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ÖSSZEFOGLALÁS (SUMMARY)

Az értekezés célja a szerz½o mátrixalgebrákkal kapcsolatos kutatásainak a bemutatása.
A különböz½o gy½ur½uk feletti mátrixalgebrák alapvet½o jelent½oséggel bírnak az algebra hagyo-
mányos fejezeteiben (csoportok és véges dimenziós algebrák reprezentáció-elmélete, féligegy-
szer½u gy½ur½uk struktúraelmélete, stb.). Hasonló a helyzet a polinom-azonosságokat kielégít½o
ún. PI-gy½ur½uk (algebrák) elméletében.
Az értekezés eredményei négy f½o téma köré csoportosíthatóak, amint azt a fejezetekb½ol
láthatjuk. A négy rész között a lényegi kapcsolatot a mátrixalgebrák jelentik. Az els½o és
második rész esetében ez már a címek alapján nyilvánvaló. A harmadik részben hálóelméleti
eszközöket használunk a nilpotens mátrixok Jordan normálalakjának egy olyan meglep½o ál-
talánosítására, amelynek bizonyos következményei a negyedik részben kerülnek felhasználásra.
A negyedik részben endomor�zmusok centralizátorait és zéró-centralizátorait vizsgáljuk.
Mivel egy véges dimenziós vektortér endomor�zmusait az alaptest feletti teljes mátrixalgeb-
rának tekinthetjük, ezért a centralizátorokról és a zéró-centralizátorokról szóló eredmények
természetes módon a mátrixokra is vonatkoznak. További lényeges kapcsolódási pont a
mátrixokhoz az, hogy egy modulus endomor�zmus-algebrájában a centralizátorokat bizonyos
mátrixalgebrák homomorf képeként kapjuk meg.
Az els½o, a második és a negyedik rész között további kapcsolatot adnak az asszociatív algeb-
rákon teljesül½o polinom-azonosságok. Az algebrán belül az értekezésben érintett témakörök
els½osorban az asszociatív algebrák (gy½ur½uk) ún. PI-elméletéhez tartoznak. A negyedik rész
az algebrák (gy½ur½uk) struktúraelméletéhez is kapcsolódik.

1. Irányított gráfok és mátrixalgebrák Euler-féle polinom-azonosságai

Az értekezés 1. részének célja az Euler-féle polinomok és a mátrixalgebrák ezekhez kapcso-
lódó azonosságainak bemutatása. Az alábbiakban ennek a résznek a legfontosabb el½ozményeit
ismertetjük.
A nulla karakterisztikájú K test feletti algebrák PI-elmélete nagyon kidolgozott és számos,
a matematika egészét tekintve is, jelent½os eredményt tud felmutatni.
Kaplansky, Posner és M. Artin klasszikus tételei szerint ([Ar],[Ka],[Po]), ha egy PI algebrán
további természetes feltételek teljesülnek (féligprimitív, féligprím, Azumaya), akkor ez a
gy½ur½u ugyanazokat az azonosságokat teljesíti mint valamilyen n � 1 egészre az Mn(K) teljes
mátrixalgebra. A Razmyslov-Kemer-Braun tétel ([Br],[Ke1],[Ra2]) azt mondja ki, hogy egy
végesen generált (a¢ n) PI-algebra Jacobson-radikálja nilpotens.
Tekintsük most a nem kommutatív x1; x2; : : : változók végtelen sorozata által generált
K hx1; x2; : : :i szabad asszociatív K-algebrát, amely ugyanezen változók nem kommutatív
K-beli együtthatós polinomjaiból áll. Azok a polinomok, amelyek egy adott K-algebrán
azonosságot adnak, egy ún. T-ideált alkotnak a K hx1; x2; : : :i algebrában, a T-ideálok zár-
tak az összes endomor�zmusra (azaz a behelyettesítésekre) nézve. Ez megfordítva is igaz,
minden T-ideál valamilyen asszociatív algebrán teljesül½o azonosságokból áll. A T-ideálok és
az asszociatív algebrák varietásai (azonosságok által de�niált osztályai) között kölcsönösen
egyértelm½u kapcsolat van.
Amitsurtól származik a K hx1; x2; : : :i-beli prím T-ideálok leírása ([Am2]), ezek pontosan az
Mn(K) teljes mátrixalgebrákon (az n � 1 egészekre) teljesül½o azonosságok által meghatáro-
zott T-ideálok. Egy tetsz½oleges I C K hx1; x2; : : :i T-ideál

p
I = ff 2 K hx1; x2; : : :i j fm 2 I valamilyen m � 1 egészreg
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radikáljához létezik olyan n � 1 egész, amelyre
p
I = T (Mn(K)) teljesül ([Am1]).

A T-ideálok Kemert½ol származó monumentális struktúraelmélete ([Ke2],[Ke3]) vezetett a
híres Specht-probléma megoldásához, amely szerint minden T-ideál végesen generált (mint
T-ideál). Másképpen fogalmazva ez azt jelenti, hogy minden polinom-azonosságot kielégít½o
K-algebra esetén létezik ennek az algebrának véges sok olyan azonossága, amelyekb½ol az
összes többi következik.
Egy végesen generált K-algebrán teljesül½o azonosságok T-ideálja megegyezik valamilyen
véges dimenziós K-algebra azonosságainak T-ideáljával, tehát azonosságokat használva a
végesen generált és a véges dimenziós algebrákat nem tudjuk egymástól megkülönböztetni.
Ennek az eredménynek fontos következménye az, hogy bármely végesen generált relatív
szabad algebra beágyazható az alaptest alkalmas b½ovítése feletti teljes mátrixalgebrába.
Megjegyzésre érdemes, hogy ha egy algebra teljesíti az Mn(K) teljes mátrixalgebra összes
azonosságát, attól még nem lesz beágyazható egy kommutatív gy½ur½u feletti teljes mátrixal-
gebrába ([Am3]).
A prím és féligprím ideál de�níciójában T-ideálokra szorítkozva kapjuk a T-prím és a T-
féligprím T-ideál de�nícióját. Minden T-féligprím T-ideál véges sok T-prím T-ideál met-
szeteként kapható meg. Egy adott T-ideált tartalmazó T-féligprím T-ideálok között létezik
(egyértelm½uen meghatározott) legkisebb, amelynek valamilyen hatványát az adott T-ideál
tartalmazza. A T-prím T-ideálok pontosan a prím T-ideálok, valamint azMn(E) ésMn;d(E)
mátrixalgebrákon (az n � 1 és n > d � n=2 egészekre) teljesül½o azonosságok által meghatáro-
zott T-ideálok. Itt E a megszámlálhatóan végtelenül generált Grassmann-algebra K felett
és Mn;d(E) az ún. (n; d)-szupermátrixokból (pontos de�níció a II.2 részben) álló részal-
gebra Mn(E)-ben. Megfelel½oen nagy n � 1 egészre az Mn(E) azonosságait bármely I C
K hx1; x2; : : :i T-ideál tartalmazza: T (Mn(E)) � I. A Specht-probléma megoldása mellett
a Kemer féle elmélet a következ½o eredményben kulminál. Egy tetsz½oleges T-ideál az A
 E
tenzorszorzat (A0 
 E0) � (A1 
 E1) alakú K-részalgebráján teljesül½o azonosságokból áll,
ahol A = A0�A1 egy alkalmas Z2-fokszámozott véges dimenziós K-algebra. Ebb½ol az ered-
ményb½ol következik az, hogy bármely relatív szabad algebra beágyazható egy másodrendben
Lie-nilpotens algebra (ami E-nek egy direkt hatványa lehet) feletti teljes mátrixalgebrába.
Mivel az E Grassmann-algebra másodrendben nilpotens, ezért az eddigiek alapján nyilván-
való, hogy a Lie-nilpotens gy½ur½uk (a kommutatív gy½ur½uk is ilyenek) feletti mátrixalgebrákon
teljesül½o azonosságok rendkívüli fontossággal bírnak.
Sajnos a legtöbb esetben nagyon kevés ismerettel rendelkezünk egy adott K-algebrán tel-
jesül½o azonosságokról. Az alábbiakban három olyan példát adunk meg, amelyeknél az
azonosságokról többet tudunk.
Az E végtelen dimenziós Grassmann-algebrán teljesül½o azonosságok T-ideálját egyetlen azo-
nosság, a másodrend½u Lie-nilpotencia [[x1; x2]; x3] = 0 azonossága generálja ([KR]). Könnyen
látható, hogy az E algebrán nem teljesülnek a standard azonosságok. Érdekes eredmény az,
hogy asszociatív algebrák egy V varietásában pontosan akkor teljesül valamilyen k � 2
egészre az Sk(x1; : : : ; xk) = 0 standard azonosság, ha E =2 V.
A 2� 2-es M2(K) teljes mátrixalgebrán teljesül½o azonosságok T-ideálját a negyedfokú stan-
dard azonosság S4(x1; x2; x3; x4) = 0 és az ötödfokú [[x1; x2]2; x3] = 0 Hall azonosság együtte-
sen generálja ([Dr81]).
AzMd1+d2+���+dn(K) teljes mátrixalgebra blokk fels½o háromszög-mátrixokból álló UTd1;d2;:::;dn(K)
részalgebráján teljesül½o azonosságok T-ideálja a T (Mdi(K)), 1 � i � n, T-ideálok szorzata
([GZ]). Innen kapjuk azt, hogy az n�n-es fels½o háromszög-mátrixok UT1;1;:::;1(K) algebráján
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teljesül½o azonosságok T-ideálját az [x1; y1] � � � [xn; yn] = 0 azonosság generálja ([Ma]).
Az n � 3 esetben az Mn(K) teljes mátrixalgebrán teljesül½o polinom-azonosságokról viszony-
lag keveset tudunk, az alábbiakban a két legfontosabbról lesz szó.
A jól ismert Amitsur-Levitzki tétel ([AL]) szerint az Mn(K) teljes mátrixalgebrán a 2n-ed
fokú S2n(x1; : : : ; x2n) = 0 standard azonosság teljesül.
Amennyiben R PI-algebra K-felett, akkor Regev tenzorszorzat tétele ([Reg]) szerint az
Mn(R) �= Mn(K) 
 R teljes mátrixalgebra is PI-tulajdonságú. Ha az R algebrán teljesül
az m-ed fokú Sm = 0 standard azonosság, akkor Domokos tétele ([Do94/1]) szerint az
Mn(R) teljes mátrixalgebrán teljesül az S(m�1)n2+1 = 0 standard azonosság (megjegyez-
zük, hogy ez utóbbi eredmény nem el½ozménye, hanem folyománya az értekezésben tárgyalt
Euler-azonosságoknak). Mn(K)-n az

Ln(x; y1; : : : ; yn) =
X

�2Sym(0;1;:::;n)

sgn(�)x�(0)y1x
�(1)y2 � � � yn�1x�(n�1)ynx�(n) = 0

általánosított algebraicitásnak nevezett azonosság is teljesül ([Fo], [Be2]), ami nem következ-
ménye az S2n = 0 és az Ln(x; y; : : : ; y) = 0 azonosságok együttesének ([DK]).
Az M2(E) algebrán teljesülnek az S54 = 0 és [[x1; x2]2; x3]5 = 0 azonosságok.
AzMn(K) azonosságaiból azMn(E) ésMn;d(E)mátrixalgebrákon teljesül½o azonosságokat ka-
punk ([DP]). Tekintsük az m-változós f1; : : : ; fk2T (Mn(K))\K hx1; : : : ; xmi azonosságokat.
Ha k > 1

2
n2m, akkor f1 � � � fk 2 T (Mn(E)). Ha k > 2d(n�d)m, akkor f1 � � � fk 2 T (Mn;d(E)).

Kostant és Rowen tétele szerint ([Ko],[Row74]) az S2n�2 = 0 standard azonosság teljesül a fer-
dén szimmetrikus mátrixok M�

n (K) alterén. Rowen tétele szerint ([Row74]) ha n � 2 páros,
akkor az S2n�1(x1;x2;: : :;x2n�1)=0, és ha n � 2 páratlan, akkor az S2n�2(x1;x2;: : :;x2n�2)=0
standard azonosság teljesül az x1 2 M+

n (K) és xk 2 M�
n (K) (2 � k � 2n � 1, illetve

2 � k � 2n � 2) mátrixokra, ahol M+
n (K) a szimmetrikus mátrixok altere. Az el½obbieket

könnyen felírhatjuk az Mn(K) teljes mátrixalgebra ún. �-azonosságaiként a mátrix transz-
pozíciót használva involúcióként.
Zalesskii és Chang bizonyították ([Za],[Ch2]), hogy a p � 2 karakterisztikájú K test feletti
Mn(K) teljes mátrixalgebrán a pn-ed fokú szimmetrikus azonosság, Tpn(x1; : : : ; xpn) = 0
teljesül. Kemernek sikerült bizonyítania ([Ke4]), hogy bármely K feletti PI-algebrán teljesül
valamilyen k; l � 1 fokszámokkal a Tk(x1; : : : ; xk) = 0 szimmetrikus és az Sl(x1; : : : ; xl) = 0
standard azonosság (ez utóbbi Volichenko sejtése volt).
Az értekezés ún. PI-el½ozményei között említést kell tenni a Lie-nilpotencia azonosságát
teljesít½o algebrákról. Felhasználásra kerülnek Jennings tételei ([Je]), amelyek szerint egy
n-ed rendben Lie-nilpotens R gy½ur½uben bizonyos kommutátorok szorzata zérus, továbbá az
R[R;R]R ideál nil és az R[[R;R]; R]R ideál 2n�2-ed rendben nilpotens.
Az [SzTR] dolgozatban irányított gráfokat használva sikerült egy kommutatív gy½ur½u feletti
n � n-es teljes mátrixalgebrán teljesül½o polinom-azonosságoknak egy új osztályát megadni,
amely az ún. Euler-azonosságokból áll. A standard azonosság teljesülésér½ol szóló Amitsur-
Levitzki tétel az [SzTR]-beli f½o eredmény legegyszer½ubb speciális esete. Domokos mutatta
meg, hogy az Euler-féle azonosságok igazi jelent½osége abban áll, hogy már a 3�3-as mátrixokon
is találunk közöttük olyanokat, amelyek a korábban ismert azonosságok együtteséb½ol sem
következnek. Az Euler-féle konstrukcióra szintén Domokos dolgozataiban találunk további
lényeges alkalmazásokat.
Az [Sz94]-ben az Euler-féle polinom konstrukció ún. permanentális (szimmetrikus) változatát
adjuk meg, amely egy nem nulla karakterisztikájú gy½ur½u feletti n�n-es teljes mátrixalgebrán
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teljesül½o azonosságokhoz vezet. A [KSz94]-ben is hasonló eredmények vannak.
Végül [Sz95]-ben, irányított gráfokban irányítatlan Euler-utakat használva, az Euler-féle
polinom konstrukció ún. �-változatát adjuk meg, amely a transzpozícióval ellátott n� n-es
teljes mátrixalgebrán teljesül½o �-polinom-azonosságokhoz vezet.

2. Determináns-elmélet Lie-nilpotens gy½ur½uk feletti mátrixokra

Az értekezés 2. részének célja egy olyan Lie-nilpotens determináns-elmélet bemutatása,
amely nem kapcsolódik szorosan a klasszikustól különböz½o korábbi determináns-fogalmakhoz.
Az alábbiakban ennek a résznek a legfontosabb el½ozményeit ismertetjük.
Rövid áttekintést adunk a nem kommutatív gy½ur½uk feletti mátrixokra értelmezett külön-
böz½o determinánsokról. Az említett determinánsok hosszú történettel rendelkeznek, számos
matematikus próbálkozott a klasszikus elmélet kiterjesztésével, közülük Cayley, Study, Ore
és Dieudonné nevét lehet kiemelni.
A kvaternió ferdetest közismertH �!M2(C) beágyazását használva egyA 2 Mn(H)mátrixot
tekinthetünkM2n(C)-belinek, az A Study-féle determinánsa nem más, mint ennek a 2n�2n-
es komplex mátrixnak a hagyományos determinánsa ([As], [Stu]). Hasonló módon nem
értelmezhetjük egyMn(E)-beli mátrix determinánsát, hiszen az E végtelen dimenziós Grass-
mann-algebra nem ágyazható be egyetlen kommutatív C gy½ur½u feletti Mm(C) mátrixalgeb-
rába sem.
Az R lokális gy½ur½u esetén a Dieudonné-determináns ([Ros]) egy olyan

[1n=1GLn(R) �! R�ab

leképezés, amelyet bizonyos �determináns tulajdonságok�egyértelm½uen meghatároznak; itt
R�ab = U(R)=[U(R);U(R)] az R-beli egységek csoportjának maximális Abel-féle faktora.
Ennek a determináns-fogalomnak nagy jelent½osége van az algebrai K-elméletben, de nem
használható lineáris egyenletrendszerek megoldására, és Cayley-Hamilton azonosságot sem
származtathatunk bel½ole. Megjegyzésre érdemes, hogy az E Grassmann-algebra lokális.
Kantor és Trishin értelmezte a szuperdeterminánsát egyMn;d(E)-beli szupermátrixnak ([KT]).
Ez a fogalom a Grassmann-algebra jól ismert Z2-fokszámozásához kapcsolódik, és felhasznál-
ható bizonyos baloldali (jobboldali) lineáris egyenletrendszerek megoldásához, továbbá a szu-
permátrixokon invariáns Cayley-Hamilton azonossághoz vezet. A KT-szuperdetermináns a
teljes Mn(E) mátrixalgebrára nem értelmezhet½o, ezen a jól ismert Mn(E) �! M2n;n(E)
beágyazás sem segít, hiszen itt egy beágyazott mátrix KT-szuperdeterminánsa és szuper-
karakterisztikus polinomja zérus lesz.
A [GGRW] dolgozatban összefoglalást találunk a ma létez½o determináns-fogalmak egy részér½ol.
Az egységes tárgyalásmód az ún. Gelfand-Retakh kvázidetermináns használatán alapul,
amelybe az értekezés tárgyát képez½o determinánsok nem illeszthet½oek be.
Mátrixokon teljesül½o Cayley-Hamilton jelleg½u azonosságokat determinánsok és karakteriszti-
kus polinomok nélkül is kaphatunk. Paré és Schelter ([PS]) bizonyították azt, hogy tet-
sz½oleges R gy½ur½u esetén bármely A 2 Mn(R)mátrixra teljesül egy olyan azonosság, amelyben
a �f½otag�Ak alakú valamilyen k � 22n�1 egészre és a �további összeadandók�
r0Ar1Ar2 � � � rl�1Arl alakúak bizonyos r0; r1; : : : ; rl 2 R, 0 � l � k � 1 elemekkel.
Mivel az E végtelen dimenziós Grassmann-algebra másodrendben Lie-nilpotens, ezért az 2.
részben bemutatott Lie-nilpotens determináns-elmélet az Mn(E)-re polinom-azonosságokat
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szolgáltat. Tehát az 1. rész el½ozményeinek ismertetésekor a Grassmann-algebra feletti
mátrixalgebrákról elmondottakra ismételten felhívjuk a �gyelmet.
Az [Sz97] dolgozatban a szimmetrikus adjungált fogalmát használva megadjuk egy tetsz½oleges
gy½ur½u feletti négyzetes mátrix jobboldali (és baloldali) adjungált sorozatát. Ennek a sorozat-
nak a felhasználásával kapjuk az adott mátrix k-adik jobboldali (és baloldali) adjungáltját
és determinánsát. A legfontosabb eredmény az, hogy egy k-ad rendben Lie-nilpotens gy½ur½u
feletti mátrixot a k-adik jobboldali adjungáltjával jobbról szorozva az egységmátrixnak a
k-adik jobboldali determinánssal való szorzatát kapjuk. A k-adik jobboldali karakterisztikus
polinomot a hagyományos módon értelmezve, egy k-ad rendben Lie-nilpotens gy½ur½u feletti
n � n-es mátrixra az nk fokszámú jobboldali együtthatókkal rendelkez½o Cayley-Hamilton
azonossághoz jutunk. A végtelen dimenziós Grassmann-algebra feletti n�n-es teljes mátrix-
algebráról bizonyítjuk, hogy 2n2 fokszámmal egész ennek a Grassmann-algebrának a páros
része felett.
Az [Sz98/1]-ben azt bizonyítjuk, hogy a (végtelen dimenziós) Grassmann-algebra felett egy
tetsz½oleges n � n-es szupermátrix második jobboldali (és baloldali) karakterisztikus poli-
nomjának az együtthatói a Grassmann-algebra páros részében vannak. Tehát a szupermátrix
algebrák mindegyike n2 fokszámmal egész a Grassmann-algebra a páros része felett.
A k-adik jobboldali adjungált és determináns tulajdonságait használva az [Sz98/2]-ben egy
k-ad rendben Lie-nilpotens algebrában teljes leírását adjuk az idempotens ideáloknak.
A szimmetrikus adjungált tulajdonságait használva az [Sz06] dolgozatban a Cayley-Hamilton
azonosság olyan valódi általánosítását adjuk egy tetsz½oleges gy½ur½u feletti n� n-es mátrixra,
amelyben speciális alakú jobboldali (vagy baloldali) mátrix együtthatók vannak. Az ál-
talános tétel a kommutatív esetben a klasszikus azonosság n!-szorosát szolgáltatja.
Az [Sz15] dolgozatban egy R gy½ur½u � endomor�zmusát és a W 2 Mn(R) invertálható
mátrixot használva bevezetjük a centralizáló mátrix fogalmát, ezek egy Mn(R; �;W;W

�1)
részalgebrát alkotnak Mn(R)-ben. Természetes beágyazásokat adunk meg Mn(R; �;W;W

�1)
alakú algebrákba, és k-ad rendben Lie-nilpotens R esetén vizsgáljuk a centralizáló mátrixok
k-adik jobboldali determinánsát és karakterisztikus polinomját, ezáltal az [Sz98/1]-beli ered-
ményeket jelent½osen általánosítjuk.
A k-ad rendben Lie-nilpotens R automor�zmusainak egy n elem½u részcsoportja által �xen
hagyott elemek olyan részalgebrát alkotnak R-ben, ami felett az R jobbról egész nk fokszám-
mal.
A k-ad rendben Lie-nilpotens R egy n-ed rend½u � automor�zmusára bizonyítjuk, hogy az
R[w; �] ferde polinom algebra nk fokszámmal jobbról egész a Fix(�)[wn] részalgebra felett.

3. Lineáris algebra hálókban

Az értekezés 3. részének célja a lineáris algebra néhány alapvet½o eredményének hálóelméleti
általánosítása. Mind az általánosítás alapjául szolgáló klasszikus lineáris algebrai ered-
ményeknek, mind a felhasznált hálóelméleti eszközöknek az irodalmi háttere nagyon gazdag,
de a hálókban tárgyalásra kerül½o lineáris algebra lényeges el½ozményeir½ol a szerz½onek nincs
tudomása.
Minden vektortér el½oállítható bizonyos egydimenziós altereinek a direkt összegeként, ez a
vektortér altérhálójában azt jelenti, hogy a legnagyobb elem bizonyos atomok irredundáns
egyesítéseként kapható meg. Egy lineáris leképezés a vektortér altérhálóján teljes egyesítés
endomor�zmusként hat. Az [Sz08] dolgozatban teljes hálók bizonyos tulajdonságokkal ren-
delkez½o teljes egyesítés endomor�zmusaira olyan tételeket fogalmazunk meg, amelyek a véges
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dimenziós vektorterek lineáris leképezéseire ismert klasszikus eredmények általánosításainak
tekinthet½oek. Az atomi fedés tulajdonságával is rendelkez½o L algebrai atomisztikus hálónak
egy J1 és J2 tulajdonságú � : L �! L nilpotens teljes egyesítés endomor�zmusát használva
egy L-beli Jordan normál bázis létezését tudjuk bizonyítani. A hálóelméleti eredményeket
egy végesen generált féligegyszer½u modulus részmodulus hálójára és annak egy nilpotens
endomor�zmus által indukált egyesítés endomor�zmusára alkalmazva Jordan normál bázist
kapunk, ilyet a modulusokról szóló gazdag irodalomban nem találtunk.

4. Centralizátorok és zéró-centralizátorok endomor�zmus-algebrákban

Az értekezés 4. részének célja a centralizátorok és zéró-centralizátorok jellemzése endomor�z-
mus-algebrákban. Az alábbiakban ennek a résznek az el½ozményeit ismertetjük.
Annak ellenére, hogy egy gy½ur½ubeli elem zéró-centralizátora (más szóhasználattal a kétoldali
anullátora) nagyon természetes fogalom, ezeknek a leírásáról a szerz½o nem talált az irodalom-
ban az értekezéshez kapcsolódó anyagot. A hagyományos centralizátorok irodalma gazdag,
a továbbiakban néhány alapvet½o eredményr½ol teszünk említést.
Bergman klasszikus tétele ([Be1]) szerint aKhx1; : : : ; xn; :::i szabad asszociatívK-algebrában
egy nem konstans f(x1; : : : ; xn) polinom centralizátora Cen(f) = K[g] alakú valamilyen
g(x1; : : : ; xn) polinomra. Tehát Cen(f) kommutatív.
Mátrixok centralizátorairól többek között Suprunenko-Tyshkevich (1968), Prasolov (1994)
és Gantmacher (2000) könyveiben találhatunk eredményeket ([Ga],[Pr],[ST]).
Ha egy A 2 Mn(K) mátrix karakterisztikus és minimálpolinomjai azonosak, akkor A-nak
az Mn(K)-beli centralizátora Cen(A) = K[A] alakú (tehát kommutatív). Általában egy
tetsz½oleges (nem centrális) A 2 Mn(K) mátrix centralizátora nem lesz kommutatív, tehát
itt nem érvényes a Bergman-féle leírás. Ha egy B 2 Mn(K) mátrixra AB = BA, akkor nem
feltétlenül létezik olyan C 2 Mn(K) mátrix, amelynek A és B egyszerre K-beli együtthatós
polinomja.
Amennyiben T 2 GLn(K) invertálható, akkor T�1 (Cen(A))T = Cen(T�1AT ) és Cen(A) �=
Cen(T�1AT ) mint K-algebrák.
Ha K algebrailag zárt és f�1; �2; : : : ; �rg az A sajátértékeinek halmaza, akkor

Cen(A) �= Cen(A1)� � � � � Cen(Ar);

ahol Ai 2 Mdi(K) azt a blokk-diagonális mátrixot jelöli, amelynek diagonálisában a �i
sajátértékhez tartozó dim(ker(Ai � �iIdi)) darab elemi Jordan-blokk áll (itt di � 1 a �i
sajátérték multiplicitása). Mivel Cen(Ai) = Cen(Ai � �iIdi) és Ai � �iIdi nilpotens, ezért
Cen(A) meghatározása visszavezethet½o nilpotens mátrixok centralizátorainak leírására. Ez
a körülmény részben indokolja azt, hogy az értekezésben nilpotens endomor�zmusok centra-
lizátoraival foglalkozunk. Azt azért megjegyezzük, hogy egy modulus-endomor�zmus centra-
lizátorát általában nem kaphatjuk meg hasonlóan (nilpotensek centralizátorainak direkt
szorzataként).
Schur kett½os centralizátor tétele szerint tetsz½oleges A;B 2 Mn(K) mátrixokra a Cen(A) �
Cen(B) tartalmazás ekvivalens azzal, hogy B 2 K[A]. Ennek a fontos eredménynek külön-
böz½o általánosításai ismeretesek, ezekhez az értekezésben is hozzájárulunk.
A [DSzW]-ben egy végesen generált féligegyszer½u modulus ' 2 EndR(M) nilpotens endo-
mor�zmusának a centralizátorát el½oállítjuk az Mm(R[z]) mátrixalgebra egy alkalmasM(X)
részalgebrájának � : M(X)op �! Cen(') ellentett homomorf képeként, ahol m a ker(')
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mag kompozícióhossza (dimenziója). Az [SzW12]-ben megadjuk a ker(�) � M0(X) C
M(X) ideált, és ' zéró-centralizátorára bizonyítjuk az M0(X)

op= ker(�) �= Cen0(') és
M(X)op=M0(X) �= Cen(')=Cen0(') izomor�zmusokat.
Abban az esetben, amikor R lokális gy½ur½u, az el½obbiekb½ol a Cen(') �= N op(X)=I(X),
Cen0(') �= N0(X)

op=I(X) és Cen(')=Cen0(') �= N (X)op=N0(X) izomor�zmusokat kapjuk,
amelyeknél N (X) � Mm(R[z]) részgy½ur½u és az I(X) C N (X), I(X) � N0(X) C N (X)
ideálok a ' Jordan normál bázisának blokk-méreteivel és a J(R) Jacobson-radikál segítségével
adhatók meg.
Ha R lokális gy½ur½u, akkor az Mm(R=J(R)) bizonyos U(X) blokk fels½o-háromszög részal-
gebráján és W(X) balideálján teljesül½o azonosságokat használva azonosságokat kapunk a
nilpotens ' centralizátorán és zéró-centralizátorán.
A [DSzW]-beli kett½os centralizátor tétel szerint tetsz½oleges � 2 EndR(M) esetén a Cen(') �
Cen(�) tartalmazás azzal ekvivalens, hogy � bizonyos helyeken felvett értékei kifejezhet½oek
a ' hatványainak ugyanezen helyeken felvett értékeivel (itt R lokális és ' nilpotens).
Az [SzW12]-ben bizonyítjuk, hogy az RM végesen generált féligegyszer½u modulus tetsz½oleges
' 2 EndR(M) endomor�zmusának zéró-centralizátorára a Cen0(') �= Cen0(' � W ) izomor-
�zmus teljesül, ahol ker(') � W �M olyan részmodulus, amelyre '(W ) � W és a megszorí-
tott ' � W nilpotens (itt R tetsz½oleges gy½ur½u). A Cen0(' � W ) zéró-centralizátorra struk-
turális jellemzést adunk.
Az [SzW12]-beli kett½os zéró-centralizátor tétel szerint a Cen0(') � Cen0(�) tartalmazás
azzal ekvivalens, hogy ker(') � ker(�) és im(�) � im(') mindegyike teljesül (itt ' és �
tetsz½oleges endomor�zmusai a végesen generált féligegyszer½u RM -nek).
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1. DIRECTED GRAPHS AND EULERIAN POLYNOMIAL
IDENTITIES OF MATRIX ALGEBRAS

1.0. Introduction
1.1. The parity and the number of directed Eulerian paths
1.2. The adjacency matrix of a directed graph over the Grassmann algebra
1.3. Eulerian polynomial identities of matrix algebras
1.4. Eulerian permanental identities of matrix algebras
1.5. Theorems of Kostant and Rowen, Eulerian �-identities of matrix algebras
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1.0. INTRODUCTION

In Section 1.1 we provide the necessary background on Eulerian directed graphs. Swan�s
theorem on the parity of Eulerian directed paths serves as a starting point of our development.
Standard n � n matrix units can be viewed as directed edges of a graph on n vertices and
their simple multiplication rule is closely related to the directed paths of the mentioned
graph. This observation shows that Swan�s theorem is an equivalent reformulation of the
Amitsur-Levitzki theorem on the standard identity satis�ed by matrix algebras.
The formula giving the exact number of Eulerian directed paths (due to van Aardenne-
Ehrenfest and de Bruijn) is our main tool in proving theorems on Eulerian permanental
identities of matrix algebras over a commutative base ring of non-zero characteristic.

Section 1.2 is built on the paper [KSz00].
The famous Amitsur-Levitzki theorem on the minimal PI�s of matrix algebras was published
in 1950 ([AL]), several essentially di¤erent proofs appeared in the literature since then. Here
we deal two of them: Swan�s proof ([Sw]) is of purely graph theoretical in nature, while �
possibly the shortest�Rosset�s ([Ross]) uses the Grassmann algebra. The idea of considering
the adjacency matrix Ag� of a directed graph � over the Grassmann algebra was inspired by
the above works. In fact, we take Rosset�s starting point and use one of his tools to get a
particularly transparent theorem on Ag�. Swan�s theorem on the numbers of even and odd
directed Eulerian paths appears as an easy consequence of this theorem.

Section 1.3 is built on the papers [SzTR] and [LRSzT].
There are only few known identities for non-commutative associative algebras and the deter-
mination of a �nite base of identities seems to be hopeless even in the case of low dimensional
algebras. A natural and simple generalization of Swan�s graph theoretical approach to the
multilinear identities of the full matrix algebra yields a new class of identities. The monomi-
als of a so called Eulerian polynomial correspond to the Eulerian directed paths of a directed
graph and the coe¢ cients are �1 according to the parity of the permutation representing the
given Eulerian directed path. The standard polynomial of degree n appears as the simplest
Eulerian polynomial de�ned by a one vertex directed graph with n loop edges. The so called
n-fold Capelli polynomial Cn;m(X) is also Eulerian and comes from a directed graph on n
vertices with exactly m edges from i to i + 1 (modulo n). It follows from the above obser-
vations, that many of the known identities of the full matrix algebra (over a commutative
ring) can be obtained as special Eulerian identities. The real importance of the Eulerian
identities was discovered by Domokos by exhibiting three Eulerian identities of the 3 � 3
matrix algebra M3(K) with the property that non of them is a consequence of the other two
modulo the T-ideal generated by the other known identities of M3(K). It is a reasonable
conjecture that the T-ideal of the identities of M3(K) is generated by a �nite number of
Eulerian identities. Drensky proved that the standard polynomial of degree 4 and the so
called Hall polynomial generate the T-ideal of the identities of M2(K), where K is a �eld
of characteristic zero. Domokos proved that the Hall identity is a consequence of a simple
Eulerian identity of M2(K), thus the mentioned conjecture is valid for M2(K).

Section 1.4 is built on the papers [Sz94] and [KSz94].
If all the �1 coe¢ cients of an Eulerian polynomial are replaced by 1, then we get the so
called Eulerian permanental (symmetric) polynomial. Using the AEB formula giving the
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exact number of Eulerian directed paths, we obtain two di¤erent su¢ cient conditions for an
Eulerian permanental polynomial to provide an identity on the full matrix algebra over a
commutative ring of non-zero characteristic. The symmetric polynomial of degree n appears
as the simplest Eulerian permanental polynomial de�ned by a one vertex directed graph
with n loop edges. Thus the theorem of Chang and Zalesskii on the symmetric identity of
matrix algebras over a �eld of characteristic p is a special case of our main result. Domokos
proved that one of the above mentioned su¢ cient conditions has a stronger consequence
than providing an identity on matrices, the mentioned condition implies that our Eulerian
permanental polynomial is in the T-ideal generated by a certain symmetric polynomial.

Section 1.5 is built on the paper [Sz95].
We use the undirected Eulerian paths of a directed graph in the construction of the Eulerian
part of a multilinear �-polynomial. An involution operator � applied to the indetermi-
nates corresponding to directed edges traversed in opposite direction in the given undirected
Eulerian path. First we prove that a multilinear �-identity holds on Mm(R) if and only if all
of its Eulerian parts provide �-identities on the base ring R. Here we consider the transpose
involution on Mm(R) induced by the given involution of the base ring. Using this result and
theorems due to Kostant and Rowen we obtain two new classes of �-identities for matrices
with the transpose involution. The novelty (in the sense of mathematical logic) of these
identities is not known.
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1.1. THE PARITY AND THE NUMBER OF DIRECTED EULERIAN PATHS

A directed graph is a quadruple � = (V; E ; �; �), where V is the set of vertices, E is the
set of (oriented) edges, �; � : E �! V are functions and for an edge e 2 E , its tail end is
�(e) 2 V , while its head end is �(e) 2 V . Thus e is an edge oriented from �(e) to �(e). We
take V = f1; 2; : : : ; ng and often use the notation

E = fe1; e2; : : : ; eNg:

For the vertices i; j 2 V let

��(i; j) = jfe 2 E j �(e) = i and �(e) = jgj

denote the number of edges from i to j. The number of edges starting (terminating) at a
given vertex i is denoted by �+� (i) (�

�
� (i)). Thus

�+� (i) =
X
j2V

��(i; j) = jfe 2 E j �(e) = igj

and
��� (i) =

X
j2V

��(j; i) = jfe 2 E j �(e) = igj :

A triple (�; p; q) is said to be an Eulerian directed graph if � = (V; E ; �; �) is a connected
directed graph, p; q 2 V are vertices and one of the following two conditions hold:
(1) p = q and �+� (i) = �

�
� (i) for all i 2 V ;

(2) �+� (p) = �
�
� (p) + 1, �

�
� (q) = �

+
� (q) + 1 and �

+
� (i) = �

�
� (i) for all i 2 V n fp; qg.

An equivalent characterization of Eulerian directed graphs is that they contain a directed
covering path (or directed Eulerian path) which start at p and end at q. Such a covering
path may be regarded as a permutation � of the edges (or rather their indices) for which

�(e�(1)) = p; �(e�(N)) = q; �(e�(r)) = �(e�(r+1)) for all 1 � r � N � 1 and

N
[
r=1
f�(er); �(er)g = V:

We shall denote the set of all such permutations by �(�; p; q) and call it the path set of
�. It is clear that �(�; p; q) � Sym(f1; : : : ; Ng). The following theorem of Swan is a
graph theoretical reformulation of the Amitsur-Levitzki theorem (see[AL]) on the standard
polynomial identity of matrix algebras.

1.1.1. Theorem ([Sw]). If (�; p; q) is an Eulerian directed graph and N � 2n, then the
number of even and odd directed Eulerian paths are equal:

jf� 2 �(�; p; q) j sgn(�) = 1gj = jf� 2 �(�; p; q) j sgn(�) = �1gj :

An equivalent formulation is that X
�2�(�;p;q)

sgn(�) = 0:
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1.1.2. Remark. If � = (V; E ; �; �) is a directed graph and p; q 2 V such that the triple
(�; p; q) is not an Eulerian directed graph, then we take �(�; p; q) = ? and any sum over
�(�; p; q) is zero. Thus 1.1.1 holds even in the �(�; p; q) = ? case.

The following result of Domokos is a broad generalization of 1.1.1, imposing "local" condi-
tions on the number of certain edges. The proof is algebraic and based on the use of Eulerian
polynomials.

1.1.3. Theorem ([Do96]). Let (�; p; q) be an Eulerian directed graph and consider the
subsets V1; V2 � V such that v = jV1j = jV2j and one of the conditions V1 = V2 or V1\V2 = ?
holds. If the number of edges starting at V1 and terminating at V2 is at least 2v, then

jf� 2 �(�; p; q) j sgn(�) = 1gj = jf� 2 �(�; p; q) j sgn(�) = �1gj :

An equivalent formulation is that X
�2�(�;p;q)

sgn(�) = 0:

For an Eulerian directed graph (�; p; q) we use the notation

�(i) = maxf�+� (i);��� (i)g and de�ne an n� n matrix G = [gi;j] as follows:

gi;j =

�
���(i; j); if i 6= j


�(i)� ��(i; i); if i = j
:

Now G 2 Mn(Z) and the following formula due to van Aardenne-Ehrenfest and de Bruijn is
given in the form as it was �rst used in [Sz94].

1.1.4. Theorem ([AEB]). If (�; p; q) is an Eulerian directed graph, then the number of
directed Eulerian paths starting at p and ending at q is

j�(�; p; q)j = �+� (q)!

24 Y
i2V nfqg

(�+� (i)� 1)!

35 det(G(p; q));
where G(p; q) = G if p 6= q and G(p; q) = Gi;i is an (n� 1)� (n� 1) minor of G (arising
from the deletion of the i-th row and the i-th column of G) if p = q. In the p = q case the
value of det(G(p; p)) is independent of the choice of 1 � i � n.
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1.2. THE ADJACENCY MATRIX OF A DIRECTED GRAPH OVER THE
GRASSMANN ALGEBRA

Let � = (V; E ; �; �) be a directed graph with

V = f1; 2; : : : ; ng and E = fe1; e2; : : : ; eNg:

Using a ring (or an algebra) R and a map � : E �! R, we can de�ne the �-adjacency matrix
of � in Mn(R) in the following natural way:

A�(�) =

NX
r=1

�(er)E�(er);�(er) ;

where Ei;j denotes the standard n� n matrix unit.
If we take R = Z and � = 1 is the constant 1-map, then we get the classical adjacency matrix
A� = [��(i; j)] of �. As is well known, the powers of this matrix can be described in terms
of directed sequences of edges in �.
Sometimes the use of a commutative polynomial ring is more convenient in similar matrix
constructions starting from directed or undirected graphs, a typical example is the so-called
skew symmetric adjacency matrix in Tutte�s theorem on the existence of complete matchings
(in undirected graphs)
If we take the (free) polynomial algebra R = Q hx1; x2; : : : ; xNi generated by the non-
commuting indeterminates x1; x2; : : : ; xN and �(er) = xr, then we also get a natural ad-
jacency matrix

A�(x1; x2; : : : ; xN) =
NX
r=1

xrE�(er);�(er):

Clearly, A�(x1; x2; : : : ; xN) encodes more information than A�, the structure of directed
sequences of edges in � can be completely read o¤ the powers of
A�(x1; x2; : : : ; xN) in Mn(Q hx1; x2; : : : ; xNi).
Now we consider a similar adjacency matrix Ag� of � over the Grassmann (exterior) algebra

E(N) = Q hv1; v2; : : : ; vN j vrvs + vsvr = 0 for all 1 � r; s � Ni :

generated by the sequence (vr)1�r�N of anticommutative indeterminates. The de�ning rela-
tions vsvr = �vrvs imply that for a permutation � 2 Sym(f1; : : : ; Ng) we have

v�(1)v�(2) � � � v�(N) = sgn(�)v1v2 � � � vN :

If we take R = E(N) and �(er) = vr, then we get an adjacency matrix

Ag� =

NX
r=1

vrE�(er);�(er)

in Mn(E
(N)). Such a modi�cation of the algebraic environment under

A�(x1; x2; : : : ; xN) will result in a dramatic change in the behavior of its powers. Before
proceeding to the formulation of the main result of the Section, some further comments are
in order.
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The famous Amitsur-Levitzki theorem on the minimal PI�s of matrix algebras was published
in 1950 ([AL]), several essentially di¤erent proofs appeared in the literature since then. Here
we deal two of them: Swan�s proof ([Sw]) is of purely graph theoretical in nature, while �
possibly the shortest�Rosset�s ([Ross]) uses the Grassmann algebra. The idea of considering
Ag� in Mn(E

(N)) was inspired by the above works. In fact, we take Rosset�s starting point
and use one of his tools to get a particularly transparent theorem on Ag�. Swan�s theorem
on the numbers of even and odd directed Eulerian paths will appear as an easy consequence
of this theorem.

1.2.1. Theorem. Let Ag� be the adjacency matrix of a directed graph � = (V; E ; �; �) with
V = f1; 2; : : : ; ng and E = fe1; e2; : : : ; eNg over the Grassmann algebra E(N). Then Ag� is
nilpotent of index 2n, i.e. (Ag�)

2n = 0 in Mn(E
(N)).

We shall make use of the following consequence of the Cayley-Hamilton theorem and the
Newton formulae (see in [Ross]).

1.2.2. Lemma. Let 
 be a commutative algebra (with 1) over a �eld of characteristic zero
and B 2 Mn(
) an n � n matrix over 
, then tr(B) = tr(B2) = � � � = tr(Bn) = 0 implies
that Bn = 0.

Proof of 1.2.1. The multiplication rule of the standard matrix units ensures that the (i; j)
entry of the power (Ag�)

k is X
vr1vr2 � � � vrk ;

where the sum is taken over all sequences vr1 ; vr2 ; : : : ; vrk of distinct generators such that

i = �(er1); �(er1) = �(er2); �(er2) = �(er3); : : : ; �(erk�1) = �(erk); �(erk) = j:

These sequences correspond to directed paths in � from vertex i to vertex j (summands
corresponding to directed sequences involving a generator more than once may appear, but
vanish as a consequence of the relations on the vr�s). Set B = (A

g
�)
2. Clearly, B 2 Mn(E

(N)
0 )

with E(N)0 being the even part of the Grassmann algebra, generated by the monomials in the
vr�s of even length. Since E

(N)
0 is a commutative Q-subalgebra of E(N), Lemma 1.2.2 can be

applied to the matrix B. It is enough to show that tr(Bk) = tr((Ag�)
2k) = 0 for all integers

1 � k � n. In view of our observation on the (i; j) entry of (Ag�)
k, we have

(Tr) tr((Ag�)
2k) =

X
vr1vr2 � � � vr2k ;

where the sum is taken over all sequences vr1 ; vr2 ; : : : ; vr2k of distinct generators such that

�(er1) = �(er2); �(er2) = �(er3); : : : ; �(er2k�1) = �(er2k); �(er2k) = �(er1):

If vr1vr2 � � � vr2k is a summand in (Tr) then vr2 � � � vr2kvr1 also occurs in (Tr), moreover

vr1vr2 � � � vr2k + vr2 � � � vr2kvr1 = 0 in E(N):

Thus each directed circuit in � of length 2k gives rise to exactly k pairwise disjoint pairs of
summands in (Tr). In consequence, we obtain that tr((Ag�)

2k) = 0. �
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1.2.3. Corollary. As we have seen in the above proof, the (p; q) entry of the power (Ag�)
N

is X
v�(1)v�(2) � � � v�(N) =

�X
sgn(�)

�
v1v2 � � � vN ;

where the sum is over all products corresponding to directed Eulerian paths
e�(1); e�(2); : : : ; e�(N) of � from p to q. If N � 2n then Theorem 1.2.1 gives that (Ag�)N = 0,
i.e. that

P
sgn(�) = 0 in the above sum. This is essentially Swan�s theorem.

1.2.4. Remark. The graph theoretic analogue of the classical Kostant-Rowen theorem
([Ko],[Row74]) on the standard identity for skew symmetric matrices allows us to formulate
the following:

�
Ag� � (A

g
�)
>�2n�2 = 0 in Mn(E

(N)) (here (Ag�)
> denotes the transpose of Ag�).

17
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1.3. EULERIAN POLYNOMIAL IDENTITIES OF MATRIX ALGEBRAS

For an Eulerian directed graph (�; p; q) with

� = (V; E ; �; �); p; q 2 V = f1; 2; : : : ; ng and E = fe1; e2; : : : ; eNg

de�ne the corresponding Eulerian polynomial as

P(�;p;q)(x1; x2; : : : ; xN) =
X

�2�(�;p;q)

sgn(�)x�(1)x�(2) � � �x�(N) ;

where the sum is taken over all product corresponding to the directed Eulerian paths in
� starting at p and terminating at q. Thus P(�;p;q) is a multilinear polynomial in the
free associative algebra C hx1; x2; : : : ; xNi generated by the non-commuting indeterminates
x1; x2; : : : ; xN over a unitary commutative ring C. In order to check that P(�;p;q) = 0 is an
identity on a C-algebra CR it is enough to prove that

P(�;p;q)(s1; s2; : : : ; sN) =
X

�2�(�;p;q)

sgn(�)s�(1)s�(2) � � � s�(N) = 0

for all s1; s2; : : : ; sN 2 S, where S � R is an arbitrary generator of R as a C-module:
CS = R.

1.3.1. Theorem. Let (�; p; q) be an Eulerian directed graph with V = f1; 2; : : : ; ng, E =
fe1; e2; : : : ; eNg and for i 2 V take 
�(i) = maxf�+� (i);��� (i)g. If m � 1 is an integer and

N � 2
P
i2V
minf
�(i);mg;

then P(�;p;q)(x1; x2; : : : ; xN) = 0 is a polynomial identity on the full matrix algebra Mm(C)
over any unitary commutative ring C.

Proof. The set of standard matrix units S = fEa;b j 1 � a; b � mg is a generator of Mm(C)
as a C-module. It is enough to prove that for any choice Ea(k);b(k) 2 S, 1 � k � N of the
standard matrix units we have

P(�;p;q)(Ea(1);b(1); Ea(2);b(2); : : : ; Ea(N);b(N)) = 0

Using the sequence
�
Ea(k);b(k)

�
1�k�N we de�ne a directed graph � = (W;F ; �; �) as follows:

W =
N
[
k=1
f(�(ek); a(k)); (�(ek); b(k))g

is a subset of V � f1; : : : ;mg and

F = ff1; f2; : : : ; fNg with �(fk) = (�(ek); a(k)) and �(fk) = (�(ek); b(k)):

The multiplication rule of the standard matrix units gives that for � 2 �(�; p; q) we have

Ea(�(1));b(�(1))Ea(�(1));b(�(1)) � � �Ea(�(N));b(�(N)) =

18
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=

�
Ea(�(1));b(�(N)) if b(�(k)) = a(�(k + 1)) for each 1 � k � N � 1
0 otherwise

:

It follows that a permutation � 2 �(�; p; q) gives a non-zero product if and only if

f�(1); f�(2); : : : ; f�(N)

is an Eulerian directed path in � starting at (p; a(�(1))) and terminating at (q; b(�(N))).
Thus

P(�;p;q)(Ea(1);b(1); Ea(2);b(2); : : : ; Ea(N);b(N)) =X
�2�(�;p;q)

sgn(�)Ea(�(1));b(�(1))Ea(�(1));b(�(1)) � � �Ea(�(N));b(�(N)) =

X
1�a;b�m

0@ X
�2�(�;(p;a);(q;b))

sgn(�)

1AEa;b;

where the inner sum is taken over all Eulerian directed paths of (�; (p; a); (q; b))). If the
triple (�; (p; a); (q; b))) is an Eulerian directed graph, then for a vertex i 2 V we have

jf(i; t) 2 W j 1 � t � mgj � minf
�(i);mg:

Notice that 
�(i) = �+� (i) = �
�
� (i) if i 2 V n fp; qg. If p = q, then 
�(i) = �+� (i) = �

�
� (i) for

i 2 fp; qg. If p 6= q, then 
�(p) = �+� (p) = �
�
� (p) + 1 and 
�(q) = �

�
� (q) = �

+
� (q) + 1. Since

N � 2
P
i2V
minf
�(i);mg � 2 jW j ;

the application of Swan�s theorem on (�; (p; a); (q; b))) gives that the above inner sum is
zero. If the triple (�; (p; a); (q; b))) is not an Eulerian directed graph, then the inner sum is
also zero. �

1.3.2. Remark. Using Theorem 1.1.3 of Domokos instead of Swan�s theorem in the above
proof, we can obtain a stronger version of 1.3.1.

1.3.3. Remark. The standard polynomial

Sm(x1; : : : ; xm) =
X

�2Sym(m)

sgn(�)x�(1) � � �x�(m)

and the double Capelli polynomial

C2;m(x1; : : : ; xm; y1; : : : ; ym) =
X

�;�2Sym(m)

sgn(�)sgn(�)x�(1)y�(1) � � �x�(m)y�(m)

appear as special Eulerian polynomials. If � is a one vertex directed graph with 2m loop
edges, then 1.3.1 gives the classical Amitsur-Levitzki theorem (see[AL]), i.e. that S2m = 0
is an identity on Mm(C). Another simple consequence of Theorem 1.3.1 is that C2;2m = 0 is
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an identity on Mm(C), �rst proved by Chang and Giambruno-Sehgal (see [Ch1],[GS]). The
so called n-fold Capelli polynomial

Cn;m(X) =
X

�=�1��2������n
�2Sym(nm) ; �j2Sym(m)

sgn(�)
mY
r=1

x
(1)
�1(r)

x
(2)
�2(r)

� � �x(n)�k(r)

is also an Eulerian polynomial arising from a directed graph on the vertex set V with exactly
m edges from i to i + 1 (modulo n). It follows from a theorem of Domokos that for any
Eulerian directed graph (�; p; q) with m parallel edges the polynomial P(�;p;q) lies in the T-
ideal generated by Sm ([Do95/1]). Thus Cn;2m = 0 is an identity on Mm(C), the fact that
Cn;2m�1 = 0 is not an identity on Mm(C) was proved in [LRSzT].

1.3.4. Remark. Using the results of [Ra1], Drensky proved (in [Dr81]) that the polyno-
mials S4 and [[x; y]2; z] generate the T-ideal of the identities of M2(K) (here K is a �eld
of characteristic zero). Starting from these two polynomials, Domokos proved (in [Do94/1])
that the above T-ideal is generated by two Eulerian identities of M2(K) (one of them is S4).

1.3.5. Remark. There is no explicitly known �nite generating system of the polynomial
identities of M3(K), the existence of such a generating system follows from Kemer�s famous
solution of the Specht problem. It is a reasonable conjecture that the T-ideal of the identities
of M3(K) is generated by a �nite number of Eulerian identities. In [Do95/2] Domokos
exhibited three Eulerian identities of M3(K) and proved that non of them is a consequence
of the other two modulo the T-ideal generated by the other known identities of M3(K).
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1.4. EULERIAN PERMANENTAL IDENTITIES OF MATRIX ALGEBRAS

For the integers d � 2 and m � 1 we say that L is a (d;m)-integer, if it has the following
property: if u1 + u2 + � � � + us > L for the integers 1 � u1; u2; : : : ; us with 1 � s � m, then
d is a divisor of the product (u1 � 1)!(u2 � 1)! � � � (us � 1)! of factorials. We de�ne l(d;m) as
the least (d;m)-integer.

1.4.1. Proposition. Let d; d1; d2 � 2 and v;m;m1;m2 � 1 be integers. Then
(i) m1 � m2 =) l(d;m1) � l(d;m2),
(ii) d1 is a divisor of d2 =) l(d1;m) � l(d2;m),
(iii) l(lcm(d1; d2);m) = maxfl(d1;m); l(d2;m)g (here lcm(d1; d2) denotes the least common
multiple of d1 and d2)
(iv) l(dv;m) � (m+ v � 1)d,
(v) l(dv;m) = (m+ v � 1)d if d is prime and v � 1 � m.

Proof. (i), (ii) and (iii) can easily be seen.
In order to prove (iv) take the integers 1 � u1; u2; : : : ; us with 1 � s � m and

u1 + u2 + � � �+ us > (m+ v � 1)d:

Since the [u
d
]-th power of d is a divisor of u!, it is enough to show that�

u1 � 1
d

�
+

�
u2 � 1
d

�
+ � � �+

�
us � 1
d

�
� v:

The summation of the obvious inequalities�
ut � 1
d

�
� ut

d
� 1

for 1 � t � s gives the desired inequality.
In order to prove (v) take u1 = u2 = � � � = uv�1 = 2d and ut = d for v � t � m. Now
u1 + u2 + � � �+ um = (m+ v � 1)d and dv is not a divisor of

(u1 � 1)!(u2 � 1)! � � � (um � 1)! = ((2d� 1)!)v�1 ((d� 1)!)m�v+1 : �

1.4.2. Corollary. Let d � 2 and m � 1 be integers. Then

l(d;m) � maxf(m+ v1 � 1)d1; : : : ; (m+ vk � 1)dkg

and equality holds if vi � 1 � m for all 1 � i � k (here vi is the exponent of the prime di
in the prime factorization d = dv11 d

v2
2 � � � d

vk
k of d).

For an Eulerian directed graph (�; p; q) with

� = (V; E ; �; �); p; q 2 V = f1; 2; : : : ; ng and E = fe1; e2; : : : ; eNg

de�ne the corresponding Eulerian permanental (or symmetric) polynomial as

Q(�;p;q)(x1; x2; : : : ; xN) =
X

�2�(�;p;q)

x�(1)x�(2) � � �x�(N) ;
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where the sum is taken over all product corresponding to the directed Eulerian paths in �
starting at p and terminating at q.

1.4.3. Theorem. Let (�; p; q) be an Eulerian directed graph with V = f1; 2; : : : ; ng, E =
fe1; e2; : : : ; eNg. If d � 2 and m � 1 are integers and �+� (q) � l(d;m) or �+� (i) > l(d;m)
for some i 2 V n fqg, then Q(�;p;q)(x1; x2; : : : ; xN) = 0 is a polynomial identity on the full
matrix algebra Mm(C) over any unitary commutative ring C with d1C = 0.

Proof. Since Q(�;p;q) is multilinear, it is enough to prove that for any choice Ea(k);b(k),
1 � k � N of the standard matrix units we have

Q(�;p;q)(Ea(1);b(1); Ea(2);b(2); : : : ; Ea(N);b(N)) = 0

Using the sequence
�
Ea(k);b(k)

�
1�k�N we de�ne a directed graph � = (W;F ; �; �) as follows:

W =
N
[
k=1
f(�(ek); a(k)); (�(ek); b(k))g

is a subset of V � f1; : : : ;mg and

F = ff1; f2; : : : ; fNg with �(fk) = (�(ek); a(k)) and �(fk) = (�(ek); b(k)):

The multiplication rule of the standard matrix units gives that for � 2 �(�; p; q) we have

Ea(�(1));b(�(1))Ea(�(1));b(�(1)) � � �Ea(�(N));b(�(N)) =

=

�
Ea(�(1));b(�(N)) if b(�(k)) = a(�(k + 1)) for each 1 � k � N � 1
0 otherwise

:

It follows that a permutation � 2 �(�; p; q) gives a non-zero product if and only if

f�(1); f�(2); : : : ; f�(N)

is an Eulerian directed path in � starting at (p; a(�(1))) and terminating at (q; b(�(N))).
Thus

P(�;p;q)(Ea(1);b(1); Ea(2);b(2); : : : ; Ea(N);b(N)) =X
�2�(�;p;q)

Ea(�(1));b(�(1))Ea(�(1));b(�(1)) � � �Ea(�(N));b(�(N)) =

X
1�a;b�m

0@ X
�2�(�;(p;a);(q;b))

1C

1AEa;b;

where the inner sum is taken over all Eulerian directed paths of (�; (p; a); (q; b))). If the
triple (�; (p; a); (q; b))) is an Eulerian directed graph, then the application of Theorem 1.1.4
(AEB formula) gives that

j�(�;(p; a);(q; b)))j=�+�((q; b))!

24 Y
(j;t)2Wnf(q;b)g

(�+�((j; t))� 1)!

35det(G((p; a);(q; b))):
22
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If �+� (i) > l(d;m) for some i 2 V nfqg, then �+�((j; t)) � 1 for each (j; t) 2 W nf(q; b)g with
j = i and X

(j;t)2Wnf(q;b)g;j=i

�+�((j; t)) = �
+
� (i):

The de�nition of l(d;m) implies that the "sub-product"Y
(j;t)2Wnf(q;b)g;j=i

(�+�((j; t))� 1)!

in the AEB formula is divisible by d.
If �+� (q) � l(d;m), then �+�((j; t)) � 1 for each (j; t) 2 W n f(q; b)g with j = q, t 6= b and�

1 + �+�((q; b))
�
+

X
(j;t)2Wnf(q;b)g;j=q;t 6=b

�+�((j; t)) = 1 + �
+
� (q) > l(d;m):

The de�nition of l(d;m) implies that the "sub-product"

�+�((q; b))!
Y

(j;t)2Wnf(q;b)g;j=q;t 6=b

(�+�((j; t))� 1)!

in the AEB formula is divisible by d. Thus the above inner sumX
�2�(�;(p;a);(q;b))

1C

is zero in both cases. If the triple (�; (p; a); (q; b))) is not an Eulerian directed graph, then
the inner sum is also zero. �

1.4.4. Remark. The simplest Eulerian permanental polynomial is the symmetric polyno-
mial

Tk(x1; : : : ; xk) =
X

�2Sym(k)

x�(1) � � �x�(k)

arising from a one vertex directed graph with k loop edges. If C is a commutative ring of
characteristic d (i.e. d1C = 0 and d is the least natural number with this property) and
N < l(d;m), then TN = 0 is not an identity on Mm(C). This shows that our condition in
Theorem 1.4.3 is sharp in the case of the symmetric polynomial.

1.4.5. Remark. If k � 1 is an integer and �+� (q) � k or �+� (i) > k for some i 2 V n fqg,
then Domokos proved (see [Do94/2]) that Q(�;p;q) is contained in the T-ideal generated by
the symmetric polynomial Tk in C hx1; : : : ; xki over an arbitrary commutative ring C. Chang
and Zalesskii (see [Za],[Ch2]) proved that Tk = 0 is an identity on Mm(K) over a �eld K
of characteristic p if and only if k � mp. Combining the above mentioned results one can
easily derive our Theorem 1.4.3 in prime characteristic.

1.4.6. Theorem. Let (�; p; q) be an Eulerian directed graph with V = f1; 2; : : : ; ng, E =
fe1; e2; : : : ; eNg and for i 2 V take 
�(i) = maxf�+� (i);��� (i)g. If d � 2 and m � 1 are
integers such that

N � l(d;
P
i2V
minf
�(i);mg);
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then Q(�;p;q)(x1; x2; : : : ; xN) = 0 is a polynomial identity on the full matrix algebra Mm(C)
over any unitary commutative ring C with d1C = 0.

Proof. We can follow the steps of the proof of 1.4.3. Assume that (�; (p; a); (q; b))) is an
Eulerian directed graph. Notice that�

1 + �+�((q; b))
�
+

X
(j;t)2Wnf(q;b)g

�+�((j; t)) = 1 +N > l(d;
P
i2V
minf
�(i);mg);

where the number of summands on the left side is exactly jW j. The argument in the proof
of 1.3.1 gives that

jW j �
P
i2V
minf
�(i);mg:

In view of the de�nition of l(d;
P
i2V
minf
�(i);mg), we obtain that

j�(�;(p; a);(q; b)))j=�+�((q; b))!

24 Y
(j;t)2Wnf(q;b)g

(�+�((j; t))� 1)!

35det(G((p; a);(q; b))):
is divisible by d. �

1.4.7. Remark. De�ne the Eulerian directed graphs

(�0; p0 = 1; q0 = 1) and (�00; p00 = 9; q00 = 9)

as follows:
�0 = (V 0; E 0; �0; � 0); V 0 = f1; 2g and E 0 = fe01; e02; : : : ; e012g;

�0(e0k) = 1; �
0(e0k) = 2 if 1 � k � 6 and �0(e0k) = 2; � 0(e0k) = 1 if 7 � k � 12;

�00 = (V 00; E 00; �00; � 00); V 00 = f1; : : : ; 9g and E 00 = fe001; e002; : : : ; e0032g;
�00(e002k�1) = �00(e002k) = k and � 00(e002k�1) = � 00(e002k) = k + 1 if 1 � k � 7;

�00(e0015) = �00(e0016) = 8 and �
00(e0015) = � 00(e0016) = 1;

�00(e00k+16) = k and � 00(e00k+16) = 9 if 1 � k � 8;
�00(e00k+24) = 9 and �

00(e00k+24) = k if 1 � k � 8:
Now 
�0(1) = 
�0(2) = 6 and minf
�0(1); 2g + minf
�0(2); 2g = 4. Since N 0 = jE 0j = 12 =
l(8; 4), Theorem 1.4.6 gives that Q(�0;p0;q0) = 0 is an identity on M2(C), where 8 � 1C = 0. On
the other hand �+�0(1) = �+�0(2) = 6 < 8 = l(8; 2) indicates that Theorem 1.4.3 cannot be
applied on Q(�0;p0;q0).
Since

9P
i=1

minf
�00(i); 2g = 18 and N 00 = jE 00j = 32 < 40 = l(8; 18);

Theorem 1.4.6 cannot be applied on Q(�00;p00;q00). On the other hand �+�00(9) = 8 = l(8; 2) and
Theorem 1.4.3 gives that Q(�00;p00;q00) = 0 is an identity on M2(C), where 8 � 1C = 0.
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1.5. THEOREMS OF KOSTANT AND ROWEN, EULERIAN �-IDENTITIES OF
MATRIX ALGEBRAS

If � = (V; E ; �; �) is a directed graph with V = f1; 2; : : : ; ng and E = fe1; e2; : : : ; eNg, then
f(�(ek); �(ek)); (�(ek); �(ek))g has two elements if ek is not a loop edge and has one element
if ek is a loop edge. An element of the product

r =
NY
k=1

f(�(ek); �(ek)); (�(ek); �(ek))g;

is a function � : f1; : : : ; Ng �! V�V such that �(k) = (�(ek); �(ek)) or �(k) = (�(ek); �(ek)).
Let �(k)1 and �(k)2 denote the �rst and the second coordinate of �(k) in V , respectively.
A permutation � 2 Sym(N) is called an undirected covering (or Eulerian path) path of �
starting at p 2 V and terminating at q 2 V if there exists a � 2 r such that

�(�(1))1 = p; �(�(k))1 = �(�(k + 1))2; �(�(N))2 = q for each 1 � k � N � 1:

We note that if we have such a �, then it is uniquely determined by � and p. If �(k) =
(�(ek); �(ek)), then we say that the edge ek is traversed in the direction of its orientation
in the undirected covering path e�(1); e�(2); : : : ; e�(N), while in the case �(k) = (�(ek); �(ek))
we say that ek is traversed in the direction opposite to its orientation (the above de�nition
does not apply for loops). Let ��(�; p; q) denote the set of all undirected covering paths of
� from p to q: ��(�; p; q) � Sym(N). It is well known that if ��(�; p; q) 6= ?, then q is
also uniquely determined by p (and vice versa): q = p, if the number of edges adjacent to
p is even, and q is the unique vertex in V n fpg having an odd number of adjacent edges, if
the number of edges adjacent to p is odd. A function " : f1; : : : ; Ng �! f1; �g is called an
exponent for the permutation � 2 ��(�; p; q) if

"(k) =

�
1 if �(�(k)) 6= (�(e�(k)); �(e�(k)));
� if �(�(k)) 6= (�(e�(k)); �(e�(k))):

Thus the value "(k) of an exponent depends on how the edge e�(k) is traversed in the undi-
rected covering path �. Let us add that there is no restriction on the value of "(k) if e�(k) is
a loop edge. The sign and the (1)-free sign of a function " : f1; : : : ; Ng �! f1; �g is de�ned
as follows:

sgn�(") = (�1)rev(") and sgn(1)(") = (�1)(1)�rev(");
where the number of reversings and (1)-free reversings in " are

rev(") = jfk j 1 � k � N; "(k) = �gj and (1)� rev(") = jfk j 2 � k � N; "(k) = �gj ;

respectively. If ��(�; p; q) 6= ?, then the triple (�; p; q) is called a base Eulerian graph. If
� 2 ��(�; p; q) and " is an exponent for �, then (�; ") is called an admissible pair of (�; p; q).
A multilinear �-polynomial in the free associative algebra C hx1; x2; : : : ; xNi generated by
the non-commuting indeterminates x1; x2; : : : ; xN over a unitary commutative ring C is of
the form

P �(x1; x2; : : : ; xN) =
X

a(�; ")x
"(1)
�(1)x

"(2)
�(2) � � �x

"(N)
�(N);
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where a(�; ") 2 C and the summation is over all permutations � 2 Sym(N) and functions
" : f1; : : : ; Ng �! f1; �g. The Eulerian part of the above �-polynomial, associated with
(�; p; q) is de�ned as follows:

P �(�;p;q)(x1; x2; : : : ; xN) =
X
(�;")

a(�; ")x
"(1)
�(1)x

"(2)
�(2) � � �x

"(N)
�(N);

where the sum is taken over all admissible pairs (�; ") of (�; p; q). We note that P �(�;p;q) = P �

if � is a graph on one vertex with N oriented loops. Next we de�ne the standard S�N and
the semi-standard �-polynomial S(1)N by using the ordinary standard polynomial SN :

S�N(x1; x2; : : : ; xN) = SN(x1 � x�1; x2 � x�2; : : : ; xN � x�N) =X
sgn(�)sgn�(")x

"(1)
�(1)x

"(2)
�(2) � � �x

"(N)
�(N)

and
S(1)N (x1; x2; : : : ; xN) = SN(x1 + x�1; x2 � x�2; : : : ; xN � x�N) =X

sgn(�)sgn(1)(")x
"(1)
�(1)x

"(2)
�(2) � � �x

"(N)
�(N);

and here the sums are taken over all � 2 Sym(N) and " : f1; : : : ; Ng �! f1; �g. The
Eulerian part of the above �-polynomials will be denoted by S�(�;p;q) and S

(1)
(�;p;q), respectively.

If R is an algebra over C, then any involution � on R can be used to de�ne the �-transpose
of an m�m matrix U = [ua;b] 2 Mm(R) as follows: U� = [ga;b], where ga;b = u�b;a. Since this
operation is a natural extension of � from R to Mm(R) and is also an involution, we keep
the notation �.

1.5.1. Theorem. If R is a C-algebra with an involution � and P � is a multilinear �-
polynomial over C of degree N , then the following conditions are equivalent:
(i) P � = 0 is a �-identity on Mm(R) with the induced �-transposition,
(ii) P �(�;p;q) = 0 is a �-identity on R for all base Eulerian graphs (�; p; q) with N edges and
at most m vertices.

Proof. (ii)=)(i): Since P � is multilinear, it is enough to prove that the substitution
xk = rkEa(k);b(k), rk 2 R, 1 � k � N of the scalar multiples of the standard m � m
matrix units into P � gives zero. We have

P �(r1Ea(1);b(1); r2Ea(2);b(2); : : : ; rNEa(N);b(N)) =X
a(�; ")(r�(1)Ea(�(1));b(�(1)))

"(1) � � � (r�(N)Ea(�(N));b(�(N)))"(N) =X
a(�; ")r

"(1)
�(1) � � � r

"(N)
�(N)E

"(1)
a(�(1));b(�(1)) � � �E

"(N)
a(�(N));b(�(N));

where the sums are taken over all permutations � 2 Sym(N) and functions

" : f1; : : : ; Ng �! f1; �g:

We shall de�ne a directed graph in two steps. First consider the graph on the vertex set
V = f1; 2; : : : ;mg with oriented edges e1; e2; : : : ; eN such that �(ek) = a(k) and �(ek) = b(k).

26

dc_1078_15

Powered by TCPDF (www.tcpdf.org)



Now de�ne� by restricting the vertex set to [Nk=1fa(k); b(k)g. Clearly, the graph so obtained
has at most m vertices. It is readily seen that the product

E
"(1)
a(�(1));b(�(1)) � � �E

"(N)
a(�(N));b(�(N))

in Mm(R) is either zero or Ep;q for some p; q 2 V and the latter holds precisely when the
triple (�; p; q) is a base Eulerian graph with (�; ") being an admissible pair of (�; p; q). In
consequence we obtain that the (p; q) entry of

P �(r1Ea(1);b(1); r2Ea(2);b(2); : : : ; rNEa(N);b(N))

is X
a(�; ")r

"(1)
�(1) � � � r

"(N)
�(N) ;

where the sum is taken over all admissible pairs of (�; p; q). The value of the above sum is
exactly P �(�;p;q)(r1; r2; : : : ; rN) = 0, i.e. the value of the Eulerian part of P

� associated with
(�; p; q) under the substitution of the rk�s.
(i)=)(ii): Let (�; p; q) be a base Eulerian graph on the vertex set V � f1; 2; : : : ;mg with
oriented edges e1; e2; : : : ; eN . In order to evaluate P �(�;p;q)(r1; r2; : : : ; rN), consider the matrix
substitution

x1 = r1E�(e1);�(e1); x2 = r2E�(e2);�(e2); : : : ; xN = rNE�(eN );�(eN ))

into P �. The argument in the proof of (ii)=)(i) shows that we have (�; p; q) = (�; p; q) for
this substitution and P �(r1; r2; : : : ; rN) is exactly the (p; q) entry of

P �(r1E�(e1);�(e1); r2E�(e2);�(e2); : : : ; rNE�(eN );�(eN )) = 0: �

We paraphrase the following theorems of Kostant and Rowen.

1.5.2. Theorem ([Ko],[Row74]). If N � 2m�2 for some integer m � 2, then SN = 0 is
an identity on the set M�

m(C) of m�m skew symmetric matrices over a unitary commutative
ring C.

1.5.3. Theorem ([Row74]). If N � 2m � 1 and m � 2 is even or N � 2m � 2 and
m � 2 is odd, for some integer m � 2, then SN(x1; x2; : : : ; xN) = 0 is an identity for
all x1 2 M+

m(C) and xk 2 M�
m(C), 2 � k � N . Here M+

m(C) and M
�
m(C) denote the

set of symmetric and skew symmetric m�m matrices over a unitary commutative ring C,
respectively.

The construction of the new classes of Eulerian �-identities (of matrix algebras over com-
mutative rings with the transpose involution) in the following theorems is based on the
use of "blow-up" matrices in a similar way as ordinary Eulerian identities were obtained in
[Do94/1].

1.5.4. Theorem. If (�; p; q) is a base Eulerian graph with N edges and n vertices such
that N � 2nm � 2 for some integer m � 1, then S�(�;p;q) = 0 is a �-identity on the matrix
algebra Mm(C) over a unitary commutative ring C with the transpose involution.
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Proof. Put R = Mm(C) with the transpose involution in Theorem 1.5.1. Now the elements
of Mn(R) are the "blow-up" matrices. It is straightforward to see that Mn(R) �= Mnm(C) as
algebras over C and the induced involution onMn(R) will also be the ordinary transposition,
viewed in Mnm(C). Since S�N = 0 is a �-identity on Mnm(C) by Theorem 1.5.2, the (i)=)(ii)
part of Theorem 1.5.1 gives that S�(�;p;q) = 0 is a �-identity on Mm(C). �

1.5.5. Remark. Two simple examples for the application of Theorem 1.5.4 can be found
in [Sz95].

1.5.6. Theorem. If (�; p; q) is a base Eulerian graph with N edges and n vertices. Further
let m � 1 be an integer such that one of the following two conditions apply: N � 2nm � 1
and nm is even or N � 2nm � 2 and nm is odd. Then S(1)(�;p;q) = 0 is a �-identity on the
matrix algebra Mm(C) over a unitary commutative ring C with the transpose involution.

Proof. We proceed in the same way as in the proof of Theorem 1.5.4. The only di¤erence
(beyond the obvious alterations) is that here we use Theorem 1.5.3 instead of Theorem 1.5.2.
�

1.5.7. Remark. Using directed graphs in [RSz95/1] we present some identities for sym-
metric and skew symmetric matrices over a commutative ring of prime characteristic.
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2. DETERMINANT THEORY FOR MATRICES
OVER LIE NILPOTENT RINGS

2.0. Introduction
2.1. Some results on Lie nilpotent rings
2.2. The symmetric determinant and adjoint, the 3� 3 symmetric Newton formula
2.3. The right (left) adjoint sequence of a matrix and the corresponding right (left)

determinants
2.4. Characteristic polynomials and Cayley-Hamilton identities
2.5. Matrices over the Grassmann algebra
2.6. Matrix algebras de�ned by endomorphisms
2.7. Determinants and characteristic polynomials of centralizing matrices
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2.0. INTRODUCTION

Throughout Section 2 a ring R means a not necessarily commutative ring (or an algebra over
a �eld of characteristic zero) with identity and all ring endomorphisms preserve the identity.
The group of units in R is denoted by U(R) and the centre of R is denoted by Z(R). We use
the notation rad(R) for the prime (or lower nil) radical and J(R) for the Jacobson radical of
R.

Section 2.1 is built on the paper [SzW15].
We collect some known and several new results about Lie nilpotent rings. A basic example of
a Lie nilpotent matrix ring is given and a corresponding dimension conjecture (generalizing
Schur�s upper bound for the dimension of commutative matrix algebras) is formulated. We
shall make use of classical results due to Jennings (see [Je]), and in order to ease readability,
we provide short self-contained proofs of these theorems. Observations on certain products
in a Lie nilpotent ring R lead to the description of the prime radical rad(R) and to the
fact that R=rad(R) is commutative. We prove that if L is a left ideal of a Lie nilpotent R,
then L+ rad(R) is a two-sided ideal of R. As a consequence of the mentioned results, a Lie
nilpotent version of Cohen�s theorem (on the �nite generation of the ideals in a commutative
ring) is presented in [SzW15].
For an arbitrary ring R we consider its n-th Lie center Zn(R), which is a Lie nilpotent
subring of index n. If C is a commutative submonoid of the multiplicative monoid of R,
then we prove that the subring hZn(R) [Ci of R generated by the subset Zn(R) [C is also
Lie nilpotent of index n (see [SzW15]). This statement is a generalization of Lemma 2.1 in
[Sz97] and plays a crucial role in the development of our Lie nilpotent determinant theory.

Section 2.2 is built on the papers [Sz97], [Sz06] and [SzW14].
The natural symmetrization of the determinant and of the adjoint matrix lead to useful
concepts. It turns out that these constructions can serve as a starting point of a new
determinant theory for square matrices. First we prove that sdet(A) = tr(AA�) = tr(A�A),
where sdet(A) is the symmetric determinant, tr denotes the trace (the sum of the diagonal
entries) and A� is the symmetric adjoint matrix of the n � n matrix A 2 Mn(R). If R is
an algebra over a �eld of characteristic zero, then the symmetric adjoint and determinant
constructions are invariant with respect to the conjugation by an invertible matrix over the
base �eld. As a consequence, we obtain an invariant determinant theory.
For a 3 � 3 matrix A 2 M3(R) we exhibit the symmetric analogue of the Newton trace
formula for sdet(A). In consequence, the coe¢ cients of the so called symmetric characteristic
polynomial of a 3� 3 matrix also can be expressed by traces (see [SzW14]).
Our determinant theory rests on the observation that the entries of the di¤erence matrix
nAA��sdet(A)In are in the additive commutator subgroup [R;R] of R.

Section 2.3 is built on the papers [Sz97], [Sz98/2] and [SzW14].
Over an arbitrary R, the right adjoint (matrix) sequence (Pk)k�1 of a matrix A 2 Mn(R) is
de�ned by a recursion using the symmetric adjoint. The k-th right adjoint and the k-th right
determinant of A is de�ned as radj(k)(A) = nP1 � � �Pk and rdet(k)(A) = tr(AP1 � � �Pk). If R is
Lie nilpotent of index k, then the main result of our determinant theory is that Aradj(k)(A) =
rdet(k)(A)In is a scalar matrix. As a consequence, we obtain that an idempotent ideal A C R
in a Lie nilpotent R is of the form A = eR = Re for some idempotent element e 2 A.
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Section 2.4 is built on the papers [Sz97], [Sz06] and [SzW14].
The natural de�nition of the k-th right characteristic polynomial of a matrix A 2 Mn(R) is
pA;k(x) = rdet(k)(xIn � A). We prove that

pA;k(x) = �
(k)
0 + �

(k)
1 x+ � � �+ �

(k)

nk�1x
nk�1 + �

(k)

nk
xn

k

is a polynomial in R[x]of degree nk with leading coe¢ cient

�
(k)

nk
= n f(n� 1)!g1+n+n

2+���+nk�1 :

Our (right) Cayley-Hamilton identity (over an arbitrary R) with right matrix coe¢ cients is
of the form

(�
(1)
0 In + C0) + A(�

(1)
1 In + C1) + � � �+ An�1(�

(1)
n�1In + Cn�1) + An(n!In + Cn) = 0;

where tr(Ci) = 0 and each entry of Ci is in the additive commutator subgroup [R;R]. This
is a broad generalization of the classical result.
If R is Lie nilpotent of index k, then a (right) Cayley-Hamilton identity

(A)pA;k = In�
(k)
0 + A�

(k)
1 + � � �+ An

k�1�
(k)

nk�1 + An
k

�
(k)

nk
= 0

holds with right scalar coe¢ cients.

Section 2.5 is built on the papers [Sz97], [Sz98/1] and [SzW14].
Using the second right characteristic polynomial pA;2(x) of a matrix A 2 Mn(E), we prove
that Mn(E) is integral of degree 2n2 over the even component E0 of E. As a consequence,
we derive that the identity

S2n2([Y 2n2 ; Z]; : : : ; [Y; Z]) = 0

of algebraicity holds forMn(E). This is one of the few explicitly known polynomial identities
of Mn(E). The fact that pA;2(x) 2 E0[x] holds for an (n; d)-supermatrix A 2 Mn;d(E)
is a consequence of a more general result on the characteristic polynomials of centralizing
matrices. It follows that a lower degree identity

Sn2([Y n2 ; Z]; : : : ; [Y; Z]) = 0

of algebraicity holds for Mn;d(E).

Section 2.6 is built on the paper [Sz15].
The subalgebra of Mn(R) consisting of the so called (�;W )-centralizing matrices is de�ned
as

Mn(R; �;W;W
�1) = fA 2 Mn(R) j �n(A) =WAW�1g;

where � : R �! R is an ring endomorphism, �n : Mn(R) �! Mn(R) is the natural (element-
wise) extension of � and W 2 U(Mn(R)) = GLn(R) is an invertible matrix. Clearly, the
W�n(A) = WA form of the above de�ning equation can be viewed as a skew centralizing
property of A with respect to W . If W 2 Mn(Z(R)) has central entries, then tr(A) 2 Fix(�)
for all A 2 Mn(R; �;W;W

�1).
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For an n-element subgroup G = f�1; �2; : : : ; �ng � Aut(R) of automorphisms

�(r) =
nP
i=1

�i(r)Ei;i

de�nes a natural diagonal embedding � : R �! Mn(R) of rings. We prove that � is an
R �! Mn(R; �; P�; P

�1
� ) embedding, where P� is the n � n permutation matrix de�ned by

the multiplication ction of � on G. If � 2 Cen(G) is central in G, then � � � = �n � � and
we consider the skew polynomial ring R[w; �]. There is a unique homomorphic extension
�� : R[w; �] �! Mn(R[z]) of � with ��(r) = �(r) and ��(w) = P�z. We prove that

��(r0 + r1w + � � �+ rkw
k) = �(r0) + �(r1)P�z + � � �+ �(rk)P k� zk

de�nes an embedding �� : R[w; �] �! Mn(R[z]; �z; P�; P
�1
� ). This embedding can be used to

derive some polynomial identities for R[w; �] from the identities of R.

Section 2.7 is built on the papers [Sz97], [Sz98/1] and [Sz15].
If R is an algebra over a �eld K of characteristic zero and W 2 GLn(K), then we prove that
the algebra of (�;W )-centralizing matrices is closed with respect to taking the symmetric
adjoint, rdet(k)(A) 2 Fix(�) for the k-th right determinant and
pA;k(x) = rdet(k)(xIn�A) 2 Fix(�)[x] for the k-th right characteristic polynomial of a matrix
A 2 Mn(R; �;W;W

�1). If R is Lie nilpotent of index k, then a right Cayley-Hamilton identity

(A)pA;k = In�
(k)
0 + A�

(k)
1 + � � �+ An

k�1�
(k)

nk�1 + An
k

�
(k)

nk
= 0

holds for A 2 Mn(R; �;W;W
�1), where the coe¢ cients �(k)i , 0 � i � nk are in Fix(�). The

mentioned statements are broad generalizations of the results in [Sz98/1].
We use the embedding � to prove that a Lie nilpotent K-algebra R (of index k) is right
integral of degree nk over the �xed K-algebra Fix(G) of an n-element subgroup G � Aut(R)
of K-automorphisms.
After some observations on graded matrices, we use the embedding �� to prove the following.
If e 2 K is a primitive n-th root of unity, � 2 Aut(R) is an automorphism of a Lie nilpotent
K-algebra R (of index k) with �n = idR 6= �n�1, then R[w; �] is right integral over Fix(�)[wn]
of degree nk.
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2.1. SOME RESULTS ON LIE NILPOTENT RINGS

Let R be a ring, and let [x; y] = xy � yx denote the additive commutator of the elements
x; y 2 R. It is well known that (R;+; [ ; ]) is a Lie ring and the following identities hold:

[y; x] = �[x; y];

[[x; y]; z] + [[y; z]; x] + [[z; x]; y] = 0 (Jacobian identity);

[uv; x] = [u; vx] + [v; xu] = u[v; x] + [u; x]v:

The use of [x; uv] = u[x; v] + [x; u]v and [uv; x] = u[v; x] + [u; x]v gives that

[[a; by]; x] = [b[a; y] + [a; b]y; x] = [b[a; y]; x] + [[a; b]y; x] =

b[[a; y]; x] + [b; x][a; y] + [a; b][y; x] + [[a; b]; x]y:

For a sequence x1; x2; : : : ; xn of elements in R we use the notation [x1; x2; : : : ; xn]�n for the
left normed commutator (Lie-)product:

[x1]
�
1 = x1 and [x1; x2; : : : ; xn]�n = [: : : [[x1; x2]; x3]; : : : ; xn]:

Clearly, we have

[x1; x2; : : : ; xn; xn+1]
�
n+1 = [[x1; x2; : : : ; xn]

�
n; xn+1] = [[x1; x2]; x3; : : : ; xn; xn+1]

�
n:

A ring R is called Lie nilpotent of index n (or having property Ln) if

[x1; x2; : : : ; xn; xn+1]
�
n+1 = 0

is a polynomial identity on R. If R has property Ln, then [x1; x2; : : : ; xn]�n 2 Z(R) is central
for all x1; x2; : : : ; xn 2 R.

2.1.1. Example. Let k0 = 0 and 1 � k1; : : : ; kn; kn+1 � m be integers such that k1 + � � �+
kn + kn+1 = m and let K be a �eld. The pair (i; j) of integers satis�es (�) if

(�) k0 + k1 + � � �+ kt�1 < i � k0 + k1 + � � �+ kt < j � m

for some (unique) index 1 � t � n. One of the basic examples of an K-algebra satisfying Ln
is the K-subalgebra

R = Rm(k1; : : : ; kn; kn+1) = f
P
ai;jEi;j j ai;j 2 K and (i; j) satis�es (�)g

of block upper triangular m � m matrices of the full matrix algebra Mm(K), where Ei;j
is the standard matrix unit with 1 in the (i; j) position. Clearly, the ordinary nilpotency
Rn+1 = f0g 6= Rn implies Ln, and the addition of the center (scalar matrices) yields a unitary
subring R +KIm of Mm(K) also with Ln. The K-dimension of R +KIm is

dimK(R +KIm) = 1 +
1

2
(m2 � k21 � � � � � k2n � k2n+1):
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2.1.2. Conjecture. If S is a (unitary) K-subalgebra of Mm(K) with Ln and n + 1 � m,
then

dimK(S) � 1 +
1

2
(m2 � k21 � � � � � k2n � k2n+1)

for some integers 1 � k1; : : : ; kn; kn+1 � m with k1 + � � �+ kn + kn+1 = m.

For n = 1 our conjecture becomes a classical theorem of Schur about the maximal dimension
of a commutative subalgebra of Mm(K).
We call a ring R Lie nilpotent if it is Lie nilpotent of index n for some n � 1 (see, for
example, [D], [DF],[Je] and [Row80, Row88]). Notice that M2(K) is not Lie nilpotent, i.e. it
does not satisfy Ln for any n � 1.

2.1.3. Proposition. If R is a ring with L2 and a; b; c; a0; a1; : : : ; ak 2 R, then we have the
following.
1. [a; b][a; c] = 0.
2. If ab = 0, then bxbya = 0 for all x; y 2 R (i.e. bRbRa = f0g).
3. If a0a1 � � � ak = 0, then

a1x1a1y1a2x2a2y2 � � � akxkakyka0 = 0

for all xi; yi 2 R, 1 � i � k.

Proof.
(1): Take x = c and y = a in

[[a; by]; x] = b[[a; y]; x] + [b; x][a; y] + [a; b][y; x] + [[a; b]; x]y:

(2): ab = 0 and the L2 property of R imply that bya = [by; a] is central, whence

bxbya = (bya)bx = 0

follows.
(3): In order to see the validity of the implication for k = 1, take a = a0 and b = a1 in
part (2). In the next step of the induction we assume that our statement holds for some
k � 1 and consider the product a0a1 � � � akak+1 = 0 in R. Using the induction hypothesis for
(a0a1)a2 � � � akak+1 = 0, we obtain that

a2x2a2y2a3 � � � akxkakykak+1xk+1ak+1yk+1(a0a1) = 0

for all xi; yi 2 R, 2 � i � k + 1. Now the choice of

a = a2x2a2y2a3 � � � akxkakykak+1xk+1ak+1yk+1a0 and b = a1

in part (2) gives that

0 = bx1by1a = a1x1a1y1a2x2a2y2a3 � � � akxkakykak+1xk+1ak+1yk+1a0

for all xi; yi 2 R, 1 � i � k + 1. It follows that our statement is valid for k + 1. �
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In order to provide a self contained treatment we include the proofs of Theorems 2.1.4 and
2.1.6 due to Jennings.

2.1.4. Theorem ([Je]). Let n � 3 be an integer and R be a ring with Ln. Then

[x1; x2; : : : ; xn]
�
n � [y1; y2; : : : ; yn]�n = 0

for all xi; yi 2 R, 1 � i � n. Thus the two sided ideal

N=Rf[x1; x2; : : : ; xn]�n jxi 2 R; 1 � i � ng=f[x1; x2; : : : ; xn]�n jxi 2 R; 1 � i � ngR

generated by the (central) elements [x1; x2; : : : ; xn]�n is nilpotent with N
2 = f0g.

Proof. Take

x = [x1; x2; : : : ; xn�2]
�
n�2; y = xn�1 and z = [y1; y2; : : : ; yn�1]�n�1

in the Jacobi identity
[[x; y]; z] + [[y; z]; x] + [[z; x]; y] = 0:

Since

[[y; z]; x]=�[[z; y]; x]=�[[[y1; y2; : : : ; yn�1]�n�1; y]; x]=�[y1; y2; : : : ; yn�1; y; x]�n+1=0

and
[[z; x]; y] = [[[y1; y2; : : : ; yn�1]

�
n�1; x]; y] = [y1; y2; : : : ; yn�1; x; y]

�
n+1 = 0

are consequences of the Ln property, we obtain that

0 = [[x; y]; z] = [[[x1; x2; : : : ; xn�2]
�
n�2; xn�1]; [y1; y2; : : : ; yn�1]

�
n�1] =

[[x1; x2; : : : ; xn�1]
�
n�1; [y1; y2; : : : ; yn�1]

�
n�1]:

Now take

a = [y1; y2; : : : ; yn�1]
�
n�1; b = [x1; x2; : : : ; xn�1]

�
n�1; x = xn and y = yn

in
[[a; by]; x] = b[[a; y]; x] + [b; x][a; y] + [a; b][y; x] + [[a; b]; x]y:

Since

[[a; by]; x] = [[[y1; y2; : : : ; yn�1]
�
n�1; by]; x] = [y1; y2; : : : ; yn�1; by; x]

�
n+1 = 0;

[[a; y]; x] = [[[y1; y2; : : : ; yn�1]
�
n�1; y]; x] = [y1; y2; : : : ; yn�1; y; x]

�
n+1 = 0;

[[a; b]; x] = [[[y1; y2; : : : ; yn�1]
�
n�1; b]; x] = [y1; y2; : : : ; yn�1; b; x]

�
n+1 = 0

are consequences of the Ln property and

[a; b] = [[y1; y2; : : : ; yn�1]
�
n�1; [x1; x2; : : : ; xn�1]

�
n�1] = 0;

we obtain that

0=[b; x][a; y]=[[x1;x2;: : :;xn�1]
�
n�1;xn][[y1;y2;: : :;yn�1]

�
n�1;yn]=[x1;x2;: : :;xn]

�
n[y1;y2;: : :;yn]

�
n:�
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2.1.5. Remark. The m-generated (m � 4) Grassmann algebra

E(m) = K hv1; : : : ; vm j vivj + vjvi = 0 for all 1 � i � j � mi

over a �eld K (with 4 6= 0) has property L2 and

[v1; v2]
�
2 � [v3; v4]�2 = [v1; v2] � [v3; v4] = 4v1v2v3v4 6= 0

shows that Theorem 2.1.4 is not valid for n = 2. The fact that a occurs twice in [a; b][a; c] is
essential in part (1) of Proposition 2.1.3.

2.1.6. Corollary ([Je]). If R is a ring with Ln (n � 2), then we have the following.
1. The ideal

I(2) = R[R;R]R = f
P

1�i�tri[ai; bi]si j ri; ai; bi; si 2 R; 1 � i � tg C R

is nil.
2. The ideal

I(3) = R[[R;R]; R]R = f
P

1�i�tri[[ai; bi]; ci]si j ri; ai; bi; ci; si 2 R; 1 � i � tg C R

is nilpotent of index 2n�2.

Proof. In both cases we use the ideal N C R generated by the (central) elements
[x1; x2; : : : ; xn]

�
n and apply an induction with respect to n.

(1): If n = 2, then part (1) of Proposition 2.1.3 gives that [ai; bi]2 = 0 for each 1 � i � t.
Thus �P

1�i�tri[ai; bi]si
�t+1

= 0

follows from the centrality of the [ai; bi]�s. Now assume that (1) is valid in any ring with
Ln�1 (for some n � 3) and consider an elementP

1�i�tri[ai; bi]si 2 R[R;R]R

in a ring R with Ln. Since the factor ring R = R=N satis�es Ln�1, the induction hypothesis
gives that for some k � 1 we have�P

1�i�tri[ai; bi]si
�k
= 0

in R. Since N2 = f0g by Theorem 2.1.4, we have�P
1�i�tri[ai; bi]si

�2k
= 0

in R.
(2): If n = 2, then R[[R;R]; R]R = f0g. Now assume that (2) is valid in any ring with Ln�1
(n � 3) and consider a sequence of elements [[ai; bi]; ci], 1 � i � q = 2n�2 in R[[R;R]; R]R,
where R is a ring with Ln. Since the factor ring R = R=N satis�es Ln�1, the induction
hypothesis gives that for p = 2n�3

[[a1; b1]; c1]R[[a2; b2]; c2]R � � �R[[ap; bp]; cp] = f0g
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holds in R. Thus
[[a1; b1]; c1]R[[a2; b2]; c2]R � � �R[[ap; bp]; cp] � N

and similarly

[[ap+1; bp+1]; cp+1]R[[ap+2; bp+2]; cp+2]R � � �R[[ap+p; bp+p]; cp+p] � N

for all ai; bi; ci 2 R, 1 � i � 2p = q. It follows that

[[a1; b1]; c1]R � � �R[[ap; bp]; cp]R[[ap+1; bp+1]; cp+1]R � � �R[[ap+p; bp+p]; cp+p] � N2:

In view of Theorem 2.1.4, we obtain that

(R[[R;R]; R]R)q � N2 = f0g: �

2.1.7. Theorem. Let n � 2 be an integer and R be a ring with Ln. If a; b 2 R, ab = 0
and q = q(n) = 2n�2, then bna = ban = 0 and

bx1by1az1bx2by2az2 � � � zq�1bxqbyqa = 0, i.e. bRbRa| {z }
1:

RbRbRa| {z }
2:

R : : : RbRbRa| {z }
q:

= f0g

for all xi; yi; zi 2 R, 1 � i � q ( zq = 1).

Proof. bna = 0 is the consequence of [a; b; : : : ; b; b]�n+1 = 0 and ba
n = 0 is a consequence of

[b; a; : : : ; a; a]�n+1 = 0.
If n = 2, then q(2) = 1 and part (2) of Proposition 2.1.3 gives the result. Now assume (by
induction) that our statement is valid in any ring with Ln�1 (for some n � 3) and consider
the elements a; b 2 R with ab = 0 in a ring R with Ln. In view of Theorem 2.1.4, we have
N2 = f0g for the ideal N C R generated by the (central) elements [x1; x2; : : : ; xn]�n. Since
the factor ring R=N satis�es Ln�1, the induction hypothesis gives that

(b+N)(x1 +N)(b+N)(y1 +N)(a+N)(z1 +N) � � �

� � � (zq(n�1)�1 +N)(b+N)(xq(n�1) +N)(b+N)(yq(n�1) +N)(a+N) = 0 +N

in R=N . Thus
bx1by1az1 � � � zq(n�1)�1bxq(n�1)byq(n�1)a 2 N

and similarly

bxq(n�1)+1byq(n�1)+1azq(n�1)+1� � �zq(n�1)+q(n�1)�1bxq(n�1)+q(n�1)byq(n�1)+q(n�1)a2N

for all xi; yi 2 R, 1 � i � 2q(n � 1) and zi 2 R, 1 � i � 2q(n � 1) � 1, i 6= q(n � 1). Now
for any zq(n�1) 2 R we have

(bx1by1az1� � �zq(n�1)�1bxq(n�1)byq(n�1)a)zq(n�1)(bxq(n�1)+1byq(n�1)+1azq(n�1)+1� � �

� � � zq(n�1)+q(n�1)�1bxq(n�1)+q(n�1)byq(n�1)+q(n�1)a) 2 N2

and 2q(n� 1) = q(n) proves that the statement is valid in R. �
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2.1.8. Theorem. Let R be a ring with Ln (n � 2) and a; b 2 R.
1. If P C R is a prime ideal and ab 2 P , then a 2 P or b 2 P . In other words: all prime
ideals of R are completely prime.
2. The prime radical of R is the set of all nilpotent elements:

rad(R) = fu 2 R j uk = 0 for some k � 1g:

3. The factor ring R=rad(R) is commutative.
4. If L �l R is a left ideal of R, then L + rad(R) C R is a two sided ideal of R. In
particular, all left ideals containing rad(R) are two sided ideals.

Proof.
(1): The factor ring S = R=P is a prime ring with Ln and ab 2 P implies that

ab = (a+ P )(b+ P ) = 0

in S. The application of Theorem 2.1.7 gives that

bSbSa| {z }
1:

SbSbSa| {z }
2:

S : : : SbSbSa| {z }
q:

= f0g;

where q = q(n) = 2n�2. Since S is prime, we deduce that a = 0 or b = 0. Thus we have
a 2 P or b 2 P .
(2): Let P C R be an arbitrary prime ideal of R and u 2 R a nilpotent element with uk = 0.
Now the iterated application of part (1) gives that u 2 P and

fu 2 R j uk = 0 for some k � 1g � rad(R).

The reverse containment holds in any ring.
(3): Part (1) of Corollary 2.1.6 gives that [x; y] 2 R[R;R]R is nilpotent, whence [x; y] 2
rad(R) follows by part (2).
(4) Since the sum of left ideals is a left ideal, we only have to show that (x+u)r 2 L+rad(R)
for all x 2 L, u 2 rad(R) and r 2 R. We have

(x+ u)r = rx+ [x; r] + ur;

where rx 2 L, ur 2 rad(R) and the nilpotency of [x; r] gives that [x; r] 2 rad(R). �

2.1.9. Remark. If R is a simple (unitary) Lie nilpotent ring, then the two sided ideal
rad(R) is zero and the commutativity of R �= R=rad(R) implies that R is a �eld.

Let R be an arbitrary ring with 1, the n-th Lie center of R is de�ned as

Zn(R) = fr 2 R j [r; x1; : : : ; xn]�n+1 = 0 for all xi 2 R, 1 � i � ng:

The fact that Zn(R) is a (unitary) subring of R is a consequence of [rs; x] = [r; sx] + [s; xr]
and

Z(R) = Z1(R) � Z2(R) � � � � � Zn(R) � Zn+1(R) � � � �
follows from

[r; x1; : : : ; xn; xn+1]
�
n+2 = [[r; x1; : : : ; xn]

�
n+1; xn+1]:
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Since
[[r; s]; x1; : : : ; xn]

�
n+1 = [[r; s; x1; : : : xn�1]

�
n+1; xn];

r 2 Zn(R) implies that [r; s] 2 Zn(R) for all s 2 R, so that Zn(R) is a Lie ideal.
The ring Zn(R) obviously has the Ln property, a much stronger statement is the following.

2.1.10. Theorem. Let n � 1 be an integer and C � R a commutative submonoid of the
multiplicative monoid of R. Then the subring S = hZn(R)[Ci of R generated by the subset
Zn(R) [ C � R also has the Ln property, i.e.

[x1; x2; : : : ; xn; xn+1]
�
n+1 = 0

is a polynomial identity on S.

Proof. In any Lie ring [x1; : : : ; xk; r]�k+1 can be written as a sum of 2k�1 elements of the
form �[r; x�(1); : : : ; x�(k)]�k+1, where � is some permutation of f1; 2; : : : ; kg. We proceed by
induction. If k = 1 then [x1; r]�2 = [x1; r] = �[r; x1]. Assume now that the claim holds for an
integer k � 1. Using [v; u] = �[u; v] and the Jacobi identity, we obtain that

[x1; : : : ; xk; xk+1; r]
�
k+2 = [[[x1; : : : ; xk]

�
k; xk+1]; r] =

[[[x1; : : : ; xk]
�
k; r]; xk+1]� [[x1; : : : ; xk]�k; [r; xk+1]]�k+2:

On applying the induction hypothesis to

[[x1; : : : ; xk]
�
k; r] = [x1; : : : ; xk; r]

�
k+1

and to
[[x1; : : : ; xk]

�
k; r

0] = [x1; : : : ; xk; r
0]�k+1

with r0 = [r; xk+1], we get the desired sum presentation of

[x1; : : : ; xk; xk+1; r]
�
k+2:

It follows that [x1; : : : ; xk; r; xk+1; : : : ; xn]�n+1 can be written as a sum of some

�[r; x�(1); : : : ; x�(k); xk+1; : : : ; xn]�n+1:

Thus r 2 Zn(R) implies that [x1; : : : ; xk; r; xk+1; : : : ; xn]�n+1 = 0 for all xi 2 R, 1 � i � n.
Since cr = rc � [r; c] and [r; c] 2 Zn(R) for all r 2 Zn(R) and c 2 C, we deduce that any
element of the subring S = hZn(R) [ Ci can be written as

r1c1 + � � �+ rtct

with r1; : : : ; rt 2 Zn(R) and c1; : : : ; ct 2 C (notice that 1 2 Zn(R) \ C).
In order to check that [x1; x2; : : : ; xn; xn+1]�n+1 = 0 is a polynomial identity on S, it is enough
to consider substitutions of the form

x1 = r1c1; : : : ; xn = rncn; xn+1 = rn+1cn+1

with ri 2 Zn(R) and ci 2 C (1 � i � n+ 1).
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If 1 � k � n, then we claim that

[r1c1; : : : ; rncn; rn+1cn+1]
�
n+1 =

rn+1[rn[rn�1[: : : rk+2[rk+1[[r1c1; : : : ; rkck]
�
k; ck+1]; : : :]; cn]; cn+1]

holds for any choice of the elements ri 2 Zn(R) and ci 2 C (1 � i � n+ 1).
Clearly, rn+1 2 Zn(R) implies that

[r1c1; : : : ; rncn; rn+1cn+1]
�
n+1 = [[r1c1; : : : ; rncn]

�
n; rn+1cn+1] =

rn+1[[r1c1;: : :; rncn]
�
n;cn+1]+[[r1c1;: : :; rncn]

�
n;rn+1]cn+1=rn+1[[r1c1;: : :; rncn]

�
n;cn+1]

proving our claim for k = n.
In view of the commutativity of C we have [xc; c0] = [x; c0]c for all x 2 R and c; c0 2 C,
whence

rn+1[rn[: : :[rk+1[xck; ck+1];: : :]; cn]; cn+1]=rn+1[rn[: : :[rk+1[x; ck+1];: : :]; cn]; cn+1]ck

follows. Now assume that our claim holds for some 2 � k � n, then we obtain that

[r1c1; : : : ; rncn; rn+1cn+1]
�
n+1 =

rn+1[rn[: : : [rk+1[[r1c1; : : : ; rkck]
�
k; ck+1]; : : :]; cn]; cn+1] =

rn+1[rn[: : : [rk+1[[[r1c1; : : : ; rk�1ck�1]
�
k�1; rkck]; ck+1]; : : :]; cn]; cn+1] =

rn+1[rn[: : : [rk+1[rk[[r1c1; : : : ; rk�1ck�1]
�
k�1; ck]; ck+1]; : : :]; cn]; cn+1]+

rn+1[rn[: : : [rk+1[[[r1c1; : : : ; rk�1ck�1]
�
k�1; rk]ck; ck+1]; : : :]; cn]; cn+1] =

rn+1[rn[: : : [rk+1[rk[[r1c1; : : : ; rk�1ck�1]
�
k�1; ck]; ck+1]; : : :]; cn]; cn+1]+

rn+1[rn[: : : [rk+1[[[r1c1; : : : ; rk�1ck�1]
�
k�1; rk]ck; ck+1]; : : :]; cn]; cn+1] =

rn+1[rn[: : : [rk+1[rk[[r1c1; : : : ; rk�1ck�1]
�
k�1; ck]; ck+1]; : : :]; cn]; cn+1]+

rn+1[rn[: : : [rk+1[[[r1c1; : : : ; rk�1ck�1]
�
k�1; rk]; ck+1]; : : :]; cn]; cn+1]ck

for all ri 2 Zn(R) and ci 2 C (1 � i � n + 1). Since rk 2 Zn(R), the substitution of
ck = 1 2 C in the above identity gives that

0 = [r1c1; : : : ; rk�1ck�1; rk; rk+1ck+1; : : : ; rn+1cn+1]
�
n+1 =

rn+1[rn[: : : [rk+1[rk[[r1c1; : : : ; rk�1ck�1]
�
k�1; 1]; ck+1]; : : :]; cn]; cn+1]+

rn+1[rn[: : : [rk+1[[[r1c1; : : : ; rk�1ck�1]
�
k�1; rk]; ck+1]; : : :]; cn]; cn+1] =

rn+1[rn[: : : [rk+1[[[r1c1; : : : ; rk�1ck�1]
�
k�1; rk]; ck+1]; : : :]; cn]; cn+1];

whence
[r1c1; : : : ; rncn; rn+1cn+1]

�
n+1 =

rn+1[rn[: : : [rk+1[rk[[r1c1; : : : ; rk�1ck�1]
�
k�1; ck]; ck+1]; : : :]; cn]; cn+1]

follows. Thus the validity of our claim inherits from k to k � 1.
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For k = 1 the above claim gives that

[r1c1; : : : ; rncn; rn+1cn+1]
�
n+1 = rn+1[rn[: : : [r2[r1c1; c2]; : : :]; cn]; cn+1]

for all ri 2 Zn(R) and ci 2 C (1 � i � n + 1). Take c1 = 1 2 C in the above identity and
use r1 2 Zn(R) to derive

0 = [r1; r2c2; : : : ; rncn; rn+1cn+1]
�
n+1 = rn+1[rn[: : : [r2[r1; c2]; : : :]; cn]; cn+1];

whence

[r1c1; : : : ; rncn; rn+1cn+1]
�
n+1 = rn+1[rn[: : : [r2[r1c1; c2]; : : :]; cn]; cn+1] =

rn+1[rn[: : : [r2[r1; c2]; : : :]; cn]; cn+1]c1 = 0

follows. �

2.1.11. Remark. Consider the elements r = E2;3 and y1 = E3;4, y2 = E1;2 in the K-
subalgebra R = KI4 + R4(1; 1; 1; 1) of M4(K) (see Example 2.1.1). For x1; x2 2 R we have
�; �; 
 2 K such that [x1; x2] = �E1;3 + �E1;4 + 
E2;4. Thus

[[x1; x2]; r] = 0 for all x1; x2 2 R and [[r; y1]; y2] = �E1;4 6= 0

show that the implication

[[x1; x2]; r] = 0 for all x1; x2 2 R =) r 2 Z2(R)

(the converse of the implication mentioned in the proof of 2.1.10) is not valid.
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2.2. THE SYMMETRIC DETERMINANT AND ADJOINT,
THE 3� 3 SYMMETRIC NEWTON FORMULA

Let R be an arbitrary (possibly non-commutative) ring or algebra R with 1 and

Sn = Sym(f1; : : : ; ng)

denote the symmetric group of all permutations of the set f1; 2; : : : ; ng. If A = [ai;j] is an
n� n matrix over R, then the element

sdet(A) =
X
�;�2Sn

sgn(�)a�(1);�(�(1)) � � � a�(t);�(�(t)) � � � a�(n);�(�(n))

=
X
�;�2Sn

sgn(�)sgn(�)a�(1);�(1) � � � a�(t);�(t) � � � a�(n);�(n)

of R is called the symmetric determinant of A. If R is commutative, then

sdet(A) = n! det(A):

The (r; s)-entry of the symmetric adjoint matrix A� = [a�r;s] of A is de�ned as follows:

a�r;s =
X
�;�

sgn(�)a�(1);�(�(1)) � � � a�(s�1);�(�(s�1))a�(s+1);�(�(s+1)) � � � a�(n);�(�(n))

=
X
�;�

sgn(�)sgn(�)a�(1);�(1) � � � a�(s�1);�(s�1)a�(s+1);�(s+1) � � � a�(n);�(n) ;

where the �rst sum is taken over all �; � 2 Sn with �(s) = s and �(s) = r, while the second
sum is taken over all �; � 2 Sn with �(s) = s and �(s) = r. We note that the (r; s) entry of
A� is exactly the signed symmetric determinant (�1)r+ssdet(As;r) of the (n � 1) � (n � 1)
minor As;r of A arising from the deletion of the s-th row and the r-th column of A. If R is
commutative, then A� = (n� 1)!adj(A), where adj(A) denotes the ordinary adjoint of A.

If the base ring R is commutative, then tr(AB) = tr(BA) for all A;B 2 Mn(R). In spite
of the fact that this well known trace identity is no longer valid for matrices over a non-
commutative ring, we have the following.

2.2.1. Theorem. The traces of the product matrices A�A and AA� are both equal to the
symmetric determinant of A:

tr(AA�) = sdet(A) = tr(A�A):

Proof. We prove that tr(AA�) = sdet(A). (The proof of sdet(A) = tr(A�A) is similar.) The
trace of a matrix is the sum of the diagonal entries, hence

tr(A�A) =
X

1�r;s�n
a�r;sas;r

=
X

(�;�;s)2�n

sgn(�)sgn(�)a�(1);�(1) � � � a�(s�1);�(s�1)a�(s+1);�(s+1) � � � a�(n);�(n)a�(s);�(s)
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=
X

�0;�02Sn

sgn(�0)sgn(�0)a�0(1);�0(1) � � � a�0(t);�0(t) � � � a�0(n);�0(n) = sdet(A);

where �n = f(�; �; s) j �; � 2 Sn; 1 � s � n; �(s) = sg and the map
(�; �; s) 7�! (�0; �0) with

�0 =

�
1 : : : s� 1 s : : : n� 1 n

�(1) : : : �(s� 1) �(s+ 1) : : : �(n) s

�
and

�0 =

�
1 : : : s� 1 s : : : n� 1 n

�(1) : : : �(s� 1) �(s+ 1) : : : �(n) �(s)

�
is a �n �! Sn � Sn bijection. Since

sgn(�0) = (�1)n�ssgn(�) ; sgn(�0) = (�1)n�ssgn(�)

and
a�(1);�(1) � � � a�(s�1);�(s�1)a�(s+1);�(s+1) � � � a�(n);�(n)a�(s);�(s)

= a�0(1);�0(1) � � � a�0(t);�0(t) � � � a�0(n);�0(n) ;
the proof is complete. �

If the base ring R is commutative, then the well known Newton trace formulae for 2� 2 and
3� 3 matrices are the following:

2 det(A) = tr2(A)� tr(A2);

6 det(A) = tr3(A)� 3tr(A)tr(A2) + 2tr(A3):

2.2.2. Proposition. If A 2 M2(R), then the symmetric analogue

sdet(A) = tr2(A)� tr(A2)

of the classical 2� 2 Newton formula holds.

Proof. Using

A =

�
a b
c d

�
and A2 =

�
a2 + bc ab+ bd
ca+ dc cb+ d2

�
;

we obtain that

tr2(A)� tr(A2) = (a+ d)2 � (a2 + bc+ cb+ d2) = ad+ da� bc� cb = sdet(A): �

2.2.3. Theorem. If A 2 M3(R), then the following symmetric analogue of the classical
3� 3 Newton formula holds:

sdet(A) = tr3(A)� tr(A) � tr(A2)� tr(A � tr(A) � A)� tr(A2) � tr(A) + tr(A3) + tr
�
(A>)3

�
;

where A> denotes the transpose of A. Notice that

sdet(A)=6 det(A), tr(A)tr(A2)=tr(A � tr(A) � A)=tr(A2) � tr(A), tr
�
(A>)3

�
=tr(A3)
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in case of a commutative R.

Proof. Using

A =

24 a b c
d e f
g h p

35 ; A> =
24 a d g
b e h
c f p

35
A2 =

24 a2 + bd+ cg ab+ be+ ch ac+ bf + cp
da+ ed+ fg db+ e2 + fh dc+ ef + fp
ga+ hd+ pg gb+ he+ ph gc+ hf + p2

35
and

A3 =

24 a2 + bd+ cg ab+ be+ ch ac+ bf + cp
da+ ed+ fg db+ e2 + fh dc+ ef + fp
ga+ hd+ pg gb+ he+ ph gc+ hf + p2

35 �
24 a b c
d e f
g h p

35 ;
we obtain that

tr(A2) = a2 + bd+ cg + db+ e2 + fh+ gc+ hf + p2

and
tr(A3) = (a2 + bd+ cg)a+ (ab+ be+ ch)d+ (ac+ bf + cp)g

+(da+ ed+ fg)b+ (db+ e2 + fh)e+ (dc+ ef + fp)h

+(ga+ hd+ pg)c+ (gb+ he+ ph)f + (gc+ hf + p2)p:

We obtain a similar expression for tr((A>)3). Then the proof can be completed by direct
computation. �

2.2.4. Remark. For a non-commutative ring R, the identity tr
�
(A>)2

�
= tr(A2) holds for

any A 2 Mn(R), but tr
�
(A>)3

�
= tr(A3) is not valid even in the 2� 2 case.

2.2.5. Proposition. If A 2 Mn(R) and T 2 GLn(Z(R)) is an invertible matrix with
entries in the centre Z(R) of R, then tr(T�1AT ) = tr(A).

Proof. Straightforward computation. �

The next theorem of Domokos is of fundamental importance.

2.2.6. Theorem ([Do98]]). Let R be an algebra over a �eld K of characteristic zero. If
A 2 Mn(R) and T 2 GLn(K), then (T�1AT )� = T�1A�T .

2.2.7. Theorem. For a matrix A 2 Mn(R) we have

nAA� = tr(AA�)In + C = sdet(A)In + C

and
nA�A = tr(A�A)In +D = sdet(A)In +D,

where In 2 Mn(R) is the identity matrix, tr(C) = tr(D) = 0 and all entries of the matrices
C and D are in the additive commutator subgroup [R;R] of R generated by all elements of
the form [u; v] = uv � vu with u; v 2 R.
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Proof. First observe that

tr(C) = tr(nAA� � tr(AA�)In) = ntr(AA�)� ntr(AA�) = 0:

If we take A = [ai;j] and AA� = [bi;j], then the (i; i)-entry of C = nAA� � tr(AA�)In is

(bi;i � b1;1) + (bi;i � b2;2) + � � �+ (bi;i � bn;n) =

(bi;i � b1;1) + ((bi;i � b1;1)� (b2;2 � b1;1)) + � � �+ ((bi;i � b1;1)� (bn;n � b1;1)) :

In view of the above calculation, it is enough to prove that each bi;j with i 6= j and each
bi;i � b1;1 is a sum of commutators. Now

bi;j =
nP
r=1

ai;ra
�
r;j =

P
(�;�)2I(j)

sgn(�)ai;�(j)a(j; �; �);

where
a(j; �; �) = a�(1);�(�(1)) � � � a�(j�1);�(�(j�1))a�(j+1);�(�(j+1)) � � � a�(n);�(�(n))

and I(j) denotes the set of all ordered pairs (�; �) with

� 2 Sym(f1; : : : ; j � 1; j + 1; : : : ; ng) and � 2 Sym(f1; : : : ; ng):

For i 6= j de�ne a function �i;j : I(j) �! I(j) as follows:

�i;j ((�; �)) = (�
0; �0);

where

(� 0(1); : : : ; � 0(j�1); � 0(j+1); : : : ; � 0(n))=(�(k+1); : : : ; �(n); �(k); �(1); : : : ; �(k�1))

as ordered (n� 1)-tuples with k = ��1(i) and

�0(t) =

8<:
�(t) if t =2 fi; jg
�(i) if t = j
�(j) if t = i

:

Clearly, sgn(�0) = �sgn(�), moreover we have the following (C*):

sgn(�)ai;�(j)a(j; �; �) + sgn(�
0)ai;�0(j)a(j; �

0; �0) =

sgn(�)
�
ai;�(j)a�(1);�(�(1)) � � � a�(k�1);�(�(k�1)); a�(k);�(�(k)) � � � a�(n);�(�(n))

�
(C*):

A straightforward reasoning shows that

�i;j (�i;j ((�; �))) = (�; �)

for all (�; �) 2 I(j). Thus �i;j is a permutation of I(j) and I(j) is a union of pairwise
disjoint two element cycles of �i;j. It follows that bi;j is a sum of commutators of the form
(C*).
For i � 2 we have

bi;i � b1;1 =
P

(�;�)2I(i)
sgn(�)ai;�(i)a(i; �; �)�

P
(";�)2I(1)

sgn(�)a1;�(1)a(1; "; �):
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De�ne the functions �i : I(i) �! I(1) and 	i : I(1) �! I(i) as follows:

�i ((�; �)) = ("� ; �);

where
("� (2); : : : ; "� (n)) = (�(k + 1); : : : ; �(n); i; �(1); : : : ; �(k � 1))

as ordered (n� 1)-tuples with k = ��1(1),

	i (("; �)) = (�"; �);

where

(�"(1); : : : ; �"(i� 1); �"(i+ 1); : : : ; �"(n)) = ("(l + 1); : : : ; "(n); 1; "(2); : : : ; "(l � 1))

as ordered (n�1)-tuples with l = "�1(i). It is easy to see that �i and 	i are mutual inverses
of each other. Since we have (C**):

sgn(�)ai;�(i)a(i; �; �)� sgn(�)a1;�(1)a(1; "� ; �) =

sgn(�)
�
ai;�(i)a�(1);�(�(1)) � � � a�(k�1);�(�(k�1)); a�(k);�(�(k)) � � � a�(n);�(�(n))

�
(C**);

bi;i � b1;1 is a sum of commutators of the form (C**). The case of D similar. �

2.2.8. Remark. The proof of Theorem 2.2.7 yields that each entry of C and D is a sum of
commutators of the form �[a0; a00], where a0 and a00 are products of certain entries of A.
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2.3. THE RIGHT (LEFT) ADJOINT SEQUENCE OF A MATRIX AND THE
CORRESPONDING RIGHT (LEFT) DETERMINANTS

The right adjoint sequence (Pk)k�1 of a matrix A 2 Mn(R) is de�ned by the recursion:
P1 = A� and Pk+1 = (AP1 � � �Pk)� for k � 1. It is easy to see that for any i � 1, the right
adjoint sequence of the matrix AP1 � � �Pi is (Pk)k�i+1. The k-th right adjoint of A is de�ned
as

radj(k)(A) = nP1 � � �Pk:
Originally the k-th right determinant was de�ned as the top left entry of the product matrix
AP1 � � �Pk. The above de�nitions were introduced in [Sz97]. Since the top left entry is not
invariant with respect to the conjugate action of GLn(K) on Mn(R), a more appropriate
(and invariant) de�nition for the k-th right determinant is the trace of AP1 � � �Pk (see [Do]):

rdet(k)(A) = tr(AP1 � � �Pk):

The left adjoint sequence (Qk)k�1 of A can be de�ned analogously: Q1 = A� and Qk+1 =
(Qk � � �Q1A)� for k � 1. The k-th left adjoint and the k-th left determinant of are de�ned
as

ladj(k)(A) = nQk � � �Q1 and ldet(k)(A) = tr(Qk � � �Q1A):
In view of Theorem 2.2.1 we have

rdet(1)(A) = tr(AA
�) = sdet(A) = tr(A�A) = ldet(1)(A):

In the rest of Section 2 we restrict our consideration to right determinants, all of our state-
ments have analogous left versions.
The observation on the right adjoint sequence (Pk)k�1 immediately gives that for i; j � 1 we
have

n � radj(i+j)(A) = radj(i)(A)radj(j)(AP1 � � �Pi) and rdet(i+j)(A) = rdet(j)(AP1 � � �Pi):

If R is commutative, then

AP1 = AA� = (n� 1)!Aadj(A) = (n� 1)! det(A)In.

Using rdet(k+1)(A) = rdet(k)(AP1) and the commutativity of R, a straightforward induction
gives that

rdet(k)(A) = n f(n� 1)!g1+n+n
2+���+nk�1 fdet(A)gn

k�1
:

An immediate consequence of 2.2.5 and 2.2.6 is the following.

2.3.1. Theorem ([Do98]). Let R be an algebra over a �eld K of characteristic zero. If
A 2 Mn(R) and T 2 GLn(K), then

radj(k)(T
�1AT ) = T�1radj(k)(A)T and rdet(k)(T

�1AT ) = rdet(k)(A):

Using sophisticated calculations, for a 2�2 matrix A over the Grassmann algebra, Domokos
obtained a Newton formula for rdet(2)(A) and the following expression for the di¤erence
rdet(2)(A)� ldet(2)(A) (see [Do98]).
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2.3.2. Proposition. If A = [ai;j] is in M2(R), then

rdet(2)(A)� ldet(2)(A) = S4(a1;1; a1;2; a2;1; a2;2);

where S4(x1; x2; x3; x4) =
P

�2S4 sgn(�)x�(1)x�(2)x�(3)x�(4) is the standard polynomial of de-
gree four.

Proof. Using

A� =

�
a2;2 �a1;2
�a2;1 a1;1

�
and the products

AA� =

�
a1;1a2;2 � a1;2a2;1 �a1;1a1;2 + a1;2a1;1
a2;1a2;2 � a2;2a2;1 �a2;1a1;2 + a2;2a1;1

�
;

A�A =

�
a2;2a1;1 � a1;2a2;1 a2;2a1;2 � a1;2a2;2
�a2;1a1;1 + a1;1a2;1 �a2;1a1;2 + a1;1a2;2

�
;

a direct computation shows that

rdet(2)(A)� ldet(2)(A) = rdet(1)(AA�)� ldet(1)(A�A) = sdet(AA�)� sdet(A�A)

= (a1;1a2;2 � a1;2a2;1)(�a2;1a1;2 + a2;2a1;1) + (�a2;1a1;2 + a2;2a1;1)(a1;1a2;2 � a1;2a2;1)

�(�a1;1a1;2 + a1;2a1;1)(a2;1a2;2 � a2;2a2;1)� (a2;1a2;2 � a2;2a2;1)(�a1;1a1;2 + a1;2a1;1)

�(a2;2a1;1 � a1;2a2;1)(�a2;1a1;2 + a1;1a2;2)� (�a2;1a1;2 + a1;1a2;2)(a2;2a1;1 � a1;2a2;1)

+(a2;2a1;2 � a1;2a2;2)(�a2;1a1;1 + a1;1a2;1) + (�a2;1a1;1 + a1;1a2;1)(a2;2a1;2 � a1;2a2;2)

= S4(a1;1; a1;2; a2;1; a2;2): �

2.3.3. Theorem. If 1
n
2 R and the ring R satis�es the polynomial identity

[[[: : : [[x1; x2]; x3]; : : :]; xk]; xk+1] = 0

(R is Lie nilpotent of index k), then for a matrix A 2 Mn(R) we have

Aradj(k)(A) = nAP1 � � �Pk = rdet(k)(A)In:

Proof. If k = 1 then P1 = A� and Theorem 2.2.7 give that

nAP1 = sdet(A)In + C 0 = rdet(1)(A)In + C 0;

where C 0 = 0 follows from the fact that [R;R] = f0g in the commutative (Lie nilpotent
of index 1) ring R. Assume now that for an integer k � 2 the statement of the theorem
holds for k � 1. Take A 2 Mn(R) with R being Lie nilpotent of index k. In view of 1n 2 R,
Theorem 2.2.7 gives that

AP1 = sIn +
1

n
C 0;
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where s = 1
n
sdet(A) and 1

n
C 0 2 Mn([R;R]). The containment [R;R] � Zk�1(R) is a conse-

quence of the index k Lie nilpotency of R, whence 1
n
C 0 2 Mn(Zk�1(R)) follows. Form the

subring
S = hZk�1(R) [ f1; s; : : : ; st; : : :gi

of R generated by the subset Zk�1(R) [ f1; s; : : : ; st; : : :g. Theorem 2.1.10 ensures that S is
Lie nilpotent of index k � 1. Since AP1 2 Mn(S), our inductive hypothesis gives that

AP1radj(k�1)(AP1) = rdet(k�1)(AP1)In:

In view of
P1radj(k�1)(AP1) =

1

n
radj(1)(A)radj(k�1)(AP1) = radj(k)(A)

and
rdet(k)(A) = rdet(k�1)(AP1)

the theorem is proved. �

2.3.4. Lemma. Let S = hai;j j 1 � i; j � ni be (a not necessary unitary) subring of R
generated by the entries of an n � n matrix A = [ai;j] 2 Mn(R). Then the k-th right
determinant of the matrix In � A is of the form

rdet(k)(In � A) = n f(n� 1)!g1+n+n
2+���+nk�1 1R � !;

where ! 2 S.

Proof. Let (Vk)k�1 be the right adjoint sequence of the matrix In � A. We claim that in
the product matrix

(In � A)V1 � � �Vk
each non diagonal entry is in S and each diagonal entry is of the form

f(n� 1)!g1+n+n
2+���+nk�1 1R � !:

We apply an induction on k. If k = 1 then a direct computation of the entries of

(In � A)V1 = (In � A)(In � A)�

can prove the claim (an argument similar to the following one on TT � also works). Assume
now that our claim holds for k � 1. Put

T = [ti;j] = (In � A)V1 � � �Vk�1;

then Vk = T � and consider the matrix

[bi;j] = TT � = (In � A)V1 � � �Vk�1Vk:

Using the notations of the proof of Theorem 2.2.7, we get that

bi;j =
P

(�;�)2I(j)
sgn(�)ti;�(j)t(j; �; �);
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where

I(j) = f(�; �) j � 2 Sym(f1; : : : ; j � 1; j + 1; : : : ; ng) and � 2 Sym(f1; : : : ; ng)g

and
t(j; �; �) = t�(1);�(�(1)) � � � t�(j�1);�(�(j�1))t�(j+1);�(�(j+1)) � � � t�(n);�(�(n)):

If (�; �) 2 I(j) and i 6= j, then it is easy to see that at least one of the terms

ti;�(j); t�(1);�(�(1)); : : : ; t�(j�1);�(�(j�1)); t�(j+1);�(�(j+1)); : : : ; t�(n);�(�(n))

is a non diagonal entry of T . In consequence, for i 6= j we get that bi;j 2 S. If i = j, then all
of the summands ti;�(i)t(j; �; �) (in the expression for bi;i) having only diagonal factors belong
to � = id. It follows that bi;i is a sum of elements from S plus the following term

ui =
P

�2Sym(f1;:::;i�1;i+1;:::;ng)
ti;it�(1);�(1) � � � t�(i�1);�(i�1)t�(i+1);�(i+1) � � � t�(n);�(n):

For 1 � j � n the assumption on T enables us to write

tj;j = f(n� 1)!g1+n+n
2+���+nk�2 1R � vj

with vj 2 S. On substituting these tj;j�s into the above sum, we obtain that

ui = (n� 1)!
�
f(n� 1)!g1+n+n

2+���+nk�2
�n
1R � �i

for some �i 2 S. Our earlier observation on bi;i gives that

bi;i = (n� 1)!
�
f(n� 1)!g1+n+n

2+���+nk�2
�n
1R � !i

for some !i 2 S and rdet(k)(In � A) =
P

1�i�n bi;i completes the proof. �

A typical application of Theorem 2.3.3 is the following.

2.3.5. Theorem. Let R be algebra over a �eld of characteristic zero satisfying the polyno-
mial identity

[[[: : : [[x1; x2]; x3]; : : :]; xk]; xk+1] = 0

(R is Lie nilpotent of index k). If A C R is an idempotent ideal (i.e. A2= A) which is
�nitely generated as a right ideal, then A = eR = Re for some idempotent element e 2 A.

Proof. Since A is �nitely generated as a right ideal, we have

A = u1R + � � �+ unR

for some u1; : : : ; un 2 A. The idempotent property of A gives that

A = A2 � u1RA+ � � �+ unRA = u1A+ � � �+ unA;
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whence we get the existence of an n� n matrix A = [ai;j] 2 Mn(A) such that

u1 = u1a1;1 + � � �+ unan;1;

u2 = u1a1;2 + � � �+ unan;2;

...

un = u1a1;n + � � �+ unan;n:

Clearly, the above system of linear equations can be written in the following matrix form

u(In � A) = 0

with u = [u1; : : : ; un] and 0 = [0; : : : ; 0]. In view of Theorem 2.3.3, the right multiplication
by radj(k)(In � A) gives that

0 = u(In � A)radj(k)(In � A) = urdet(k)(In � A):

Lemma 2.3.4 ensures that
rdet(k)(In � A) = q1R � !;

where q = n f(n� 1)!g1+n+n
2+���+nk�1 and ! 2 A. Starting from the equations

ui(q1R � !) = 0; 1 � i � n

the repeated application of Theorem 2.1.7 gives �rst (q1R � !)kA = f0g and next
A(q1R � !)k

2
= f0g. On multiplying the equations

(q1R � !)k
2A = A(q1R � !)k

2

= f0g

by
�
1
q

�k2
, we deduce that

(1R � e)A = A(1R � e) = f0g;
where �

1

q

�k2
(q1R � !)k

2

= (1R �
1

q
!)k

2

= 1R � e

and e 2 A. Now (1R � e)e = e(1R � e) = 0 and

eA = eA+ (1R � e)A = A = Ae+A(1R � e) = Ae;

whence A = eR = Re follows for the idempotent element e 2 R. �

2.3.6. Remark. For k = 1 the commutative version of 2.3.5 is well known (see [Stn]).
Using a "strong" version of Nakayama�s lemma due to Resco [Res] and Robson-Small [RS],
it is easy to derive that any idempotent ideal A C R with a �nite normalizing generator is
of the form A = eR = Re for some idempotent element e 2 R. The subset fu1; : : : ; ung � A
is a (�nite) normalizing generator of A if A = u1R + � � � + unR and uiR = Rui for each
1 � i � n. We note that this result holds in an arbitrary ring R. Since uR 6= Ru even in
a Lie nilpotent R, for an ideal A C R the existence of a �nite normalizing generator is a
stronger condition than being �nitely generated as a right ideal.
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2.4. CHARACTERISTIC POLYNOMIALS AND
CAYLEY-HAMILTON IDENTITIES

Let R[x] denote the ring of polynomials of the single commuting indeterminate x, with
coe¢ cients in R. The k-th right (left) characteristic polynomial of A is the k-th right (left)
determinant of the n� n matrix xIn � A in Mn(R[x]):

pA;k(x) = rdet(k)(xIn � A) and qA;k(x) = ldet(k)(xIn � A):

In view of Theorem 2.2.1 for k = 1 we have

pA;1(x) = rdet(1)(xIn � A) = tr((xIn � A)(xIn � A)�) = sdet(xIn � A)

and
qA;1(x) = ldet(1)(xIn � A) = tr((xIn � A)�(xIn � A)) = sdet(xIn � A):

If R is commutative, then

pA;k(x) = rdet(k)(xIn � A) = n f(n� 1)!g1+n+n
2+���+nk�1 fdet(xIn � A)gn

k�1

and pA(x) = det(xIn � A) is the ordinary characteristic polynomial of A.

2.4.1. Proposition. The k-th right characteristic polynomial pA;k(x) 2 R[x] of A 2 Mn(R)
is of the form

pA;k(x) = �
(k)
0 + �

(k)
1 x+ � � �+ �

(k)

nk�1x
nk�1 + �

(k)

nk
xn

k

;

where �(k)0 ; �
(k)
1 ; : : : ; �

(k)

nk�1; �
(k)

nk
2 R and �(k)

nk
= n f(n� 1)!g1+n+n

2+���+nk�1.

Proof. Let (Pk(x))k�1 be the right adjoint sequence of the matrix xIn � A. We claim that
in the product

(xIn � A)P1(x) � � �Pk(x)

the leading monomial of each diagonal entry is f(n� 1)!g1+n+n
2+���+nk�1 xn

k
and the degree

of each non diagonal entry is less than nk. We apply an induction on k. If k = 1 then a
direct computation of the entries of

(xIn � A)P1(x) = (xIn � A)(xIn � A)�

can prove the claim (an argument similar to the following one on T (x)(T (x))� also works).
Assume now that our claim holds for k � 1. Put

T (x) = [ti;j(x)] = (xIn � A)P1(x) � � �Pk�1(x);

then Pk(x) = (T (x))� and consider the matrix

[bi;j(x)] = T (x)(T (x))� = (xIn � A)P1(x) � � �Pk(x):

Using the notations of the proof of Theorem 2.2.7, we get that

bi;j(x) =
P

(�;�)2I(j)
sgn(�)ti;�(j)(x)t(j; �; �);
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where

I(j) = f(�; �) j � 2 Sym(f1; : : : ; j � 1; j + 1; : : : ; ng) and � 2 Sym(f1; : : : ; ng)g

and

t(j; �; �) = t�(1);�(�(1))(x) � � � t�(j�1);�(�(j�1))(x)t�(j+1);�(�(j+1))(x) � � � t�(n);�(�(n))(x):

If (�; �) 2 I(j) and i 6= j, then it is easy to see that at least one of the terms

ti;�(j)(x); t�(1);�(�(1))(x);: : :; t�(j�1);�(�(j�1))(x); t�(j+1);�(�(j+1))(x);: : :; t�(n);�(�(n))(x)

is a non diagonal entry of T (x). In view of our assumption on T (x), we get that

deg(bi;j(x)) � n � nk�1 � 1 < nk:

If i = j then the assumption on T (x) implies that all the summands of highest degree in
the sum for bi;i(x) belong to � = id. It follows that the leading monomial of bi;i(x) coincides
with the leading monomial ofP

�2Sym(f1;:::;i�1;i+1;:::;ng)
ti;i(x)t�(1);�(1)(x)� � �t�(i�1);�(i�1)(x)t�(i+1);�(i+1)(x)� � �t�(n);�(n)(x)

which is

(n� 1)!
�
f(n� 1)!g1+n+n

2+���+nk�2 xn
k�1
�n
= f(n� 1)!g1+n+n

2+���+nk�1 xn
k

:

Thus the leading monomial in the trace of T (x)(T (x))� is n f(n� 1)!g1+n+n
2+���+nk�1 xn

k
: �

2.4.2. Theorem ([Do]). Let R be an algebra over a �eld K of characteristic zero. If
A 2 Mn(R) and T 2 GLn(K), then for the k-th right characteristic polynomials we have

pT�1AT;k(x) = pA;k(x):

2.4.3. Theorem. Let pA;1(x) = �
(1)
0 + �

(1)
1 x + � � � + �

(1)
n�1x

n�1 + �
(1)
n xn be the �rst right

characteristic polynomial of the n � n matrix A 2 Mn(R) (notice that �
(1)
n = n!). Starting

from A there is a canonical way to construct the n � n matrices Ci, 0 � i � n such that
tr(Ci) = 0 and each entry of Ci is in [R;R]. This construction gives the following (right)
Cayley-Hamilton identity

(�
(1)
0 In + C0) + A(�

(1)
1 In + C1) + � � �+ An�1(�

(1)
n�1In + Cn�1) + An(n!In + Cn) = 0

for A with right matrix coe¢ cients. The left version of the above identity can be obtained in
a similar way. If R is commutative, then

pA;1(x) = n!det(xIn � A) , C0 = C1 = � � � = Cn = 0

and the above identity is the n! times scalar multiple of the classical Cayley-Hamilton identity
for A.
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Proof. Theorem 2.2.7 ensures that

n(xIn � A)(xIn � A)� = pA;1(x)In + C(x);

where C(x) 2 Mn(R[x]), tr(C(x)) = 0 and all entries of C(x) are in the additive commutator
subgroup [R[x]; R[x]]. The natural isomorphism between the rings Mn(R[x]) and Mn(R)[x]
ensures that C(x) can be (uniquely) written as

C(x) = C0 + C1x+ � � �+ Cdx
d with Ci 2 Mn(R); 0 � i � d:

The argument presented in the proof of Proposition 2.4.1 gives that d = n. Clearly,

tr(C(x)) = 0 implies that tr(Ci) = 0 for each each index 0 � i � n. Since for f(x) =
sP
�=1

u�x
�

and g(x) =
qP
�=1

v�x
� in R[x] the commutator

[f(x); g(x)] = f(x)g(x)� g(x)f(x) =
X
�;�

[u�x
� ; v�x

�] =
X
�;�

[u� ; v�]x
�+�

is a polynomial with coe¢ cients in [R;R], we deduce that the entries of C0; C1; : : : ; Cn are
in [R;R].
The

(xIn � A)� = B0 +B1x+ � � �+Bn�1x
n�1

presentation of (xIn � A)� in Mn(R)[x] with B0; B1; : : : ; Bn�1 2 Mn(R) gives the following
matrix equation

n(xIn � A)(B0 +B1x+ :::+Bn�1x
n�1) = pA;1(x)In + C0 + C1x+ � � �+ Cnx

n:

Matching the coe¢ cients of the powers of x in the above equation yields

�nAB0 = �
(1)
0 In + C0;

nB0 � nAB1 = �
(1)
1 In + C1;

...

nBn�2 � nABn�1 = �
(1)
n�1In + Cn�1;

nBn�1 = n!In + Cn:

The left multiplication of nBi�1 � nABi = �
(1)
i In + Ci by Ai (here B�1 = Bn = 0) provides

the following sequence of matrix equations:

�nAB0 = �
(1)
0 In + C0;

nAB0 � nA2B1 = A�
(1)
1 + AC1;

...

nAn�1Bn�2 � nAnBn�1 = An�1�
(1)
n�1 + An�1Cn�1;

nAnBn�1 = Ann! + AnCn:
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The sum of the above equations is

0 = (�nAB0) + (nAB0�nA2B1) + � � �+ (nAn�1Bn�2 � nAnBn�1) + (nA
nBn�1) =

(�
(1)
0 In + C0) + A(�

(1)
1 In + C1) + � � �+ An�1(�

(1)
n�1In + Cn�1) + An(n!In + Cn): �

In view of the construction of the Ci�s in the above proof, it is reasonable to call

FA(x) = n(xIn � A)(xIn � A)� = pA;1(x)In + C0 + C1x+ � � �+ Cnx
n

the generalized right characteristic polynomial of A 2 Mn(R). In view of tr(Ci) = 0, 1 �
i � n we have

npA;1(x) = tr(FA(x)):

2.4.4. Proposition. Let R be an algebra over a �eld K of characteristic zero. If A 2
Mn(R) and T 2 GLn(K), then

FT�1AT (x) = T�1FA(x)T

for the generalized right characteristic polynomial FA(x) 2 Mn(R)[x] of A.

Proof. By Theorem 2.2.6 we have (T�1AT )� = T�1A�T , whence

FTAT�1(x)=n(xIn�T�1AT )(xIn�T�1AT )�=nT�1(xIn�A)T (T�1(xIn�A)T )�=

nT�1(xIn � A)TT�1(xIn � A)�T = T�1n(xIn � A)(xIn � A)�T = T�1FA(x)T

follows. �

2.4.5.Theorem. The k-th right characteristic polynomial of the n� n matrix A 2 Mn(R)
is of the form

pA;k(x) = �
(k)
0 + �

(k)
1 x+ � � �+ �

(k)

nk�1x
nk�1 + �

(k)

nk
xn

k

:

If 1
n
2 R and the ring R satis�es the polynomial identity

[[[: : : [[x1; x2]; x3]; : : :]; xk]; xk+1] = 0

(R is Lie nilpotent of index k), then a (right) Cayley-Hamilton identity

(A)pA;k = In�
(k)
0 + A�

(k)
1 + � � �+ An

k�1�
(k)

nk�1 + An
k

�
(k)

nk
= 0

with right scalar coe¢ cients holds for A. We also have (A)u = 0, where u(x) = pA;k(x)h(x)
and h(x) 2 R[x] is arbitrary. The left Cayley-Hamilton identity is of the form qA;k(A) = 0.

Proof. The natural isomorphism between the rings Mn(R[x]) and Mn(R)[x] ensures that

radj(k)(xIn � A) = H0 +H1x+ � � �+Hdx
d

for some Hi 2 Mn(R), 0 � i � d. Since the index k Lie nilpotency of R implies the index k
Lie nilpotency of the polynomial ring R[x], Theorem 2.3.3 gives that

(xIn � A)radj(k)(xIn � A) = rdet(k)(xIn � A)In = pA;k(x)In:
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Matching the coe¢ cients of the powers of x in the left and right sides of the equation

(xIn � A)(H0 +H1x+ � � �+Hdx
d) = pA;k(x)In

we get d = nk � 1 and the following sequence of equations

�AH0 = �
(k)
0 In;

H0 � AH1 = �
(k)
1 In;

...

Hd�1 � AHd = �
(k)
d In;

Hd = �
(k)
d+1In:

The left multiplication of Hi�1 � AHi = �
(k)
i In by Ai gives AiHi�1 � Ai+1Hi = �

(k)
i Ai (here

H�1 = Hd+1 = 0). Thus we obtain that

In�
(k)
0 + A�

(k)
1 + � � �+ Ad�

(k)
d + Ad+1�

(k)
d+1 =

(�AH0) + (AH0 � AH1) + � � �+ (AdHd�1 � Ad+1Hd) + (A
d+1Hd) = 0:

Replacing radj(k)(xIn�A) by
�
radj(k)(xIn � A)

�
�h(x), the same argument gives that (A)u =

0, where u(x) = pA;k(x)h(x). �
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2.5. MATRICES OVER THE GRASSMANN ALGEBRA

Let K be a �eld of characteristic zero. The Grassmann (exterior) algebra

E = K hv1; : : : ; vi; : : : j vivj + vjvi = 0 for all 1 � i � ji

over K is generated by the in�nite sequence of anticommutative indeterminates (vi)i�1. It is
well known that E is Lie nilpotent of index 2. The natural Z2-grading is E = E0 �E1 with
E0 being the K-subspace (subalgebra) generated by the monomials of even length and E1
being the K-subspace generated by the monomials of odd length. We note that the centre
of the in�nite dimensional E is Z(E) = E0.

2.5.1. Theorem. The full n� n matrix algebra Mn(E) is integral of degree 2n2 over E0.

Proof. The second right characteristic polynomial

pA;2(x) = �
(2)
0 + �

(2)
1 x+ � � �+ �

(2)

n2�1x
n2�1 + �

(2)

n2 x
n2

of a matrix A 2 Mn(E) can be (uniquely) written as pA;2(x) = g0(x) + g1(x), where g0(x) 2
E0[x] and g1(x) 2 E1[x]. Since g0(x) is central (in E[x]) and E1E1 � E0, we obtain that

u(x) = (g0(x) + g1(x))(g0(x)� g1(x)) = (g0(x))
2 � (g1(x))2 2 E0[x]:

The degree of u(x) is 2n2 and its leading coe¢ cient is

�2n2 =
�
�
(2)

n2

�2
=
�
n f(n� 1)!g1+n

�2
= n2 f(n� 1)!g2+2n

(see Proposition 2.4.1). Theorem 2.4.5 ensures that

(A)u = In�0 + A�1 + � � �+ A2n
2�1�2n2�1 + A2n

2

�2n2 = 0;

where the coe¢ cients of u(x) = �0 + �1x + � � � + �2n2�1x
2n2�1 + �2n2x

2n2 are in E0. The
invertibility of �2n2 2 K gives the desired integrality of A over E0. �

Let
Sm(x1; : : : ; xm) =

X
�2Sm

sgn(�)x�(1) � � �x�(m)

denote the standard polynomial of degree m.

2.5.2. Corollary. The full n� n matrix algebra Mn(E) satis�es the polynomial identity

S2n2([Y 2n2 ; Z]; : : : ; [Y; Z]) = 0

of algebraicity.

Proof. If Y 2 Mn(E), then Theorem 2.5.1 ensures that

Y 2n2 = �0In + �1Y + � � �+ �2n2�1Y
2n2�1
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for some �0; �1; : : : ; �2n2�1 2 E0. It follows that

[Y 2n2 ; Z] = �1[Y; Z] + � � �+ �2n2�1[Y
2n2�1; Z]:

Thus the multilinear and the alternating properties of the standard polynomial S2n2 give the
desired equality. �

For an integer 1 � d � n�1 a matrix A 2 Mn(E) is called an (n; d)-supermatrix if the block
structure of A is the following

A =

�
A1;1 A1;2
A2;1 A2;2

�
;

where the square blocks A1;1 and A2;2 are of sizes d � d and (n � d) � (n � d) and the
rectangular blocks A1;2 and A2;1 are of sizes d � (n � d) and (n � d) � d. The entries of
A1;1 and A2;2 are in E0 and the entries of A1;2 and A2;1 are in E1. The set of all such
supermatrices form a K-subalgebra Mn;d(E) of Mn(E). Since Mn;d(E) = Mn(E; ";Qd; Q

�1
d )

(see the observation preceding 2.6.1) the following theorem on Mn;d(E) (see [Sz98/1]) is a
special case of Corollary 2.7.4 on centralizing matrices.

2.5.3. Theorem. The second right characteristic polynomial pA;2(x) of an (n; d)-supermatrix
A 2 Mn;d(E) is in E0[x]. Thus Mn;d(E) is integral of degree n2 over E0.

2.5.4. Corollary. The supermatrix algebra Mn;d(E) satis�es the polynomial identity

Sn2([Y n2 ; Z]; : : : ; [Y; Z]) = 0

of algebraicity.
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2.6. MATRIX ALGEBRAS DEFINED BY ENDOMORPHISMS

If �;� : S �! S are endomorphisms of the ring S, then we can form the so-called (�;�)-
centralizer subring of an element r 2 S as follows:

Cen(�;�)(r) = fs 2 S j �(s)r = r�(s)g:

Notice that �(1) = �(1) = 1 implies 1 2 Cen(�;�)(r).
For an invertible r 2 U(R) and � = idR we consider the (�; idR)-centralizer

Cen(�;idR)(r) = fs 2 S j �(s)r = rsg = fs 2 S j �(s) = rsr�1g = S(�; r; r�1)

of r. An other way to get S(�; r; r�1) is to use the conjugate automorphism �r(s) = rsr�1

as follows

Cen(�;�r)(1) = fs 2 S j �(s) � 1 = 1 ��r(s)g = fs 2 S j �(s) = rsr�1g = S(�; r; r�1):

Clearly, S(�; 1; 1�1) = Fix(�) is the �xed ring of �. If � : R �! R is an endomorphism of
a ring R, then the n � n matrix algebra S = Mn(R), the induced endomorphism � = �n :
Mn(R) �! Mn(R) and an invertible matrix r = W 2 U(Mn(R)) de�ne S(�; r; r�1) as the
following matrix algebra:

Mn(R)(�n;W;W
�1) = fA 2 Mn(R) j �n(A) =WAW�1g = Mn(R; �;W;W

�1):

An element A 2 Mn(R; �;W;W
�1) can be called a (�;W )-centralizing matrix over R. If

C � Z(R) \ Fix(�) is a (commutative) subring, then Mn(R; �;W;W
�1) is a C-subalgebra of

Mn(R). If W;W�1 2 Mn(Fix(�)), then Mn(R; �;W;W
�1) is closed with respect to the action

of �n.
The Z2-grading E = E0�E1 de�nes an automorphism "(g0+g1) = g0�g1 of the Grassmann
algebra E. Using the invertible diagonal matrix

Qd = E1;1 + � � �+ Ed;d � Ed+1;d+1 � � � � � En;n ;

we obtain the classical supermatrix algebra Mn;d(E) in 2.5.3 as

Mn;d(E) = Mn(E; ";Qd; Q
�1
d ) = fA 2 Mn(E) j "n(A) = QdAQ

�1
d g:

The most remarkable property of (�;W )-centralizing matrices is the following.

2.6.1. Proposition. If W 2 GLn(R) is an invertible matrix such that W;W�1 2
Mn(Z(R)), then the trace of a matrix A 2 Mn(R; �;W;W

�1) is in the �xed ring of �, i.e.
tr(A) 2 Fix(�). �

Proof. Since the entries of W and W�1 are central, Proposition 2.2.5 ensures that
tr(WAW�1) = tr(A) for all A 2 Mn(R). Thus for a matrix A 2 Mn(R; �;W;W

�1) we have

�(tr(A)) = tr(�n(A)) = tr(WAW�1) = tr(A);

whence tr(A) 2 Fix(�) follows. �
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Any endomorphism � : R �! R can be naturally extended to an endomorphism
�z : R[z] �! R[z] of the polynomial ring R[z]: for r0; r1 : : : ; rm 2 R take

�z(r0 + r1z + � � �+ rmz
m) = �(r0) + �(r1)z + � � �+ �(rm)z

m:

The elements of the skew polynomial ring R[w; �] in the skew indeterminate w are left
polynomials of the form f(w) = r0 + r1w + � � � + rkw

k with r0; r1; : : : ; rk 2 R. Besides the
obvious addition, we have the following multiplication rule in R[w; �]: wr = �(r)w for all
r 2 R and

(r0 + r1w + � � �+ rkw
k)(s0 + s1w + � � �+ slw

l) = u0 + u1w + � � �+ uk+lw
k+l;

where
um =

X
i+j=m;i�0;j�0

ri�
i(sj) (for 0 � m � k + l):

If �n = idR (such a � is an automorphism), then wn is a central element of R[w; �]: we
have �n(r) = r and wnr = wn�1�(r)w = � � � = �n(r)wn = rwn for all r 2 R, moreover wn

commutes with the powers of w.
Let G = f�1; �2; : : : ; �ng � Aut(R) be an n-element subgroup of the group of all auto-
morphisms of R (with �1 = idR). Any element � 2 G de�nes a permutation � 2 Sym(n)
by

� � �1 = ��(1); : : : ; � � �n = ��(n):

The corresponding n� n permutation matrix is

P� = E1;�(1) + � � �+ En;�(n);

where Ei;j denotes the standard matrix unit with 1 in the (i; j) position and zeros in all
other positions. If G = f�1 = idR; �2 = �; : : : ; �n = �n�1g is cyclic, then

P� = E1;2 + E2;3 + � � �+ En�1;n + En;1:

The �xed ring of G is

Fix(G) = fr 2 R j �(r) = r for all � 2 Gg:

2.6.2. Theorem. If r 2 R, then

�(r) =
nP
i=1

�i(r)Ei;i

de�nes a natural diagonal embedding � : R �! Mn(R) of rings. For r 2 R and c 2 Fix(G)
we have �(cr) = c�(r), �(rc) = �(r)c and �(c) = cIn.
(1) � : R �! Mn(R; �; P�; P

�1
� ) is an embedding of rings.

(2) If � 2 Cen(G) is a central automorphism in G, then � � � = �n � �. There is a
unique homomorphic extension �� : R[w; �] �! Mn(R[z]) of � such that ��(r) = �(r) and
��(w) = P�z. We claim that

��(r0 + r1w + � � �+ rkw
k) = �(r0) + �(r1)P�z + � � �+ �(rk)P k� zk

60

dc_1078_15

Powered by TCPDF (www.tcpdf.org)



de�nes an embedding
�� : R[w; �] �! Mn(R[z]; �z; P�; P

�1
� )

of rings. If f(w) 2 R[w; �] and c 2 Fix(G), then ��(cf(w)) = c��(f(w)), ��(f(w)c) =
��(f(w))c and ��(c) = cIn.
(3) For an invertible matrix W 2 Mn(Fix(�)) \GLn(R), any ring homomorphism
' : R �! Mn(R; �;W;W

�1) with ' � � = �n � ' has a unique homomorphic extension

� : R[w; �] �! Mn(R[z]; �z;W;W
�1)

such that �(w) =Wz.

Proof. Since �(r) is diagonal, the veri�cation of the fact that � is an injective ring homo-
morphism is straightforward.
If r 2 R and c 2 Fix(�), then �(cr) = c�(r), �(rc) = �(r)c and �(c) = cIn follow from the
fact that �(cr) = c�(r), �(rc) = �(r)c and �(c) = c for all � 2 G.
(1) The calculations

�n(�(r)) =
nP
i=1

�(�i(r))Ei;i =
nP
i=1

��(i)(r)Ei;i

and
P��(r)P

�1
� =

�
�ni=1Ei;�(i)

�
(�nk=1�k(r)Ek;k)

�
�nj=1E�(j);j

�
=P

1�i;k;j�n
�k(r)Ei;�(i)Ek;kE�(j);j =

nP
i=1

��(i)(r)Ei;�(i)E�(i);�(i)E�(i);i =
nP
i=1

��(i)(r)Ei;i

show that �(r) 2 Mn(R; �; P�; P
�1
� ).

(2) The additive property and the injectivity of �� is clear. In order to see the multiplicative
property of ��, it is enough to prove that

��((rw
i)(swj)) = ��(rw

i)��(sw
j)

for all 0 � i; j. The centrality of � gives that �(�(s)) = �n(�(s)) = P��(s)P
�1
� , whence

�(�i(s)) = P i��(s)P
�i
� follows. Thus we have

��((rw
i)(swj)) = ��(r�

i(s)wi+j) = �(r�i(s))P i+j� zi+j = �(r)�(�i(s))P i+j� zi+j =

�(r)P i�z
i�(s)P j� z

j = ��(rw
i)��(sw

j):

Since ��(r) = �(r) 2 Mn(R; �; P�; P
�1
� ) and ��(w) 2 Mn(R[z]; �z; P�; P

�1
� ) is a consequence

of
P���(w)P

�1
� = P�(P�z)P

�1
� = P�z = (�z)n(P�z) = (�z)n(��(w));

we obtain that ��(f(w)) 2 Mn(R[z]; �z; P�; P
�1
� ) for all f(w) 2 R[w; �].

The further properties of �� follow from the analogous properties of �.
(3) We can proceed in a similar way as in part (2), take

�(r0 + r1w + � � �+ rkw
k) = '(r0) + '(r1)Wz + � � �+ '(rk)W

kzk

and use '(�i(s)) = W i'(s)W�i. �
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2.6.3. Corollary. If R is commutative and �n = idR, then S2n = 0 is a standard identity
on R[w; �].

Proof. We can assume that G = h�i � Aut(R) is an n element cyclic subgroup. Since
R[z] is also commutative and S2n = 0 is an identity on Mn(R[z]) by the Amitsur-Levitzki
theorem, the existence of the embedding �� in part (2) of Theorem 2.6.2 completes the proof.
�

2.6.4. Corollary. If Sm = 0 is a standard identity on R and �n = idR, then S(m�1)n2+1 = 0
is a standard identity on R[w; �].

Proof. We can assume that G = h�i � Aut(R) is an n element cyclic subgroup. Since
Sm = 0 is also an identity on R[z] and S(m�1)n2+1 = 0 is an identity onMn(R[z]) by Theorem
5.5 of Domokos [Do94/1], the existence of the embedding �� in part (2) of Theorem 2.6.2
completes the proof. �

2.6.5. Corollary. If R is a PI-algebra over a �eld K � Fix(�) and �n = idR, then R[w; �]
is also a PI-algebra over K.

Proof. We can assume that G = h�i � Aut(R) is an n element cyclic subgroup. Since R[z]
is PI and the full matrix algebra Mn(R[z]) is also PI by (a special case of) Regev�s tensor
product theorem, the existence of the embedding �� in part (2) of Theorem 2.6.2 completes
the proof. �
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2.7. DETERMINANTS AND CHARACTERISTIC POLYNOMIALS OF
CENTRALIZING MATRICES

Theorems 2.7.1 and 2.7.2 and Corollaries 2.7.3 and 2.7.4 are broad generalizations of the
results in [Sz98/1].

2.7.1. Theorem. Let R be an algebra over a �eld K of characteristic zero, � : R �! R be
an endomorphism and W 2 Mn(R) be an invertible matrix such that W;W�1 2 Mn(K). If
A 2 Mn(R; �;W;W

�1) is a (�;W )-centralizing matrix, then A� 2 Mn(R; �;W;W
�1). In other

words, the matrix algebra Mn(R; �;W;W
�1) is closed with respect to taking the symmetric

adjoint.

Proof. The de�nition of A� and the element-wise action of �n ensure that �n(A�) = �n(A)
�

for all A 2 Mn(R). Since W;W�1 2 Mn(K), Theorem 2.2.6 gives that (WAW�1)� =
WA�W�1 for all A 2 Mn(R). Thus for a matrix A2Mn(R; �;W;W

�1) we have

�n(A
�) = �n(A)

� = (WAW�1)� = WA�W�1;

whence A� 2 Mn(R; �;W;W
�1) follows. �

2.7.2. Theorem. Let R be an algebra over a �eld K of characteristic zero, � : R �! R be
an endomorphism and W 2 GLn(R) be an invertible matrix such that W;W�1 2 Mn(K). If
A 2 Mn(R; �;W;W

�1) is a (�;W )-centralizing matrix and k � 1 is an integer, then for the
k-th right and left determinants we have

rdet(k)(A); ldet(k)(A) 2 Fix(�):

In particular sdet(A) = rdet(1)(A) = ldet(1)(A) 2 Fix(�).

Proof. The repeated application of Theorem 2.7.1 gives that the recursion P1 = A� and
Pk+1 = (AP1 � � �Pk)� starting from a (�;W )-centralizing matrix A 2 Mn(R; �;W;W

�1) de-
�nes a sequence (Pk)k�1 in Mn(R; �;W;W

�1). Since
rdet(k)(A) = tr(AP1 � � �Pk) is the trace of AP1 � � �Pk 2 Mn(R; �;W;W

�1) and the trace of a
(�;W )-centralizing matrix is in Fix(�) by Proposition 2.6.1, the proof is complete. The poof
of ldet(k)(A) 2 Fix(�) is similar. �

2.7.3. Corollary. Let R be an algebra over a �eld K of characteristic zero, � : R �! R be
an endomorphism and W 2 GLn(R) be an invertible matrix such that W;W�1 2 Mn(K). If
A 2 Mn(R; �;W;W

�1) is a (�;W )-centralizing matrix and k � 1 is an integer, then for the
k-th right and left characteristic polynomials we have

pA;k(x); qA;k(x) 2 Fix(�)[x]:

In other words, the coe¢ cients of the right pA;k(x) = rdet(k)(xIn � A) and left qA;k(x) =
ldet(k)(xIn � A) characteristic polynomials are in Fix(�).

Proof. We use the natural extension �x : R[x] �! R[x] of �. Since

xIn � A 2 Mn(R[x]; �x;W;W
�1);
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Theorem 2.7.2 gives that pA;k(x) = rdet(k)(xIn � A) and qA;k(x) = ldet(k)(xIn � A) are in
Fix(�x) = Fix(�)[x]. �

2.7.4. Corollary. Let R be an algebra over a �eld K of characteristic zero, � : R �! R be
an endomorphism and W 2 GLn(R) be an invertible matrix such that W;W�1 2 Mn(K). If
R satis�es the polynomial identity

[[[: : : [[x1; x2]; x3]; : : :]; xk]; xk+1] = 0

(R is Lie nilpotent of index k) and A 2 Mn(R; �;W;W
�1) is a (�;W )-centralizing matrix,

then a right Cayley-Hamilton identity

(A)pA;k = In�
(k)
0 + A�

(k)
1 + � � �+ An

k�1�
(k)

nk�1 + An
k

�
(k)

nk
= 0

holds, where the coe¢ cients �(k)i , 0 � i � nk of pA;k(x) = rdet(k)(xIn �A) are in Fix(�). If

�
(k)

nk
= n f(n� 1)!g1+n+n

2+���+nk�1 is invertible in R, then the above identity provides the so
called right integrality of Mn(R; �;W;W

�1) over Fix(�) of degree nk.

Proof. The combination of Theorem 2.4.5 and Corollary 2.7.3 gives the proof. �

2.7.5. Theorem. Let R be a Lie nilpotent algebra over a �eld K of characteristic zero of
index k � 1. If G is an n-element subgroup G � Aut(R) of K-automorphisms, then R is
right integral over Fix(G) of degree nk. In other words, for any r 2 R we have

c0 + rc1 + � � �+ rn
k�1cnk�1 + rn

k

= 0

for some ct 2 Fix(G), 0 � t � nk � 1.

Proof. Take an element � 2 G and consider the embedding � :R�!Mn(R; �; P�; P
�1
� ) in

Theorem 2.6.2. For r 2 R Corollary 2.7.4 ensures that

In�
(k)
0 + �(r)�

(k)
1 + � � �+ (�(r))nk�1�(k)

nk�1 + (�(r))
nk�

(k)

nk
= 0

holds for the centralizing matrix �(r) 2 Mn(R; �; P�; P
�1
� ), where

(A)p�(r);k = rdet(k)(xIn � �(r)) = In�
(k)
0 + �

(k)
1 x+ � � �+ �

(k)

nk�1x
nk�1 + �

(k)

nk
xn

k

;

�
(k)

nk
= q � 1 is an integer and �(k)i 2 Fix(�), for each 0 � i � nk. Thus we have

ct =
1
q
�
(k)
t 2 Fix(G) for each index 0 � t � nk � 1. It follows that

�(c0 + rc1 + � � �+ rn
k�1cnk�1 + rn

k

) = Inc0 + �(r)c1 + � � �+ (�(r))n
k�1cnk�1 + (�(r))

nk =�
In�

(k)
0 + �(r)�

(k)
1 + � � �+ (�(r))nk�1�(k)

nk�1 + (�(r))
nk�

(k)

nk

�
� 1
q
= 0

and ker(�) = f0g gives the desired right integrality. �

2.7.6. Remark. If R is commutative and G = f�1; �2; : : : ; �ng, then r is a root of the
polynomial f(x) = (x � �1(r)) � � � (x � �n(r)) and the coe¢ cients of f(x) are in Fix(G).
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Thus in the commutative case we don�t need matrices to prove 2.7.5. We also note that the
same polynomial �
2G(x � 
(a)) (where a 2 L is a root of a given irreducible polynomial
q(x) 2 K[x]) appears in the proof of the fact that the Galois group G of a �nite normal �eld
extension K � L acts transitively on the roots of q(x).

Let R be an algebra over a �eld K of characteristic zero. A Zn-grading of R is an n-tuple
(R0; R1; : : : ; Rn�1), where each Ri is a K-subspace of R such that

R = R0 �R1 � � � � �Rn�1

is a direct sum and RiRj � Ri+j for all i; j 2 f0; 1; : : : ; n � 1g, where i + j is the sum of i
and j in f0; 1; : : : ; n� 1g modulo n.
If e 2 K is a primitive n-th root of unity, then

be(r0 + r1 + � � �+ rn�1) = r0 + er1 + � � �+ en�1rn�1

de�nes an automorphism be : R �! R and

De = e�1E1;1 + e�2E2;2 + � � �+ e�nEn;n

is an invertible diagonal matrix in Mn(K). We use the notation Mg
n(R) for the algebra of

(be;De)-centralizing matrices:

Mg
n(R) = Mn(R; be;De; D

�1
e ) = fA 2 Mn(R) j ben(A) = DeAD

�1
e g =

fA = [ai;j] 2 Mn(R) j ai;j 2 Rj�i for all 1 � i; j � ng =26666664
R0 R1 � � � Rn�2 Rn�1

Rn�1 R0 R1
. . . Rn�2

... Rn�1
. . . . . .

...

R2
. . . . . . R0 R1

R1 R2 � � � Rn�1 R0

37777775 ;

where j � i is the di¤erence of j and i in f0; 1; : : : ; n � 1g modulo n. We call Mg
n(R) the

algebra of graded n� n matrices with respect to the given Zn-grading of R.

2.7.7. Theorem. Let R = R0 � R1 � � � � � Rn�1 be a Zn-graded algebra over a �eld K of
characteristic zero and e 2 K be a primitive n-th root of unity. If k � 1 is an integer and
A 2 Mg

n(R) is a graded n�n matrix with respect to the given Zn-grading, then for the k-th
right determinant and k-th right characteristic polynomial of A we have

rdet(k)(A) 2 R0 and pA;k(x) = rdet(k)(xIn � A) 2 R0[x]:

Proof. Since Mg
n(R) = Mn(R; be;De; D

�1
e ) and Fix(be) = R0, Theorem 2.7.2 and Corollary

2.7.3 can be applied. �

2.7.8. Theorem. Let R be a Lie nilpotent algebra over a �eld K of characteristic zero
of index k � 1 and let e 2 K be a primitive n-th root of unity. If � 2 Aut(R) is an
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automorphism with �n = idR 6= �n�1, then R[w; �] is right integral over Fix(�)[wn] of degree
nk. In other words, for any f(w) 2 R[w; �] we have

g0(w
n) + f(w)g1(w

n) + � � �+ fn
k�1(w)gnk�1(w

n) + fn
k

(w) = 0

for some gt(wn) 2 Fix(�)[wn], 0 � t � nk � 1.

Proof. Now G = h�i � Aut(R) is an n element cyclic subgroup and � 2 Cen(G). Consider
the embeddings

� : R �! Mn(R; �; P�; P
�1
� ) and �� : R[w; �] �! Mn(R[z]; �z; P�; P

�1
� )

in Theorem 2.6.2. In view of Corollary 2.7.4 we have

In�
(k)
0 (z) + ��(f(w))�

(k)
1 (z) + � � �+ (��(f(w))n

k�1�
(k)

nk�1(z) + (��(f(w))
n�

(k)

nk
(z) = 0;

where the coe¢ cients of the k-th right characteristic polynomial

rdet(k)(xIn � ��(f(w))) = �
(k)
0 (z) + �

(k)
1 (z)x+ � � �+ �

(k)

nk�1(z)x
nk�1 + �

(k)

nk
(z)xn

k

of the (�z; P�)-centralizing matrix ��(f(w)) 2 Mn(R[z]; �z; P�; P
�1
� ) are in Fix(�z) = Fix(�)[z]

and �(k)
nk
(z) = q � 1 is an integer.

Since
��(r0 + r1w + � � �+ rkw

k) = �(r0) + �(r1)P�z + � � �+ �(rk)P k� zk;
P� = E1;2 + E2;3 + � � �+ En�1;n + En;1

and each matrix �(ri)P i�z
i is graded with respect to the natural Zn-grading

R[z] = R[zn]� zR[zn]� � � � � zn�1R[zn];

we obtain that ��(f(w)) 2 Mg
n(R[z]). Theorem 2.7.7 gives that

rdet(k)(xIn � ��(f(w))) 2 (R[zn])[x];

whence �t(z) = �t(z
n) 2 Fix(�)[zn] follows for all 0 � t � nk � 1.

Since P n� = In, for any polynomial �(zn) 2 Fix(�)[zn] there exists a (unique) polynomial
g(wn) 2 Fix(�)[wn] such that

�(zn)In = c0In + c1z
nIn + � � �+ cdz

ndIn = �(c0) + �(c1)P
n
� z

n + � � �+ �(cd)P nd� znd =

��(c0 + c1w
n + � � �+ cdw

nd) = ��(g(w
n));

where the coe¢ cients c0; c1; : : : ; cd 2 Fix(�) of �(zn) and g(wn) coincide. For each 0 � t �
nk � 1 take gt(wn) 2 Fix(�)[wn] such that

��(gt(w
n)) =

1

q
�t(z

n)In =
1

q
�t(z)In:

Thus
��

�
g0(w

n) + f(w)g1(w
n) + � � �+ fn

k�1(w)gnk�1(w
n) + fn

k

(w)
�
=

1

q

�
In�0(z)+��(f(w))�1(z)+� � �+(��(f(w))n

k�1�nk�1(z)+(��(f(w))
n�nk(z)

�
=0

and ker(��) = f0g give the desired integrality. �

66

dc_1078_15

Powered by TCPDF (www.tcpdf.org)



3. LINEAR ALGEBRA IN LATTICES

3.0. Introduction
3.1. Complete join homomorphisms
3.2. The nilpotent Jordan normal base in lattices
3.3. Nilpotent endomorphisms of semisimple modules
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3.0. INTRODUCTION

Section 3 is based on the paper [Sz08].
The purpose of Section 3 is to show how some classical linear algebra results are capable
of broad generalization in the context of lattices. In our development a vector space V is
replaced by the lattice Sub(V ) of subspaces in V and a linear map ' : V �! V is replaced
by the natural map on Sub(V ) induced by '. In general, we consider a lattice L and a map
� : L �! L. The conditions we impose on L and on � are extracted from the properties of the
subspace lattice of a vector space and from the properties of the map on the subspace lattice
induced by a linear transformation. We assume, in most of the cases, that (L;_;^; 0; 1)
is an algebraic atomistic lattice with the atomic cover property and that � is a complete
_-homomorphism satisfying the so called J1 and J2 conditions. The image and the kernel
element of such � can be de�ned as �(1) and as the supremum of fx 2 L j �(x) = 0g,
respectively. First we obtain an analogue of the well known result about the dimension of
the image and the kernel of a linear transformation. Then we formulate the Fitting lemma
for �. If � is nilpotent, then an appropriate de�nition of the Jordan normal base of L with
respect to � can be given. The main result of the Section is a Jordan normal form theorem
for a nilpotent �. Our approach can be related to some of the ideas presented in [Pr],[Va] and
[Wi]. The application of the general lattice theoretical result will provide the existence of a
Jordan normal base in a semisimple module with respect to a given nilpotent endomorphism.
The unicity of the block sizes in a nilpotent Jordan normal base is proved only in the �nitely
generated module case.
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3.1. COMPLETE JOIN HOMOMORPHISMS

Let (L;_;^) be a lattice with � (<) being the induced (strict) partial order on L. The cover
relation x C y holds for the elements x; y 2 L if x < y and x � u � y implies that u 2 fx; yg
for all u 2 L. If 0 C a, then a 2 L is called an atom (0 denotes the smallest element of L).
The lattice (L;_;^; 0) has the atomic cover property if x C x _ a holds for all x 2 L and
for all atoms a 2 L with x 6= x_ a. The Jordan-Hölder property holds in (L;_;^) if for any
two sequences in L of the form

x0 C x1 C � � � C xn ; y0 < y1 < � � � < ym

with x0 = y0 and xn = ym imply that n � m. The atomic cover and the Jordan-Hölder
properties are satis�ed in any modular lattice.
A lattice is called complete, if every subset of L has a supremum and an in�mum with
respect to �. A complete lattice (L;_;^; 0; 1) is called atomistic, if every element is a join
(supremum) of atoms. We note that in an atomistic lattice the atomic cover property is
equivalent to the so called upper semimodularity (see Theorem 1.7.3 in [Str]). An element
c 2 L in a complete lattice is compact if for any set fxi j i 2 Ig � L the relation

c � _
i2I
xi implies that c � _

i2J
xi

for some �nite subset J � I. A complete lattice is called algebraic, if every element is a join
(supremum) of compact elements. Clearly, any atom in an algebraic lattice is compact.
A join _

i2I
xi of the elements fxi j i 2 Ig in a complete lattice (L;_;^; 0; 1) is called irredun-

dant, if
_

i2Infjg
xi 6= _

i2I
xi (or equivalently xj � _

i2Infjg
xi)

holds for any index j 2 I. A join _
i2I
ci of the compact elements fci j i 2 Ig is irredundant if

and only if _
i2J
ci is irredundant for any �nite subset J � I.

For the reader�s convenience we include the simple proof of the next proposition.

3.1.1. Proposition. Let (L;_;^; 0) be a lattice with the atomic cover and the Jordan-
Hölder properties. If fa1; a2; :::; ang is an n-element and fb1; b2; :::; bmg is an m-element set
of atoms in L such that a1 _ a2 _ � � � _ an and b1 _ b2 _ � � � _ bm are irredundant joins and

a1 _ a2 _ � � � _ an = b1 _ b2 _ � � � _ bm;

then n = m.

Proof. Since a1 _ a2 _ � � � _ an and b1 _ b2 _ � � � _ bm are irredundant joins, the chains

0 < a1 < a1 _ a2 < � � � < a1 _ a2 _ � � � _ an

and
0 < b1 < b1 _ b2 < � � � < b1 _ b2 _ � � � _ bn

are strictly ascending. The atomic cover property of L ensures that

0 C a1 C a1 _ a2 C � � � C a1 _ a2 _ ::: _ an
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and
0 C b1 C b1 _ b2 C � � � C b1 _ b2 _ ::: _ bm

are composition series. Thus a1 _ a2 _ � � � _ an = b1 _ b2 _ � � � _ bm and the Jordan-Hölder
property of L yield that n = m. �

The following is a variant of Theorem 5 in part IV of [Gr].

3.1.2. Theorem. Let (L;_;^; 0; 1) be an algebraic atomistic lattice with the atomic cover
property and u 2 L. If _i2Ici < u and _i2Ici is an irredundant join of compact elements in
L, then there exists a family faj j j 2 Jg of atoms such that�

_
i2I
ci

�
_
�
_
j2J
aj

�
= u

is an irredundant join.

Proof. Since u is a join of atoms and _i2Ici < u, we can �nd an atom b 2 L such that b � u
and b � _i2Ici. Now �

_
i2I
ci

�
_ b � u

and the join is irredundant. In view of b � _i2Ici, we can not omit b. Suppose that

ci� �
�

_
i2Infi�g

ci

�
_ b for some i� 2 I, then b � _

Infi�g
ci and the atomic cover property ensures

that

_
i2Infi�g

ci C
�

_
i2Infi�g

ci

�
_ b =

�
_
i2I
ci

�
_ b:

Thus

_
i2Infi�g

ci < _
i2I
ci �

�
_

i2Infi�g
ci

�
_ b;

whence

_
i2I
ci =

�
_

i2Infi�g
ci

�
_ b

can be derived in contradiction with b � _i2Ici.
Take

B=fB jB � L is a set of atoms,
�
_
i2I
ci

�
_
�
_
b2B

b

�
�u and the join is irredundantg:

The argument above shows that B is not empty. If fBt j t 2 Tg is a chain in B with respect
to the containment relation, then we claim that A = [t2TBt 2 B. Suppose that�

_
i2I
ci

�
_
�
_
b2A

b

�
is not irredundant. Since the elements of fci j i 2 Ig [ A are compact, we can �nd a �nite
subset I� � I and an n-element subset fb1; b2; :::; bng � A such that�

_
i2I�

ci

�
_ (b1 _ b2 _ � � � _ bn)
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is not irredundant. Now we have b1 2 Bt1 ; b2 2 Bt2 ; : : : ; bn 2 Btn for some t1; t2; : : : ; tn 2 T .
Using the chain property of fBt j t 2 Tg, we obtain that
fb1; b2; : : : ; bng � Btk for some n � k � 1. The irredundant property of the join�

_
i2I
ci

�
_
�
_

b2Btk
b

�
implies that �

_
i2I�

ci

�
_ (b1 _ b2 _ � � � _ bn)

is also irredundant, a contradiction. The application of the Zorn Lemma gives that there
exists a maximal element faj j j 2 Jg in B.
Suppose that �

_
i2I
ci

�
_
�
_
j2J
aj

�
< u;

then the �rst part of our proof yields that

b � u and b �
�
_
i2I
ci

�
_
�
_
j2J
aj

�
for some atom b 2 L and that �

_
i2I
ci

�
_
�
_
j2J
aj

�
_ b

is an irredundant join. Thus faj j j 2 Jg[fbg 2 B contradicts the maximality of faj j j 2 Jg
in B. It follows that �

_
i2I
ci

�
_
�
_
j2J
aj

�
= u: �

The set of atoms fai j i 2 Ig � L in a complete lattice (L;_;^; 0; 1) is called an atomic base
of L, if _i2Iai = 1 is an irredundant join.

3.1.3. Corollary. If (L;_;^; 0; 1) is an algebraic atomistic lattice with the atomic cover
property, then there exists an atomic base in any interval sublattice [0; x] of L. If in addition
1 is a compact element, then there exists a �nite atomic base of L. In any lattice with the
atomic cover and the Jordan-Hölder properties, the existence of a �nite atomic base implies
that all atomic bases are of the same cardinality.

Let (L;_;^; 0; 1) be a complete lattice and � : L �! L a complete _-homomorphism with
�(0) = 0. Now

�

�
_
i2I
xi

�
= _

i2I
�(xi)

for any set fxi j i 2 Ig � L of elements and we note that a _-homomorphism is order
preserving: x � y =) �(x) � �(y) for all x; y 2 L. The image and the kernel of � can be
de�ned as follows:

im(�) = �(1) and z = ker(�) = _
x2L;�(x)=0

x :
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Clearly, the _-property of � ensures that �(x) � �(1) for all x 2 L and that �(x) = 0 ()
x � z.
The conditions J1 and J2 play a fundamental role in our development, we formulate them
for a pair (L; �), where (L;_;^; 0; 1) is a complete lattice and � : L �! L is a complete
_-homomorphism with �(0) = 0.

J1: For any choice of the elements x � y in L with �(x) = �(y) we can �nd an element
u 2 L such that y = x _ u and �(u) = 0.

J2: For any x 2 L the map � : [0; x] �! [0; �(x)] is surjective.

If � satis�es J2 and a 2 L is an atom with �(a) 6= 0, then �(a) is also an atom.

3.1.4. Proposition. If (L;_;^; 0; 1) is a complete atomistic lattice and � : L �! L is
a complete _-homomorphism with J2, then for any atom a 2 [0; �(1)] there exists an atom
a0 2 L such that a = �(a0).

Proof. Since � : [0; 1] �! [0; �(1)] is surjective (J2), we can �nd an element 0 6= x 2 L
with a = �(x). The atomistic property of L implies that x = _i2Iai for some set fai j i 2 Ig
of atoms in L. Clearly, ai � x implies that 0 � �(ai) � �(x) = a. For an index i, we have
either �(ai) = 0 or �(ai) = a. If �(ai) = 0 holds for each i 2 I, then we obtain that

a = �(x) = �( _
i2I
ai) = _

i2I
�(ai) = 0;

a contradiction. Thus �(ai) = a holds for some i 2 I. �

3.1.5. Theorem. Let (L;_;^; 0; 1) be a complete lattice with the atomic cover property
and � : L �! L be a complete _-homomorphism with �(0) = 0. If _i2Iai is an irredundant
join of atoms, _j2Jbj is an irredundant join of compact atoms and �(bj) = 0 for all j 2 J ,
then for any set fa0i j i 2 Ig of atoms with �(a0i) = ai for all i 2 I, the join�

_
j2J
bj

�
_
�
_
i2I
a0i

�
is irredundant. If in addition

im(�) = _
i2I
ai , ker(�) = _

j2J
bj

and � satis�es J1, then �
_
j2J
bj

�
_
�
_
i2I
a0i

�
= 1:

Proof. Suppose that

a0i� �
�
_
j2J
bj

�
_
�

_
i2Infi�g

a0i

�
for some i� 2 I, then

ai� = �(a0i�) �
�
_
j2J
�(bj)

�
_
�

_
i2Infi�g

�(a0i)

�
= _

i2Infi�g
ai
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contradicts the irredundant property of _i2Iai.
Suppose that

bj� �
�

_
j2Jnfj�g

bj

�
_
�
_
i2I
a0i

�
for some j� 2 J , then the compactness of bj� implies that

bj� �
�

_
j2Jnfj�g

bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in

for some fi1; i2; :::; ing � I. We can assume that n is minimal, whence

a0in �
�

_
j2Jnfj�g

bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1

and

bj� �
�

_
j2Jnfj�g

bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1

follow. The atomic cover property ensures that�
_

j2Jnfj�g
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1 C

�
_

j2Jnfj�g
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in :

In view of �
_

j2Jnfj�g
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1 <

�
_
j2J
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1

and �
_
j2J
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1 �

�
_

j2Jnfj�g
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in ;

we obtain that�
_
j2J
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1 =

�
_

j2Jnfj�g
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in :

Thus

a0in �
�
_
j2J
bj

�
_ a0i1 _ a

0
i2
_ � � � _ a0in�1 �

�
_
j2J
bj

�
_
�

_
i2Infing

a0i

�
contradicts the fact we proved �rst.
In order to prove the second statement, we use

�

�
_
i2I
a0i

�
= _

i2I
�(a0i) = �(1)

and the J1 property of �. It follows that�
_
i2I
a0i

�
_ u = 1

73

dc_1078_15

Powered by TCPDF (www.tcpdf.org)



for some u 2 L with �(u) = 0. Since

u � ker(�) = _
j2J
bj,

we obtain that �
_
j2J
bj

�
_
�
_
i2I
a0i

�
= 1: �

3.1.6. Corollary. Let (L;_;^; 0; 1) be an algebraic atomistic lattice with the atomic cover
property and � : L �! L be a complete _-homomorphism with J1 and J2. There exist atomic
bases fai j i 2 Ig and fbj j j 2 Jg of the interval sublattices [0; im(�)] and [0; ker(�)]. There
is a set fa0i j i 2 Ig of atoms such that �(a0i) = ai for all i 2 I and for any such set
fbj j j 2 Jg [ fa0i j i 2 Ig is an atomic base of L.

Proof. The existence of an atomic base in any [0; x] is a consequence of Corollary 3.1.3. If
fai j i 2 Ig is a set of atoms in [0; im(�)], then J2 of � and the use of Proposition 3.1.4 ensures
the existence of atoms a0i; i 2 I such that �(a0i) = ai for all i 2 I. Thus the application of
the above Theorem 3.1.5 completes the proof. �

3.1.7. Remark. Corollary 3.1.6 is the generalization of the well known

dim(im') + dim(ker') = dimV

property of the linear map ' : V �! V on the �nite dimensional vector space V .

3.1.8. Lemma. Let (L;_;^; 0; 1) be a complete lattice and �1; �2 : L �! L complete
_-homomorphisms. Then �1 � �2 : L �! L is a complete _-homomorphisms and we have
the following.
1. If �1 and �2 satisfy J2, then �1 � �2 satis�es J2.
2. If �1 satis�es J1, �2 satis�es J1 and J2, then �1 � �2 satis�es J1.
3. If �1 and �2 both satisfy J1 and J2, then �1 � �2 satis�es J1 and J2.

Proof.
1. If x 2 L, then �2 : [0; x] �! [0; �2(x)] and �1 : [0; �2(x)] �! [0; �1(�2(x))] are surjective
maps, thus the composition �1 � �2 : [0; x] �! [0; �1(�2(x))] is also surjective.
2. If x � y and �1(�2(x)) = �1(�2(y)) holds for x; y 2 L, then �2(x) � �2(y) and J1 of �1
gives an element u 2 L such that �2(y) = �2(x) _ u and �1(u) = 0. Now u 2 [0; �2(y)] and
J2 of �2 gives an element v 2 [0; y] such that �2(v) = u. In view of x _ v � y and

�2(x _ v) = �2(x) _ �2(v) = �2(x) _ u = �2(y)

J1 of �2 gives an element w 2 L such that (x_v)_w = y and �2(w) = 0. Thus x_(v_w) = y
and

�1(�2(v _ w)) = �1(�2(v) _ �2(w)) = �1(u _ 0) = �1(u) = 0

prove the J1 property of �1 � �2. �

3.1.9. Corollary. Let (L;_;^; 0; 1) be a complete lattice and � : L �! L a complete
_-homomorphism with �(0) = 0. If � satis�es J1 and J2, then any power �k satis�es J1
and J2.
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3.1.10. Lemma. Let (L;_;^; 0; 1) be a complete lattice and � : L �! L a complete
_-homomorphism with �(0) = 0. We have the following.
1. im(�k) = im(�k+1) implies that im(�i) = im(�k) for all integers i � k.
2. ker(�k) = ker(�k+1) implies that ker(�i) = ker(�k) for all integers i � k.
3. If � satis�es J1, then im(�) = im(�2) implies that im(�) _ ker(�) = 1.
4. If � satis�es J2, then ker(�) = ker(�2) implies that im(�) ^ ker(�) = 0.

Proof.
1. Clearly, �k(1) = �k+1(1) implies that �k+1(1) = �k+2(1).
2. Take x = ker(�k+2), then �k+1(�(x)) = �k+2(x) = 0 implies �(x) � ker(�k+1), whence
�(x) � ker(�k) can be obtained. Thus x � ker(�k+1) is a consequence of �k+1(x) =
�k(�(x)) = 0. Since ker(�k+1) � ker(�k+2) is obvious, we get ker(�k+1) = ker(�k+2).
3. Using w = im(�) = �(1) and z = ker(�), we have

�(w _ z) = �(w) _ �(z) = �(�(1)) _ 0 = �2(1) = �(1):

The J1 property of � gives that (w _ z) _ u = 1 and �(u) = 0 for some u 2 L. Thus u � z
and w _ z = (w _ z) _ u = 1.
4. Take y = im(�) ^ ker(�), then y � �(1) and thus y 2 [0; �(1)]. The J2 property of �
ensures the existence of an element v 2 L such that �(v) = y. Now y � ker(�) implies that
�2(v) = �(y) = 0, whence v � ker(�2) can be derived. Since ker(�2) = ker(�), we have
y = �(v) = 0. �

3.1.11. Theorem. Let (L;_;^; 0; 1) be a complete lattice and � : L �! L a complete
_-homomorphism with �(0) = 0 such that � satis�es J1 and J2. If L is both Artinian
and Noetherian, then there exists an integer r � 1 such that im(�r) � ker(�r) = 1, i.e.
im(�r) _ ker(�r) = 1 and im(�r) ^ ker(�r) = 0.

Proof. The Artinian condition ensures that

� � � � im(�i) � � � � � im(�2) � im(�)

is not a strictly descending chain, thus im(�k) = im(�k+1) holds for some k � 1.
The Noetherian condition ensures that

ker(�) � ker(�2) � � � � � ker(�i) � � � �

is not a strictly ascending chain, thus ker(�l) = ker(�l+1) holds for some l � 1.
Take r = maxfk; lg, then

im(�r) = im(�2r) and ker(�r) = ker(�2r)

by part 1 and part 2 of Lemma 3.1.10. In view of Corollary 3.1.9, the power �r satis�es J1
and J2. Since �2r = (�r)2, the application of part 3 and part 4 of Lemma 3.1.10 gives that
im(�r) _ ker(�r) = 1 and im(�r) ^ ker(�r) = 0. �

3.1.12. Remark. Theorem 3.1.11 is the generalization of the well known Fitting lemma.
The lattice theoretical Fitting lemma in [KSz05] is an analogue and not a generalization of
the classical result.
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3.2. THE NILPOTENT JORDAN NORMAL BASE IN LATTICES

Let (L;_;^; 0; 1) be a complete lattice and consider a complete _-homomorphism � : L ! L.
If �n = 0 6= �n�1 for some integer n � 1, then � is called nilpotent of index n. If � is nilpotent
and x � �(x) for some x 2 L, then we have

x � �(x) � �2(x) � � � � � �n(x) = 0;

whence x = 0 (as well as �(0) = 0) follows.
A set A � L of atoms in a complete lattice (L;_;^; 0; 1) is called a n-nilpotent Jordan
normal base of L with respect �, if the following conditions hold:
1. �(A) � A [ f0g and �n(A) = f0g 6= �n�1(A) for some integer n � 1,
2. �(a) = �(b) =) �(a) = �(b) = 0 for all a; b 2 A, a 6= b,
3. _a2Aa = 1 is an irredundant join.

A n-nilpotent Jordan normal base can be written as a pairwise disjoint union

A =
S

2�

A
;

where A
 = fa
;i j 1 � i � k
g is �nite, �(a
;i) = a
;i+1 for each 1 � i � k
 (a
;k
+1 = 0)
and a
;1 =2 �(A) holds for all 
 2 �. Clearly, we have n = maxfk
 j 
 2 �g.

3.2.1. Proposition. If we have a n-nilpotent Jordan normal base in the complete lattice
(L;_;^; 0; 1) with respect to the complete _-homomorphism � : L �! L, then � is nilpotent
of index n.

Proof. If A � L is a Jordan normal base with respect to � as in the above de�nition, then
�n(a) = 0 for all a 2 A. Since �n is also a complete _-homomorphism, we have

�n(1) = _
a2A

�n(a) = 0:

Thus �n = 0 and �n�1(A) 6= f0g implies that �n�1 6= 0. �

We are ready to formulate the following converse of Proposition 3.2.1.

3.2.2. Theorem. Let (L;_;^; 0; 1) be an algebraic atomistic lattice with the atomic cover
property and let � : L �! L be a complete _-homomorphism satisfying J1 and J2. If � is
nilpotent of index n, then there exists an n-nilpotent Jordan normal base in L with respect
to �.

Proof. We apply an induction on the nilpotency index of �.
If this index is 1, then � = 0 and any set fai j i 2 Ig of atoms with _i2Iai = 1 being an
irredundant join is a 1-nilpotent Jordan normal base in L with respect to �.
Let n � 2 be an integer and assume that our theorem holds for all complete _-homomorphisms
of nilpotency index n � 1. Now consider the situation described in the theorem with
�n = 0 6= �n�1. Clearly, the interval sublattice L� = [0; �(1)] of L is an algebraic atom-
istic lattice with the atomic cover property and the restriction �� = � j[0;�(1)] of � is a
complete _-homomorphism: �� : L� �! L�. It is straightforward to see that �� satis�es
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J1 and J2. In view of �n(1) = 0 6= �n�1(1), we have �n�1(�(1)) = 0 6= �n�2(�(1)). Thus
the nilpotency index of �� is n� 1. The induction hypothesis provides an (n� 1)-nilpotent
Jordan normal base A� � L� in L� respect to ��. Since L� = [0; �(1)], Proposition 3.1.4
ensures that for each a 2 A� n �(A�) we can �x an atom �(a) 2 L, such that �(�(a)) = a.
Take

w = _
a2A�;�(a)=0

a ;

then �(w) = 0 implies that w � z = ker(�). Theorem 3.1.2 provides a set B � L of atoms
in L such that

z =

�
_

a2A�;�(a)=0
a

�
_
�
_
a2B

a

�
is an irredundant join.
We claim, that

A = A� [ f�(a) j a 2 A� n �(A�)g [B
is an n-nilpotent Jordan normal base in L with respect to �.
1.
�(A) � A� [ f0g � A [ f0g follows from �(A�) = ��(A�) � A� [ f0g, �(�(a)) = a 2 A� for
all a2A�n�(A�) and �(B)=f0g (note that a�z for all a2B). Also

�n(A) = �n�1(�(A)) � �n�1(A� [ f0g) = (��)n�1(A� [ f0g) = f0g

and (��)n�2(a) 6= 0 for some a 2 A�, whence a 2 A� n �(A�), �(�(a)) = a and �n�1(�(a)) =
�n�2(a) 6= 0 follow.
2.
Suppose that �(a) = �(b) for a; b 2 A, a 6= b.
If a; b 2 A�, then �(a) = ��(a), �(b) = ��(b) and ��(a) = ��(b) implies that ��(a) =
��(b) = 0.
If a 2 A� and b = �(b0) for some b0 2 A� n �(A�), then �(a) = �(b) = �(�(b0)) = b0 is in
contradiction with b0 2 A� n �(A�).
If a = �(a0) and b = �(b0) for some a0; b0 2 A� n �(A�), then a0 = �(�(a0)) = �(�(b0)) = b0

implies that a = b, a contradiction.
If a 2 B (or b 2 B), then �(a) = 0 (or �(b) = 0).
3.
Since

�( _
a2A

a) =

�
_

a2A�
�(a)

�
_
�

_
a2A�n�(A�)

�(�(a))

�
_
�
_
a2B

�(a)

�
=

=

�
_

a2A�
�(a)

�
_
�

_
a2A�n�(A�)

a

�
= _

a2A�
a = �(1);

the J1 property of � implies that �
_
a2A

a

�
_ u = 1

holds for some u 2 L with �(u) = 0. Thus u � z = ker(�) and

u � z =

�
_

a2A�;�(a)=0
a

�
_
�
_
a2B

a

�
� _

a2A
a ,
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whence _a2Aa = 1 follows.
Suppose that _a2Anfbga = 1 for some b 2 A.
If �(b) 6= 0, then �(b) 2 A� n f�(a) j a 2 A n fbgg and �(A) � A� [ f0g gives that

�(1) = �

�
_

a2Anfbg
a

�
= _

a2Anfbg
�(a) � _

a2A�nf�(b)g
a � _

a2A�
a = �(1):

This contradicts the irredundant property of _a2A�a.
If �(b) = 0, then

b 2 fa 2 A� j �(a) = 0g [B
and the compactness of b implies that

b � a1 _ a2 _ � � � _ ak

for some a1; a2; : : : ; ak 2 A n fbg with k � 2. We can assume that k is minimal. If
�(a1) = �(a2) = � � � = �(ak) = 0, then

fa1; a2; : : : ; akg � (fa 2 A� j �(a) = 0g [B) n fbg

would contradict the irredundant property of the join�
_

a2A�;�(a)=0
a

�
_
�
_
a2B

a

�
:

Thus �(aj) 6= 0 for some j 2 f1; 2; : : : ; kg. Using the notation

x = a1 _ � � � _ aj�1 _ aj+1 _ � � � _ ak

we have x 6= x_ aj and x 6= x_ b by the minimality of k. The atomic cover property ensures
that x C x _ aj. In view of x < x _ b � x _ aj we obtain that x _ b = x _ aj, whence

aj � x _ b = a1 _ � � � _ aj�1 _ b _ aj+1 _ � � � _ ak � _
a2Anfajg

a

follows. As we have already seen, it is impossible for an aj 2 A with �(aj) 6= 0. �
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3.3. NILPOTENT ENDOMORPHISMS OF SEMISIMPLE MODULES

A subset X = fx
;i j 
 2 �; 1 � i � k
g of a (unitary) left R-module RM is called a nilpotent
Jordan normal base with respect to ' 2 EndR(M) if each R-submodule Rx
;i �M is simple,

�

2�;1�i�k


Rx
;i =M

is a direct sum, '(x
;i) = x
;i+1; '(x
;k
 ) = x
;k
+1 = 0 for all 
 2 �, 1 � i � k
, and
the set fk
 j 
 2 �g of integers is bounded (� is called the set of Jordan blocks and the
size of the block 
 2 � is the integer k
). Obviously, the existence of a nilpotent Jordan
normal base implies that RM is semisimple and ' is nilpotent with 'n = 0 6= 'n�1, where
n = maxfk
 j 
 2 �g. We also have

im(') = �

2�0;2�i�k


Rx
;i and ker(') = �

2�

Rx
;k
 ;

where �0 = f
 2 � j k
 � 2g.
Our Jordan normal base theorem for nilpotent R-module endomorphisms is the following.

3.3.1. Theorem. For ' 2 EndR(M) the following are equivalent:
1. RM is semisimple and ' is nilpotent.
2. There exists a nilpotent Jordan normal base of RM with respect to '.

Proof. We only have to prove (1) =) (2).
The set Sub(RM) of the R-submodules of M with respect to the containment partial order
is a modular algebraic lattice. We note that

_
i2I
Ni =

X
i2I
Ni

for the R-submodules Ni; i 2 I of M .
The '-image '(N) = f'(x) j x 2 Ng of a submodule N �M is also an R-submodule of M
and for any family Ni; i 2 I of R-submodules in M we have

'

 X
i2I
Ni

!
=
X
i2I
'(Ni):

If X; Y �M are R-submodules with X � Y and '(X) = '(Y ), then

X + (Y \ ker(')) = Y:

Take y 2 Y , then '(y) = '(x) for some x 2 X and y = x+ (y � x) with '(y � x) = '(y)�
'(x) = 0. Thus y�x 2 Y \ker(') and our claim is proved. We note that '(Y \ker(')) = f0g
holds for the R-submodule Y \ ker(') �M .
If X �M is an R-submodule with X � '(N), then consider the R-submodule

'�1(X) = fu 2M j '(u) 2 Xg

of M and take Z = N \ '�1(X) � N . For an element x 2 X, the containment X � '(N)
ensures that we can �nd an element z 2 N such that x = '(z). Now x 2 X implies that
z 2 N \ '�1(X), whence '(Z) = X follows.
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In view of the above observations, we have J1 and J2 for the complete _-homomorphism
� : L �! L, where

L = Sub(RM) and �(N) = '(N):

It is well known, that the lattice L = Sub(RM) is atomistic if and only if the left R-module
RM is semisimple.
Since 'n = 0 6= 'n�1 implies that �n = 0 6= �n�1, i.e. that � is nilpotent of index n. Thus
we can apply Theorem 3.2.2 to obtain an n-nilpotent Jordan normal base

fV
;i j 
 2 �; 1 � i � k
g

of L with respect to �. Clearly, each V
;i � M is a simple R-submodule of M and the
irredundant join X


2�;1�i�k


V
;i =M

of atoms is a direct sum
�


2�;1�i�k

V
;i =M:

Since
'(V
;i) = V
;i+1 ; (and V
;k
+1 = 0)

for all 
 2 � and 1 � i � k
, starting with an arbitrary element 0 6= x
;k
 2 V
;k
 , we can
take the consecutive '-preimages to obtain a sequence x
;i 2 V
;i, 1 � i � k
 such that

'(x
;i) = x
;i+1

for all 
 2 � and 1 � i � k
 � 1. To conclude the proof, it is enough to note that x
;i 6= 0
in the simple R-module V
;i, whence Rx
;i = V
;i follows. �

3.3.2. Proposition. Let ' 2 EndR(M) be nilpotent, with RM �nitely generated semisimple.
If fx
;i j 
 2 �; 1 � i � k
g and fy�;j j � 2 �; 1 � j � l�g are nilpotent Jordan normal bases
of RM with respect to ', then there exists a bijection � : � ! � such that k
 = l�(
) for
all 
 2 �. Thus the sizes of the blocks of a nilpotent Jordan normal base are unique up to a
permutation of the blocks. We also have ker(') = �


2�
Rx
;k
 and hence dimR(ker(')) = j�j.

Proof. We apply induction on the index of the nilpotency of '. If ' = 0, then we have
k
 = l� = 1 for all 
 2 �, � 2 �, and �
2�Rx
;1 = ��2�Ry�;1 =M implies the existence of a
bijection � : �! � (Krull-Schmidt, Kurosh-Ore). Assume that our statement holds for any
R-endomorphism � : N �! N with RN a �nitely generated semisimple left R-module and
�n�1 = 0 6= �n�2. Consider the situation described in the proposition with 'n = 0 6= 'n�1.
If �0 = f
 2 � j k
 � 2g, then

im(') = �

2�0;2�i�k


Rx
;i

ensures that fx
;i j 
 2 �0; 2 � i � k
g is a nilpotent Jordan normal base of the left R-
submodule N = im(') of RM with respect to the restricted R-endomorphism ' : im(') �!
im('). The same holds for fy�;j j � 2 �0; 2 � j � l�g, where �0 = f� 2 � j l� � 2g. Since
�n�1 = 0 6= �n�2 for � = ' � im('), our assumption gives a bijection � : �0 ! �0 such that

80

dc_1078_15

Powered by TCPDF (www.tcpdf.org)



k
 � 1 = l�(
) � 1 for all 
 2 �0. In view of ker(') = �
2�Rx
;k
 = ��2�Ry�;l� we have
j�j = j�j and so j� n �0j = j� n�0j. Thus we have a bijection �� : � n �0 ! � n�0 and the
natural map � t�� : �0 [ (� n�0)! �0 [ (� n�0) is a bijection with the desired property. �

We call a nilpotent element s of a ring S decomposable if es = se for some idempotent e 2 S
with 0 6= e 6= 1. A nilpotent element which is not decomposable is called indecomposable.
In the case of �nite dimensional vector spaces an indecomposable nilpotent endomorphism
is nonderogatory (or 1-regular) in the sense of [NS].

3.3.3. Proposition. Let ' 2 EndR(M) be a nonzero nilpotent R-endomorphism of the
semisimple left R-module RM . Then the following are equivalent:
1. There is a nilpotent Jordan normal base fxi j 1 � i � ng of RM with respect to '
consisting of one block (thus j�j = 1 for any nilpotent Jordan normal base
fx
;i j 
 2 �; 1 � i � k
g of RM with respect to ').
2. ' is an indecomposable nilpotent element of the ring EndR(M).
3. RM is �nitely generated and 'd�1 6= 0, where d = dimR(M).

Proof. (1)() (3) is straightforward.
(1) =) (2): If " � ' = ' � " for some idempotent " 2 EndR(M) with 0 6= " 6= 1, then
im(") � im(1 � ") = M for the non-zero (semisimple) R-submodules im(") and im(1 � ")
of RM , and ' : im(") ! im(") and ' : im(1 � ") �! im(1 � "). Since these restricted R-
endomorphisms are nilpotent, we have nilpotent Jordan normal bases of im(") and im(1� ")
with respect to ' � im(") and ' � im(1� ") respectively. The union of these two bases gives
a nilpotent Jordan normal base of M with respect to ' consisting of more than one block,
a contradiction (the direct sum property of the new base is a consequence of the modularity
of the submodule lattice of RM).
(2) =) (1): Suppose we have a nilpotent Jordan normal base X of RM with respect to '
with j�j � 2. Fix � 2 � and consider the non-zero '-invariant R-submodules

N 0
� = �

1�i�k�
Rx�;i and N 00

� = �

2�nf�g;1�i�k


Rx
;i:

Then M = N 0
� � N 00

� and for the natural projection "� of M onto N 0
� we have "� � "� = "�,

0 6= "� 6= 1 and "� � ' = ' � "�. �
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4. CENTRALIZERS AND ZERO-LEVEL CENTRALIZERS IN
ENDOMORPHISM ALGEBRAS

4.0. Introduction
4.1. The centralizer and the zero-level centralizer as homomorphic images
4.2. The structure of the centralizer and the zero-level centralizer over a local ring
4.3. Polynomial identities for the centralizer and the zero-level centralizer
4.4. The nilpotent double centralizer theorem
4.5. The structure of the zero-level centralizer in the non nilpotent case
4.6. The double zero centralizer theorem
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4.0. INTRODUCTION

Section 4 is based on the papers [DSzW] and [SzW12]. We use the notations and the results
of 3.3.
If S is a ring (or algebra), then the zero-level centralizer

Cen0(s) = fu 2 S j us = su = 0g

(or the two-sided annihilator) of s is an ideal of the centralizer

Cen(s) = fu 2 S j us = sug

subring of S.
In Section 4 we investigate the structure and the polynomial identities of the centralizer
Cen('), the zero-level centralizer Cen0(') and the factor Cen(')=Cen0('), where ' is in the
endomorphism ring EndR(M) of a left R-module RM .
If F is an algebraically closed �eld and f�1; �2; : : : ; �rg is the set of all eigenvalues of A 2
Mn(F ), then Cen(A) is isomorphic to the direct product of the centralizers Cen(Ai), where
Ai denotes the block diagonal matrix consisting of all Jordan blocks of A having eigenvalue
�i in the diagonal. The number of the diagonal blocks in Ai is dim(ker(Ai � �iIi)), and the
size of Ai is di�di, where di is the multiplicity of the root �i in the characteristic polynomial
of A. Since Cen(Ai) = Cen(Ai � �iIi) and Ai � �iIi is nilpotent in Mdi(F ), in the case of
�nite dimensional vector spaces the study of Cen(A) can be reduced to the nilpotent case.
Thus our investigation of Cen(') is restricted to the nilpotent endomorphisms of a �nitely
generated semisimple RM . There is no need of such a restriction for Cen0(').
The double centralizer Cen(Cen(')) plays an important role in the theory of central simple
algebras. For a nilpotent ' we give a non-commutative generalization of Schur�s double
centralizer theorem. We prove a double zero-centralizer theorem concerning Cen0(Cen0('))
for an arbitrary (not necessarily nilpotent) '.
The author of the present dissertation was not able to �nd results about zero-level central-
izers, in spite of the fact that Cen0(s) arise very naturally. Surprisingly, even the dimension
formula dimF Cen0(A) = [dimF (ker(A))]

2 for the zero-level centralizer of a square matrix
A 2 Mn(F ) has not yet appeared in linear algebra books.
We note that most of our statements are generalizations of classical linear algebra results
about commuting matrices. Since all known results about matrix centralizers are closely
connected with the Jordan normal form (see [Ga,Pr,ST,TA]), it is not surprising that our
development depends on 3.3.
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4.1. THE CENTRALIZER AND THE ZERO-LEVEL CENTRALIZER AS
HOMOMORPHIC IMAGES

Let RM be a left R-module , where R is a (not necessarily commutative) ring with identity,
Z(R) and J = J(R) denote the centre and the Jacobson radical of R respectively.
If ' 2 EndR(M) is an arbitrary R-endomorphism of RM , then for u 2 M and f(z) =
r0 + r1z + � � �+ rkz

k 2 R[z] the multiplication

f(z) � u = r0u+ r1'(u) + � � �+ rk'
k(u)

de�nes a natural left R[z]-module structure on M . This left action of R[z] on M extends
the left action of R on RM . For any R-endomorphism  2 EndR(M) with  � ' = ' �  we
have

 (f(z) � u) = f(z) �  (u)
and hence  : M �! M is an R[z]-endomorphism of the left R[z]-module R[z]M . On the
other hand, if  :M �!M is an R[z]-endomorphism of R[z]M , then

 ('(u)) =  (z � u) = z �  (u) = '( (u))

implies that  � ' = ' �  . Now

Cen(') = f j  2 EndR(M) and  � ' = ' �  g

is a Z(R)-subalgebra of EndR(M) and the argument above gives that

Cen(') = EndR[z](M):

Henceforth RM is semisimple and we consider a �xed nilpotent Jordan normal base

X = fx
;i j 
 2 �; 1 � i � k
g �M

with respect to a given nilpotent ' 2 EndR(M) of index n = maxfk
 j 
 2 �g (see 3.3.1).
The �-copower q
2�R[z] is an ideal of the �-direct power ring (R[z])�comprising all elements
f = (f
(z))
2� with a �nite set f
 2 � j f
(z) 6= 0g of non-zero coordinates. The copower
(power) has a natural (R[z]; R[z])-bimodule structure. For an element f = (f
(z))
2� with
f
(z) = a
;1 + a
;2z + � � �+ a
;n
+1z

n
 the formula

�(f) =
X


2�;1�i�k


a
;ix
;i =
X

2�

0@ X
1�i�k


a
;i'
i�1(x
;1)

1A =
X

2�

f
(z) � x
;1

de�nes a function � : q
2�R[z]!M .

4.1.1. Lemma. The function � is a surjective left R[z]-homomorphism. We have '(�(f)) =
�(zf) for all f 2 q
2�R[z] and the kernel


̀2�
J [z] + (zk
 ) � ker(�) Cl

Q

2�

R[z]
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is a left ideal of the power (and hence of the copower) ring. If R is a local ring (R=J is a
division ring), then q
2�(J [z] + (zk
 )) = ker(�).

Proof. The fact that � is a surjective left R[z]-homomorphism and the containment
q
2�(J [z] + (zk
 )) � ker(�) can be easily seen. When R is local and a
;ix
;i = 0 for
some 1 � i � k
, then a
;i 2 J . Thus

f
(z) = (a
;1 + a
;2z + � � �+ a
;k
z
k
�1) + (a
;k
+1z

k
 + � � �+ a
;n
+1z
n
 ) 2 J [z] + (zk
 )

is a consequence of �(f) = 0, implying that f 2 q
2�(J [z] + (zk
 )): �

From now onward we also require that RM be �nitely generated, � = f1; 2; : : : ;mg and to
ease readability we assume that k1 � k2 � : : : � km � 1 for the block sizes, in which case
dimR(M) =

P

2� k
 and dimR(ker(')) = j�j = m for the dimensions (composition lengths).

Now q
2�R[z] = (R[z])� and an element f = (f
(z))
2� of (R[z])� can be considered as a
1�m matrix over R[z].
For an m�m matrix P = [p�;
(z)] in Mm(R[z]) the matrix product

fP =
X
�2�

f�(z)p�

of f and P is a 1�m matrix over (R[z])�, where p� = (p�;
(z))
2� is the �-th row vector of
P and

(fP)
 =
X
�2�

f�(z)p�;
(z):

We de�ne the following subset of Mm(R[z]):

M(X) = fP 2 Mm(R[z]) j fP 2 ker(�) for all f 2 ker(�)g:

If P;Q 2M(X) and f 2 ker(�), then fP 2 ker(�) implies that �(f(PQ)) = �((fP)Q) = 0 ,
whence f(PQ) 2 ker(�) follows. Thus PQ 2 M(X), proving that M(X) is a Z(R)-
subalgebra of Mm(R[z]).

4.1.2. Lemma. For P 2M(X) and f = (f
(z))
2� in (R[z])� the formula
 P(�(f)) = �(fP) properly de�nes an R-endomorphism  P : M ! M of RM such that
 P � ' = ' �  P. The assignment �(P) =  P gives an

M(X)op �! Cen(')

homomorphism of Z(R)-algebras, where M(X)op denotes the opposite of M(X).

Proof. Using the de�nition ofM(X) and the surjectivity of � it is straightforward to check
the claims. �

4.1.3. Lemma. If  � ' = ' �  for some  2 EndR(M), then there is a P 2M(X) such
that  (�(f)) = �(fP) for all f = (f
(z))
2� in (R[z])�.
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Proof. Since � : (R[z])� �! M is surjective, for each � 2 � we can �nd an element
p� = (p�;
(z))
2� in (R[z])� such that �(p�) =  (x�;1). For the m�m matrix P = [p�;
(z)]
we have

 (�(f)) =
X
�2�

 (f�(z) � x�;1) =
X
�2�

f�(z) �  (x�;1) =
X
�2�

f�(z) � �(p�) =

X
�2�

�(f�(z)p�) = �(
X
�2�

f�(z)p�) = �(fP)

for all f 2 (R[z])�. Since f 2 ker(�) implies that �(fP) =  (�(f)) = 0, we obtain that
P 2M(X). �

4.1.4. Theorem. If ' 2 EndR(M) is a nilpotent R-endomorphism of a �nitely generated
semisimple left R-module RM , then � :M(X)op �! Cen(') is a surjective homomorphism
of Z(R)-algebras.

Proof. The claim directly follows from Lemma 4.1.2 and Lemma 4.1.3. �

4.1.5. Corollary. Cen(') satis�es all the polynomial identities (with coe¢ cients in Z(R))
of Mop

m (R[z]).

Now consider the zero-level centralizer

Cen0(') = f j  2 EndR(M) and  � ' = ' �  = 0g

and de�ne the subset

M0(X) = fP 2M(X) j zfP 2 ker(�) for all f 2 (R[z])�g

ofM(X).

4.1.6. Lemma. ker(�) � M0(X) and for P 2 M(X) the containments P 2 M0(X) and
�(P) 2 Cen0(') areequivalent. The preimage M0(X) = �

�1(Cen0(')) CM(X)isanideal.

Proof. The proof is based on Lemma 4.1.1 and Theorem 4.1.4.
If P 2 ker(�), then �(P) =  P = 0 gives that �(fP) =  P(�(f)) = 0 for all f 2 (R[z])�.
Since � : q
2�R[z] �! M is a left R[z]-homomorphism, �(zfP) = z � �(fP) = 0 implies
that zfP 2 ker(�). In view of ker(�) �M(X), we deduce that P 2M0(X).
If P 2 M0(X), then �(P) =  P and '( P(�(f))) = '(�(fP)) = �(zfP) = 0 for all
f 2 (R[z])�. Thus  P � ' = ' �  P = 0 and hence  P 2 Cen0(').
If �(P) =  P is in Cen0('), then ' �  P = 0 and

�(zfP) = '(�(fP)) = '( P(�(f))) = 0

for all f 2 (R[z])�. It follows that P 2M0(X).
Obviously, the preimage of the ideal Cen0(') C Cen(') is also an ideal. �

4.1.7. Theorem. Let ' 2 EndR(M) be a nilpotent R-endomorphism of a �nitely generated
semisimple left R-module RM . The map � : M(X)op �! Cen(') induces the following
Z(R)-isomorphisms for the factor algebras:

M0(X)
op= ker(�) �= Cen0(') and M(X)op=M0(X) �= Cen(')=Cen0('):
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Proof. We have ker(� �M0(X)) = ker(�) andM0(X) = �
�1(Cen0(')) by Lemma 4.1.6.

Thus Theorem 4.1.4 ensures that the restricted map � �M0(X) :M0(X)
op �! Cen0(') is

a surjective homomorphism of Z(R)-algebras, whenceM0(X)
op= ker(�) �= Cen0(') follows.

In view of Lemma 4.1.6, the assignment

P+M0(X) 7�! �(P) + Cen0(')

is well-de�ned and gives an injectiveM(X)op=M0(X) ! Cen(')=Cen0(') homomorphism
of Z(R)-algebras. The surjectivity of this homomorphism is a consequence of the surjectivity
of � (see 4.1.4). �
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4.2. THE STRUCTURE OF THE CENTRALIZER AND THE ZERO-LEVEL
CENTRALIZER OVER A LOCAL RING

De�ne the subsets of Mm(R[z]) as follows:

I(X) = fP 2Mm(R[z]) j P = [p�;
(z)] and p�;
(z) 2 J [z] + (zk
 ) for all �; 
 2 �g =26664
J [z] + (zk1) J [z] + (zk2) � � � J [z] + (zkm)
J [z] + (zk1) J [z] + (zk2) � � � J [z] + (zkm)

...
...

. . .
...

J [z] + (zk1) J [z] + (zk2) � � � J [z] + (zkm)

37775 ;
N (X)=fP2Mm(R[z]) jP=[p�;
(z)] and zk�p�;
(z)2J [z]+(zk
 ) for all �; 
2�g;

Note that I(X) and N (X) are (R[z]; R[z])-sub-bimodules of Mm(R[z]) in a natural way.
For �; 
 2 � let k�;
 = k
 � k� when 1 � k� < k
 � n and k�;
 = 0 otherwise. It can be
veri�ed that the condition zk�p�;
(z) 2 J [z] + (zk
 ) in the de�nition of N (X) is equivalent
to p�;
(z) 2 J [z] + (zk�;
 ) and so

N (X) =

2666664
R[z] R[z] R[z] � � � R[z]

J [z] + (zk1�k2) R[z] R[z] � � � R[z]
J [z] + (zk1�k3) J [z] + (zk2�k3) R[z] � � � R[z]

...
...

...
. . .

...
J [z] + (zk1�km) J [z] + (zk2�km) J [z] + (zk3�km) � � � R[z]

3777775 :
4.2.1. Lemma. I(X) Cl Mm(R[z]) is a left ideal, N (X) � Mm(R[z]) is a subring,
I(X) C N (X) is an ideal. The ideal zMm(R[z]) C Mm(R[z]) is nilpotent modulo I(X)
with znMm(R[z]) � I(X). If R is a local ring, then N (X) =M(X).

Proof. Since the 
-th column of the matrices in I(X) comes from a (left) ideal J [z] + (zk
 )
of R[z], we can see that I(X) is a left ideal.
If P;Q 2 N (X), then we have p�;� (z) 2 J [z] + (zk�;� ) and q�;
(z) 2 J [z] + (zk�;
 ). Thus
k�;� + k�;
 � k�;
 implies that p�;� (z)q�;
(z) 2 J [z] + (zk�;
 ). It follows that PQ 2 N (X)
proving that N (X) is a subring.
If P 2 I(X) and Q 2 N (X), then we have p�;� (z) 2 J [z] + (zk� ) and q�;
(z) 2 J [z] + (zk�;
 ).
Since k� +k�;
 � k
, it follows that p�;� (z)q�;
(z) 2 J [z]+ (zk
 ). Thus PQ 2 I(X) and I(X)
is an ideal of N (X).
The containment znMm(R[z]) � I(X) is obvious.
If R is a local ring, then Lemma 4.1.1 gives that ker(�) = q
2�(J [z] + (zk
 )). Now e� 2
ker(�), where e� denotes the vector with zk� in its �-coordinate and zeros in all other places.
If P 2 M(X), then e�P 2 ker(�) implies that zk�p�;
(z) 2 J [z] + (zk
 ), whence P 2 N (X)
follows. If P 2 N (X) and f 2 ker(�), then p�;
(z) 2 J [z] + (zk�;
 ) and f�(z) 2 J [z] + (zk�).
Thus k� + k�;
 � k
 implies that f�(z)p�;
(z) 2 J [z] + (zk
 ), whence fP 2 ker(�) and
P 2M(X) follows. �

4.2.2. Lemma. I(X) � ker(�) (� is de�ned in Lemma 4.1.2). If R is a local ring then
I(X) = ker(�).
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Proof. The containment is clear. If R is a local ring and P 2 ker(�), then �(P) =  P = 0
implies that  P(�(f)) = �(fP) = 0 for all f 2 (R[z])�. If 1� denotes the vector in (R[z])�
with 1 in its �-coordinate and zeros in all other places, then 1�P 2 ker(�) and Lemma 4.1.1
gives that p�;
(z) 2 J [z] + (zk
 ). �
4.2.3. Lemma. If the centre Z(R) of the ring R is a �eld such that R=J is �nite dimensional
over Z(R), then

dimZ(R)(N (X)=I(X)) = [R=J : Z(R)] � (k1 + 3k2 + � � �+ (2m� 1)km):

Proof. Any Z(R)-base of R=J naturally leads to a Z(R)-base of N (X)=I(X), and so the
claim is obvious from the matrix forms of I(X) and N (X). �

4.2.4. Theorem. Let ' 2 EndR(M) be a nilpotent R-endomorphism of a �nitely generated
semisimple left R-module RM . If R is a local ring, then Cen(') is isomorphic to the opposite
of the factor N (X)=I(X) as Z(R)-algebras:

Cen(') �= (N (X)=I(X))op = N op(X)=I(X):

Proof. Theorem 4.1.4 ensures that Cen(') �=M(X)op= ker(�) as Z(R)-algebras. In order
to prove the desired isomorphism, it su¢ ces to note that for a local ring R we haveM(X) =
N (X) and ker(�) = I(X) by Lemmas 4.2.1 and 4.2.2 respectively. �

4.2.5. Corollary. If R is a local ring such that Z(R) is a �eld and R=J is �nite dimensional
over Z(R), then

dimZ(R)(Cen(')) = [R=J : Z(R)](k1 + 3k2 + � � �+ (2m� 1)km):

Proof. Since dimZ(R) (N (X)=I(X))op = dimZ(R)(N (X)=I(X)), the result follows from
Lemma 4.2.3. �

De�ne the subsets of Mm(R[z]) as follows:

N0(X)=fP 2 Mm(R[z]) jP = [p�;
(z)] and p�;
(z)2 J [z] + (zk
�1) for all �; 
2 �g:

Since p�;
(z) 2 J [z] + (zk
�1) and zp�;
(z) 2 J [z] + (zk
 ) are equivalent, we have

N0(X) =

26664
J [z] + (zk1�1) J [z] + (zk2�1) � � � J [z] + (zkm�1)
J [z] + (zk1�1) J [z] + (zk2�1) � � � J [z] + (zkm�1)

...
...

. . .
...

J [z] + (zk1�1) J [z] + (zk2�1) � � � J [z] + (zkm�1)

37775 :
4.2.6. Lemma. I(X) � N0(X), zn�1Mm(R[z]) � N0(X), N0(X) Cl Mm(R[z]) is a left
ideal andN0(X) C N (X) is an ideal. IfR is a local ring, thenN0(X)=M0(X).

Proof. The containment I(X) � N0(X) obviously holds and zn�1Mm(R[z]) � N0(X) is
a consequence of (zn�1) � (zk
�1). Since the 
-th column of the matrices in N0(X) comes
from a (left) ideal J [z] + (zk
�1) of R[z], we can see that N0(X) is a left ideal of Mm(R[z]).
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If P 2 N0(X) andQ 2 N (X), then we have zp�;� (z) 2 J [z]+(zk� ) and q�;
(z) 2 J [z]+(zk�;
 ).
Since k� + k�;
 � k
, it follows that zp�;� (z)q�;
(z) 2 J [z] + (zk
 ). Thus PQ 2 N0(X) and
N0(X) is an ideal of N (X).
If R is a local ring, then Lemma 4.1.1 gives that ker(�) = q
2�(J [z] + (zk
 )). Let 1�
denote the vector with 1 in its �-coordinate and zeros in all other places. If P 2 M0(X),
then z1�P 2 ker(�) implies that zp�;
(z) 2 J [z] + (zk
 ), whence P 2 N0(X) follows. If
P 2 N0(X) and f = (f
(z))
2� is in (R[z])�, then zp�;
(z) 2 J [z] + (zk
 ) implies that
zf�(z)p�;
(z) 2 J [z] + (zk
 ) for all � 2 �. Thus zfP 2 ker(�) and P 2M0(X) follows. �

4.2.7. Theorem. Let ' 2 EndR(M) be a nilpotent R-endomorphism of a �nitely generated
semisimple left R-module RM . If R is a local ring, then the zero-level centralizer Cen0(')
of ' is isomorphic to the opposite of the factor N0(X)=I(X) as a Z(R)-algebra:

Cen0(') �= (N0(X)=I(X))op = N0(X)
op=I(X):

We also have an isomorphism

Cen(')=Cen0(') �= (N (X)=N0(X))
op = N (X)op=N0(X)

of the factor Z(R)-algebras.

Proof. Directly follows from Lemmas 4.2.1, 4.2.2, 4.2.6 and Theorem 4.1.7. �
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4.3. POLYNOMIAL IDENTITIES FOR THE CENTRALIZER AND THE
ZERO-LEVEL CENTRALIZER

The assumption k1 � k2 � : : : � km � 1 ensures that

U(X) = fU 2 Mm(R=J) j U = [u�;
] and u�;
 = 0 if 1 � k� < k
g:

is a block upper triangular subalgebra of Mm(R=J). The T-ideal of the identities of block
upper triangular matrix algebras is determined in [GZ]. We note that, if k1 > k2 > : : : >
km � 1, then

U(X) =

26664
R=J R=J � � � R=J

0 R=J
. . .

...
...

. . . . . . R=J
0 � � � 0 R=J

37775
is an upper triangular matrix algebra.

4.3.1. Lemma. There is a natural ring isomorphism

N (X)=((N (X) \ zMm(R[z])) + I(X)) �= U(X)

which is an (R;R)-bimodule isomorphism at the same time.

Proof. If P = [p�;
(z)] is in N (X), then it is straightforward to see that there exists a
matrix [w�;
] in Mm(R) \N (X) such that

P+ ((N (X) \ zMm(R[z])) + I(X)) = [w�;
] + ((N (X) \ zMm(R[z])) + I(X))

holds in N (X)= (N (X) \ zMm(R[z])) + I(X). The assignment

P+ ((N (X) \ zMm(R[z])) + I(X)) 7�! [w�;
 + J ]

is well de�ned and gives the required isomorphism. �

4.3.2. Theorem. Let R be a local ring and ' 2 EndR(M) a nilpotent R-endomorphism
of a �nitely generated semisimple left R-module RM . If fi = 0 are polynomial identities of
the Z(R)-subalgebra Uop(X) of Mop

m (R=J) with fi 2 Z(R)hx1; : : : ; xri, 1 � i � n, then the
product f1f2 � � � fn = 0 is an identity of Cen(').
Proof. In view of Theorem 4.2.4 we have Cen(') �= N op(X)=I(X) and

L = ((N (X) \ zMm(R[z])) + I(X)) =I(X) C N (X)=I(X)

can be viewed as an ideal of Cen('). The use of Lemma 4.3.1 gives

Cen(')=L �= (N op(X)=I(X))�L �= N op(X)�((N (X) \ zMm(R[z])) + I(X)) �= Uop(X):

It follows that fi = 0 is an identity of Cen(')=L. Thus fi(v1; : : : ; vr) 2 L for all v1; : : : ; vr 2
Cen('), and so

f1(v1; : : : ; vr)f2(v1; : : : ; vr) � � � fn(v1; : : : ; vr) 2 Ln:
Since (zMm(R[z]))

n � I(X) implies that Ln = f0g, the proof is complete. �
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De�ne a left ideal of Mm(R=J) as follows:

W(X) = fW = [w�;
] j w�;
 2 R=J and w�;
 = 0 if k
 � 2g:

The assumption k1 � k2 � � � � � km � 1 ensures that

W(X) =

26666666664

0 � � � 0 R=J � � � R=J

0
. . . 0 R=J � � � R=J

...
...

. . .
...

...
...

...
... 0 R=J � � � R=J

...
...

...
...

. . .
...

0 � � � 0 R=J � � � R=J

37777777775
:

We shall make use of the ideals L0(X) = (N0(X) \ zMm(R[z])) + I(X) and K0(X) =
(N (X) \ zMm(R[z])) + N0(X) of N (X). We have L0(X) � K0(X) and L0(X) � N0(X)
implies that L0(X) C N0(X).

4.3.3. Lemma. There is a natural isomorphism N0(X)=L0(X) �= W(X) of rings which is
also an (R;R)-bimodule isomorphism.

Proof. If P = [p�;
(z)] is in N0(X) and p�;
(z) has constant term u�;
 2 R, then

p�;
(z)� u�;
 2 (J [z] + (zk
�1)) \ zR[z]

and k
 � 2 implies that u�;
 2 J . Thus [u�;
] 2 Mm(R) \N0(X) and

P+ L0(X) = [u�;
] + L0(X)

holds in N0(X)=L0(X). The assignment

P+ L0(X) 7�! [u�;
 + J ]

is well-de�ned and gives an N0(X)=L0(X) �!W(X) isomorphism. �

4.3.4. Theorem. Let R be a local ring and ' 2 EndR(M) a nilpotent R-endomorphism
of a �nitely generated semisimple left R-module RM . If fi(x1; : : : ; xr) 2 Z(R)hx1; : : : ; xri,
1� i� n and fi = 0 are polynomial identities of the right ideal W(X) of Mop

m (R=J), then
the product f1f2 � � � fn = 0 is an identity of Cen0(').

Proof. Theorem 4.2.7 ensures that Cen0(') �= N0(X)
op=I(X) as Z(R)-algebras, hence

L0 = L0(X)=I(X) C N0(X)=I(X)

can be viewed as an ideal of Cen0('). The use of Lemma 4.3.3 gives

Cen0(')=L0 �= (N0(X)
op=I(X))�L0 �= N0(X)

op�L0(X) �=W(X)op:

It follows that fi = 0 is an identity of Cen0(')=L0. Thus fi(v1; : : : ; vr) 2 L0 for all v1; : : : ; vr 2
Cen0('), and so

f1(v1; : : : ; vr)f2(v1; : : : ; vr) � � � fn(v1; : : : ; vr) 2 Ln0 :
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Since znMm(R[z]) � I(X) (see Lemma 2.4) implies that Ln0 = f0g, the proof is complete. �

The assumption k1 � k2 � : : : � km � 1 ensures that

U0(X) = fU 2 Mm(R=J) j U = [u�;
] and u�;
 = 0 if 1 � k� < k
 or k
 = 1g

is a block upper triangular subalgebra of Mm(R=J). If [u�;
] 2 U0(X) and u�;
 6= 0 for some
�; 
 2 �, then 2 � k
 � k�.

4.3.5. Lemma. There is a natural isomorphism N (X)=K0(X) �= U0(X) of rings which is
also an (R;R)-bimodule isomorphism.

Proof. For a matrix P = [p�;
(z)] in N (X) consider the assignment

P+K0(X) 7�! [u�;
 + J ];

where u�;
 2 R is de�ned as follows: u�;
 = 0 if k
 = 1 and u�;
 is the constant term of p�;
(z)
if k
 � 2. Clearly, [u�;
] 2 Mm(R) \N (X) and

P+K0(X) = [u�;
] +K0(X):

In view of the de�nitions ofN (X) and U0(X), the above equality ensures that our assignment
is a well-de�ned N (X)=K0(X) �! U0(X) map providing the required isomomorphism. �

4.3.6. Theorem. Let R be a local ring and ' 2 EndR(M) a nilpotent R-endomorphism of
a �nitely generated semisimple left R-module RM . If fi(x1; : : : ; xr) 2 Z(R)hx1; : : : ; xri, 1 �
i � n� 1 and fi = 0 are polynomial identities of the Z(R)-subalgebra U0(X) of Mop

m (R=J),
then the product f1f2 � � � fn�1 = 0 is an identity of the factor Cen(')=Cen0(').

Proof. Theorem 4.2.7 ensures that Cen(')=Cen0(') �= N (X)op=N0(X) as Z(R)-algebras,
hence

K0 = K0(X)=N0(X) C N (X)=N0(X)

can be viewed as an ideal of Cen(')=Cen0('). The use of Lemma 4.3.5 gives

(Cen(')=Cen0('))�K0
�= (N (X)op=N0(X))�K0

�=

�= N (X)op=K0(X) �= U0(X)op:
It follows that fi = 0 is an identity of (Cen(')=Cen0('))�K0. Thus fi(v1; : : : ; vr) 2 K0 for
all v1; : : : ; vr 2 Cen(')=Cen0('), and so

f1(v1; : : : ; vr)f2(v1; : : : ; vr) � � � fn�1(v1; : : : ; vr) 2 Kn�1
0 :

Since zn�1Mm(R[z]) � N0(X) (see 4.2.6) implies that Kn�1
0 = f0g, the proof is complete. �
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4.4. THE NILPOTENT DOUBLE CENTRALIZER THEOREM

4.4.1. Proposition. Let ' 2 EndR(M) be an indecomposable (nilpotent) endomorphism of
a �nitely generated semisimple leftR-module RM . Then  2 Cen(') if and only if there is an
R-generating set fyj 2M j 1 � j � dg of RM and elements a1; a2; : : : ; an in R such that

a1yj + a2'(yj) + � � �+ an'
n�1(yj) =  (yj)

and
a1'(yj) + a2'('(yj)) + � � �+ an'

n�1('(yj)) =  ('(yj))

for all 1 � j � d.

Proof. If  2 Cen('), then the �rst identity implies the second one. Proposition 3.3.3
ensures that our nilpotent Jordan normal base X = fxi j 1 � i � ng (with respect to ') has
one block. Clearly, �1�i�nRxi =M implies that

 (x1) = a1x1 + a2x2 + � � �+ anxn = a1x1 + a2'(x1) + � � �+ an'
n�1(x1)

for some a1; a2; : : : ; an 2 R. Thus for the R-generating set fxi j 1 � i � ng of RM we have

 (xi) =  ('i�1(x1)) = 'i�1( (x1)) = 'i�1(a1x1 + a2'(x1) + � � �+ an'
n�1(x1)) =

a1'
i�1(x1) + a2'('

i�1(x1)) + � � �+ an'
n�1('i�1(x1)) =

a1xi + a2'(xi) + � � �+ an'
n�1(xi)

for all 1 � i � n.
Conversely, we have

'( (yj)) = '(a1yj + a2'(yj) + � � �+ an'
n�1(yj)) =

a1'(yj) + a2'('(yj)) + � � �+ an'
n�1('(yj)) =  ('(yj))

for all 1 � j � d. Thus ' �  =  � '. �

4.4.2. Corollary. If in addition R is commutative, then  2 Cen(') if and only if there
are a1; a2; : : : ; an 2 R such that

a1u+ a2'(u) + � � �+ an'
n�1(u) =  (u)

for all u 2M , in other words,  is a polynomial of '.

4.4.3. Theorem. Let R be a local ring and ' 2 EndR(M) a nilpotent endomorphism
of a �nitely generated semisimple leftR-module RM . For an arbitrary � 2 EndR(M), the
containment Cen(') � Cen(�) holds if and only if there is an R-generating set fyj 2 M j
1 � j � dg of RM and there are elements a1; a2; : : : ; an in R such that

a1 (yj) + a2'( (yj)) + � � �+ an'
n�1( (yj)) = �( (yj))

for all 1 � j � d and all  2 Cen(').
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Proof. If Cen(') � Cen(�), then

a1yj + a2'(yj) + � � �+ an'
n�1(yj) = �(yj)

implies that
a1 (yj) + a2'( (yj)) + � � �+ an'

n�1( (yj)) = �( (yj))

for all  2 Cen('). For any � 2 � we have "� 2 Cen(') � Cen(�), where "� : M �! N 0
� is

the natural projection corresponding to the direct sum M = N 0
� �N 00

� , with

N 0
� = �

1�i�k�
Rx�;i and N 00

� = �

2�nf�g;1�i�k


Rx
;i :

Thus � : im("�) �! im("�) and so

�(x�;1) =
X
1�i�k�

a�;ix�;i = h�(z) � x�;1

for some h�(z) = a�;1 + a�;2z + � � � + a�;k�z
k��1 in R[z]. Since ' 2 Cen(�) implies that

� 2 Cen('), it follows that

�(�(f)) =
X

2�

�(f
(z) � x
;1) =
X

2�

f
(z) � �(x
;1) =

X

2�

f
(z) � (h
(z) � x
;1) =
X

2�
(f
(z)h
(z)) � x
;1 = �(fH);

where f 2 (R[z])� and H =
P


2� h
(z)E
;
 is a diagonal matrix in M(X) (H 2M(X) is
a consequence of �(�(f)) = �(fH)). By Lemma 4.1.2 and Theorem 4.1.4, the containment
Cen(') � Cen(�) is equivalent to the condition that � � P =  P � � for all P 2M(X). As
a consequence, we obtain that Cen(') � Cen(�) is equivalent to

�(fPH) = �(�(fP))) = �( P(�(f))) =  P(�(�(f))) =  P(�(fH)) = �(fHP)

for all f 2 (R[z])� and P 2M(X). Thus Cen(') � Cen(�) implies

�(f(PH�HP)) = 0 and f(PH�HP) 2 ker(�):

Take e = (1)
2� and the standard matrix unit E1;� 2 N (X). Then the �-coordinate of

e(E1;�H�HE1;�) = (h�(z)� h1(z))eE1;� 2 ker(�)

is h�(z)� h1(z). Since R is local, P = E1;� 2 M(X) by the last statement in Lemma 4.2.1.
Now Lemma 4.1.1 gives that h�(z)� h1(z) 2 J [z] + (zk�). Thus

�(x�;1) = h�(z) � x�;1 = h1(z) � x�;1 for all �2�:

It follows that

�(x
;i) = �('i�1(x
;1)) = 'i�1(�(x
;1)) = 'i�1(h1(z) � x
;1) = h1(z) � 'i�1(x
;1) =

h1(z) � x
;i = a1x
;i + a2'(x
;i) + � � �+ an'
n�1(x
;i);
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where h1(z) = a1 + a2z + � � �+ anz
n�1.

Conversely, 1M 2 Cen(') gives

a1yj + a2'(yj) + � � �+ an'
n�1(yj) = �(yj)

for all 1 � j � d. Then

 (�(yj)) = a1 (yj) + a2'( (yj)) + � � �+ an'
n�1( (yj)) = �( (yj))

for all  2 Cen(') and 1 � j � d. Thus  � � = � �  and so Cen(') � Cen(�). �

4.4.4. Corollary. If in addition R is commutative, then Cen(') � Cen(�) if and only if
there are a1; a2; : : : ; an 2 R such that

a1u+ a2'(u) + � � �+ an'
n�1(u) = �(u)

for all u 2M , in other words, � is a polynomial of '.

4.4.5. Remark. Since Cen(') � Cen(�) is equivalent to � 2 Cen(Cen(')), Theorem 4.4.3
is our nilpotent double centralizer theorem.
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4.5. THE STRUCTURE OF THE ZERO-LEVEL CENTRALIZER IN THE
NON-NILPOTENT CASE

4.5.1. Theorem. Let ' 2 EndR(M) be an R-endomorphism of a �nitely generated semi-
simple left R-module RM . Then there exist R-submodules W1, W2 and V of M such that
W = W1 �W2 and M = V �W are direct sums, ker(') � W , '(W ) = W2, '(V ) = V ,
dimR(W1) = dimR(ker(')), (' � W ) 2 EndR(W ) is nilpotent and for the zero-level central-
izer of ' we have Cen0(') �= T , where

T = f� 2 EndR(W ) j �(W1) � ker(') and �(W2) = f0gg = Cen0(' � W )

is a left ideal of
End�R(W ) = f� 2 EndR(W ) j �(ker(')) � ker(')g

and a right ideal of

End��R (W ) = f� 2 EndR(W ) j �(W1 + ker(')) � W1 + ker(') and�(W2) � W2g:

Proof. The Fitting Lemma ensures the existence of an integer t � 1 such that im('t) �
ker('t) =M is a direct sum, where the (left) R-submodules

V = im('t) = im('t+1) = � � � and W = ker('t) = ker('t+1) = � � �

of RM are uniquely determined by '. Clearly, '(V ) = V and '(W ) � W and the restricted
map (' � W ) 2 EndR(W ) is nilpotent of index q � 1, where ker('q�1) 6= ker('q) = W .
Since RW is also �nitely generated and semisimple, Theorem 3.3.1 provides a nilpotent
Jordan normal base

X = fx
;i j 
 2 �; 1 � i � k
g
of RW with respect to ' � W (we have x
;k
+1 = 0 and q = maxfk
 j 
 2 �g). Now
W1 �W2 = W is a direct sum, where

W1 = �

2�

Rx
;1 and W2 =
L


2�;1�i�k

Rx
;i+1 :

Now we have ker(') � ker('t) = W and ker(') = ker(' � W ) = �

2�

Rx
;k
 by Proposition

3.3.2. It follows that
dimR(W1) = j�j = dimR(ker(')):

The de�nition of the nilpotent Jordan normal base ensures that '(W ) =W2.
If � 2 T , then

�(ker(')) � �(W1 �W2) = �(W1) + �(W2) � ker(')
implies that T is a left ideal of End�R(W ) and a right ideal of End

��
R (W ). Clearly, T =

Cen0(' � W ) is a consequence of '(W ) =W2 and the fact that �(W ) � ker(') for all � 2 T .
If � 2 Cen0('), then � � ' = 0 implies that �(V ) = f0g and �(x
;i+1) = �('(x
;i)) = 0 for
1 � i � k
 � 1. We also have ' � � = 0, whence '(�(x
;1)) = 0 and �(x
;1) 2 ker(') follow.
Thus �(W2) = f0g, �(W1) � ker(') and the assignment � 7�! � � W obviously de�nes a
Cen0(') �! T ring homomorphism.
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If �; � 2 Cen0(') and � � W = � � W , then �(V ) = �(V ) = f0g and V �W = M ensure
that � = � proving the injectivity of the above map.
If � 2 T and �W : V �W �! W is the natural projection, then � � �W 2 Cen0('). Indeed,
' � � � �W = 0 is a consequence of �(W ) � ker(') and � � �W � ' = 0 is a consequence
of '(W ) = W2 and �(W2) = f0g. Hence the surjectivity of our assignment follows from
� � �W � W = �. �

4.5.2. Corollary. Let A 2 Mn(F ) be an n�n matrix over a �eld F . Then the F -dimension
of the zero-level centralizer of A in Mn(F ) is

dimF Cen0(A) = [dimF (ker(A))]
2 :

Proof. Now A 2 EndF (F n) and Theorem 4.5.1 ensures that Cen0(A) �= T , where

T = f� 2 EndF (W ) j �(W1) � ker(A) and �(W2) = f0gg:

Our claim follows from the observation that the elements of T and HomF (W1; ker(A)) can
be naturally identi�ed and dimF (W1) = dimF (ker(A)). �

4.5.3. Remark. Cen0(') �= T = Cen0(' � W ) in Theorem 4.5.1 shows that the deter-
mination of the zero-level centralizer can be reduced to the nilpotent case. This reduction
depends on the use of the Fitting Lemma.
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4.6. THE DOUBLE ZERO CENTRALIZER THEOREM

4.6.1. Lemma. Let '; � 2 EndR(M) be R-endomorphisms of a �nitely generated semi-
simple left R-module RM such that Cen0(') � Cen0(�). Then ker(') � ker(�) and
im(�) � im(').

Proof. We use the proof of Theorem 4.5.1. If 
 2 � and �
 2 EndR(M) denotes the natural

M = V �W = V �
 L
�2�;1�i�k�

Rx�;i

!
�! Rx
;k


projection, then �
 � 'k
�1 2 Cen0('). It follows that �
 � 'k
�1 2 Cen0(�), whence we
obtain that �
 �'k
�1 � � = � � �
 �'k
�1 = 0. Since �(x
;k
 ) = �(�
('

k
�1(x
;k1))) = 0, we
have x
;k
 2 ker(�) for all 
 2 �. Thus

ker(') = ker(' � W ) = �

2�

Rx
;k
 � ker(�):

The containment im(�) � ker(�
 � 'k
�1) is a consequence of �
 � 'k
�1 � � = 0, whence we
obtain that im(�) � \
2� ker(�
 �'k
�1). It is straightforward to see that ker(�
 �'k
�1) =
V �W (
) andT


2�
(V �W (
)) = V �W2 = '(V ) + '(W ) = '(V �W ) = im(');

where
W (
) =

L
�2�;1�i�k� ;(�;i) 6=(
;1)

Rx�;i: �

4.6.2. Theorem. Let '; � 2 EndR(M) be R-endomorphisms of a �nitely generated semi-
simple left R-module RM . Then the following are equivalent:
1. Cen0(') � Cen0(�),
2. ker(') � ker(�) and im(�) � im(').

Proof. In view of Lemma 4.6.1, it is enough to prove (2) =) (1). For an endomorphism
� 2 Cen0(') we have � � ' = ' � � = 0, whence im(�) � im(') � ker(�) and im(�) �
ker(') � ker(�) follow. Thus we obtain that � � � = � � � = 0. In consequence we have
� 2 Cen0(�) and Cen0(') � Cen0(�) follows. �

For a matrix A 2 Mn(F ) let A> denote the transpose of A.

4.6.3. Theorem. If A;B 2 Mn(F ) are n � n matrices over a �eld F , then the following
are equivalent:
1. Cen0(A) � Cen0(B),
2. ker(A) � ker(B) and ker(A>) � ker(B>),
3. im(B) � im(A) and im(B>) � im(A>).

Proof. (1) =) (2) & (3): For a matrix C 2 Cen0(A>) we have CA> = A>C = 0 and
C> 2 Cen0(A) is a consequence of

AC> = (A>)>C> = (CA>)> = 0 = (A>C)> = C>(A>)> = C>A:
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Thus C> 2 Cen0(B) and a similar argument gives that C = (C>)> 2 Cen0(B
>). It

follows that Cen0(A>) � Cen0(B
>). The application of Lemma 4.6.1 for the matrices

A;B;A>; B> 2 EndF (F n) gives ker(A) � ker(B), im(B) � im(A) and ker(A>) � ker(B>),
im(B>) � im(A>).
(2) =) (1): For a matrix C 2 Cen0(A) the containment im(C) � ker(A) is a consequence
of AC = 0 and im(C>) � ker(A>) is a consequence of A>C> = (CA)> = 0. Now im(C) �
ker(B) implies that BC = 0 and im(C>) � ker(B>) implies that CB = (B>C>)> = 0. Thus
C 2 Cen0(B) and Cen0(A) � Cen0(B) follows.
(3) =) (1): For a matrix C 2 Cen0(A) the containment im(A) � ker(C) is a consequence
of CA = 0 and im(A>) � ker(C>) is a consequence of C>A> = (AC)> = 0. Now im(B) �
ker(C) implies that CB = 0 and im(B>) � ker(C>) implies that BC = (C>B>)> = 0. Thus
C 2 Cen0(B) and Cen0(A) � Cen0(B) follows. �
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