following claim explains why A

constantly preprocesses the eligible set and maintains the oddly defined set X.

Claim 28. Assume that during some iteration of the main while loop, step 3, at the time

we reach step 3¢, the eligible set A has a elements. Then throughout this iteration, for all

A(H,) < (i : 1) pt=r (%)ts cam L

Proof. First observe that at all times during any iteration of the main while loop,

re{s,...,t},

forall r € {s,...,t}, the edges of #, all come from the set
{DC A:{w,...,w41}U D is dangerous for some w; € Qy, ..., Wyy1 € Qi1 }-

Consider first the case r > t — s + 1. Fix some w,,...,w;_ 441 € A, let W =
{wy, ..., w_s11}, and note that by our assumption, |W| = r+ s —¢ > 1. The
set IV is contained in some D € H, only if there are w, € Q,..., w41 € Qry1,
and an (s — 1)-set U C V(G) such that {wy,..., w41} UD C N*(U) N A (recall
Definition 19). Let W' := {wy, ..., w;—s+1}. Then clearly |W’| = sand N*(U) > W’
or equivalently, N*(W’) D U. Hence by Observation 22, when W’ fixed, then
there are at most ('_}) such sets U. Moreover, since |Q,-| < b for all 1, the number
of such W’ that contain our fixed set W is at most b"'I-IWI = pt="_ Also, because
A is preprocessed, for every (s — 1)-set U, [N*(U) N A| < wa/d. Putting all these

inequalities together,

e M <07 (7)) ()= () ()T s
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Since the term in the right-hand side of (1.18) does not depend on a particular
choice of W, it follows that

t—1 wyts
< t—r [ L al—s
Arpst(H,) < (8 - 1>b ( d) at™,

A(H,) < (i : 1) pt—r (g>ts ey

The case s < r < t — s is much more delicate. First, consider how much the

and hence by (6),

H,-degree of a vertex w € A can increase in one particular, say i, iteration of
the for loop 3(c)iii. Since all edges added in the i iteration contain v’ , deg;, (w)
increases by no more than the number of edges D € H,.; containing both w
and w; In order for such an (r + 1)-set D to be an edge of #,,;, there ought
to be some w; € Q¢ ..., W19 € Qri2, and an (s — 1)-set U C V(G) such that
{wy, ..., w2} UD C N*(U)N A. Note that r+2 < ¢t — s+ 3 by our assumption on
randlet W’ := {w, ..., w;_s3,w}, w}. Then clearly, |IW'| = sand N*(U) 2 W’ or
equivalently, N*(W’) D U. Hence by Observation 22, when W’ fixed, then there
are at most (*_) such sets U. Moreover, since |Q,/| < b for all 1/, the number of
such W' that contain both w’ and w is at most W'I=2 — p5=2 Also, because A
is preprocessed, for every (s — 1)-set U, |N*(U) N A| < wa/d. Putting all these

inequalities together, we see that deg;, (w) cannot change by more than

e (E:D | <%>D|—{w7w§i}| _ e (E:D . (%)’”‘1 (1.19)

_ wr—l (t - 1) dtisiﬂkl . bt—rds—t . CLT_I.

s—1 bt—s—r—i—?

Recall that b = d7+17 and note that the right-hand side of (1.19) is o(b'"d*~*-a" 1),

a1 (T —s—r2 1\ EeH
- == _ . (dﬁ> _(z ’
ht—s—r+2 d\b d d

r—1 s—1
t—s+1 — t—s+1

as

>0, d > n'?, and w1 (*_}) is only polylogarithmic in n.
Every time a vertex w € A lands in the set X of vertices with high degree in
H,, no more edges containing w get added to H,, since A looks only at the edges

of H,41[A — X — Y. Hence the degree of w cannot exceed b'~"d*'a""}, i.e., the
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quantity from the definition of X, by more than the right-hand side of (1.19). It
follows that

t—1 w\t=s
< t—r gs—t = r—1 < t—r [ et
AH,) < (1401 "d " -a" < <s B 1)1) (d> a .
O

The second key step in proving Lemma 25 is the following simple estimate
on the number of edges in #,. Recall that the constants B, and D, are defined

in (1.7).

Claim 29. Assume that during some iteration of the main while loop, at the time we
reach 3b, the eligible set A has a elements. Then for every r, witht — 1 > r > s, either
A outputs SKIP by the end of the r' iteration of the for loop 3¢ or

B,

e(H,) > W

BTl (1.20)

Proof. By Lemma 23, (1.20) clearly holds when r = t. It suffices to prove that if
(1.20) holds for r + 1 and A does not output SKIP in the v iteration of the for
loop 3c, then (1.20) holds for 7.

Let = and y be the sizes of X and Y at the end of the r iteration. There are

two cases to consider.

Casel. .z +y > o(Hyt1).
Since A did not output SKIP, y < 0(H,+1)/2, and hence by (1.6),
o(Hry1) > e(Hri1) > B, 11 d=°

2 T AAMHe)  (logn)Prr 4 (T hwt

xr >

a-a,

where the last inequality follows from Claim 28 and the assumption that (1.20)
holds for r + 1. Recall that for every w € X, degy, (w) > b "d**a""!. Clearly,

B,
(logn)Pr

. btfroé . CLT,

1 T
., > d = btfrdsft r—1 >
e(H,) > . E egy, (w) > . a >

weX

since B, < (4r)7! (zj)*l - B,y1, Dy = D,yq + 3(t — s),and w = (logn)>.

Case2. 2 +y < o(Hrq1)-

In particular, for alli € {1,...,b}, during the r* iteration of the for loop 3c,

e(Hrp[A-X—-Y — VVJZ]) > e(Hry1)/2.
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%

By the maximality of degy, ,,ja—x_y_w: 1](w§ ), in each iteration of the for loop
Ji—
3(c)iii, H, acquires ¢’ edges, where

@/ > r- 6(7‘[7»+1)/2 > G(Hr—i-l) > BT-‘rl X bt—r—la -a’.

TA-X-Y-W; |7 a = (logn)Pr+

Unfortunately, some edges may get added to H, more than once. How many
times can we add to #, the same edge D? For each i € {1,...,b}, let D; :=
D U {w},}. The set D becomes an edge of H, precisely when D; € H,,, for some
i. In particular, every such D; is fully contained in some dangerous set, and

hence there must be an (s — 1)-set U C V(G), such that D C D, C N*(U). Since

t—1

|D| = r > s, by Observation 22, there are at most (371

) such U. Also, because
for each i, w;Z € N, by Observation 21, for no (s — 1)-set U, N*(U) contains more
than ¢t — 1 different w;-is. It follows that the maximum number of times D can be

added to H, is (t — 1)(*}). Therefore,

1 Br—i—l t—r—1 BT
H,) > b By gt > ——
)= D) 1 logmyp @0 = (logn)Pr

BT At

]

Lemma 30 and its immediate consequence, Corollary 31, are the last missing

ingredients needed in the proof of Lemma 25.

Lemma 30. For every fixed i and r satisfying 1 <i < band 0 < r < s—1, the following
holds. Suppose that during the i iteration of the for loop 3d, at the beginning of the r™
iteration of the for loop 3(d)i, e(H,1[A]) > va" ! for some ~v and a with 0 < v < 1 and
a > |A|. Then

e(M1) + ) jg = 7a. (1.21)
q=1

Proof. For a fixed i, we prove the claim by induction on r. The inequality (1.21)

holds trivially when r = 0. Suppose that » > 0 and (1.21) holds for » — 1. Each of

wy, ..., w;  clearly belongs to no more than |A|" (r + 1)-subsets of A, and hence
e(Hra[A— WI_]) > e(Hpi[A]) — (e — DIAF > 7™ = (= D (122)

If j, > 7a, then (1.21) holds, so we may suppose that the reverse inequality is

true, and therefore the rightmost term in (1.22) is positive. Since we have selected
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w’ to maximize its degree in H,1[A — W} ], we have

r T+ 1 r
e(H,) = degHT.+1[A7WJ7;71](wjr) > —]A| 1 ce(Hra[A— er—l])
1 — 1 — 3,
T+ .(rya_j’r‘_’_]_).a'r>u.a'r>’ya '] 'CLT,

a_jr+1 N a_jr+1 N a_jr
where the last inequality holds since v < 1, and hence va — j, < a — j,. By the

inductive assumption with “y = 1=,
a—=7Jr

]

Corollary 31. Assume that at the beginning of the 1% iteration of the for loop 3d, A has
a elements. If at the beginning of the i iteration, e(H[A]) > Ba® for some positive j3,

then in that iteration A loses at least Sa elements.

Proof. During the it iteration, we delete from A precisely e(H;) + ZZ: Jq ele-
ments. Since certainly ¢ > |A|, and we have assumed that e(#;) > [a°, the

statement of Corollary 31 is just a direct application of Lemma 30. O
Finally, we are ready to give the proof of Lemma 25.

Proof of Lemma 25. By Claim 29, either at the end of the s iteration of the for
loop 3c,

B,

6(Hs) > W

b AP, (1.23)

or for some r with » > s, A outputs SKIP at the end of the r™ jteration. In the

latter case, at the end of the r'" iteration, |Y'| > ¢(H,1)/2. By Claims 28 and 29,

e(Hrt1) By t—
Y| > o(H, 2> > -dPa-a
%-dt_sa-az%'dt_sa'hﬂa
ogn)r ogn)~s-t

and since A outputs SKIP, the eligible set A loses exactly |Y| elements.
Therefore we can assume that (1.23) is true and A executes the for loop 3d.

Similarly as in the proof of Claim 29, there are two cases to consider.
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Case 1. At the end of the b™ iteration of the for loop 3d, e(H,[A]) > e(H,)/2.
In particular, this is true in all the previous iterations. Hence, if a is the size of

the eligible set A at the beginning of the step 3d, by Corollary 31, as a result of
e(Hs)

2as5—1

a single iteration, A loses at least elements (apply Corollary 31 with 3 :=

%). Since there are b iterations, altogether A loses o’ elements, where (recall
that d'=* = pt=5*1)

a’Z ‘6<HS) > B, . t78+1a'aZL'dtisOC"A’,
2a5=1 ~ 2(logn)Ps (log n)Ps—1

where the second inequality follows from (1.23).

Case 2. At the end of the b iteration of the for loop 3d, e(H,[A]) < e(H,)/2.
It means that in the step 3d, A must have lost at least o(#;) elements and

6(%5) B, d=s B,

Hs > . .a > dtfs A 7
o(Ha) 2 2A(Hs) — (logn)Ps (zj)wt—sa “= (logn)Ps-1 o |4]
where the second inequality follows from (1.23) and Claim 28. O

Since in Lemma 27 we have already shown how Lemma 25 implies that A

outputs short codes, the proof of Theorem 44 is now complete. O

1.5 Proof of Theorem 6

As it was remarked at the beginning of the proof of Theorem 44, every n-vertex
graph G can be constructed from an isolated vertex v; by successively connecting

a vertex v; 41 to some d; vertices in G[{vy,...,v;}] in such a way that for all i

{1,...,n—1},
di = (5(GHU1, e 7Ui+1}]) S 5(G[{U17 e ,UZ‘}]) + 1.

Moreover, if G is K ;-free, so are all the intermediate graphs G[{vy, ..., v;}]. Call
the sequence (d;)", a degeneracy sequence of G and note that e(G) = 37" d;.

Let f(G;d, K,,) be the number of ways one can adjoin to a K ;-free graph G,
with 6(G) > d, a new vertex of degree d + 1, so that the graph remains K ;-free.
If we let

(3 d, Ky) = sup f(G d, Ksy),
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where the supremum is taken over all n-vertex K ;-free graphs whose minimum

degree is at least d, then

n—1

Fom(Kog) <nl- Y [ £Gidi — 1, K,), (1.24)

(di) =1
where the above sum is taken over all degeneracy sequences with sum m.
If d < n'~#=t(logn)®/* and n > ny, then we give a rather crude bound

. 4 f
fli;d, Ky) < (dj— 1) < n(g) <n (%) < exp (nl_““(log n)‘”/‘s*l) . (1.25)

Suppose now that d > n'~#=t(logn)3/* and let o = a(s,t,n,d,1/(3t — 3)) be as
in Lemma 23. Suppose we run the “high-degree” case in the algorithm A from
the proof of Theorem 44 on some i-vertex K, -free graph G and a set N of size
d + 1, where G and N satisfy our usual assumptions. Note that Claim 24 and
Corollary 26 are still true, since in their proofs we have not used any assumptions
on d. Reasoning along the lines of Lemma 27, we can see that the total length of
the output produced by A in the preprocessing step 3a is still o(d). Moreover,
recall that b = d=-1 and hence

Z’(sfl)(tfl)
dst-1)

B (s—1)(t-1)
AT < sWHBE—3) .

D+ =

< sW(3t—3) - (logn) * 0D+=a] . g (1.26)

d&*tamlb = slt!(3t —3)-

where the last inequality follows because 5, satisfies

= 0- 1 = (1) (-0 + = ).

t—s+1

By (1.10), the total length of the output produced by A in steps 3¢ and 3d is at

most

1 t—s+1
tb[log, 4] +t (4t<t 1)) (log i)*U=2)=s+ 0t Mog, §] - d* o 'b.
s p—

By (1.26), this is clearly o(d), since b[log, i| = o(d) and

(10gz’)3(t—5)(t_8+1)+1 Mog,i] < (log n)%[s(tqwﬁ].
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By inequality (1.16), the total length of the output produced by A in step 4 is at

most

i\ s—1 s—1
t( t (2 t s—1
5log, i+ log (3) < 5log, n+log (2) < 5log, n+dlog, an .
2 2 J 2 2 J 75

Hence the total length of the output of A in the case d > n'~#st(log n)3/* is

t s—1
dlog, (6 le > + o(d).

Since with G fixed, A outputs a unique code for every N, the above bound im-

plies that if d > n'~#=t(logn)"/¢, then the total number of valid (d + 1)-sets N

satisfies

ds
Let I := {i: d; > n'"#=t(logn)*/*} and let m’ := ¥, ,(d; — 1). Since the term in

f(G:d, Kst) < exp (dlog (etns_l) + o(d)) ) (1.27)

the right-hand side of (1.27) does not depend on G, it is also an upper bound on

f(i;d, K, ) and hence for every degeneracy sequence (d;)!—' with sum m,

n—1
t s—1
H fli;di—1, Kgy) < exp (nz_“s’t(log n)3t/s 4 Z(dZ —1)log <(§n—1)s) + 0(m)> .
i=1 i€l i
(1.28)
The function [0, 00) > z — zlogx € R is convex, and so
> (di = )log(d; = 1) > |I] - (m'/|1]) log(m'/|1]) = m’ - log(m'/n).
icl
This yields
t s—1 t 25—1
;(di —1)log (éln_—ms) < m/log(etn®*™) — m/slog(m’/n) = m'log (e(:l—/)s) :
(1.29)
Since & (zlog(y/z)) = log(y/z) =1, m —m' = n—1+ 3 ,(d 1) < n+
n? #st(logn)3¢, and m > n?#=t(logn)?/**!, we get the estimate
t 25—1 t 25—1
’m/log (6(:1/>S ) — mlog (6 :;S ) ‘ = O((m —m')logn) = o(m),
which combined with (1.28) and (1.29) gives

n—1 _
et 2s—1

H Flisd; — 1, K,,) < exp (nz—us,t (log n)®/**! + mlog ( - ) + o(m)> (1.30)

i=1
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Since

(t . 1)1/sn2—1/s + O(n),

N —

m > n?Ft(logn)®/o T e <3, m<ex(n,Ky) <

and there are at most n! degeneracy sequences, combining (1.24) with (1.30)

yields
2s—1\ ™
fn,m(Ks,t) S <3tn ) )

mS

whenever n is large enough. O
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Chapter 2

Independent set of hypergraphs

A great many of the central questions in combinatorics fall into the following
general framework: Given a finite set V' and a collection # C P (V') of forbidden
structures, what can be said about sets I C V that do not contain any member
of H? For example, the celebrated theorem of Szemerédi [126] states that if V' =
{1,...,n} and H is the collection of k-term arithmetic progressions in {1,...,n},
then every set / that contains no member of H satisfies |/| = o(n). The archetypal
problem studied in extremal graph theory, dating back to the work of Turan [129]
and Erd6s and Stone [55], is the problem of characterizing such sets I when V' is
the edge set of the complete graph on n vertices and # is the collection of copies
of some fixed graph H in K,. In this setting, a great deal is known, not only
about the maximum size of I that contains no member of #H, but also what the
largest such sets look like, how many such sets there are, and what the structure

of a typical such set is.

A collection # C P(V) as above is usually referred to as a hypergraph on the
vertex set V' and any set / C V that contains no element (edge) of H is called
an independent set. Therefore, one might say that a large part of extremal com-
binatorics is concerned with studying independent sets in various specific hy-
pergraphs. We might add here that in many natural settings, such as the two
mentioned above, the hypergraphs considered are uniform, that is, all edges of H

have the same size.

33
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Although it might at first seem somewhat artificial to study concrete ques-
tions in such abstract setting, the past few years have proved that taking such
a general approach can be highly beneficial. The recently-proved general trans-
ference theorems of Conlon and Gowers [43] and Schacht [117], which imply,
among other things, sparse random analogues of the classical theorems of Sze-
merédi and of Erdés and Stone, were stated in the language of hypergraphs.
Roughly speaking, these transference theorems say that if the edges of a hyper-
graph H are sufficiently uniformly distributed, then the independence number
of H is ‘well-behaved” with respect to taking subhypergraphs induced by (suffi-
ciently dense) random subsets of the vertex set. More precisely, given p € [0, 1]
and a finite set V/, we shall write V|, to denote the p-random subset of V, that is,
the random subset of V' in which each element of V' is included with probability
p, independently of all other elements. We write a(?) and v(#) to denote the
size of the largest independent set and the number of vertices in a hypergraph
H, respectively. The results of Conlon and Gowers [43] and Schacht [117] imply,
in particular, that if the distribution of the edges of some uniform hypergraph H
is sufficiently ‘balanced’, then with probability tending to 1 as v(H) — oo,

a(H[V(H),]) < pa(H) + o(pv(H)),

provided that p is sufficiently large.

In this chapter, which is based on a joint work with Morris and Samotij [31],
we give an approximate structural characterization of the family of all indepen-
dent sets in uniform hypergraphs whose edge distribution satisfies a certain nat-
ural boundedness condition. More precisely, we shall prove that the indepen-
dent sets of each such hypergraph # exhibit a certain clustering phenomenon.
Our main result, Theorem 44 below, states that the family Z(7{) of independent
sets in H admits a partition into relatively few classes such that all members of
each class are essentially contained in a single subset of V' (#) that is almost in-
dependent, that is, it contains only a tiny proportion of all the edges of #. This
somewhat abstract statement has surprisingly many deep and interesting conse-

quences, some of which we list in the remainder of this section. We remark that
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Theorem 44 was partly inspired by the work of Kleitman and Winston [83], who
implicitly considered a statement of this type in the setting of graphs (2-uniform
hypergraphs) and subsequently used it to bound the number of n-vertex graphs
without a 4-cycle. We also note that a result similar to Theorem 44 was indepen-
dently proved by Saxton and Thomason [116], who also use it to derive many of

the statements that we present later in this section.

The number of sets with no k-term arithmetic progression

The celebrated theorem of Szemerédi [126] says that for every k € N, the largest
subset of {1,...,n} that contains no k-term arithmetic progression (AP) has o(n)
elements. It immediately follows that there are only 2° subsets of {1,...,n}
with no k-term AP. Our first result can be viewed as a sparse analogue of this

statement.

Theorem 32. For every positive 5 and every k € N, there exist constants C' and ng such

that the following holds. For every n € N with n > ny, if m > Cn'~Y*=1 then there

()

m-subsets of {1,...,n} that contain no k-term AP.

are at most

We shall deduce Theorem 32 from our main theorem, Theorem 44, and a ro-
bust version of Szemerédi’s theorem, see Section 2.3. The sparse random ana-
logue of Szemerédi’s theorem, proved by Schacht [117] and independently by
Conlon and Gowers [43], follows as an easy corollary of Theorem 32. Follow-
ing [43], we shall say that a set A C N is (6, k)-Szemerédi if every subset B C A
with at least §|A| elements contains a k-term AP. For the sake of brevity, let

[n] ={1,...,n} and recall that [n], denotes the p-random subset of [n].

Corollary 33. For every § € (0,1) and every k € N, there exists a constant C' such that
the following holds. If p, > Cn~Y* =Y for all sufficiently large n, then

lim Pr ([n],,is(d, k) — Szemeredi) = 1.

n—o0
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We remark that Theorem 32 and Corollary 33 are both sharp up to the value of
the constant C, see the discussion in Section 2.3, where both of these statements
are proved.

Our main result has a variety of other applications in additive combinatorics,
see for example [5, 6] where, jointly with Alon, we used a much simpler version
of it to count sum-free sets of fixed size in various Abelian groups and the set
[n]. In Section 2.3, we shall mention two other applications: a generalization of
Theorem 32 to higher dimensions and a sparse counting version of a theorem
of Sarkozy [115] and (independently) Fiirstenberg [66] on square differences in
the integers. In each case, the random version (which was proved in [43, 117])

follows as an easy corollary.

Turan’s problem in random graphs

A famous theorem of Erd&6s and Stone [55] states that the maximum number of
edges in an H-free graph on n vertices, the Turdn number for H, denoted ex(n, H),

satisfies

ex(n, H) = (1 - ﬁ + 0(1)> (Z) 2.1)

where x(H) is the chromatic number of H. The analogue of this theorem for
the Erd6s-Rényi random graph G(n,p) was first studied by Babai, Simonovits,
and Spencer [10], who proved that asymptotically almost surely (a.a.s. for short),
i.e., with probability tending to 1 as n — oo, the largest triangle-free subgraph of
G(n,1/2) is bipartite, and by Frankl and R6dl [60], who proved that if p > n~1/2+¢
then a.a.s. the largest triangle-free subgraph of G(n,p) has pn?/4 + o(n?) edges.
The systematic study of the Turdn problem in G(n,p) was initiated by Haxell,
Kohayakawa, and Luczak [79, 80] and by Kohayakawa, Luczak, and Rodl [89],
who posed the following problem. For a fixed graph I, determine necessary and

sufficient conditions on a sequence p € [0, 1]Y of probabilities such that, a.a.s.,

ex (G(n. pa), H) = (1 _ # + 0(1)> <Z> - (2.2)
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where ex(G, H) denotes the maximum number of edges in an H-free subgraph
of G.

By considering a random (x(H) — 1)-partition of the vertex set of G(n, p), itis
straightforward to show that the inequality

ex (G(n,p), H) > (1 - ﬁ " 0(1)) (Z>p

holds for every p € [0,1]. On the other hand, if the number of copies of some
subgraph H' C H in G(n, p) is much smaller than the number of edges in G(n, p),
then the converse inequality cannot hold, since one can make any graph H-free
by removing from it one edge from each copy of H'. This observation motivates
the notion of 2-density of H, denoted by m,(H ), which is defined by

e(H)—1

ma(H) = max {m

H' CH with v(H') > 3} : (2.3)

It now follows easily that for every graph H with maximum degree at least 2
and every 6 € (0,1/(x(H) — 1)), there exists a positive constant ¢ such that if

Pn < en~Vm2H) then a.a.s.

ex (G(n. p), H) > (1 - ﬁ T 5) <Z>pn.

It was conjectured by Haxell, Kohayakawa, and Luczak [79] and Kohayakawa,
Luczak, and Rodl [89] that the above simple argument, removing an arbitrary
edge from each copy of H' in G(n,p), is the main obstacle that prevents (2.2)
from holding asymptotically almost surely. The conjecture, often referred to as
Turan’s theorem for random graphs, has attracted considerable attention in the
past fifteen years. Numerous partial results and special cases had been estab-
lished by various researchers [61, 68, 72, 79, 80, 89, 91, 124] before the conjecture
was finally proved by Conlon and Gowers [43] (under the assumption that H is
strictly 2-balanced") and by Schacht [117].

A graph H is 2-balanced if the maximum in (2.3) is achieved with H' = H, thatis, if ms(H) =

e(H)—1

o —3- 1tis strictly 2-balanced if my(H) > my(H') for every proper subgraph H' ¢ H.
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Theorem 34. For every graph H with A(H) > 2 and every positive 0, there exists a

positive constant C such that if p, > Cn="/m2U then a.a.s.

ex (G, pa), H) < (1 _ ﬁ + 5) (Z)p"'

Our methods give yet another proof of Theorem 34 in the case when H is
2-balanced. Note that most natural graphs, such as cycles and cliques, are 2-
balanced. In fact, we shall deduce from our main result, Theorem 44, a version
of the general transference theorem of Schacht [117, Theorem 3.3], which easily
implies Theorem 34 for such graphs H. Our version of Schacht’s transference
theorem, Theorem 60, is stated and proved in Section 2.4. We then, in Section 2.6,
use it to derive a natural generalization of Theorem 34 to t-balanced ¢-uniform
hypergraphs, Theorem 67, which was also first proved in [43] and [117].

Our methods also yield the following sparse random analogue of the famous
stability theorem of Erd6s and Simonovits [47, 119], originally proved by Conlon
and Gowers [43] in the case when H is strictly 2-balanced and then extended to
arbitrary H by Samotij [113], who adapted the argument of Schacht [117] for this

purpose.

Theorem 35. For every 2-balanced graph H with A(H) > 2 and every positive 0, there
exist positive constants C and e such that if p, > Cn='/™2H) then a.a.s. the following

holds. Every H-free subgraph of G(n, p,) with at least

(o) ()

edges may be made (x(H) — 1)-partite by removing from it at most on’p,, edges.

Similarly as with Theorem 34, we shall in fact deduce Theorem 35 from a more
general statement, Theorem 64, which is a version of the general transference
theorem for stability results proved in [113]. Theorem 64 is stated and proved in

Section 2.5; in Section 2.6, we use it to derive Theorem 35.

The typical structure of //-free graphs

Let H be an arbitrary non-empty graph. We say that a graph G is H-free if G’ does

not contain H as a subgraph. For an integer n, denote by f,,(H) the number of
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labeled H-free graphs on the vertex set [n]. Since every subgraph of an H-free
graph is also H-free, it follows that f,,(H) > 2<(»#)_ Erdés, Frankl, and Rodl [48]

proved that this crude lower bound is in a sense tight, namely that
fn(H) _ 2ex(n,H)+o(n2) ) (24)

Our next result can be viewed as a ‘sparse version” of (2.4). Such a statement
was already considered by Luczak [98], who derived it from the so-called KER
conjecture, which we discuss in the next subsection. For integers n and m with
0<m< (g), let f,,,(H) be the number of labeled H-free graphs on the vertex
set [n] that have exactly m edges. The following theorem refines (2.4) to n-vertex

graphs with m edges.

Theorem 36. Let H be a 2-balanced graph and let 6 be a positive constant. There exists
a constant C such that for every n € N, if m > Cn?>~1/m2(H) then

(ex(n, H)

m m

> < fom(H) < (ex(n,H) +(5n2).

In fact, we shall deduce from our main result, Theorem 44, a ‘counting ver-
sion’ of the general transference theorem of Schacht [117, Theorem 3.3], which
easily implies Theorem 36. This ‘counting version” of Schacht’s theorem is stated
and proved in Section 2.4. We then use it to derive Theorem 36 in Section 2.7.
We remark that (2.4) was refined in a different sense by Balogh, Bollobds, and Si-
monovits [18], who showed that f,(H) = 2ex(H)+0(*

—c(H .
"), where ¢(H) is some

positive constant, and also gave a very precise structural description of almost
all H-free graphs. We would also like to point out that our proof of Theorem 36
does not use Szemerédi’s regularity lemma, unlike the proof given in [98] or the
proofs of Erd6s, Frankl, and Rodl [48] and Balogh, Bollobés, and Simonovits [18].

The result of Erdés, Frankl, and Rodl has, in some cases, a structural coun-
terpart that significantly strengthens (2.4). For example, Erd6s, Kleitman, and
Rothschild [51] proved that almost all triangle-free graphs are bipartite, that is,
that with probability tending to 1 as n — oo, a graph selected uniformly at ran-

dom from the family of all triangle-free graphs on the vertex set [n] is bipartite
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or, in other words (since clearly every bipartite graph is triangle-free), f,,(K3) is
asymptotic to the number of bipartite graphs on the vertex set [n]. Extending this
result, Osthus, Promel, and Taraz [104] proved that if m > Cn?*/%\/logn for some
C > /3/4, then almost all n-vertex triangle-free graphs with m edges are bipar-
tite. Our next result, which is a strengthening of Theorem 36, is an approximate
version of this statement for an arbitrary 2-balanced graph H. Such a statement
was also considered by Luczak [98], who derived it from the KELR conjecture.
Following [98], given a positive real § and an integer £, let us say that a graph
G is (0, k)-partite if G can be made k-partite by removing from it at most de(G)
edges.

Theorem 37. Let H be a 2-balanced graph with x(H) > 3 and let § be a positive
constant. There exists a constant C such that if m > Cn?*~Ym2H)  then almost all

H-free graphs with n vertices and m edges are (6, x(H) — 1)-partite.

Similarly as with Theorem 36, we shall in fact deduce Theorem 37 from a
‘counting version’ of the general transference theorem for stability results proved
in [113]. Our version of it, Theorem 65, is stated and proved in Section 2.5. In
Section 2.7, we use it to derive Theorem 37. Once again, our proof does not use
the regularity lemma, unlike that in [98]. Finally, we would like to mention that,

as observed by Luczak [98], Theorem 37 has the following elegant corollary.

Corollary 38. Let H be a 2-balanced graph with x(H) > 3 and let < be a positive
constant. There exist constants C and n such that for every n with n > ng and every m

with Cn?~1/m2(H) < m < n?/C,

where G, ,,, is a uniformly selected random n-vertex graph with m edges.
We remark that a great deal more is known about the structure of a typical

H-free graph (drawn uniformly at random from the set of all n-vertex H-free

graphs), see [18] and the references therein for more details.
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The KLR conjecture

The celebrated Szemerédi’s regularity lemma [127], which is considered to be
one of the most important and powerful tools in extremal graph theory, says that
the vertex set of every graph may be divided into a bounded number of parts
of approximately the same size in such a way that most of the bipartite sub-
graphs induced between pairs of parts of the partition satisfy a certain pseudo-
randomness condition termed e-regularity. The strength of the regularity lemma
lies in the fact that it may be combined with the so-called embedding lemma to
show that a graph contains particular subgraphs. The combination of the regu-
larity and embedding lemmas allows one to prove many well-known theorems
in extremal graph theory, such as the theorem of Erdés and Stone [55] and the
stability theorem of Erd6s and Simonovits [47, 119], both mentioned in Section 2.

For sparse graphs, that is, n-vertex graphs with o(n?) edges, the original ver-
sion of the regularity lemma is vacuous since if the vertex set of a sparse graph
is partitioned into a bounded number of parts, then all induced bipartite sub-
graphs thus obtained are trivially e-regular, provided that n is sufficiently large.
However, it was independently observed by Kohayakawa [85] and Rodl (unpub-
lished) that the notion of e-regularity may be extended in a meaningful way to
graphs with density tending to zero. Moreover, with this more general notion
of regularity, they were also able to prove an associated regularity lemma which
applies to a large class of sparse graphs, including (a.a.s.) the random graph
G(n,p).

Given a p € [0, 1] and a positive ¢, we say that a bipartite graph between sets
Vi and V; is (e, p)-regular if for every Wy, C Vi and W, C V, with |[W;| > €|V;| and
|W3| = €|Vs|, the density d(W;, W3) of edges between W, and W satisfies

|[d(Wy, Wy) = d(VA, Va)| < ep.

A partition of the vertex set of a graph into r parts Vi, ..., V, is said to be (¢, p)-
regular if ||V;| — |V;|| < 1for alli and j and for all but at most er? pairs (V;, V;),
the graph induced between V; and V] is (e, p)-regular. The class of graphs to
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which the Kohayakawa-Rddl regularity lemma applies are the so-called upper-
uniform graphs. Given positive n and K, we say that an n-vertex graph G is
(n, p, K)-upper-uniform if for all W C V(G) with |W| > nn, the density of edges
within IV satisfies d(1V) < Kp. This condition is satisfied by many natural classes
of graphs, including all subgraphs of random graphs of density p. The sparse
regularity lemma of Kohayakawa [85] and Rodl says the following.

The sparse Szemerédi regularity lemma. For all positive €, K, and r, there exist a
positive constant n and an integer R such that for every p € [0, 1], the following holds.
Every (e, p, K)-upper-uniform graph with at least ry vertices admits an (e, p)-reqular

partition of its vertex set into r parts, for some r € {ro, ..., R}.

We remark that a version of this theorem avoiding the need for the upper-
uniformity assumption was recently proved by Scott [118].

The aforementioned embedding lemma roughly says that if we start with an
arbitrary graph H, replace its vertices by large independent sets and its edges
by e-regular bipartite graphs with density bounded away from zero, then this
blown-up graph will contain a copy of H. To make it more precise, let H be a
graph on the vertex set {1,...,v(H)}, let ¢ and p be as above, and let n and m be
integers satisfying 0 < m < n?. Let us denote by G(H,n,m, p, ¢) the collection of
all graphs G constructed in the following way. The vertex set of G is a disjoint
union Vi U. ..UV, g of sets of size n, one for each vertex of H. For each edge {i, j}
of H, we add to GG an (g, p)-regular bipartite graph with m edges between the sets
V; and V;. These are the only edges of GG. With this notation in hand, we can state
the embedding lemma. Given any graph G as above, we define canonical copies of
H to be all copies of H in G in which (the image of) each vertex i € V(H) lies in
theset V; C V(G).

The embedding lemma. For every graph H and every positive d, there exist a positive
e and an integer ng such that for every n and m with n > ng and m > dn?, every

G € G(H,n,m,1,¢e) contains a canonical copy of H.

One might hope that a similar statement holds when one replaces 1 by an

arbitrary p and the assumption m > dn® by m > pdn?, even if p is a decreasing
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function of n. However, for an arbitrary function p, this is too much to hope
for. Indeed, consider the random ‘blow-up’ of H, that is, the random graph G
obtained from H by replacing each vertex of H by an independent set of size
n and each edge of H by a random bipartite graph with pn? edges. With high
probability, the number of canonical copies of H in GG will be about p*#)n*#) and
hence if p*n*) < pn?, then one can remove all copies of H from G by deleting
a tiny proportion of all edges. Since in the above argument one may replace H
with an arbitrary subgraph H' C H, it follows easily that if p < cn~t/™2H) for
a sufficiently small positive constant ¢, then there are graphs in G(H, n, pn?, p, )
that do not contain any canonical copies of H.

As in the case of Turdn’s theorem for random graphs, see Section 2, one might
still hope that if p > Cn=t/™2() for some large constant C, then the natural sparse
analogue of the embedding lemma discussed above holds. However, it was ob-
served by Luczak (see [73, 90]) that, somewhat surprisingly, for any graph H
which contains a cycle and any function p satisfying p = o(1), there are graphs in
G(H,n,pn?, p,e) with no canonical copy of H. Nevertheless, it still seemed likely
that such atypical graphs comprise only a tiny proportion of G(H,n,m,p,¢).
This was formalized in the following conjecture of Kohayakawa, Luczak, and
Rodl1 [89], usually referred to as the KER conjecture. Given a graph H, integers m
and n, a p € [0,1], and a positive ¢, let G*(H,n,m, p,c) denote the collection of

graphs in G(H,n, m, p,¢) that contain no canonical copy of H.

The KER Conjecture. Let H be a fixed graph. Then, for any positive (3, there exist

positive C, ng, and ¢ such that for all n.and m with n > ng and m > Cn?-1/m2(H),

n2\ )
Q*(H,n,m,m/n2,€)’ < Bm( > .
m
The KER conjecture has been one of the central open questions in extremal
graph theory and has attracted substantial attention of many researchers over
the past fifteen years. It has been verified in several special cases. It is easy

to see that it holds for all graphs H which do not contain a cycle. The cases

H = K3, K4, and K; were resolved in [88], [71], and [72], respectively. The case



dc_738 13
44 CHAPTER 2. INDEPENDENT SET OF HYPERGRAPHS

H = Cy has also been resolved, but here the history is somewhat more complex.
A proof under some extra technical assumptions was given in [86]. Those extra
assumptions were later removed in [69] and, independently, in [38]. We remark
here that in parallel to this work, Conlon, Gowers, Samotij, and Schacht [44] have
proved a sparse analogue of the counting lemma for subgraphs of the random
graph G(n,p), which may be viewed as a version of the KLR conjecture that is
stronger in some aspects and weaker in other aspects. Our next result is a proof

of the KER conjecture for all 2-balanced graphs.

Theorem 39. Let H be a 2-balanced graph. Then, for any positive (3, there exist positive

C, no, and ¢ such that for all n and m with n > ng and m > Cn?~/m2H),

G*(H,n,m,m/n* )| < 8" (”2)6(H).
m

It is well-known that Theorem 39 easily implies Turdn’s theorem for random
graphs, Theorem 34, and also its stability version, Theorem 35. In fact, this was
the original motivation behind the KER conjecture, see [89]. Moreover, it was
proved by Luczak [98] that Theorem 39 implies Theorems 36 and 37. The work of
Conlon and Gowers [43] and Schacht [117] (see also [113]), as well as this work,
have shown that one does not need to appeal to the sparse regularity lemma
and to the KLR conjecture in order to prove such extremal statements in random
graphs. Nevertheless, there is still a plentitude of beautiful corollaries of the con-
jecture that cannot (yet) be proved by other means. For discussion and derivation
of some of them, we refer the reader to [44]. Here, we present only one corollary
of the KER conjecture, the threshold for asymmetric Ramsey properties of ran-
dom graphs, which does not follow from the version of the conjecture proved
in [44]. The deduction of this result from the KER conjecture is essentially due to

Kohayakawa and Kreuter [86]. We prove Theorem 39 in Section 2.8.

Ramsey properties of random graphs

Let H be a fixed graph and let r be a positive integer. For an arbitrary graph G, we

write G — (H), if every r-coloring of the edges of G contains a monochromatic



dc_738 13
45

copy of H. It follows from the classical result of Ramsey [107] that K,, — (H),,
provided that n is sufficiently large. Ramsey properties of random graphs were
tirst investigated by Frankl and Rodl [60] and since then much effort has been
devoted to their study. Most notably, Rodl and Ruciriski [109, 110] established
the following general threshold result.

Theorem 40. Let r be a positive integer and let H be an arbitrary fixed graph that is not
a forest. There exist positive constants c and C such that
I ifpy = CntmatD
lim Pr (G(n,p,) — (H),) =

n—o0

0 Z’fpn < Cn_l/m2(H)

In the above discussion, a copy of the same graph H is forbidden in each
of the r color classes. A natural generalization of Theorem 40 would deter-
mine thresholds for so-called asymmetric Ramsey properties. For any graphs G,
Hy,...,H,, we write G — (Hy,..., H,) if for every coloring of the edges of G
with colors 1, ..., r, there exists, for some i € [r], a copy of H; all of whose edges
have color i. In the context of asymmetric Ramsey properties of random graphs,
the following generalization of the 2-density m;(-) was introduced in [86]. For
two graphs H; and H,, define

e(Hy)
(Hy) =2+ 1/mo(Hz)

mo(Hy, Hy) = max{v . Hy C H, with v(Hyp) > 3}
(2.5)
Kohayakawa and Kreuter [86] formulated the following conjecture and proved

it in the case when all H; are cycles.

Conjecture 41. Let Hy, ..., H, be graphs with 1 < ms(H,) < ... < mo(Hy). Then

there exist constants c and C such that

I ifpa s Ot
lim Pr (G(n,pn) — (Hl,...,HT)) —

n—0o0

O zf'])n < Cn*l/mz(Hl,Hg)

More accurately, the above conjecture was stated in [86] only in the case r = 2,
but the above generalization is quite natural, see [100]. There had been little

progress on Conjecture 41 until quite recently, when the 0-statement was proved
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by Marciniszyn, Skokan, Spohel, and Steger [100] in the case where all of the
H; are cliques, and the 1-statement in the case » = 2 was established by Ko-
hayakawa, Schacht, and Spohel [92] under very mild extra assumptions on H;
and H,. Using Theorem 39, the approach of Kohayakawa and Kreuter [86], which
employs the sparse regularity lemma, can be adapted (see [100, Theorem 31]) to

yield a proof of the 1-statement in Conjecture 41 for the following class of graphs.

Theorem 42. Let H,, ..., H, be graphs such that H, is strictly 2-balanced, H,, ..., H,
are 2-balanced, and 1 < my(H,) < ... < mo(H,). There exists a constant C' such that

if pp > Cn~V/m2(H2H) then g.a.s.
G(n,p,) = (Hy, ..., H,).

For the deduction of Theorem 42 from Theorem 39, see [86] and [100, Sec-
tion 4].

Outline of the Chapter

The remainder of this Chapter is organized as follows. In subsection 2.1, we state
and discuss our main result, Theorem 44, which we then prove in subsection 2.2.
In subsection 2.3, we discuss the applications of Theorem 44 in the context of
subsets of [n] with no k-term arithmetic progressions. In particular, we prove
Theorem 32 and use it to derive Corollary 33. In subsection 2.4, we prove two
versions of the general transference theorem of Schacht [117, Theorem 3.3] (ob-
tained independently, in a slightly different form, by Conlon and Gowers [43])
— a ‘random’ version suited for extremal problems in sparse random discrete
structures and its ‘counting’ counterpart that generalizes Theorem 32. In Sec-
tion 2.5, we prove ‘random” and ‘counting’ versions of the general stability result
of Conlon and Gowers [43] in a form that is easily comparable with [113, The-
orem 3.4]. In subsection 2.6, we discuss several applications of Theorem 44 in
the context of the Turdn problem in sparse random graphs. In particular, using
the results of subsections 2.4 and 2.5 we give new proofs of the sparse random

analogues (stated above) of the classical theorems of Erd6s and Stone, and Erdds
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and Simonovits, see subsection 2. In subsection 2.7, we discuss applications of
Theorem 44 to the problem of describing the typical structure of a sparse graph
without a forbidden subgraph. In particular, we prove sparse analogues of clas-
sical theorems of Erdds, Frankl, and Rodl and Erd6s, Kleitman, and Rothschild,
see Section 2. Finally, in subsection 2.8, we use Theorem 44 to prove the KLR

conjecture for all 2-balanced graphs.

2.1 The Main Theorem

In this section, we present the main result of this paper, Theorem 44, which gives
a structural characterization of the collection of all independent sets in a large
class of uniform hypergraphs. We start with an important definition. Recall that
a family of sets 7 C P(V) is called increasing (or an upset) if it is closed under
taking supersets, that is, if for every A, B C V, A € F and A C B imply that
B e F.

Definition 43. Let H be a uniform hypergraph with vertex set V, let 7 be an
increasing family of subsets of V and let ¢ € (0, 1]. We say that H is (F, ¢)-dense if

e(H[A]) > ee(H)
for every A € F.

A moment of thought reveals that for an arbitrary hypergraph H and ¢ €
(0,1], it is extremely simple to construct families 7 C P(V(#)) for which H is
(F,e)-dense. To this end, let

Fo={ACV(H): e(H[A]) > ze(H)}

and note that F. is increasing and H is (F.,¢)-dense. In fact, the families F for
which H is (F, )-dense are precisely all increasing subfamilies of ..

In this work, we will be interested in upsets that admit a much more ‘con-
structive” and simpler description than that of .. Many such families arise nat-
urally in the study of extremal and structural problems in combinatorics. For ex-

ample, consider the k-uniform hypergraph 7{; on the vertex set [n] whose edges
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are all k-term arithmetic progressions in [n] and let F; be the collection of all sub-
sets of [n] with at least on elements. Clearly, F; is an upset and it follows from
the famous theorem of Szemerédi [126] that #, is (F;, €)-dense for some positive
¢ depending only on ¢ and k, see Section 2.3. Similarly, consider the 3-uniform
hypergraph H, on the vertex set E(kK,) whose edges are edge sets of all copies
of K3 in the complete graph K, and let F, be the family of all n-vertex graphs
(subgraphs of K,) with at least (1/2 — ¢)(}) edges such that every 2-coloring of
its vertices yields at least 6n? monochromatic edges. Again, F; is increasing and
it follows from the stability theorem of Erdés and Simonovits [47, 119] and the
triangle removal lemma of Ruzsa and Szemerédi [112] that H; is (F2,¢)-dense,
provided that ¢ is sufficiently small as a function of é.

Our main result roughly says the following. If # is a uniform hypergraph that
is (F,¢)-dense for some family F and whose edge distribution satisfies certain
natural boundedness conditions, then the collection Z(#) of all independent sets
in H admits a partition into relatively few classes such that all independent sets
in one class are essentially contained in a single set A ¢ F. Before we state the
result, we first need to quantify the above boundedness condition for the edge
distribution of a hypergraph. Given a hypergraph #, for each 7' C V(H), we
define

degy(T) =|{e e H: T C e},
and let
Ay(H) = max { degy(T): T C V(H) and T =(}.

Recall that Z(#) denotes the family of all independent sets in H. The following

theorem is our main result.

Theorem 44. For every k € Nand all positive c, ' and ¢, there exists a positive constant
C such that the following holds. Let H be a k-uniform hypergraph and let F C P(V (H))
be an increasing family of sets such that |A| > ev(H) for all A € F. Suppose that H is
(F,e)-dense and p € (0, 1) is such that p*~*e(H) > 'v(H) and for every ( € [k — 1],

Ay(H) < ¢ min {p“,p“%} |
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Then there exists a family S C ( gc‘*; (1{(%) and functions f: S — Fand g: Z(H) — S
such that for every I € Z(H),

g(I)c 1 and I\ g(I) C f(g(D)).

Roughly speaking, if ‘H satisfies certain technical conditions, then each inde-
pendent set I in H can be labeled with a small subset ¢g(/) in such a way that
all sets labeled with some S € S are essentially contained in a single set f(S5)
that contains very few edges of . We remark that the constant C' in the theorem
has only a polynomial dependence on ¢. Unfortunately, however, in most of our

applications ¢ will have a tower-type dependence on some other parameter.

Theorem 44 will be proved in subsection 2.2. We end this subsection with a
short informal discussion of its consequences. As we have already mentioned,
Theorem 44 combined with some classical extremal results on discrete structures
has strikingly strong implications. Let us briefly explain why this is so. Many
classical extremal problems ask for an estimate on the number of independent
sets (of certain size) in some auxiliary uniform hypergraph. If applicable, Theo-
rem 44 implies that all such independent sets are almost contained in one of very
few sets that are almost independent, that is, contain a small number of copies of
some forbidden substructure. If we know a good characterization of sets that are
almost independent in the above sense, which is often the case, we can easily ob-
tain an upper bound on the number of independent sets. For example, consider
the problem of counting subsets of [n] with no k-term AP and recall the definition
of H, and F; from the beginning of this section. Theorem 44, applied to this pair,
implies that the every subset of [n] with no k-term AP is essentially contained in
one of at most (O(nl_?/(k_l))) sets of size at most 6n each, where § is an arbitrarily

1-1/(k—1

small positive constant. This easily implies that if m > n ), then there are

20m
m

at most ( ) sets of size m with no k-term AP. For details, we refer the reader to

subsection 2.3.
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2.2 Proof of the main theorem

In this section, we shall prove Theorem 44. The main ingredient in the proof
is the following proposition, which (roughly) says that Theorem 44 holds in the
special case when F is the family of all subsets of V' (#) with at least (1 — §)v(H)
elements. Theorem 44 follows by applying Proposition 45 a constant number of

times.

Proposition 45. For every integer k and positive c and ¢, there exists a positive 0 such
that the following holds. Let p € (0,1) and suppose that H is a k-uniform hypergraph
such that p*~le(H) > dv(H) and for every ¢ € [k — 1],

Ay(H) < ¢ min {pf—k, pHEEZ; } .

Then there exist a family S C (g(kyl(;ﬁ(%)) and functions fo: S — P(V(H)) and
go: Z(H) — S such that for every I € T(H),

9o(I) €I C fo(go(I)) U go(l) and | folgo(1))] < (1= 8)v(H).
Moreover, if for some I,1' € Z(H), go(I) C 1" and go(I') C I, then go(I) = go(I').

The final line of Proposition 45 states that the labeling function g, exhibits a
certain consistency. This property of g;, which may look somewhat puzzling,
will be crucial in the proof of Theorem 44.

In order to prove Proposition 45, given an independent set I € Z(#H ), we shall
construct a sequence (By_1, . .., B,) of subsets of I with |By_1|,...,|B,| < pv(H),
for some ¢ € [k — 1], and use it to define a sequence (H;_1,...,#H,), where r €

{q, q+1}, of hypergraphs such that the following holds for each i € {r, ..., k—1}:
(a) H; is an i-uniform hypergraph on the vertex set V (),

(b) I is an independent set in H;, and

(0) e(Hs) > Qp™'e(H)).

We shall be able to do it in such a way that in the end, there willbeaset A C V()

of size at most (1 — §)v(H) such that the remaining elements of I, the set I \ S,
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must all lie inside A. If » = 1, then we will simply let A be the set of non-edges
of the 1-uniform hypergraph #;; in this case, the upper bound on | A| will follow
from (c) and our assumption that p*~le(H) > cdv(H). If r > 1, then we will
obtain an appropriate A while trying (and failing) to construct the hypergraph
H,_1 using the hypergraph #, and the set B,. Crucially, this set A will depend
solely on S, that is, if for some pair I, I’ € Z(#) our procedure generates (5, A)
and (5, A’), respectively, and S = 5, then also A = A’. This will allow us to set
g9o(1) = S and fo(5) = A.

The Algorithm Method

For the remainder of this subsection, let us fix &, ¢, ¢, p and H as in the statement
of Proposition 45. Without loss of generality, we may assume that ¢ > 1. Let I
be an independent set in H. We shall describe a procedure of choosing the sets
B; C I and constructing the hypergraphs H; as above. This procedure, which we
shall term the Scythe Algorithm, lies at the heart of the proof of Proposition 45.

The general strategy used in the Scythe Algorithm, that of selecting a small
set S of high-degree vertices and using it to define a set A such that S C I C
A U S, dates back to the work of Kleitman and Winston [83], who used it to
bound the number of independent sets in graphs satisfying the following local
density condition: all sufficiently large vertex sets induce subgraphs with many
edges. Recently, Balogh and Samotij [36, 37] refined the ideas of Kleitman and
Winston and obtained a bound on the number of independent sets in uniform
hypergraphs satisfying a similar local density condition. Even more recently,
Alon, Balogh, Morris and Samotij [5] used similar ideas to bound the number
of independent sets in ‘almost linear” 3-uniform hypergraphs satisfying a more
general density condition termed («, B)-stability, see Definition 63. Here, we
combine, generalize, and refine all of the above approaches and make them work
in the general setting of (F, €)-dense uniform hypergraphs.

At each step of the Scythe Algorithm, we shall order the vertices of a certain
subhypergraph of H with respect to their degrees in that subhypergraph. For
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the sake of brevity and clarity of the presentation, let us make the following

definition.

Definition 46 (Max-degree order). Given a hypergraph G, we define the max-

degree order on V(G) as follows:
1. Fix an arbitrary total ordering of V' (G).

2. For each j € {1,...,v(G)}, let u; be the maximum-degree vertex in the
hypergraph G[V(G) \ {u1,...,u;_1}]; ties are broken by giving preference

to vertices which come earlier in the order chosen in (1).
3. The max-degree order on V(G) is (uy, . . ., Uyg))-

Finally, we write 1 (u) to denote the initial segment of the max-degree order on

V(@) that ends with u, i.e., for every j, we let W(u;) = {u1, ..., u;}.

We remark here that the only property of the max-degree order that will be
important for us is that for every j € {1,...,v(G)}, the degree of the vertex u; in
the hypergraph G[V(G) \ W (u;_1)] is at least as large as the average degree of this
hypergraph.

We next define the numbers A, where 1 < ¢ < i < k, which will play a crucial

role in the description and the analysis of the algorithm.

Definition 47. For every / € [k — 1], let A} = Ay(H) and for all i € [k — 1] and
teli—1],let

Al = max {2 . Aéﬂ, D - Afl} . (2.6)

We use the numbers A} to define the following families of sets with high

degree.

Definition 48. Given an i € [k], an i-uniform hypergraph G and an ¢ € [i — 1], let

M;(G) = {T € (v;g)) : degg(T) > %}

Moreover, let M}(G) = E(G).

Let b = pv(H) and for each i € [k], let ¢; = (ck2Ft1)i=F,
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Properties. The key properties that we would like the constructed hypergraph

H; to possess are:

(P1) H; is i-uniform and V(H;) = V(H),
(P2) Iis anindependent set in H;,

(P3) Ay(H;) < Al foreach? € [i — 1],
(P4) e(Hi) = cip*"e(H).

Set ), = H and note that (P1)—(P4) are vacuously satisfied for : = k. The main
step of the Scythe Algorithm will be a procedure that, given #,,, and I satisfying
(P1)—(P4), outputs a set B; C [ of cardinality b, a set A; C V (H) with the property
that 7 \ B; C A;, and a hypergraph #,; satisfying (P1)-(P3). Moreover, if the
constructed ; does not satisfy (P4), then we have |4;| < (1 — ¢;)v(H). Crucially,
these A; and H; depend solely on B; and H,,, that is, if on two inputs (H;+1, /)
and (H;+1, 1), the procedure outputs the same set B;, it also outputs the same A,

and H,;.

The Scythe Algorithm. Given an (i + 1)-uniform hypergraph #,,, and an inde-
pendent set / € Z(H;11), set Agi)l — H,,; and let H\”) be the empty hypergraph
on the vertex set V(#). For j = 0,...,b— 1, do the following;:

1) 1NV (AY) =0, then set #, = H\”, A; = 0, and B; = {uo,...,u; ,} and

STOP.
(2) Let u; be the first vertex of I in the max-degree order on V(.Agi)l).

(3) Let HV"™" be the hypergraph on the vertex set V(#) defined by:
1w = ufpe (V) puguy e}
(4) Let Agﬁl) be the hypergraph on the vertex set V(.Agi)l) \ W (u;) defined by:

Agﬁl) = {D € AEQI: DNW(u;) =0and T ¢ D forevery T € U M}(’Hi(jﬂ))} :

(=1
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Finally, set H; = %E”), A; = V(.Agi)l), and B; = {ug, ..., up_1}.

We shall now establish various properties of the Scythe Algorithm. We begin

by making some basic (but key) observations.

Lemma 49. The following hold for every i € [k — 1]:

(a) H; is i-uniform and V(H;) = V(H).

(b) If I € Z(Hit1), then I € Z(H,).

(c) B;CICAUB,.

(d) The hypergraph H, and the set A; depend only on H, 1 and the set B;.

Proof. Property (a) is trivial. To see (b), simply observe that each edge of #; is of
the form D \ {u} for some D € #,,, and u € I. Thus, if I contains an edge of H,,
it must also contain an edge of ;1. To see (c), observe that for each j, v, is the
first vertex of I in the max-degree order on V (A", ) and hence W (u;) N I = {u;}.
It follows that B; C I and that I \ A; = B,. Note in particular that if A; = (), then
In V(Agi)l) = () for some j € {0,...,b}, which implies that B, = I. Finally, to
prove (d), observe that all steps of the Scythe Algorithm are deterministic and
that every element of I that we need to observe in order to define A; and H; is
placed in B;. More precisely, note that while choosing the vertex v, we only need
to know the first vertex of I in the max-degree order on V(Agfl) ; the remaining
vertices remain unobserved. Since we have W (u;) N B; = W(u;) NI = {u;}, this
information can be recovered from B;. Thus, at each step, the hypergraph ’ng +D)
can be recovered from ng ) and B;, and the hypergraph Agﬁl) can be recovered

from Agi)l, 7—[§j ™ and B;. Hence, a trivial inductive argument proves that, if
the algorithm does not stop in step (1), for each j € {0,...,b}, the hypergraphs
HZQ ) and Az(i)1 are determined by #,;; and the set B;, as required. Finally, the
algorithm stops in step (1) if and only if | B;| < b. If this happens, then H; and A,

are empty. O
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We next show that the Scythe Algorithm exhibits a certain ‘consistency” while
generating its output. This property will be very important in the proof of Propo-

sition 45.

Lemma 50. Suppose that on inputs (H,y1,1) and (Hiy1,1'), the Scythe Algorithm
outputs (A;, By, H;) and (A}, B.,H}), respectively. If B, C I' and B, C I, then
(A7,7 B27 HZ) - (A,/L, B’Z? 7-[’/L>'

Proof. By Lemma 49, it suffices to show that B, = B;]. Suppose that B; # B,.
Let us first consider the (degenerate) case when min{|B;|, |B|} < b. Without loss
of generality, we may assume that |B;| < b. This means that, while running on
(Hiy1, 1), the Scythe Algorithm stopped in step (1). By Lemma 49, it follows that
B; = I and hence B; C B;, which means that |B;| < b and therefore B = I'.
Hence, B; = B], as claimed. On the other hand, if | B;| = | B}| = b, then there must
exist some j such that u; # /. Let j be the smallest such index. Note that by the
minimality of j, we have A§i’1 = (A,(i)l)/ = A. Since u; # u’;, one of these vertices
comes earlier in the max-degree order on V' (.A); without loss of generality, we
may suppose that it is u;. Since B; C [, it follows that u; € I and hence the
Algorithm, while running on the input (#;,1, I'), would not pick «} in step j, a

contradiction. This shows that in fact B; = B;, as required. O

The next lemma motivates the definition of M} (G); it will be an important tool

in the proof of Lemma 54, below.

Lemma 51. For every D € H,, thereis aunique j € {0,...,b—1} such that DU{u;} €

Agi)l. In other words, no edge is added to H; more than once.

Proof. If an edge D is added to #; in step j, i.e., if D U {u;} € Agi)l, then D €
M} (’HEJ +1)) and consequently all edges containing D are deleted from Agﬂl). It

follows that D U {u; } ¢ Agﬂ forevery ;e {j +1,...,0—1}. O

The next lemma shows that if H,;; satisfies (I’3), then so does H,;. The lemma

follows easily from the definitions of A} and M;(G).

Lemma 52. If Ayq (i) < AL for some € € [i — 1], then Ay(H;) < AL
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Proof. The crucial observation is that if
A

deg/HEj) (T) 2 B

V(H)

JY) and j € [b], then all edges containing T are removed from

for some T € (
Al(-i)l and hence no more such edges are added to H;. It follows that deg;, (1) =
deg, ;) (T'). Moreover, when we extend ”ng Do ’ng ), then we only add to it sets

D such that D U {u;} € .Agr_ll) C H;,1 and hence
degng)(T) - degH(j_1)(T) < degHiH(T Uiu}) < Ay (Higa).

It follows that

Al Al
Ay(Hi) < =L+ App1(Hiyr) < —

i+1 i
2 2+A€11<AZ

where the last inequality follows from (2.6). O

Next, let us establish some simple properties of the numbers Aj.
Lemma 53. The following inequalities hold:
(a) AT < c2kp~t for every i € [k — 1] and

i —ie(H .
(b) AY < c2Fpk ﬁfor everyi € {2,...,k}.

Proof. To prove the lemma, simply note that, by the definition of A}, for every

i € [k]and every ¢ € [ — 1],
AL = 29pFTm AN L (H) forsome d € {0,...,k —i}. (2.7)

One easily proves (2.7) by induction on k — 4. Intuitively, d in (2.7) is the number
of times that the first term in the maximum in (2.6) is larger than the second term

when following the recursive definition of A} back to A%, ,.

Since Ay(H) < ¢ min { ptk, péil%}, as in the statement of Proposition 45,

it follows from (2.7) that

i+l _ d, k—(i+1)—d ) < dpk—i—l—d _ d+i—kl ~ . ok, -1
Az Oéncgglz{—i {2 p Ad+z(H)} X 03112?—1‘ {2 p cp } <c-2 p

and

i _ d, k—i—d < d k—i—d . d . e(H) ok K-i€(H)
Ay = max {2 Aan(H)} < oéﬁgiii{Q P D S 2"p )’

as required. O

1
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Finally, we show that if H,,, satisfies (P3) and (P4), then either H,,, also sat-
isfies (P4) or we have |4;| < (1 — ¢;)v(H). Recall that ¢; = (ck2FH1)i=k,

Lemma 54. Let i € [k — 1] and suppose that e(H;y1) = cinp*~ " Ve(H) and that
Ay(Hiv1) < AU for every ¢ € [i]. Then either

6(7‘[@) = L

~ ook

e(Mit1) = cip*'e(H) (2.8)
or |A;] < (1 —c¢)v(H).

Proof. 1f the Scythe Algorithm stops in step (1), then |A;| = 0 and there is nothing
to prove. Hence, we may assume that steps (2)—(4) are executed b times. Since no
edge is added to H; more than once, see Lemma 51, then for each j € {0,...,b—
1},

(M) —e(H) = deg 0 (uy). (29)

By the definition of the max-deg order, the right-hand side of (2.9) is at least
the average degree of the hypergraph AZ /1, the subhypergraph of .AZ +/; induced
by the set (V (AY)) \ W (u;)) U {u;}. Therefore, by the definition of A", we

il
have ’
e(HZ(jH)) _ 6(;,_43‘)) (i+1)e ('Az—i-l) > (i + 1)€(A§i+11))_
'U(‘Az('il) v(H)

Hence, if (i + 1)e(AYY) > e(Hi1y) forevery j € {0,...,b — 1}, then

C— (i+1)e (Az(ﬂl) S b
v( - v(H)

J=0

as required. Thus, we may assume that for some j,

6(7‘[1;+1) .

e(Ah) <e(AY) < = (2.10)

Intuitively, (2.10) means that while running the Scythe Algorithm on H,; and I,
many edges are removed from A;;; (that is, H;;1) in step (4). This may happen
for one of the following two reasons: either many of the initial segments W (u;)

are long or one of the families M} (H,;) of sets with high degree in #, is large.
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Claim. Either

o

-1

1
4 (W (uy)| = JATT e(Hir1)
7=0
or for some ¢ € [i],
: 1
M;(Hi)| > ————— - e(His1).
‘ Z( )‘ 2(Z + 1)A2+1 6( +1>

Proof of claim. Recall that A" = ‘H;.1 and observe that for every j € {0,...,b —
141 y

1},

e(ALL) = e(AGEY) < IW ()] - Aa (M) + 30 |ME (O )\ ME (D) |- A(Hia).
(=1

(2.11)
Inequality (2.11) follows since in step (4) of the Scythe Algorithm, we remove
from Agi)l only the edges that contain either a vertex of W (u;) or a member of
Mi(H™Y) for some ¢ € [i]. Thus, since Ay(Hipi) < ALl for every ¢ € [i],

summing (2.11) over all j, we get

S

—1 7
e(Hisr) — e(ALL) < 3 W) - A1 + 3 [0 (2)] - 2

(=1

Il
o

J
Since we assumed that e(AEfr)l) < e(Mis1)/(i + 1), see (2.10), and H; = ’Hgb), it
follows that if

j=0 W ()| - AT < e<7ii+1) T2 :— 1) -e(Hita),
then
| M} (Hy)| - A7 > 2 i 0 e(Hiv1) for some /¢ € [i],
as claimed. N

Finally, let us deal with the two cases implied by the claim. In the remainder
of the proof, we will show that if M (H,) is large for some ¢ € [i], then e(H,;) is
large and if Z;’;é |W (u;)| is large, then | 4;| is small.

Case 1: | M} (H;)| = m - e(Hy 1) for some ¢ € [i].
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If ¢ < i, then degy, (T) > A}/2 for every T € M (H;), so by the handshaking

lemma,
AN M( A
e(H;) = (Z) 3" degy, (T % (2.12)
Te V(H)) 2(£)

Recalling that A} > pA’“ see (2.6), we have

e(Hiv1) Y p p

) = — . — > . , > . ,
e(th) > 16+ 0 () AT 272+ 1) e(Mirt) 2 gy, - e(Maa);

as required. On the other hand, if ¢ = i, then recalling that AZ:“ < 2Fp71, see
Lemma 53, we have

e(Hiy1) S p p

N — )] > : . . > _ £ .
6<Hl) ‘M’L (Hl)} = 2(2 + 1)Az+1 = C2k+1<i + 1) e(Hl+1) = C2k+1]€ e(Hl+1)7
as required.
Case 2: Y074 W (u;)| > @ ce(Hiva).
We claim that in this case, |4;| < (1 — ¢;)v(H). Indeed, we have
b—1
e H,
o) — 4] = v(AD) — o(A) = 2 W) > i)
=0 !
Recall that A" < c2Fph—i= 15% by Lemma 53. Thus,
PR A >
U(H) - | 1,| = W : % : G(Hi—‘,-l) = CiU(H)a
since e(Hiy1) = cip" " Ve(H) and ¢;y1/(c22) > ¢ O

The proof of Proposition 45 and Theorem 44

Proof of Proposition 45. Let k be an integer and let c and ¢’ be two positive con-
stants. Furthermore, let p € (0, 1) and let H be a k-uniform hypergraph that sat-
isfy the assumptions of Proposition 45. Let § = (ck2"™)!=*¢' and let b = pv(H).
We shall use the Scythe Algorithm, described in Section 2.2, to construct a family
S and functions fj and gy as in the statement of Proposition 45. We shall obtain
them by running the following algorithm (with H; = %) on every independent
set I € Z(H). We shall define f, somewhat implicitly by defining a function
fi: Z(H) — P(V(H)) that is constant on the set g, () for every S € S.
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Constructing gy and f;. Givenan I € Z(H), seti = k—1 and repeat the following;:

(1) Apply the Scythe Algorithm to #;,; and /. Suppose that it outputs H;, A;
and Bz

(2) If |A;] < (1 —0)v(H), thenset ¢ =i, 7 =i+ 1 and STOP.
(3) If i > 1, then set i =i — 1. Otherwise, set ¢ = r = 1 and STOP.

Let I be an independent set and let us execute the above procedure (with
M = H) on I. We claim that for every i € {r,...,k}, the hypergraph #,; satisfies
properties (P1)-(P4) defined in Section 2.2. This follows by induction on £ — i.
The base of the induction, the case ¢ = k, follows vacuously from the definitions
of ¢, and Af for ¢ € [k — 1]. The inductive step follows from Lemmas 49, 52

and 54. To see this, note that since

foralli € {r,...,k — 1}, then (2.8) in Lemma 54 always holds.

Now, let us define go(/) and f; (/). Suppose first that » > 1 and note that in
this case, the algorithm stopped in step (2), which means that |[4,| < (1 —d)v(H);
we set

go(]):Bk_lLJUBq and fg(]):Aq
On the other hand, if » = 1, then we set
go(I) =By, U...UDB and foll) ={veV(Hi): {v} €M}
Finally, we let
S = {goll): I € T(H)}.

We will define f, by letting fo(S) = fi(I) for some I € gy '(S). We first show
that this definition will not depend on the choice of I. In fact, we shall prove a
slightly stronger statement, which also establishes the consistency property of gy

stated in the final line of Proposition 45.

Claim. Suppose that for some I,I" € Z(H), go({) € I' and go(I') C I. Then
go(I) = go(I") and f5 (1) = f3(I').
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Proof of claim. Suppose that while running the algorithm on some I, we obtain
a sequence (Bj_1,...,B,). Since go(I) depends solely on (Bj_4,...,B,) and,
by Lemma 49, for each i, the hypergraph H; and the set A; depend only on
(Bk-1,-..,B;), then also f;(I) depends solely on (Bj_1,...,B,). Hence, it suf-
fices to show that if, while running the algorithm on some [’ with B,_; U ... U
B, C I', we obtain a sequence (B,_,,...,B;,) with B;_, U... U B, C I, then
(By_1,---,By) = (Br-1, ..., By). To this end, let us first observe that, under the
above assumptions, for every i € [k — 1], if H;y1 = H!,,, then B, = B.. In-
deed, note that B; and B, are the outputs of the Scythe Algorithm executed on

the inputs (H;41,I) and (H},,I’), respectively. Hence, if H;, = H,, ,, then since
B;C By U...UB,CT and B;CB, ,U...UB, CI,
then Lemma 50 implies that B; = B]. Since clearly H; = H, = H and, as noted

before, for each i, ;.1 depends only on (By_1, ..., Bi+1), it follows that B; = B

for all ¢, as required. O

By the above claim, we can define f; by letting, for every S € S, f(S5) = f;({)
forany I € g, L(S). Finally, let us show that the S, gy, and f;, which we have just
defined, satisfy the required conditions, that is, for all I, I’ € Z(H),

(@) |S| < (k — 1)pv(H) for every S € S,
(i) g0(1) € 1€ folgo(D)) U gol1),
(i) [folgo(1))] < (1~ 8)u(H),
(iv) go(1) € I' and go(I") < I imply that go(1) = go(I").

To see (i), simply recall that |B;| < pv(H) for every i € [k — 1]. To see (ii),
note that B, C I C A; U B, for every i € {q,...,k — 1}, by Lemma 49, that I is
an independent set in H, (if » = 1) and, crucially, that fy(g0(Z)) = f;(I). To see
(iii), note that if r > 1, then |A,| < (1 — d)v(H), see step (2) of the algorithm; if
r =1, then observe that |{v € V(#;): {v} & H1}| < (1—0)v(H) since H; satisfies
property (P4) and hence

e(H1) = eipfte(H) = ard - v(H) = dv(H),
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where the second inequality follows from our assumption that p*~'e(H) > dv(H).

Finally, (iv) follows directly from the claim. Il

Proof of Theorem 44. The theorem follows by applying Proposition 45 a bounded
number of times. Given an integer £ and positive reals ¢, ¢ and ¢, let 0 =
du5(c/e,ec’) and let
C=(k-1)- (%logénLl).

Let V be a finite set and let F be an increasing family of subsets of ' such that
|A| > ¢|V| for every A € F. Let p € (0,1) and suppose that # is a k-uniform
hypergraph on the vertex set I that is (F, €)-dense and satisfies the assumptions
of the theorem, that is, p*“te(H) > cv(H) and

Ay(H) < ¢ min {pf—’f,pf%%}

for every ¢ € [k — 1]. We now show how to construct a family S C ( Vi) ) and

<Cpu(H)
functions f: S — F and g: Z(H) — S such that

gy c 1 and I\ g(I) € f(g(1)) (2.13)

for every I € Z(H). Similarly as in the proof of Proposition 45, we shall define f
via a function f*: Z(H) — P(V) that is constant on each set g7(S) with S € S.
Fix some I € Z(H). Using Proposition 45, we shall construct a sequence

(A;, S;)7, of pairs of subsets of V such that for each j,

SiU...US; CTCA;USU...US;.
Moreover, A; € F while |S; U ... U S;| < Cpv(H). Crucially, the set A; will
depend solely on S; U...U S;. Wewilllet g(I) = S;U...US;and f*(I) = A,.

Construction. Let Sy = ) and let A, = V. For j = 0,1, ..., do the following:

(1) If A; € F, thenlet I; = I N A, and apply Proposition 45 with ¢;5 = ¢/¢, ¢ =
e’ and py; = p to the hypergraph #[A,] and the set I; to obtain sets gy(/;)
and fo(go(Z;)) such that go(I;) C I; and I; \ go(Z;) € fo(go(I;)). Otherwise, if
A; € F, then STOP.
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(2) Let Sj+1 = go(]j) and let Aj-l—l = fo(go(I]))

Let us first show that the above procedure is well-defined, that is, that the
assumptions of Proposition 45 are satisfied each time we are in (1). To this end,

fix some A C V and note that if A € F, then, since H is (F, ¢)-dense,

P e(H[A]) 2 eptTe(H) > edv(H) > ecv(H[A))

R e )

Next, let us show that the above procedure terminates, therefore producing a
finite sequence (4;,S;) with j € [J]. To this end, let us simply note that by
Proposition 45, |[A;+1| < (1 —9)|A,| for all j, Ap = V and |A| > ¢|V| for every

A € F. Moreover, since A;_, € F, then
elV| < |As| < (1 —0)"1Ag| = exp(—(J — 1)d)|V]|

and hence J < log% + 1. It immediately follows that

1
5

9(DI< Y1851 < (k= Dpu(H[A]) < J(k = Dpu(H) < Cpo(H).

j=1 j=1
Finally, let S = {g({): I € Z(H)}. It remains to show that for every S € S, f* is

constant on ¢~'(S). Similarly as in the proof of Proposition 45, we shall prove a

somewhat stronger statement.

Claim. Suppose that for some I, I' € Z(H), g(I) € I’ and ¢g(I') C I. Then ¢g(I) =
g(I'"yand f*(I) = f*(I').

Proof of claim. Suppose that while running the above procedure on some I, we
generate a sequence (A, S;)7_,. Since for each j, A;,; depends solely on A; and
S;i+1, where Ay = V, then both ¢(I) and f*(I) depend solely on (S, ...,Sy).
Hence, it suffices to show that if, while running the above procedure on some I’

with S;U...US; C I', we generate a sequence (A, 5})3]/:1 with SfU...US, C 1,
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then (S,...,5;) = (S1,...,S)). To this end, it suffices to note that if A; = A%,

then, since
Siy1 €S U...US,; Cr and Siy CSU...uSy Cl,

by the consistency property of g, stated in the final line of Proposition 45, S;.; =
S%.,. Since Ay = Aj = V and for each j, A; depends only on (S, ...,S}), it
follows that S; = S’ for all j, as required. O

Finally, for every S € S, we let f(S) = f*(I) for some I € g~'(5). This
completes the proof of Theorem 44. O

2.3 Szemerédi’s theorem for sparse sets

In this section, we prove Theorem 32 and derive from it Corollary 33. Before we
get to the proofs, let us first remark that Theorem 32 and Corollary 33 are both
sharp up to the value of the constant C' in the lower bounds for p and m. More

precisely, let us make the following two observations.

1. Forevery 3 € (0,1), there is a positive c such that if m < cn!=Y/*~1 then the

number of m-subsets of [n] that contain no k-term AP is at least (1—3)"(").

To see this, let ¢ = 3? and observe that if c is sufficiently small and m <

1=1/(k=1) then the expected number of k-term APs in a random (1 + &)m-

cn
subset of [n] is smaller than em /2 and hence by Markov’s inequality, at least
half of all (1 + ¢)m-subsets of [n] contain a subset of size m with no k-term

AP. Hence

#{m-subsets of [n] with no k-term AP} > ((21+€)m) > (1 ve)" (n)

2. There is a positive constant ¢ such that if p,, < cn=/*~Y, then
Pr ([n],,is(0,k) — Szemeredi) — 0 as n — 00.

For a (simple) proof of this statement, we refer the reader to [117].
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We shall in fact prove the following somewhat stronger version of Corol-
lary 33, originally proved by Schacht [117] (the approach of Conlon and Gow-

ers [43] yields a somewhat weaker probability estimate).

Corollary 55. For every k € N and every ¢ € (0, 1), there exists a constant C' such that
for all sufficiently large n, if p > Cn=Y*=V then

Pr ([n],,is(d, k) — Szemeredi) > 1 — 2 exp(—pn/8).

In the proofs of Theorem 32 and Corollary 55, and frequently in later sections,
we shall need various estimates on binomial coefficients, which we list here for
future reference. Let q, b, and c be integers satisfying a > b > ¢ > 0. Then the

following inequalities hold:

()<(3). wmo (<)) ew
<bic><(aﬁb>c(z)’ (2.16) (Z)<(Z:§)C<ﬁ). @.17)

We remark that each inequality above follows easily from the definition of ().

Proof of Corollary 55. Fix k € Nand § € (0,1), let 8 = 6/(2¢) - e7'/%, and set C =
2035(B, k)/6. Assume that p > Cn~Y*=1 let m = 6pn/2, and let X,, denote the
number of k-term-AP-free m-subsets of [n],. By Theorem 32 and (2.14), we have

Pr(X,, > 0) < E[X,,] < (ﬁn)pm < (@)m - (2756>m —e ™ (2.18)

m m

Let A denote the event that [n], is not (J, k)-Szemerédi, i.e., that there exists a
k-term-AP-free subset of [n], with |[n],| elements. By (2.18) and Chernoff’s in-
equality (see, e.g., [9, Appendix A]), it follows that

pn

Pr(A) < Pr (A Akl = B

)—i—Pr (Hn]p‘ < %) < Pr(X,, > O)—f—(pn/8 < 278,

as required. O
Finally, let us show how to deduce Theorem 32 from Theorem 44. Our proof

will use the following robust version of Szemerédi’s theorem, which can be proved

by a simple averaging argument, originally observed by Varnavides [130].
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Lemma 56. For every positive § and k € [n], there exists a positive  such that the
following holds for all sufficiently large n. Every subset of [n] with at least dn elements

contains at least en? k-term APs.

Proof of Theorem 32. Given k € N and positive 3, let 6 = min{3/2,1/10} and let
n € N be sufficiently large. Let H be the k-uniform hypergraph of k-term APs
in [n], i.e., the hypergraph on the vertex set [n| whose edges are all k-term APs
in [n], let 7 denote the family of subsets of [n] with at least én elements, and
let ¢ = e56(9, k). By Lemma 56, the hypergraph H is (F,¢)-dense, provided that
n is sufficiently large. Let p = n~%/*=Y let ¢ = 1/k? and let c = 2k%. Since
e(H) = ¢'n?, it follows that p*~le(H) > /'v(H). Moreover,

k—1 v(H

AY(H) < k- —— < edn < ¢-min {pl_kapl_leg}li}
and forevery ( € {2,...,k — 1},
—k -

<

hy

A(H) < (g) < edn'/* Y < ¢ min {p N 1627{% }

Let C' = Cy(k,e,c,c) and let C = C’/§ and assume that m > Cn!'~Y/*-D_ Note

Q

that if m > dn/2, then Z(H, m) = 0 by Szemerédi’s theorem, so we may assume
that m < én/2. Since C'pn < 0m, then by Theorem 44, there exists a family
S C (ggLn) C (g[gjn) and functions f: S — F and ¢g: Z(H) — S, such that for

every I € Z(H),

g(I)C 1 and I\ g(I) C f(g(D)).

Therefore, using (2.14) and (2.16), the number of independent sets of size m in H

can be estimated as follows:

IZ(H,m)| = > I € Z(H,m): g(I) = SH <> (ntfﬁ);o

SeS SeS

< (0" 6 G ()

k<dm

Since m < 0n/2 and the function z — (y/x)" is increasing on (0, y/e), it follows

o< £ (52 (5) en (3) () < (2)

that
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where the final inequality follows since (°*) < 27™(*"), by (2.15), and since

21/9 > 2¢/6%if § < 1/10. This proves Theorem 32. O

Finally, from the same proof, combined with an analogue of Lemma 56 due
to Fiirstenberg and Katznelson [67], we obtain the following generalization of
Theorem 32, which strengthens Theorem 2.3 of [117]. Given a set FF C N, we
call a set of the form a + bF = {a + bx: x € F}, witha € N'and b € Z \ {0}, a
homothetic copy of F.

Theorem 57. For every positive 3, every { € N, and every finite configuration F C N¥,
there exist constants C' and nq such that the following holds. For every n € N with

n = ng, if m > Cn'~YUFI=Y then there are at most

pn’
m
m-subsets of [n]® that contain no homothetic copy of F.

Finally, we mention one more straightforward application of Theorem 44,
which is a sparse version of a result of Sarkozy [115] and Fiirstenberg [66] on
square differences. A robust version of it was proved by Hamel and Laba [78,
Theorem 3.1] using a Varnavides-type averaging argument. The following theo-

rem improves Theorem 1.2 of [78].

Theorem 58. For every positive (3, there exist constants C' and ng such that the following

holds. For every n € N with n > ng, if m > C'/n, then there are at most

()

m-subsets of [n] that contain no pair {x,y} such that x — y is a perfect square.

2.4 Extremal results for sparse sets

In this subsection, we shall deduce from Theorem 44 two versions of the general

transference theorem of Schacht [117, Theorem 3.3]. We remind the reader that a
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statement very similar to Schacht’s theorem was proved independently by Con-
lon and Gowers [43]. For the benefit of the readers who are familiar with [117],

we shall state it using the terminology used there.

Definition 59. Let % = (#,,),en be a sequence of k-uniform hypergraphs and let
€ [0,1). We say that H is a-dense if the following is true: For every positive
9, there exist positive € and n, such that for every n with n > ny and every

U CV(H,) with |U| > (« + 0)v(H,), we have
e(Hn[U]) = ce(Hn).

Let us remark here that Definition 43 is a generalization of Definition 59. In-
deed, if 75 denotes the collection of all subsets of V' (#,,) with at least (a+0)v(H,,)
elements, then a sequence H of hypergraphs is a-dense if and only if for every
positive J, there exists a positive € such that for all sufficiently large n, the hyper-
graph #, is (F;s, )-dense.

We start with the ‘random’” version of our extremal result, which is a slight

weakening of Theorem 3.3 of [117], see the discussion below.

Theorem 60. Let H be a sequence of k-uniform hypergraphs, let o € [0, 1), and let c and
d be positive constants. Suppose that p € [0, 1N is a sequence of probabilities such that

for all sufficiently large n € N, we have pf=e(H,) > v(H,) and for every £ € [k — 1],

A(H,) < ¢ min {pﬁ‘k ,pﬁ‘l%} - (2.19)

If H is a-dense, then the following holds. For every positive o, there exists a constant C

such that if g, > Cp,, and ¢,,v(H,) — oo as n — oo, then a.a.s.
a(HalV(Hn)g]) < (a+0)gnv(Hn).

We note that the probability bounds implicit in the ‘asymptotically almost
surely” statement that we obtain are, as in [117], optimal, that is, they decay ex-

ponentially in p,v(H.,).

Remark 61. We remark that the only difference between Theorem 60 and The-

orem 3.3 of [117] are the assumptions on the hypergraph sequence H, which
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are somewhat more restrictive here. In fact, it turns out that the conditions
pEte(H,) = dv(H,) and Ay(H,) < c-pt- lj(z"; for every ¢ € [k — 1] are essen-
tially equivalent to the condition that # is (K, p)-bounded (see below), whereas
the condition Ay(H,) < cp’* for every ¢ € [k — 1], which is essential in the
theorem above, is not needed in [117].

To be more precise, let us first recall from [117] that a sequence of k-uniform

hypergraphs H is said to be (K, p)-bounded if

E Y deg(v,V,)?

veV

for every i € [k — 1], every ¢ with ¢ > p,, and every sufficiently large n, where
V' abbreviates V(#,,) and deg;(v, V) denotes the number of edges of H,, which
contain v and at least i other vertices of V,. We claim that if (a) pf~te(H,) >
cv(Hna) and (b) A¢(Ha) < ¢ py ogs H" for every ¢ € [k — 1], then H is (K, p)-

bounded for some constant K that depends only on ¢, ¢, and k. Indeed, we have

o) < o0H0) - 8000) - 3 A () (1) 2

_ E—1\" (M) ¢ yppe(Hn)? e(H,)?
2 1 2 n &~ 2(k—-1) n <K 2 n
e (") G ey <

for every i € [k — 1] and ¢ with ¢ > p,, where we used (b) to bound both A;(#,,)
and Ay (H,) except in the case ¢ = i = k — 1, where we used (a) and the fact
that A (#H,) = 1.

Conversely, suppose that # is (K, p)-bounded and observe that

f1(Hony pn) = PE " e(Hy).

Thus, setting ¢ = 1/K, it follows that p®~te(H,,) > dv(H,). Moreover, we claim
that for every positive ¢, there is a constant c that depends only on K, k, and ¢,
such that for all sufficiently large n, the hypergraph H,, contains a subhypergraph
H!, C H, satisfying e(H!,) > (1 — ¢)e(H,) and

Ay(H) <c-pht forevery (€ [k —1]. (2.20)
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Indeed, fix a large constant c and suppose that H, does not contain a subhy-
pergraph with at least (1 — ¢)e(#,,) edges that satisfies (2.20). In this case, let
us greedily construct a hypergraph H; as follows. Start with H; = #, and H,,
empty. Whenever there is an /-set ' C V' (#,), for some ¢ € [k — 1], whose degree
in ‘H,, exceeds the right-hand side of (2.20), then move an arbitrary edge contain-
ing T from H,, to H!!. By our assumption, when the process terminates, H, will
contain more than ce(H,,) edges. Now, if ¢ is sufficiently large (as a function of ¢,
k, and K), then for some i € [k — 1] we have

e(Hy) L p— D)
v(Hy,) "

o]

(H2)

RPN |
E—1 CPn

which is a contradiction.

Finally, note that, trivially, if H,, is (F, 2¢)-dense for some family F C P(V(H,,)),
then every 1), with e(H,,) > (1—¢)e(H,) is (F, ¢)-dense. It follows from the above
discussion that, up to the value of the involved constants, the only difference be-
tween Theorem 60 and Theorem 3.3 of [117] is in the additional assumption that
Ay(H,) < ept* forevery £ € [k — 1].

Our methods also yield the following ‘counting” analogue of Theorem 60, a
generalization of Theorem 32 that does not follow from the methods of Schacht
[117] or Conlon and Gowers [43] and, in the case a = 0, can be thought of as a

strengthening of Theorem 60, see Corollary 33.

Theorem 62. Let H be a sequence of k-uniform hypergraphs, let o € [0, 1), and let c and
d be positive constants. Suppose that p € [0, 1]N is a sequence of probabilities such that

for all sufficiently large n € N, we have pF='e(H,,) > v(H,) and for every £ € [k — 1],

Ay(Hn) < ¢-min {pﬁ_k,pffle( =) } :

If H is a-dense, then the following holds. For every positive §, there exists a constant C
such that for all sufficiently large n, if m > Cp,v(H,,), then
(o + 5)2)(%”))

m

)] < (



dc_738 13
2.4. EXTREMAL RESULTS FOR SPARSE SETS 71

Proof of Theorem 60. Leta € [0,1),letk € N, letp € [0, 1]V, and let H be a sequence
of k-uniform hypergraphs as in the statement of Theorem 60. Furthermore, sup-
pose that H is a-dense and fix some positive §; without loss of generality, we may
assume that ¢ is sufficiently small. Let n € N be sufficiently large, let ¢’ = §/3,
and let F denote the family of all subsets of V(#,,) with at least (a + ¢")v(#H,,)
elements. Since H,, is a-dense, it follows that #,, is (F,¢)-dense for some small
positive ¢ that does not depend on n. Let C" = Cu(k, ¢, ¢, ). By Theorem 44,
there exist a family S C (_./") ) and functions f: & — F and g: Z(H,,) — S

<C'an(Hn)
such that

g() €1 and I\g(I) € fg(1))
for every I € Z(H,). Let C = C’/§* and assume that ¢, > Cp,. Let m =

(o + 0)gnv(Hy,) and, for the sake of brevity, let us write V- = V(#,,) and ¢ = ¢,.
Observe that

Pr (a(Hn[Vq]) > m) — Pr (1 C V, for some I € Z(Hy, m)) 2.21)

< ZPr (] CV, for some I € Z(H,, m) such that g(I) = S).
Ses

Fixan S € Sand letZ; = {I € Z(H,,m): g(I) = S}. We estimate the summand
in the right-hand side of (2.21) as follows:

Pr (I CV, for some I € Ié) <Pr(Scvy)-Pr ({Vq NES)| =2 m—|S]). (222)

To see the above inequality, simply note that for every I € Zi, we have I \ S C

f(9).
Now, since m = (a + 39')g,v(H,) and S € S, then

S| < C'ppv(Hy) < 8qu(Hn) < 8'qu(Hy)

and hence m — |S| > (a + 28" )qu(#H,). On the other hand, since |f(S5)| < (a +
8" )v(H,) by the definition of F, then

E[[Ven f(S)]] < (o +8)qu(Ha)-

Hence, by Chernoff’s inequality, we have

Pr(|V,N f(S)] = m—1S]) <exp <—M+<H”)) = exp (—%) . (2.23)
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Finally, note that since |S| < §°quv(H,,) for every S € S, and using (2.14),

83qu(Hn)

Ser(scv)< Y (”(H">)qs <o) (5)" e

Ses s=0 s
Putting (2.21), (2.22), (2.23), and (2.24) together, we obtain

N

Pr <a(’Hn[Vq]) > m) < Z Pr (S CV,)exp (—%) < exp (— 8qu(Hn)),

as required. O

Proof of Theorem 62. Let o € [0,1), let k € N, let p € [0,1]Y, and let H be a se-
quence of k-uniform hypergraphs as in the statement of Theorem 60. Further-
more, suppose that H is a-dense and fix some positive J. Let n be sufficiently
large, let 6’ = §/2, and let F denote the family of all subsets of V' (#,,) with at least
(av+0")v(H,) elements. Since H,, is a-dense, it follows that #,, is (F, ¢)-dense for
some small positive ¢ that does not depend on n. Let C' = Cyu(k,e,¢,c'). By
Theorem 44, there exist a family S C ( V(Hn) ) and functions f: S — F and

gc,pnv(Hn)
g: Z(H,) — S such that

gy c 1 and I\ g(I) € flg(1))

for every I € Z(H,). Let C = C'/§? and assume that m > Cp,v(H,). Fix an
SeS§, letZs={1€Z(H,,m): g(I) =S}, and note for future reference that

1S| < C'pov(Hy) < 62m. (2.25)

Since f(S) € F, we have | f(S)| < (o + §")v(Hy,). Therefore,

e ()< (275

To see the above inequality, simply note that for every I € Zg, we have I \ S C
F(9).

Now, observe thatif m > (a+¢")v(H,,), then every m-subset of V' (#,,) belongs
to F and hence there is no independent set of size m. Therefore, from now on we
may assume that m < (o + 0)v(H,) = (a + 6/2)v(H,). It follows, using (2.15)
and (2.16), that

e (L) () (), e
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Setting s = |S| and recalling that s < §*m by (2.25), we obtain

G R e (L) P ]

s m m
provided that ¢ is sufficiently small. It follows that

2m

2] = S0 76l < 3 (M) gzl 151 = o) < (40,

SeS s=0

as claimed. ]

2.5 Stability results for sparse sets

In this subsection, we shall deduce from Theorem 44 two versions of the general
transference theorem for stability results proved by Conlon and Gowers [43].
Similarly as in Section 2.4, we shall state our results using the terminology used
by Schacht [117]. We remark here that in parallel to this work, Schacht’s method
was adapted to yield sparse random analogues of stability statements by Samotij
[113]. The main result of this section is most easily compared with Theorem 3.4

of [113]. We begin by recalling the following definition from [5].

Definition 63. Let H be a sequence of k-uniform hypergraphs, let o be a positive
real and let B be a sequence of sets with B,, C P(V(H,,)). We say that # is (o, B)-
stable if for every positive 9, there exist positive ¢ and n, such that the following
holds. For every n with n > ng and every U C V(H,,) with |U| > (a — e)v(H,),
we have either e(H,[U]) > ce(H,,) or |U \ B| < év(H,) for some B € B,,.

Roughly speaking, a sequence H of hypergraphs is («, B)-stable if for every
A C V(H,) that is almost as large as av(#,), the set A is either very ‘close’
to some extremal set B € B, or it contains ‘many’ (a positive fraction of all)
edges of H,.. Note that in many natural settings, such a property does hold, for
example, as a consequence of the Erdés-Simonovits stability theorem [47, 119]
and the removal lemma for graphs.

We again start with the ‘random” version of our stability result, which is a

slight weakening of Theorem 3.4 of [113], see the discussion below Theorem 60.
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Theorem 64. Let H be a sequence of k-uniform hypergraphs, let o € (0,1), and let c
and ¢ be positive constants. Let p be a sequence of probabilities such that pt=1e(H,) >

dv(H,) and, for every { € [k — 1],

R

e

and let B be a sequence of sets with B,, C P(V (H.,)).

If H is («v, B)-stable, then the following holds. For every positive §, there exist € and
C such that if q, > Cp,, and ¢,v(H,) — oo as n — oo, then a.a.s. every independent
set I C V(Hy)g, with |I| > (o — €)gov(H,) satisfies |I \ B| < g v(H,) for some
B e B,.

The following theorem, a ‘counting” analogue of Theorem 64, is our main
stability result. A simple version of it, applicable to 3-uniform hypergraphs with

A9(H,) = O(1), was proved in [5] and used in [5, 6] to count sum-free subsets in

Abelian groups and in the set [n].

Theorem 65. Let H be a sequence of k-uniform hypergraphs, let o € (0,1), and let c
and ¢ be positive constants. Let p be a sequence of probabilities such that pt—'e(H,,) >

dv(Hy,) and, for every ¢ € [k — 1],
Du(#) < comin i LR

and let B be a sequence of sets with B,, C P(V (H,)).

If H is («, B)-stable, then the following holds. For every positive 0, there exist ¢ and
C such that if m > Cp,v(H.,,), then there are at most

T (av(?—[n)>

m

independent sets I € Z(H,,, m) such that |I \ B| > dm for every B € B,,.

Proof of Theorem 64. The proof is similar to the proof of Theorem 60. Let & €
N, a € (0,1), p € [0,1]%, and H and B be as in the statement of Theorem 64.
Furthermore, suppose that  is («, B)-stable and fix some small positive 6. Let ¢
be a small positive constant, let n be sufficiently large, let ¢’ = /3 and ¢’ = 3¢,

and set

F={ACV(H,): |A] = (a—&")v(H,) and |A\B| > d'v(H,)forevery B € B,}.
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Since H is (a, B)-stable, it follows that #, is (F,¢)-dense, provided that ¢ is
sufficiently small. Let C' = Cy(k,e,¢, ). By Theorem 44, there exist a family

Sc( gc‘,;(ﬁ'g{n)) and functions f: S — F and g: Z(H,) — S such that

gI)c 1 and I'\g(I) € f(g(1))

for every I € Z(H,). Let C = (/& and assume that ¢, > Cp,. Let m = (o —
£)gnv(Hy,) and, for the sake of brevity, let us write V = V(#,,) and ¢ = g,. Let

T ={l €ZI(H,): |I|=m and |1\ B| = 6qu(H,) for every B € B, }

and let A denote the event that #,[V,]| contains an independent set I € Z'. We
are required to prove that Pr(.A) tends to 0 as n — oo.

Observe first that

Pr(A) < Z Pr (I CV, for some I € Z' such that g(I) = S). (2.27)
Ses

Fixan S € S,letZ{, = {I € I': g(I) = S}, and note for future reference that
S| < C'puv(Hy) < E2qu(Hy). (2.28)
We claim that

2
Pr (1 C V, for some I € Ié) <Pr(SCV,) - exp (—%(H“)) . (229)

In order to prove (2.29), recall that since f(S) € F, we either have |f(S5)| <
(a—¢€")v(Hy,) or | f(S)\ B| < §v(H,,) for some B € B,,. We therefore consider two
cases.

Case 1: |f(9)| < (a — € )v(Hy)-

We bound the left-hand side of (2.29) as follows:
Pr(1CV, for some T€ Z4) < Pr(SCVy) - Pr(|Vanf(S)| >m—[8)). (230)

In order to justify the above inequality, note that for every / € Zg, we have
I'\'S C f(S). Recall that ¢ = 3e. Since m — |S| > (a — 2¢)qu(H,), by (2.28),
and

E[[Ve N F(9)] < (@ = &)qu(Hn) = (o = 32)qu(Ha),
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then by Chernoft’s inequality we have

Pr(|V, N f(S)] =m—19]) < exp( quﬂ) (2.31)

Combining (2.30) and (2.31), we obtain (2.29), as required.
Case 2: |f(S) \ B| < §'v(H,,) for some B € B,,.

We estimate the left-hand side of (2.29) as follows:
Pr (] C V, for some IEIé) <Pr(Scv,)-Pr <‘V N(f(S)\B)| = dqv(H.) — |S|)

This follows from the definition of Z' and the fact that 7 \ S C f(S) for every
I € Zg. Since | f(S) \ B| < d'v(H,), we have

E[[Ven (F(S)\ B)I] < d'qu(Ha),

whereas oqu(H,,) — |S| = 28 qu(H,,) by (2.28) and since § = 3¢’. By Chernoff’s
inequality, it follows that

Pr(|Vy N (£(S)\ B)| = 30'qu(H,) — |S]) < exp(_W)
< exp(_w)

since € was chosen sufficiently small. Thus (2.29) follows in this case as well.

Finally, note that, since |S| < e®*qu(#,) for every S € S, as in (2.24), we have

£2qu(Hn)

Seecn e > (e <om- (57 e

Ses s=0
Putting (2.27), (2.29), and (2.32) together, we obtain
2
muu<§jH«Sgwnprfﬁ%ﬂﬁ)<am@£w0u»
ses

as required. O

Proof of Theorem 65. Let k € N, a € (0,1), p € [0,1]", and H and B be as in the
statement of Theorem 65. Furthermore, suppose that H is («, B)-stable and fix

some positive d. Let ¢’ be a sufficiently small positive constant (depending only
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on o and 9), let € be a small positive constant, and let n be sufficiently large. Let

e’ = 2¢, and set
F={ACV(H,): |A| = (o —&")w(H,) and |A\ B| = 6'v(H,) for every B € B, }.

Since H is («, B)-stable, it follows that H,, is (F, )-dense, provided that ¢ is suf-
ficiently small (as a function of §’). Let C" = Cy(k, ¢, ¢, ¢’). By Theorem 44, there

exist a family S C ( gc";(,z?;zn)) and functions f: S — F and g: Z(H,) — S such

that
g() €1 and I\g(I) € f(g(1))
for every I € Z(H,). Let C' = C’/e?, assume that m > Cp,v(H,), and set

' ={I €Z(Hn,m): |\ B| >dm for every B € B,}.

Our task is to bound the size of 7’ from above. To this end, fix an S € S and let

I ={I € T': g(I) = S}. Note for future reference that
S| < C'pav(H,) < £°m. (2.33)

Since f(S) € F, we either have |f(5)| < (o — &")v(Hy,) or | f(S) \ B| < 6'v(H,) for
some B € B,,. We therefore consider two cases.
Case 1: |f(5)| < (a — & )v(Hy).

We claim that in this case

() me () e

2m m

To prove (2.34), we first estimate the size of Zg as follows:

i< (L00)< (")

The above inequality follows since I \ S C f(S) for every I € Z;. Observe that
if m > (a —&)v(H,), then Z C F and hence Z' = (), since H,, is (F,e)-dense.
Therefore, from now on let us assume that m < (o —&’')v(H,) = (o — 2e)v(H,). It

follows from (2.15) and (2.16), as in (2.26), that

(W) < ) (55) ()
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and hence, since |S| < e?m and &' = 2¢,

<v(|7;| ))|I’s| <%%>s (1= eyt (avg:l )) < (12—75)7” <av7(;'ln))7

as claimed.

Case 2: |f(S) \ B| < §'v(H,,) for some B € B,,.

We claim that in this case

() mer () e

To prove (2.35), we first estimate the size of Zg as follows:

5] < (’gﬁfi\;‘) (nlffsgin) < ( ;sf%) (Wz’(j{gzn) (2.36)

To see the first inequality, recall that every I € I contains at least ém — ||
elements of f(S) \ B for every B € B,. Recall that |S| < &*m and note that
therefore, if m > (a/2)v(H,), then ém — |S| > 0'v(H,) and hence Zg = (). Thus,
we may assume that m < («/2)v(#,). It follows, using (2.16) and (2.17), that

() = Gaa=) () = () () ()

(2.37)

Hence, by (2.33), (2.36), and (2.37), using (2.14), we have

(e ()" (2529) ™ () () ()
() ()" (Y () (o),

as claimed, since |S| < &?m and ¢’ and ¢ were chosen to be sufficiently small.

Indeed, note that (for this calculation, and assuming that ¢ is sufficiently small)

§' =83 (6a/2e)'/? and ¢ < ¢’ suffice.

Finally, by (2.34) and (2.35), we obtain

2

1= Sm < 3 (O ) mastimic 81 =) < 0 - (0),

as claimed. ]
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2.6 Turdn’s problem in random graphs

In this section, we shall deduce from Theorems 60 and 64 the sparse random
analogues of the classical theorems of Erdds and Stone [55] and Turan [129] and
of Erd6s and Simonovits [47, 119], Theorems 34 and 35. In fact, we will prove
a natural generalization of Theorem 34 to ¢-balanced ¢-uniform hypergraphs,
Theorem 67 below, which was already proved by Conlon and Gowers [43] and
Schacht [117]. We first recall the following generalization of the notion of 2-
density of a graph to ¢-uniform hypergraphs.

Definition 66. Let H be a t-uniform hypergraph with at least ¢ + 1 vertices. We
define the t-density of H, denoted by m,(H), by

e(H)—1

my(H) = max {m

:H' CH with U(H’)>t+1}.
Moreover, we say that H is t-balanced if m,(H') < m,(H) for all H' C H.

We also recall that the Turdn density of a t-uniform hypergraph H, denoted

7(H), is defined by
L& (wa H)
n—oo (;L) ’

(2.38)

where, as usual, ex (K!, H) is the Turdn number for H, that is, the maximum

number of edges in an H-free t-uniform hypergraph with n vertices.

Theorem 67. For every t-balanced t-uniform hypergraph H with A(H) > 2 and every

positive §, there exists a positive constant C such that if g, > Cn~'/™H) then

Pr (ex (G (1, qn), H) < (7(H) + 6)gn (?)) 1
as n — oQ.

Once again, we emphasize that we actually obtain essentially optimal bounds
on the probability in the above statement, i.e., bounds of the form 1—exp(—bg,n")
for some positive constant b that depends only on H and 9.

Similarly as in [117] and [113], Theorems 67 and 35, and hence also Theo-

rem 34, will follow easily from our general transference results, Theorems 60
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and 64, and the classical supersaturation results of Erdds and Simonovits [47]
(for Theorem 67) and the stability theorem of Erdds and Simonovits [47, 119] to-
gether with the so-called graph removal lemma (for Theorem 35). We only need
to check that the hypergraph of copies of H in the complete hypergraph K, to
which we would like to apply our transference theorems, satisfies the assump-
tions of Theorems 60 and 64. Since we are going to use this fact several times in
this and later sections, we state it as a separate proposition. Let [ be an arbitrary
t-uniform hypergraph. The hypergraph of copies of H in K} is the e(H )-uniform
hypergraph on the vertex set E(K!) whose edges are the edges sets of all copies
of Hin K.

Proposition 68. Let n and t be integers with t > 2 and let H be a t-balanced t-uniform
hypergraph. Set k = e(H) and let H be the k-uniform hypergraph of copies of H in K.
There exist positive constants c and ¢ such that, letting p = n=Y/"™) the following

holds:

(a) pFle(H) > dv(H).

(b) Ay(H) < ¢ min {pffkypeﬂegzg

v

}for every £ € [k —1].

Pr. To prove (0, ot that () = () = 00) an that 1) — {62
(v{}{)) = O(n*")). Since H is t-balanced, then
p = n_l/mt(H) — n_’lejég)):f
and thus
v(H)
e ) e P 23
b v(H) = o nt ¢ (2.39)

or some positive constant ¢/, as required.
f t tant ¢ d

To prove (b), observe first that, for each ¢ € [k — 1],
AH) < max {0 g e g with e(H') = ¢

for some positive constant ¢’. Note that for every H' C H, we have m;(H’) <

m(H ) by our assumption that H is t-balanced and e(H’) —1 < my(H') - (v(H') —t)
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by the definition of ¢-density. Moreover, p‘®)n*) = pn!, by the choice of p. Thus,

e(H), v(H) 1—e(H')
AdH) p < max (&):Cu. o (p_)

H'CH: e(H)=¢ \ p°UH)nv(H') H'CH: e(H")=¢ \ nv(H)~t
nl/me(H mt (H')-(v (H')—t)>

<d- max
H'CH: e(H)= —t
) =

since m;(H') < my(H) and v(H")

< (2.40)

t for every non-empty H' C H. Moreover,

since e(H)/v(H) = ¢ - n*H)~¢, by (a), then

AZ(H).(pZ_le(HU1<c~,v(H). - <p 1nv(H,)

e(H) H'CH:e(H)=

C/ /

) "
< — max < —
c H"gH:e(H'): (nv(H) t) A

where the last inequality follows as in (2.40). Finally, we let ¢ = max{c"/c,c"}.

]

Proof of Theorem 67. Let H be a t-balanced ¢-uniform hypergraph, let £ = e(H),
and let (H,,)nen be the sequence of k-uniform hypergraphs of copies of H in K.
Let a = w(H), let § be a positive constant, and let p, = n~Y/™H) [t follows
easily from the supersaturation theorem of Erdés and Simonovits [53] that H is
a-dense, see [117]. Let C = Cg(H, ) and assume that ¢, > Cp, = Cn~1/mH),
Note that the assumption that H contains a vertex of degree at least 2 implies
that m,(H) > 1/t and hence ¢,v(H,) — oo as n — oo. Together with Proposi-
tion 68, this implies that H satisfies the assumptions of Theorem 60 and hence

with probability tending to 1 as n — oo,

ex (G 02) ) = o (Ha [ECG ()] < (21 + e (7).

as required. O

In the proof of Theorems 35 and 37, we shall need the following proposition,
which is a fairly straightforward consequence of the Erd6s-Simonovits stability
theorem [47, 119] and the graph removal lemma [48]. A proof of this statement
can be found in [113]. We remark that a new proof of the graph removal lemma,
which avoids the use of the Szemerédi regularity lemma, was given recently by

Fox [58].
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Proposition 69. Let H be an arbitrary graph. For every positive 0, there exists a positive

e such that the following holds for every n € N. If G is an n-vertex graph with

@2 o) ()

then either G may be made (x(H) — 1)-partite by removing from it at most én? edges or

G contains at least en”™) copies of H.

Proof of Theorem 35. Let H be a 2-balanced graph, let k£ = e(H), and let (H,,)nen
be the sequence of k-uniform hypergraphs of copies of H in K,,. Let o = n(H) =

(1 — W)’ let § be a positive constant, and let p,, = n

B,, be the family of all complete (x(H) — 1)-partite subgraphs of K,,. By Propo-
sition 69, H is («a, B)-stable. Let C' = Cg4(H, 0), let € = eg4(#H, 6), and assume that

—1/ma2(H) - Moreover, let

qn = Cp, = Cn~Y/m2H) Note that the assumption that H contains a vertex of
degree at least 2 implies that m,(H) > 1/2 and hence ¢,v(H,,) — oo as n — 0.
Together with Proposition 68, the discussion above implies that #H satisfies the
assumptions of Theorem 64 and hence with probability tending to 1 as n — oo,
every H-free subgraph of G’ C G(n,q,) satisfies |G' \ B| < 0¢,v(#,) for some
B € B,. In other words, with probability tending to 1 as n — oo, every H-free
subgraph of G(n, ¢,) can be made (y(H ) — 1)-partite by removing from it at most
dgn () edges, as required. O

2.7 The typical structure of [H-free graphs

In this section, we shall deduce from Theorems 62 and 65 the sparse analogue
of the theorem of Erdés, Frankl, and Rodl [48], Theorem 36, and an approxi-
mate sparse analogue of the result of Erd6s, Kleitman, and Rothschild [51], The-
orem 37. We stress once again that neither proof employs Szemerédi’s regularity
lemma. In order to prove Theorem 36, we are actually going to prove the follow-
ing natural generalization of it to t-balanced ¢-uniform hypergraphs. Generaliz-
ing the definition stated in Section 2, given integers n and m with 0 < m < (})

and a t-uniform hypergraph H, let us denote by f, ,,(H) the number of H-free

t-uniform hypergraphs on the vertex set [n] that have exactly m edges.



dc_738 13
2.7. THE TYPICAL STRUCTURE OF H-FREE GRAPHS 83

Theorem 70. Let H be a t-balanced t-uniform hypergraph and let 6 be a positive con-

stant. There exists a constant C such that for every n, if m > Cn'=Y/™H) then

(ex(n,H)) < fom(H) < <ex(n, )+ M).

m m
We remark that Theorem 70 refines a result of Nagle, R6dl, and Schacht [102],
who, using the hypergraph regularity lemma, generalized (2.4) to ¢-uniform hy-
pergraphs.

Proof of Theorem 70. Let H be a t-balanced ¢-uniform hypergraph, let k£ = e(H),
and let (H,,)nen be the sequence of k-uniform hypergraphs of copies of H in K.
Let o = m(H), see (2.38), let 6 be a positive constant, and let p,, = n~Y/mH) Tt fol-
lows easily from the supersaturation theorem of Erdés and Simonovits [53] that
H is a-dense, see [117]. Let C' = Cgy(H, 6) and assume that m > Cnt=t/mi(H) >
Cpnv(H,). Note that Proposition 68 implies that  satisfies the assumptions of
Theorem 62 and hence

Fam(H) = |I(Hn,m)| < <(7T(H) +6) (?)) < <ex(n, H) + M),

m m

as required. The claimed lower bound on f,, ,,,(H) is trivial. O

Proof of Theorem 37. Let H be a 2-balanced graph, let k = e(H), and let (#,)nen
be the sequence of k-uniform hypergraphs of copies of H in K,,. Let « = n(H) =

—1/ma(H) - Moreover, let

<1 — W), let § be a positive constant, and let p,, = n
BB, be the family of all complete (x(H) — 1)-partite subgraphs of K,,. By Propo-
sition 69, H is («, B)-stable. Let C' = Cy5(H, 0), let € = g45(H., §), and assume that
m > Cn>~VmH) > Op,v(H,). Together with Proposition 68, this implies that
H satisfies the assumptions of Theorem 65 and hence, letting f2, (H) denote the
number of H-free graphs on the vertex set [n] that have exactly m edges and that

are not (0, x(H) — 1)-partite,
H)(3)
it < -2 (M)
Finally, note that (trivially),

Fon(H) > <7T(H ) (3))

m

and hence 2, (H) = o( fam(H)), as claimed. O
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For t-uniform hypergraphs there is no general stability theorem known; how-
evet, such results have been proved for a few specific hypergraphs (see [64, 65, 81,
82]), and in each case we obtain a corresponding result for sparse hypergraphs.
For example, following [34], let F; denote the ‘3-uniform triangle’, i.e., the hy-
pergraph with edge set isomorphic to {123,124,345}, and say that a 3-uniform
hypergraph is triangle-free if it contains no copy of F5. The following theorem
follows easily, as above, from Theorem 65 combined with the hypergraph re-
moval lemma of Gowers [75] and Rddl and Skokan [111] and the stability theo-
rem for 3-uniform triangle-free hypergraphs, which was proved by Keevash and

Mubeayi [81].

Theorem 71. For every positive 6, there exists a constant C' such that the following
holds. If m > Cn?, then almost every triangle-free 3-uniform hypergraph with n vertices

and m edges can be made tripartite by removing from it at most dm edges.

Proof. Let (H,)nen be the sequence of 3-uniform hypergraphs of copies of F;
in K2, set « = 2/9, and let B,, denote the collection of all complete tripartite
subhypergraphs of K?. By the hypergraph removal lemma [111, Theorem 1.3],
combined with the stability theorem for triangle-free 3-uniform hypergraphs [81,
Theorem 1.6], it follows that # is («, B)-dense. Note that Fj is 3-balanced (though
not strictly balanced); it follows by Proposition 68 that H satisfies the conditions
of Theorem 65 with p,, = n~'. Hence the number of triangle-free 3-uniform hy-
pergraphs with n vertices and m edges that cannot be made tripartite by remov-

ing at most dm edges is at most

(1—2)m <7T(F5)(§))’

m

which easily implies the theorem. O

Finally, we remark that Theorem 71 can be seen as an approximate sparse ana-
logue of a result of Balogh and Mubayi [34], who used the hypergraph regularity
lemma and [81, Theorem 1.6] to show that almost all triangle-free 3-uniform hy-
pergraphs are tripartite. For similar results for other forbidden hypergraphs,

see [33] and [105].
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2.8 The KLR Conjecture

In this section, we shall deduce from Theorem 44 the KLR conjecture for 2-
balanced graphs, Theorem 39. As in the preceding sections, the proof will be
a fairly straightforward application of Theorem 44 to an appropriately defined
hypergraph # and family 7 C P(V(H)). Let H be an arbitrary 2-balanced graph
and let H be the e(H )-uniform hypergraph of canonical copies of H in the com-
plete blow-up of H. Defining an appropriate family F and showing that # is
(F,e)-dense will require some work.

Given a graph H and integers ny, . . ., nym), let us denote by G(H;ny, . . ., ny(m))
the collection of all graphs G constructed in the following way. The vertex set of
G is a disjoint union V; U ... U V) of sets of sizes ny, ..., n,u), respectively,
one for each vertex of H. The only edges of G lie between those pairs of sets
(V;,V;) such that {7, j} is an edge of H. Recall the definition of G(H,n,m,p,¢)
from Section 2 and observe that G(H,n,m,p,c) C G(H;n,...,n) for all m, p, and
€.

The following lemma, which is a robust version of the embedding lemma,
stated in Section 2, suggests the right choice of 7. We remark that the lemma is
well-known, but for completeness we provide a short proof of it in the form we

shall use.

Lemma 72. Let H be an arbitrary graph and let §: (0, 1] — (0, 1) be an arbitrary func-
tion. There exist positive constants o, , and N such that for every collection of integers
N1, - Ny Satisfying na, ... nyy = N and every graph G € G(H;na, ..., Nym)),
one of the following holds:

(a) G contains at least {ny . .. nymry canonical copies of H.

(b) There exist a positive constant a with a > «p, an edge {i,j} € E(H), and sets
Ai CcV, Aj - V} such that |Az| > an;, |AJ| > ang, and dG(Aiij) < (5(0[)

Proof. We prove the lemma by induction on the number of vertices of H. If

v(H) = 1, then (a) holds vacuously with £ = 1 for every choice of G. Let us then
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assume that v(H) > 2, let v; be the first vertex of H (i.e., the vertex corresponding
to the set V; from the definition of the family of blow-ups of H), set H=H — v,

and let a; = ;7. Given a function 4, define 0 by letting d(z) = §(d(ay) - z) for

v(

each = € [0,1] and let ao, &, and N be the constants obtained by invoking the
inductive assumption with H replaced by H and ¢ replaced by ¢. Furthermore,

let
: ~ N v(H)-1 ¢
ap =min{ay,d0 - 0(aq)}, N = : and E=as- () <&
o(an)
Now, let ny,...,n,m) be integers satisfying ny,...,n,z) > N and let G be an

arbitrary graph from G(H;n4, ..., n.m)). Suppose first that for some v; € Ny (v1),
the set W, ; defined by

= {w € Vi: degg(w,V;) < 6(ar)n;}

contains at least a;;n vertices. In this case, it is not hard to see that (b) is satisfied

witha = a;,¢t =1, Ay = Wy, and A; = V;. Hence, since o = v(g), we may

assume that the set I defined by
U Wi; = {w e Vi: degg(w,V;) = 6(ar)n; for all v; € Ny(vy)}
]GNH Ul)
contains at least ayn; vertices. For each w € Wj, let G, be the subgraph of G
induced by the set Vo (w) U ... U Vym)(w), where for each j € {2,...,v(H)},

V; N Ng(w) ifv; € Ng(v1) ,
Vi(w) =

‘G if’Uj ¢NH<1)1)

Note that the assumption that w € W, implies that |V;(w)| > §(ai)n; > N for
each j. Hence, we may apply the induction hypothesis to each graph G.,,.
Suppose first that for some w € W;, we obtain an & with & > ao, vertices

i,j € V(H),and a pair A; C V;(w) C V;, A; C Vj(w) C Vj such that
|Ag| = a|Vi(w)| = ad(aq)ng for both ¢ € {i, j}

and dg(A;, 4;) = da, (Ai, Aj) < 5(&) = §(ad(a1)). Then we are done, since (b) is

satisfied with o = @d(ay). Otherwise, for each w € W, the number of canonical
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copies of H in the graph G, is at least £[Va(w)] ... |V (w)|, which is at least
f §(y)PUD=1n, ny(m)- Since w extends each of those copies to a canonical copy
of H in G, it follows that in this case, the number of canonical copies of H in G is

atleast |[W;|-£6(cy )" "1n,y . ny (i), which is atleast {ny ... n, (s, as required. O

Our next lemma is more straightforward. It allows us to count (e, p)-regular
subgraphs of a graph that has a ‘hole’, as in Lemma 72(b). Recall that G(K5, n, m,
p, €) denotes the collection of all (¢, p)-regular bipartite graphs with m edges and
n vertices in each part. Given such G, let V;(G) and V2(G) denote the two parts.
For each /5 € (0,1), define a function ¢: (0, 1] — (0, 1) by setting

2/x?
5z) = (ﬁ) (2.41)

for each = € (0,1]. The following lemma says that a graph G that has a hole of

size an and density at most 6(«) has very few subgraphs in G(K»,n, m, m/n?¢).

Lemma 73. For every positive o and (3, there exists a positive constant € such that
the following holds. Let G C K, be such that there exist subsets A C Vi(G) and

B C V3(G) with
min{|Al, |B|} > an and da(A,B) < ()

for some o € |, 1]. Then, for every m with 0 < m < n?, there are at most

n?
()
m
subgraphs of G that belong to G(Ky,n,m, m/n?,¢).

Proof. We begin by noting that, by choosing random subsets of A and B if neces-
sary, we may assume that |A| = |B| = an. Set ¢ = min{ay, 1/2}, write G* for the
family of all subgraphs of G that belong to G( Ky, n, m, m/n? ¢),and let G € G*. In
particular, G is (g, p)-regular, where p = m/n? and since ¢ < q, it follows that the
pair (A, B) must have density at least (1 —¢)p in G. Thus, writing e~ (A, B) for the
number of edges of G that lie between the sets A and B, since ds(A, B) < d(a),
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then the number of choices for GG can be estimated as follows:

Gle ¥ (65@2,3)) (e(@);le_(;;A,B))g 3 <5(a)52n2) <mnig)

¢=(1—¢)p|A||B| {=a2m/2
(2.42)

Note that the right-hand side of (2.42) is zero if m > 26(a)n?, so we may assume
that m < 2§(a)n? < n?/2. Thus, using (2.14) and (2.16), (2.42) implies that

e 3 (eé(aéaQHQ)e(nZTme(Zj)g 3 (w)f(@

{=a2m/2 {=a2m/2
(2.43)

Since d(a) < 1/4e, the summand in the right-hand side of (2.43) is decreasing in

¢ on (a®m/2,00) and hence
* a?m/2 n’ m n?
1G] < m(4ed()) < ,
as required, since (465(&))a2/2 = B3/2. O
We can now easily deduce Theorem 39 from Theorem 44.

Proof of Theorem 39. Let H be a fixed 2-balanced graph, let n € N, and let H(n)
be the largest graph in the family G(H;n, ..., n), i.e., the complete blow-up of H,
where each vertex of H is replaced by an independent set of size n and each edge
of H is replaced by the complete bipartite graph K, ,,. Let H be the e(H )-uniform
hypergraph on the vertex set E(H (n)) whose edges are all n**) canonical copies
of H in H(n).

Fix an arbitrary positive constant 3, let 6: (0,1] — (0,1) be the function de-
fined in (2.41) with 3 replaced by 3%/4, i.e., set

1 9\ 2/x2
=5 (%)

foreach z € (0, 1], and let ag = ()72(H, ), & = Er2(H, ), and N = Nyo(H, 0). Let
F be the family of all subgraphs of H(n), i.e., graphsin G(H;n,...,n), for which
(b) in Lemma 72 is not satisfied. Clearly F is an upset, and so, by Lemma 72, ‘H
is (F, ¢)-dense provided that n > N.
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Now, since H is contained in the hypergraph of all copies of H in the com-
plete graph on v(H )n vertices and contains a positive proportion of those copies,
it follows from Proposition 68 that #H satisfies the assumptions of Theorem 44

with p = n?~V/m2) and ¢ = ¢, for some constants ¢ and ¢ depending only on

E(H(n))
go/n271/m2(H)

H. Therefore, there is a constant €, a family S C (
f: 8 — Fand g: Z(H) — S such that

), and functions

gy c 1 and I\ g(I) € fg(1))

for every I € Z(H).

Let € be a sufficiently small positive constant such that, in particular, ¢ <
er3(ap, B2/4), let C = C'/¢, and suppose that m > Cn?>~V/m2(H) Tet G* = G*(H,n,
m,m/n? ¢) and note that G* C Z(H). We are required to bound from above the
number of graphs in G*.

To thisend, fixan S € S, let
Gi = {Geg 4(@) =5},
and let Gg = f(5). For each {u,w} € E(H), let s(u,w) = es(V,, V,,) and note that
> (wwherm S(u,w) = |S]. Since
|S| < Cln2—1/m2(H) < c . Cn2—1/m2(H) g Em,
then s(u,v) < em for every uv € E(H).
Now, since G € F, it follows that there exist an « € [ap, 1], an edge {i, j} €

E(H),and sets A; C V;, A; C V; such that |4;|, |4, > an and d¢,(A;, A;) < §().

By Lemma 73, it follows that there are at most

(5 ()

choices for the edges between V; and V; such that G[V;, V;] € G(K2,n,m,m/n? ¢)
and G[V;, V;] € Gs[V;, V;]. Since m — s(i, j) > m/2, it follows immediately that

" AN n?
<(3) I (o)
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Summing over sets S € S, and using (2.14) and (2.16), we obtain

o1 (3) I ) ()= () 0) T 56
SORORIESIC)

s<eEmM

() G) )

s<em

Now, since € was chosen to be sufficiently small, it follows that the summand

above is increasing in s on (0, em| and hence

. 5 mesn2 e(H) 2€€(H) em . n2 e(H)
o1=(3) () () <)

as required. O
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Chapter 3

Ramsey-Turan Theory of graphs

3.1 History of the Ramsey-Turan Theory
S6s [122] and Erdds and Sés [54] defined the following ‘Ramsey-Turdn” function:

Definition 1. Denote by RT(n, L, m) the maximum number of edges of an L-free

graph on n vertices with independence number less than m.

We are interested in the asymptotic behavior of RT(n, L, f(n)) and its “phase
transitions”, i.e., in the question, when and how the asymptotic behavior of

RT(n, L, f) changes sharply when we replace f by a slightly smaller g.

Definition 2. Let

pr(L, ) = tmsup T L S0 oo (i, £y = timm g BEUR LS (0)

n—00 n? n—o0 n?

If p7(L, f) = p7(L, f), then we write p7(L, f) = p7(L, f) = p7(L, f), and call
p7 the Ramsey-Turdn density of L with respect to f, p7 the upper, p7 the lower

Ramsey-Turdn densities, respectively.

It is easy to see that p7(L, f) = cis equivalent to RT(n, L, f(n)) = cn®+ o (n?).
Sometimes we want to study the case when the bound on the independence
number f(n) is o(g(n)). Formally o(g(n)) is not a function, we shall consider

p1(L,0(g)) as p7(L, g/w) where w(n) is an arbitrary function tending to infinity

91
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(slowly). More formally, let
pr(L;0(g)) = limpr(L,eg) ~ and  pr(L,0(g)) = lim p7(L,eg).

Again if p7(L,0(g)) = pr(L,0(g)), then we write p7(L,0(g)) = p7(L,0(g)) =

p7(L,0(g)), and in this case, we write
RT(n, L, 0(g(n))) = pr(L,0(g))n* + o0 (n*).

In other words, we use p7(L,0(g(n))) in the following way: if p7(L, f) < ¢
for every f(n) = o(g(n)), then p7(L,0(g)) < c. If p7(L, f) > c for some f(n) =
o(g(n)), then p7(L,0(g)) > c.

When we write p7(L, ), we use f instead of f(n), since pr(L, f(n)) would
suggest that this constant depends on n. If however, we write something like
p7(L, cy/nlogn), that is (only) an abbreviation of p7(L, h), where h(n) = c¢y/nlogn,
(see e.g. Theorem 75). So, even when we write p7(L, f(n)), we are treating f(n)
as a function, which means p7(L, f(n)) does not depend on n.!

The theory of p7(L, f) is very complex, with many open questions. Here we

focus on the case when L is a clique.

Erd6s and Sés [54] determined RT(n, Ko, 11, 0(n)).

Theorem 74. For every positive integer r,

RT(n, Kor 1, 0(n)) = % <1 - %) n? + o(n?).

The meaning of Theorem 74 is that the Ramsey-Turan density of K5, in this
case is essentially the same as the Turdn density $(1 — 1/r) of K,.;. Turan’s
Theorem [129] states that RT(n, Ky,11,0(n)) = % (1 — &) n* + o(n?). Therefore
Theorem 74 proves that K5, ., has phase transition at n. In [26] the theory of phase
transitions of cliques is built up, in this dissertation, because of lack of space,

only a small part of it is included, see Subsection 3.2.

The case when r is even has a more interesting history. Szemerédi [125] used

an early version of the Szemerédi Regularity Lemma to upper bound p7 (K4, o(n))

More precisely, f(n) means an “abstract” function f : N — N, depending on n.
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by 5. This turned out to be sharp as four years later Bollobas and Erd6s [39]
constructed K 4-free graphs with n?/8 — o(n?) edges and sublinear independence
number, proving that

1

p7(Ky,0(n)) = S

Erdés, Hajnal, S6s and Szemerédi [50] extended these results to determine
p7 (Ko, 0(n)) for all r > 2.

Another Ramsey-Turdn type of result is an important and widely applicable
theorem of Ajtai, Komlés, and Szemerédi [2]. They lower bounded the indepen-
dence number of triangle-free, n-vertex graphs with m edges. Their result can be

phrased as
2
RT <n K5, & log (ﬂ)) <m (3.1)
m

n

for some positive constant c. This result imples a sharp upper bound of cn?/logn
on the Ramsey number R(3,n). Other applications of (3.1) include Ajtai, Komlés,
and Szemerédi’s [3] impovements on Erd6s and Turdn’s [56] result on the ex-
istence of dense infinite Sidon sets. Recently, Fox [57] used (3.1) to find large
clique-minors in graphs with independence number two. Hypergraph variants
of (3.1) by Ajtai, Komlés, Pintz, Spencer and Szemerédi [1] have been applied
by Komlés, Pintz and Szemerédi [95] in discrete computational geometry to pro-
vide a counterexample for Heilbronn’s Conjecture. See an excellent survey of

Simonovits and S6s [120] for a more detailed history of Ramsey-Turdn numbers.

Recall that for a graph G the K, -independence number of G is
a,(G) :=max{|S|: S CV(G), G[S] is K,—free}. (3.2)

Define RT, (n, H, f(n)) to be the maximum number of edges in an H-free graph

G on n vertices with «,.(G) < f(n) and let

1
pr-(H) =lim lim — RT,(n, H,en). (3.3)

e—0n—o0 N2
We write RT,(n, H,0(n)) = pr.(H)n?> + o(n?). For r = 2, it is easy to show that
the limit in (3.3) exists; for r > 3, its existence was proved when H is a complete
graph by Erdés, Hajnal, Simonovits, S6s and Szemerédi [49]. The r-Ramsey-Turdin
number of H is p7,.(H).
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Section 3.3 focuses on the problem of determining p7,(kK;) for r > 3, sug-
gested by Erd6s, Hajnal, S6s, and Szemerédi [50, p. 80] (see also [120, Problem
17]). Erd&s, Hajnal, Simonovits, Sés, and Szemerédi [49] proved that 6,(K;) <
1 (1 — %) and this is best possible for all ¢ = 1 (mod r). This left open the ques-

tion when ¢ # 1 (mod r), where they made partial progress for s < min{5,}.

3.2 Phase Transition of K

In [54], Erd6s and Sés proved that RT(n, K5, cy/n) < n?/8+o0 (n?) for every ¢ > 0.
If Erd6s and Sés knew the result of Ajtai, Komlés and Szemerédi [2] on the Ram-
sey number R(3,n), then they were able to prove that RT (n, K5, 0 (v/nlogn)) <
n?/8 + o (n?). They also asked if

RT(n, K5,cv/n) = o (nz)
for some ¢ > 0. We answer this question [26].

Theorem 75.

RT (n, Ks,0 <m>> = o(n?).

Here, by Construction 1, o (v/nlog n) is sharp in the sense that

1 1 1
E(Kg,,c\/nlogn) > — (1 — —) =1 for any ¢ > 1. (3.4)

2 2

Let Hj,, denote a “Ramsey” graph on £ vertices not containing K/, having the
minimum possible independence number under this condition. The graph Hj, ;is
sparse, i.e., it has o(k?) edges, see Theorem 8.1. from [26]. For Theorem 74, Erdss
and So6s [54] used H,,, 3 to construct a graph S, to provide the lower bound on
pT(Kory1,0(n)). Their idea was that when a Ramsey-graph H,,/, 5 is placed into

each class of a Turdn graph T, ,, we get a K»,.-free graph sequence {5, } with
e(Sp) = e(Th,) and a(S,) = a(Hy/3) = o(n). (3.5

It is trivial to generalize this idea to give a lower bound on p7(K, 441, 0(n)).
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Construction 1 (Extended /Modified Erd6s-S6s Construction).
Let k = |n/r], take a Turan graph 7, , with r classes and place an H, ;1 into each

of its classes.
First we state the main result of the section, Theorem 75, in a sharper form.

Theorem 76. If w(n) — oo, then

(3.6)

Vo s 2
RT (n, Ks, nlogn) < " n = o(nz).

w(n) w(n)
The method of Dependent Random Choice was developed by Fiiredi, Gow-
ers, Kostochka, Rodl, Sudakov, and possibly many others. The next lemma is

taken from Alon, Krivelevich and Sudakov [7].

Lemma 77. (Dependent Random Choice Lemma) Let a,d, m,n,r be positive integers.
Let G = (V, E) be a graph with n vertices and average degree d = 2e(G)/n. If there is a

positive integer t such that

L))

then G contains a subset U of at least a vertices such that every r vertices in U have at

least m common neighbors.

Here we provide two proofs of Theorem 76 using Lemma 77. The structures
of these two proofs are similar, but we use Lemma 77 in somewhat different
ways. We suppose that there exist K5-free graphs G,, with e(G,,) > en? for any n
sufficiently large. Next we use Lemma 77 to find a K5 in G,,. Both proofs show
that e(G,,) = o(n?), but Proof I gives a better bound.

It is well-known that every triangle-free graph G,, contains an independent

set of size at least (1/v/2 — o(1)) v/nlogn. We will use this in both proofs.

PROOF I OF THEOREM 76. Let ¢, = w(n)~'/%. Assume that there is a K;5-free
graph G,, with
vnlogn

> 2
e(Gp) = enn and a(G,) < ()

(3.8)
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We apply Lemma 77 to GG, with

r =3, d = 2e,n, m = +/nlogn and t="1.

= WIO)

So there exists a vertex subset U of G with |U| = a = 4n/w(n)? such that

WV
o
o
s
=
3
|
3
w
—

all subsets of U of size 3 have at least m common neighbors. Either U has an

independent set of size at least (\/% — o(l)) \/ nlog ( dn ) > a(G,), or G,[U]

)2
contains a triangle. In the latter case, denote by W the common neighborhood

of the vertices of this triangle. It follows that |W| > m = /nlogn > a(G,), so
G,,[W] contains an edge, and this edge forms a K; with the triangle. 1

PROOF II OF THEOREM 76. Let ¢, = ‘8los®/2) = Aqqyme (3.8) again. We shall

log(w(n)/2)
apply Lemma 77 to G, with
vnl 4 1
o= YO8 ogn’ r=2, d = 2e,n, m = n2 and - L
w(n) w(n) log(w(n)/2)’

Now when n, and hence w(n) is sufficiently large, we have

2t
wln w(n) logn
= (25,)'n = 2 HE) ECETT > ' and (%) = 9208(*F) metim = 2,
e

yielding that (3.7) is satisfied:

d' n (m)t S e n? -
- — n " —— >a.
nt—1 r n) = 2n?

This means that there is a vertex subset U of G,, with |U| = a such that every

pair of vertices in U has at least m common neighbors. We chose ¢ > a(G,,), so
G, |U] contains an edge uus. Let W := N(u;) N N(ug). Since G,, is Kj-free, G,[W]

does not contain a triangle. Then W contains an independent set of size at least

(1/v2—=0(1)) \/[W|log W] = (1/v2 — o(1)) vmIogm > a(G,). ]
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3.3 Some Exact Ramsey-Turan numbers

This section, whose results are from joint papers with Lenz [27, 29] focuses on
the problem of determining p7,(K;) for » > 3, suggested by Erdés, Hajnal, Sés,
and Szemerédi [50] .

Erd6s, Hajnal, Simonovits, Sés, and Szemerédi [49] proved that p7,.(K;) <
1 (1 — %) and this is best possible for all ¢ = 1 (mod r). This left open the ques-

tion when ¢t # 1 (mod r), where they made partial progress for s < min{5,}.
Theorem 78. For 2 < s < min {5,r}, RT,(n, K,;,,0(n)) < 5*n? + o(n?).

Our main result is to construct for every 2 < s < r an infinite graph family
providing near-optimal lower bounds for p7,(n, K,,,0(n)). In particular, it in-
cludes that Theorem 78 is sharp when 47 /(s — 1) is a power of 2. Earlier the only

sharp construction was by Bollobds and Erd&s [39] for r = s = 2.

Theorem 79. Let 2 < s < r. Let ¢ be the largest positive integer such that [r-27%] < s.
Then
RT,(n, K, s, 0(n)) = 2772n% + o(n?).

For example, it yields that 6,(Ks) = 1/16 and 04(K7) = 1/8. We suspect
that Theorem 79 should be best possible for all s when 4r/(s — 1) is a power

of 2; towards this direction we have only the following partial result extending

Theorem 78.
Proposition 80. p719(K16) = pri2(K19) = 3.

Our first approach in [29], where we proved p7,(K,2) > 0 for every r > 2.
This resolved one of the main open questions from [49]. In [29] hypergraphs
were constructed to estimate Ramsey-Turdn numbers of some hypergraphs. Tak-
ing the shadow graphs of the constructed hypergraphs implied the results for
graphs.

In [27] we refined this method, and the proof of Theorem 79 considers directly
graphs, it builds on the techniques developed in [39] and [29] combined with

several new ideas.
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The remainder of this Chapter is organized as follows: in the first subsection
we describe the construction for the graphs used to prove Theorem 79, in second
subsection we prove Theorem 79, and in Section 3.5 we list several open prob-
lems. Here we omit the proof of Proposition 80, which is rather technical and

uses only standard methods.

Construction

The construction for Theorem 79 builds on the Bollobas-Erd6s Graph [39].

First we briefly sketch a few properties of the unit sphere. Let i be the
Lebesgue measure on the k-dimensional unit sphere S* C R*™ normalized so
that ;(S*) = 1. Given any «, 8 > 0, it is possible to select € > 0 small enough and

then k sufficiently large so that Properties (P1) and (P2) are satisfied.

2
(P1) Let C be a spherical cap in S* with height i, where 2h = <\/§ —€/ \/E)
(this means all points of the spherical cap are within distance v/2 — ¢/v/k of
the center). Then u(C) > 1 — .

(P2) Let C be a spherical cap with diameter 2 — ¢/(2r>vk). Then ;(C) < 8.

To prove Theorem 79, it suffices to prove that for all integers n,r > 2, every
2 < s <r,and every «, 3 > 0, there exists an N-vertex graph G = G(n,r, s, o, 3)
such that G is K, ,-free, N > n, and

|E(G)| > (2777 —a) N? and a.(G) < BN,

where / is the largest positive integer such that [r - 27| < s.

Assumen, r, s, a, 3, and ¢ are given as above, we shall show how to construct
G = G(n,r,s,«a, ). For the given o and f3, there exists ¢ > 0 and k£ > 3 such
that properties (P1) and (P2) hold. Define 6 = ¢/ Vk and z = 2n. Partition the k-
dimensional unit sphere S* into z domains having equal measures and diameter
at most #/4. Choose a point from each set and let P be the set of these points.
Let ¢ : P — P(S*) map points of P to the corresponding domains of the sphere.
Before defining (G, we construct some auxiliary bipartite graphs By, ..., B, and

hypergraphs H and H'.
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The vertex set of the auxiliary bipartite graphs B, ..., By is [r], and the edges
are built from the /-dimensional hypercube (), as follows. Blow up @, into @)}
so that each vertex is blown up into an independent set of size s — 1. Discard
vertices of ()} so that @), has exactly r vertices, discarding at most one vertex from
each blow up class. (Note that ¢ was chosen so that (), is the smallest hypercube
with at least /(s — 1) vertices.) Consider the vertices of (), as labeled by binary
words of length /. If the (2i + 1)-st discarded vertex is from the class labelled by
(a1,...,ar), then the next, (2 + 2)-nd vertex should be removed from the class
labelled (1 — ay,...,1 — ay). Denote A, the subset of vertices of (), which come
from a blowup of a vertex with its i-th coordinate zero. Similarly define A, ;. The
bipartite graph B; is the complete bipartite graph with parts A;, and A; ;.

Now we define an r-uniform hypergraph H with vertex set P*, the family of
ordered /-tuples of elements of P. Welet {z',..., 7"} C P’ be a hyperedge of H if
foreveryl <i<j<randl<a</(ifij € E(B,)thend(x!,z7) > 2—6. In other
words, we form a hyperedge if the edges of B, correspond to almost antipodal
points on the sphere in the a-th vertex coordinate.

From #, define a hypergraph H’ by applying the following theorem to H with
v=pBand k = r.

Theorem 81 (Theorem 16 in [29]). Let H be an r-uniform hypergraph on n vertices.
Let 0 < v < 1 and let k be a positive integer. Then there exists at = t(H, k,~,r) and an
r-uniform hypergraph G with vertex set V() x [t| with the following properties.

(i) Forall {ay,...,a,} € H and all sets U; C {a;} x [t| with |U;| > ~t for each

1 <i <, there exists at least one hyperedge of G with one vertex in each U;.

(ii) G does not contain as a subhypergraph any v-vertex hypergraph F with m edges
wherev < kandv+ (14+~v—r)(m—1) <r.

We are finally ready to define . Let U and V' be two distinct copies of V(#')
and let the vertex set of G be UUV. We place a copy of the shadow graph of H’
on both G[U] and G[V]. (The shadow graph of a hypergraph has the same vertex

set and xy forms an edge of the shadow graph if + and y are contained together
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in some hyperedge.) Lastly, for © = (uq,...,us) € Uand v = (vy,...,v) € V let
uv be an edge if d(u;, v;) < V2 —0Oforalll <i</.

3.4 Verifying properties of G

To complete the proof of Theorem 79, we need to prove three properties of G:
G has at least (24_2 — a) N? edges, G is K, ,-free, and the K,-independence

number of GG is smaller than SN.

The number of edges of G.

First we compute the number of vertices of G. The hypergraph  has z* vertices
and each vertex in # is blown up into a set of size ¢ so H' has ¢2* vertices. Thus
G has 2tz¢ vertices. To estimate the number of edges of GG, we fix some vertex
x' € U; we will compute a lower bound on its degree in V. There exists a vertex
x in H such that 2’ is contained in the blowup of . For y' € V to be adjacent
to 2/, we must have d(z;,y;) < v2 — 6 for all i. By Property (P1), there are at
least (1 — a) |P| points y; that are within distance v/2 — 6 of z;. Thus there are
at least 27| P| — Ca| P| choices for y where C' is some constant depending only
on /. Since each y is blown up into a set of size ¢, the degree of 2’ is at least

2ttt — Catzt. Thus

(2_thé — C’oztzg) .

Since t2¢ = &ZG)‘,

[B(G) 2272 V(G = CalV(G)* /2=272V(G)]* (1 - Ca/2).

Using that C' was depending only on /, and o > 0 could be chosen arbitrarily

small, it gives the required bound.

G is K, ~~free

First we need a couple of short lemmas.
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Lemma 82. a(UB;) < s.

Proof. Fix any two vertices 2/, y' € V(@) and let = and y be the vertices of (), such
that 2’ and ' are contained in the blowups of z and y respectively. If x # y, then
their binary labels differ in at least one position so there will be some B; where 2’
and v’ appear in different classes of the bipartition of B;. Thus the independent
sets in UB; are subset of the blowup of some vertex in ),. Using that each vertex

in Q) is blown up into a set of size at most s — 1, we the required bound. O

Lemma 83. Let K, be a complete w-vertex subgraph of G[U]. Then there exists a hy-
peredge E in H' such that V(K,,) C E.

Proof. Let K,, C G[U] and V(K,,) = {z1,...,2,}. Since K, is complete, for every
i, j there exists some hyperedge E; ; of 1’ such that E; ; contains both z; and ;. If
the E; ;’s are not all the same hyperedge, then (ii) of Theorem 81 is violated. [

Lemma 84. G[U] (and similarly G|V']) is K, 1-free.

Proof. This is an immediate corollary of Lemma 83. Hyperedges in H have size

at most r, so G[U] does not contain any K, ;. O

We now need the following property of the unit sphere observed by Bollobas
and Erdés [39].

Theorem 2 (Bollobés-Erdés Rombus Theorem). For any 0 < v < 1, it is impos-
sible to have py,ps, q1,q2 € SF such that d(pi,ps) > 2 — v, d(q1,q2) > 2 — v, and
d(pi,q;) < V2 —~foralll <i j<2.

Recall that from the hypergraph H we formed the hypergraph H’ by blowing
up each vertex in H into a strong independent set in H'. Also recall that the
vertices in G[U] are vertices of H', so vertices in G[U] correspond to blowups of
vertices in 7. We define a function = between V(G) and V(H): for x € V(G), let
E(x) be the vertex of V(#) such that x is contained in the blowup of Z(z).

Lemma 85. G is K, ,-free.
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Proof. For a contradiction, assume that K = K, is a subgraph of G and let
K,=K[V(K)nU]and K, = K[V(K)NV]. Since U and V are symmetric in the
definition of G, we may assume without loss of generality that |X,| > |K,|. By

Lemma 84 and since s > 2,

(/2] +1< F’;ﬂ < V(K| <r. (3.9)
This implies that
V(K| =r+s— V(K| > s (3.10)

By Lemma 83 and (3.10), there exist 1, ..., z, € V(K,) and a hyperedge E in
H' such that zy,...,z, € E. Since z1, . .., x, are all in £ and edges of  were built
from the auxiliary bipartite graphs By, . .., B, we can think of Z(z),...,Z(x;) as
vertices in UB;. By Lemma 82, there exists some B; and two vertices, say =(z)
and =(z3), such that the ith coordinate of Z(x;) and the ith coordinate of =(z»)
are almost antipodal. Fix this ¢ for the remainder of this proof.

By (3.9) there exist at least [r/2] + 1 vertices in V(K,), say v, - .., Yr/2141- By
Lemma 83 there is a hyperedge F' in H' containing them. Similarly as before, we
can think of Z(v1), ..., Z(y[r/2141) as vertices in B; (recall that i has already been
chosen.) The parts of B; have size at most [r/2] so there exist two vertices, say
Z(y1) and Z(ys), such that the i-th coordinates are almost antipodal.

Consider the i-th coordinates of =(z1), Z(z3), Z(y1), and =(y2). The cross-
distances between the z’s and y’s are all at most /2 — 6, since 1, ., 1, and y, all

came from the clique K. Hence we have four points violating Theorem 2. O

The K,-independence number of G

First we need an elementary statement about distances of points on a sphere.

Lemma 86. Let k > 2and 1 < h < |k/2| be any positive integers and fix a positive
a < 1/(16h*). Let zy, ...,z € S* such that for every i we have d(x;,x;41) > 2 — a.
Then d(xy, zap) > 2 — 4h%a.
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Proof. For u € S* denote by v/ € S* the antipodal point to u. Note that for
every u, v trivially d(u, ') = 2 and d(u,v) = d(v,v"). First, we bound d(z}, z;+1)
for every i. The points z;, ], and x;;; form a right triangle since z; and z; are

antipodal (the right angle is at the point x;,;). Thus
d* (2}, w41) = d* (w4, 7)) — d* (24, 2041) <4 — (2 — a)? < 4a — a® < 4a.
Thus d(z}, x;11) < 2y/a for all i. Using the triangle inequality, we obtain
d(x), zop) < d(), 19) + d(w, 25) + . ..+ d(hy, 1, Ton) < 2(2h — 1)Va.

The points z;, z, and z, form a right triangle since z; and 2/ are antipodal.

Thus

d?(z1, 29p,) = d*(zy,2h) — d(z), m,) > 4 — 4(2h — 1)%a

= 4 — 16h*a + 16ha — 4a > 4 — 16h%a + a.
Since a < 1/(16Ah*) implies 16h*a* < a we have
d*(z1, T9p) > 4 — 16h%a + a > 4 — 16h*a + 16h*a® = (2 — 4h*a)®.
O

We now need one lemma from [29]. There is a subtle point here: in [29] the
statement of the lemma uses “d(p;,p;) > 2 — §”. But the variable 6 used in this
chapter and the 6 used in [29] are slightly different constants. The 6 used in
the statement of [29, Lemma 13] comes from the statement of [29, Property (P3)]
which matches our Property (P2). So the 0 in [29, Lemma 13] is replaced with the

constant from our Property (P2) when we cite that lemma below.

Lemma 87. (Lemma 13 in [29]) If Ay,..., A, C P with |A;| > 278z and T is a tree
on vertex set [r], then there exist py € Ay,...,p, € A, such that if ij € E(T) then

d(pi,pj) > 2—¢€/ (27“2\/%).

One of the key improvements in this chapter compared to [29] is improving

the above lemma by replacing trees with complete bipartite graphs.
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Lemma 88. If A;,..., A, C P with |A;| > 2"z and B is a complete bipartite graph
on vertex set [r], then there exist py € Ay,...,p, € A, such that if ij € E(B) then
d(pi, pj) > 2 — 0.

Proof. Let T be a path on vertex set [r]. Apply Lemma 87 to find p; € A,....,p, €
A, such thatif ij € E(T) then d(p;,p;) > 2 — 6. Since T is a path, this implies that
d(pi, piz1) > 2 —¢/ (27‘2\/E> =2 — 0/r? for all i. We can then apply Lemma 86 to
show that d(pa;+1,pa2;) > 2 — 0 for all i and j (set x1 = poi1 and za, = poj.) O

Lemma 89. a(H) < rf2¢7 325

Proof sketch. The proof is identical to the proof of [29, Lemma 14], except where

[29, Lemma 14] uses Lemma 87 on trees, we instead use Lemma 88. ]
Lemma 90. «,.(G) < rf247+2324%,

Proof sketch. The proof is identical to the proof of [29, Theorem 9 (iv)]. O

3.5 Concluding Remarks

Remark. We conjecture that our construction is best possible when 4r/(s — 1)
is a power of 2, we know this only when s < 5 and for some additional cases
(see Proposition 80). Probably, some mixture of more involved application of the
Szemerédi Regularity Lemma and some proof technique from weighted Turdn
theory could help to prove our conjecture.

Perhaps existing standard proof techniques can be improved to show our con-
struction is best possible for all s.

It seems very hard to decide if our constructions are best possible when 4r/(s—

1) is not a 2-power. The simplest open cases are

1 1 1
— < K;) < —, -
16 — 0 (K5) 12 8

< 04(Ks) < 3

< 03(Kg) < 6

oo =

Y

D=

The upper bounds are from Theorem 78 and the lower bounds from Theorem 79.
Remark. Theorems 78 and 79 focus on 6, (K;) for t < 2r. What happens when ¢ >

2r? The construction from Theorem 79 can be easily extended to cliques larger
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than K, as follows. For a lower bound on p7, (K,+5) with 2 < s < r, let G be the
construction from Theorem 79 and join it to a complete (¢ — 1)-partite graph with
almost equal part sizes. Into each part insert a K, -free graph with small K,-
independence number (such a graph exists by the Erdés-Rogers Theorem [52].)
Erdés, Hajnal, Simonovits, S6s, and Szemerédi [49] conjectured that this type
of construction provides the correct answer (see also [120, Conjecture 18].) Can
Theorem 78 be extended to ¢ > 2r and if so, does it match our lower bound?
Remark. In the area of the Ramsey-Turadn theory, one of the major open prob-
lems is to prove a generalization of the Erd&s-Stone-Simonovits Theorem [55]
by proving that RT(n, H,0(n)) = RT(n, K,,0(n)) where s = s(H) is equal to
some parameter depending only on H. Erd6s, Hajnal, S6s, and Szemerédi [50]
proved an upper bound using a parameter closely related to the arboricity. That
is, one can take s to be the minimum s such that V' (H) can be partitioned into
[5/2] sets Vi,..., Viy21 such that Vi, ..., V|, span forests and if s is odd V[, /o
spans an independent set. This is known to be sharp for odd s. In several
papers, Erdés mentioned the problem of solving the simplest open case when
H = Ks55, where s(K325) = 4, i.e.,, one would like to have a lower bound of
RT(n, K322,0(n)) < RT(n, Ky, 0(n)) = $n? + o(n?). Even the question of deter-
mining if RT(n, K329, 0(n)) = Q(n?) is still open (see [120, Problem 4], [50, p. 72],
[123, Problem 1.3] among others).
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