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Bevezetés

A De Numeris Harmonicis cimii, 1343-ban irt konyvében Levi ben Gershon bi-
zonyitast adott arra, hogy csak az

(1,2), (2,3), (3,4), (8,9)

harmonikus szamokbdl allé parok tagjainak kiilonbsége pontosan 1. A probléma Phi-
lippe de Vitry francia zeneszerz6tdl szarmazik, aki a 2¥3¢ alaki, tin. harmonikus szdmok
irant érdeklodott zeneelméleti nézopontbdl.

Valészintileg ez volt az els6 exponencialis (tagabb értelemben polinomidlis-exponen-
cidlis) diofantikus egyenlet, amelynek torténete és megolddsa bizonyitottan ismert. A
késébbiekben a témahoz tartozo legnevesebb tételek egyike Nagell nevéhez flizodik
(1948), aki belatta Ramanujan azon sejtését, miszerint az X2+ 7 polinom pozitiv egész
helyeken felvett helyettesitési értékei csak az 1, 3, 5, 11 és 181 helyeken lesznek 2 hat-
vanyai.

A két megadott idépont kozott tobbnyire elszort allitasok jelentek meg polinomialis-
exponencialis egyenletekkel kapcsolatban, melyeket Legendre, Lebesque, Catalan, Ra-
manujan neve fémjelez. Aztan Bakernek és més kutatoknak az algebrai szamok loga-
ritmusai linearis formadira vonatkozo eredményei, tovabba az Altér tétel valamint az
egységegyenletek elmélete 1j 1okést adtak a diofantikus egyenletek hatékony vizsgala-
tanak. Mara kiterjedt és szertedgazo irodalma van a polinomidlis-exponencidlis diofan-
tikus egyenleteknek, jelen értekezés a szerzé eziranyu kutatasait foglalja Gssze.

A disszertacio els6 fejezetének elején megadjuk azt az altalanos polinomidlis-expo-
nencidlis diofantikus egyenlettipust, melybdl az els6 és masodik fejezetekben targyalt
problémék mindegyike szarmaztathaté. Elséként a 2" + 2™ 4 2¢ = 22 egyenletet ele-
mezziik, majd a kovetkezd részben az (a™ —1)(b" — 1) = 2% egyenlettel foglalkozunk. Az
els6 fejezet harmadik problémakore a masodrendii linedris rekurziékban el6forduld bi-
zonyos polinomialis értékek vizsgalata, példaul specialis alakd binomialis egyiitthatoké.

A masodik fejezet kiindulopontja két, a klasszikus diofantikus szam m-esekhez kap-
csol6dé rokon feladatosztaly. A diofantikus m-es olyan {ai,...,a,} egészekbdl &lld
halmaz, melyre barmely 1 <1 < j < m esetén a;a; + 1 négyzetszam. Fel lehet vetni,
hogy mi torténik ha a négyzetszamok helyére egy adott linearis rekurziv sorozat tagjait
tessziik, vagy valamely rogzitett py, po, . . . p, primek esetén a pi'p3* - - - pI formdju un. S-
egységeket. Mindkét szarmaztatott esetben — akarcsak a motivaciot jelento alapesetben
—egy m(m — 1)/2 egyenletbdl all6 diofantikus egyenletrendszert vizsgdlunk. Kideriilt,
hogy a binaris rekurzioknal az m = 3 érték a , kritikus”, mig az S-egységeknél r = 2
mellett m = 4 (mig az eredeti problémanal m = 5 volt).

Az értekezésben elemzett diofantikus egyenletek és egyenletrendszerek esetén be-
mutatjuk azok sziikebb torténetét és elozményeit, valamint az eredmények hatasat és
kovetkezményeit is. Tehat hangsulyt fektettiink arra, hogy a sajat eredményeket be-
agyazzuk az egyre boviilo szakirodalomba.
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A vizsgalatok soran az elemi szamelméleti ismereteken tul felhasznaltuk a kvadra-
tikus maradékok elméletét, az algebrai szamelméletet, a Pell egyenletek megoldésaira
vonatkozo ismereteket, linedaris rekurziv sorozatokat, diofantikus approximaciéra vonat-
kozé eredményeket, lanctorteket, a Baker-modszert, az Altér tételt, az egységegyenletek
elméletét. A dolgozat torzsében — a disszertacié jellegének megfeleloen — a bizonyita-
sokat nem részletezziik, de tobb esetben vazoljuk a f6 gondolatmenetet, és bemutatjuk
az elobb felsorolt modszerek alkalmazasi kornyezetét.

A kapott eredmények jellege egyrészt végességi illetve végtelenségi tételekben nyilva-
nul meg, masrészt sok esetben sikeriilt teljes egészében megadni a vizsgalt probléma
Osszes (véges vagy végtelen sok) megoldédsdt vagy bizonyitani a megoldhatatlansagat.
Az értekezésben megjelenitett sajat tételeket bekereteztiik, hogy jol lathatdéan elkiilo-
niiljenek masok munkaitol.

A disszertacioban leirt eredmények alapvetGen a kovetkezd tiz publikacioban jelentek
meg: [83], [81], [27], [34], [84], [19], [58], [30], [85], [86].
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1. fejezet

Polinomialis-exponencialis
diofantikus egyenletek

Tekintsiik az altalanos

W&+ uky? + -+ wpyt = p(ar, xe, ..., Ty) (1)

diofantikus egyenletet, ahol u;, & (i = 1,2, ..., k) rogzitett egészek, p(Xi, Xo, ..., Xy)
egy adott egészegyiitthatos polinom és a megoldasokat az x1, s, ..., x; egészekben és
az ni, N, ..., N nem negativ egészekben keressiikk. Az ismeretleneket figyelembe véve
(1) bal oldala exponencidlis kifejezés, jobb oldala polinomidlis, ezért a fenti diofantikus
egyenlet vegyes tipust, melyet polinomialis-exponencialisnak hivunk.

Az (1) egyenlet tobb véltozata, mdédositdsa ismert. A p(Xi, X, ..., X;) polinom
lehet még egészértékii, vagy raciondlis egylitthatds, vagy a racionalis szamtest egy al-
gebrai bovitésével kapott K szamtest elemei lehetnek az egyiitthatéi. Hasonléan (1) bal
oldalan az egytitthatok és a hatvanyalapok is lehetnek egy algebrai szamtest egészei.
A megoldésokat is kereshetjiik ugy, hogy nq,ns, ...,ng € Z és xq,xs, ..., 1, a K algebrai
szamtest egészei.

A fenti alakban az (1) egyenlet tul &dltaldnos, ezért a ra vonatkozd eredmények
kiilonbozo6 specifikus eseteket vizsgalnak. A p polinom altaldban egyvéltozds, melyet a
tovabbiakban p(X)-szel jeloliink. Ekkor az Altér tételt felhaszndlva EVERTSE, SCHLIC-
KEWEI és SCHMIDT [17] a kovetkezd altaldnos, végességi tételt bizonyitottdk a p(X)
polinomot a konstans 1 polinomnak feltételezve. Legyen L egy 0 karakterisztikaju test,
k egy pozitiv természetes szam, tovdbba I' a multiplikativ (IL*)* csoport egy végesen
generalt részcsoportja. Adott vy, ve, ..., v € L* esetén jelolje M, (vy,va, ..., v, 1) a

U1$1+02$2+"‘+0k$k:1

egyenlet olyan (x1,2,...,x;) € I' megolddsainak szamat, ahol nincs eltling részlet-
osszeg. Ekkor

Msz(vlyv% ooy Uk, F) < exXp ((6k)3k(r + 1)) )

5
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ahol r-rel ' rangjat jeloljiik. Altalénosabban, a Kummer elméletet és az S-egységek
Osszegére vonatkozé eredményeket felhasznalva LAURENT [35] leirta a

ZHk(u)vTé...v::‘,;:O, (k=1,...,s)
m

egyenletrendszer megoldashalmazénak szerkezetét, ahol a v,y értékek (i = 1,...,7)
nullatol kiilonboz6 algebrai szamok, Hi-k algebrai egyiitthatés polinomok, és p =
(myq, ..., m,) raciondlis ismeretlenek egy vektora. LAURENT eredményének kvalitativ
valtozatat nyerte GYORY [24] és EVERTSE [16].

Tegyiik most fel, hogy az ny = ny = --- = n; egyenloségek teljestilnek, tovabba
&1,8, ..., & egy adott polinom osszes gyoke, mind egyszeres multiplicitassal. Ekkor
(1) ugy is felfoghaté, mint egy linedris rekurziv sorozat adott polinomidlis értékeire
vonatkozo egyenlOség.

Amennyiben 2 < & = & = -+ = & € N van el6irva, akkor egy adott szamrend-
szeren beliili specidlis értékek meghatarozasat kérdezziik. Ezeknél a probléméknal is
altalaban p egy rogzitett egyvaltozds polinom.

A doktori értekezés els részében két (1) tipusi egyenlet targyaldsara keriil sor, ahol
a vizsgalt egyenletek Osszes megoldasanak meghatarozasa volt a cél.

1.1. A £2m 424 ... 4 2% = 12 egyenlet

Tegyiik fel, hogy p(X) = X?, tovdbbd uy, ug, ..., up € {£1} és & =& = =& = 2.
Ekkor (1) a
+2™M 42" 4. 4 2™ = o (2)

format olti. Vildgos, hogy bizonyos el6jel konstellaciékra eleve nincs megoldas. Az
altalanossag megszoritasa nélkiil feltehet6, hogy nqy > ny > - -+ > ny, tovabbéd, hogy 2™
egyutthatoja 1.

A cimadé egyenlettel kapcsolatos f6 eredeményeket a k = 3 esetben értiik el, mikor
[83]-ban sikeriilt meghatarozni az Osszes megolddst. Akkor ez attorést jelentett, mivel
korabban hasonldé problémaknal csak legfeljebb kéttagu Osszegekre tudtak az Osszes
megoldast meghatarozni, vagy egészen specialis helyzetben tudtak elemezni valamely
k > 3 esetet.

A fejezet tovabbi részének felépitése a kovetkezd. Eldszor dttekintjiik [83] el6zmé-
nyeit, utdna osszefoglaljuk annak eredményeit és a legjelentosebb allitas bizonyitasanak
lényegét, az alkalmazott médszereket. Végiil [83] kdvetkezményeit és hatdsét elemezziik.

El6zmények

A 2™ + 1 = 22 egyenlet egyetlen (n;,z) = (3,3) nem negativ egész megoldésa régéta
ismert. LEBESQUE [44] munk4jabol kovetkezik, hogy a 2™ — 1 Mersenne-féle szam csak
akkor lehet teljes négyzet, ha ny = 0 vagy 1. (Késébb GERONO [21] ugyanezt igazolta

6
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magasabb hatvényokra.) Vildgos, hogy ezek az eredmények egyben megadjak (2) k = 2
esetének, azaz a 2™ 4+ 2" = 22 egyenletnek az Osszes megolddséat is. ROTKIEWICZ és
ZELOTOKOWSKI [74] a

P AP AP L= (3)

egyenletet vizsgaltak, ahol p paratlan prim, k > 1, tovdbbany > ng > --- > np > 1. Az
1+3+3"+3" 1 4+3% = (2+3")?, (v > 2) megolddscsaldd mellett az aldbbi megoldasokat
talaltak, feltéve hogy valamely s pozitiv egészre sny < np_1 és ny < 2sn;, teljesiil.

e s =1 esetén (3) nem megoldhato;
e 5 =2 mellett csak 1+ 7 + 7% + 73 = 20 teljesiil;

e ha s = 3, akkor (3)-nak két megolddsa van: 1+ 3% 4+ 3% + 3 + 31 = 4512 és
14 3%+ 310 4 313 4 314 = 2537%,

o s =4 esetén csak 1+ 3% + 3% + 3% + 311 = 4512 a megoldas.
DE WEGER [96], a Baker mddszert alkalmazva éles fels6 korlatot adott az
az + by = 2* (4)

egyenletben az x,y € S és z € Z" ismeretlenek nagysdgara, ahol S az adott py, ..., ps
primek altal multiplikative generalt, természetes szamokbdl all6 halmaz, a,b € Z, ugy
hogy p; 1 ab és az a, b szamok ged(a, b)-vel jelolt legnagyobb kozos osztéja négyzetmen-
tes. Ezen eredményt egy redukciés eljarassal kombinélva, (p1, pe, ps, p4) = (2,3,5,7)-re
DE WEGER meghatdrozta (4), minddsszesen 388 darab megolddsat a = 1 és b = +1
esetén. Ezek koziil a 23. és az 50. sorszamu adja vissza a fejezet elején emlitett 21 —1 = 12
és 23 + 1 = 3% megoldésokat.
RAMANUJAN sejtését [73], miszerint a

ok 7 =22

egyenlet Osszes pozitiv egész megoldésa (k,x) = (3, 1), (4,3), (5,5), (7,11) és (15, 181),
NAGELL [67] bizonyitotta. Az dltaldnositott

ok + D = 2?

Ramanujan-Nagell egyenlettel (ahol k és = az ismeretlenek adott D # 0 mellett) sokan
fogalkoztak, tobbek kozott BEUKERS [5] is. Az ¢ munkdjat felhaszndltuk az 1. és
2. tételek bizonyitasaban. Mig NAGELL bizonyitdsa ad hoc természetii, mivel a 7
primszam specialitdsan mulik, addig BEUKERS mddszere altalanos, a hipergeometri-
kus fliggvények egy, a diofantikus approximaciokra vonatkozé alkalmazésa.

7
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A 2V £ 2M 4 9L — 22 egyenlet

Tekintstik most a
2N 4 oM 4ol — 2 (5)

egyenletet az N, M, L és z nem negativ egész ismeretlenekben. Jelolésében az indexelést
megspérolandé tértiink at j valtozdkra (2)-hoz képest. Ezt az egyenletet sikeriilt teljes
mértékben megoldani: [83]-ban explicite meghatéroztuk az Gsszes megoldést. Ez volt az
els6 eset, amikor az egyenlet exponencidlis részében harom azonos alapu tag szerepelt
altalanos kortilmények kozott, azaz N, M és L viszonyara csak a természetes N > M >
L > 0 feltétel volt eldirva a szimmetria feloldasara ott, ahol erre sziikség volt. Vilagos,
hogy (5) vagy a

2"+ 2™+ 1 = 2 (6)

vagy a
2" 4+ 2™ £ 2 = g (7)

egyenletekre vezet. Amig azonban (7) megolddsa egyszerii ha modulo 4 tekintjiik,
akércsak a 2" £ 2™ — 1 = 22 egyenleteket, addig

M 4 oM 4] = g2

gyokeinek meghatérozasa jéval bonyolultabb, és egyebek mellett BEUKERS [5] mély
eredményeinek alkalmazéasat igényelte. Végiil

on oM 4 ] = g2

szintén BEUKERS [5] egy tételének segitségével lett tisztazva.

A fenti eredményeket roviden tgy Osszegezhetjiik, hogy végtelen sok altalanositott
Ramanujan-Nagell tipusi, azaz 2 + D = z? egyenletet sikeriilt megoldani. A (7)
egyenletre vonatkozoé allitasokat itt nem részletezziik bizonyitasuk egyszeriisége miatt,
viszont (6) esetén az aldbbi allitasokat nyertiik.

1. tétel. (Szalay, 2002, [83].) Ha a pozitiv n, m és x egészek az n > m feltétellel
kielégitik a

2"+ 2" 4 1 = 2? (8)

eqyenletet, akkor
o (nym,x) € {(2t,t+ 1,2+ 1) |t €N, t > 1}, vagy (8a)
o (n,m,x) € {(547), (9,4,23)}. (8b)
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A probléma, tobbek kozott, azért nehéz, mert az egy paraméterrel leirhatéd végtelen
sok (8a)-beli megoldéds mellett van két sporadikus megoldas is. Erdekes modon, egy al-
kalmas transzformaécié tulajdonsagait figyelembe véve, az eredeti problémébdl szarmazo,
latszolag bonyolultabb egyenletrendszer vizsgdlata vezetett a sikerhez.

Erdemes megjegyezni, hogy (8) olyan = paratlan szamokat ir le, melyek négyze-
tének kettes szamrendszerbeli alakja pontosan harom 1 bitet tartalmaz. A tétel szerint
az ¥ = 1013 = 11001y , 2? = 10012 = 10100015, 2% = 100013 = 1001000015, ...
végtelen sorozaton kiviil csupdn 2% = 1113 = 110001, és 2 = 101113 = 10000100015
rendelkeznek a fenti tulajdonsaggal.

2. tétel. (Szalay, 2002, [83].) Amennyiben az n, m és x pozitiv egészekre
2" — 2" 41 =27
all fenn, akkor
e (n,m,x) e {(2t,t+1,2"—1)|teN, t > 2}, vagy
o (n,m,x) € {(t,t,1) |t €N, t > 1}, vagy

o (n,m,x) € {(5,3,5), (7,3,11), (15,3,181)}.

3. tétel. (Szalay, 2002, [83].) Ha n, m és x pozitiv egészek, n > m és
2" 2™ — 1 =27

akkor (n,m,z) = (3,1,3). Tovdbbd a
2" — 2" — 1 =g?

egyenlet egyetlen pozitiv egész n, m és x megolddsdat (n,m,x) = (2,1,1) adja.

Ahogy mar korabban emlitettiik, az utolsé tétel konnyen igazolhato, ezzel a tovab-
biakban nem foglalkozunk.

A 2. tétel kovetkezménye BEUKERS [5] aldbbi tételének. Legyen D € N paratlan
szdm. A 2" — D = 22 egyenletnek ketté vagy anndl tobb megolddsa van az n és x
pozitiv egész ismeretlenekben akkor és csak akkor, ha D = 7, 23 vagy 28 — 1 (k > 4).
Tovabba

e ha D =7 akkor (n,z) = (3,1), (4,3), (5,5), (7,11), (15,181);

9
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e D =23 esetén (n,z) = (5,3), (11,45);
o végiil a D = 2F — 1 (k > 4) feltétel mellett (n,z) = (k, 1), (2k — 2,281 —1).
Ezek utédn vazoljuk a legnagyobb érdeklodésre szamot tarto, 1. tétel igazolasat.

1. tétel bizonyitisanak gondolatmenete
Nevezziik (8a) megoldésait szabdlyosnak, ezektdl eltéré esetekben kivételes meg-
olddsokrdl beszéliink. A bizonyitds azon alapszik, hogy ha (n,m) egy megoldasa (8)-

nak, akkor
2 _ 1 2
22n—2m + 2n—m+1 + 1= (l’ )
2m

alapjan a
7 : (n,m)— 2n—2m,n—m+1), (n>m)
leképezés indukal egy masikat, ami mindenképpen szabdlyos. A dolgozat tjszertiségét

alapvetéen 7 felhasznalasa jelenti. Belathaté, hogy elegendé megmutatni azt, hogy
pontosan kétszer fordul el6 a

(n,m) # (ny,my), 7(n,m)=71(ny,m)

konstellacié. Az egyik legfontosabb észrevétel az, hogy a 7 leképezés tulajdonsdgai
lehetové teszik, hogy a

M4 241 = 22,
2n+d+2m+d_'_1 — y2

egyenletekbol allo rendszerként fogjuk fel a problémat az n,m,d, x,y pozitiv egész is-
meretlenekben, ahol 2 < m < n, tovabba a két egyenlet egyike szabdlyos, a mésik
kivételes megoldashoz kapcsolodik. A gondolatmenet komplikaltabb része az, amikor
az elso egyenlet megoldasa kivételes, ami a

28k+D + 24k’ + 1= .'L’Q (9)

egyenlet vizsgalatahoz vezet, ahol D > 1 paratlan egész, k pozitiv egész. (9) ekvivalens

az
T 24k 11

2P P (g0

egyenlettel, melyre alkalmazzuk BEUKERS [5] most kdvetkez6 diofantikus approximacios
tételét. Legyen p a 2-nek egy paratlan hatvanya. Ekkor barmely z egész szamra
|z /p°® — 1| > 27435 /p09 teljesiil.

Tehat

2743.5 24k + 1
9(D+8k)-0.9 < 9 . 9D18k’
ahonnan D < 32k + 430 adddik. Ezt 0sszevetve a D-re elemi uiton kapott D > 56k — 32
egyenldtlenséggel, k& < 19 kovetkezik. Most BEUKERS [5] egy maésik tételét (9)-re

10
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alkalmazva, és figyelembe véve a k-ra kapott felsé korlatot, D < 19 addédik. Végiil
szamitégéppel ellendrizve a lehetséges eseteket (D, k,x) = (1,1,23) lesz (9) egyetlen
megoldédsa a nehezebb dgon. (Egyszeriibb a helyzet, ha a masodik egyenlet kivételes.)

o

Kapcsol6odo ujabb eredmények

A cikk megjelenését kovetden LUCA [52] meghatdrozta a p® +p°+1 = 22 rokon egyenlet
Osszes megoldasat paratlan p primszamok esetén. A bizonyitas alapvetéen a Pell egyen-
letek elméletén alapszik. A szerzé megemliti, hogy az &ltaldnosabb p® 4+ p® + p¢ = 22
alaki egyenlet megolddsédhoz sziikséges lenne kezelni a p® £ p® — 1 = 22 egyenleteket
is, am mig a két eset koziil p® — p® — 1 = x%re vonatkozdlag vannak részeredmények,
addig p® 4+ p® — 1 = 2% megoldésardl szinte semmi sem ismert. Késébb LE MAOHUA
meghatarozta p® — p® + p¢ = 22 [37] illetve p* — p® — p¢ = 22 [38] megolddsait, majd a
2| aésa>b>c>0 feltételek mellett megoldotta a p® + p® — p¢ = 22 egyenletet [39],
am a paratlan a esete még mindig nyitott.

BENNETT, BUGEAUD and MIGNOTTE [6] azt vizsgaltdk, hogy a 2-es illetve 3-as
szamrendszerben mely teljes hatvanyokban van pontosan harom darab 1l-es szamjegy
gy, hogy a tobbi szdmjegy 0. A kérdés ekvivalens az 2% + 2 + 1 = y? egyenlettel z €
{2,3} esetén (¢ > 2). A szerzok az algebrai szamok logaritmusainak linearis formaira
vonatkoz6 Baker médszert hasznalva explicite megadtdk a megolddsok halmazat, majd
a négy l-es szamjegy esetét vizsgalva a 2-es szamrendszerben, megallapitottak, hogy a
q kitevd legfeljebb 4 lehet. Ugyanebben a cikkben belattak, hogy 6% + 2° 4+ 1 = y? csak
ugy teljesiilhet ha 1 < ¢ | 6. Kés6bb BENNETT (7] elemezte, hogy 3-as széamrendszerben
mely négyzetszamoknak illetve magasabb hatvanyoknak van pontosan harom 0-t6l
kiillonb6zo szamjegye. A fenti szerzék mindannyian emlitésre mélté alapként tekintenek
a (8) egyenletre és annak [83]-ban val6 megoldasara.

SCOTT és STYRE [76] a Pillai egyenlet (—1)“a®+(—1)b¥ = ¢ alaku dltaldnositdsanak
vizsgalatdban, tobbek kozott, felhasznédlja az 1. tétel eredményeit. A [77, 78] tanulma-
nyokban SCOTT egyszeriibb, elemi bizonyitdst ad az 1. tételre, valamint LUcA p®4p®+
1 = 22 egyenletre vonatkozé eredményére.

ARENAS-CARMONA, BEREND és BERGELSON megemlitik, hogy vizsgalataikban
nagy fontossaggal birnak azok a P(X) polinomok, melyekre a 2"t £2"2+...+2" = p(x)
egyenlet végtelen sok (nq,na, ..., ng, x) megoldassal rendelkezik. WARD [95] megjegyzi,
hogy egy probléma&ja megoldasaban hasznélni lehetne az 1. tételt, de direkt bizonyitéast
ad a specidlis helyzetre.

Tovébbi cikkek [51, 99, 54, 18], valamint GUY Unsolved Problems in Number Theory
cimil konyve [23] (251. oldal) hasonlé exponencidlis, vagy polinomidlis-exponenciélis
egyenleteket targyalva emliti meg az 1. tételt vagy hivatkozik a [83] dolgozatra.
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1.2. Az (a"—1)(b" — 1) = 2? egyenlet

Tegyiik ismét fel, hogy az (1) egyenlet polinomja egyvaltozés, mégpedig p(X) = X2.
Amennyiben (1) bal oldalan a kitevéket egyenléknek tekintjiik (legyen mindegyik n), és
feltessziik, hogy k =4, u; = ugy = 1 és us = ug = —1, tovabba hogy & = &5, & = 1,
akkor a (&8 — 1)(&% — 1) = z? diofantikus egyenlethez jutunk, melyet a tovdbbiakban
az egyszeriség kedvéért

(a™ = 1)(b" — 1) = 2 (10)

alakban haszndlunk. A kovetkezékben a (10) tipusu egyenletre, illetve médositdsaira
vonatkozo eredményeket ismertetjiik az el6zményeivel és kovetkezményeivel 0sszhang-
ban. Vegyiik észre, hogy ha ab, a, b és 1 egy negyedfoku polinom kiilénboz6 gyokei,
akkor (10) egy adott negyedrendii rekurziv sorozatban (mésképpen: két masodrendii
sorozat szorzataban) kérdezi a négyzetszamok eléforduldsat. Ez az értelmezés indokolja
a most kovetkezo torténeti attekintést.

El6zmények

Linearis rekurziv sorozatokban el6forduléd teljes hatvanyok vizsgalata hosszi multra
tekint vissza, valdsziniileg OGILVY [69] volt az els6, aki kézolte a Fibonacci sorozat-
ban el6fordulé négyzetszamok problémajat. Ugyanez a kérdés egy év mulva megje-
lent a Fibonacci Quarterly hasdbjain is, majd még egy évvel kés6bb CoHnN [11, 12]
és WYLER [98] egymadstdl fiiggetleniil, elemi mddszerrel igazoltédk, hogy a Fibonacci
sorozatban csak a 0, 1 és 144 szamok teljes négyzetek. A magasabb hatvanyok meg-
jelenésével sokan foglakoztak, tobbek kozott LONDON és FINKELSTEIN [50], PETHO
[70, 71}, MCLAUGHIN [65],..., végill BUGEAUD, MIGNOTTE és SIKSEK [8] igazolta,
hogy az elébbieken kiviil 8 az egyetlen hatvany a Fibonacci sorozatban. Ok a leg-
modernebb eszkozokkel (moduléris formak, hdrom tagu linearis formék logaritmusaira
vonatkoz6 legijabb eredmények) kombindltédk a kordbbi megkozelitéseket.

Altaldnos mésodrend, vagy magasabbrendii {G,,} rekurzidk esetén is felvet6dott a

G, = 2

egyenldség kérdése az n > 0, x és ¢ > 2 egészekben. SHOREY és STEWART [79] il-
letve tliikk fiiggetlentil PETHO [70] megmutatta, hogy ha {G,} mdasodrendii, akkor
mindharom véltozé feliilrdl effektive korlatos. Amennyiben magasabbrendd rekurziv
sorozatokat tekintiink, akkor fel szoktak tenni, hogy a sorozat karakterisztikus poli-
nomjanak van dominéns gytke. SHOREY és STEWART [79] ebben az esetben igazolta,
hogy ¢ nem lehet akdrmilyen nagy. Ezt az eredményt NEMES és PETHO [68] kiterjesz-
tette a
Gp =274 A(z)

esetre, ahol A(X) egy adott egészegyiitthatdés polinom. A fenti eredmények elsésorban
a Baker médszeren mulnak, és a ¢ kitevére vonatkozé felsé korlatok olyan hatalmasak,
hogy kozvetleniil nem lehet 6ket hasznalni az adott egyenlet tényleges megoldasara.
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Kozben sok olyan eredmény sziiletett, amely kiilonb6zo bindris rekurziokban meg-
hatarozta adott alaku figuralis szamok Osszességét, de magasabbrendii rekurziékban
ritkdn sikeriilt hasonlé eredményeket elérni. Példdul MCDANIEL [64] bizonyos Leh-
mer sorozatokban és asszocidltjaikban le tudta irni a négyzetszamokat. Az ¢ vizsgala-
tai kongruencidkon, kiilonbozé Jacobi szimbélumok kiszamolasan és a sorozatok oszt-
hatdsagi tulajdonsagain alapulnak. Mivel (10) bal oldala, mint korabban mar emlitésre
kertilt, felfoghatd ugy is, hogy két binaris rekurzié szorzata, azaz egy negyedrendi re-
kurziv sorozat, igy (10) ezekben keresi a négyzetszdmok el6fordulasat. Tehat a (10)
tipusu egyenletek felvetése, és megolddsa 1j irdnyt hozott a kutatdsokba. A kérdés
azért nem konnytli, mert valamely c-hez relativ prim modulust véve ¢ — 1 maradékai
peridikusan 0-t vesznek fel. Ezt a szitudciét tovabb nehezitheti, ha (10) megoldhato.

Az (a" —1)(b" — 1) = 2% alakii egyenletek
Legyenek 1 < a < b rogzitett egész szamok, és keressiik (10), azaz az
(@™ —1)(b" —1) = 2?

polinomidlis-exponencidlis diofantikus egyenlet gyokeit az n és x nem negativ egészek-
ben. Az (a,b) = (2,3),(2,5),(2,6), (a,a") esetekben sikeriilt megadni (10) dsszes meg-
olddsat [81, 27]. Ezek a dolgozatok ittoré munkédnak is tekinthet6k, mert érdemben
els6ként fogalkoztak az (a™ — 1)(b" — 1) = x? egyenlettel. A bizonyitdsokban a kvad-
ratikus maradékok és primitiv gyokok elméletét, valamint masok altal mar megoldott
diofantikus egyenletekre vonatkozé eredményeket hasznaltunk fel. Késébb altalanosi-
tottuk a korabbiak egy részét oly mdédon, hogy az a és b hatvanyalapokat nem rogzi-
tettitk, hanem bizonyos kongruencidknak kellett eleget tenniiik [34] . Itt féleg a Pell
egyenletek megoldasainak tulajdonsagait hasznéltuk fel. Ez utobbi cikk mintegy tiz
évvel az els6 ketté utdn sziiletett, kozben tobben is érdeklédést mutattak a (10) tipusi
egyenletek irant. Ennek koszonhetoen a téma szakirodalma megnovekedett, koztiik
nagyon jelentds és altalanos eredmények is el6fordulnak.
A kovetkez6 részben megadjuk a [81, 27, 34] dolgozatok f6 eredményeit.

4. tétel. (Szalay, 2000, [81].) Nincs pozitiv egészekbdl dlls (n,x) megolddsa a
(2" - 1)(3" - 1) = 22 (11)

egyenletnek.

A bizonyitasban a néggyel oszthatd kitevok jelentették a legnagyobb problémat. Belat-
hatd, hogy ekkor n = k-4 -5%"! alakban irhat6 (1 < a € Z), tovabbd (11) dtalakithaté

a
2" —1 3" —1

5o jo 1
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formara. Ezutan a kvadratikus maradékok elméletét haszndlva megmutattuk, hogy

(22)-(2)(9)-()-

ahol (-/5) a megfelel6 Legendre szimbdlumot jeldli.

5. tétel. (Szalay, 2000, [81].) A
2" = 1)(5" — 1) = a?

egyenlet egyetlen pozitiv egész megolddsa (n,z) = (1,2).

Az 5. tételnek van egy érdekes atfogalmazasa: csak az (n,z) = (0,1) par elégiti ki a
o(10™) = x? egyenletet, ahol o(-) az osztok Osszege szdmelméleti fliggvényt jelenti.
A tétel igazolasa a 4. tételéhez hasonlé.

6. tétel. (Hajdu — Szalay, 2000, [27].) A
(2" - 1)(6" — 1) = 2?

diofantikus egyenletnek nincs pozitiv egész (n,x) megolddsa.

Az (a,b) = (2,6) esetben a korabbiaktdl eltéré mas elemi fogasokra is sziikség volt.
Csak paros kitevo mellett érdekes az allitas. Az n = 4k+2 esetben a megoldhatatlansig
bizonyitasahoz belattuk, hogy n = 6w alakud kell hogy legyen valamely paratlan w-re,
majd talaltunk két olyan természetes szamot — a 17-et és a 97-et —, hogy a

((2°)" = 1)((6°)" = 1)

sorozat egyik tagja sem kvadratikus maradék egyszerre mindkét modulusra. Végiil ha

n=4-k-51 akkor
-1 6"—1
(i:_ﬁL):_L
5

7. tétel. (Hajdu — Szalay, 2000, [27].) Ha az a, n, k és x pozitiv egészek (a,k > 1,
kn > 2) kielégitik az

(a" —1) (a" = 1) = 2?
egyenletet, akkor (a,n,k,x) = (2,3,2,21) vagy (3,1,5,22) vagy (7,1,4,120).
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2000-ben a [81] dolgozatban el8szor csak a (2F — 1)(2%" — 1) = 22 egyenletet oldot-
tuk meg, kés6bb azonban sikeriilt ezen eredményt dltalanositani [27], az el6z6 tételnek
megfeleléen. Itt CHAO Ko [9] illetve LIUNGGREN [49] egy-egy tételére alapoztuk a
bizonyitast.

8. tétel. (Lan — Szalay, 2010, [34].) Ha a = 2 (mod 6) és b =0 (mod 3) akkor az
(@ —1)(b" —1) = 2?

diofantikus egyenletnek nincs pozitiv egészekbdl dlls (n,x) megolddsa.

9. tétel. (Lan — Szalay, 2010, [34].) Tegyiik fel, hogy b—1 = s* négyzetszdm. Ekkor
a =2 (mod 20) és b =5 (mod 20) mellett az

(@™ —1)(b" —1) = 2*

egyenlet vagy nem oldhaté meg, vagy egyetlen lehetséges megolddsa (n,x) = (1, st),

aholt =+/a—1¢€N.

A 8. tétel altaldnositja a 4. és 6. tételeket és LE MAOHUA egy dolgozatat [40]. Meg-
jegyezziik, hogy a 8. tétel az (a,b) parok mintegy 1/18 részét tudja kezelni, tovabba,
hogy végtelen sok (a,b) péar tesz eleget a 9. tételben szereplé feltételeknek.

Az utébbi két eredmény bizonyitdsdban elsésorban az u? — Dv? = 1 Pell egyenlet
megoldésait lefré u = {u, } sorozat szamelméleti tulajdonsagait hasznaltuk fel.

Kapcsolodo ujabb eredmények

A 2000-ben megjelent két cikk nagy érdeklédést keltett. PETHO [72] jelentds fej-
leménynek értékelte, hogy 1j kutatasi irdanyt sikertilt nyitni a magasabbrendii rekurziok-
ban elofordulé teljes hatvanyok vizsgédlata terén. A dolgozatok hataséra tobben kezdték
el vizsgalni a (10) tipusi egyenleteket. Fontos eredményeket publikédlt COHN [13], a bi-
zonyitdsok egy részében felhaszndlta a v? = du? + 1 tipust egyenletekre vonatkozd
sajat eredményeit. Egyik tétele az a® = b’ feltétel mellett altaldnositja a 7. tételt, majd
n = 1,2 és 4k mellett adja meg (10) megoldasat. Megoldja tovdbbd a 2 < a < b <
12 esetekre meghatdrozott egyenleteket. Nemrég GuoO [22] tovébbfejlesztette COHN
munkéajat.

Az egyik legjelentésebb eredmény Luca és WALSH nevéhez fliz6dik, akik [62]-ben
altalanos végességi tételt nyertek az w,v, = z9 egyenletre, ahol {u,} és {v,} adott
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bindris rekurziok. Mivel CORVAJA és ZANNIER egy, az Altér tétellel igazolt eredményét
hasznélték, igy allitasuk ineffektiv. Belattak tovabba, hogy a (10) egyenleteknek csak
véges sok megolddsa lehet rogzitett alapokra. Emellett [62]-ben megadtak egy olyan
eljardst, amellyel az (a™ — 1)(b™ — 1) = 2 egyenletek altaldnosan kezelheték az adott
(a,b) parok tobbségére. Az algoritmusukat 2 < a < b < 100 esetben demonstraltak, és
mintegy 70 kivételes esettdl eltekintve megoldottak az egyenleteket. A kivételek koziil
késébb néhanyat LI és TANG [46], valamint L1 és JIN [47] kezelni tudtak.

2009-ben LE MAOHUA két cikket [40, 42] is kozolt a (2" — 1)(b" — 1) = x? egyen-
letrél. Megmutatta, hogy ha b | 3 teljesiil, akkor az el6bbi egyenletnek nincs megoldéasa,
altalanositva ezzel a 6. tételt. Ugyanezzel a problémaval foglalkozott még L1 és TANG
[45] is.

A (10) egyenlet b = a + 1 specidlis esetét vizsgalta LE MAOHUA [43], és LiaNG
[48]. Az el6bbi munka sziikséges feltételt ad arra, hogy a vizsgalt egyenletnek legyen
megoldasa, mig LIANG belatta, hogy ha a maradéka 2 vagy 3 modulo 4, akkor az
egyenlet nem lesz megoldhaté.

T6bb tanulmény [88, 92, 89, 91, 20, 31, 93] foglalkozik azzal, hogy a-ra és b-re olyan
osztalyokat keressen, melyekre (10) nem oldhaté meg. Az emlitett cikkek koziil [88]
az altaldnosabb (a™ — 1)(b™ — 1) = 22 egyenletet targyalja, melynek az elézménye az,
hogy WALSH [94] a 4. tételt altaldnositotta: megmutatta, hogy a (2" —1)(3™ — 1) = 22
egyenlet sem oldhaté meg. Szintén a kiilonbozo kitevoji, altalanosabb problémat elemzi
HE [28] is.

1.3. Rekurziv sorozatokban elofordulé tovabbi po-
linomialis értékek

Ha (1)-ben a & (1 = 1,..., k) értékek egy egészegytitthatos k-adfokd polinom gyokei
és az u; egyutthatok alkalmasan valasztott algebrai szamok, tovabba a kitevok meg-
egyeznek, akkor (1) dgy is felfoghat6, hogy egy k-adrendii linedris rekurziv egész soro-
zat p(X1, Xo, ..., X;) polinomidlis értékeit keressiik. Esetiinkben p legyen egyvéaltozos,
de az igy vizsgalt p(X)-r6l kicsit altalanosabban feltehetd, hogy egészértékii polinom,
példaul ()3()

Tételezziik fel, hogy a {G,} bindris rekurziét a Gg, G kezdeti értékek és a

Gp=AGu_1+BGrs (n>2) (12)

képzési szabdly hatdrozza meg, ahol Gy, Gy, A, B € Z kielégitik a |Go| + |G1| > 0 és
AB # 0 feltételeket. Legyen tovabba « és [ a

E(X)=X?—-AX - B

karakterisztikus polinom két gyoke, valamint k(X) diszkrimindnsét jelolje D = A%+4B,
ahol feltessziik még, hogy D # 0 (azaz a # f3).

A {G,} sorozat asszocialt {H,} sorozatara H, = AH, 1+ BH, 5, (n > 2) teljesiil
a Hy = 2G, — AGqy és Hy = AG1 + 2BG kezdeti értékekkel.
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Legyen a tovabbiakban |B| = 1. A [84] dolgozatban belattuk, hogy a Gy = 0és G; =
1 kezdéértékekkel és a (12) reldciéval megadott rekurzié és asszocidltja rogzitett egytitt-
hatok mellett csak véges sok (g) tipusu polinomialis értéket tartalmazhat. A bizonyitas
MORDELLNEK [66] egy, az elliptikus egyenletekre vonatkozé ineffektiv végességi tételén
alapszik.

A cikkben megadtunk egy algoritmust is az Osszes (’;) polinomidlis érték meghata-
rozéséra rogzitett {G} illetve {H} esetén, szintén feltételezve a Gy = 0 és G; = 1
kezdoértékeket. Az eljarast a Fibonacci, Lucas ill. Pell sorozatokkal — melyek n-edik
tagjat rendre a szokasos F),, L, ill. P, szimbolumokkal jeloljiik — demonstraltuk.

10. tétel. (Szalay, 2002, [84].) A G, = (3) és H, = (5) egyenletek mindegyikének

csak véges sok megolddsa van azn > 0 és x > 3 egészekben.

11. tétel. (Szalay, 2002, [84].)
e Ha F, = (3), akkor (n,z) = (1,3) vagy (2,3).
o L, = (3)-b6l (n,x) = (1,3) vagy (3,4) kovetkezik.

o AP, =(3) egyenletet csak (n,x) = (1,3) elégiti ki.

Az algoritmus elliptikus egyenletekre vezeti vissza a problémat, melynek megoldésa-
ra kifejlesztett szamitogépes eljarasok allnak rendelkezésre.
A [84] dolgozat eredményeinek kiterjesztését [82] tartalmazza, ahol az dltaldnosabb

G = %Z(axg + 3abz® + cx + (be — 2ab*))
egyenletet targyaltuk az a # 0, d # 0 feltételekkel, tovabba tetszoleges Go, G; kezdo-
értékekkel. Az eljaras alkalmazéasaként a Fibonacci sorozatban, a Lucas szamok soro-
zatdban és a Pell sorozatban megadtuk a y ;% alakban eldallithat6 tagokat. Mind-
ezeken tul, elemi moédszert alkalmazva mindharom el6bb emlitett sorozatban meg-
hatdroztuk az dsszes >y, i* formdju szamot, tovabbd a Fibonacci ill. Lucas sorozatban
az (i) tipusu kifejezéseket.

Végiil megemlitjiik, hogy hasonld jellegii probléméakkal foglalkozott KovAcs [32, 33],
TENGELY [90], valamint LUCA és SZALAY [57]. Ez utébbi dolgozat nem polinomiélis,
hanem exponencialis alakui kifejezést keresett a Fibonacci sorozatban. Megmutattuk,
hogy csak véges sok p® & p® + 1 alaki 1-nél nagyobb Fibonacci szam létezik, ahol p
rogzitett prim, a, b pozitiv egészek és max{a,b} > 2.
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2. fejezet

Polinomialis-exponencialis
diofantikus egyenletrendszerek:
diofantikus halmazok

Pozitiv egész szamok (vagy pozitiv raciondlis szamok) egy {ai,...,ay,} halmazat di-
ofantikus szdm m-esnek nevezziik, ha barmely 1 < i < j < m esetén a;a; + 1 egész
szam négyzete (vagy raciondlis szdm négyzete). Nyilvanval6an a kérdés m > 3 mellett
érdekes, és egész szamokbdl allo6 harmast hamar lehet keresni. Az elso, érdekes médon
racionalis szamnégyest DIOFANTOSZ adta meg:

1 33 17 105
{1_6’ 61 1_6} -

FERMAT jegyezte az {1,3,8,120} halmazt, valdsziniileg els6ként mutatva példat egész
szamokbol all6 diofantikus négyesre. Az idok folyamén sokan vizsgaltak a kérdést,
kiilonbozo varidnsait, valtozatait, kiterjesztéseit. A kés6ébbiekben mindig az egész
szamokra vonatkozo6 problémat tekintjiik. Ma mar ismert, hogy végtelen sok egészekbdl
all6 diofantikus szamnégyes létezik. A témakor legnagyobb érdeklédésre szamot tartd
sejtése, hogy a m = 5 esetén nincsen egészekbdl allo diofantikus halmaz. Ezzel kapcso-
latban a legerésebb eredmény DUJELLA [15] nevéhez flizédik, aki belatta, hogy m = 6
esetén egyéltalan nincs megoldas, mig m = 5 mellett legfeljebb véges sok diofantikus
halmaz létezik melyek effektive meghatarozhatok.

A kovetkezOkben a diofantikus szamhalmazok! két valtozatat vizsgaljuk, mindkét
esetben 1j tipusi problémakat vetettiink fel, és oldottuk meg részben. Az elsd eset-
ben a négyzetszamok helyett egy adott méasodrendii rekurziv sorozat tagjait tekintjiik.
Maésodszor pedig adott tipusu S-egységekkel helyettesitjiik a négyzetszamokat. Bizo-

nyos értelemben a négyzetszamoknal m = 5 volt a , kritikus érték”, a binaris rekurzidkra
m = 3, a két primszam altal generalt S-egységekre pedig m = 4 lesz a kozéppontban.

LA diofantikus halmaz fogalmét més értelemben is hasznaljdk. Az értekezésben mindvégig a klasszi-
kus diofantikus szam m-esek kiilonb6z6 varidnsainak eleget tevo szam m-eseket értjiik alatta.
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Megemlitjiik még, hogy egy eredményében és megoldasi technikdjaban is kiilonb6zé
jellegii dolgozatot publikdltunk ([4]), ahol a klasszikus probléma négyzetszémait négy-
zetmentes szamokra cseréltiik fel. Belattuk, hogy a természetes szamoknak van olyan H
végtelen részhalmaza, hogy tetszéleges, de véges sok H-beli szamot véve azok szorzata
eggyel megnovelve négyzetmentes lesz. Ugyanebben a dolgozatban megbecsiltiik H-
nak N-re vonatkozé aszimptotikus slirtiségét is. KEgy brute force keresési algoritmus
segitségével példat adtunk olyan 1229 elem®i H' C H halmazra, melynek elemei 108-nal
kisebbek, és a H-ra eléirt tulajdonsdggal rendelkeznek. H' elsé elemei:

H' ={1,2,5,6,9,10, 14, 18,21, 30, 33, 42, 45, 50, 64, 65, 77, 81, 82,92, 100, . . . }.

A konsruktiv bizonyitdsban, ami a dolgozat egyik erénye, LUCA és SHPARLINSKI [56]
egymas utan kovetkezo egészek négyzetmentes magjai hanyadosainak approximaciéjara
vonatkozo tételét hasznaltuk. Ezideig primszamokra vonatkozé hasonlé eredményrol
nincs tudomasunk.

2.1. Binaris rekurzidkkal kapcsolatos diofantikus
harmasok

Legyenek A és B nullatél kiilonbozd egész szamok, melyekre D = A? 4+ 4B # 0 teljesiil,
és amelyek az egyiitthatéi lesznek a

Gn+2 = AGn+1 + BGna n=>0

rekurziéval definidlt {G,} egész szamokbdl &llé sorozatnak (Go, Gy € Z kezdéelemek-
kel). Legyen a és B a rekurzidhoz tartozé karakterisztikus k(X) = X? — AX — B
polinom két kiilénboéz6 gyoke. Ismert, hogy léteznek olyan 7,6 € K = Q[a] komplex
szamok, melyekre
Gp =7ya" + 66"
teljesiil minden n-re (v = (G1 — 8Gy)/(a — ), d = (G1 — aGy) /(o — 5).)
Térjiink most vissza az 1. fejezet elején bevezetett

wr&yt + uny® + -+ upgyt = pln, Tas o, Ty)
egyenletre. Legyen az ennek jobb oldalan allé p polinom ¢t = 2 valtozds, mégpedig
p(Xl, XQ) = XlXQ + ].

A bal oldalon tekintsiink k& = 2 tagot, ahol a kitevok kézosek (ny = ny = n), a hatvany-
alapok pedig a k(X)) karakterisztikus polinom gyokei (§; = «, & = ), tovabba legyen
uy = 7y, ug = 9. Vildgos, hogy roviden p(x,z5) = G, formaban fogalmazhaté meg a
kapott egyenlet. Ilyen egyenletbol tekintsiink most harmat az alabbi mdédon:

p(a, b) - Gam
p(&7 C) = Glla
p(b,c) = G..
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Amennyiben ezt egyenletrendszerként fogjuk fel az a, b, ¢ és x,y, z ismeretlenekben, ak-
kor olyan diofantikus a, b, ¢ hdrmasokat keresiink melyek a rogzitett {G,,} sorozat tag-
jait allitjak el6. A tapasztalatok azt mutatjak, hogy a legismertebb bindris rekurziok
(Fibonacci sorozat, Lucas szdmok sorozata, Balansz szamok) nem bévelkednek diofan-
tikus harmasokban. (Nyilvdnvaléan diofantikus parbdl végtelen sok van, példaul a = 1,
b = G, — 1 megfelel.) Masrészrél viszont G,, = 2" + 1 esetén konnyti észrevenni, hogy
kiilonbozé a = 2%, b = 2" és ¢ = 2 hatvanyokkal végtelen sok diofantikus harmas
adhaté meg. A megoldasok szamanak sokszintisége is ravilagit a probléma nehézségére.
A fentiek alapjan két kérdést tesziink fel.

e Melyek azok a masodrendil sorozatok melyekre végtelen sok diofantikus harmas
létezik?

e Hogyan lehet meghatarozni az osszes diofantikus harmast egy adott sorozatra?

Véges vagy végtelen?

Az els6 kérdés tanulmanyozasa el6tt egy fogalmat vezetiink be. A {G,,} sorozatot nem
degenerdltnak nevezziik, ha v6 # 0 és /5 nem egységgyok. A tovdbbiakban a nem
degeneraltsagon tul feltételezziik még, hogy D > 0, ekkor az altaldnossag megszoritdsa
nélkil feltehetjiik azt is, hogy |a| > |3].

Tehat a megoldasok szamossagat firtatva az

ab+1 = G,
ac+1 = Gy, (1)
bce+1 = G,

egyenletrendszert vizsgaljuk az 1 < a < b < ¢ és z,y, z nem negativ egész ismeretlenek-
ben. A [19] cikkben az aldbbi eredményre jutottunk.

12. tétel. (Fuchs — Luca — Szalay, 2008, [19].) Legyen a {G,} bindris rekurziv
sorozat nem degenerdlt és D > 0. Tegyuk fel, hogy létezik végtelen sok a,b,c,x,y és
z nem negativ egész az 1 < a < b < c feltétellel, melyekre

ab+1 = G,
ac+1 = Gy,
bce+1 = G,

teljesil. Ekkor 5,0 € {£1}, a,y € Z.
Tovabba, véges sok a,b,c,xz,y,z kivételtol eltekintve 65% = 6pY = 1, és az
alabbiak kozul az eqyik sziikségszerien igaz:

e 03" =1, amikor v vagy ya négyzetszam;

e 4% = —1, amikor x € {0,1}.
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Vegyiik észre, hogy a tételben megfogalmazott végtelenségi kovetelmény megvalo-
sithaté, tekintsiik erre a kérdésfeltevések elotti G,, = 2" 4+ 1 példat. A D > 0 feltétel
a bizonyitasban erdsen ki van haszndalva, mivel ekkor a sorozat karakterisztikus poli-
nomjanak van domindns gyoke. A vizsgalat f6 eszkoze ugyanis az Altér tétel egyik
valtozata, ahol az ilyesfajta probléméak kezelésénél egyik legfontosabb kritérium a do-
minans gyok létezése. Hasonléan az Altér tételt hasznélta SCHLICKEWEI és SCHMIDT
[75] az

aGy +bGy +cG, =0

egyenlet megoldasainak elemzésére (a, b és ¢ adott egészek). Az (1) rendszer ekvivalens
az el6zohoz jellegében hasonld

(ab+1—G.)* +(ac+1—G,)* +(be+1-G,)*=0
egyenlettel, amely harom-harom véltozdjaban polinomidlis illetve exponencidlis.

12. tétel bizonyitdsanak gondolatmenete

Végtelen sok megoldast feltételezve, el6szor megéllapitjuk, hogy = < y < 2z kovet-
kezik, tehdt z — oo. Ha z elegendben nagy, akkor eleget tesz a z < 2y + O(1)
egyenl6tlenségnek. A tovabbiakban kiilonboztessiik meg a 3% = 1 és §B* # 1 ese-
teket.

Ha 65* = 1, akkor konnyen belathaté, hogy f = +£1, 6§ = +1, a € Z és v € Z
teljestil, tovabba, hogy 04Y = £1 és 68* = +1 kovetkezik (ha z elég nagy). Mivel
0¥ = —1 csak véges sok megoldast adhat, igy 08Y = 1. Ekkor §3* = £1 vezet el a
tételben megfogalmazott d5%-re vonatkozé allitasokhoz.

Ha 08% # 1 teljesiil, akkor legvégiil ellentmondasra jutunk majd a feltételezett
végtelen sok megoldassal. Lényegében ez az ag jelenti magat a cikket, ahol mély eszk6zo-
ket (Altér tétel, végesen generalt multiplikativ csoportokra vonatkozo egységegyenletek
megoldésa, Puiseux-sor, algebrai szamelméleti megfigyelések, polinomok tulajdonségai)
kombindlunk. Az el6zéek alapjan felteketd, hogy z > y. Belatjuk, hogy ha G, > 1, és
z elég nagy, akkor létezik alkalmas rg € (0, 1) konstans, hogy

ged(Gy — 1,G, — 1) < a2,

Ennek az egyenlttlenségnek © — oo a kovetkezménye, tehat z, y, 2 mindegyike a végte-
lenhez tart. Ekkor FUCHS [18] multirekurziv, dominans gyokkel rendelkezé sorozatokra
vonatkozo eredményébol kovetkezik, hogy

(Go = D(Gy — 1)(G: — 1) = (abe)? (2)

végtelen sok megolddsara abe felirhaté a /(G, — 1)(G, — 1)(G, — 1) Puiseux-sordban
megjelend egytagu o”, 5% oY, 5Y, o*, 5% kifejezések linedris kombinaciéjaként. Kovet-
kezésképpen olyan egységegyenlethez jutunk, ahol a megoldasokat az « és [ szamok
altal generalt multiplikativ csoportban keressiik. Ennek kezelése jelenti a tanulmany
legnehezebb és leginkabb munkaigényes részét.
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Ezutén két {6 esetet valasztunk szét. Ha a és 8 multiplikative fiiggetlenek, akkor x,
y és z kozott bizonyos linedris Osszefiiggések fedezheték fel, melyeket visszairva az (1)
rendszerbe, ellentmondasra jutunk. Amennyiben « és § multiplikative Osszefiiggdek,
akkor — tobbek kozott a skatulya-elv felhasznalasaval — belatjuk, hogy (2) 6sszes meg-
oldésa véges sok Z3-beli egyenesen helyezkedik el. Ezen egyenesek egyike nyilvdnvaléan
végtelen sok megolddast tartalmaz, azaz léteznek olyan v;, w; (i = 1,2,3) egészek, me-
lyekre végtelen sok pozitiv egész ¢ értékre

I:U1t+w1, yzv2t+w2, Z:U3t+?,U3.

all fenn. A multiplikativ osszefiiggség miatt valamely o szdmra o = o' és 8 = +¢’
teljestil (7,7 egészek), tovdbba az elézéek miatt G, — 1, G, — 1 és G, — 1 mindegyike
o' polinomja lesz, melyek koziil barmely kettének van kozos gyoke, hiszen a hdrom tag
koziil barmely ketto legnagyobb kozos osztdja elég nagy. A bizonyitas ezen aga a kozos
gyokok vizsgalataval ér véget.

Az (1) egyenletrendszer megoldasa adott {G,} esetén

A 12. tétel ravilagit arra, hogy a bindris rekurzidk altalaban véges sok diofantikus
hérmast tartalmaznak. Mint lattuk, a bizonyitds azt vizsgalja, hogy mi a sziikséges (ami
egyben elégséges is) feltétele végtelen sok harmas létezésének. Jellegébdl kovetkezen
nem ad eljardst, hogyan lehet meghatérozni az (1) egyenletrendszer nem kivételes ese-
tekben eléfordulé véges sok megolddsat. A Fibonacci sorozatra [58], majd késébb a Lu-
cas szamok sorozatara [59] megadtunk egy mddszert, amely lehetévé tette (1) hatékony
elemzését.

Az eljaras f6 gondolata az, hogy ha van megoldas, akkor ged(G,—1,G,—1) > /G,
tehat a széban forgd legnagyobb kozos oszté viszonylag nagy. Felhasznélva a {G,}
sorozat szamelméleti és analitikus tulajdonsagait, a legnagyobb kozos oszté feliilrol jol
becsiilheto, és a két becslés Osszevetésébdl ellentmondésra jutunk elegendéen nagy z
értékek mellett. A Fibonacci sorozatnal a kis és nagy z értékeket elvalaszté hatar
kb. 150-nek addédott. A kovetkezd allitast bizonyitottuk.

13. tétel. (Luca — Szalay, 2008, [58].) Nem léteznek olyan pozitiv egész a < b < ¢
szamok, melyekre

ab+1 = F,,
ac+1 = F,, (3)
bc+1 = F,

teljestilne, ahol x < y < z pozitiv egészek.
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A Lucas szamok sorozatara vonatkozd analog allitas az, hogy csak 1-2 + 1 = Lo,
1-3+1=L3és2-3+1= Ly alkotnak diofantikus harmast. A két tétel bizonyitasanak
gondolatmenete 1ényegében megegyezik, van azonban koztiik egy alapveté kiilonbség.
[58]-ban felhasznaljuk, hogy F,,—1 felbonthatd kisebb indexti Fibonacci és Lucas szamok
szorzatéra. L, — 1 esetén hasonlé faktorizacié csak paratlan indexii tagokra létezik. A
felmeriilt nehézséget tgy kiiszoboljik ki, hogy a paros indexti tagokra felhasznaljuk
az (L, — 1) | Fs, tulajdonsdgot, ami valéban megfelel§, mert a kés6bb kiszdmolandé
legnagyobb kozos osztokra elegendd felsé becslést adni. A kovetkezOkben vazoljuk a
13. tétel bizonyitasat.

13. tétel bizonyitasanak gondolatmenete
Legyen x = gcd(F, — 1, F, — 1). El6szor megmutattuk, hogy v F, < ¢ (nyilvan
¢ | x), valamint z < 2y. Utdna belattuk, hogy

i
2 2 27 2 2

XS Fyea(zt, 50y Dgea (50,4 ) Fgea (5 ) Pgea (52, 50

ahol i, j € {£1,+2} értékei attdl fliggenek, hogy z és y milyen maradékot adnak 4-gyel
osztva. Rogzitsiik most i-t és j-t, és tegyiik fel, hogy

d z+vi Y+ puj z+ Vi
C =
& 2 7 2 2d,,

teljestl valamely 2d,,, pozitiv egészre, ahol v, u a £1 értékeket vehetik fel.
Ha most mindegyik (2 +vi)/2d,,,, legfeljebb (z+v)/10, akkor a Fibonacci és Lucas
sorozat tagjaira vonatkozo éles also és felsé becslést hasznélva,

VEF,<c<x< F(z+1)/10L?z+1)/10

alapjan ellentmondasra jutunk. Egyébként valamelyik d,, érték éppen 1, 2, 3 vagy
4. A négy eset mindegyikében egy linearis Osszefiiggést kapunk z és y kozott, amelyet
felhasznalva belattuk, hogy (3) nem oldhat6é meg, ha z > 150.

Végiil szamitégéppel ellenériztiik a z < 150 eseteket. (Megemlitjiik, hogy [58]
2. tételének bizonyitasabol egy egyszerli eset vizsgalata véletlentil kimaradt, de ez nem
érinti a 13. tétel allitasat.) <

Erdemes megjegyezni, hogy a (3) egyenletrendszernek van két raciondlis 0 < a <
b < ¢ megoldédsa (x,y, z tovabbra is nem negativ egészek):

(a,b,c;z,y,2) = (2/3,3,18;4,7,10), (9/2,22/3,12;9,10,11),
és mindmaig nem ismert, hogy rajtuk kiviil van-e még més is.
A [58] és [59] cikkeket kovetve ALP, IRMAK és SZALAY [1] megvizsgalték a Ba-

lansz szamokra vonatkozé diofantikus harmasok kérdését, és a Fibonacci sorozathoz
hasonléan ott sem taldltak megolddst. Ezt dltalanositotta a [30] dolgozat, ahol mar
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nem egy adott sorozatrél, hanem sorozatok egy jol meghatérozott, végtelen sok soro-
zattal rendelkezd osztalyarol tudtuk megmutatni, hogy nincs diofantikus harmasuk. A
vizsgalt sorozatok kozos jellemzoje a

Gn = Aanl - an2

rekurziv formula, ahol A # 2 pozitiv egész, a kezdéelemek pedig Go =0és Gy =1. A
bizonyitott allitas a kovetkezo.

14. tétel. (Irmak — Szalay, kézlésre elfogadva, [30].) Ha A # 2 egy pozitiv egész
szam, akkor nem léteznek olyan 1 < a < b < c egészek, melyekre

ab+1 = G,
ac+1 = Gy,
bce+1 = G,

mindegyike egyszerre teljesulne valamely 1 < x <y < z egészekre.

A bizonyitas a korabbiakhoz képest két tjdonsaggal szolgdlt. Eldszor is, a sorozat
tagjaira vonatkozo alsé és fels6 becslések bonyolultabbak voltak az A paraméter miatt.
Emiatt a kis és nagy z értékeket elvalaszté korlat til nagy lett a korabbi moddszer
alapjan, {gy finomitani kellett a becslést. Masodszor pedig, kis z esetén (z < 138) a
szamitogépes vizsgalat is nehezebbé valt, hiszen végtelen sok sorozatrol van sz6. Ez ugy
lett feloldva, hogy egy A valtozéji {G,(A)} polinomsorozatként fogtuk fel a végtelen
sok sorozat Osszességét, és belattuk, hogy

a:VﬂGAM—ﬂﬂGAm—ﬂ)
G.(A) -1

csak akkor lehet egész, ha A < 2. Végil az A = 1 esethez tartozé periodikus sorozat
vizsgalata konnyti.
Kapcsol6édo ujabb eredmények

Tovébbi kutatdsi irdanyt kapunk, ha egy adott {G,,} sorozatra bevezetjiik a { G }-tavolsag
fogalmat. Egy w valés szdam {G}-tavolsagan a

|w|l¢ = min{|w — G,| : n > 0}

kifejezést értjiik. KEzzel a terminolégiaval élve, a Lucas szamokra vonatkozd korabbi
allitas azt mondja, hogy vannak olyan a, b, ¢ egész szamok, melyekre

max{llabl|z, [lac|z, [lbellL} <1,
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A fentiek inspiraltdk az olyan pozitiv a < b < ¢ egészek tanulmanyozasat, melyekre
llabl|a, |lac||q and ||bel|¢ mindegyike kicsi. Példdul a Fibonacci sorozatra megmutattuk
[60], hogy

max{||abl||r, ||ac||F, ||bc||r} > exp(0.0344/log c).

Ebbél kovetkezik, hogy ha max{||ab||r, ||ac| 7, ||bc||r} < 2, akkor ¢ < exp(415.7), és a
legnagyobb ilyen ¢ az (1, 11, 235) hdrmasban fordul el6 a 222 megoldas koziil. A Balansz
szamok {B,} sorozatdra belattuk [2], hogy csak (a,b,c) = (1,34, 1188) ad pontosan 1
{B}-tévolségi ab, ac és bc harmast. Ehhez a Balansz szdmok eddig még nem vizsgalt
tobb tulajdonsagat is fel kellett tarni.

Tovébbi kérdés, hogy milyen becslést lehet adni azon (a,b,c) harmasok szamossé-
gara, melyekre az ||abl|q, |lac||q, ||belle tavolsdgok nem nagyobbak egy elére megadott
korlatnal. Vezessiik be az

s(z) = #{(a,b,c) € Z* : 1 < a < b < ¢, max{||ab||a, ||ac|q, ||bcllc} < 2}

fiiggvényt, melynek a viselkedését vizsgaltuk a Fibonacci sorozatra. [61]-ben megmu-
tattuk, hogy ha z — oo akkor 2%/2 < s(z) < 22+°() | tovabb4 igazoltuk, hogy s(0) = 0,
s(1) =16, s(2) = 49.

2.2. S-egységekkel kapcsolatos diofantikus négyesek

Legyen S a raciondlis py, po, ..., p, primek egy adott halmaza. S-egységnek neveziink
minden

S =pipy P

alaku racionalis szamot, ahol 7; € Z.

Az {ay,...,a,} pozitiv egészekbdl all6 halmazt S-diofantikus szdm m-esnek hivjuk,
ha

CLz‘CLj + 1= Si,j

S-egység barmely 1 < i < j < m mellett. Részletes vizsgalataink kizardlag az |S| = 2
esetre szoritkoznak, és arra keresiink valaszt, hogy létezik-e ekkor S-diofantikus négyes.
ZIEGLERREL a kovetkezo sejtést fogalmaztuk meg.

15. sejtés. (Szalay — Ziegler, 2013, [86].) Nincsenek olyan p és q primek melyekre
létezne {p, q}-diofantikus négyes.

A sejtést szamitogépes vizsgalatokon tul tobb iranybdl is megerdsitettiik ugy, hogy
bizonyos specialis osztélyokra sikeriilt bizonyitanunk ([85], [86]). Miel6tt ezek részle-
tezésére ratérnénk, fontos megemliteni, hogy GYORY, SARKOZY és STEWART [26] egy
sejtése, melyet késébb CORVAJA és ZANNIER [14], valamint t6lik fiiggetlenil HER-
NANDEZ és Luca [29] igazoltak, kdzvetleniil kapcsolédik az S-diofantikus m-esek prob-
lematikajahoz. A sejtés a kovetkezot allitotta: ha a < b < ¢ pozitiv egészekre ¢ — oo,
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akkor (ab + 1)(ac + 1)(bc + 1) legnagyobb primfaktora is a végtelenhez tart. Eszerint
rogzitett S (amely nem csak kételemii lehet) esetén csak véges sok S-diofantikus harmas
(kovetkezésképpen négyes) lehet. Mivel mindkét bizonyitds alapvetéen az Altér tétel
alkalmazasan mulik, ezért az eredmények ineffektivek, azaz nem adnak alsé korlatot
¢ fuggvényében a legnagyobb primtényezére. (Megjegyezziik, hogy el6zéleg GYORY
és SARKOZY [25] bizonyitottdk, hogy a sejtés igaz, ha a, b, ¢, b/a, c¢/a és ¢/b koziil
legalabb egyiknek a maximalis primfaktora korlatos.) A legnagyobb primfaktor néve-
kedésére LUCA [53] a kovetkezd becslést adta. Ha S rogzitett primek egy halmaza,
akkor léteznek k; és ko, S-t0l fiiggd konstansok, hogy ha 0 < a < b < ¢ és ¢ > k; akkor

ko log ¢
log log ¢

[(ac+1)(be +1)]g > exp (

teljestil, ahol [-]g az S-mentes részt jeloli.
Szamnégyesekbol szarmazo

Sq4 = H (aiaj + 1)

1<i<j<d

szorzat esetén pontosabban lehet fogalmazni, ugyanis STEWART és TIJDEMAN [80]
beldttak, hogy s; legnagyobb primtényezéje legaldbb kjzloglog max;{a;}, ahol k3 egy
effektive meghatarozhato konstans.

Az altalunk megfogalmazott sejtést egyrészt végtelen sok, bizonyos technikai felté-
teleknek eleget tevé p és ¢ primekre sikeriilt igazolni [85], mésrészt az Osszes olyan p
és ¢ primszamokra, melyek 4-gyel vett osztasi maradéka 3 [86]. A pontos &llitasok a
kovetkezok.

16. tétel. (Szalay — Ziegler, 2013, [85].) Legyen S = {p,q}, ahol p < q két kiilon-
bozo prim, és teqyik fel, hogy

PP @ 1, Py porda® 1,

Teqyiik fel tovdbbd, hogy valamely &€ > 1 valds szdmra q < p* teljesiil.
Ilyen feltételek mellett létezik olyan C = C(§) konstans, hogy bdrmely p,q > C
primek esetén nincs S-diofantikus négyes. A C' konstans értékét a

C = W(9;2.142 - 10%2¢?)
egyenldség hatdrozza meg, ahol V(k;z) az

y
(logy)k

egyenlet legnagyobb y > 0 valos megolddst jelols.
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Példdul ¢ = 2 mellett C' = C(2) = 1.023 - 10*! adédik.

Belathatd, hogy a tétel technikai feltételeit, kiillonos tekintettel a rendekre vonatkozd
eloirasokra, végtelen sok p és ¢ prim teljesiti. Ebbol kovetkezik, hogy a tétel értelmében
végtelen sok S = {p, ¢} halmazra nincs S-diofantikus négyes. A masodik allitas az
aldbbi megfogalmazasu.

17. tétel. (Szalay — Ziegler, 2013, [86].) Ha p és q kilonbozd primekre p = q =
3 (mod 4) teljesiil, akkor nem létezik {p, q}-diofantikus négyes.

Megjegyezziik, hogy ha a 17. tételben szereplé paratlan p prim helyett 2-t vesziink
és meghagyjuk a ¢g-ra vonatkozoé eloirast, akkor analég allitas igaz. Ezt az eredményt
publikdlds nyijtottuk be [87], ahol még azt is beldttuk, hogy nem létezik diofantikus
négyes a {p,q} halmazra ha p = 2 és ¢ < 10?, illetve fliggetleniil p és ¢ maradékatdl
modulo 4, p < g < 10° esetén sincs. Az tijdonsag a kordbbiakhoz képest a lanctortekkel
valé approximacié alkalmazéasa volt.

A kovetkezokben véazoljuk az elobbi két tétel igazolasat.

17. tétel bizonyitasanak gondolatmenete

A p =q =3 (mod4) feltételt — a kvadratikus maradékok elméletét alkalmazva —
a kovetkezé médon hasznaljuk ki. Ha (a,b,c) egy S-diofantikus hérmast alkot, azaz
valamely nem negativ kitevokre

ab+1 = po‘lqﬁl,
ac+1 = p22¢™,
bc+1 = pa4qﬁ4,

akkor aq, ai, oy koziil legaldbb az egyik nulla, maskiilonben

(07" = )" = V(g™ = 1) = (abe)’

nem volna kvadratikus maradék modulo p. Hasonlbéan 1, B2, 84 egyike is nulla. Ratérve
az (a,b,c,d) altal alkotott feltételezett S-diofantikus négyesre, a

ab+1 = pgh, be+ 1 = pigh,
ac+ 1= p*2q™, bd + 1 = p*q™, (4)
ad +1 = pa3qﬁ3’ cd+1 = p%qﬁﬁ

rendszer négy diofantikus harmast tartalmaz. Az el6z6 megfigyelés értelmében az «; és
B; kitevok kozott tobb 0 is lesz. A lehetséges variansokat szamba véve, koziiliik tobb
konnyen végiggondolhaté elemi szamelméleti megfontoldsokkal. A legkomplikaltabb
a1 = ag = 0 lehetdség hosszas ellendrzést igényelt, ahol tovabbi alesetek keriiltek eld,
ezeket [86]-ban egy tabldzatban gytijtottiink ossze. &
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16. tétel bizonyitdasanak gondolatmenete

A {6 nehézséget az okozta, hogyan tudunk szoros Osszefiiggéseket feltarni a (4) egyen-
letrendszerben szereplé kitevék kozott. Csak megfeleléen nagy p és ¢ primekre (ame-
lyektdl rdadédsul két tovabbi kritériumot is elvarunk) sikeriilt ezt megtenni.

Amennyiben létezik {p, ¢}-diofantikus négyes, akkor (4) megoldhat6. Bevezetve az
s; = pYigPi jeloléseket (i = 1,2,...,6), a (4) egyenletrendszerbél harom S-egységekre
vonatkozo egyenletet nyeriink:

S985 — 8384 =82 + S5 — S3 — Sy, (5)
$18¢ — S384 =81 + S¢ — S3 — S4, (6)
S$985 — S1S¢ =Sg + S5 — S1 — S¢. (7)

Ezek vizsgédlata képezi a bizonyitas egyik alappillérét. Bar a harmadik egyenlet nem
fliggetlen az els6 kettétol, hiszen azok kiilonbsége, szamelméleti szempontbol tovabbi
tulajdonsagokat lehet nyerni belole. A rendszerben szereplé S-egységek kitevoire kiilon-
boz06 Osszefiiggések, megszoritasok figyelhetok meg, melyeket késébb a bizonyitds soran
felhasznalunk.

A bizonyitas kezdetén STEWART és TIIDEMAN [80] dtletét kovetjiik, amikor rendre

c(bd + 1) (bd + 1)(ac+1) (ab+ 1)(ed + 1)
bled+1)’ ab(ecd+1) (ac+1)(bd+ 1)

kifejezések logaritmusainak becslésére alkalmazzuk a Baker-modszert. Mig 6k WALD-
SCHMIDT [97] eredményét hasznéltak, mi az djabb és élesebb MATVEEV-féle [63], va-
lamint két algebrai szam logaritmusainak linearis formaira vonatkozé LAURENT, MIG-
NOTTE, NESTERENKO [36] altal kidolgozott tételekkel dolgoztunk. Ezek kombindcidi-
nak az lett az eredménye, hogy elegenddéen nagy p és ¢ mellett d-re a

log d
Toglog )1 < 7.969 - 10**(log plog q)* (8)

fels6 korlatot kapunk log p és log g fiiggvényeként.

Ezutan (8) segitségével megmutattuk, hogy ha «a; + f; maximuma nagyobb p-nél,
akkor p feliilrél becsiilhet6 a 16. tételben kordbban C(&)-vel jelolt kifejezéssel. Tehat ha
p > C(§), akkor max;{o; + 5;} legfeljebb p, és ekkor (5), (6) és (7) barmelyikében p két
legkisebb kitevGje megegyezik, tovabba a harmadik legkisebb kitevo naluk legfeljebb
1-gyel nagyobb. Hasonlé megfigyelés érvényes ¢ kitevéire is.

Az (5) egyenlet kitevéinek elemzése alapjan a kovetkezd tablazatba foglalt esetek
fordulhanak elo.
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Eset Q 6]

I Jae=a5<1 f3=p0s<1

2 |apg=a5<1 Pz =PB1=pP—1

3 |aa=as=ay—1|f=0=0;3—-1

4 laz=as=ay—1|B=0p<1

5 |az=ay <1 Po=05=03—1

6 |az=ay<1 Po=0s=01—1=0
7T o jaz=ay <1 Po=p5 <1

A bizonyitas az egyes lehet6ségek idonként hosszas vizsgalataval folytatédik. Ezutan
bevonjuk a (6) egyenletet is, igy az el6zé hét esetbdl négyben ellentmondésra jutunk,
a maradék harom esetnél pedig tovabbi informacidkat kapunk. Végil (7) figyelembe
vételével tudjuk lezarni a még fliiggbben maradt agakat.
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The equations 2V +2M 4 20 — ;2

Laszlo Szalay

1 Introduction

In the present paper we solve the title equations. It is easy to see that they lead either
to
" £ 2" 41 =2 | (1)

or to
2" £ 2" 42 =27 | (2)

While the examination of (2) is quite simple, as well as the resolution of 2"42™—1 = 22,
the equation
2"+ 2" 4 1 = 2? (3)

requires more calculations and the application of some deep results of BEUKERS [2].
This problem has been posed by professor TIJDEMAN, and I heard it from TENGELY.

From a wider point of view, equations of types similar to (1) and (2) have already
been investigated. GERONO [4] proved that a Mersenne-number Mj, = 2¥ —1 cannot be
a power of a natural number if k¥ > 1, so the equation 2¥ —1 = 22 has only the solutions
(k,x) = (0,0), (1,1). For another example, it can readily be verified that 2% + 1 = 22
implies (k,z) = (3,2).

Ramanujan [7] conjectured that the diophantine equation

ok 7 =72 (4)

has five solutions, namely (k,z) = (3,1), (4,3), (5,5), (7,11) and (15,181). His conjec-
ture was first proved by NAGELL [6]. The generalized Ramanujan-Nagell equation

2"+ D = 2? (5)

in natural numbers k& and x, where D # 0 is an integer parameter, was considered
by several authors. See, for example, APERY [1], HASSE [5], BEUKERS [2]. Taking
D = +2M 4+ 2% we investigate infinitely many generalized Ramanujan-Nagell equations.

Our main result is Theorem 1. Theorems 1 and 2 have interesting consequences
connected to binary recurrences (Corollary 1). Finally, a corollary of Lemma 5 states
that the ratio of two distinct triangular numbers cannot be a power of 4 (Corollary 2).

Acknowledgements. The author would like to thank professor Attila Peth¢ for
the useful discussion we had on this subject matter. Further, thanks are also due to
professors Robert Tijdeman and Yann Bugeaud for their kind help, and to the referee
for the valuable remarks and suggestions.
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2 Results

Theorem 1. If the positive integers n, m and x with n > m satisfy
2" 4+ 2™ 41 =% | (6)

then
(i) (n,m,z) € {(2t,t+1,2"+1) |t €N, t > 1} or
(ii) (n,m,x) € {(5,4,7), (9,4,23)}.

Remarks.

[. Equation (6), essentially, asks for odd natural numbers x whose squares contain
exactly three 1 digits with respect to the base 2. Theorem 1 says that beside the
infinite set 2 = 1013 = 110015 , 10013 = 10100015 , ..., only z* = 1113 = 110001, and
2? = 101112 = 1000010001, possess the property above.

IT. The solutions (i) and (ii) in Theorem 1 enable to determine all n,m € Z, z € Q
satisfying (6).

Theorem 2. If the positive integers n, m and x satisfy
2" —2M 41 =2 | (7)

then
(i) (n,m,z) € {(2t,t+1,2" = 1) |t €N, t > 2} or
(i) (n,m,z) € {(t,t,1) |t €N, t > 1} or
(iii) (n,m,z) € {(5,3,5), (7,3,11), (15,3,181)}.

Theorem 3. If the positive integers n, m and x with n > m satisfy
2" 42 — 1 =2 | (8)
then
(i) (n,m,x) = (3,1, 3).
Moreover, all the solutions of the equation

2" — 2™ 1 = 2? (9)

in positive integers n, m and x are given by
(ii) (n,m,z) = (2,1,1).

One can find lots of results concerning occurrence of squares and higher powers

in binary (or higher order) recurrences. See, for instance, SHOREY, TIJDEMAN [§],
Chapter 9. Corollary 1 determines all square terms in certain binary recursive sequences.
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Corollary 1. (Corollary of Theorems 1 and 2.) Let d be an arbitrarily fixed natural
number. Consider the binary recurrences

Gm = 3Gm1—2Gn o (Mm>2), Gy=2"+2,G =2""+3; (10
H, = 3H, —2H, , (m>2), Hy=2% H =2""'_-1. (11)

(i) The only square occurring in the recursive sequence G is Ggi9, except for the
following two cases. If d = 1, then GG contains three squares, namely Gg, G35 = G412
and G4. If d =5, then G4 and G7 = G445 are the squares in G.

(ii) If d is odd, then

H,, =w’ (12)

implies m = d + 2. If d > 0 is even, then equation (12) has exactly two solutions given
by m = 0 and m = d + 2, except for three cases d = 2,4, 12 when there is an additional
square, viz. Hs.

The second corollary contributes to the colorful palette of the results concerning
triangular numbers.

Corollary 2. (Corollary of Lemma 5.) Let A\, denote the k* triangular number, i.e.

JAVAES @, k > 1, k € N. Then the diophantine equation

y#x (13)

has no solution in natural numbers z, y and ¢.

3 Preliminaries

Lemma 1. Let Dy € Z, Dy # 0. If |D| < 2% and 2" + D; = z? has a solution (n, )
then
n < 18+ 2log, |D:| . (14)

Proof. This is Corollary 2 in [2] due to BEUKERS.

Lemma 2. Let p be an odd power of 2. Then for all x € Z

2—43.5
- 1‘ >2 (15)

p0.5 p0.9

Proof. We refer again to BEUKERS, [2].
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Lemma 3. Let D, € N be odd. The equation 2" — Dy = 2 has two or more solutions
in positive integers n, z if and only if Dy = 7,23 or 2¥ —1 for some k > 4. The solutions,
in these exceptional cases, are given by the following table.

Dy =7 (n,2) = (3,1), (4,3), (5,5), (7, 11), (15, 181),
Dy =23 (n,z) = (5,3), (11, 45),
Do=2F—1, (k>4) | (n,x) = (k, 1), (2k — 2,27 —1).

Proof. See Theorem 2 in [2].
Lemma 4. All natural solutions (n,z) of the inequalities

0<|2" — 2% <4 (16)
in positive integers n and z are given by (n,x) € {(1,1),(2,1),(3,3),(1,2)}.

Proof. In virtue of Lemma 1, n < 22 and the verification of all possible values n gives
the solutions above. m

Lemma 5. Let ¢ be an arbitrary positive integer. If x and y are integers satisfying
y-1=2"2"-1) , y>1,z>1 , (17)
then v = 2"t and y = 2%~ — 1 for t > 1.

Proof. 1t is easy to see that (17) is not solvable if t = 1. Suppose that ¢ > 1, y > 1 and
x > 1 satisfy (17). Then y is odd and

y—1 y+1 2t—2 (.2
LA A N ~-1) . 18
2 2 (v =1) (18)
The greatest common divisor of ¥+ and X} is 1 and 2%~2(> 4) divides exactly one of

the terms on the left hand side of (18) Consequently, y = 2271k + 1 with some integer
k > 1. By (17) we have y < 2'z, therefore 2'"'k < z. Moreover, it follows that

M7 k=271 or X k=21 . (19)

In the first case, clearly, k = 1 provides the solution z = 271, y = 2%-t — 1 If
k > 1, then the inequalities

2 =222k — (k- 1) < 227 %k? < o (20)
lead to contradiction.
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In the second case of (19) it follows that
27%) < (27%) +h+1=a< 2%+ 1), (21)
which is impossible. m
Lemma 6. Let n, m and x be positive integers satisfying 2 < m < n and
"4+ 2m +1 =2 . (22)
Then z = 2™ (2k + 1) + 1 with some k € N.

Proof. Assume that (n,m,z) is a solution of (22) under the assumptions made. For
m = 2 the lemma trivially states that x is odd. If m > 3, then the congruence

22=1 (mod 2™) (23)

has exactly four incongruent solutions, namely z =1, x =2™ ! -1, 2 =2™ ' 4+ 1 and
r=2"—1 (mod 2™).
The first and fourth cases are impossible because, by (22), z =2"{+1, (I e N, [ >
1) leads to
2V 1 =2m2 £ 20 . (24)

The second and third solutions of (23) provide
r=2""12k+1)+1 , (keN) . (25)

Lemma 7. If n, m and = are natural numbers for which m < n and n < 2m — 2, then
2" 4+ 2™ + 1 =2? (26)
implies (n,m,z) = (5,4,7).

Proof. The conditions of the lemma give m > 4. Suppose that (n,m,z) satisfy (26).
Combining Lemma 6 and (26) we obtain

2 42" 1 =22 2™ ] (27)
where 7 is a positive odd integer. Since 2m — 2 > n + 1, we get

2"M(1Fr) > (2r* —1)2" . (28)

Hencer =1,z =2""1!1 —~1and n <m+ 1. By m <n we have n = m + 1 and we can
conclude that m =4, n=5andx=7. m
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Lemma 8. If D, k and x are positive integers, k > 3 and
2D+8k + 24k 4 1 — SU2 ’ (29)

then D > 56k — 32.

Proof.
Let v5(n) denote the 2-adic value of the integer n . Assume that the integers D, k
and x satisfy the conditions of the lemma. By Lemma 6 we have two possibilities for x.
A) First consider the case x = 2%*1(2uy + 1) + 1, (up > 0). By (29) we obtain

oPHAk=L — 9h=3 (900 + 1) + g (30)

where 1o must be positive and 1y = 2*73u; with some positive odd integer u;. Other-
wise, dividing (30) by 2mir{4k=322(u0)} it Jeads to contradition. In the sequel, this type
of argument will be applied without any further notice. It follows that

202 — 8k —dy2 ot ly 4 (uy +1) (31)
Then u; + 1 = 2%~ 1y, for some suitable positive odd integer uy, and by (31) we get
QDK+ _ gth=3 (9W—1y) _ 1)® 4 oy 4 (uy —1) (32)
Clearly, uy # 1, uy — 1 = 2% 3y;3, (us € Nyuz =1 (mod 2)), further
pD-8kH0 — 98k=2 (glh=3y, 1 1) otk (2 By 1 1) 4 2%y 4 (uy +5) . (33)

It is easy to see that us + 5 = 2*~'u,, where uy is an odd natural number. Hence

oD—12k+T  _  odk—1 (24k—3 (24k—1u4 B 5) + 1)2 _
_24]672 (24k71u4 . 5) + 24]671”4 + (U4 _ 7) ) (34)

By (34) we conclude that us — 7 = 2**~2u;. Here the odd integer us = %% is positive
because k > 3 and uy > 0. It follows that

9D-16k+9  _  o8k—5 (24k—1 (24k—2u5 + 7) _ 5)2 4 o8k—2 (24k:—2u5 + 7) —
— 28530+ (us — 12)2%71  (us +21) . (35)

Finally, us + 21 = 2%y, (ug € N,ug = 1 (mod 2)), and then ug — 33 = 2%~y leads
to the equality

2D—24k+14 _ (24k—1 (24k—2Q1 + 7) _ 5)2 + R1 + Sl s (36)
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where
Qr=2%"1(2%"; +33) =21 |, R =2°(2"7%Q:+7)-2°Q: , (37)
S =22 (2% +33)+u; , w €N, u;=1 (mod?2). (38)
Obviously, Q1 > 2872 S, > 0, R; > 0. Therefore 2P—24+14 ~ 932k—16 5 d
D> 56k —30 . (39)

B) In the second case replace x by 2471 (2ug+1) — 1, (ug > 0) in (29) and, similarly
as above, the substitutions uy = 2% 3u; — 1, u; = 2% 1wy + 1, uy = 2% 3y, — 1,
us = 2% tuy + 5, ug = 2% 205 — 7, us = 2% 1ug + 21 and ug = 2% *u; — 33 lead to
the equality

oD—24k+14 _ (24’“’1622 + 5)2 —8Qy+ Ry | (40)

where
QQ — 24k—2 (24k—1 (24k}—4u7 _ 33) + 21) _ 7 , (41)
Rl —_ 22 (24’671 (24k74u7 . 33) + 21) - 23 (24k74u7 - 33) — , (42)

and u; € N, uy =1 (mod 2). It can be proved that Q, > 2128 R, > 0 and we have
oD=24k+14 ~ 932k—18 " which, together with (39), implies D > 56k — 32. The proof of
Lemma 8 is complete. m

Lemma 9. If a and ¢ are non-negative integers satisfying

A+ (a+172=¢ (43)

then a = 2P, P, 11, a+ 1 = P2, — P? or conversely, where P; denotes the k™ term of
the Pell sequence defined by Py =0, P, = 1 and P, = 2P,_1 + Py_2, (k > 2).

Proof. Probably this is an old result. For the proof see, for instance, COHN [3]. m

4 Proofs

Proof of Theorem 1. Obviously, each element of the set

T={(nm)eN|n=2t,m=t+1,teNt>1} (44)
(with some suitable x € N) satisfies the relations

2" 42" 1=2> | n>m>1 . (45)
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Let S denote the set of solutions (n,m) of (45), further let M; = (5,4) and My = (9,4).
We have to show that the set of exceptional solutions is S\ T = { My, Ms}.

Observe that 2" ™ + 1 = x;njl € Nif (n,m) € S, further

2n—2m n—m+1 LC2 —1 ?
gty gl 4 = (T . (46)

Hence a solution (n,m) of (45) provides (2n — 2m,n — m + 1) € S, except when
2n —2m <n—m+ 1, i.e. n =m. But Lemma 4 implies that the only solution (n,m)
withn =mis (2,2) € T.
In the sequel, we assume that n > m. Then the transformation
T : (nm)— 2n—2mn—m+1) , (n>m) (47)

induces a map of S\ {(2,2)} into S.

o ;
12

m
L
-

[1] ] 4 (]
Figure 1: Map 7 on the solutions of the equation 2" + 2™ 4 1 = 2

The map 7 has important properties. If (n,m) € S, then let d(n, m) denote the
distance n — m of the exponents n and m.
Property 1. 6(7(n,m)) = 6(n,m) — 1. In particular, 7(n,m) # (n,m), i.e. the map has
no fixed points.
Property 2. If (n,m) € T'\ {(2,2)}, more precisely if (n,m) = (2t,t + 1), t > 2, then
T(n,m) = (2(t — 1),t) € T is the ’lower neighbour’ solution of (n,m) in T'. Thus the
elements of the set T are ordered by 7. Moreover 0(7(2t,t + 1)) =t — 2, (¢t > 2) shows
that all natural numbers occur as a difference of the exponents in the solution of (45).
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Property 3. If (n,m) is an exceptional solution (i.e. (n,m) € S\ T), then 7(n,m) € T
since 7(n,m) = (26(n,m),d(n,m) + 1). Especially, 7(5,4) = (2,2), 7(9,4) = (10, 6).

If m = 1, then Lemma 4 implies a solution with n < m, which contradicts the
assertion n > m.

Now suppose that the integers n and m satisfy 2 < m < n and (45). Reconsidering
the map

T S\{(2,2)} — S (48)

with (47), by Properties 1-3 we have to prove that there are exactly two cases when
(n,m) # (n1,my) and 7(n,m) = 7(n1,m1). In other words, we must show that the
system of the equations

2" +2"+1 = 2? (49)
2n+d + 2m+d + 1 — y2 (50)

in positive integers n, m, d, x, y with 2 < m < n has exactly two solutions.
Taking such a solution, obviously both z > 1 and y > 1 are odd. It follows from
(49) and (50) that
y —1=2"(2*-1) (51)

and by Lemma 5 we infer that d must be odd.

Observe that one of (n, m) and (n+d, m+d) has to belong to the set T\ {(2,2)}. On
the contrary, if both (n,m) and (n+ d, m + d) are exceptional, by the properties of the
transformation 7 there exists a solution (ng,mg) € T'\ {(2,2)} such that 7(ng, ms) =
T(n,m) = 7(n 4+ d,m + d). But in this case one of the distances |ny — n| = |mgy — m|
and |ngy — (n + d)| = |ma — (m + d)| has to be even since d is odd, which contradicts
again to Lemma 5. Therefore, we distinguish two cases.

A) First let (50) be the exceptional case, consequently (n,m) € T'\ {(2,2)}, and by
(44) it follows that n = 2m — 2, which, together with (50), implies

9im=24d 4 omtd L — g2 (52)
Here, if m > 3, then the exponents m + d and 2m — 2 + d on the left hand side satisfy
the conditions of Lemma 7. Thus we conclude that m = 3, d = 1, y = 7 is the only
solution of (52) (and n = 4, x = 5 of (49)). It gives M; € S. On the other hand, if
m = 2, then n = 2m — 2 < m leads to contradiction.

B) The second possibility is that (49) is the exceptional case, while (n+d,m+d) €
T\{(2,2)}, i.e. n=2m+ d — 2. Then by (49) we have

QImHd=2 4 om 4 1 =2 | (53)

It is easy to show that one of the exponents must be even in (53). Since d is odd,
therefore m has to be even. Put m = 2r, where r e N, r > 1, and let D = d — 2. If
D = —1, then (53) is equivalent to

Ul 4 27 4 ] = . (54)
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Observe that the left hand side of (54) is a sum of (221)* and (22! + 1), hence
a =271 @+ 1 and x form a Pythagorean triple. Since a is even, by Lemma 9 we
have 22"~ = 2P, P, with some n € N. Therefore, both P, and P, are power of 2,
which is impossible if n > 2 because P, and P, are coprime. Since Py = 0, the only
possibility is n = 1, but 1 -2 # 2% 2,

Consequently, D > 1 and we have

R (55)

The left hand side of (55) is quadratic residue (mod 5) if and only if 7 is even. Put
r =2k, (k€ N, k>1). Thus

R (56)
which is equivalent to
x 2% +1
o T o b (57)
272 273 (x + QT>

D+
2

Applying Lemma 2 to the left hand side of (57), and using that (56) gives 275 < x,
we obtain

2—43.5 24k 1
P (58)
9(D+8k)0.9 ~ 9 . 9D+8k
We see that 2% + 1 < 24405 §f | > 1 and by (58) it follows that
D < 32k +430 . (59)

On the other hand, considering (56), Lemma 8 provides D > 56k — 32, which, together
with (59) implies & < 19. Finally, applying Lemma 1 to (56) with D; = 2% 4 1,
(k < 19) we conclude that D < 19, too. A simple computer search shows that equation
(56) with odd D < 19 and k& < 19 has only one solution D = 1, k = 1, x = 23. Hence
we obtain the third exceptional solution of (45): (n,m) = (D + 8k, 4k) = (9,4), and
there are no others. So the proof of Theorem 1 is complete. m

Proof of Theorem 2. Suppose that (n,m,z) € N? is a positive solution of the dio-
phantine equation

2" oM 1] =g | (60)
Consider the case n > m. First let m > 4. Then (60) is equivalent to the equation
2" — Dy =% | (61)
where the positive number Dy = 2™ — 1 is odd. By Lemma 3, we find

(n,x) = (m,1), (2m —2,2"" 1 — 1) (62)

o1



dc_871 14

as the set of all the solutions of (61) with m > 4. This result leads to the following
solutions of (60):

(nom,z) = (Lt1) , teN,t>4 ; (63)
(n,m,z) = (2,t+1,2"—-1) |, teN, t>3 . (64)
The famous case m = 3 of (60) has five solutions given by the table in Lemma 3.

Among them (n, m,z) = (3,3,1) can be joined to the set (63) with the parameter ¢ = 3,
moreover, (n,m,x) = (4,3, 3) to the set (64) with t = 2.

If m =2 or m = 1, then Lemma 4 gives the result (n,m,x) = (2,2,1) or (n,m,z) =
(1,1,1), respectively. These triplets may be added, for example, to (63) with ¢ = 2 and
with ¢ = 1, respectively.

Finally, it is easy to see that (60) has no solution with 0 < n < m. Avoiding the
repetitions we may summarise the results above as Theorem 2 states. m

Proof of Theorem 3. Assume that (n,m,z) € N with n > m > 0 is a solution of
the equation

2" 2™ — 1 =% . (65)

If m > 2, then 2" 4+ 2™ — 1 is a quadratic non-residue modulo 4; if m = 1, then apply
Lemma 4 to have (n,m,z) = (3,1, 3).
Now suppose that (n,m,z) € N? is a solution of the equation

2" — 2™ 1 =2 . (66)

Clearly, n > m and m < 2. For m = 1 apply Lemma 4 to prove the statement. m

Proof of Corollary 1. Both sequences G and H have companion polynomial ¢(x) =
x?—3x+2 with zeros * = 2 and z = 1. Tt is well known that the terms G,, (and H,,) can
be expressed in explicit form. Here by ag = G1 — Gy =2¢+1 (ay = H, — Hy = 2% — 1)
and by bg = —G1 4+ 2Gy =1 (by = —H; + 2Hy = 1) we have

Gm = ag2™ +bg=2""42m 41 | (67)
H, = ay2™ +by=2"" 2" 41 . (68)

Thus to determine all the squares in the recurrences G and H is equivalent to solve the
equations (6) and (7) withn=m+d (i.e. n>m). =

Proof of Corollary 2. A, =4'A, (y # x, y > 0, x > 0) implies

yi—1=4"(a1-1) (69)

where y; =2y +1 > 3 and x; = 2x+1 > 3. In virtue of Lemma 5, (69) has no solution
under the given conditions. m
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On the Diophantine equation (2" — 1) (3" — 1) = z?

Laszlo Szalay

Abstract

This paper determines all the solutions of the diophantine equations
(2" =1)(3"—1) =22, (2" —=1) (5" —1) = 2% and (2" —1) ((2")"—1) = 2% in
positive integers n and x. The proofs depend on the theory of quadratic residuals
in the case of the first two equations. For the third one we use a famous result of
Ljunggren.

1 Introduction

In this paper we will study the title equation
2" -1 @3"—1)=2" (1)

in positive integers n and z. We will prove that it has no solution, and using the same
method, the equation
2"—1)(5"-1) =2? (2)

will also be investigated. This equation has only one solution: n = 1,2z = 2. We will
also consider the equation

2" =1)((2)" ~1) =a? 3)

with k > 1 (k € Z).
Let Ay, Ay, Ry, Ry be integers and R = R(A;, As, Ry, R1) be a second order linear

recurrence defined by
Rn = Aan,1 + Aan,Q (TL 2 2) . (4)

With integer initial values G, G1, G2, G35 and integer coefficients Ay, As, Az, A4, we also
define a fourth order linear recursive sequence G by

Gn = A1Gpo1 4+ AsGro + A3Gh 3+ AsGry (n>4) . (5)

Let recurrence (5) be denoted by G(A;, Az, A3, Ay, Go, G1, G2, G3). The terms 2" — 1,
3" — 1, 5" — 1 and (2F)” — 1 satisfy the binary recurrence relations R® (3, 2,0, 1),
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R®)(4,-3,0,2), R®(6,—5,0,4) and R (2% +1,—2% 0,2% — 1), respectively. As well
as the products (2" — 1) (3" — 1), (2" — 1) (5" — 1) and (2" — 1) ((2¥)" — 1) satisfy the
fourth order linear recursive relations

G®) (12, -47,72,-36,0,2,24,182)

G (18, -97,180, —100, 0,4, 72, 868)
and
GP(3(2F+1), — (221 +9.2F 4-2) 6-25(2F +1),2%5+2 0,28 —1,3- (2% —1),7- (2% — 1)),

respectively. Thus to solve the mixed exponential-polynomial diophantine equation
(1) (or (2) or (3)) is equivalent to the determination of all perfect squares in a fourth
order recurrence or in the products of the terms of two binary sequences. This new
interpretation provides the equations

G® =22 or RP.R® =32 (6)

GO = 2 or  RP.RO =42 | (7)
and with k& > 1

G =42 or  RP.RZI g2 | (8)

In case of the fourth order recurrences only for some classes of Lehmer sequences of
first an second kind are known to be similar results. In [6] MCDANIEL examined the
existence of perfect square terms of Lehmer sequences and gained interesting theorems.

Many authors investigated the squares and pure powers in binary recurrences. COHN
[1] and WYLER [13], applying elementary method, proved independently that the only
square in Fibonacci numbers are Fy = 0, F; = F, = 1 and Fi» = 144. For Lucas
numbers COHN [2] showed that if L,, = 22 thenn = 1,2 = 1 or n = 3,2 = 2. PETHO [T7]
gave all pure powers in the Pell sequence. In [10], under some conditions, RIBENBOIM
and MCDANIEL showed that the square classes of the Lucas sequence U(P,@,0,1)
contain at most 3 elements, except one case. Analogous results are established for the
associate sequence V of U. In [11] the same authors determined — under some conditions
— all squares in the sequences U and V.

There are more general result concerning pure powers in linear recurrences. SHOREY
and STEWART [12] proved that the terms of a non-degenerate recurrence sequence
cannot be a ¢-th power for ¢ sufficiently large if the characteristic polynomial of the
sequence has a unique zero of largest absolute value. They, and as well as PETHO
[8, 9], gained similar theorem for binary recurrences. Unfortunately, this general results
gives no information about the low exponents, for example squares belonging to linear
recurrences.

In the sequel we denote by 1,(k) the p-adic value of integer k, where p is a fixed
rational prime number. As usual, ¢(k) denotes the Euler function, d(k) denotes the
number of divisors function, and o (k) the sum of divisors function.
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2 Theorems

The following theorems formulate precisely the statements mentioned in the introduc-
tion. Some corollaries of the results are also described here.

Theorem 1. The equation
(2" = 1)(3" = 1) = a? (9)

has no solutions in positive integers n and x.

Theorem 2. The equation
(2" —1)(5" - 1) = 22 (10)

has the only solution n =1, x = 2 in positive integers n and x.

Theorem 3. The equation
2" —1) ((2")" —1) = 2? (11)

has the only solution k =2 , n =3, x = 21 in positive integers k > 1 , n and x.

We have the following immediate consequences of Theorems 1 and 2.

Corollary A. The equation 2-0 (6™) = z* has no solution, the equation o (10") = z*

has the only solution n =0 , x = 1.
Proof of Corollary A. We need to use the well-known result of summatory func-
ei+1_
tion: o(k) =[x % , where v, (k) = e; > 0.
Corollary B. The equation doris1¢(20-37) = 2 has no solution, the equation
Do @ (20 5) = a® has only the solutionn =1, x = 2.
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Proof of Corollary B. These result follow from the multiplicitivity of Euler’s ¢
function and from the equality p" — 1 = ¢(p") + ¢(p" ') + -+ - + ¢(p) , where p is a
prime number.

It is interesting to observe, that if one replaces Euler’s ¢ function by the number of
divisors function then for every primes p and ¢ the sum

Zd(Pi'qj)ZZ(i+1)<j+l)=(Zk> :(M) (12)

1,j=1 3,j=1

is always a perfect square.

3 Preliminary Lemmas

In our work we shall require Lemma 1, which we state without proof. (For proof see e.g.
3], page 39.) Let t > 1 be an arbitrary integer and denote by (Z/tZ)* the multiplicative
group of reduced residue classes modulo ¢.

Lemma 1. Let o > 1 be a rational integer and p be an odd prime number. If g is
a primitive root of (Z/pZ)" then

a) g is a primitive root of (Z/p*Z)* if g1 £ 1 (mod p?), and

b) g(p+ 1) is a primitive root of (Z/p*Z)" if "' =1 (mod p?).

Lemma 1 immediately implies the following results by the choice of
a)p=3,g=2and g=05;
b)p=5,g=2and g =3.

Corollary of Lemma 1. If a > 1 is a rational integer then
a) the numbers 2 and 5 are primitive roots of (Z/3*Z)*, and
b) the numbers 2 and 3 are primitive roots of (Z/5°Z).

Lemma 2. Let o and k be positive integers with k £ 0 (mod 5). Ifn=Fk-4-5>"!
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then
vs (2" = 13" —=1)) =2a . (13)

Proof of Lemma 2. Let us consider the congruences

"=1 (mod 5%) and 3*"=1 (mod5%) |, (14)

where « is a fixed positive integer, and n is unknown. According to Corollary of Lemma

1b) and ¢(5%) = 4 - 5>~ we obtain the solutions n = k-4-5*! (k=1,2,...) for both
congruences. If k Z 0 (mod 5) then

2" #1 (mod 5**1) and 3" #1 (mod 5*t!) . (15)

So v5(2" — 1) = a = v5(3™ — 1), which proves Lemma 2.

Lemma 3. Let o and k be positive integers with k # 0 (mod 3). Ifn =4k -2-3%7!
then

v (27— 1)(5" — 1)) = 2a . (16)

The proof of Lemma 3. is very similar to the previous one.

4 Proof of the Theorems

4.1 Proof of Theorem 1

Suppose that the pair (n, z) is a solution of equation (9). Since 2|(3"—1) but 2 (2" —1)
for every positive integer n, it follows that 2|z , 4|z% and 4/(3™ — 1). Consequently n is
an even number, but in this case 8|(3" — 1) so 4|z , 16/2* and 16/(3" —1). From the last
relation and n is even it follows that n is divisible by 4 and can be uniqely written in
the form n =k -4-5*1 where l <a€Zand k € Z , k # 0 (mod 5). Then applying
Lemma 2, we transform (9) into the form
o _13n-1
. P = (17)
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where z; = % and the prime 5 divides neither the left nor the right hand side of (17).
The Legendre symbol (?) = 1 because of ged(z1,5) = 1. On the other hand

2"—1 3"—1
<%) —A-B (18)

introducing the notation A and B for the Legendre symbols (M) and (M) ,

respectively. We shall show that the calculation of A and B leads to a contradiction
because the left side of (17) is not a quadratic residue modulo 5. More exactly, we shall
prove that A = (%) , B = (%) , s0 AB = (g) = —1. It means that the equation
(2" — 1)(3" — 1) = 2 has no solution in positive integers n and z. Now turn to the
calculation of A and B.

Let R = a — 1 and first let K = 1 (i.e. n = 4-5%). We are going to compute the

. . 450 4.5% _
residue of the expressions 25R—+11 and 2 AT 1

after dividing them by 5.
a) If R =0 then 21 =3 =3 (mod 5), and ¥ =16 = 1 (mod 5).

b) If R =1 then

52 > 5 3 5

and

34~5 -1 (34 _ 1) (1 + 34 + -t (34)4> (34 _ 1) QZ
_ — LI (20)
52 5 ) 5 )
Since @1 = Q2 = 5 (mod 5) therefore ¢ = 2 =1 (mod 5) and 2571 =31 =3

¢ 5
(mod 5) , ¥ =1-1=1 (mod 5).

52

c) If R > 1 then replace 2* by y in the first case and replace 3* by y in the second

case. Thus for both cases
v -1
E (2)

5R71

-0 +y+-+y)A+y°+-+y") - (1+y

4+t y4‘5R71)
5R+1 :

Observe that > = 1 (mod 5%), so each factor of the numerator is divisible by 5, but

5R
none of them is divisible by 52, consequently yE)R—;l =m-1---1 (mod 5), where m = 3
ify=2*and m =1if y = 3%
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These results make it possible to calculate the general case, when k is an arbitrary

R
positive integer. Since 7’51?—_11 = m (mod 5), therefore
5R+

P =1+m- 5% (mod 57%) (22)
SO N
(y5R) _ (1 +m - 5R+1)k — 14 k-m- 5R+1 (mod 5R+2) : (23)
which means that
yk~5R -1
T = k-m (mod5) . (24)

Our result concerning A and B follows from the last congruence. m

4.2 Proof of Theorem 2

Suppose that (n,x) is a solution of equation (10).

a) First we assume that n is even. Then n can be uniquely written in the form
n=%k-2-3! where l <a€Zand k €Z , k # 0 (mod 3). According to Lemma 3
we may transform (10) into the form

2" —1 5" -1
n n =27 (25)

where 21 = & and ged(z1,3) = 1, ged(%524,3) = 1 and ged(°5+, 3) = 1. To finish the
proof of case a) we have to use the same method step by step as we did above, during
the proof of Theorem 1. We will show the insolubility of equation (10) by evaluating

Legendre symbols of both sides of (10).

b) Let us continue the proof of Theorem 2 with the second case, when n is an odd
integer.
If n =3 (mod 4) then we may write

(2% —1) (5% —1) =2> |, (k>0) (26)

and it is easy to see that 2%*3 — 1 = 7 (mod 10) and 5**3 — 1 = 4 (mod 10), from
which follows, in our case, that the left side of (26) is not a quadratic residue modulo
10.
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Only the case n =1 (mod 4) remains. If 2 < n then equation (10) is equivalent to
the equation

"G+ 5+ 1) =a] (27)
where x1 = §. The corresponding congruence modulo 4 is
7=3(1+---+1)=3n=3 (mod4) . (28)

It is impossible, so we must finally check the case n = 1. This provides the only solution
of equation (10) since (2! — 1)(5' — 1) = 22. And this is the assertion of Theorem 2. m

4.3 Proof of Theorem 3

Suppose that the triple (k,n,z) is a solution of equation (11). Let y = 2" and we have
the equality

k
_ Yyt —1
P - ey = 12 (D) (20)
Thus yyk%ll must be a square. In [5] Ljunggren proved that
k
yt—1
S =at L (k>2) (30

is impossible in integers y > 1 and xy, except when k =4 |y =7, 21 =20and k=5,
y =3, x; = 11. But neither y = 7 nor y = 3 is a power of 2, so the equation (11) is not
soluble if £ > 2. However in case of k = 2 only n = 3 and = = 21 satisfies the equation

(2" —1)%(2" + 1) = 2? (31)

since 2" + 1 is a perfect square if and only if n = 3 (see e.g. [4]). This completes the
proof of Theorem 3. m
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On the Diophantine equations (2" — 1) (6" — 1) = 2% and
(a™ —1) (aF™ — 1) = a?

Lajos Hajdu, Ldszlo Szalay

Abstract

In this paper! 2 we prove that the equation (2" —1)(6™ — 1) = x2 has no solu-

tions in positive integers n and x. Furthermore, the equation (a" — 1) (ak” — 1) =

22 in positive integers a > 1, n, k > 1 (kn > 2) and « is also considered. We show

that this equation has the only solutions (a,n, k,x) = (2,3,2,21), (3,1, 5,22) and
(7.1,4,120).

1 Introduction

In the present paper we prove two results.

Theorem 1. The equation
(2" - 1)(6" — 1) = 2? (1)

has no solutions in positive integers n and x.

Theorem 2. The equation
(a" —1) (" = 1) =2 (2)

has the only solutions (a,n, k,z) = (2,3,2,21), (3,1,5,22) and
(7,1,4,120) in positive integers a > 1, n, k > 1 (kn > 2) and x.

The left hand sides of these equations satisfy a fourth order linear recursive rela-
tions. Thus the solution of these mixed exponential-polynomial diophantine equations
is equivalent to the determination of all perfect squares in fourth order recurrences.

'Research supported in part by the Hungarian Academy of Sciences, and by Grants T29330 and
023800 from the Hungarian National Foundation for Scientific Research.

2Research supported by Hungarian National Foundation for Scientific Research Grant No.
25157/1998.

68



dc_871 14

In case of fourth order recurrences there are results which are similar to Theorem 1
only for some classes of Lehmer sequences of first and second kind. These were obtained
by McDANIEL, who examined the existence of perfect square terms of Lehmer sequences
in [3].

The second author of this paper has shown (see [4]) that the equation (2" —1)(3" —
1) = 22 has no positive integer solutions, and the equation (2" —1)(5" — 1) = x? has the
only solution n =1 , x = 2 in positive integers n and z. In [4] the second title equation
has also been examined in the special case a = 2. Thus our Theorem 2 generalizes that
result.

Let p be a rational prime number and n be an integer. In the sequel (%) denote

the Legendre symbol with respect to these numbers.

2 Preliminaries

We need the following theorems in the proof of Theorem 2.

Theorem A. (LJUNGGREN, [2]) The diophantine equation

n_1
- =y, (n>2)

r—1
is impossible in integers x,y (|x| > 1), except whenn =4, x =7 and n =5, x = 3.
Theorem B. (CHAO Ko, [1]) The equation
+l=y"

where p is a prime greater than 3, has no solution in integers x # 0 and y.

3 Proof of the Theorems

3.1 Proof of Theorem 1

Suppose that (n,x) is a solution of equation (1). If n is odd then (2" —1)(6" —1) = —1
(mod 3) which cannot be a square. Now we can assume that n is even and distinguish
two cases.

I. First put n = 4t with some positive integer ¢, and write t = k- 5%7!, where k and
« are positive integers with 5 f k.
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Then we have (2" —1) (6" — 1) = (16" — 1) (1296*°" —1). Since 1296 = 1 — 5
(mod 5%) it follows that 1296° = 1 — 5% (mod 5%) and inductively 1296°"" = 1 — 5®
(mod 5°*1). Thus 1296' = 1 —k-5% (mod 5**1). Similarly (or by [4]), 16 = 1+ 3k - 5*
(mod 5**'). Consequently 22+ = 3k (mod 5) and 2 = —k (mod 5), and we can
re-write equation (1) as

2" —-16"—1
B TE =0 (3)

where 71 = % and the prime 5 divides neither the left nor the right hand side of (3).
However, for the Legendre symbol of the left hand side of (3) we obtain

(=2 ()

which is a contradiction. Thus Theorem 1 is proved in case I.

II. Now let n = 4t +2 = 2(2¢t+ 1), where t is a natural number. In this case we must
investigate the equation (4* —1)(36* — 1) = 22 for odd u = 2t + 1. This last equation is
also satisfied (mod 18), hence it is easy to verify that 3 must divide u. Then we have
to solve the equation

(64¥ — 1) (46656" — 1) = 2?

in odd positive integers w = 5. To show the insolvability of this equation, we give two
positive integers such that no term of the sequence (64" —1)(46656" — 1) is a quadratic
residue for both the given two numbers as moduli. For example, 17 and 97 are such
numbers.

To prove this, let [, = (64" — 1)(46656* — 1). Then

Io=((—4)" — 1)(8“ — 1) (mod 17)

Since
(-4)*=1 (mod 17) and 8 =1 (mod 17) ,

it is sufficient to examine the cases w = 1,3,5,7.

I, =16 (mod 17) and I; =8 (mod 17)
are quadratic residues, while

I;=3 (mod 17) and I; =11 (mod 17)

are not quadratic residues (mod 17).
On the other hand,

I, = (64" = 1)((-1)* = 1) = (64Y — 1)(—2) (mod 97)
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Since 64® =1 (mod 97), we must investigate the cases w = 1, 3,5, 7.
I, =68 (mod97) and I; =5 (mod 97)
are not quadratic residues, but
I3 =96 (mod 97) and I5 =33 (mod 97)

are quadratic residues (mod 97). This completes the proof of the Theorem. m

3.2 Proof of Theorem 2

Suppose that the four-tuple (a,n,k,z) (a > 1,k > 1,kn > 2) is a solution of equation
(2). Let y = a™. Now we have the equality

=y -1G "+ y+ ) = (y—1)° (f:f)

Thus % must be a square. By Theorem A, if £ > 2 then k = 4 or k = 5. Consequently
from y = a™ = 7 it follows that a = 7,n = 1, = 120 and y = a" = 3 gives a =
3,n = 1,z = 22. These two cases provide the solutions (a, k,n,z) = (7,4,1,120) and
(3,5,1,22) of (2).

Now suppose that k = 2. Then (y — 1)*(y + 1) = 2 and
y+1l=a"+1 (4)

must be a square. Since kn > 2, it follows that n > 1. Without loss of generality we
may assume that n is a prime. If n = 2 then (4) cannot be a square, and it is well known
that if n = 3 then for a positive integer a, (4) is a square only in case of a = 2. Thus
equation (2) has one more solution: (a,k,n,z) = (2,2,3,21). Finally, by Theorem B
(4) cannot be a square if n > 3. This completes the proof of Theorem 2. m

Remark. If £ = 1 then (a" — 1)(a™ — 1) is always square number. If £ = 2 and
n =1 then (a —1)(a*—1) = (a — 1)*(a + 1) may be square infinitely many times when
a + 1 is a square.

Acknowledgements. The authors are grateful to the referee for his many useful
remarks and suggestions.

References

[1] Chao Ko, On the Diophantine equation 22> = y" + 1 , xy # 0 , Scientia Sinica
(Notes), 14 (1965), 457-460.

71



dc_871 14

[2] Ljunggren, W., Some theorems on indeterminate equations of the form (z"—1)/(z—
1) = y? (Norvegian), Norsk Mat. Tidsskr. 25 (1943), 17-20.

[3] McDaniel W. L., Square Lehmer numbers, Colloq. Math., 66 (1993), 85-93.

[4] Szalay, L., On the diophantine equation (2" —1)(3" — 1) = x?, accepted for publi-
cation in Publ. Math. Debrecen

Lajos Hajdu

Kossuth Lajos University

Institute of Mathematics and Informatics
Debrecen, P.O.Box 12.

H-4010, Hungary

e-mail: hajdul@math.klte.hu

Laszl6 Szalay

University of Sopron
Institute of Mathematics
Sopron, Bajcsy Zs. u. 4.
H-9400, Hungary

e-mail: laszalay@efe.hu

72



dc_871 14



dc_871 14



dc_871 14

L1 LAN, LASZLO SZALAY
ON THE EXPONENTIAL DIOPHANTINE EQUATION (a" — 1)(b" — 1) = 22

Publ. Math. Debrecen, 77 (2010), 465-470.

75



dc_871 14

On the exponential diophantine equation (a" — 1)(b" — 1) = 22

Li Lan, Laszlo Szalay

Abstract

Let a and b be fixed positive integers such that a # b and min(a, b) > 1. In this
paper, we combine some divisibility properties of the solutions of Pell equations
with elementary arguments to prove that if ¢ = 2 (mod6) and b = 0 (mod 3),
then the title equation (a™ — 1)(b™ — 1) = z? has no positive integer solution
(n,x). Moreover, we show that in case of a = 2 (mod 20) and b = 5 (mod 20),
where b — 1 is a full square, the only possible solution belongs to n = 1.

1 Introduction

Let N denote the set of all positive integers, further let a and b be distinct fixed
positive integers such that min(a,b) > 1. In this paper, we discuss the problem of the
solution to the exponential diophantine equation

(a® —1)(b" —1) =2, n,z € NT (1)

in some particular cases.

The literature of this equation and its alternations is very rich, see e.g. the papers |6,
2,1, 5, 4] and the references given there. First, Szalay [6], using a relatively complicated
method, proved that if (a,b) = (2, 3) then equation (1) has no solution. He also showed
that only (n,z) = (1,2) satisfies (2" — 1)(5" — 1) = z%. Then, Hajdu and Szalay [2]
justified the insolubility of (1) when (a,b) = (2,6), further they determined all the
solutions if @ > 1 is an arbitrary integer and b = a*. This result was extended by Cohn
[1] to the case a® = b'. He also proved that there is no solution to (1) when 4 | n,
except for (a,b) = (13,239). Luca and Walsh [5] described a computational method for
solving (1), and their approach was used to solve completely the equations for almost
all pairs (a,b) in the range 1 < a < b < 100. Recently, Le [4] showed that equation (1)
is insoluble if a = 2 and 3 | b.

Several problems and conjectures linked to the title equation have already been
posed (see [1, 5, 4]).

The main purpose of this paper is to prove the following general results by combining
certain divisibility properties of the solutions of Pell equations, and partially applying
the techniques described in [4] and [5].
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Theorem 1. [fa =2 (mod 6) and b = 0 (mod 3) then the equation (a™ —1)(b" —1) =
22 has no positive integer solution (n,x).

Theorem 2. Suppose that b — 1 = t? is a full square. If a = 2 (mod20) and b =
5 (mod 20) then the only possible solution to the equation (a™ — 1)(b" — 1) = x* is

(n,z) = (L, tva—1).

Theorem 1 states that there is no solution in at least % part of the possible integer
pairs (a,b). At the same time, this theorem generalizes the results appearing in [6]
(Theorem 1), in [2] (Theorem 1), and in [4], while Theorem 2 extends Theorem 2 of [6].

It is worthwhile noting that if one replaces the condition b = 5 ( mod 20) in Theorem
2 by the weaker relation b = 0 (mod 5) then our approach does not work. Although,
the cases b = —5(mod20) and b = 0 (mod 20) can be handled trivially by applying
modulo 20 arithmetic, in case of b = 10 (mod 20) the method fails.

Obviously, there are infinitely many pairs (a, b) satisfying the conditions of Theorem
2. In particular, by choosing a such that @ — 1 is a perfect square, we get equations (1)
having unique solutions.

2  Divisibility properties of the solutions of Pell
equation

Let D be a positive integer which is not a square. It is well known (see, for example,
[3] (Theorems 10.9.1 and 10.9.2)) that the Pell equation

uw?—Dv*=1, w,veN" (2)

has infinitely many solutions (u,v). If (u,v) = (u1,v;) denotes the smallest non-trivial
positive solution to equation (2) then every positive solution (uy,vg) (k € Nt) can be
generated by

up, + v VD = (uy +v,VD)*. (3)
The trivial solution (u,v) = (1,0) is denoted by (ug, vg).
The proof of the Theorems 1 and 2 partially relies on

Lemma 1. (i) If 2 | k then 2t uy.
(i) If 2 | k then each prime factor p of uy satisfies p = £1 (mod 8).
(1i) If 21 k then uq | uy.
(v) If q is a prime in the set {2,3,5} then q | ug implies q | u;.
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We remark that the feature (iv) is not valid longer in its form for p > 7 since, for
instance, the fundamental solution to u? — 3v? = 1 is (u1,vy) = (2,1), 7 | uz = 7 but
7 T Uuy.

Proof of Lemma 1.
(i) Let k = 2t, where t is positive integer. By (3), we have

2

up4vpV'D = (uy+v,VD)* = ((u1 + vl\/ﬁ)t) = (u+v,V'D)? = (W2 +Dv?)+2u,0,V D.

(4)

Further, u? — Dv? = 1 holds since (u,v) = (us,v;) is the solution to equation (2).

Consequently,

up = u? + Dvl =2u? — 1 (5)

implies that u; is an odd number. In other words, if u; is an even number then the
subscript £ must be odd.

(ii) From part (i) of Lemma 1 it follows, that if & is even then all prime factors

p of wuy are odd. For such a p, by (5), the Legendre symbol (%) equals 1. Thus
p=+1 (mod8).
(iii) If 2 1 k, then by (3), together with the binomial theorem, we obtain immediately

(k—1)/2

w=u Y (Z)U?”%Dﬁ% (6)
i=0
which implies u; | ug.

(iv) It is easy to see, that the terms of the sequence of uy satisfy the recurrence
relation ug1 = 2ujug — up_1. Since the sequence uy is periodic modulo any positive
integer, so if p = 2,3, 5, we have to eliminate those cases where p | u; occurs. Recall,
that ug = 1 and note that the recurrence uyy; = 2ujuy — ug_1 is valid modulo p, too.
We find that by any of the three possibilities for p,

plu, ifandonlyif k=1(mod2) and u; =0 (modp). m
3 Proof of the theorems

Proof of Theorem 1. Let a = 2 (mod6) and b = 0 (mod 3), and suppose that
the pair (n,x) is a solution to equation (1). Put D = ged(a™ — 1,0" — 1). By (1), we
get

a" —1=Dy* b"—1=Dz2* z=Dyz, D,y,z € NT. (7)

Since 3 | b, by b" — 1 = D2z? it follows that 3+ D and 3 { z. Hence 22 = 1 (mod 3).
Consequently,

D=Dz=0b"—1=2(mod3). (8)

78



dc_871 14

Now we distinguish two cases. Firstly, if 3 1y, then y*> = 1 (mod 3), and (7), together
with (8) implies

a"=Dy* +1=D+1=0 (mod3). 9)

However, it contradicts a = 2 (mod 3). Thus we can exclude 3 1 y.
Assume now that 3 | y. Since a = 2 (mod 3), by a" — 1 = Dy? we obtain

"=a"=Dy*+1=1 (mod3). (10)

Clearly, 2" = +1 (mod 3), and +1 is occurring exactly when n is even.
Put n = 2m. Therefore, by (7), D cannot be a square, and the corresponding Pell
equation u? — Dv? = 1 has two solutions

(u,v) = (a™,y), (™, 2). (11)
Since a # b, there exist distinct positive integers r and s such that
(@™, y) = (ur,vr) and (0™, 2) = (us, vs)

hold.

If s is even , by (ii) of Lemma 1 we know that any prime factor p of b satisfies
p = £1 (mod 8). But it is impossible since 3 | b. Therefore, s must be odd. Hence, by
(iv) of Lemma 1 and 3 | b we obtain 3 | u;. On the other hand, 2 | a which, together
with (i) of Lemma 1 and (a™,y) = (u,,v,) shows that r is odd. However, by the
statement (iii) of Lemma 1 and 3 | u; we have 3 | ™, which leads to a contradiction,
since a = 2 (mod 6). This completes the proof of Theorem 1. m

Proof of Theorem 2. Now let ¢ = 2 (mod 20) and b = 5 (mod 20), where b — 1
is a square of a nonzero integer t. First, we deal with even exponents n in the proof of
Theorem 2. Replace the prime 3 by 5 in the proof of Theorem 1, and repeat step by
step arguments handling the case n = 2m to obtain the statement in this case .

Assume now that n is odd. Suppose that there is a non-negative integer m such
that n = 4m + 3. Consider the equation (a™ — 1)(b" — 1) = 2% modulo 10. Obviously,

2% = (@™ — 1) — 1) = (2 — 1) (5" — 1) =7 -4 = 8 (mod 10),

which is impossible since 8 is not a quadratic residue modulo 10.
Finally, let n = 4m + 1 for some non-negative integer m. Recall, that b — 1 = ¢2.
Thus, if (n,z) is a solution to (1) then

2

<a4m+1 - 1)(b4m + b4m*1 + .. 4+ b4+ 1) = <%) € N. (12)
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Suppose that m > 0 and consider (12) modulo 4 to obtain (24" —1)(4m+1) = 3-1 = 3,
which is not a quadratic residue modulo 4. Thus we arrive at a contradiction. If m = 0,

equation (12) simplifies
2
<£> =a— 1.
t

That is, if a — 1 is a full square then there is exactly one solution (n,z) = (1,tv/a —1).
The proof of Theorem 2 is complete. m
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On the resolution of the equations U, = (”;) and V, = (g)

Laszlo Szalay

1 Introduction

The purpose of the present paper is to prove that there are finitely many binomial
coefficients of the form (;”) in certain binary recurrences, and give a simple method for
the determination of these coefficients. We illustate the method by the Fibonacci, the
Lucas and the Pell sequences. First we transform both of the title equations into two
elliptic equations and apply a theorem of MORDELL [10, 11] to them. (Later SIEGEL
[16] generalized MORDELL’s result, and in 1968 BAKER gave its effective version.) After
showing the finiteness we use the program package SIMATH [15] which is a computer
algebra system, especially useful for number theoretic purposes, and is able to find all
the integer points on the corresponding elliptic curves. The algorithms of SIMATH are

based on some deep results of GEBEL, PETHO and ZIMMER [5].

Before going into details we present a short historical survey. Several authors have
investigated the occurence of special figurate numbers in the second order linear recur-
rences. One such problem is, for example, to determine which Fibonacci numbers are
square. COHN [2; 3] and WYLER [18], applying elementary methods, proved indepen-
dently that the only square Fibonacci numbers are Fy = 0, F} = F, = 1 and Fip = 144.
A similar result for the Lucas numbers was obtained by CouN [4]: if L, = z? then
n =1 orn = 3. LONDON and FINKELSTEIN [6] established full Fibonacci cubes.
PETHO [12] gave a new proof of the theorem of LONDON and FINKELSTEIN, applying
the Gel’fond-Baker method and computer investigations. Later PETHO found all the
fifth power Fibonacci numbers [14], and all the perfect powers in the Pell sequence [13].

Another special interest was to determine the triangular numbers T, = % in cer-
tain recurrences. HOGGATT conjectured that there are only five triangular Fibonacci
numbers. This problem was originally posed by TALLMAN [17] in the Fibonacci Quar-
terly. In 1989 MING [8] proved HOGATT’s conjecture by showing that the only Fibonacci
numbers which are triangular are Fy =0, Fy = F, =1, Fy = 3, Fg = 21 and Fjy = 55.
MING also proved in [9] that the only triangular Lucas numbers are L; = 1, Ly = 3
and Lig = 5778. Moreover, the only triangular Pell number is P, = 1 (McDANIEL [7]).

Since the number T, ; is equal to the binomial coefficient (;”), it is natural to ask
whether the terms (g) occur in binary recurrences or not. As we will see, the second
order linear recurrences, for instance the Fibonacci, the Lucas and the Pell sequences

have few such terms.
Now we introduce some notation. Let the sequence {U, }2°, be defined by the initial
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terms Uy, U; and by the recurrence relation
Un = AUn,1 + BUn,Q (n Z 2) y (1)

where Uy, Uy, A, B € Z with the conditions |Up| + |U;| > 0 and AB # 0. Moreover, let
a and [ be the roots of the polynomial

pr)=2>—Az - B (2)

and we denote the discriminant A%>+4B of p(x) by D. Suppose that D # 0 (i.e. a # f3).
Throughout this paper we also assume that Uy = 0 and U; = 1.
The sequence

V,=AV, 1+ BV, (n>2) | (3)

with the initial values Vj = 2 and V; = A is the associate sequence of U. The recurrences
U and V satisfy the relation V;? — DU? = 4(—B)™.
Finally, it is even assumed that |B| = 1. Then
VZ—DU? = 4(£1)" = +4 . (4)

As usual, denote by F),, L, and P, the n'* term of the Fibonacci, the Lucas and
the Pell sequences, respectively.

The following theorems formulate precisely the new results.

Theorem 1. Both the equations U, = (’;) and V, = (g) have only a finite number of
solutions (n,x) in the integers n > 0 and x > 3.

Theorem 2. All the mteger solutions of the equation
i) F, = (3) are ( = (1,3) and (2,3),
it) L, = (5) are ( =(1,3) and (3,4),
iti) P, = (3) is = (1,3).

2 Proof of Theorem 1

Let U and V' be binary recurrences specified above. We distinguish two cases.
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Part I. First we deal with the equation

m:@) (5)

in the integers n and x. Applying (4) together with y = V,, and ;1 = x — 1, we have

U, = (“””1 1) and
3 — 2\ ?
y2—D< 1 1) =+4 . (6)

3
6
Take the 36 times of the equation (6). Let 3 = 7 and y; = 6y, and using these new
variables, from (6) we get

y? = Da3 — 2Dx5 + Dxg £ 144 . (7)

Multiplying by 36D? the equation (7), together with k = 33Dy, and | = 3D (3z, — 2) it
follows that
k* = 1> — 27D + (54D° 4+ 104976 D?) . (8)

By a theorem of MORDELL [10, 11] it is sufficient to show that the polynomial u(l) =
2 —27D? + (54D3 £ 104976 D?) has three distinct roots. Suppose that the polynomial
u(l) has a multiple root I. Then [ satisfies the equation u/(l) = 312 — 27D? = 0, i.e.
[ = £3D. Since u(3D) = +104976D? it follows that D = 0 which is impossible.
Moreover, u(—3D) = 108 D? + 104976 D? implies that D = 0 or D = +972. But D # 0
and by |B| = 1 there are no integer A for which D = A? + 4B = +972. Consequently,
u(l) has three distinct zeros.

Part II. The second case consists of the examination of the diophantine equation

v, — (g) (9)

in the integers n and z. Let y = U,, and x; = z — 1. Applying the method step by step
as above in part [, it leads to the elliptic equation

k* =13 —27D*l + cD?® | (10)
where ¢ = —104922 if n is even and ¢ = 105030 otherwise. The polynomial v(l) =
I3 — 27D?%] + ¢D? has also three distinct roots because v'(l) = 31> —27D?, | = 43D and
v(£3D) = 0 implies D = 0.

Thus the proof of Theorem 1 is complete.
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3 Proof of Theorem 2

The corresponding elliptic curves of the equations (8) and (10) are in short Weierstrass
normal form, whence for a given discriminant D it can be solved by SIMATH.

By (8) and (10) one can compute the coefficients of the elliptic curves in case of the
Fibonacci, the Lucas and the Pell sequences. The calculations are summarized in Table
1, as well as all the integer points belonging to them. Every binary recurrence leads
to two elliptic equations because of the even and odd suffixes. For the Fibonacci and
Lucas sequences D = 5, and for the Pell sequence and its associate sequence D = 8.

FEquation|  Transformed equations All the integer solutions (1, k)
(15,1620), (—30,1620), (5199, 374868),
(735,19980), (150, 2430), (—129,756)

(150,810), (555, 12960), (1014, 32238),
(195,2160), (451,9424), (4011, 254016)

F,=(3)| k*=13—6750+ 2631150

F,=(3)| k*=13—675 — 2617650

L, = (3) k? =13 — 6751 — 13115250 no solution

(375,8100), (—74,3574), (150,4050),
(—201,2268), (2391, 116964)

(—192,0), (24, 2592), (—48,2592), (97, 2737)
(312,6048), (564, 13608), (5208, 375840)

Ln=(3)| k=13 —675] + 13128750

P, =(3)| k? =13 — 17281 + 6746112

P, = (3)| k2 =13 — 17281 — 6690816 (240,2592), (609, 14769)

Table 1

The last step is to calculate x and y from the solutions (I,%). By the proof of

Theorem 1 it follows that x = 1 + —l;%D LY = —16’;[) in case of the equation (5) and
Yy = —16§D2 in case of the associate sequence. Except for some values x and y, they are

not integer if x > 3. The exceptions provide all the solutions of the equations (8) and
(10). Then the proof of Theorem 2 is complete.

Acknowledgement. The author is grateful to Professor PETHO for his valuable
remarks.
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4. Dolgozatok: polinomialis-exponencialis diofantikus egyenletrendszerek:
diofantikus halmazok
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Diophantine triples with values in binary recurrences

Clemens Fuchs, Florian Luca, Ldszlo Szalay

Abstract

In this paper, we study triples a, b and ¢ of distinct positive integers such
that ab+1, ac+1 and bc+1 are all three members of the same binary recurrence
sequence.

1 Introduction

A Diophantine m-tuple is a set {ay,...,a,} of positive integers such that a;a; + 1 is
a perfect square (i.e. a square of a number in Z) for all 1 < i < j < m. Finding
such sets was already investigated by Diophantus and he found the rational quadruple
{1/16,33/16,68/16,105/16}. The first quadruple in integers, the set {1,3, 8,120}, was
found by Fermat. Infinitely many Diophantine quadruples are known and it is conjec-
tured that there is no Diophantine quintuple. This was almost proved by Dujella [7],
who showed that there can be at most finitely many Diophantine quintuples and all of
them are, at least in theory, effectively computable. Several variants of this problem
have been studied in the past. For example, Bugeaud and Dujella [2], proved upper
bounds for the size m of sets of positive integers with the property that the product
of any two distinct elements plus one is a perfect k-th power for fixed k£, namely m is
bounded by 7 for k = 3, by 5 for k = 4, by 4 for 5 < k < 176, and by 3 for £ > 177.
Another variant studied previously is concerned with perfect powers instead of squares
or k-th powers for fixed k. The second author proved that the abc-conjecture implies
that the size of such sets is bounded by an absolute constant, whereas unconditionally
there are bounds depending on the largest element in the set (see [13] and the papers
cited therein). For further results on Diophantine m-tuples and its variants, we refer
to [8].

In this paper, we treat another variant of this problem. Let r and s be nonzero
integers such that A = r? +4s # 0. Let (u,)n,>0 be a binary recurrence sequence of
integers satisfying the recurrence

Upio = TUpyq + Su, forall n >0.

It is well-known that if we write o and [ for the two roots in C of the characteristic
equation x? — rx — s = 0, then there exist constants 7, € K = Q[a] such that

u, = ya' + 68" (1)
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holds for all n > 0. We shall assume in what follows that the sequence (uy),>¢ is
nondegenerate, which means that v # 0 and «//f is not root of unity. We shall also
make the convention that |a| > |5]. Note that |a| > 1.

Here, we look for Diophantine triples with values in the set U = {u, : n > 0},
namely sets of three distinct positive integers {a, b, c}, such that ab+ 1, ac+ 1, be+1
are all in U. Clearly, there are always such pairs as e.g. {1,u, — 1}. Note that if
u, = 2"+1 for all n > 0, then there are infinitely many such triples (namely, take a, b,
to be any distinct powers of two); in this situation, we can even get arbitrarily large
sets {ai, ..., an} with the property that a;a; +1 € Y for all 1 <i < j < m. Our main
result is that the above example is representative for the sequences (uy),>o with real
roots for which there exist infinitely many Diophantine triples with values in &. More
precisely we prove the following.

Theorem 1. Assume that (u,)n,>0 is a nondegenerate binary recurrence sequence with
A > 0 such that there exist infinitely many sextuples of nonnegative integers

(CL?b? C;x7y7 Z)
with 1 < a < b < ¢ such that
ab+1 = uy, ac+1 = uy, bc+1=u,. (2)

Then € {£1},6 € {£1}, a,y € Z. Furthermore, for all but finitely many of the
sextuples (a,b, c;x,y, 2) as above one has 03* = §Y = 1 and one of the following holds:

(i) 66% = 1. In this case, one of v or ya is a perfect square;
(i1) 68% = —1. In this case, x € {0,1}.

Theorem 1, of course, implies that there are only finitely many triples of positive
integers such that the product of any two plus one is in U, except in the cases described
(and these cases really occur as we saw above). We mention that the problem can
be reformulated as a Diophantine equation of polynomial-exponential type with three
independent exponential variables and three additional polynomial variables, namely

(ab+1—uy)*+ (ac+1—wuy)®+ (be+1—u,)* = 0.

It is well-known that the Subspace theorem is a powerful tool for such problems, e.g. it
was also used to classify the solutions to the equation Au, + Bu, + Cu, = 0 for fixed
A,B,C € Z in [17] (see [18] for a survey on such equations). A new development in
applying the Subspace theorem was startet by Corvaja and Zannier (see [22, 23, 10]),
and their techniques will also be used in our proof (especially we use [6, 11] and [5]).
We could not prove any finiteness result for the case when A < 0, the reason being
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that in this case there is no dominant root in the polynomial-exponential Diophantine
equation, which is the main restriction in applying the Subspace theorem with these
techniques at present.

For example, it follows for the particular case of the Fibonacci sequence (F,,),>o0,
given by (r,s) = (1,1), Fy = 0 and F; = 1, that there are at most finitely many triples
of positive integers such the product of any two plus one is a Fibonacci number F;,. In
the subsequent paper [16] the second and third author show that there is in fact no
triple of distinct positive integers a, b and ¢ such that ab+ 1, ac+ 1 and bc+ 1 are all
three Fibonacci numbers.

2 A bird’s-eye-view of the proof

For the convenience of the reader we will give an overview of the proof of the theorem,
since the proof is rather long and becomes more and more technical towards the end.
We mention that throughout the paper the symbols o, O, ~, <, >, =, are used with
their usual meaning.

Since A > 0, it follows that |a| > |/5]. We shall show that one may assume that both
« and 7y are positive. We assume that we have infinitely many solutions (a, b, ¢; x,y, 2)
to equation (2). Then z — oo, * < y < z if z is sufficiently large, and ¢ | ged(u, —
1,u, —1). The case §3* = 1 is not hard to handle. When §5* # 1, results from
Diophantine approximations relying on the Subspace Theorem, as the finiteness of
the number of solutions of nondegenerate unit equations with variables in a finitely
generated multiplicative group and bounds for the greatest common divisors of values
of rational functions at units points in the number fields setting, allow us to reduce the
problem to elementary considerations concerning polynomials. By using unit equations,
we first conclude that logb and logc have the same orders of magnitude, therefore
x <y < z. Then we show that a is also large which will come in handy lateron. These
preliminaries can be found in the next two sections (see Section 3 and 4). Next, since
the multi-recurrence ((u; —1)(uy,—1)(u;—1))z<y<- has a dominant root and comparable
positive integer subscripts, a result of the first author from [11] tells us that for infinitely
many of our solutions, the positive integer abc is a linear combination of finitely many
of the monomials in o*, 5%, o¥, (Y, o®, (% appearing in the formal Puiseux expansion
of v/(uz — 1)(uy — 1)(u, — 1). Hence, the relation (abc)? = (uz — 1)(uy — 1)(u, — 1),
may now be regarded as a unit equation with unknowns in the multiplicative group
generated by o and f, and it remains to deal with it (equivalently, it can be viewed
as the problem of calculating the zeroes of a multi-recurrence; this is not an easy task,
see e.g. Remark 5 in [11]). The proof now falls in two distinct cases: the case when
« and [ are multiplicatively independent or multiplicatively dependent. In case o and
[ are multiplicatively independent (which together with the considerations outlined
above is handled in Section 5), listing the first few dominant units in both sides of the
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equation and identifying them, one gets a few linear relations among the exponents x, y
and z. It turns out that if one goes back to the original equations, these few linear
relations are enough to get a contradiction in this case. In case when « and 3 are
multiplicatively dependent (see Section 6), we argue without going back to the before
mentioned multi-recurrence. Instead, we show first in an elementary way (using just
the pigeon hole principle), that there are only finitely many lines in Z3 the union of
which contain all possible triples (z,y, z) leading to a solution of our problem. Since we
have infinitely many solutions, we may assume that for infinitely many of them we have
r =dit+ey, y=dot+ey, 2= dst+es, where dy,ds, ds, €1, €3, e3 are fixed integers with
the first three positive and ¢ is some positive integer variable. But in this case, since
a and 3 are also multiplicatively dependent, it follows that w, — 1, u, —1, u, — 1 are
all polynomials in p’, where p is some number such that o = p* and § = £p’ for some
integers ¢ and j. Since any two of these numbers have large greatest common divisors,
it follows that these three polynomials have common roots any two of them and their
product is the square of some other polynomial. The proof ends by a careful analysis of
how these polynomials might share their roots with a view of getting a contradiction.

3 Preparations

Let L be any algebraic number field and § be a finitely generated multiplicative sub-
group of L. Given N > 1, a unit equation is an equation of the form

N
Z a;T; = 1, (3)
i=1

where aq,...,ay € L are fixed nonzero coefficients and x1,...,xxy € S. A solution

(#1,...,2n) of the above unit equation is called nondegenerate if )., a;x; # 0 for all

proper subsets I € {1,..., N}. In such a case, we will call the unit equation (3) itself
nondegenerate. We record the following result about unit equations.

Lemma 2. There are only finitely many nondegenerate solutions x = (x1,...,xy) €
SN to the unit equation (3).

We will use Lemma 2 several times in what follows. In our case (and for the rest
of the paper), S is the multiplicative group generated by a and g inside K; i.e., S =
{a™p™ :n,m € Z}. In this special case (3) can be rewritten as

N
2 e p =1 e
i=1

to be solved in integers ni,...,ny,my,...,my. Lemma 2 tells us that there are only
finitely many (ny,...,ny,mi,...,my) € Z*" such that no subsum on the left of (4)
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vanishes. In the case when the right hand side of (4) is 0, then Lemma 2 implies
that the differences n; — n;,m; — m; are bounded for all 1 < i < 7 < N and for all
Ni,...,NN, My, ..., my such that no subsum on the left vanishes. We mention that the
set of all K-linear combinations of elements in S is easily understood: it is isomorphic to
K[X*! Y*! in the case when a and 3 are multiplicatively independent and isomorphic
to K[X*!] otherwise.

We will also need the following lemma. Assume that (u,),>o is the nondegenerate
binary recurrent sequence whose general term is given by the formula (1). Assume
further that A > 0, therefore that |a| > |8|. We have the following result.

Lemma 3. There exists constants ko € (0,1) and zy such that if y and z are positive
integers with z > max{y, zo}, 63* # 1 and u, # 1, then

ged(uy — 1, u, — 1) < | ™.

Proof. Clearly, |u, — 1| < |u,| < |a|Y. Thus, if for some small € > 0 but fixed we have
y < (1 —¢)z, then we can take kg = 1 — £/2 and the desired inequality holds for large
z. From now on, we shall assume that the inequalities (1 —¢)z < y < z hold with some
small € > 0 to be fixed later. Put A = z —y € (0,e2). Let D = ged(uy, — 1,u, — 1).
Then

D |va? +6pY —1 and D | ya¥™ 465 — 1. (5)

Multiplying the first divisibility relation above (5) by the algebraic integer o, we also

have that D | ya¥™ + §8Ya* — o*. From this and the second relation (5), we get
D|sp¥(a* = ) — (o —1). (6)

Let us first assume that the algebraic integer appearing in the right hand side above is
zero. We then get
1=a*+8B87 —§p%a. (7)

This is a unit equation in four terms. If it is nondegenerate, then it has only finitely
many solutions. Thus, taking z, sufficiently large, it follows that if equation (7) holds,
then it must be degenerate. In this case, one of a* 552 or —6(3Ya equals 1. The
case §3° = 1 is excluded by hypothesis. The case a* = 1 leads to A = 0, Wthh is
impossible. Finally, the case —§8%a* = 1 leads to 3* + o* = 0, or |a|* = |§]|3|*.

|B] # 1, we then get that zlog|5| 4 log|0] = Alog|a|. Since A < ez, it follows that
the above relation is impossible for large z if we choose ¢ < log |3|/(2log|«|). Thus, if
z > z, then we must have |3| = 1, therefore |a|* = |§|. Now the relation —§3%a* = 1
leads to |a* = |6|7t. Thus, |a|* = |d| = |§] 7!, leading to |§] = 1. We next get |a|* =
therefore A = 0, Wthh is a contradiction.

From now on, we may assume that z is sufficiently large, and therefore that relation
(7) does not hold.
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Assume first that K = Q. Then the nonzero integer appearing in the right hand
side of (6) is of size

‘553’(0/\ — BN — (o — 1)‘ < exp(ylog|5| + Alog |a])
< exp (2 (log|B] +eloglal)) < |al™,

for a certain kg < 1 (depending on ¢) provided that we first choose ¢ < (log|a| —
log |8])/log |a|, and then we let z be sufficiently large. This finishes the proof of the
lemma in this case.

Assume now that K is quadratic. Conjugating (6) by the nontrivial Galois auto-
morphism of K over Q, we get

D [ya"(8* = a*) — (B* = 1). (8)
Multiplying relations (6) and (8), we get
D* | (08%(a* = B*) — (* = 1)) (va(8* — o) = (8* = 1)) ,
and the right hand side above is a nonzero integer. Hence,
D* < exp (ylog |af]) + 2Alog |al) < exp ((log|a/3| + 2¢log |al)z).

Choosing ¢ < (log|a| — log|A])/(2log |a|), one checks easily that the last inequality
above leads to the conclusion that D < || for a certain kg € (0, 1) (depending on )
provided that z is sufficiently large. This completes the proof of Lemma 3. a

We mention that Bugeaud, Corvaja and Zannier (see [1]), showed by using the
Subspace theorem that if a > b > 1 are multiplicatively independent integers, then for
all € > 0 there exists n. such that ged(a™ — 1,0" — 1) < exp(en) if n > n.. Afterwards,
this result was extended in various ways by various authors (see [5], [9], [14] and [20]
for a sample of such extensions). The last lemma is a weak form of such a result, which
is enough for our purpose, and admits an easier proof. Furthermore, we point out that
a generalisation of these results to the number-field setting can be found in [5], which
will also be used later.

4 Further Preliminaries and the case §3° =

In this section, we will prove some useful information on the solutions of our problem.
Especially, we will handle the case when 3% = 1, which gives the exceptional solutions
in the theorem.
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4.1 Both z and y are large

Assume that 1 < a < b < c and that ab+1 = u,, ac+1 = u, and be+1 = u,. We
may assume that there are infinitely many such triples, therefore that ¢ — oo. Since
la| > | 5], we have

[n] = yllaf"[1 = de™ (B/a)"],

and (5/a)" tends to zero as n — oo. This shows that if n > ng is sufficiently large,
then |u,| < |um| means n < m. Since

u, = be+ 1 > max{u,, u, } = max{|u,|, |u,|},

we get that z > max{z,y}. Further, since c is arbitrarily large and u, = ac+1 > ¢,
it follows that y is arbitrarily large. Since u, = ac+1 > ab + 1 = u,, it follows that
if ¢ is sufficiently large, then y > x. Thus, we may assume that x < y < z. Clearly, z
tends to infinity. We shall assume that z > zy, where z; is a sufficiently large number,
not necessarily the same at each occurrence. Note that

u. = yllal|1 = de™ (B/a)*] = be + 1 € [e, ¢,

showing that
loge < zlog |a| + O(1) < 2loge. 9)

Since
uy, = ||e?||1 = dcH(B/a)!| = ac+1 > ¢,

we get that
log e < ylog|al + O(1). (10)

Estimates (9) and (10) show that z < 2y + O(1).

4.2 The case when 65° =1

Since z is large, the above relation implies § = +1, therefore 6 = +1. Hence, a € Z.
Furthermore, since v = ug — 6 = ug £ 1, we get that v € Z. Moreover, d3Y and §3* are
both in {£1}. If §5Y = —1, we then have

bc = vya® and ac = ya¥ — 2.
It is easy to see that for large z we have ged(ya?,ya¥ — 2) = O(1). This shows that
¢ = O(1), therefore that z = O(1). This leads to only finitely many solutions. Thus, if
z is sufficiently large, then §8Y = 1. If also §3* = 1, then

ab = vya”, ac = yaY, bc = va~,
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therefore (abc)? = y2a®¥+* implying that either v or ya is a perfect square, according
to whether x + y + 2 is even or odd, respectively. Assume now that §3* = —1. Then

ab =ya" — 2, ac = vya¥, bc = ya”.

Furthermore, since §8Y = §3% = 1 but 6% = —1, it follows that § = —1, y and z have
the same parity, and = has opposite parity. Since abc®> = v?a¥** and y and z have the
same parity, it follows that ab is a perfect square. Assume now that = > 2. Then

ab+ 2 = vya”. (11)

But since a and b divide ya¥ and ya?, respectively, it follows that all primes dividing
ab divide ya. The last relation above (11) shows now that the only prime factor of ab
is 2. Hence, ab is a power of 2 and since it is a square, it is > 4. Thus, 2||ab + 2 (i.e.
2|ab 4 2, but 4 does not), therefore 2||ya®, and since x > 2, we get that 2|y and « is
odd. Now the relations ac = ya¥ and bc = ya® together with the fact that ab is a power
of 2, show that a € {1,2} and b € {1, 2}, therefore ab € {1,2,4}. This is impossible
since 1 < a < b and ab must be a perfect square. Thus, if 6% = —1, then z € {0, 1}.
This takes care of the exceptions (i) and (ii) appearing in the text of Theorem 1.

4.3 All three z, y and 2 are large

From now on, we assume that 63* # 1. Note that v, = ac+ 1 > 1. Lemma 3 shows
that there exists a positive constant ko < 1 such that the inequality

ged(u, — 1, u, — 1) < | ™

holds provided that z is sufficiently large. Thus, the fact that ¢ divides ged(ac, be) =
ged(u, — 1,u, — 1) shows that ¢ < |a|*?, leading to

u, — 1

b= > |af(1R0)2,

Since |a|® > u, = ab+ 1 > b>> |a|17%0)% it follows that z > (1 — k¢)z + O(1). Thus,
x tends to infinity with ¢ also and, in fact,

TXY X 2. (12)

This will be essential when applying the Subspace theorem.

4.4 Signs of v and «

Here, we comment on the signs of a and . Assume that o > 0. Then the sign of u,, is
the same as the sign of v once n > ny is sufficiently large. Thus, if v < 0, then there
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are only finitely many n such that wu, is positive, and we obtain a contradiction. Hence,
v > 0 when a > 0.

Assume now that o < 0. Then for large n, the sign of u,, alternates; namely, the sign
of w,, is the sign of v(—1)". Thus, if v > 0, then for large ¢ the three numbers z, y, 2
are even, while if v < 0, then for large ¢ the three numbers x, y, z are odd. Thus, we
may replace the pair of roots («, ) by the pair (a?, 3?), and keep the pair of coefficients
(v,0) (if v > 0), or replace it by (ya,d3) (if v < 0), and consequently suppose again
that both a and ~ are positive. From now on, we work under this assumption, namely
that a and v are positive.

4.5 a is large

Here, we shall prove a fact that will turn out to be useful later.

Lemma 4. We have a — 0o as z — oo through integer values such that 0% # 1.
Furthermore, in case o and B are multiplicatively independent, there exists a positive
constant k1 such that a > |a|™* when z > z.

Proof. We start by assuming that for each € > 0 there are infinitely many solutions with
a < |a|**. We will see that this condition with a sufficiently small ¢ > 0 and a sufficiently
large z entails that a = O(1) when « and § are multiplicatively independent. Then we
shall show that this last condition leads to a contradiction without any assumption on
a and ( with regard to their multiplicative independence.

The equation
(upy — 1) (u, — 1)
a® = (. — 31/) (13)

implies
la*a® — ya Y| < a® max{|a|Y| 8], |al?, |B]7}. (14)

By estimate (12), it follows easily that there exists a constant ke € (0, 1) such that if
e > 0 is sufficiently small, then

|a2az i 'YOézJ’_yl < |O_/|H2 max{:c—&-y,z}. (15)

Indeed, putting x3 for a positive constant such that min{z/z, z/(x + y)} > k3, a little
calculation shows that the estimate (15) is implied by the estimate (14) for large z when

£ < 27 kg min{log |al, log |a/B|}

with some constant ko (depending on €) provided that z > 2y (here, zy also depends on
). Assume that = + y > z since the other case can be dealt with similarly. Then
| 2

Y — ] < (16)

o F=r2)Et)
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This shows that z — 2 — y = O(ez). Our next aim is to deduce for z > z, that the left
hand side of (16) has to be zero. Indeed, if K = @Q, and the left hand side is not zero,
then its naive height is exp(O(ez)). By the Liouville principle, if € is sufficiently small
and z is large, then inequality (16) cannot hold. If K is quadratic, and the right hand
side is not zero, then its conjugate is a?8*~*¥ — §. Thus, the height of this number
is again exp(O(ez)). By the Liouville principle again, we arrive at a contradiction in
inequality (16) for small £ > 0, assuming that its left hand side is nonzero.
Hence, for z > z, it follows that a = +v/2a(*+¥=2)/2_ Now equation (13) is

a?63* —a®> = v0(a”BY + B + 625 — ya”
— ya¥ —6B% —66Y + 1, (17)

with a = +£+Y2a(+¥=2)/2 This is a unit equation. Let £ be some nondegenerate
subequation containing the variable 1. Then any unit in £ can take only finitely many
values. If @ and 3 are multiplicatively independent, it then follows that either £ contains
a? = a®¥=% or one of the other units. In the first case, v+y—2z = O(1),soa = O(1). In
the second case, one checks using the fact that o and g are multiplicatively independent,
that x = O(1); hence, only finitely many possibilities.

From now on, we assume that a is bounded for infinitely many solutions. Thus,
infinitely many of these solutions will therefore have the same value for a. Now rewrite
equation (13) (keeping in mind again that a®*ya® = v2a®" as we did for (17)), as

a®+1 = a®63* + 68" +6pY — 6°B°HY
+ ya® +ya¥ —voa” Y — ool BT (18)

This is again a unit equation. In order to discuss its degeneracies, we distinguish several
cases.

Assume first that o and [ are multiplicatively independent. Then there must be a
nondegenerate subequation containing the left side (a?+ 1 # 0) and some member from
the right hand side. There are only finitely many such subequations, and each one of
them has only finitely many solutions. In each one of the cases, we get that x = O(1);
hence, only finitely many possibilities.

Assume now that a and S are multiplicatively dependent. In this case, there exists
p > 1 and coprime integers ¢ > j such that a = p’ and § = £p’.

If 5 > 0, then again there must be some non-degenerate subequation of equation
(18) containing the fixed nonzero number a? + 1 from the left hand side and some
variable from the right hand side. This leads to x = O(1); hence, only finitely many
possibilities.

If j =0, then 8 =41, @ > 1 and ~, 0 are all integers. We may also assume that
the class of (z,v,2) in (Z/2Z)? is fixed. Thus, the three numbers §3%, §3Y and §3* are
fixed in {£d}. We rewrite equation (18) as

a?+1 — a?0p* —88% —6BY 4 527V
= (1 -66")a" +~v(1 —9p%)a?.
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The left hand side as well as the coefficients (1 — §5¥) and (1 — §5%) from the right
hand side of o and oY, respectively, are fixed. Assume first that these coefficients are
zero. Then §8* = §BY = 1 and the left hand side must also be zero. This leads to
a’*(1 — §3%) = 0, therefore §3° = 1, which is not allowed. Thus, at least one of the
two coefficients (1 — 04Y) and (1 — 08%) from the right hand side is nonzero. Note
that the left hand side is a fixed integer. Thus, if the left hand side is nonzero, then
equation (18) is a unit equation with N = 1 or 2 according to whether one or none
of the coefficients of o and oY from the right hand side vanishes. This leads again to
x = O(1); hence, only finitely many possibilities. Assume now that the right hand side

is zero. Then
VT — 1—4pY W2 (1—-087)(1— 55y)'

T 1-6p% T 1— 657
Since a > 1, it follows from the first of the above two equations that the cases § = 1,
or f=—1and z =y (mod 2) are impossible. Thus, up to replacing 6 by —¢ if needed,
we may assume that

(1-9)

(1+9)

Since y > x and « is an integer, we get that 1 +6 | 1 —d. Thus, 1 4+ | 2 leading to
1+0=-2, —1, 1, 2. Thecasesd =1+6 =1, 2 lead to 6 = 0, which is not allowed,
and o = 0, which is not allowed either. The cases 1 +9 = =2, — 1 give /™" =2, 3,
respectively. Thus, a = 2, 3, respectively, and y =z + 1. Now

o (1=06mQ—6pY)  1-¢°

y—z _

€ {-4,-3,2,1},

(1—65%) 146

so the only possibility is that ¢ = 1. This happens if 6 = —2 and a* = —(1 + d),
therefore 1 — §3* =1 — 6, so z is even. On the other hand, 1 = a = y'/2a(®+¥=2)/2 and
~v and « are positive integers, therefore v = 1 and 2z = z +y = 2x + 1 is odd. This
contradiction shows that it is not possible that the left hand side of equation (18) is zero
and not both of the coefficients v(1 — 63Y) and (1 — §3%) of a¥ and a*, respectively,
from its right hand side be zero. Hence, if j = 0, then there are only finitely many
possibilities for z, y and z.

Finally, assume that j < 0. Then j = —1,7 =1, so f = +a~
(18) as

1 Rewrite equation

a2+1 _ a25ﬁz—5536—5ﬂy+(52ﬁx+y+’y5(ax5y+ayﬂx)
= v(a® 4+ oY).
Its right hand side is > Y. Its left hand side is in absolute value < a¥~*, since

B = +a™t. Thus, ¥ > ¥, leading to a® < 1, therefore z = O(1); hence, finitely
many possibilities.
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Having analyzed all the possible scenarios and having arrived to only finitely many
possibilities in each case, we conclude that a = O(1) leads to only finitely many possi-
bilities. Thus, it must be the case that a — oo as z — oco. Furthermore, in case o and
[ are multiplicatively independent, we have a > |a|™* when z > z5, where k1 > 0 is
some constant. O

We saw that 6% # 1. For future use, we also record that 65Y # 1 and 8% # 1.
Indeed, if say 65 = 1, then = £1 and a | ged(ya® + (§5% — 1), ya®). Since §5* — 1 =
O(1) is nonzero, it follows easily that a is bounded, which is a contradiction. The
similar contradiction that b = O(1) is obtained if one assumes that §5Y = 1.

5 The case a and [ multiplicatively independent

In this section we will finish the proof of the theorem in the case when o and 3 are
multiplicatively independent. This will be done by applying Theorem 1 of [11], which
follows from the general result from [6] (see also [3], [4], [10], or [12]). We will indicate the
proof to see that we get an additional piece of information which is not stated explicitly,
although well-known, in [11, Theorem 1]. Then we show that the assumption of a and
[ being multiplicatively independent leads to a contradiction. As a first independent
step we show that min{y — z,y — 22,2z — 2z} = O(1) in this case. Afterwards, the
contradiction is derived.

5.1 An application of the Subspace theorem
The three relations (2) yield
(uy — 1) (uy — 1)(u, — 1) = (abc)?. (19)

Note that
(ue — 1) (uy — 1) (uz — 1) = 721 + ),

L (+(2) 0 (2)),
te{z,y,z}

with 73 = /v and 6; = —1/7. Thus,

abe = ¥tV (1 4 )2 = 320 tyt2)/2 Z (1]{;2> .
k>0

where

Furthermore, using the binomial formulae, for each k we have

k __ —i1T—i2Yy—132 QJ1x+J2y+j32
N = E Clij) s :
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where Ty is the set of all sextuples (i,j) with i = (i1,42,43), j = (J1,J2,3) fulfilling
i1 +i2 +i3 =k, and 0 < j, < i for all £ = 1,2, 3, while ¢ ;) are certain coefficients in
K indexed over the members of I'j.

Since z, y and z have the same order of magnitude, the arguments from [11] show
that there exists a finite set A of sextuples (i,j) (note that if (i,j) is given, then k is
the sum of the entries in i), and nonzero coefficients d ;) € Q for (i,j) € A, such that
infinitely many of the solutions (a, b, ¢; x,y, z) have the property that

abC — a(m+y+z)/2 Z d(i,j)Oé_ilm_iQy_i3Z6j1$+j2y+j3z- (20)
(i,j)eA

From now on, we work only with such solutions. We insert abc given by formula (20)
into formula (19) and we end up with

2

(tp — 1)(uy — D) (us — 1) = o™ | Y dganomiumiss ghatiztis: (21)
(i.j)eA

which upon expansion of both sides above leads to an S-unit equation with infinitely

many solutions. We now study this equation.

5.2 min{y—x,y—2x,2—2x} = O(1) when «a and  are multiplica-
tively independent

We order the units appearing on the left had side of the unit equation (21) according
to their sizes of their absolute values.

5.2.1 The case || > 1.

It is then easy to see that

(ux _ 1)(uy _ 1)(Uz o 1) — ")/SOéererZ + ,}/25az+yﬁx + 7250[z+15y
+ Y200 B* + 6% MY 4 smaller units. (22)

We claim that for large z, we have
Y| BT > Bl > oY B)F > oF| ).
Indeed, the ratios of any two consecutive expressions above are
a Y o\ 7Y N
) GG
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The first two expressions are certainly > 1 and they remain bounded only when y—x =
O(1) and z —y = O(1), and the fact that the third one tends to infinity as z — oo is a
consequence of Lemma 4 and of the fact that a*t¥=% > a? > a1*.

We now insert the right hand side of (22) in (21) and use Lemma 2 (see also the
remarks made below Lemma 2). We may assume that o*t¥** cancels from both sides
of equation (21). Indeed, if not, then (0,0) ¢ A, and the largest unit present in the
right hand side is < a¥**7%|3|%*. Let £ be some nondegenerate subequation containing
a” VT2 If € contains some unit from the right hand side of (21), we deduce that the
ratio of ¥ to a¥™*7*|3|>* is bounded; hence, (a/|3])** = O(1), leading to x = O(1);
thus, only finitely many possibilities. If on the other hand &£ contains some other unit
from the left hand side of equation (21), then the ratio of a**¥*# to a¥**||* is bounded.
Thus, again (a/|F|)* = O(1), which leads to only finitely many possibilities. From now
on, we assume that a”™¥** cancels from both sides of equation (21), so in particular
that (0,0) € A.

Let £ be some nondegenerate subequation containing oY%,

If £ contains either a*8**Y or one of the smaller units, then the ratio of a**¥3*
to a®B*1Y stays bounded. This gives (a/|S8])Y = O(1), therefore y = O(1); thus, only
finitely many possibilities.

If £ contains either a*™*3Y, or o”¥3%, we then get that («/|3])Y™* = O(1), which
is what we are after.

If £ does not contain any unit from the left hand side of (21), then it must contain
one from the right hand side. Hence, the ratio of

5j1:c+j2y+jsz

ay-{—zBac to a$+y+2+
az1x+12y+zgz

is bounded for some (i,j) € A with iy + i3 + i3 = k # 0. Thus,

i Detiautisz o | g|(h—Detiaytisz, (23)

Since j, < iy for £ = 1,2,3, it follows that (a/|3])r—Vetizytisz < 1 If 45 + i35 > 0,
we then get y —x < 1, which is what we want. Thus, i, = i3 = 0, and since k£ > 0,
we get that ¢; > 1. If iy > 2, we then get x = O(1), so we get only finitely many
possibilities. Thus, infinitely many of the solutions will have iy = (1,0,0). If j; = 0,
then estimate (23) shows that |B|" =< 1, therefore again x = O(1). Hence, j; = 1 for
infinitely many solutions. This shows that for iy = (1,0,0) and jo = (1,0,0) we have
that (ig, jo) € A. In particular, a®™¥=(3/a)?* appears in the formula for (abc)?. Let F
be some nondegenerate equation that contains this variable.

If F contains a unit from the left hand side equal to o*3*¥ or smaller, we then get

that the ratio of
2z
&yt (é) to oF Bty
«Q
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is O(1). This implies that («/|5])Y* < 1, or y — x = O(1), which is what we want.
If F contains a unit from the left hand side which is in

{Oéy—i-zga:’ CYZ—HCﬂy, le+y/8Z}7

we then get that the ratio of a?** /3% to one of these three units belongs to a fixed

finite set of numbers. Thus, one of
(a/)x (a>y—2x (a>z—2x
B) 5 ’ 5
belongs to a fixed finite set of numbers. The first possibility gives z = O(1), so only
finitely many possibilities. The second and third show that y — 2z = O(1), or z — 2z =
O(1), which is what we wanted.

Assume now that F does not contain any unit from the left hand side of equation
(21). Then it must contain some unit from the right hand side. Thus, there must exist
(i1,j1) # (2o, 2jo) such that the ratio of (8/a)?® to pi1e+izytisz /oi1o+iu+i2 helongs to
a finite set of numbers. Here, i) = (i}, 15, 44) and j1 = (41, j5, j5). Put k = ¢} 4 i + 5.

If £ > 3, then
Jrx+ihy+ihz 3z
8 <:Cﬁ) |

a1z tisytizz a

and so we get that («/|5])* < 1, showing that x = O(1); hence, again only finitely
many possibilities. If k = 2, then it is easy to see that units of this shape of maximal
absolute value not equal to (3/a)* have maximal value at most (|3]/a)**¥. So, the
ratio of (8/a)** to such a unit is > (a/|B])Y~*. Hence, (o/|3])Y™* < 1, showing that
y —x = O(1), which is what we want.

The only elements in F with £ =1 are

1 1 1 B\" 2\’ B\’

v ) ) @)
Thus, the ratio of (8/a)** to one of the above six units belongs to some finite set of
numbers. If one of these six units is one of the first four, then we get that one of
fEa™, B2y~ 32207 or (B/a)® belongs to a finite list of numbers. Since o and
( are multiplicatively independent, we get that x = O(1); hence, there are only finitely
many possibilities. Finally, if one of these six units is one of the last two, we then
get that one of (3/a)?**7¥ or (8/a)?**~* belongs to a fixed finite set of numbers. Thus,
y—2x=0(1) or z— 2z =0(1), as we wanted.

This finishes the case when || > 1.
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5.2.2 The case |5 <1

Here, we just sketch the main steps since the argument is very similar to the previous
one. Instead of (22), we have

(e = 1)ty — (s — 1) = 70"+ — 204 — 207

— 2" + ya® + smaller units. (24)

The main roots are, in decreasing order of their absolute values,

aaz+y+z Z+x

9 ay—‘rzﬂ « ) az-"_y’ O{Z’

and the ratios between any two consecutive ones is

xT

o, a¥7r

’ Oézfy’ Oéeryfz’

respectively. The last one tends to infinity with z by Lemma 4. The same argument
as the one used at the case |§| > 1 shows that one may assume that the unit a**¥**
cancels from both sides of the unit equation (21), for otherwise we get = O(1); hence,
only finitely many possibilities. Thus, (0,0) € A.

Let £ be again some nondegenerate subequation of (21) containing a?*# in the left
hand side. If it contains some other unit from the left hand side which is a® or smaller
in absolute value, we get that o = (a?**)/a* = O(1). Thus, we have only finitely
many possibilities. If £ contains one of the units o**® or a**¥ from the left hand side,
we then get a¥~* = O(1), which is what we want. Suppose now £ contains some unit
from the left hand side, say of the form
e 6j1$+j2y+j32

ai1x+i2y+i3z ’

where k = i1 + 19 + 13 > 0. Then

a(i1—1)w+i2y+i3z < Bj1:c+j2y+j3z'

Since |f| < 1, the above inequality leads easily to the conclusion that x = O(1), unless
ip = (i1,72,73) = (1,0,0) and jo = (j1,J2,J3) = (0,0,0). Thus, (ig,jo) € A, which
shows that its square appears in the right hand side of equation (21). Let F be some
subequation containing a¥**~* appearing on the right hand side of (21). Assume that
F contains some unit from the left hand side of (21). If this is a* or some unit of a
smaller absolute value, we get that a¥~* <« O(1). Thus, y — x = O(1), which is what
we want. If it contains one of a¥**, o®*#, or o®**¥, then one of the numbers o®, a¥=2*
or a*~?* belongs to a finite list. Thus, either x = O(1), which happens for only finitely
many possibilities, or min{y — 2z, z — 2z} = O(1), which is what we want.

Finally, assume that F contains some other unit from the right hand side of equation
(21) of the form a®+¥+= priz+isytis? /#1212y +i52 We scale everything by a®t¥+%. If k > 3,
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then the largest such unit in absolute value is 1/a3®. The ratio of 1/a?® to this unit is
> «”, so if this ratio is in a finite set of numbers, we then get = O(1); hence, only
finitely many possibilities. If £ = 2, then the largest such unit in absolute value which
is not 1/a?* is < 1/a®™. The ratio of 1/a** to such a unit is > a¥~*. So, if this ratio
is in a finite set, we get y — x = O(1), as desired. Finally, the only possibilities when

k=1 are . ;
1 1 1 I6] B\Y I}
ar’ oy o al o)’ a)
If F contains one of these units, we then get that one of
ax7 Oéyix, O(zf:z:7 (Oéﬁ)z, Oényxﬁfyj az72mﬁfz

belongs to a finite list. In the first case, we get x = O(1). In the next two, we get
y —x = O(1), as desired. Finally, since o and § are multiplicatively independent, in
the last three cases we get © = O(1); hence, finitely many possibilities also.

In conclusion, we proved that both when || > 1 and |3| < 1, assuming that «
and [ are multiplicatively independent, infinitely many of the solutions will have one
of y —x, y — 2z, or z — 22 bounded.

5.3 Proof of the theorem for a and § multiplicatively indepen-
dent

Suppose first that y —z = A is a fixed number for infinitely many of our solutions. Then
a|ya® +0p" —1 and a|ya®™ 557 1.

Multiplying the first equation relation above by a* and subtracting them, we get that

alop®(a* =) = (ot = 1), (25)

and, as in the proof of Lemma 3, the right hand side above is nonzero for z > 2.
Note further that o* — B # 0 because A # 0 and «/f3 is not a root of 1. Put
(=01 a*—=1)/(a* = B*). Note that ¢ # 0. Relation (25) shows that

a | k(B =),

where we can take k4 to be some fixed positive integer which is divisible by the norm of
|a* — B*| with respect to K. The same argument (interchanging o with 3) shows that

a | Ka(a® =n),

where n = v 1(8* — 1)/(8* — o). The fact that n # 0 follows because  # 41 and
A # 0. Furthermore, both o — 7 and $* — ( are nonzero. Hence,

a < Nk (ged(a” —n, 8" = (),
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where the last expression is to be interpreted as the norm of the ideal greatest common
divisor of the two algebraic numbers in K (see also [20]). Since o and 8 are multiplica-
tively independent, the Main Theorem from [5, p. 205] shows that a = exp(o(z)) as
x — oo. This contradicts Lemma 4 for large values of x.

Suppose now that y— 2z = X for some fixed value of A\. We will get the contradiction
by a similar argument as in the first case. It follows

a|ya® + (68 = 1) | (va®)* — (06" — 1)°.

Thus,
a|72a2x_52/82x_|_255x_1 and a’7&2x+/\+5ﬁ2x+>\—1.

Multiplying the first relation above by o, the second by v, and subtracting them, we
get
a | B¥6(vB + 6at) — 2607 B% + o — 7.

The last expression above is nonzero for large x. Indeed, this expression is a polynomial
of degree at most 2 in S*. If it were zero, then it must happen that all three coefficients
5(yB* + da?), —25a* and o — v are zero, which is not the case since da # 0. Thus,

a | raP(B7),

where P(f%) is a nonzero monic polynomial of degree at most 2. Interchanging 5 to «
in the previous argument, we get that

a ‘ K’4Q(aaj)7

where Q(X) € K[X] is some nonzero polynomial of degree at most 2. Hence, at the
level of ideals,

alre [ Mo(eed(8” —¢ " —n),
C7
P(0)=0. Q(n)=0

where L is the splitting field over K of P(X)Q(X) and where the roots ¢ and n of
P(X) and Q(X) in L, respectively, are counted with their multiplicities. If {n # 0,
then N (ged(8® — ¢, a® — 1)) = |al°® as # — oo by [6, Main Theorem, p. 205]. It
remains to deal with the case when one of { or 7 is zero. Assume say that ( = 0. Let 7
be any prime ideal dividing 8 in K. All we need to understand is an upper bound for
i (a), where for a number w € K we use p,(w) for the exponent of 7 in the factorization
of w in prime ideals inside K. If 7 divides also «, then 7 does not divide u, — 1 for
large x. Thus, p.(a) = 0 in this case. If 7 does not divide «, then

fr (U — 1) = pp(ya® 4+ 66% — 1) < min{z, . (ya® — 1)}.
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By linear forms in m-adic logarithms (see, for example, [21]),
pr(ya® — 1) < log .

Thus, for large z, pr(a) < pr(u, —1) < logz. A similar argument applies to the ideals
dividing «. This argument shows that the roots (n = 0 contribute a factor of size
|ar|OU08?) — |o|°@®) as 2 — oo in a. Consequently,

a< |a’o(w)

holds as  — oo, contradicting again Lemma 4.
The same argument works also in the case z — 2z = O(1), the role of a being played
by b. We give no further details.

6 The case a and S multiplicatively dependent

We begin with some remarks about the case when a and [ are multiplicatively de-

pendent. Since they are also either rational or quadratic integers, there exist p > 1,

coprime integers ¢ > 0 and j, and € {£1}, such that a = p’ and 8 = np’. If j > 0,

then p is a rational integer. Otherwise, i =1, 7 = —1, and p is a quadratic unit.
Observe now that if j > 0, then

u, — 1 =7(p") +n"o(p") — 1

is a polynomial in p" when 1 = 1, and one of two polynomials when 1 = —1 according
to whether n is even or odd. When j = —1, then

up = p "(y(p")? = p" +1"0)
is associated (because p~™ is a unit) to one (if n = 1), or one of the two (if n =
—1) polynomials of degree 2 in p™ with coefficients in K. The following result is very

important in what follows.

Lemma 5. All solutions (x,y, z) of equation (2) are contained in the union of finitely
many lines in Z3.

Proof. We let by and c; be the largest divisors of b and ¢, respectively, which are free
of primes dividing p. Note that both b/b; and ¢/c¢; are O(1). Indeed, if j > 0, then
p>1¢€Z and u, — 1 is coprime to p for all n sufficiently large. If j < 0, then p is a
unit, so by = b and ¢; = c¢. Finally, if 7 = 0, then, since 65* # 1 and 05Y # 1, we get
that 68 — 1= 0O(1) and 68Y — 1 = O(1) are both nonzero.

This justifies that b/b; = O(1) and ¢/c; = O(1).
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We now fix the class of (z,y, z) modulo (Z/2Z)3. For j > 0, we may write

14
be = u.—1=7P(p") =v]](0" — 1),

i=1
Z/
ac = uy—1=7Q(p") =~ ][0 — i)
j=1
In the above formulae, piq, .. ., pe are all the distinct roots of P(X') having multiplicities
01, ...,00 respectively. Similarly, gy, ..., pupy are the distinct roots of Q(X) of multi-
plicities o1, ..., 0, respectively. Note that p, ..., ue, iy, ..., 1, are all nonzero. Note

also that P(X) and Q(X) have degrees i. When j < 0, then we write
be=wu,—1=9p"P(p*), and ac=wu,—1=7p"Q(p"),

where now P(X) and Q(X) are quadratic polynomials. We keep the notations y;, o;
and u;, a;- with 1 <i < /¢, 1 <j </ for the distinct roots with their corresponding
multiplicities of P(X) and Q(X), respectively.

In all cases, we put d for the common degree of P(X) and Q(X).

We now write o = max{ai,a; 1 <</, 1< j </} L for the splitting field of
P(X)Q(X) over K, and k5 for a positive integer divisible by the denominators of 7, p;
and u;- forall 1 <i</and 1< j</{. We then get that

a | ged(u. —1,uy — 1) | ged(vP(p*), 7Q(p"))
| kS T eed (07 = i p” — 11)° (26)

1<i<s
1<5<¢
The last product above is to be interpreted as a product of ideals in L.

Now let T > 2 be a large positive integer. Consider the set of numbers 7 = {pz+qy :
1<p<T,1<q<T}. Clearly, all numbers in T are < 22T for large z. Since there are
T2 pairs of positive integers (p,q) € [1,T)?, it follows, by the pigeon hole principle, that
there there exist (p, q) # (p/,¢') such that |pz+qy— (p'z+q'y)| < 2Tz/(T?—1) < 3z/T.
Write u = p — p’ and v = ¢ — ¢’ and assume that uz + vy > 0 (otherwise, we replace
the pair (u,v) by the pair (—u,—v)). For 1 <i < /{and 1 < j </, put ¢;,; for the
ideal ged(ey, p* — ps, p¥ — p;) in L. Since

p*=p; (mod ¢y, ) and pY = ,u;. (mod ¢1,;),
and p is invertible modulo ¢;, we get that p"*** = piu’? (mod ¢1;;). We thus get,
using relation (26), that

T(d3+1 uz-+v u, v
e [rg @y T (0" — el - (27)
1<i<¢
1<5<e
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Assume that the right hand side above is nonzero. Then, taking norms in L. and using
the fact that 0 < uz 4+ vy < z/T, we get that

g <exp(O(z/T +T)).

The constant implied by the above O depends on the sequence (uy,)n>o. Since ¢; >
¢> a*/?, we get that

a®? < exp(O(z/T +T)),

therefore z < z/T + T. This inequality is false if we first choose T > 2rg ", where
ke is the constant implied by the above O, and then make z large. The contradiction
comes from the fact that we have assumed that the right hand side of (27) is nonzero
for T = |kg'| + 1 once z is large. If the right hand side of (27) is zero with this value
for T, then p“*™v = ,u?u}“ for some i, j,u, v, and since p is not a root of 1, we get that
uz + vy is uniquely determined once i, j, u, v have been fixed.

We now repeat the argument but with x instead of y and with b instead of c.
The similar argument leads to the conclusion that unless some equality of the form
Pty = u;»’”’ holds with some integers u/, v’ of absolute values at most 7" and not
both zero, then b < exp(O(z/T"+1T")). Here, py, ..., uy. are the roots of the polynomial
R(X) such that u, —1 is associated to yR(p") in the same way as u, — 1 and u, — 1 were
associated to vP(p?) and vQ(p?), respectively. Since b > a(!=%)* for some constant
ko € (0,1), we get again that z < z/T" + T", which is a contradiction if 7" is first
chosen to be sufficiently large, and then z is allowed to be large. In conclusion, there
must exist a relation of the form p**+v'® = ¥’ u;’“’, with exponents u’, v’ of sizes O(1),
which are not both zero, leading again to the fact that v’z + v’ = O(1). Since we also
have uz + vy = O(1), we get that (z,y, z) belongs to one of finitely many effectively

computable lines in Z3. O

Since we have infinitely many solutions (z,y, z) and only finitely many possibilities
for the lines in Z3 on which they might lie, it follows that infinitely many of the z,y
and z are of the form

$:d1t+€1, y:d2t+62, Z:d3t+63,

where dy, dy, ds3, €1, €9, €3 are fixed integers with the first three positive and t is a positive
integer which may be arbitrarily large. Note that d3 > ds > d; > 0. We may also fix
the parity of ¢, therefore the signs of 5%, 5Y, 8% are all determined by 7 and the parities
of e;, e; and e5. We now distinguish the following cases.
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6.1 The case j >0

This is the easiest case. We have

b = = 1= (0 + G () 1,
ce = = 1= (a) () + G - 1,
be = uy— 1= (ya")(p")"" + G(6p7) ()" — 1,

where (; = n® € {£1} for i = 1,2,3. Multiplying the three relations above we get a
polynomial with rational coefficients in p* which is a perfect square for infinitely many
values of ¢. Since 0 is not a root of this polynomial (in fact, its constant term is —1),
it follows easily that this polynomial must be the perfect square of a polynomial with
rational coefficients (see, for example, [15, Criterion 1]). However, this is impossible
because its constant term is —1, which is not a perfect square.

6.2 The case j =0

In this case, © = 1 and we have

ab = uy —1="y(p")" + 6,
ac = uy —1=y(p")" + &,
be = u, —1=r3(p")" +ds,

where 01, 02,03 € {—d — 1,0 — 1} are nonzero and v; = vp% for i = 1,2,3. Let us put

a | ged(Py(p'), Pa(p")), b | ged(Pi(p'), Ps(p")), ¢ | ged(Pa(p'), Ps(p")).

We now look at ged(P;(X), P;(X)) for i # j. The roots of Pi(X) in C are e*™#/diy),,
for p = 0,1,...,d; — 1, where 7; is any fixed determination of (—d;/v;)"/%. It now
follows easily that ged(P;(X), P;(X)) is a polynomial of degree at most ged(d;, d;). In
particular, ged(P3(X), P1(X))- ged(P3(X), P(X)) is a polynomial of degree at most
ged(ds, ds) + ged(ds, ds). Since

Ps(p') = be | ged(Pi(p'), Ps(p")) ged(Pa(p'), Ps(p'))

holds for infinitely many positive integers ¢, we get that dz < ged(ds, d;) + ged(ds, ds).
Since d; < dy < dj3, the above inequality shows that either d3 = ds, or d; = dy = d3/2.
We treat only the case di = ds, since the case when dy = d3 is similar. Since dy = ds
and y > x, we get that e; > e;. Putting d = d;, we get that P;(X) is associated to
X4+ 6, /v and Py(X) is associated to X + d,/75. They have a common root if and
only if d;/v1 = d2/72. This leads to p®2~¢ = §5/d;. If 69 = &1, then ey = €1, therefore
x =y, which is a contradiction. This shows that dy # 07, therefore d5/0; equals either

115



dc_871 14

(0—1)/(=6—1),0or (=0 —1)/(d —1). Changing 6 to —d, if necessary, we may assume
that

0—1

o+1
Since p is an integer, we get that 1+ | 6—1, therefore 146 | 2. Thus, 146 = —2,—1,1,2.
The cases 1+6 = —2, —1, 2 give p?~“ = =2, —3, 0, respectively, which are impossible
because p is positive, while the case 1 4+ 0 = 1 gives § = 0, which is not allowed. This
completes the analysis of the case when 7 = 0.

€2—€1 _
P =

6.3 The case j =—1

This is by far the most technical one. In this case, we have that

up =1 = ()" = ()" + ),
uy =1 = T ((p)*® = 72(p")® + 62),
us =1 = ()" — y3(p)" + 63),

where v; =y 1p7%, 6 = 0,0y p72% and n; = n% € {£1} for i = 1,2,3. We put
Pi(X) = X% — X% 465, = Qi(X%)  foralli=1,23,

where Q;(X) = X2 —~,X 44, for i = 1,2,3. Note that P(p') = [[°_, P(p") is associated
to a perfect square in K for infinitely many ¢. Since P(X) = [['_, P,(X) does not have
zero as a root, it follows, again by [15, Criterion 1], that P(X) is a square of a polynomial
in K[X]. In particular, all roots of P(X) have even multiplicities.

We now fix i € {1, 2,3} and take a closer look at P;(X). Let z;; and z; 2 be the roots
of Q;(X). Since Py(X) = Q;(X%), it follows that all roots of P;(X) are ezﬂi[/diz%di for
¢ =0,1,...,d; — 1 and 7 = 1,2, where zll {di and Zi édi’ are two fixed determinations
of these complex nonzero numbers. Thus, if P;(X) has a double root, then it must
be the case that e%w/diz%d" = eQﬂf//diziédi for some ¢,¢' € {0,1,...,d; — 1}. Upon
exponentiating this last relation to the power d;, we get 2,1 = 2;2. Thus, Q;(X) has
a double root. This happens if and only if 42 — 4d; = 0, which leads to n“~d§ = 1/4.
Furthermore, if this is the case, then z;; = 2z;2 = 7;/2 is an algebraic integer and
Pi(X) = (X% — ~;/2)? is the square of a polynomial whose coefficients are algebraic
integers in K.

6.3.1 The case of double roots

Assume that P;(X) has a double root for some ¢ € {1,2,3}. Then writing {1,2,3} =
{i,j,k}, we get, from the fact that P(X) and P;(X) are both squares of other poly-
nomials with coefficients in K, that P;(X)P(X) is a square of a polynomial with
coefficients in K. If P;(X) has a double root, then again z;; = z;2 = 7;/2 and
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Pj(X) = (X% — ~;/2)?. This leads to the fact that P,(X) is also the square of a
polynomial with coefficients in K, therefore Py(X) = (X% — ~,/2)2.

Put R(X) = [[_,(X% — 7;/2). Thus, R(X) is monic and P(X) = R*(X). For a
fixed ¢ even, we have that abc is associated in K to v'/2R(p!), where v/ = /2. Indeed,
note that abc = ~3pstyT=tertertes. R2(ph) and

r+y+z+e +er+e3=1t(d+da+ds)+2(e; + €2+ e3)

is even, therefore 4/ must be a member of K. Since bc is associated to v2P3(p') =
Y2((p')% — ~3/2)?%, we have that a is associated to H(p'), where
HO) = oy 2 X8 = WD~ 5a2)
(X% —73/2)

We now show that H(X) is a polynomial. Assume that this is not so and let H(X) =
F(X)/G(X), where G(X) is of positive degree and F/(X) and G(X) are coprime. Then
the algebraic integer G(p') in K divides the resultant Resx (F(X), G(X)) evaluated at
X = p', which is a nonzero algebraic integer in K. Thus, G(p') is associated to some
element from a finite list in K. However, since G(X) is of positive degree and does
not have zero as a root, this resulting Diophantine equation has only finitely many
positive integer solutions ¢. In fact, by the classical theory of Diophantine equations
(see [19], for example), this Diophantine equation can be immediately reduced to a
unit equation in three terms in K[(v3/2)'/%]. This contradiction shows that H(X)
is a polynomial, therefore that X% — ~3/2 divides (X4 — 7,/2)(X% — 7/2). The
polynomials X% — ~3/2 and X% — ~;/2 can have at most ged(ds, d;) roots in common
for i = 1,2. Thus, d3 < ged(ds, dy) + ged(ds,dy). Since d3 > dy > dy, it follows that
either d3 = dy, or di = dy = d3/2. If d3 = dy, then by putting d = d3 and using the fact
that X¢ — 43/2 and X? — 75/2 have a root in common, we also get 3 = 7, therefore
p? = p®. Thus, z = y which is not allowed. Finally, if d; = ds, then using the fact that
also X% —~;/2 and X% — ~,/2 have a root in common (because a becomes arbitrarily
large), we get that 7, = 7, therefore e; = ey, leading to x = y, which is again not
allowed.

We now return to the situation where P;(X) = (X% —~;/2)? but P;(X) does not have
a double root. Then P»(X) does not have a double root either, and since P;(X)P;(X)
is a square, we get that P;(X) = P»(X). By identifying degrees and coefficients, we get
d; = dy and 7; = .. The last equation implies that p® = p®; hence, e; = e;. Since
(dj, e;) = (dy, eg), we get again that the two of the three variables {z, y, z} corresponding
to 7 and ¢ are equal, which is impossible.

6.3.2 Bounding the number of common roots

From now on, we can assume that all three polynomials P;(X), P»(X) and P3(X) have
only simple roots. We look at

Py(X) = (X% — 2’3,1)(Xd3 — 239),
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and count the number of common roots that P3(X) can have with P;(X) for some
1=1,2. Let
Pi(X) = (X% — 21)(X% — z2).

Note that both P;(X) and P;(X) are product of two binomial polynomials. Our aim is
to show that P3(X) has < 2ged(ds, dy) roots in common with each of P;(X) fori =1, 2.

Assume say that z31/232 is not a root of 1. Suppose that z;1/z; 2 is not a root of
1 either. Then, since all roots of X% — 23, differ one from another multiplicatively by
roots of unity, it follows that if X% — 23 has a root in common with X% — 2, ;, then
it will not have a root in common with X% — z; ,, where {j, ¢} = {1,2}. Thus, in this
case there exists at most one j € {1,2} such that X% — z3, has a common root with
X% — 2., and clearly the number of such roots is < ged(ds, d;). Hence, X% — 23, has
at most ged(ds, d;) common roots with P;(X). The same is true for X% — z3,. Hence,
in this case the number of common roots of P3(X) and P;(X) is < 2ged(ds, d;).

Assume now that still z31/232 is not a root of 1, but that z;,/z; 2 is a root of 1. If
each of X% — 23, for i = 1,2 has common roots with at most one of the two binomials
X% — 2, ; for j = 1,2, then the above argument shows again that the number of common
roots of P3(X) and P;(X) is at most 2 ged(ds, d;). If say X% — 23, has common roots
with both X% — 21 and X4 — 2; 2, then it has at most ged(ds, d;) common roots with
each one of them, while X% — 239 does not have common roots neither with X di _ Zi1,
nor with X% — d; 2, since otherwise z3 /232 will end up being a root of 1, which is not
the case. Hence, again P3(X) and P;(X) have at most 2 ged(ds, d;) roots in common.

Assume next that z31/232 is a root of 1, but that z; /22 is not. If both X — 231
and X% — 23, have common roots with P;(X), then these common roots will be roots
of X% — z; ; for the same value of j. Thus, each of X ds _ 231 and X ds _ 239 will have at
most ged(ds, d;) common roots with X% — 2, ; (and none common with X% — z; ,, where
¢ is such that {j,¢} = {1,2}), so again P3(X) and P;(X) have at most 2ged(ds, d;)
roots in common. Of course, if only one of X% — 23, for j = 1,2 has common roots
with P;(X), then again it will have common roots with only one of X% —z; , for £ = 1, 2,
and the number of such is < ged(ds, d;), so in this case P3(X) and P;(X) have at most
ged(ds, d;) < 2ged(ds, d;) common roots.

So far, we have always obtained that P3(X) and P;(X) have at most 2ged(d;, d3)
roots in common.

Assume now finally that both z3,/232 and z;1/2; 2 are roots of 1.

Note that (z;17p%, 2;97p%) are the roots of X? — X + 74, and 7§ € Q* because
v and 0 are conjugates in K. Thus, while z;;, 2;2 might belong to a quadratic field
over K (hence, a field of degree 4 over Q), their ratio belongs to a quadratic field.
Thus, if z;1/2;2 # 1 is a root of 1, then its order is one of 2, 3,4, or 6. Note next that
the order cannot be 2 (i.e., z;1 = —z;2), because the coefficient of X in the quadratic
polynomial X2 — X + n%~§ is not zero. Hence, z;1/2;2 is a root of unity of order 3,4,
or 6. One checks easily that z;1/z;2 is a root of 1 of orders 3,4, 6, respectively, if and

118



dc_871 14

only if n%~d =1, 1/2, or 1/3, respectively. Since we are discussing the case when both
231/%32 and z;1/z; 2 are roots on unity, we deduct that either n = 1, or n = —1 and
e; = e3 (mod 2), and in any case these two roots of unity have the same order. Let this
order be k € {3,4,6}, and put £ = e?™/k,

If each of X% — 231 and X ds 239 has common roots with at most one of two
polynomials X% — z;; and X% — 2,5, then the previous argument shows that Ps(X)
and P;(X) have at most 2 ged(ds, d;) roots in common. Further, if at most one of the
two polynomials X% — 231 and X ds _ 239 has common roots with P;(X), then again
the previous argument shows that the number of common roots of P3(X) and P;(X) is
at most 2 ged(ds, d;).

We now look at the remaining cases. Here, we shall show that the number of common
roots of P3(X) and P;(X) is < ds.

We start by noting that up to relabeling the roots of P;(X), we may assume that
zi1 = %, that z;92 = 2z;, and that X — 231 has a root 7 in common with X% — 2z, and
another root 7’ in common with X% — z;e. Certainly, 239 = z3,1€il, and X% — 239 has
a root in common with at least one of X% — z; or X% — ze.

Since X% — 231 has a root in common with X 4 _ 7, we get that there is a number
v such that v® = 231 and v% = z;. Thus,

P(X) = (X% — v5) (X% — vhe).
Since X% — % has also a root in common with X% — ve, it follows that for some
integers j and ¢ we have

Ve?mj/dg _ Ve?m/(k‘dﬂ-‘r?mé/di )

Thus,

implying that lem[ds, d;] is a multiple of kd;. Thus, kd; < lem[ds, d;] = dsd;/ ged(ds, d;),
giving ged(ds, d;) < ds/k.

Suppose first that X% — 23, does not have a common root with both of X% — z; and
Xdi — ze. Then P3(X) and P;(X) have at most 3 ged(ds, d;) < 3dz/k roots in common.
Note that 3ds/k < d3. Thus, P3(X) and P;(X) have at most d3 roots in common. Let
us show that in fact the inequality is strict. From the above arguments, the inequality
is strict unless k¥ = 3 and ged(ds, d;) = d3/3. Put ged(ds,d;) = A. Then d3 = 3\ and
d; € {\,2\}. If d; = A, then P;(X) has a totality of 2\ < d3 roots, and we obtain a
contradiction. Thus, d; = 2A. Hence,

Pg(X) — (X3>\ o V3)\)(X3>\ o VS/\E:H), R(X) — (XQ)\ o VQA)(XQ)\ o I/2>\€).

However, it is now easy to see that X3 — 13*¢*! cannot have a common root with

P,(X). Indeed, any such common root x will satisfy z3* = 13¢*! and either 2** = 2
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(leading to v82e*? = 262 = L%} which is false since 2 # 1), or 2** = v*¢ (leading to

Ve®2 = 262 = 1823 which is again false since €3 = 1 and &2 # 1).

So, it remains to treat the case when also X% — z; 36! has a root in common
with both X% — z; and X% — ze. With the previous notations, since X% — p®g*!
and X% — % have a root in common, we get that for some integers j and ¢ we have
pet2mi/(kds)+2mij/ds — 1, e2mil/di  Thig leads to

1 I
sS4

so lemlds, d;] is a multiple of kd3. Thus, kds < lem[ds, d;], leading to ged(ds, d;) < d;/k.
In particular, d; # d3. Write A = ged(ds, d;). Then d; > kA, therefore d3 > (k + 1)A.
Thus, A < ds/(k+1). Since P3(X) and P;(X) have at most 4\ roots in common anyway,
we get that the number of common roots of these two polynomials is < 4d3/(k+1) < ds.
Equality is obtained if and only if £ = 3 and d3 = 4. Clearly, d; cannot be A (otherwise
P;(X) and P3(X) will have at most 2d; < 2\ < d3 roots in common), and d; # 2\, for
otherwise A\ = ged(ds, d;) = 2\, which is a contradiction. So, it must be the case that
d; = 3\. Hence,

Pg(X) — (X4)\ . V4)\)(X4)\ - 1/4)‘€i1), PZ(X) — (X3)\ o VS/\)(XS)\ o VS)\ )

Note now that the second factor of P;(X) above cannot have a common root x with the
first factor of P3(X) above, for if not, we would have v1?* = 212 = p12*¢* | therefore
e* = 1, which is false.

Having covered all the possibilities, we get that P3(X) has < d3 common roots with
P;(X). If this is true for both 7, j € {1, 2}, it follows that there is a root of P3(X) which
is not a root of P;(X)P,(X), and this is a contradiction because P;(X)P(X)Ps(X) has
the property that all its roots are double.

So, there could be at most one i € {1, 2} such that P;(X) has common < d3 common
roots with P;(X), and for j & {i,3}, P3(X) and P;(X) have at most 2 ged(ds, d;) roots
in common. If ged(ds,d;) # ds, it follows that ged(ds,d;) < d3/2, so P5(X) has
< 2d3 roots in common with P;(X)P,(X), which is false. So, it must be the case that
ged(ds, dj) = ds, so d; = d3. Write d = d3. Thus,

Py(X) = (X" — 231)(X? — z3,), Pi(X) = (X" = 2;1) (X7 = z;,).

But it is clear that if the above polynomials have more than d roots in common, then
they will have all roots in common so they will coincide. In particular, ds = d; and
V3 = 7j, leading to e = e;, so we get again the contradiction that two of the positive
integer unknowns z,y and z are equal. Hence, P5(X) and P;(X) have at most d3 roots
in common, therefore P3(X) and P;(X)Py(X) have less than 2d3 roots in common,
which is false.

In conclusion, it must be the case that P3(X) has < 2ged(ds, d;) roots in common
with each of P;(X) for i« = 1,2. Thus, 2d3 < 2gcd(ds,dy) + 2ged(ds, dy), therefore
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either dy = ds, or d = dy = d3/2. Assume that d; = dy = d3/2. Then P3(X) has
at most dz roots in common with each of P;(X) and P(X). Since all its roots are
common to either P;(X) or Py(X), we get that P3(X) and P;(X)P,(X) are monic and
have the same roots which are all simple for each of these two polynomials. Hence,
P3(X) = Pi(X)P,(X). Evaluating this in X = p' with large ¢, we get that a = O(1),
which is a contradiction.

6.3.3 The case d; < dy = d3

Let d = dy = d3. Then the two polynomials
Pg(X) = (Xd — ZgJ)(Xd — 2372), PQ(X) = (Xd — ZQJ)(Xd — 2273)

cannot have more than d root in common, for otherwise, by an argument already used
before, we would get that they coincide, therefore z = gy, which is a contradiction.
Thus, P3(X) and P»(X) have exactly d roots in common, therefore P3(X) and P;(X)
also have d roots in common. Since the number of such roots is < 2 ged(ds, dy), we get
that either dy = d, or d; = d/2. Assume that d; = d/2. Then P;(X) divides P3(X).
Furthermore, up to relabeling the roots of Q2(X), it follows that we may assume that
ng(Pg(X), PQ(X)) = Xd — 221- Then Pl(X)PQ(X)Pg(X) = Pl(X)Q(Xd - 21271)2<Xd -
Z22), and since this must be the square of a polynomial with coefficients in K, we get
that X — 2y, is a square of a polynomial with coefficients in K, and this is false again.

6.3.4 The case d=d; =dy, = ds

It now follows immediately that Q1(X)Q2(X)Q3(X) must be a perfect square of a
polynomial of degree 3 with coefficients in K[X|. Furthermore, Q;(X) and Q;(X) have
precisely one root in common for all i # j € {1,2,3}. We now analyze this last
situation.

Assume first that either n = 1, or n = —1 but that e;, ez, es are all congruent
modulo 2. Let us write u and v for the roots of X% — X + n°yd, where the value of e
modulo 2 is congruent to e; (i = 1,2,3) in case n = —1. It then follows that @Q;(X)
has roots uy~!p~¢ and vy~ !p~%. Note that since Q;(X) € K[X] for all i € {1,2,3},
and any two of them have precisely one root in common, it follows that u, v € K.
Furthermore, since u/v # +1, and K is real, it follows, up to interchanging u and v,
that we may assume |u| > |v|. Since the root uy™'p~¢ is also a root of Q;(X) for some
7 € {1,2,3}\{i}, we get that either uy™tp~% = uy~'p~%, leading to e; = e;, therefore
two of the positive integer unknowns x, y and z are equal, which is impossible, or for
each ¢ there is j # i such that uy™'p=% = vy~1p=%. Thus, u/v = p%~%, and since
lu| > |v| and p > 1, we get that e; > e;. Thus, for each i € {1,2,3}, there is j # ¢
in the same set such that e; > e;. This is of course impossible because there must be
some index ¢ such that e; = min{e; : j € {1,2,3}}.
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Finally, we assume that n = —1 and that not all e¢; are congruent modulo 2 for
i =1,2,3. Thus, there are two of them, say 7 and j such that e; = e; (mod 2), and the
third one ¢ is such that e; Z e; (mod 2). Let e = ¢; (mod 2), and we assume that u and
v are the roots of X?— X +(—1)¢y4, and that u; and v, are the roots of X?—X —(—1)%vd.
An argument used previously shows that u,v,u;,v; are all in K. In particular, they
are real. Then the pairs of roots of Q;(X), Q;(X) and Qu(X) are (uytp~%, vy 1p~¢),
(uy™tp=, vy~ 1p~), and (u1y~tp~%,v1y 1 p~%), respectively. Up to interchanging u
and v, we may assume that uy~p~% is also a root of Q;(X). Ifuy ™' p~% = uy~'p~%, we
then get again e; = e;, which leads again to the conclusion that two of the three positive
integer unknowns x, y and z coincide, which is false. Thus, uy p=% = vy 1p=%, so
u/v = p%~%. In particular, (—1)%0y = uv = v*(u/v) = v?p“~% is a positive number.
Now each of the roots of Q(X) is also a root of Q;(X) or Q;(X). In particular,
uy p = wyylpTem and vy TpT% = wyylpT®, where wy, wy € {u,v}, and
m, n € {i,j}. Hence, (—1)*"dy = wjv; = wiwyp**~*m~°» but this last number is
positive since p > 1 and wywy € {u?, v?,uv}. This contradicts the fact that (—1)%yd >
0, and completes the proof of Theorem 1.
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Fibonacci diophantine triples

Florian Luca, Laszlo Szalay

Abstract

In this paper, we show that there are no three distinct positive integers a, b, ¢
such that ab+ 1, ac+ 1, bc+ 1 are all three Fibonacci numbers.

1 Introduction

A Diophantine m-tuple is a set of {aq,...,an} of positive rational numbers or integers
such that a;a; + 1 is a square for all 1 < ¢ < j < m. Diophantus found the ratio-
nal quadruple {1/16,33/16,17/4,105/16}, while Fermat found the integer quadruple
{1,3,8,120}. Infinitely many Diophantine quadruples of integers are known and it is
conjectured that there is no Diophantine quintuples. This was almost proved by Dujella
[5], who showed that there can be at most finitely many Diophantine quintuples and
all of them are, at least in theory, effectively computable. In the rational case, it is
not known that the size m of the Diophantine m-tuples must be bounded and a few
examples with m = 6 are known by the work of Gibbs [8]. We also note that some gen-
eralization of this problem for squares replaced by higher powers (of fixed, or variable
exponents) were treated by many authors (see [1], [2], [9], [13] and [10]).

In the paper [7], the following variant of this problem was treated. Let r and s
be nonzero integers such that A = r? + 4s # 0. Let (u,)n>0 be a binary recurrence
sequence of integers satisfying the recurrence

Upto = TUpt1 + SUp for all n > 0.

It is well-known that if we write a and [ for the two roots of the characteristic equation
z? —rx — s = 0, then there exist constants v, § € K = Q[a] such that

Uy, = ya" + 964" holds for all n > 0. (1)
Assume further that the sequence (uy,),>o is nondegenerate, which means that vo # 0

and a/f is not root of unity. We shall also make the convention that |a| > |5].

A Diophantine triple with values in the set U4 = {u, : n > 0} is a set of three
distinct positive integers {a, b, ¢} such that ab+1, ac+1, be+ 1 are all in U. Note that
if u, = 2" 41 for all n > 0, then there are infinitely many such triples (namely, take
a, b, ¢ to be any distinct powers of two). The main result in [7] shows that the above
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example is representative for the sequences (u,,),>o with real roots for which there exist
infinitely many Diophantine triples with values in /. The precise result proved there is
the following.

Theorem 1. Assume that (u,)n,>0 is a nondegenerate binary recurrence sequence with
A > 0 such that there exist infinitely many sextuples of nonnegative integers

(a/7 b? C; x? y? Z)
with 1 < a < b < ¢ such that
ab+ 1= u,, ac+1=u,, be+1=u,. (2)

Then 5 € {£1}, § € {1}, a, v € Z. Furthermore, for all but finitely many of the
sextuples (a,b,c;x,y, z) as above one has §3* = §3Y = 1 and one of the following holds:

(i) 0% = 1. In this case, one of 6 or da is a perfect square;
(i) 4% = —1. In this case, x € {0,1}.

No finiteness result was proved for the case when A < 0. The case §3% = 1 is
not hard to handle. When §3* # 1, results from Diophantine approximations relying
on the Subspace Theorem, as well as on the finiteness of the number of solutions of
nondegenerate unit equations with variables in a finitely generated multiplicative group
and bounds for the greatest common divisor of values of rational functions at units
points in the number fields setting, allow one to reduce the problem to elementary
considerations concerning polynomials.

The Fibonacci sequence (F),),>¢ is the binary recurrent sequence given by (r,s) =
(1,1), Fp = 0 and F}, = 1. Tt has a = (1 ++/5)/2 and 8 = (1 — +/5)/2. According
to Theorem 1, there should be only finitely many triples of distinct positive integers

{a,b,c} such that ab+ 1, ac+ 1, bc + 1 are all three Fibonacci numbers. Our main
result here is that in fact there are no such triples.

Theorem 2. There do not exist positive integers a < b < ¢ such that
ab+1=F,, ac+1=F,, bc+1=F,, (3)

where x < y < z are positive integers.

Let us remark that since the values n =1, 2, 3 and 5 are the only positive integers
n such that F, = k% + 1 holds with some suitable integer k (see [6]), it follows from
Theorem 2 that all the solutions of equation (4) under the more relaxed condition
O<a<b<care

( b e )_ (1717Ft_1;37t7t>7 tZS’
a,0,Cx,Y,%) = (2,2,(Ft—1)/2;5,t7t)7 t247t7—é0 (m0d3);
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Note also that there are at least two rational solutions 0 < a < b < ¢, namely
(a,b,c;x,y,2) = (2/3,3,18;4,7,10), (9/2,22/3,12;9,10,11).

It would be interesting to decide whether equation (3) has only finitely many rational
solutions (a,b,c;x,y,z) with 0 < a < b < ¢, and in the affirmative case whether the
above two are the only ones.

2 Proof of Theorem 2

2.1 Preliminary results

In the sequel, we suppose that 1 < a <b<cand 4 <z <y < z. We write (Ly,)n>0
for the companion sequence of the Fibonacci numbers given by Ly = 2, L; = 1 and
Lyyo = Ly + L, foralln > 0. It is well-known (see, for example, Ron Knott’s excellent
web-site on Fibonacci numbers [11], or Koshy’s monograph [12]), that the formulae
Fn:a = and L,=a"+p"
a—pf

hold for all n > 0, where o = (14 v/5)/2 and 3 = (1 — v/5)/2.
We shall need the following statements.

Lemma 3. The following divisibilities hold:

(7’) ng<FU7 Fv) = Fgcd(u,v);'

i Lgca(ua)s iz = zoqiey = 1 (mod 2);
d Lu Lv = gedu,v)» ged(u,v) ged (u,v) ;
(i) ged(Luy, Ly) { Lor2,  othorwise:

i Lecatuys if s # iy = 1 (mod 2);
d Fu Lv — gediu,v)» ged(u,v) ged(u,v) )
(iii) ged(Fu, L) { 1or2, otherwise.

Proof. This is well-known (see, for instance, the proof of Theorem VII. in [3]). O
Lemma 4. The following formulae hold:

FqulLLl, iqul (m0d4 5

)
Fuus Lus, ifu=3 (mod 4),
F,—1= ol N
“ Fuzz Luga, if u=2 (mod 4);
Fugz Lu_z, ifu=0 (mod 4).
Proof. This too is well-known (see, for example, Lemma 2 in [14]). O
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Lemma 5. Let ug be a positive integer. Put

o (1o ()), g, (R

foriv =1, 2, respectively. Here, log, is the logarithm in base o. Then for all integers
u > ug, the two inequalities
au+€2 < Lu < au+€1 (4)

and
Oéu+62 S Fu S au+51 (5)

hold.

Proof. Let cg = 1, or V5, according to whether u, = L, or u, = F,, respectively.
Obviously,

— — — )

u, uo
W (g o (1 + ‘i’f) 1+ (@)
Ly } < o+ |/8| < <g*| —~2
Co Co Co

F, @

which prove the upper bounds from the formulae (4) and (5), respectively. Similarly,

u I 181}
L, } at — |B|u0 @ <1 B a_u) U 1= <E>
> > >« —_—
lead to the lower bounds from the formulae (4) and (5), respectively. O

Lemma 6. Suppose that a > 0 and b > 0 are real numbers, and that uy is a positive
integer. Then for all integers u > g, the inequality

aa +b < ¥tr
holds, where k = log,, (a + a%o)
Proof. This is obvious. a

Lemma 7. Assume that a, b, z are integers. Furthermore, suppose that all the expres-
sions appearing inside the gecd’s below are also integers. Then the following hold:

(i) If a # b, then ged (22, 22) < ‘“T’b‘ Otherwise, ged (252, 2tb) = ztb.

(it) If 3a # b, then ged (252, 225) < |34b|. Otherwise, ged (25, 32t) = =te,

Proof. This is an easy applications of the Euclidean algorithm. a
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Lemma 8. Assume that z > 8 is an integer. Then the following hold:

(1) If z is odd, then Loy < V2F;

(i) If z is even, then ngz < +/F,.

Proof. For (i), note that
LQZ;l =L, 1+ 2(_1)2_1 <L, +2=F, o+ F.+2,
2

and the right hand side above is easily seen to be smaller than 2F, when z > 8. For
(ii), we similarly have

LQZ%Q SLz—2+2:Fz—3+Fz—1+2<an

where the last inequality is equivalent to F,_3+2 < F,_,, or 2 < F,_4, which is fulfilled
for z > 8. O

Lemma 9. All positive integer solutions of the system (3) satisfy z < 2y.

Proof. The last two equations of system (3) imply that ¢ divides both F, —1 and F, —1.
Consequently,
c|ged(F,—1,F, —1). (6)

Obviously, F, = bc+ 1 < ¢*; hence, v/F, < c¢. From (6), we obtain /F, < F,. Clearly,

\/— F oy +1 (7)

Since y > 5 entails a¥ + 1 < v/5a¥, we get o — 1 < a?, which easily leads to the
conclusion that 2y > z. O

2.2 The Proof of Theorem 2

By Lemma 9, we have
VF, <ged(F,—1,F,—1). (8)

Applying Lemma 4, we obtain

ged(F. —1,F, — 1) = ged (F; Loy, P L%> < 9)

< ged (Fepe Py ) god (Fes, Lusi ) ged (Legs, Fus ) ged (Lags, Lusa )
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where i,j € {£1,£2}. The values i and j depend on the residue classes of z and y
modulo 4, respectively. In what follows, we let dy, ds, d3 and d4 denote suitable positive
integers which will be defined shortly.

Lemma 3 yields

mle (ﬁ’u) =F._. (10)

ged( 55 5 24,

The second factor mq on the right hand of (9) can be 1, 2, or

meo = Lgcd<z—i U) =L.. (11)

2 2

The third factor ms is again 1, 2, or

ngLng(zTH’y;j) = L. (12)

2 2d3

Finally, if the fourth factor my is neither 1 nor 2, then

my = Lgcd(z+i y j) == Lz+i. (13)

We now distinguish two cases.
Case 1. z < 150.

In this case, we ran an exhaustive computer search to detect all positive integer
solutions of system (3). Observe that we have

F,—1)(F,—1
a:\/< F)(i’ ), 4<zr<y<z<150.

Going through all the eligible values for x, y and z, and checking if the above number
a is an integer, we found no solution to system (3).

Case 2. z > 150.

z—2

In this case, Lemma 5 gives —2 < ¢, for F,. Hence, a2 < +/F,. If d;, > 5 holds
zti

for all k = 1, 2, 3, 4, then the subscripts 5, of the Fibonacci and Lucas numbers
appearing in (10)-(13) are at most %' each. Lemma 5 now gives that e, < 0.5 and
do < —1 hold for L%i and le;oi, respectively, because Z=: > 14. Now formulae (8)-(13)

10
lead to

o < F, < a(%f1)+(fg+o.5)+(Z$i+0.5)+(%i+0‘5)’ (14)
which implies that
T2 % s
2 5 o

contradicting the fact that z > 150.
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From now on, we analyze those cases when at least one of the numbers dj for
k=1, 2, 3, 4, which we will denote by d, is less than five.

First assume that d = 4. Then either ZJZ’”' = y+2’72j , Or Z+8’7” = y*gzj , where
M, n2 € {£1}.

If the first equality holds, then Lemma 9 leads to z = 4y + 4nsj — mi < 2y. Thus,
2z <2y < mi—4ngy < 10, contradicting the fact that z > 150.

The second equality leads to y = w. In this case,

y+n5) 324 3mi+tj

15
' (ERE) (15
where t = 4(n), — 1) € {£8,0} for 1, € {£1}. Applying Lemma 7, we get
zHmi Y+ z4 i 3z+3mi+tj
ged ( 5 g = ged 5 3
Vi g

for all (ny,n5) # (ni,m2) € {£1}% For the last inequality above, we used Lemma 7
together with the fact that 3(n} —n;) —tj # 0. Indeed, if 3(n; —n}) —tj = 0, then 3 | tj,
and since t € {£8,0}, j € {£1,£2}, we get that ¢t = 0, therefore 7o = 7). Since also
3(m —ny) =tj =0, we get g, = 1, therefore (0}, n5) = (n1,m2), which is not allowed.

Continuing with the case d = 4, since Fi4 < L4 = 843 and % > 18, we get that
g9 < 0.25 and d5 < 0.25, where these values correspond to LzTii and F' =i, respectively.
It now follows that o, . s

Q' < o OB 3 < 8433 0

Thus, z < 4 4+ 8log, 843 < 116, which completes the analysis for this case.

Consider now the case d = 3. The only possibility is %””' = “% for some 1,1 €
{£1}. Together with Lemma 9, we get z = 3y + 3mj — mi < 2y. Consequently,
5 <y < mi— 3 <8, which is impossible.

Assume next that d = 2. Then %’7” = % for some ny,me € {£1}. We get that

Yy = w Thus, y+;7/2j = Z+"§f+tj with ¢ = 2(n, — 1) € {£4,0}. By Lemma 7, we
have

Z4mi y+nhj z4mi z+mi+tj
= d
ng( 2 7 2 8¢ 2 4

< |0h —m)i =t < 12.

The argument works assuming that the last number above is not zero for (n},n5) #
(n1,m2) € {&1}%. Assume that it is. Then (1, — n)i = tj. Clearly, tj is always a
multiple of 4. If it is zero, then ¢ = 0, so 93 = n,. Then also (n, —n})i = tj = 0,
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therefore 0} = n. Hence, (n},1,) = (m1,72), which is not allowed. Assume now that
t # 0. Then (g —n})i # 0, so 0} = —my. Also, t # 0, therefore 9, = —nj). We get
that 217 = —4nyj, therefore ¢ = —2n;. Thus, ¢ = £1 and j = £2. In particular, z is
odd and y is even. Now (z 4 n;7)/2 is divisible by a larger power of 2 than (y + 727)/2.
A quick inspection of formulae (10)—(13) defining my, mso, ms and my together with
Lemma 3 (ii) and (iii), shows that the only interesting cases are when k = 1 or 2 (since
mg | 2 and my | 2). Thus, (n,n2) = (—1,—1) or (—1,1). Hence, (n},n5) = (1,1) or
(1,—1), and here we have that ms | 2 and my | 2 anyway. This takes care of the case
when (9] —m)i —tj = 0.

Continuing with d = 2, since ZTii > 37, Lemma 5 yields €9,09 < 0.1. We then get
the estimate

z—2 zEi 242
az <ot +0.1 L?Q S 322306 1 +0.17

leading to z < 6.4 + 121log,, 322 < 150.5, which is a contradiction.

(z,y) (4) (4,7) possible equalities consequence
1 (1,1) (1,-1) 221 -zl z=y+2t: =y (mod 4)

(1,2) (1,-2) =1 = y2i2 z=y+3 1 : dy must be even
(—1,-2) z'glzyzﬁ z=y+1t:2=y—1 (mod 4)

3 (1,3) (1,-1) =1l = %1 z=y+21: d; must be even
4 (1,0) (1,-2) Zglzy%z z=y+3f:2=y+1 (mod 4)
(—1,-2) 2 = yzﬁ z=y+11is possible (d3 = 1)

5 (3,1) (1,-1) el = %1 z =y + 2 is possible (dy = 1)
6 (3,2) (—1,-2) = = y# z=y+11: dy must be even
(1,-2) Zglzyzﬁ z=y+3t:xz=y+1 (mod4)

7 (3,3) (1,-1) 22l — ¥l z=y+27: 2=y (mod 4)

8 (3,0) (—1,-2) 2-51:7;%2 z=y+17:2z=y—1 (mod 4)
(1,-2) =1 = yzﬁ z =y + 3 is possible (d3 = 1)

9 (2,1) (2,1) ZEQ:% z=y+11: d; must be even
(2,-1) 352:%1 z=y+3f:z=y+1 (mod 4)

10 (2,2) (2,—-2) 22 = yzﬂ z=y+41: dy must be even
11 (2,3) (2,-1) =2 = %1 z=y+31: d; must be even
(2,1) 222 = v z=y+1T:2=y—1 (mod4)
12| (2,0) (2,-2) =2 = ui2 z=y+4t:z=y+2 (mod 4)
13| (0,1) (;,1;) giﬁ ziy—l—ljf:wz.y—l(m_odél)
y — 7= = 45 z =y + 3 is possible (dy = 1)
14| (0,2 (2,-2) =2 = ui2 z=y+4t:z=y+2 (mod 4)
15| (0,3) (2,-1) 222 = v z=y+3t:z=y+1 (mod 4)
(2,1) 252:3’2;1 z=1y+11is possible (dy = 1)

16 (0,0) (2,—-2) s %ﬁ z =y +4 is possible (d3 = 1)

Table 1. The case d = 1.
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Finally, we assume that d = 1. The equality %’ = % leads to z = y F1 £ 5.
Obviously, here Fi+ j must be positive, otherwise we would get z < y. Note that in the
application of Lemma 4, both z and y are classified according to their congruence classes
modulo 4. The following table summarizes the critical cases of d = 1. Only 6 layouts
in Table 1 below need further investigations (the sign { abbreviates a contradiction).

In what follows, we consider separately the 6 exceptional cases. The common treat-
ment of all these cases is to go back to the system (3). In all exceptional cases we have

z=1y+s, where s € {1,2,3,4}. Hence,

ab+1 = F,,
ac+1 = F,_, (17)
bc+1 = F,,

and, as previously, ¢ | ged(F,_s — 1, F, — 1).
Table 1, Row 4. z=1, y=0 (mod 4), 2=y + 1 and

Foy—1=Funles, F.—1=Feilan.

2

Clearly,

gcd <F%1F%> —1, ged (szg,LzH) —1, ged <Fz+1,Lz+1> —1, 2

2 2 2 2

while

L z—3 z—1\ — L — 1
ged(Lz-s, Foo1) = ged(53%,55) ! < 2.
2 2 lor2

Therefore ¢ < 4, and we arrived at a contradiction because F, = bc+1 < 13 contradicts
z > 150.

Table 1, Row 5. 2 =3, y=1 (mod 4), 2=y + 2 and
Fop-1=Feslen, F.—1=FuiL...

Since

ng (F%*?),ngl) = 1,

we get ¢ | ged(F,_o — 1, F, — 1) = Lo Consequently, by the proof of Lemma 9,

L:o1 =ciec >/ F,.

2

By Lemma 8, we now have
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and so

Hence, ¢; = 1, therefore ¢ = L. In view of equation (17), we get a = Fes, b= Fup,

2 z—1 2
Fo=FesFep +1=F21 + (1) +1=Fi,
2 2

(18)

By the work of Cohn [4], we get that (18) is not possible for z > 150.
Table 1, Row 8. 2z =3, y=0 (mod 4), z =y + 3 and

Fz_g—lezz;lL%, F,—1=F.nuL..
It follows easily, by Lemma 3, that

2

2
ng(Fszl,F%>:1, ng(L%,L%)
and

1, ged (F%L%> —1, 2,

ng <LZT*57F#> = {

the fact that z > 150.

< 4.
lor2 } o
Thus, ¢ | ged(F,—3 — 1, F, — 1) < 8. However, the inequalities a < b < ¢ < 8 contradict

Table 1, Row 13. 2 =0, y =1 (mod 4), z =y + 3 and

Lgcd(%’lﬁz%s) s ls=4

Fz—3 - 1= FﬂLd,
2 2
Since

F.—1=FesL.os. (19)
ged (F%F%Q = (oot a2y < Fy =2,

we have ¢ [ ged(Foa — 1, F. —1) = Loy, or e[ ged(Fepy — 1L, F. — 1) = 2L2s

In the first case, we get

L%z = C9C > Cy
and applying Lemma 8 we arrive at

FZ?

szl
Cy < =

<1,
VvV F,

which is a contradiction.

In the second case, put

2Lz;72 = c3c > c3\/ F.
Again by Lemma 8, we obtain
2LZT4
c3 < < 2.
3 7
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Thus, ¢; = 1, therefore ¢ = 2L.1. System (17) and relations (19) lead to 2a =
F%zx, 2b = Fz2i2, and
1
F,=-F.aF.12 +1.
4 2 2
On the one hand, since z > 150, by Lemma 5, we get

z—1.67 1 z2=4_1.68

o S F > a5 o 2—1-3.36—2.89
T
4

>« ,

+2
=421 .68

therefore > z — 5.48. On the other hand, by combining Lemma 5 and Lemma 6 with
k < 0.01, we get

1 z—4 z+2
o® 1.68 < Fx < Za > 1.67a = 1.67+1 < o 1-3.34—2.884-0.01

Y

leading to © < z — 5.53. But the interval (z — 5.48, 2z — 5.53) does not contain any
integer, which takes care of this case.

Table 1, Row 15. 2 =0, y=3 (mod 4), 2=y + 1 and
Foy=1=F3Lew, F.—1=Fusl.s.
Since
ng(F%7F#) =1,

we get ¢ | ged(F,—y — 1, F, — 1) = L%z. Consequently, by the proof of Lemma 9, it
follows that
LZZ;Q = cyc > cy\/ F.

Now Lemma & leads to the contradiction
L272
cy < 2 < 1.

NioA

Table 1, Row 16. 2 =0, y =0 (mod 4), z =y + 4 and

Foy—1=F.2l.s, F,—1=F.sL.os.
2 2 2 2

Obviously,

ng(FZQ;z,Fz-gz) = 1, ng(L%ﬁ,LzT—Q) = 1, ng(F%z,Lzz;z) = 1, 2,

while

L z—6 z < L —
gcd(L%e,F%z) = { god (550, 542) = 4 } <T.
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Thus, ¢ < 14, which leads to a contradiction with z > 150.

The proof of the Theorem 2 is now complete.
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Diophantine triples and reduced quadruples with
the Lucas sequence of recurrence u,, = Au,_1 — t,_s

Nurettin Irmak, Ldszlo Szalay

Abstract

In this study, we show that there is no positive integer triple {a,b,c} such
that all of ab+ 1, ac+ 1 and bc + 1 are in the sequence {u,},~, satisfies the
recurrence u, = Aty,_1 —un_o with the initial values ug = 0, u; = 1. Further, we
investigate the analogous question for the quadruples {a, b, ¢, d} with abe+1 = u,,
bed + 1 = uy, cda +1 = u, and dab + 1 = u;, and deduce the non-existence of
such quadruples.

1 Introduction

A Diophantine m-tuple is a set {aj, as, ..., an,} of positive integers such that a;a; + 1
is a square for all 1 < ¢ < j < m. This problem and its variations have a rich
history. Diophantus investigated first, although rational quadruples, and found the set
{1/16,33/16,68/16,105/16}. Fermat was the first who could give an integer quadruple,
namely the set {1,3,8,120}.

It is widely known that infinitely many integer Diophantine quadruples exist. For
instance, Hoggatt and Bergum [5] proved that for any positive integer k, the set

{For, Forsro, Fopya, 4F 1 FopioFopis}

is always quadruple. A widely believed conjecture states that no quintuple exists. The
famous theorem of Dujella [3] states that there are only finitely many quintuples.

A variant of the problem is obtained if one replaces the squares by the terms of
a given binary recurrence. For details, see the articles [4], [6], [7] and [1]. The first
cited paper investigates a general case and provides sufficient and necessary conditions
to have only finitely diophantine triples with terms of the binary recurrent sequence.
But the arguments in [4] give no hint how to find the triples themselves. The other
papers describe methods to determine all Diophantine triples for Fibonacci, Lucas and
balancing numbers, respectively.

In this paper, we follow the treatment of the above results, but there is an essential
difference, namely the binary recurrence we investigate here contains a positive integer
parameter A. Therefore, we must include new, additional ideas in order to prove our
theorems.
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Assume that A is a given positive integer. Define the sequence {u,} by
Up = Aun—l — Up—2

with the initial conditions ug = 0, u; = 1. The Binet formula

Oén—ﬁn

a—pf

gives u,, explicitly, where o = (A + A% —4)/2 and § = (A — vV A? —4)/2. Obviously,
a+ pf = A and af = 1. Further the condition A > 3 entails that the zeros of the
characteristic polynomial 22 — Az + 1 are real, have a > 1 and 8 € (0, 1) and moreover
« increases and [ decreases when A increases. We define {v,}, ., as the associated
sequence of {u,}, .. The recurrence relation for {u, },>o and {v, },>o coincide, but the
initial conditions in the second case are vy = 2 and v; = A. It is well-known that

Up =

v, = o + 8"
The main results of this work are the following.

Theorem 1. Suppose that A # 2 is a positive integer. Then there do not exist integers
1 <a<b<c such that

ab+1 = wuy,,
ac+1 = wuy, (1)
bc+1 = u,

hold with the natural numbers 1 < x <y < z.
Note that A = 2 gives that the sequence {u,},>o is the sequence of all natural
numbers and in this case, trivially, system (1) is satisfied by arbitrary a, b and c. Clearly,

it will also be true for (2).

Theorem 2. If A # 2 is a positive integer then the system

abc+1 = wu,,

bed+1 = wuy,

cda+1 = wu,, (2)
dab+1 = wy

1s not solvable in the integers 1 <a<b<c<dandl <r<t<z<y.
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Observe, that although the last three equations of (2) would generalize system (1)
by one more unknown d, here we have the additional equation abc + 1 = u,.
Note that the case A = 1 provides the periodic sequence

u, =0,1,1,0,—1,—1,....

Hence, neither (1) nor (2) cannot be fulfilled with A = 1. Thus, in the sequel, we
assume A > 3.

In the next part, we gather the auxiliary results which are needed in the proofs of
the theorems.

2 Preliminary Results

Lemma 3. Assume that n and m are arbitrary non-negative integers. Then the follow-
ing identities hold.

1. ged(tp, Um) = Uged(n,m)

2. ged(tn, V) =1 01 2 07 Vged(n,m), especially ged(uy,,v,) =1 or 2,
3. (Up — D) (up + 1) = tp_1pq,

4. Uznyr — 1 = upUpnya,

9. 2Upim = UpUp + Vplpy,.

Proof. The first two identities are known from [2]. Paper [9] contains (3), the remaining
identities can be proved by using Binet formula. For instance,

UnUnp1 = (Om — 5”) (an+1 +ﬁn+1)

a—p
&2n+1 ﬁ2n+1 n
= a—p — (aB)" = ugny1 — 1.
m
Lemma 4. Suppose that A > 3. Then for all integers n > 3, the inequalities
an—l <uy, < an—0.83 (3)
and
al < vy < ()én+0'004 (4)
hold.
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Proof. Using the Binet formula of the sequence {uy},,, we obtain

PG ()

To justify the right hand side, we show that the function

f(a>:10ga<a_l> _logle®—1)

Q log

is strictly increasing for aw > 1. Indeed, f’(«) > 0 is a consequence of the arguments
(a® —1)log(a?® — 1) < (a® — 1) loga® < 2a’log .

Replacing o by the worst case (3 ++/5)/2 (it corresponds to the smallest possibility for
A which is A = 3) in the exponent of the rightmost term of (5), it leads to u, < a8,
The lower bound in (4) for v, is trivial. To have an upper bound, we evaluate

1
v, < a” (1 + —6) < 1.0032 - a" < 10004,
«

]

Remark 5. Since the estimate of the right hand side of (3) does not depend on the
condition n > 3, we conclude that it remains valid for any n € N. A similar observation

is true for the left hand side of (4).
Lemma 6. Suppose A > 3. Then log,(2(A% —2)) < 3.1.

Proof. Let g(a) = log(a + 1/a)/log a and h(a) = log,(2). It is easy to see that the
functions g(«) and h(«) are strictly decreasing when a > 1. Thus, the largest possible
value a = (3 + v/5)/2 belonging to the case A = 3, together with

log, (A% — 2) < 2log, A = 2g()
shows the statement. O
Lemma 7. Assume that n > 3 and A > 3 are integers. Then
ged (U, — 1, up_g — 1) < 2(A% —2).

Proof. Put g = ged(up, — 1, up—o — 1). The recurrence relation of the sequence {uy, }n>0,
together with Lemma 3 (1) and (3) yields
(

g ged (un — 1wy — up—2) < ged (Up—1Unt1, Up — Up—2)
ng (un—lu Aun—l - 2“71—2) ng (Un—‘rl; 2un - Aun—l)

2 ged (unﬂ, (2 — AHu, + AunH) < 2(A% - 2).

VARVAN

147



dc_871 14

Lemma 8. Any integer n > 2 satisfies
ged (ugp_3 — 1, u, — 1) < a7,
Proof. Similarly to the previous Lemma, put g = ged (ug,—3 — 1, u,, — 1) and apply (4)
of Lemma 3. It implies
g = ged (Un—2Vn 1, Un 1Uni1)
< ged (Up—g, Up—1) ged (Up—2, Upy1) ged (Vp—1, Up—1) ged (Vp—1, Upt1) -

By (5) of Lemma 3, we have 2u, 1 = u,_1v3 + v,_1us, which together with (1) and (2)
of Lemma 3 yields

g < 2us ged (Vp_1, Un_10V2 + UgVp_1) < dusvy < 7.

0
Lemma 9. Any integer n > 2 satisfies
ged (ugp_o — 1, u, — 1) < a4
Proof. Put g = ged (ugp—2 — 1,u, — 1).
g = ged (Ugn—1Uzn—3, Up—1Unt1)
< ged (ugn—1, Un—1) ged(Uop—1, Upnt1)
X ged (g3, Un—1) ged(Uon_3, Uni1)
< U%U3U5 < a%4,
O
Lemma 10. All positive solutions to system (1) satisfy z < 2y — 1.
Proof. Considering the last two equations of system (1) we have
c|ged(uy,—1,u, —1).
Moreover u, = be + 1 < ¢?, therefore \/u, < ¢ holds. By (3), we obtain
Vot < Ju, < e <u, < ¥
which implies z < 2y — 0.66, so z < 2y — 1. O

Lemma 11. The solutions to system (2) satisfy the inequality y < 2z — 1.
Proof. Clearly, u, = bed + 1 < (cd)?, so /Uy < cd. From system (2), we deduce that
cd | ged (uy — 1,u, — 1)
By Lemma 4,

Va1 < Ju, < ed < u, < o#70%,

which leads to y < 2z — 1. O
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3 Proof of Theorem 2

Suppose that A > 3. Further suppose 1 < a < b < ¢ and that 1 < z < y < z satisfy
(1). Then, 1-2+41 < ab+ 1 = u, implies z > 2. Now we distinguish two cases.

Case 1. z < 138.
Firstly, we find upper bound for the coefficient A of the sequence {uy, },>0.

Lemma 12. If z < 138 and there exist a solution to system (1) then A < Ay with a
suttable Ag € NT.

Proof. Clearly, the terms of the sequence {u,} are monic polynomials in A with
deg(u,(A)) =n—1 (n > 1), the first few terms are ug(A) =0, u;(A) =1 and

UQ(A) = A, U3<A) = A2 — ]_, U4(A) = A3 — 2A,
[f2<z<y<z<138and 1 <a<b< csatisfy (1) then

WZVWAM—dﬂwwﬂ—U
u,(A) —1

must be necessarily integer for some A. Since u,(A) is monic, then by polynomial
division, there uniquely exist polynomials ¢(A) € Z[A] and r(A) € Z[A] such that

(g (A) = 1) (uy (A) = 1) = q(A) - (uz (A) = 1) + 1 (A),

where deg (7 (A4)) < deg (u, (A)).
Checking the eligible possibilities for x, y and z by computer, r(A) is never the
constant zero polynomial. Hence,

(uz(A) = 1) (uy(A) = 1) r(4) (6)
follows. Again a computer verification shows that there is no positive integer A >
3 satisfying the equation r(A) = 0 with the condition z < 138. Thus the fraction
r(A)/(u.(A) — 1) never disappears on the right hand side of (6).

If for some A the left hand side of the equation (6) is integer, then by ¢ (A) € N,
we deduce that

=q(4) +

r(4)
u, (A) —1
is so. But deg (r (A)) < deg (u, (A)), so A cannot be large since
oA
A A=Y

Consequently, |r (A)| > u, (A) — 1 must hold, which proves A < Ay with some positive
integer Ap. To obtain the exact upper bound, we run a computer search with the
conditions 2 < x < y < z < 138, and we found that Ay = 2. ]
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Then, by Lemma 12 we obtain immediately that there is no solution to the system
(1) in the first case.

Case 2. z > 138.
Put P = ged (u, — 1,u, — 1). By (1) and (3) of Lemma 3, we have

P = ged (Up1Uzgr, Uy—1Uyt1)
< H ged (Ui, uy—j) = H Uged(z—i,y—j)- (7)
i,je{*1} i,j€{£1}

Let us say that ged (z — i,y — j) = ? for some positive integer ¢;;.
ij
Suppose that ¢;; > 8 holds for all pairs (i,7) € {£1}*. Then Lemma (4) implies

that

0T <L <c<P<uiiudi, < QA5 -083) (8)

8 8

If we compare the exponents of « in (8), we arrive at a contradiction.
In what follows, we assume that ¢;; < 7 holds for some pair. Let & denote this ¢;;.
Further suppose that
Z—1  Yy—]J

k l
holds for a suitable positive integer ¢ coprime to k.
Suppose for the moment that ¢ > k. Then z —i < y — 7 implies z = y+ 1 viay < z.
Thus,

P = ged(uy — 1 uysq — 1) = ged (uyp1ty—1, Uytlyro)

2.2
= ged (Uy—1, Uysa) < uz < a2,

Hence, by the first part of (8), we have

z—1

T < a??

which leads to the contradiction z < 5.4.
Assume now that ¢ = k. Necessarily we have k = ¢ = 1. Since z —i = y — j, we
obtain z =y + 2. By Lemma 7,

a7 < \Ju, <c< P =gcd (U, — 1u, g — 1) < 2(A% —2).
Using Lemma 6, we obtain a contradiction again from
z < 2log, (2(4* —2)) +1 < 7.2.

In the sequel, we assume ¢ < k. First we analyze the case when 2 < k/¢. Here,

k
ZZz(y—j)+i22(y—1)—1=2y—3,

which, together with Lemma (10) implies the following three possibilities.
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e When z = 2y — 1 holds, then we have

Oé2y—2 Ugy—1 . bc+ 1 b

VT = R < -.
ay—Y Uy ac+1 a

Subsequently,

AoV M <ab=u, — 1 < u, <«

2—0.83
holds according to Remark 5. Thus,

Cl2 < Oéxfy+0.34 S 0470'66

again a contradiction.

e Assume that z = 2y — 2. Then, by Lemma 9, it follows that

o T < P=gcd(uy — 1ugy o —1) < 0f6'47

which is not possible since z > 139.

e If z = 2y — 3 then, according to Lemma 8,

a7 < P =g (u, — 1,ug, 3 —1) < a®”

holds, which is obviously impossible.
Finally assume that k/¢ < 2. Note that this condition implies £ > 3. Taking any
pair (ig, jo) # (7,7), we have

z—zozz(y—j)—m—zo.

Now the main goal is to calculate the best upper bound for Py = ged (2 — g, y — jo)-
Starting with

Py = ged (% (y—j)+i—io,y—jo>
< ged (k(y —j) + (i — o), k(y — Jjo)) = |k(jo — J) + £(i —i0)],
we need to consider the last expression. The three cases
J # Jo, © # lo, J # Jos @ = lo, J = Jo, © # o, (9)
give 2(k + 0), 2k, 2¢, respectively. Then using the inequality (7), we get

z—1
az <P = gcd (uy —lLu,—1)< H Uged(z—iy—3)
i,je{£1}
< o EHR(kt0+2k+20-40.83
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Going through the eligible pairs
(k,0) = (3,2), (4,3), (5,3), (5,4), (6,5), (7,4), (7,5), (7,6), (10)
the previous argument provides the upper bounds
z < 105.1, 101.8, 98, 111.3, 124.1, 115.8, 127, 138.2,

respectively. The assertion of the second part of the proof contradicts any of these
upper bounds. Thus, the proof of Theorem 2 is complete.

4 The proof of Theorem 3

Apart from the second equation, system (2) turns to a triple if we take a = 1. Therefore,
we may suppose that 2 < a < b < ¢ < dand with 1 <2 < 2z < v < y they satisfy
system (2). Since 2 x3 x4+ 1 <abc+1=u,, then 2 <z <t <z <y hold. We again
split the proof into two parts.

Case 3. y < 138.

Repeating the treatment of Lemma 12 we prove the impossibility of the existence
of quadruples satisfies (2) with y < 138.

Lemma 13. System (2) has no solution with A > 3 and y < 138.
Proof. Follow the approach of the proof of Lemma 12. Considering the integer

azgﬂ%LM—JXm@ﬂ—lﬂwwﬁ—l)
(u, (4) = 1)? |

and the polynomial division
(uz(A) = 1) (ue(A) — 1) (us(A) — 1) = q(A) (uy(A) — 1)? 4 r(A),
we found A < 2 if y < 138 is assumed.

Case 4. y > 138.

The results of Lemma 10 and 11 coincide if we interchange the role of y and z.
Since only the two largest variables (y and z) are used in the second part of the proof
of Theorem 1, we can make a step by step copy of that to show the remaining part of
Theorem 2. The only difference is to consider here cd instead of c:

Vi, <cd <ged(uy, —1, u, —1) < H Uged(y—i,z—j)-
i,je{x1}

Therefore the proof is complete. O
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On an S-unit variant of Diophantine m-tuples

Laszlo Szalay, Volker Ziegler

Abstract

Let S be a fixed set of primes and let aq,...,a, be positive distinct integers.
We call the m-tuple (ay,...,a,) S-Diophantine, if for all ¢ # j the integers
a;ja; + 1 = s; ; are S-integers. In this paper we show that if |S| = 2, then under
some technical restrictions no S-Diophantine quadruple exists.

1 Introduction
An m-tuple (ay,...,a,) of positive distinct integers is called Diophantine if
a;aj +1= O (1)

for © # j. Diophantine m-tuples have been studied since ancient times by several
authors. Most notable is Dujella’s result [5] that no Diophantine six-tuple exists and
that there are only finitely many quintuples. It is widely believed that there exist no
quintuples at all.

Not only Diophantine m-tuples have been considered, but also various variants. For
instance, Bugeaud and Dujella [1] examined m-tuples, where [J in (1) is replaced by
k-th power, Dujella and Fuchs [6] investigated a polynomial version, and Fuchs, Luca
and Szalay [8] replaced [ by terms of given binary recurrence sequences. For a complete
overview we suggest Dujella’s web page on Diophantine tuples [4].

In this paper we mean to consider an S-unit version of Diophantine m-tuples. Let
S be a fixed set of primes. Then we call an m-tuple (a4, ..., a,,), with positive integers
0 <a < -+ < a, an S-Diophantine m-tuple, if for all 1 < i < j < n we have
a;aj +1 = s;; to be an S-unit. A closely related problem was studied by Gydry,
Sarkozy and Tijdeman [9], who considered the largest prime factor of the products

H (ab+1),

a€A,beEB

where A and B are fixed sets. This problem goes back to Erdés and Turdn [7], who
considered the number of prime factors in the product

II @+o.

acAbeB

156



dc_871 14

In particular, Gyéry, Sarkozy and Tijdeman conjectured that for positive integers a <
b < ¢ the number of prime factor of

(ab+ 1)(ac+ 1)(bc+1)

tends to infinity as ¢ — oo. This conjecture has been proved by Corvaja and Zannier
[3], which means in our context that there exist only finitely many S-Diophantine
triples for a fixed set of primes S. Since they used Schmidt’s subspace theorem (see
e.g. [13][Theorem 1E, p. 178]), this result is ineffective. On the other hand Stewart
and Tijdeman [14] proved an effective result, i.e. they showed that for a fixed set
of primes there are only finitely many S-Diophantine quadruples which are effectively
computable.

In this paper we consider the following problem. Fix the size of S, but not S itself.
Does there exist an integer m such that no Diophantine m-tuple exists? In the case of
|S| = 2 we conjecture that one can choose m = 4. Unfortunately, we were able to proof
this conjecture only under some technical restrictions. Using the notation ord,(q) for
the multiplicative order of ¢ modulo p, the main theorem in this paper is the following.

Theorem 1. Let S = {p,q} be a set of two primes with p < q and assume that
p? 1 @@ — 1, ¢ § porda® — 1 further that ¢ < p¢ holds with some & > 1. Then there
exists a constant C = C(§) such that for all such p,q > C' no S-Diophantine quadruple
exists. In particular we can choose

C = C(&) = U(9;2.142 - 102¢%),

Y

where V(k; x) denotes the largest solution y > 0 to the equation x = Toeg)F -

Remark 1. In case of £ = 2 we obtain C' = C(2) = 1.023 - 10*!.

Let p be a large prime. Then there exists some b € Z, 1 < b < p such that g =b+p
is also prime. Put g = ord,(¢) and ¢’ = ord,(p). Then we have

@ =b+gph?' modp® and pY =+ (bg/ - g’qbglfl) mod ¢°.
Let us assume that ¢ =1 mod p? or p =1 mod ¢?, then we replace ¢ by ¢ = ap+b
and obtain

¢ =V + gaph’' mod p* and p? = j:(bgl — g'aqbg/’l) mod ¢°.

Since b9 = 1 + Ap mod p? for some A or b9 =1+ Bq mod ¢* and p g with ¢ { ¢’ we
deduce that if ¢’ satisfies the assumptions of Theorem 1 then we have a #Z s; mod p
and a # so mod ¢ for some s1,s,. Hence, a = r mod pq for some r € (Z,,)*. For
technical reasons we also exclude the case a =1 mod ¢ and we therefore assume that
(p — 1)(g — 2) possiblities for choosing a are left. I.e. a pair of primes (p,¢") with

¢ =b+ap=>b+ (r+kpgp=>b+rp+kp’q
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satisfies the assumptions of Theorem 1. Furthermore b+pr and p?q are coprime provided
r %1 mod ¢ and we may apply Dirichlet’s prime number theorem. We have

t{d €P : (p.q) €P? p*{ W — 1, @ fp”4® — 1, ¢ <2}
r (p—1)(qg—2) T

>
logz  ¢(p?q) plogx

primes ¢’ < x such that the pair (p,q’) satisfies the assumptions of Theorem 1. Now,
we choose & = p'*? for some § > 0 and we deduce that there exists a prime ¢/ < p'™°
such that the assumptions of Theorem 1 are fulfilled provided p is large. In particular,
we obtain

Corollary 1. There are infinitely many pairs p, q such that no non-trivial S-Diophanti-
ne quadruples exist.

As mentioned above we conjecture that even more is true:

Conjecture 1. There exist at most finitely many (respectively no) pairs of primes (p, q)
such that {p, q}-Diophantine quadruples exist.

2 Plan of the paper

In the next section we provide some useful lemmas that will be used frequently through
the rest of the paper. These lemmas contain divisibility properties for the possible
solutions in an explicit version of Stewart’s and Tijdeman’s result [14]. In our case we
only have two primes to consider and we can therefore sharpen their result by using
lower bounds for linear forms of logarithms in two variables due to Laurent, Mignotte
and Nesterenko [11]. Moreover, we show that, assuming (a,b, c,d) is a Diophantine
S-tuple, it yields three S-unit equations. In two subsequent sections we will consider
two of these S-unit equations and will obtain restrictions for the exponents appearing in
the S-units according to the assumptions of Theorem 1. These restrictions are in many
cases contradictory and only finally 3 cases remain to handle. In the last section we
consider the third S-unit equation and show that its possible solutions are not consistent
with the restrictions found in the other sections.

3 Preliminaries

At the beginning of this section we introduce and fix the following notations and as-
sumptions for the rest of the paper. Let (a,b,c,d) € Z* be an S-Diophantine quadruple
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with S = {p,q} and p < ¢. We assume 0 < a < b < ¢ < d and write

ab+ 1= sy, ac+ 1= sg,

ad+ 1 = ss, be+ 1 = sy,

bd + 1 = ss, cd+ 1 = sg,
where s; = p®i¢® are S-units for i = 1,...,6. Moreover, we note that

abcd =s985 —ac —bd — 1 = 8985 — S9 — 55 + 1

=838 —ad —bc—1=35384 — 83 — sS4+ 1
and therefore we obtain the unit equation
S9S5 — S384 = Sg + S5 — S3 — Sy4. (2)
Similarly we also get the unit equations

5186 — S354 =51 + Sg — S3 — S4 and (3)

8985 — 81S¢ =S89 + S5 — S1 — Sg- (4)

The solution of these unit equations, under some conditions, plays a crucial role in
the proof. Since our proof heavily depends on computing p-adic and ¢-adic valuations,
therefore the following lemma provides a useful tool.

Lemma 1. Let p and q be odd primes and assume that ¢¢||p>%® — 1 and ¢*|p® — 1.
Then x > ord,(p)g*~¢, moreover if ¢¢||p°*%«® — 1 and ¢*|p® + 1 then x > %‘qufc.

Proof. The lemma is elementary and some related versions can be found in [2, Section
2.1.4]. For completeness we give a sketch of the proof.
First, note that by the assumption above we have

pordq(p) =1+ aqc mod qc-I—l

holds for some a relatively prime to g. Now let us assume p® = 1 + a¢g™ mod ¢™*2

with ¢ a and m > ¢ > 1. Taking the ¢-th power we obtain
pxq =1 + aqm+1 + q2m+1B = 1+aqm+1 mod qm+2’

since m > 1. Clearly, B denotes some appropriate integer. Similarly, we see that
g™ttt p** — 1 follows if ¢ ¥ k. Now, by induction, the first statement of the lemma is
obvious.

Note that the smallest positive solution to p* = —1 mod p° is at least
Therefore p°4®)/2 = —1 4+ a¢® mod ¢°t' holds for some a. Indeed, squaring both
sides, it shows that ¢¢||p°™da(P) — 1. Now the proof runs along similar lines as in the case
above. O]

ordg(p)
— -
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Next we consider the case when the S-units on the right side fulfill some divisibility
properties.

Lemma 2. Assume that {a,b,c} is an S-Diophantine triple witha < b < c. Ifac+1 =s
and bc + 1 =t then s { t.

Proof. Let us assume s|t. Then

be+1 b a—>b b 0
Z>m = =—+ =—+ =
ac+1 a a?c+a a a?

with |#] < 1. Therefore m is an integer if and only if # = 0. Thus a = b leads to a
contradiction. ]

Remark 2. Note that the lemma above shows that for |S| = 1 there does not exist an
S-Diophantine triple.

We can immediately see that sy 1 s4, 31 85, S5 1 s¢ and s3 1 sg, in particular none
of the equations ay = ay, a3 = a5, a5 = as, a3 = as, B2 = B4, B3 = B5, P5 = P and
53 = /86 hold.

Lemma 3. We have

S2 — 81 53 — S1 53 — S2

ng 82731 ng(S:z,Sl ng 53782

b|ng S5 — 851 S5 — S4
ng S4, 31 ng(Sm 31 ng 35754

S — S2 S — S4

gcd S4,52)  ged(se, s2) ged(se, S4)

d\gcd( S5 — S3 S6 — S3 S6 — S5 )
ged(ss, s3)” ged(sg, s3)” ged(se, S5)

Proof. We prove only the divisibility property for a since the other cases run completely
analogously. First note that ala(c—b) = s9 —s1. Since ged(a, s1) = 1 and ged(a, s9) =1
we deduce al iasy- Similarly we get the other relations a|=3="L- and a|22=%2—

ged(s2,81) ged(ss,s1) ged(ss,s2)
hence the proof of the lemma is complete.

The next lemma is a useful consequence of Lemma 3.
Lemma 4. If ged(sy, $2) ged(sy, $1) > s4 then no S-Diophantine quadruple ezists.

Proof. Assume (a,b,c,d) € Z* is an S-Diophantine quadruple. By the lemma above we

have b < —land e < — 1. It yields

____S4 ___S4
ng($4751) ged(sq,82)

2
Sy

sy =bc+1< .
4 ged(sy, 1) ged(sy, S2)
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Now we prove a lemma which is very helpful in the last two sections of the paper,
after collecting enough information on the exponents «; and g;, i =1,2...,6.

Lemma 5. Let the notations be as above and assume that ¢ > p > 5. Put 6 =
max{0,ay — a; — as} and € = max{0, By — B1 — B2}. Then we have

p5q6a2 _ pa1+a2+5—a4 qﬂ1+,32+6—54 -,

with 0 < r < 2p°q¢¢ and r € Z. If we additionally assume that
priTe2ghiP 5 € or §=€e=0

then
pa4qﬂ4 _ 2pa1+a2+25—a4q/31+52+26—ﬁ4 < pa2+5qﬁ2+6 < pa4qﬂ4'

The essential part in the proof of the Lemma is the computation of a good approx-
imation of the quantity a?>. To quantify our approximations we will use the so called
L-notation (cf. [10]). This allows us to keep track of how large the constants of the
usual O-terms get. The L-notation is defined as follows. For two functions ¢(¢) and
h(|t]) we write g(t) = L(h(|t])) if |g(t)| < h(|t]). In view of applications the estimate

1 1 1.25 1 1 1.25
x—1 x+ <x2) x+x2+ (x3)
for |z| > 5 becomes useful. We obtain it by a formal Laurent expansion of —L- at
infinity.

Proof of Lemma 5. We compute
2 (3= D2 —1)

S4 — 1
1 1
_ 5152 51 ts 1 51;92 ‘L (1.2581 + s2 + 2+ 8132/34>
Sq S4 S4 S1 S4

and therefore we obtain

p6q6a2 — pa1+a2+6—a4q51+ﬁ2+6—,34 . pa1+5—a4qﬁ1+e—ﬁ4 . pa2+5—a4q[32+6—64

3.93 ) ‘ (5)

p2a4 —a2 *5q254 —f2—e€

+p5—a4q6—54 _|_pa1+042+5—2044q,31+/32+6—254 + 1 (

It implies
p6q6a2 _ pa1+a2+6—a4q61+62+6—ﬂ4 —r
with 0 < r < 2p°¢¢ and r € Z. Note that the Diophantine problems

s1+s 3.93s 1 S18
1 2+ 22___ 122>2’ 8125,54235
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and Y, 303, 1
S S . S S1S
S~ 2220, 51 2>5,5 235

have no integer solutions. On the other hand, if » > 1 we deduce that

1< pa1+5—a4q51+6—ﬂ4 +pa2+5—a4qﬁ2+6—54

since 1/s4 + s152/53 > 3.93s5/s3. In the case of § = ¢ = 0 we obtain
1 — pa1*a4qﬂ1*,34 < pa2*a4q/52ﬁ34 <1

and
1— pa1+6—a4qﬂ1+6—54 < pa2+5—a4q52+6—ﬂ4 < pa2+5—5—azq52+6—6—ﬂ2 -1

otherwise. Some simple computations yield now the second part of the lemma. O

Next, we mean to find appropriate lower bounds for b and ¢. When ac + 1 and
bc+ 1 are perfect powers of p we may apply Lemma 2. Therefore ¢ divides either ac+ 1
or bc + 1, and we have (¢ — 1)c+1 > bc+1 > q. Hence ¢ > ,/q. Knowing that
p < ab+ 1 < b? we derive b > /P and therefore we established

Lemma 6. We have b > VP and ¢ > NGE

The rest of this section is devoted to bring the result due to Stewart and Tijde-
man [14] in a more accurate form according to our intentions. In particular, we need
suitable upper bounds for d.

Lemma 7. Let S = {p,q}, and suppose that (a,b,c,d) is an S-Diophantine quadruple
with a < b < ¢ < d. Assuming that 10'° < p < ¢ we have
log d

21 3

Proof. In order to keep the constants as small as possible we use the theorems on linear
forms of logarithms due to Matveev [12] and Laurent, Mignotte and Nesterenko [11].
First recall Matveev’s result.

Theorem 2 (Matveev 2000). Denote by ay,...,a, algebraic numbers, nor 0 neither
1, by logay, ..., loga, determinations of their logarithms, by D the degree over Q of
the number field K = Q(ay, ..., ), and by by, ..., b, rational integers. Furthermore
let k =1 if K is real and k = 2 otherwise. Choose

Ai 2 max{Dh(a;), [log os[} (1 <i <),
where h(«) denotes the absolute logarithmic Weil height of « and

B = max{1, max{|b;|4;/A, : 1 < j <n}}.
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Assume that b, # 0 and log o, . .., log «a, are linearly independent over Z. Then
log |by log ay + - -+ + b, log a,| > —C(n)CoWo D4,
with
Q= Ay Ay,
16 n n+1 1 "
C(n) =C(n, k) = ——€e"(2n+1+42k)(n +2)(4(n + 1)) sen
nlk
Co = log (e**"*'n>°D*log(eD)), Wy =log(1.5eBD log(eD)).

In the case of linear forms in two logarithms we can use a sharper bound due to
Laurent et. al. [11]:

Theorem 3 (Laurent, Mignotte, Nesternko 1995). Let oy and as be two positive, real,
multiplicatively independent elements in a number field of degree D over Q. Fori=1,2,
let log av; be any determination of the logarithm of «;, and let A; > 1 be a real number
satisfying

log A; > max{h(«;), |log«;|/D,1/D}.

Further, let by and by be two positive integers. Define

b, b
" DlogA, Dlog A,

1
v and logb:max{logb'+0.14,21/D,§}.

Then
|b2 log vy — by log oy | > exp (—24.34D4(10g b)?log A; log A2) )

We use the same linear forms as in [14] and consider

| = E bd +1 _ Epoés—aﬁqﬁs—ﬁs.

b oedt1 b

Similarly we find (see also Stewart and Tijdeman [14])

c—b 1 1
log(T3) = log ( 1 <log (14— <=,
og(Th) Og( +dcb+b)_og( +2d><d

On the other hand, Matveev’s result (Theorem 2) yields a lower bound. We bring up

this lower bound now. First, choose A; = logp, A = logq and A3 = logc > 10%‘

2_
< logld®=d+1) - 2logd .4 () < Bs, B < 284 Therefore

Obviously we have 0 < a5, ag

logp logp log g
we obtain B < %, hence we have
10 logd
1.690182 - 10" log clogplogq [ 2.1 + log 1 > logd. (6)
og ¢
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In the case of
(bd + 1)(ac+1)

(cd + 1)ab

TQI

we compute

db+ac—ab+1 2 4
log(T5) =1 1 1 14— -
og(T) og( * abed + ab ) < og( +ac) <2

and therefore by Theorem 2

log d
1.690182 - 10'% log(ab) log plog q (2.8 + log ( o8 )> > logc — log 4 (7)

log(ab)
follows.
In case of
~ (ab+1)(cd +1)
> (ac+ 1)(bd + 1)
we find

(d—a)(c—Db) 1 2
log(T3) =1 1 1 1+ — —.
0g(Ts) og( +abcd+db+ac—|—1 <108 +a <

Assume for a moment that & + 0.14 > 21. Thus we may apply Theorem 3. First,

Y < 8logd |
log plog g
therefore we have
log d 2
24.341logplogq | 2.08 + log | ————— > log(ab) — log 2. (8)
log plog q

If we even suppose that p, ¢ are large, say 10'° < p < ¢, by combining the inequalities
(6), (7) and (8), and using the lower bounds for b and ¢ derived in Lemma 6, we obtain

7.969 - 10*! (log plog q)*(log log d)* > log d. (9)

Since the bound 28—1 log plog ¢ > log d is much sharper than (9), we proved the lemma
completely. O]

The previous result gives us upper bounds for d. On the other hand, we will find
by Lemma 1 lower bounds for d. In particular, the following lemma provides bounds
for p under some restrictions.

Lemma 8. Assume max;—1__g{c; + 5;} > p. Then we deduce p < C(§) with

77777

C(&) = W(9;2.142 - 10%2¢?),

where V(k; x) denotes the largest solution y > 0 to the equation x =

y
(logy)* -
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Proof. Note that C(£) is increasing with ¢ > 1 and note that C(1) = 1.02 - 10%.
Therefore we may assume p, ¢ > 10%. By d? > c¢d 4+ 1 > pm@*i=t..6feit8i} > pp Temma
7 and the conditions of the lemma we get

1
c€3(log p)®(loglog d)* > logd > Eplogp,

where ¢ = 8.478 - 10%'. Therefore

logd S plogp - p
loglogd)* = 2(loglogp +logp)* = 2.687842(log p)3’

c&*(logp)°® > (

since (bgﬁ% is increasing if x > 5.15 - 10?3, Solving the last inequality for p, it gives
the required result. O

The following proposition will be frequently used.

Proposition 1. Assume that one of the equations (2), (3) and (4) is written in the
form

pe1qf1 _ p62qf2 — pe3qf3 +pe4qf4 _ pe5qf5 _ peaqﬂs,
further let e be the difference of the third to least exponent and the least exponent of the
e;, withi1=1,...,6, and let f be defined in the obvious similar way. Then we deduce

e, f <1, provided that p > C(§). Moreover, the two least exponents are equall.

Proof. Let us consider, say, unit equation (2). We obtain

pa2+a5 qﬂ2+ﬂ5 _ pOé3+a4 q/33+ﬁ4 — pa5 qﬂs + pa2 qﬁ2 _ pa3 qﬁs _ pa4qﬁ4‘
uppose that all exponents «; with ¢ = 2,3,4,5 are distinct. Computin e p-adic
S that all t ith ¢ 2,3,4,5 distinct. C ting th di
valuations on the left and right hand sides we see that

v, (pa5q55 + pa2q52 . pasqﬁs o pa4qﬂ4) — min{ai}.

Say, the minimum is a,. But, in this case we have ay < as + a5 and as < az + ay, i.e.
the p-adic valuation on the left side does not fit to the p-adic valuation on the right.
Therefore in any case the two least exponents are equal. Observe, that all other cases
can be deduced by the same method.

Now divide the equation by the least occurring powers of p and ¢, respectively.
Consider (2) and assume ay = a5 and 4 = f3 are the smallest exponents. Then

pa2qﬁ2+,@5—ﬂ3 _pa3+a4—a2qﬁ3 _ qﬂ2—63 (qﬂs—ﬁQ + 1) _ _pmin{ag,a4}—a2 (plas—a4| + 1)
holds. Clearly, in all other cases we obtain similar equations. In particular, in any case
we obtain that for some z the quantity 1+ p® is divided by ¢/. Since z is at most
max{a; + f;}, due to Lemma 8 we obtain that x < p or p < C(¢). Hence Lemma 1
yields f <1 for large p. By similar arguments we also deduce e < 1. O
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4 Unit equation (2)

In this section we deal with equation (2), and our main result is to deduce some relations
for the exponents appearing in (2). In particular, this section is devoted to the proof
of the following proposition.

Proposition 2. Let C(&) be defined as in Lemma 8. If p > C(&) then one of the seven
cases in Table 1 holds.

Table 1: List of the possible solutions to equation (2)

’Case\ o \ 15} ‘
1 g = a5 <1 PBs =P <1

2 g = a5 <1 Bs=PBs=0Fr—1

3 a3 =g =ay—1 Bo =P =0F3—1

4 g =g =0y —1 Pa=pP<1

5 ag =ay4 <1 Bo =B =3 —1

6 a3 =ay <1 Bo=Ps=0B1—1=0
7 a3 =ay <1 Bo =05 <1

By Proposition 1 we may assume that o; = «; is minimal for some distinct 4,5 €
{2,3,4,5}, i.e. we have to consider six cases. If o; = «; and ; = §; hold we deduce
that either s;|s; or s;|s;. Therefore we can exclude, by Lemma 2 the cases oy = a4 and
a3 = a5 and also when 3y = 3, and 83 = 5. So four subcases remain to consider.

Before we discuss them we write down again equation (2) explicitly:

paz+a5 q52+55 o pa3+a4q33+ﬁ4 — pa2 qﬁ2 + pas qﬂ5 _ pasqﬁ% o pa4qﬁ4. (10)

4.1 The case when oy = a5 is minimal

First, observe that 5, < 5 and we also note that §; < [y otherwise sy|sy would
contradict Lemma 2. Since a sole minimum cannot exist we deduce that 53 = 4. The
third smallest exponent of ¢ in equation (10) is either 255 or 5. Hence, by Proposition 1
we have 83 = B4 < 1 or 83 = 4 = o — 1. Note that 84 = S5 would yield a contradiction
by s2|s4.

The third smallest exponent of p in equation (10) is either 2a, ag or ay. Therefore
we have either ap = a5 <1, ap = a5 = a3 — 1 or as = a5 = a4 — 1. Note that only the
first case may hold since by assumption By > (3 = (34, consequently sy > s3 or s9 > $4
fulfills because of p < q. Therefore we deduce that one of the first two cases in Table 1
holds.
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4.2 The case when oy = a3 is minimal

Again B, < [ since sg 1 s4. Thus we have 8, = 5 < B2 < (3. Therefore the third
smallest exponent of ¢ in equation (10) is (35, subsequently 8y = 85 = s — 1.

Similarly, by considering the exponents of p in equation (10), we obtain that as =
a3z = ay — 1 because a4y < a5. But together with the relations of the 5’s we arrived at
the contradiction sy > sy4.

4.3 The case when a4 = a5 is minimal

We immediately see that Sy < f, and 4 < (5, since otherwise s3|sq and s; > ss,
respectively. Therefore 5, = 3 is minimal. Consider the exponents of ¢ in equation
(10) to obtain 8 := 53 = f3 = B4 — 1. Since we have 5y = 3 we deduce ay < ag and
therefore Proposition 1 in view of p-exponents yields o := a5 = ay = ap — 1.

In the virtue of ¢|sy — s Lemma 3 yields ¢ < ¢. On the other hand, we have
s4=p¢®T =bc+1 < 2 < ¢? and therefore 8 =0 and p® < ¢. Consider now s;. We
have

p>p Tt =s,=ac+1>ab+1=p2g”.

Therefore we have either f; =0 and b < p* or ab+ 1 = q.
First suppose 51 = 0. Then we have

1

——

Z9p34_pb I plb—a) pb 1 b—a
s9 a a ac+1l a a p*

Since the left hand side is an integer we deduce that the “braced” quantity is zero,
hence b = a, which is a contradiction.
In the case of ab+ 1 = ¢, by assumption ¢ < g and ab+ 1 = g we get

Sy c 1 c—a
7> —=—-—— )
s1T a a ab+1

But ¢ = a is again a contradiction.

4.4 The case when a3 = a4 is minimal

We have ([, < f3, 4 since otherwise we would have s, > s3,54. Because no sole
minimum exists we deduce 55 = f5. Applying Proposition 1 we obtain either £, =
bs < lor fBs=0;=p03—1o0r By =5 = P4 — 1. Now we may assume oy < ay and
again applying Proposition 1, it provides either a3 = ay = ay — 1 or a3 = a4 < 1. The
combination of the relations of the a’s and f(’s yields either cases listed in Table 1 or
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the case « ;= a3 =ay =as— 1 and  := By = 5 = B4 — 1 or the case a3 = a4 < 1 and
Bi=02=P05s=01— 1.

When o := a3 =a4 =as—1and § := 85 = 5 = 4 — 1, similarly to the subsection
above, it leads to a contradiction. Note that only the relations between s, and s, have
been used there.

Therefore it remains to prove § = B2 = 0 in the last case. By c|s4 — s and Lemma
3 we have ¢ < ¢ and therefore ¢> > bc + 1 = s4. Hence 8, < 1. But 34 = 0 would lead
to a negative (35, hence 5y, = B + 1 = 1.

5 Unit equation (4)

In this section we consider the unit equation (4) more closely, in particular we prove
the following proposition.

Proposition 3. Let C(§) be defined as in Lemma 8. If p > C(&) then one of the three
cases in Table 2 holds.

Table 2: List of the possible solutions to the system of equations (2) and (4)

’Case\ « \ I53 ‘
[ az=ay < 1; a1 =05 <1 P2 =05 <1

11 ay =5 <1 B3=Ps<1; 51 =0 <1
111 ay = a5 <1 Pz=PBs=P—1; 51 =5 <1

Since none of the a’s take a sole minimum in Proposition 1, and a5 = ag induces
ss|se (a contradiction to Lemma 2) we are left to five subcases. Note that equation (4)
takes the form

p012+045q52+55 _ pa1+a6qﬁ1+5ﬁ — pazqﬁz + pasqﬁﬁs . palqﬁl —p

a6

q%. (11)

5.1 The case when a; = as is minimal.

Since (5 = [ implies s5|sg and 1 < B2 we are left to the two possibilities f; = 5 and
B1 = Be-

5.1.1 The subcase when (3; = 5 is minimal.

Note that a; = a3 = a5 cannot hold since otherwise s; = s5 is a contradiction.
Therefore we deduce as < ag, but this yields by Proposition 2 and our By = 5 = S,
again a contradiction.
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5.1.2 The subcase when (3, = 35 is minimal.

By the assumptions 5; = (g < [O5 we deduce as < «ag. Hence Proposition 1 yields
a1 = gy = a5 Or o = g = a5 — 1 for the exponents of p. Since as < as + 1 we deduce
B2 < B5 and Proposition 1 yields in view of exponents of ¢ that either 8; = 5 < 1 or
p1=0s= 02— 1.

Let us assume a7 = as = a5 and f; = B < 1. Then only the first two cases of
Table 1 hold, i.e. these are cases II and III of Table 2.

Now let us assume a; = ap = a5 and 1 < 31 = g = P2 — 1. Again only the first
two cases of Table 1 hold. In the first case we have a3 > g since s3 1 s¢ and obviously
Ps < s and we also have ag > a5 = a9 since otherwise s5|sg. Note that as > ag since
otherwise we have a contradiction by ss|ss. Therefore Lemma 3 in view of the pairs
(56, 83) and (s, o) yields d|p” =% — p*3=26 thus d < ¢%, and ¢|p®—22 — ¢ thus ¢ < p°s.
Therefore p¢¢% = cd+1 < p*6¢” shows a contradiction. In the second case we obtain
B1 = Pe = B2 — 1 = B3 = P4, hence s3|s¢ again is a contradiction.

Assume now that a; = ay = a5 — 1. Since as # a5, we may exclude the first two
cases of Table 1.

Next we consider the cases 3 and 4 in Table 1 and we may assume o = a3 = a4 =
a; —1=a9 —1=a5— 2. Since 5, = 5 we have

sp = p T <pgP e < pP TR = s,

and therefore we may suppose 3 := o = 5 = f3—1 = 54— 1 and ; < 5. Now Lemma
3 yields in view of the pair (s3,ss) that d|p? — ¢ and therefore p**2¢® = bd + 1 < p*
which is impossible unless « = 0, 5 = 1 and $; = 0. But the later assumption leads to
ab+ 1 = p, hence b < p and p?q = bd + 1 < p® mean again a contradiction.

Now let us assume that either case 5 or case 6 of Table 1 holds. Write o := a1 =
as = a5 — 1. Since a3 = ay < 1 and sy < 83,84 < S5 = psy we deduce B3 = [s.
Therefore we have g1 < o = 5 = 03— 1 = 4 — 1 =: § and Lemma 3 in view of the
pairs (s4, s2) and (s3, s3) yields b < ¢ < g and d < p**17%. Hence bd + 1 < gp®*™ which
yields a contradiction unless = 0. But g = 0 yields 5; < 0.

We turn now to the case o ;= a1 = as = as—1,a :=ag3 =ay, < 1, 51 = 85 = 0 and
Bo = 85 = 1 which corresponds to case 7 of Table 1. Since p®q = sy < 83,54 < p®*Tlq and
az = ay we deduce that f3 = 4 =: 5. Next, in view of the pairs (s9, 51), (S5, 51), (54, S2)
and (sg, s5) and Lemma 3 we obtain

a<q, b<pg c<qgl d<pl-qg

Therefore pg® > be + 1 = p®¢?, which can only hold if o/ = 0. We reconsider now the
unit equation (11) and solve it for p*¢. We get

(6%

1\ !
P = (1 — —) (P —qp+ 1) +1) = p**'¢® + L(2pg*). (12)

169



dc_871 14

Together with the estimations above, (12) implies

22

- (63

Furthermore, we have
8 2 4 4 4 3 2 2 5
¢ =bc+1<d <q 1+E+]ﬁ —2q 1+}; +¢+1<q, (13)

i.e. 5 <4. Since sy > s1 and s9 1 s4 we deduce > 2. In case of § =2 we have ¢ < g,
i.e. ¢> =bc+1 < ¢?is a contradiction. Therefore we consider the case 3 = 4 next.
Note that we have z% < & since s3 < s5. Using this estimate in (13), it yields

42
q4:bc—|—1<d2<q4+4pq+£2—2q3+q2—|—1<q4.
q

Therefore we can restrict ourselves to the case = 3. Since s3 < s5 we deduce z% < q%
and by the estimations for d we obtain

d<¢+2p—q<¢,
provided ¢ > 2p. Recall that a < ¢, hence ¢ = ad + 1 < ¢? leads to a contradiction.
Consequently, we may assume ¢ < 2p. In this case we have
a+1
2a
which is again a contradiction unless o < 2. Obviously, @ = 0 is impossible. Thus we

consider the case o = 1, which provides a contradiction by ¢ = bc + 1 < bd + 1 = p*q.
So only a = 2 remains to investigate. Recall (12) to obtain

q3:bc+1>ac+1>q

pOlG :p3q2 4 L(2pq)

It gives ag = 5. Note that we assume that p < ¢ < 2p and p is large. Hence by the
estimate d < p*~*~! = p? we have p° = cd + 1 < p*. This is a contradiction.

5.2 The case when a; = a5 is minimal.

Since the case oy = ap has already treated, we may suppose a; = a5 < «ay. But by
Proposition 2 we obtain Sy = (5, hence sy > s5 which is an obvious contradiction.

5.3 The case when a; = a4 is minimal.

Note that §; < (g, therefore we distinguish three subcases: 8y = (5, /1 = (5 and
p1 = Pa.
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5.3.1 The subcase when (3, = 35 is minimal.

Here 81 < g and as < as. Applying Proposition 1, we obtain either S5 = 85 < 1 or
By = 5 = By or By = 85 = B1 — 1. Meanwhile, for the a’s we have either o = ag < 1
or a; = ag = ap — 1. Note that the case a; = ay has already been treated above.

Let us consider the case ' := By = 5 < 1 and o := a1 = ag < 1 first. By
Proposition 2, we deduce that either case I holds or we have o := a3 = ay = ay — 1.
First, let us assume that 54 < 81 + 4. Applying Lemma 4 we see immediately that no
solution exists in this case.

Therefore we may suppose 54, > 01 + '+ 1. Now Lemma 5 yields

2 _ p1+a/q51 +8'—Ba

a —T

with 0 < r < 2, where r is not necessarily an integer. By a > 1 we deduce B4 =

B+ B +1,ie a* = P r, hence o = 1. In order to apply the inequality stated in
Lemma 5, we have to show that

pa2+5q52+6 < pa4qﬁ47

which is in our case equivalent to

pa—i-lql—i-ﬁ’ < paqﬂl—i—ﬁ’—f—l'

This is true unless $; = 0. Now Lemma 5 gives

o B1+p'+1

pq —2p%q < p*TgtP < pgPtP !

or

¢ —2 <p<q”. (14)

p2q”
Unless ' =0and o < 1or # =1and a = 0 we have ¢ —2 < p < ¢** which is a
contradiction to p is an odd prime. But a = 1 leads to a3 = ag and a = 0 leads to
S1 > So, since we assume [3; > 0.

If 5, = 0 then, by the assumption 5; > By = 8’ we deduce 8 = 0 and therefore
B4 = 1. Since ¢ < g (apply Lemma 3 to the pair (s2,s4)) and b < s; = p (note that
a; = ag < 1) we have be + 1 < pq, i.e. @ =0. But a = 0 entails s, = s; = p, and this
is a contradiction.

Now, let us consider the case By = 5 < 1 and a1 = ag = as — 1. We note that the
cases 3 and 4 in Proposition 2 cannot hold since we would obtain o = ag = as — 1 =
a3 = a4 and then s3|sg is a contradiction. Therefore we may assume a3 = ay < 1.
Since s > s; we deduce that f; < fy and therefore also 5; < f3, 84. Considering the
unit equation (3), we obtain 51 = [ since a sole minimum cannot exist. So $; = sg is
a contradiction.
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Now we treat the case 5y = 5 = [51. Proposition 2 shows us that 83 = 85 < 84 and
in view of our actual case 5; < (34 holds. Hence, by (3) we deduce that either 51 = [
or 31 = 33, which yields either s5|sg or s3|ss.

The next case is o = 5 = 1 — 1. First note that a; = ag = as — 1 cannot hold
since s; > S would mean a contradiction. Therefore we may assume that a; = ag < 1.
Since the case 5 = f5 < 1 has already been treated, we deduce from Proposition 2
that By = 5 =1 — 1 =3 — 1 and either ag = ay <1 or a3 = ay = as — 1.

When =y =05=01—1=p035—1, 01 = ag = 0and a3 = oy = 1, by a|s3—s; and
Lemma 3 we have a < p and since ab + 1 = ¢°*! we deduce on the one hand b < ¢+
and on the other hand b > qiTH > ¢®. Moreover, we have sy < s3 and so p®2~! < ¢ and
ac+ 1 < pg®tt, ie. ¢ < pg®*t'. The bounds for b and ¢ yield pg®* = be + 1 < pg??*2,
i.e. By <208+ 1. Now we consider the pairs (s4,s1) and (s4, s2) in view of Lemma 3.
From the first pair we obtain b|pg®~#~1 — 1, hence 84 = 28 + 1 because b > ¢°. Then
the second pair yields c|¢°tt —p2~1 ie. ¢ < ¢°F1. Moreover since s, = ad+ 1 = pg°*!
and d < pg®t! we get ¢% = cd + 1 < pg?**? which results in s = 23 + 2. Now the
pair (sg, s4) yields a new bound for ¢, namely ¢ < ¢ and together with a < p we have
¢®*!' =ab+1 < ac+1 < pq and therefore 3 = 0. Now we consider the pair (s3, s¢) and
obtain d|q — p. Thus ¢*> = cd + 1 < ¢? is a contradiction finally.

Only thecase =0y =Fs=01—1=p03—-1,d =a1=ag<land a=a3 =a; =
s — 1 is still open. Note that o > o/. We know that

4
—
S plbetl) pb 1 plb—a)

ac+1 a a ac+1

If |#|] < 1 we obtain a similar contradictory argument as in Lemma 2. Therefore
¢ > b > p*q”? follows. From the inequlity p®¢® < b < s1 < 59 we get p*~® < ¢ < p*+1=¢.
Using this inequality in ¢ < ac + 1 = p**t1¢? we get ¢ < ¢°T1p®*+! and d < ¢°2p*.
Thus

pa’qﬁa —cd+1< p1+2a’q26+3

and fg < 26 + 3 + e. Using the upper bound b < ab+ 1 = p® ¢?*! we similarly obtain
paqﬁ4 =bc+1< pl“a/qw+2
hence f; < 26+ 2+ e. We apply Lemma 3 to the pair (s4,s1) and obtain
pq” <b<pt g < g P

which yields p® < ¢%2/~1, Thus 8, = 28+2if o/ =0 and B4 = 26+ 2 or Sy = 26+ 3
if o/ = 1. We consider the pair (sg, s4) and obtain an upper bound ¢ < ¢ if o/ = 0 and
c<@if o/ =1. But

PP < g < b < e < gt
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is a contradiction unless § = 0, o = 1, g = 4 and 5, = 2. Since in any other case
we would obtain the sharper bound ¢ < ¢. We remind that d < ¢®*2p® = pg¢?, thus
pg* = cd + 1 < pg* is a contradiction.

5.3.2 The subcase when (; = (35 is minimal.

Since the case above we have 3, > (35 and from Proposition 2 we deduce as = a5. Then
S9 > S5, which is impossible.

5.3.3 The subcase when (3, = (3, is minimal.

Now oy = ag < as implies f; = B < f5 < [, and Proposition 1 yields g := 8, = 5 =
b5 — 1. Note that the case 5, = (5 was treated above. Therefore we have ag = a5 =1,
a1 = ag = 0 and f3 = (4 < B = 51 by Proposition 2 and our assumptions. Considering
b|ss—s1, we obtain b|gp—1. Similarly, by a|s,—s; we gain a|p—1. Thus ab+1 = ¢° < p?q,
hence 8 < 2. If B = 2 then we have b|gp — 1 and bl¢g> — 1 = s; — 1, and we obtain
blg —p, ie. ¢ > b* > ab+ 1= ¢ a contradiction. Therefore we have 8 = 1 leading
to ¢ =cd+1 < (ac+1)(bd + 1) = p*’¢® < ¢, i.e Bs = 3,4. Note that 85 < 2 would
yield s5 > sg. If we suppose 5 = 3 we obtain, by d|sg — s5 that d|¢ — p and hence
¢ = cd + 1 < ¢* is a contradiction. Similarly, we obtain d|¢* — p in the case 3 = 4,
hence ¢* = cd+1 < ¢* is also impossible. Note that 3 = 0 yields 33 < 0, which is again
a contradiction.

5.4 The case when as = a5 is minimal.

By Proposition 2 we have ay = a5 < 1. Obviously, the relations 5 < B < (5 hold
since otherwise it would lead to s; < s < s5. Therefore we conclude B; = g, and by
Proposition 1 51 = 85 = 82 — 1 or 51 = B < 1 follows. The case f; = B < 1, together
with Proposition 2 yields the cases II and III. On the other hand, f; = g = 2 — 1,
together with the second case of Proposition 2 immediately yields a contradiction.
The remaining case as = a5 < 1, f1 = g = B — 1 and B3 = (4 < 1 provides
B3 = B4 < B1 = PBg. But this implies oy < ag < ag. Therefore we obtain, in view of
equation (3) and Proposition 1 that oy = ay. Consequently, 8; < 34, which contradicts

B3 < fBi.

5.5 The case when oy = a4 is minimal.

Because of s1 < s9,8¢ and a3 > s, ag we gain (1 < 5, 8. Therefore we have f; =
b5 < B < fg and as = ag < a1 < as. Now, by Proposition 1, as = ag = a3 — 1 and
b1 = Bs = By — 1 follow. Note that 8; = B5 = B2 would imply the contradiction sy < s7.
Since By # b5 we deduce as = as and therefore in the actual case as = ag holds. But
S5|s6 is a contradiction again.
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6 The unit equation (3)

In this section we concentrate on the equation

pal-‘raeqﬁl-i-ﬂa _ pa3+a4q33+54 — pa1qﬁ1 + pcmqﬂe _ pa3qﬂ3 _ pa4qﬁ4. (15)

As earlier, we have to distinguish several cases.

6.1 The case when o7 = a3 is minimal.

Obviously, we have 8 < 3, therefore either 8, = B4 or 51 = [ or 54 = ¢ holds. But,
both the cases 51 = 84 and B, = [ give case I in Proposition 3 since otherwise s3|sg.
But case I contradicts our assumption a; = ag, since othewise s3|sg again.

Therefore we may assume [, = (3 and either case II or III holds. Since by assump-
tion [y > (B¢ we deduce that a; = a3 < ay < ag. Therefore Proposition 1 results in
ap=a3=aq—1or a; =az = ay.

First suppose that case II holds. Then we have 5, = 8 = 0 and 3 = 5, = 1. Put
a=0oa =a3 & =ay=a; <1and ay = o+ h with h € {0,1}, and assume h = 0.
Then, in the virtue of Lemma 4 there does no solution exist. Note that we may apply
Lemma 4 only if 55 > 0, but S5 = 0 means sy < p < s;. Similarly, we may also exclude
the case h = 1 and o/ = 1. Hence we are reduced to the possibility h = 1 and o/ = 0.
According to Lemma 5, we obtain

Ba—1 —r

pa =49
with 0 < r < 2p. On the other hand, a|s3 — s; implies al¢ — 1 (Lemma 3), hence
pq® > pa® + 2p > ¢*7 1. Since By > 1 we deduce 5, = 2,3. Applying the second part of
Lemma 5, after canceling common factors, we get

pa—i-l . 2pqﬁ2—2 < qﬂ2—1 < pa+1

a+1_q
q:

Note that p’¢¢ = p = % > % In case of f = 2 we see from c|lsy — s that c|p
(Lemma 3), and from the inequality above that ¢ < p*™! — ¢ < 2p. Therefore p
be + 1 < 4p?, subsequently o = 0 and a3 = a5 and s3]ss.

Suppose now that 3 = 3 and p*™! — 2pq < ¢* < p**!. Evaluating

a+1

a+1

_1 _1 _1 fo7 _1 2a+1 2a+1
il = D= e D@1 (27T
Sp—1 ¢ -1 q q?

2041 2 2041
P (3 ) <P <
q q q q pq

it leads to a contradiction by By = 5 < 3.
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Now let us consider case I1I. Here we write 5’ = 81 = 86 < 1, 8 = b3 = B4 = (2 — 1,
a=a =az, as=a+hwith h € {0,1} and o/ = ay = a5 < 1. Unless h = 1 and
o = 3 = 0 we can apply Lemma 4. Since p’¢ = p = 2 < & we can use the second
part of Lemma 5 in the remaining case, and we obtain

o 2p o
p+1_ 571<q<p+1'
q

But it contradicts the assumption ¢ is odd unless 8 = 53 = B4 < 1. But this case has
been treated above.

6.2 The case when a; = a4 is minimal.

Observe, that only the cases IT and IIT may hold under this assumption. By 51 < 4
we have 81 = (3 or 51 = B¢. But the first equality is not possible in the cases II and
ITI. Therefore we may assume (3; = . Since ag < a3 would imply s3 > sg, we have
a; = ay < az < ag, and now Proposition 1 yields a; = ay = a3 — 1. Note that a1 = a3
has already been investigated above.

In case II we write « = a3 = a4 = ag — 1 and o = as = a5 < 1 and we have
01 = P¢ =0 and B3 = B, = 1. Therefore Lemma 4 settles this case.

Case III is analogous. Let « = a3 = a4 = a3 — 1 and o/ = ay = a5 < 1. Moreover,
we have ' =y = g <1 and = 3 = 4 = S — 1. We apply Lemma 4 again.

6.3 The case when a; = a4 is minimal.

Obviously, only case I may hold. Therefore we have ay = ag = 0, a3 = a4 = 1 and
B = s = 5 < 1. Moreover, 53 < 1 or 5, < 1 would yield s3 < s1 or s4 < s1, and we
obtain either f; = 3 or 8; = 4. In case of ; = (4, the application of Lemma 4 gives
a contradiction. Therefore Proposition 1 implies § := [, = 3 = 4 — 1. Considering
now d|sg — s3 and c|sg — s4, we obtain (by Lemma 3) d < ¢%~" and ¢ < ¢®~#~!. Thus
¢?Ps=2=1 > ed 41 > ¢%, ie. Bg > 26 + 1. On the other hand, ad + 1 = p¢® and
therefore ¢,d < pg® and ¢% = cd + 1 < p*¢®® < ¢*°*? follow, which contradicts the
bound for [g found before.

6.4 The case when a3 = a4 is minimal.

From o = a3 = ay < aq, ag we deduce that 81 < (3, 54 hence ' = 5 = s < 3, Pa.
Note that only the cases II and III may hold, hence f = 83 =4, f/ <1l and o/ = ay =
as < 1. We may exclude the case §; < [; since otherwise case II would be fulfilled,
and f; = g = P2 = 0 and a3 < as < 1 would yield a contradiction by ab+ 1 = 1.
Therefore we suppose B4 < B2 and apply Lemma 4.
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6.5 The case when a4 = a4 is minimal.

Clearly, under this assumption only the cases II and III may hold. Thus ay = ag < ay,
and we obtain (8, < (4, 3, hence ; = 3 in the virtue of Proposition 1. But, this
contradicts 1 = g, since wwe obtain s3|sg.
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S-Diophantine quadruples with two primes
congruent to 3 modulo 4

Laszlo Szalay, Volker Ziegler

Abstract

Let S be a fixed set of primes and let aq,...,a, denote positive distinct
integers. We call the m-tuple (ay, ..., an) S-Diophantine if the integers a;a;+1 =
s;; are S-units for all ¢ # j. In this paper, we show that if S = {p,q} and
p,q = 3 (mod 4) then no S-Diophantine quadruple exists.

1 Introduction
It is an old problem to find m-tuples (aq, ..., a,) of positive distinct integers such that
aiaj+1 =0 (].].)

for ¢ # 7. Such m-tuples are called Diophantine and have been studied since ancient
times by several authors. Most notable is Dujella’s result [3] that no Diophantine six-
tuple exists and that there are only finitely many quintuples. Even more is believed to
be true. A folklore conjecture states that there exist no quintuples at all.

Beside Diophantine m-tuples various variants have also been considered. For in-
stance, Bugeaud and Dujella [1] examined m-tuples, where O in (1.1) is replaced by a
k-th power, and Dujella and Fuchs [4] investigated a polynomial version. Later Fuchs,
Luca and the first author [5, 6] replaced [J by terms of a given binary recurrence se-
quence (cf. [5]) and in particular, the Fibonacci sequence (cf. [6]). Recently the authors
subsituted [J by S-units [7]. For a complete overview we suggest Dujella’s web page on
Diophantine tuples [2].

In this paper, we continue our research on S-Diophantine m-tuples. Let S be a fixed
set of primes. Then we call the m-tuple (ay, ..., a,,) with positive and pairwise distinct
integers a; (1 <1i < m) an S-Diophantine m-tuple, if we have a;a; + 1 = s; ; being an
S-unit for all 1 <i < j <n.

In a recent paper [7] the authors showed that if S = {p,q} and C(§) < p < ¢ <
p* hold for some ¢ > 1 and some explicitly computable constant C'(§), then no S-
Diophantine quadruple exists. This result and numerical experiments (see [7, Lemma
9], where we found no quadruples with 1 < a < b < ¢ < d < 1000) raise the question
of whether S-Diophantine quadruples with |S| = 2 exist at all. We conjecture the
following
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Conjecture 1.1. There exist no pairs of primes (p,q) such that {p,q}-Diophantine
quadruples exist.

Unfortunately, we can prove only the following weaker statement which admits the
main result of this paper.

Theorem 1.2. Let S = {p,q} with primes p,q = 3 (mod 4). Then no S-Diophantine
quadruple exists.

The proof of Theorem 1.2 is organized as follows. In the next section we prove
two auxiliary results which enable us to prove Theorem 1.2 partially in Section 3. The
remaining difficulties are resolved in the last section of the paper. Here we note that
Lemma 2.2 is the only place where we used the assertion that p andq are congruent
to 3 modulo 4, so the technique we applied later may be useful in the proof of the
conjecture.

2 Auxiliary results

We start with a very useful lemma (see [7, Lemma 2]) which excludes some divisibility
relations for S-Diophantine triples.

Lemma 2.1. Assume that (a,b,c) is an S-Diophantine triple with a < b < c. If
ac+1=sandbc+1=t, then s {t.

This lemma is exactly Lemma 2 in [7]. The proof is short and, since we intend to
keep this paper independent and self-contained, we repeat the proof here.

Proof. Assume that s | t. Then

bce+1 b a—2b b 0
= = =—+—-€Z
ac+1 a a?c+a a a?

hold with |#| < 1. Therefore m is integer if and only if § = 0. Thus a = b leads to a
contradiction. O

Now we deduce a few restrictions on the exponents appearing in the prime factor-
ization of the S-units s; ;.

Lemma 2.2. Let S = {p,q} withp,q =3 (mod 4) and let (a, b, c) be an S-Diophantine
triple. Further assume that

ab+1=pag™, ac+1 = p*2¢™, be + 1 = ps3gP.

Then at least one of aq, as, a3 is zero and at least one of By, Ba, B3 is zero.
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Proof. Using the notation of the lemma we have

(abc)2 _ (pa1q/31 _ 1) <p042q52 _ 1) (poé3q,33 _ 1) .

If all ay, ap and ag are positive, then (abc)? = —1 (mod p) and we arrive at a contra-
diction since the Legendre symbol (—1/p) = —1. Similarly, at least one of f;, 5, and
[£3 must be zero. O

3 Proof of Theorem 1.2

For the rest of the paper we assume that S = {p, ¢} and p,q = 3 (mod 4).
Suppose now that (a, b, c,d) is an S-Diophantine quadruple. Therefore there exist

non-negative integers oy, B;, ¢ = 1,...,6 such that
ab+1 = pagh, be + 1 = pigh,
ac+ 1 =p*2¢™, bd+1 = pg”,
ad + 1 = p*¢”, cd+1=pg’.

Since (a, b, ¢) is an S-Diophantine triple, according to Lemma 2.2, at least one of
a1, and oy is zero. Let us assume for the moment that all of them are vanished,
ie. a1 = ap = ay = 0. There is no loss of generality in supposing a < b < ¢. Thus
ac+ 1] bc+ 1 and Lemma 2.1 yields a contradiction.

Therefore at least one of ay, s and a4 is non-zero, and similarly at least one of
[1, P2 and By is not vanishing.

Proposition 3.1. If exactly one of aq, s and oy is zero or exactly one of By, B2 and
By is zero then (a, b, c,d) cannot be an S-Diophantine quadruple.

Proof. By switching p and ¢ if necessary, and by rearranging the quadruple (a, b, ¢, d)
we may assume that a; = 0 and aw, oy are positive. Notice that (b,c,d) is also an
S-Diophantine triple. Then due to Lemma 2.2 one of a5 and ag must be zero. So we
distinguish two cases.

First, let a5 = 0. We now show that this implies ag = 0. Indeed, consider the
S-Diophantine triple (a, ¢, d) and the corresponding equations ac+1 = p*2¢”, ad+1 =
p*3¢® and cd+1 = p*¢%. By Lemma 2.2, one of a3 and ag vanishes. But a3 = 0 leads
to a contradiction because it would provide ab+1 = ¢°', ad +1 = ¢ and bd + 1 = ¢%
which contradicts Lemma 2.1. Hence a5 = ag = 0.

Thus the following lemma completes the proof of the proposition.

Lemma 3.2. There exist no S-Diophantine quadruples (a,b,c,d) with oy = ag = 0.

The proof of this lemma is long and technical. Therefore we postpone the proof to
the forthcoming section. O]
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In the virtue of Proposition 3.1 at least two of oy, as and a4 are zero, and similarly
at least two of 1,82 and 8, are zero. Therefore one pair fulfills («;, ;) = (0,0) with
i € {1,2,4}. But, this is impossible since all of ab+ 1, ac+ 1 and bc + 1 are at least 3.

Hence, up to the proof of Lemma 3.2 we have proved Theorem 1.2.

4 Proof of Lemma 3.2

In view of the assumptions of Lemma 3.2 we have to study the system

ab+1=¢™, be + 1 = p*g™,
ac+1=p*2¢™, bd +1 = p¢”,
ad+1 = p*¢™, cd+1=¢g%.

Consider the triple (a,b,c). By Lemma 2.2 we deduce that either 3 = 0 or 5, = 0,
and by switching a and b as well as the corresponding exponents we may assume that
B2 = 0. Thus we obtain the system

ab+1=¢™, be + 1 = p*g™,
ac+1=p*, bd +1 = p*q”,
ad +1 = p*3¢, cd+1=qg".

Subsequently, the equation
ab-cd = (qﬁ1 — 1) (qﬁ6 — 1) =(p*-1) (]0‘“5q55 — 1) =ac-bd
is valid. Assuming (5 > 0 we obtain
1=1-p* (mod q). (4.1)

Note that the positivity of a, b, c and d entails that §; and (¢ are also positive integers.
However, equation (4.1) yields the contradiction ¢|p®*?. Therefore we have §5 = 0.
Further the system

ab+1=¢™, be + 1 = p*g™,
ac+ 1 = p*?, bd +1 = p*®,
ad+1=p*3¢™, cd+1=¢g"%

follows. We consider now the equation
ac-bd = (p* —1) (p* — 1) = (p™*¢* — 1) (p™¢™ — 1) = ad - be.
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The expansion of the sides provides

pa2+a5 . paz - pa5 — p013+0¢4q53+/34 _ paquB _ po‘4qf84. (42)
By simultaneously switching a,b and ¢,d we may assume that as > «as. Moreover,
the p-adic valuation of the left and right side of (4.2) coincide, hence the least two
of as, a3,y and a5 must be equal. In particular, we have the following three cases:
ay = a3 < ay, ag = oy < az and ag = a4 < as. Note that with as = a5 at least one
further exponent is necessarily minimal.

Similarly, we can arrive at the equation

B1+Be _ b1 az+ag  B3+Pa

q ¢™ — g% = pteig — p™qP — p™ig™,

where we may assume that 8 > (1. Thus the least two of i, 83, 84 and (g must be
coincided. Hence, in total we have 9 possibilities which will be treated subsequently
(see Table).

| a | 8 |
P = B3 < B4
ay=az <oy | =< B3
B3 = B4 < B
p1= B3 <B4
ay=ag<az|f =03 <P
B3 = Ps < P
pr= B3 <B4
az=oay <ay | B =054 B3
B3 = By < B

List of cases

4.1 The case as = a3 < oy and [ = 03 < [y
Consider the triple (a, b, ¢) with
ab+1 = ¢”, ac+ 1= p™?, be 41 = p™g™.

The assumption #; < (4 implies immediately ab < be, i.e. a < ¢. Similarly, a < b is
concluded from as < ay. Hence either ab+ 1 |bc+ 1 witha <c<borac+1|bc+ 1
with ¢ < b < ¢ holds. But each case contradicts Lemma 2.1.

4.2 The case oy = a3 < a4 and [ = (4 < 3

We clone the treatment of the previous case. Consider the triple (a,b,c) and deduce
a < cand a < b. Then either ab+ 1 | be + 1 with a < ¢ < bor ac+ 1 | bc + 1 with
a < b < c follows and we arrive at a contradiction.
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4.3 The case avs = a3 < ay and (3 = (4 < [

For simplicity we omit certain subscripts by writing g := f3 = (4 and a := ay = as.
By comparing ac + 1 with bc + 1 and ad + 1 we obtain a < b and ¢ < d, and therefore
a4y < as. Moreover, by the triple (a,b,c) we have ¢ < b, otherwise a contradiction to
Lemma 2.1 would occur.

Now consider the equation

ad - bc = (po‘q — 1) (pa“qﬂ — 1) =(p*—=1)(p* —-1)=ac-bd

modulo p**. We get
p*¢" —1=p*—1 (mod p*)

and then
¢® =1 (mod p™~). (4.3)

This yields p®~* | ¢® — 1 i.e. p™~@ < ¢% — 1.
At this point we distinguish the two cases 81 > 23 and ; < 253. Let us start with
the first case. Taking

ad - bc = (paqﬁ — 1) (p“‘*qﬁ — 1) = (qﬁ‘3 — 1) (qﬁ1 — 1) =ab-cd

modulo ¢??, the relation
¢’ (™ +p*) =0 (mod ¢*)

follows. This yields ¢° | p*~* +1 and therefore p®4~* > ¢ — 1. Together with (4.3) we
have p™~® = ¢” — 1, which is impossible because the parity of the two sides is different.
Proceeding to the case 23 > 31, consider again

ad - bc = (paq - 1) (p"“‘qﬁ - 1) = (qﬁ1 - 1) (qﬁ6 - 1) =ab-cd

modulo ¢*'. We obtain
¢" (p™ +p") =0 (mod ¢™).

Thus ¢% =7 | p@— + 1.

A simple calculation results
b_be _pMP 1 e, PN
a

=~ 4 =P q o —1

= > a4 —o B
ac pe —1 b a

If we assume ¢#1 =7 #£ p*~* 4 1, then 2¢% % < p™~ + 1 follows. Consequently, we

have

b 5
a

which is a contradiction. Then ¢”1 =% = p®~2 41 holds, and it contradicts the fact that
the parity of ¢® =7 and p™~* + 1 does not coincide.
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4.4 The case avs = ay < a3 and 1 = 33 < O,

Similarly to the case 4.1. (as = a3 < ay and 51 = B3 < f34), consider the triple (a, b, ¢)
to find a contradiction to Lemma 2.1.

4.5 The case ay = ay < a3 and B = 84, < [

Again the triple (a, b, ¢) leads to a contradiction.

4.6 The case avs = ay < az and (3 =34 <

Write (6 := 3 = 84 and « := ay = a4. By comparing ac + 1 to bc + 1 we obtain a < b.
Since p*3¢® — 1 = ad < bd = p® — 1 we have a3 < as. The equations

ad - bc = (po“‘qﬁ — 1) (po‘qﬁ — 1) =(p*—1)(p®—-1)=ac-bd

modulo p®* admit
p°¢" —1=p*—1 (mod p*?).
Therefore
=1 (mod p0),

and p*~ | ¢° — 1 hold. We also have ¢ | ¢c(b — a) = p*(¢° — 1). Thus ¢ | ¢° — 1 and

¢ < ¢° follow. Since c and p are coprime (note that ac+ 1 = p*) then c | Ifai—_fa is valid.

B_1
;%,ab 4+ 1 and then

b>p“3qﬁ—pa3‘“ > P S o L
I peg? )

Clearly, bc + 1 = p*¢” implies p®¢® <

On the other hand, b | b(a — ¢) = ¢°(¢” = — p®) and thus b | ¢ = — p®. Assuming
b < p“, it implies the contradiction bc + 1 < p®¢®. Therefore we necessarily obtain
"% > p® hence b < ¢ —p*. But ab+ 1= ¢* < (¢®*? — p*)a + 1 also hold and
we deduce
qﬁl — 1
a> ——.
qﬂl_ﬁ — pa

For the moment assume that d > b. Then we have

p2¢" =ad+1>ab>p* (1 — — | ———
p* ) ¢Ar=P —p>

B _
— pa:’)qﬁ (1 _ i) —q ' 1
p* ) ¢ — pegP
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Indeed,
-1 P -1

p* ¢ = pg’
is implied by p® + ¢** < p?**¢” which is coming from

> 1

¢"p** = (ac+1)(bc +1) > ab+ 14 ac+ 1 = ¢” + p~.
Hence d < b. But this, together with ¢ < a leads to
cd+1=¢% < ¢ =ab+1,

which contradicts the assumption §; < (.

4.7 The case a3 =ay < as and (5 = B3 < 4

By switching p and ¢ respectively b and ¢ we arrive at the case as = a3 < a4 and
Pz = Ps < b1

4.8 The case a3 =ay < as and [; = 4 < B3

This possibility is equivalent to the case s = ay < a3 and B3 = 84 < [5; by exchanging
p and q respectively b and c.

4.9 The case a3 =ay < as and (3 = 4 < (4

First suppose ¢ < a. By ed +1 = ¢% > ¢ = ab+ 1 we deduce d > b. Then
ad +1 = p*¢® = bc + 1 contradicts ¢ < a and b < d.

Assume now that b < a. Then bd + 1 = p* > p*? = ac + 1 and therefore d > ¢
follow. Thus we get again a contradiction to ad + 1 = p®¢”® = bc + 1.

Therefore a < b and a < ¢. Consequently,

b|b(c—a)=¢"(p" —¢"7") and c|ec(b—a)=p(¢" —p™)
hold. Hence b < ¢° and ¢ < p® follow, and p®¢® < bc + 1 = p*q”® shows the final
contradiction.
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