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OSSZEFOGLALAS (SUMMARY)

Az értekezés célja a szerzd métrixalgebrdkkal kapcsolatos kutatdsainak a bemutatdsa.

A kiilonbozo gytirtik feletti matrixalgebrdak alapvetd jelentéséggel birnak az algebra hagyo-
ményos fejezeteiben (csoportok és véges dimenzids algebrék reprezentdcié-elmélete, féligegy-
szer{i gylirlik struktiraelmélete, stb.). Hasonl6 a helyzet a polinom-azonossigokat kielégit6
un. Pl-gyfirtik (algebrak) elméletében.

Az értekezés eredményei négy 6 téma koré csoportosithatéak, amint azt a fejezetekbdl
lathatjuk. A négy rész kozott a lényegi kapcsolatot a maétrixalgebrdk jelentik. Az els6 és
méasodik rész esetében ez mar a cimek alapjdn nyilvanval6. A harmadik részben haléelméleti
eszkozoket haszndlunk a nilpotens matrixok Jordan normaélalakjénak egy olyan meglep6 4l-
taldnosftdsara, amelynek bizonyos kovetkezményei a negyedik részben keriilnek felhasznaldsra.
A negyedik részben endomorfizmusok centralizdtorait és zéré-centralizatorait vizsgaljuk.
Mivel egy véges dimenzids vektortér endomorfizmusait az alaptest feletti teljes matrixalgeb-
ranak tekinthetjiik, ezért a centralizdtorokrol és a zéré-centralizdatorokrol szolé eredmények
természetes modon a métrixokra is vonatkoznak. Tovabbi lényeges kapcsoléddsi pont a
maétrixokhoz az, hogy egy modulus endomorfizmus-algebrédjiban a centralizdtorokat bizonyos
métrixalgebrak homomorf képeként kapjuk meg.

Az elsd, a masodik és a negyedik rész kozott tovdabbi kapcsolatot adnak az asszociativ algeb-
rakon teljesiilé polinom-azonossdgok. Az algebréan beliil az értekezésben érintett témakorok
els6sorban az asszociativ algebrak (gyfir{ik) un. Pl-elméletéhez tartoznak. A negyedik rész
az algebrék (gytirtik) struktiraelméletéhez is kapcsolédik.

1. Iranyitott grafok és matrixalgebrdk Euler-féle polinom-azonossagai

Az értekezés 1. részének célja az Euler-féle polinomok és a métrixalgebrdk ezekhez kapcso-
16d6 azonossagainak bemutatdsa. Az aldbbiakban ennek a résznek a legfontosabb el6zményeit
ismertetjiik.

A nulla karakterisztikdju K test feletti algebrdk Pl-elmélete nagyon kidolgozott és szamos,
a matematika egészét tekintve is, jelentds eredményt tud felmutatni.

Kaplansky, Posner és M. Artin klasszikus tételei szerint ([Ar],[Ka|,[Po]), ha egy PI algebran
tovdbbi természetes feltételek teljesiilnek (féligprimitiv, féligprim, Azumaya), akkor ez a
gylirti ugyanazokat az azonossdgokat teljesiti mint valamilyen n > 1 egészre az M,,(K) teljes
métrixalgebra. A Razmyslov-Kemer-Braun tétel ([Br],[Kel],[Ra2]) azt mondja ki, hogy egy
végesen generalt (affin) Pl-algebra Jacobson-radikélja nilpotens.

Tekintsiik most a nem kommutativ xy, xs, ... valtozék végtelen sorozata dltal generdlt

K (x1,x9,...) szabad asszociativ K-algebrat, amely ugyanezen valtozok nem kommutativ
K-beli egyiitthatés polinomjaibdl all. Azok a polinomok, amelyek egy adott K-algebran
azonossagot adnak, egy un. T-idedlt alkotnak a K (x1,z,,...) algebrdban, a T-idedlok zar-
tak az Osszes endomorfizmusra (azaz a behelyettesitésekre) nézve. Ez megforditva is igaz,
minden T-idedl valamilyen asszociativ algebrén teljesiilé azonossdgokbdl all. A T-idedlok és
az asszociativ algebrak varietdsai (azonossagok altal definidlt osztédlyai) kozott kolesonosen
egyértelmii kapcsolat van.

Amitsurtél szarmazik a K (xq, 2o, .. .)-beli prim T-idedlok leirdsa ([Am2]), ezek pontosan az
M, (K) teljes matrixalgebrakon (az n > 1 egészekre) teljesiilé azonossagok dltal meghataro-
zott T-idedlok. Egy tetszéleges I < K (1, xg,...) T-idedl

VI={feK(x,z,..) | f™ €I valamilyen m > 1 egészre}

3
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radikaljahoz létezik olyan n > 1 egész, amelyre v/I = T(M,(K)) teljesiil ([Am1]).

A T-idedlok Kemertdl szdrmazé monumentdlis struktiraelmélete ([Ke2],[Ke3]) vezetett a
hires Specht-probléma megolddsahoz, amely szerint minden T-idedl végesen generdlt (mint
T-idedl). Mésképpen fogalmazva ez azt jelenti, hogy minden polinom-azonossdgot kielégité
K-algebra esetén létezik ennek az algebranak véges sok olyan azonossdga, amelyekbdl az
Osszes tobbi kovetkezik.

Egy végesen generdlt K-algebrdn teljesiiléo azonossdgok T-idedlja megegyezik valamilyen
véges dimenzids K-algebra azonossdgainak T-idedljaval, tehdat azonossdgokat haszndlva a
végesen generdlt és a véges dimenziés algebrdkat nem tudjuk egyma&stél megkiilonboztetni.
Ennek az eredménynek fontos kovetkezménye az, hogy barmely végesen generalt relativ
szabad algebra bedgyazhaté az alaptest alkalmas bovitése feletti teljes matrixalgebrédba.
Megjegyzésre érdemes, hogy ha egy algebra teljesiti az M, (K) teljes métrixalgebra osszes
azonossagat, attol még nem lesz bedgyazhaté egy kommutativ gylirti feletti teljes métrixal-
gebraba ([Am3]).

A prim és féligprim idedl definicidjdban T-idedlokra szoritkozva kapjuk a T-prim és a T-
féeligprim T-idedl definicidjat. Minden T-féligprim T-idedl véges sok T-prim T-idedl met-
szeteként kaphaté meg. Egy adott T-idedlt tartalmazé T-féligprim T-idedlok kozott 1étezik
(egyértelmilen meghatarozott) legkisebb, amelynek valamilyen hatvényat az adott T-ideal
tartalmazza. A T-prim T-idedlok pontosan a prim T-ideédlok, valamint az M,,(F) és M,, 4(F)
métrixalgebrdkon (azn > 1ésn > d > n/2 egészekre) teljesiilé azonossdgok dltal meghataro-
zott T-idedlok. Itt E a megszdmldlhatéan végteleniil generdlt Grassmann-algebra K felett
és M, 4(F) az un. (n,d)-szupermatrixokbdl (pontos definicié a I1.2 részben) allé részal-
gebra M, (F)-ben. Megfeleléen nagy n > 1 egészre az M, (F) azonossdgait barmely [ <
K (z1,29,...) T-ideél tartalmazza: T'(M,(E)) C I. A Specht-probléma megolddsa mellett
a Kemer féle elmélet a kovetkezd eredményben kulmindl. Egy tetszoleges T-idedl az A ® E
tenzorszorzat (Ag ® Ey) @ (A; ® Fy) alaku K-részalgebrajén teljesiilé azonossagokbdl éll,
ahol A = Ay ® A; egy alkalmas Z,-fokszamozott véges dimenziés K-algebra. Ebbol az ered-
ménybol kovetkezik az, hogy barmely relativ szabad algebra bedgyazhaté egy masodrendben
Lie-nilpotens algebra (ami E-nek egy direkt hatvénya lehet) feletti teljes méatrixalgebraba.
Mivel az E Grassmann-algebra m&dsodrendben nilpotens, ezért az eddigiek alapjan nyilvin-
vald, hogy a Lie-nilpotens gyfiriik (a kommutativ gy{iriik is ilyenek) feletti matrixalgebrakon
teljesiilé azonossagok rendkiviili fontossdggal birnak.

Sajnos a legtobb esetben nagyon kevés ismerettel rendelkeziink egy adott K-algebrén tel-
jesiilé azonossdgokrdl. Az aldbbiakban hdrom olyan példdat adunk meg, amelyeknél az
azonossagokrdl tobbet tudunk.

Az E végtelen dimenziés Grassmann-algebran teljesiilé azonossdgok T-idealjat egyetlen azo-
nossdg, a masodrendi Lie-nilpotencia [[z1, 23], 3] = 0 azonossdga generidlja ([KR]). Konnyen
lsthat6, hogy az E algebran nem teljesiilnek a standard azonossagok. Erdekes eredmény az,
hogy asszociativ algebrdk egy ) varietdsdban pontosan akkor teljesiil valamilyen £ > 2
egészre az Si(r1, ..., x;) = 0 standard azonossag, ha £ ¢ V.

A 2 x 2-es My(K) teljes matrixalgebran teljesiild azonossagok T-idedljat a negyedfoku stan-
dard azonossag Sy(z1, T, T3, 74) = 0 és az stodfoku [z, x2]%, z3] = 0 Hall azonossdg egyiitte-
sen generdlja ([Dr81]).

Az My, 4 dy+-+a,(K) teljes métrixalgebra blokk felsé hdromszog-matrixokbol 116 UTy, 4, 4. (K)
részalgebrajan teljesiilé azonossdgok T-idedlja a T'(My, (K)), 1 < i < n, T-idedlok szorzata
([GZ]). Innen kapjuk azt, hogy az n x n-es fels6 hdromszog-métrixok UT; ;1 (K) algebrdjdn
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teljesiilé azonossagok T-idedljét az [x1,11] - -« [Tn, yn] = 0 azonossdg generdlja ([Ma]).

Az n > 3 esetben az M,,(K) teljes matrixalgebréan teljesiilé polinom-azonossdgokrol viszony-
lag keveset tudunk, az aldbbiakban a két legfontosabbrdl lesz szo.

A jol ismert Amitsur-Levitzki tétel ([AL]) szerint az M,,(K) teljes métrixalgebrdn a 2n-ed
foku Sa, (1, ..., z2,) = 0 standard azonosség teljesiil.

Amennyiben R Pl-algebra K-felett, akkor Regev tenzorszorzat tétele ([Reg]) szerint az
M, (R) = M,(K) ® R teljes matrixalgebra is PI-tulajdonsidgu. Ha az R algebrén teljesiil
az m-ed foku S,, = 0 standard azonossdg, akkor Domokos tétele ([D0o94/1]) szerint az
M, (R) teljes métrixalgebran teljesiil az S, —1yn241 = 0 standard azonossdg (megjegyez-
ziik, hogy ez utébbi eredmény nem el6zménye, hanem folyomdnya az értekezésben targyalt
Euler-azonossdgoknak). M, (K)-n az

Loy syn) = Y sgu(ma™Pya™ys -y, 2™ Ny, = 0
7€Sym(0,1,...,n)

altaldnositott algebraicitdsnak nevezett azonossag is teljesiil ([Fol, [Be2]), ami nem kovetkez-
ménye az Sy, = 0 és az L,(x,y,...,y) = 0 azonossigok egyiittesének ([DK]).

Az M, (E) algebran teljesiilnek az S = 0 és [[x1, 22)%, 3]> = 0 azonossdgok.

Az M, (K) azonosségaibdl az M,,(E) és M, 4( £') métrixalgebrakon teljestilé azonossdgokat ka-
punk ([DP]). Tekintsiik az m-véltozés fi, ..., fr €T (M, (K))NK (1, ..., z,,) azonossdgokat.
Ha k > tn*m, akkor fi --- fy € T(M,(E)). Hak > 2d(n—d)m, akkor fi - - f, € T(M, 4(E)).
Kostant és Rowen tétele szerint ([Ko],[Row74]) az Sa,—2 = 0 standard azonosség teljesiil a fer-
dén szimmetrikus matrixok M (K) alterén. Rowen tétele szerint ([Row74]) ha n > 2 péros,
akkor az Sy, 1(x1,T9,. . .,Tan_1) =0, és ha n > 2 pératlan, akkor az Ss,_o71,22,...,22,-2) =0
standard azonossédg teljesiil az ;7 € M (K) és 2, € M (K) (2 < k < 2n — 1, illetve
2 < k < 2n — 2) métrixokra, ahol M (K) a szimmetrikus matrixok altere. Az el6bbieket
konnyen felirhatjuk az M, (K) teljes matrixalgebra un. x-azonosségaiként a métrix transz-
poziciét haszndlva involiciéként.

Zalesskii és Chang bizonyitottdk ([Za],[Ch2]), hogy a p > 2 karakterisztikdji K test feletti

M, (K) teljes métrixalgebrdn a pn-ed foku szimmetrikus azonossdg, 7p,(z1,...,2pm) = 0
teljesiil. Kemernek sikeriilt bizonyitania ([Ke4]), hogy bérmely K feletti PI-algebran teljesiil
valamilyen &, > 1 fokszdmokkal a 7;(z1,...,x;) = 0 szimmetrikus és az S;(z1,...,2) =0

standard azonossédg (ez utobbi Volichenko sejtése volt).

Az értekezés in. Pl-elézményei kozott emlitést kell tenni a Lie-nilpotencia azonossdgat
teljesité algebrdkrdl. Felhaszndldsra keriilnek Jennings tételei ([Je]), amelyek szerint egy
n-ed rendben Lie-nilpotens R gyfirtiben bizonyos kommutétorok szorzata zérus, tovabba az
R[R, R|R idedl nil ¢s az R[[R, R], R]R idedl 2" 2-ed rendben nilpotens.

Az [SzTR] dolgozatban irdanyitott grafokat hasznalva sikeriilt egy kommutativ gyfirii feletti
n X n-es teljes matrixalgebrdn teljesiilé polinom-azonossagoknak egy 1ij osztdlydt megadni,
amely az in. Euler-azonossdgokbdl all. A standard azonossdg teljesiilésérol szolé Amitsur-
Levitzki tétel az [SzZTR]-beli {6 eredmény legegyszeriibb specidlis esete. Domokos mutatta
meg, hogy az Euler-féle azonossdgok igazi jelentésége abban éll, hogy mar a 3 x 3-as métrixokon
is taldlunk kozottiik olyanokat, amelyek a kordbban ismert azonossdgok egyiittesébol sem
kovetkeznek. Az Euler-féle konstrukciéra szintén Domokos dolgozataiban taldlunk tovabbi
lényeges alkalmazdsokat.

Az [Sz94]-ben az Euler-féle polinom konstrukeié un. permanentélis (szimmetrikus) valtozatét
adjuk meg, amely egy nem nulla karakterisztikaju gyfirii feletti n x n-es teljes matrixalgebran

bt
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teljesiilé azonossagokhoz vezet. A [KSz94]-ben is hasonlé eredmények vannak.

Végiil [Sz95]-ben, irdnyitott grafokban irdnyitatlan Euler-utakat hasznélva, az Euler-féle
polinom konstrukcié in. #-valtozatat adjuk meg, amely a transzpoziciéval elldtott n x n-es
teljes métrixalgebran teljesiilé *-polinom-azonossdgokhoz vezet.

”w

2. Determindns-elmélet Lie-nilpotens gyiiriik feletti matrixokra

Az értekezés 2. részének célja egy olyan Lie-nilpotens determindns-elmélet bemutatdsa,
amely nem kapcsolddik szorosan a klasszikustdl kiilonbozo korabbi determindns-fogalmakhoz.
Az aldbbiakban ennek a résznek a legfontosabb el6zményeit ismertetjiik.

Rovid &ttekintést adunk a nem kommutativ gyfir{ik feletti métrixokra értelmezett kiilon-
boz6 determindnsokrdl. Az emlitett determindnsok hosszi torténettel rendelkeznek, szamos
matematikus prébélkozott a klasszikus elmélet kiterjesztésével, koziiliik Cayley, Study, Ore
és Dieudonné nevét lehet kiemelni.

A kvaterni6 ferdetest kozismert H — My (C) bedgyazasat hasznalva egy A € M, (H) métrixot
tekinthetiink My, (C)-belinek, az A Study-féle determindnsa nem mds, mint ennek a 2n x 2n-
es komplex matrixnak a hagyomdnyos determindnsa ([As], [Stu]). Hasonl6 médon nem
értelmezhetjiik egy M, (E')-beli métrix determindnsét, hiszen az E végtelen dimenziés Grass-
mann-algebra nem agyazhaté be egyetlen kommutativ C' gytrii feletti M, (C') métrixalgeb-
raba sem.

Az R lokalis gyfir(i esetén a Dieudonné-determindns ([Ros|) egy olyan

U GLy(R) — R:b

leképezés, amelyet bizonyos ,,determindns tulajdonsdgok” egyértelmiien meghatédroznak; itt
Ry = U(R)/[U(R),U(R)] az R-beli egységek csoportjanak maximdlis Abel-féle faktora.
Ennek a determindns-fogalomnak nagy jelentosége van az algebrai K-elméletben, de nem
hasznélhaté linedris egyenletrendszerek megoldésdra, és Cayley-Hamilton azonossdgot sem
szarmaztathatunk beldle. Megjegyzésre érdemes, hogy az E Grassmann-algebra lokélis.
Kantor és Trishin értelmezte a szuperdetermindnsat egy M, 4( E)-beli szupermétrixnak ([KT]).
Ez a fogalom a Grassmann-algebra jol ismert Zy-fokszédmozasdhoz kapcsolédik, és felhaszndl-
hat6 bizonyos baloldali (jobboldali) linedris egyenletrendszerek megoldéséhoz, tovdbb4 a szu-
permétrixokon invaridns Cayley-Hamilton azonossdghoz vezet. A KT-szuperdetermindns a
teljes M,,(F) métrixalgebrara nem értelmezhetd, ezen a jol ismert M, (E) — My, ,(E)
bedgyazas sem segit, hiszen itt egy bedgyazott matrix KT-szuperdetermindnsa és szuper-
karakterisztikus polinomja zérus lesz.

A [GGRW] dolgozatban 6sszefoglaldst taldlunk a ma létezé determinans-fogalmak egy részérol.
Az egységes targyaldsmod az tun. Gelfand-Retakh kvazidetermindns haszndlatdan alapul,
amelybe az értekezés targyat képezod determindnsok nem illeszthetdek be.

Maitrixokon teljesiildé Cayley-Hamilton jelleg{i azonossdgokat determindnsok és karakteriszti-
kus polinomok nélkiil is kaphatunk. Paré és Schelter ([PS]) bizonyitottdk azt, hogy tet-
szbleges R gylirii esetén barmely A € M,,(R) matrixra teljesiil egy olyan azonossdg, amelyben
a f6tag” A* alaki valamilyen k > 22" egészre és a ,tovabbi 6sszeadandok”

roAriArg - - - 11 Arp alakiak bizonyos rg,7r1,...,1 € R, 0 <[ < k — 1 elemekkel.

Mivel az E végtelen dimenziés Grassmann-algebra masodrendben Lie-nilpotens, ezért az 2.
részben bemutatott Lie-nilpotens determinédns-elmélet az M,,(FE)-re polinom-azonossdgokat
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szolgdltat. Tehat az 1. rész elézményeinek ismertetésekor a Grassmann-algebra feletti
métrixalgebrakrol elmondottakra ismételten felhivjuk a figyelmet.

Az [Sz97] dolgozatban a szimmetrikus adjungélt fogalmat hasznalva megadjuk egy tetszdleges
gylirii feletti négyzetes métrix jobboldali (és baloldali) adjungélt sorozatdt. Ennek a sorozat-
nak a felhaszndldséval kapjuk az adott métrix k-adik jobboldali (és baloldali) adjungdltj&t
és determindnsat. A legfontosabb eredmény az, hogy egy k-ad rendben Lie-nilpotens gytiri
feletti métrixot a k-adik jobboldali adjungaltjaval jobbrdl szorozva az egységmadtrixnak a
k-adik jobboldali determinénssal valé szorzatat kapjuk. A k-adik jobboldali karakterisztikus
polinomot a hagyomédnyos médon értelmezve, egy k-ad rendben Lie-nilpotens gytir(i feletti
n X n-es métrixra az n* fokszdmi jobboldali egyiitthatékkal rendelkezé Cayley-Hamilton
azonossaghoz jutunk. A végtelen dimenziés Grassmann-algebra feletti n x n-es teljes métrix-
algebrardl bizonyitjuk, hogy 2n? fokszdmmal egész ennek a Grassmann-algebrdnak a péros
része felett.

Az [Sz98/1]-ben azt bizonyitjuk, hogy a (végtelen dimenziés) Grassmann-algebra felett egy
tetszéleges n X m-es szupermétrix mésodik jobboldali (és baloldali) karakterisztikus poli-
nomjanak az egyiitthat6i a Grassmann-algebra paros részében vannak. Tehdat a szupermatrix
algebrék mindegyike n? fokszdmmal egész a Grassmann-algebra a péros része felett.

A k-adik jobboldali adjungélt és determinans tulajdonsdgait hasznédlva az [Sz98/2]-ben egy
k-ad rendben Lie-nilpotens algebrdban teljes lefrdsat adjuk az idempotens idedloknak.

A szimmetrikus adjungélt tulajdonsdgait hasznélva az [Sz06] dolgozatban a Cayley-Hamilton
azonossag olyan valddi dltaldnositasdt adjuk egy tetszoleges gytirii feletti n x n-es matrixra,
amelyben speciélis alaku jobboldali (vagy baloldali) métrix egyiitthat6k vannak. Az &l-
taldnos tétel a kommutativ esetben a klasszikus azonossag n!-szorosat szolgaltatja.

Az [Sz15] dolgozatban egy R gyfiri § endomorfizmusat és a W € M, (R) invertalhat6
matrixot haszndlva bevezetjiik a centralizdlé métrix fogalmét, ezek egy M, (R,d, W, W 1)
részalgebrat alkotnak M, (R)-ben. Természetes bedgyazasokat adunk meg M, (R, §, W, W 1)
alaku algebrakba, és k-ad rendben Lie-nilpotens R esetén vizsgdljuk a centralizdlé matrixok
k-adik jobboldali determindnsét és karakterisztikus polinomjét, ezéltal az [Sz98/1]-beli ered-
ményeket jelentosen altaldnositjuk.

A k-ad rendben Lie-nilpotens R automorfizmusainak egy n elemii részcsoportja dltal fixen
hagyott elemek olyan részalgebrét alkotnak R-ben, ami felett az R jobbrdl egész n* fokszam-
mal.

A k-ad rendben Lie-nilpotens R egy n-ed rendii 6 automorfizmuséra bizonyitjuk, hogy az
R[w, §] ferde polinom algebra n* fokszammal jobbrél egész a Fix(§)[w™] részalgebra felett.

3. Lineéris algebra halékban

Az értekezés 3. részének célja a linedris algebra néhény alapveté eredményének haléelméleti
altaldanositdasa. Mind az éltaldanositds alapjdul szolgdlé klasszikus linedris algebrai ered-
ményeknek, mind a felhaszndlt haléelméleti eszkdzoknek az irodalmi héttere nagyon gazdag,
de a halokban tdrgyaldsra keriilé linedris algebra lényeges elézményeirdl a szerzonek nincs
tudomésa.

Minden vektortér eldallithaté bizonyos egydimenzids altereinek a direkt Gsszegeként, ez a
vektortér altérhdléjaban azt jelenti, hogy a legnagyobb elem bizonyos atomok irredundéns
egyesitéseként kaphaté meg. Egy linedris leképezés a vektortér altérhaldjan teljes egyesités
endomorfizmusként hat. Az [Sz08] dolgozatban teljes hélék bizonyos tulajdonsdgokkal ren-
delkez6 teljes egyesités endomorfizmusaira olyan tételeket fogalmazunk meg, amelyek a véges
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dimenzids vektorterek linedris leképezéseire ismert klasszikus eredmények dltaldnositasainak
tekinthet6ek. Az atomi fedés tulajdonsdgaval is rendelkezd L algebrai atomisztikus halénak
egy J1 és J2 tulajdonsdgi A\ : L — L nilpotens teljes egyesités endomorfizmusét haszndlva
egy L-beli Jordan normél béazis 1étezését tudjuk bizonyitani. A h&aléelméleti eredményeket
egy végesen generdlt féligegyszerti modulus részmodulus héléjara és annak egy nilpotens
endomorfizmus &dltal indukalt egyesités endomorfizmusédra alkalmazva Jordan normdl bézist
kapunk, ilyet a modulusokrol szél6 gazdag irodalomban nem taldltunk.

4. Centralizatorok és zéré-centralizatorok endomorfizmus-algebrakban

Az értekezés 4. részének célja a centralizatorok és zéré-centralizatorok jellemzése endomorfiz-
mus-algebrakban. Az aldbbiakban ennek a résznek az elézményeit ismertet;jiik.

Annak ellenére, hogy egy gyfiriibeli elem zéré-centralizdtora (més széhasznélattal a kétoldali
anulldtora) nagyon természetes fogalom, ezeknek a lefrasardl a szerzd nem taldlt az irodalom-
ban az értekezéshez kapcsol6dé anyagot. A hagyomanyos centralizdtorok irodalma gazdag,
a tovdbbiakban néhdny alapveté eredményrol tesziink emlitést.

Bergman klasszikus tétele ([Bel]) szerint a K (z1, ..., z,, ...) szabad asszociativ K-algebraban
egy nem konstans f(xi,...,x,) polinom centralizdtora Cen(f) = K|[g] alakd valamilyen
g(x1,...,x,) polinomra. Tehat Cen(f) kommutativ.

Matrixok centralizdtorairdl tobbek kozott Suprunenko-Tyshkevich (1968), Prasolov (1994)
és Gantmacher (2000) konyveiben taldlhatunk eredményeket ([Gal,[Pr],[ST]).

Ha egy A € M,,(K) matrix karakterisztikus és minimalpolinomjai azonosak, akkor A-nak
az M, (K)-beli centralizdtora Cen(A) = K[A] alaki (tehat kommutativ). Altaldban egy
tetszoleges (nem centrélis) A € M, (K) métrix centralizdtora nem lesz kommutativ, tehét
itt nem érvényes a Bergman-féle leirds. Ha egy B € M,,(K) matrixra AB = BA, akkor nem
feltétleniil létezik olyan C' € M,,(K) méatrix, amelynek A és B egyszerre K-beli egyiitthatos
polinomja.

Amennyiben T € GL,(K) invertdlhaté, akkor T—! (Cen(A)) T = Cen(T ' AT) és Cen(A) =
Cen(T~'AT) mint K-algebrék.

Ha K algebrailag zart és {\1, Ag,..., \.} az A sajétértékeinek halmaza, akkor

Cen(A) = Cen(A;) x -+ x Cen(4,),

ahol A; € My (K) azt a blokk-diagondlis matrixot jeloli, amelynek diagondliséban a \;
sajatértékhez tartozé dim(ker(A; — \;ly,)) darab elemi Jordan-blokk &ll (itt d; > 1 a \;
sajatérték multiplicitdasa). Mivel Cen(A;) = Cen(A; — \ily,) és A; — NIy, nilpotens, ezért
Cen(A) meghatdrozdsa visszavezethetd nilpotens métrixok centralizdtorainak leirdsara. Ez
a koriilmény részben indokolja azt, hogy az értekezésben nilpotens endomorfizmusok centra-
lizatoraival foglalkozunk. Azt azért megjegyezziik, hogy egy modulus-endomorfizmus centra-
lizatorat dltaldban nem kaphatjuk meg hasonléan (nilpotensek centralizdtorainak direkt
szorzataként).

Schur kettds centralizator tétele szerint tetszoleges A, B € M, (K) métrixokra a Cen(A) C
Cen(B) tartalmazds ekvivalens azzal, hogy B € K[A]. Ennek a fontos eredménynek kiilon-
bozd altalanositdsai ismeretesek, ezekhez az értekezésben is hozzajarulunk.

A [DSzW]-ben egy végesen generalt féligegyszerit modulus ¢ € Endg(M) nilpotens endo-
morfizmusédnak a centralizatorat el6éllitjuk az M, (R[z]) métrixalgebra egy alkalmas M(X)
részalgebrdjanak A : M(X)® — Cen(yp) ellentett homomorf képeként, ahol m a ker(p)

8
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mag kompozici6hossza (dimenziéja). Az [SzW12]-ben megadjuk a ker(A) C My(X) <
M(X) idedlt, és ¢ zéré-centralizdtordra bizonyitjuk az Mo(X)P/ker(A) = Ceng(p) és
M(X)P/ Mo(X) = Cen(p)/Ceng(yp) izomorfizmusokat.

Abban az esetben, amikor R lokélis gyfir(i, az eldbbiekbdl a Cen(p) = N°P(X)/Z(X),
Ceng(p) = Np(X)P/Z(X) és Cen(p)/Ceng(p) = N (X)P/No(X) izomorfizmusokat kapjuk,
amelyeknél NV (X) C M,,(R[z]) részgylirti és az Z(X) < N(X), Z(X) C Np(X) < N(X)
idedlok a ¢ Jordan normél bézisdnak blokk-méreteivel és a J(R) Jacobson-radikél segitségével
adhaték meg.

Ha R lokdlis gyfirfi, akkor az M,,(R/J(R)) bizonyos U(X) blokk fels6-hédromszog részal-
gebrdjan és W(X) balidedljan teljesiilé azonossdgokat haszndlva azonossdgokat kapunk a
nilpotens ¢ centralizdtoran és zéro-centralizdtoran.

A [DSzW]-beli kettds centralizétor tétel szerint tetszbleges o € Endg(M) esetén a Cen(p) C
Cen(o) tartalmazas azzal ekvivalens, hogy o bizonyos helyeken felvett értékei kifejezhetéek
a ¢ hatvéanyainak ugyanezen helyeken felvett értékeivel (itt R lokalis és ¢ nilpotens).

Az [SzZW12]-ben bizonyitjuk, hogy az r M végesen generélt féligegyszerii modulus tetszbleges
¢ € Endg(M) endomorfizmusdnak zéré-centralizatorara a Ceng(yp) = Ceng(¢ | W) izomor-
fizmus teljesiil, ahol ker(¢) C W C M olyan részmodulus, amelyre (W) C W és a megszori-
tott ¢ | W nilpotens (itt R tetszbleges gyfirti). A Ceng(p | W) zéré-centralizatorra struk-
turélis jellemzést adunk.

Az [SzZW12]-beli kettés zéré-centralizator tétel szerint a Ceng(p) C Ceng(o) tartalmazds
azzal ekvivalens, hogy ker(¢) C ker(o) és im(o) C im(p) mindegyike teljesiil (itt ¢ és o
tetszoleges endomorfizmusai a végesen generalt féligegyszerii p M-nek).
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1. DIRECTED GRAPHS AND EULERIAN POLYNOMIAL
IDENTITIES OF MATRIX ALGEBRAS
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1.0. INTRODUCTION

In Section 1.1 we provide the necessary background on Fulerian directed graphs. Swan’s
theorem on the parity of Eulerian directed paths serves as a starting point of our development.
Standard n x n matrix units can be viewed as directed edges of a graph on n vertices and
their simple multiplication rule is closely related to the directed paths of the mentioned
graph. This observation shows that Swan’s theorem is an equivalent reformulation of the
Amitsur-Levitzki theorem on the standard identity satisfied by matrix algebras.

The formula giving the exact number of Eulerian directed paths (due to van Aardenne-
Ehrenfest and de Bruijn) is our main tool in proving theorems on Eulerian permanental
identities of matrix algebras over a commutative base ring of non-zero characteristic.

Section 1.2 is built on the paper [KSz00].

The famous Amitsur-Levitzki theorem on the minimal PI’s of matrix algebras was published
in 1950 ([AL]), several essentially different proofs appeared in the literature since then. Here
we deal two of them: Swan’s proof ([Sw]) is of purely graph theoretical in nature, while —
possibly the shortest— Rosset’s ([Ross|) uses the Grassmann algebra. The idea of considering
the adjacency matrix A{ of a directed graph I" over the Grassmann algebra was inspired by
the above works. In fact, we take Rosset’s starting point and use one of his tools to get a
particularly transparent theorem on Af. Swan’s theorem on the numbers of even and odd
directed Eulerian paths appears as an easy consequence of this theorem.

Section 1.3 is built on the papers [SzZTR] and [LRSzT].

There are only few known identities for non-commutative associative algebras and the deter-
mination of a finite base of identities seems to be hopeless even in the case of low dimensional
algebras. A natural and simple generalization of Swan’s graph theoretical approach to the
multilinear identities of the full matrix algebra yields a new class of identities. The monomi-
als of a so called Eulerian polynomial correspond to the Eulerian directed paths of a directed
graph and the coefficients are +1 according to the parity of the permutation representing the
given Eulerian directed path. The standard polynomial of degree n appears as the simplest
Eulerian polynomial defined by a one vertex directed graph with n loop edges. The so called
n-fold Capelli polynomial C, ,,,(X) is also Eulerian and comes from a directed graph on n
vertices with exactly m edges from i to i + 1 (modulo n). It follows from the above obser-
vations, that many of the known identities of the full matrix algebra (over a commutative
ring) can be obtained as special Eulerian identities. The real importance of the Eulerian
identities was discovered by Domokos by exhibiting three Eulerian identities of the 3 x 3
matrix algebra M3(K') with the property that non of them is a consequence of the other two
modulo the T-ideal generated by the other known identities of M3(K'). It is a reasonable
conjecture that the T-ideal of the identities of M3(K) is generated by a finite number of
Eulerian identities. Drensky proved that the standard polynomial of degree 4 and the so
called Hall polynomial generate the T-ideal of the identities of My(K'), where K is a field
of characteristic zero. Domokos proved that the Hall identity is a consequence of a simple
Eulerian identity of My(K), thus the mentioned conjecture is valid for My (K).

Section 1.4 is built on the papers [Sz94] and [KSz94].
If all the —1 coefficients of an Eulerian polynomial are replaced by 1, then we get the so
called Eulerian permanental (symmetric) polynomial. Using the AEB formula giving the
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exact number of Eulerian directed paths, we obtain two different sufficient conditions for an
Eulerian permanental polynomial to provide an identity on the full matrix algebra over a
commutative ring of non-zero characteristic. The symmetric polynomial of degree n appears
as the simplest Eulerian permanental polynomial defined by a one vertex directed graph
with n loop edges. Thus the theorem of Chang and Zalesskii on the symmetric identity of
matrix algebras over a field of characteristic p is a special case of our main result. Domokos
proved that one of the above mentioned sufficient conditions has a stronger consequence
than providing an identity on matrices, the mentioned condition implies that our Eulerian
permanental polynomial is in the T-ideal generated by a certain symmetric polynomial.

Section 1.5 is built on the paper [Sz95].

We use the undirected Eulerian paths of a directed graph in the construction of the Eulerian
part of a multilinear *-polynomial. An involution operator x applied to the indetermi-
nates corresponding to directed edges traversed in opposite direction in the given undirected
Eulerian path. First we prove that a multilinear *-identity holds on M,,(R) if and only if all
of its Eulerian parts provide *-identities on the base ring R. Here we consider the transpose
involution on M,,(R) induced by the given involution of the base ring. Using this result and
theorems due to Kostant and Rowen we obtain two new classes of *-identities for matrices
with the transpose involution. The novelty (in the sense of mathematical logic) of these
identities is not known.

12
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1.1. THE PARITY AND THE NUMBER OF DIRECTED EULERIAN PATHS

A directed graph is a quadruple I' = (V,&£,0,7), where V is the set of vertices, £ is the
set of (oriented) edges, 0,7 : &€ — V are functions and for an edge e € &, its tail end is
o(e) € V, while its head end is 7(e) € V. Thus e is an edge oriented from o(e) to 7(e). We
take V' ={1,2,...,n} and often use the notation

£ = {61, €2,... ,BN}.
For the vertices 7,5 € V let
ar(i,j) = {e € ] o(e) =i and 7(e) = j}|

denote the number of edges from i to j. The number of edges starting (terminating) at a
given vertex i is denoted by @7 (i) (®r(7)). Thus

O (i) = Y ar(i.j) = {e € & |ole) =i}

Jjev

and

O (i) = > ar(j,i) = {e € £ | 7(e) = i}|.
jev

A triple (T, p, q) is said to be an Eulerian directed graph if I' = (V,&,0,7) is a connected
directed graph, p,q € V' are vertices and one of the following two conditions hold:
(1) p=q and 97 (i) = P (i) for all i € V;
(2) o (p) = @5 (p) + 1, @1 (g) = D (q) + 1 and @f (i) = p (i) for all i € V'\ {p, q}.
An equivalent characterization of Eulerian directed graphs is that they contain a directed
covering path (or directed Eulerian path) which start at p and end at gq. Such a covering
path may be regarded as a permutation 7 of the edges (or rather their indices) for which

o(erq)) =p,7(exny) = ¢, T(ex(r)) = 0(en(ry1)) forall 1 <r < N —1 and

U {ole),7(e)} =V,

We shall denote the set of all such permutations by II(I", p,q) and call it the path set of
I'. It is clear that II(I',p,q) € Sym({1,...,N}). The following theorem of Swan is a
graph theoretical reformulation of the Amitsur-Levitzki theorem (see[AL]) on the standard
polynomial identity of matrix algebras.

1.1.1. Theorem ([Sw]). If (I',p,q) is an Eulerian directed graph and N > 2n, then the
number of even and odd directed Fulerian paths are equal:

{m € (T, p, ) | sgn(m) = 1} = {7 € TU(T, p, ¢) | sgn(m) = —1}].

An equivalent formulation is that

Z sgn(m) = 0.

m€ll(T,p,q)

13
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1.1.2. Remark. If I' = (V,&,0,7) is a directed graph and p,q € V such that the triple
(T, p,q) is not an Eulerian directed graph, then we take II(T", p,¢) = @ and any sum over
II(T, p, q) is zero. Thus 1.1.1 holds even in the TI(T', p, ¢) = & case.

The following result of Domokos is a broad generalization of 1.1.1, imposing "local" condi-
tions on the number of certain edges. The proof is algebraic and based on the use of Eulerian
polynomials.

1.1.3. Theorem ([D096]). Let (I',p,q) be an Eulerian directed graph and consider the
subsets Vi, Vo CV such that v = |Vi| = |Va| and one of the conditions Vi = Vo or ViNVy = &
holds. If the number of edges starting at Vi and terminating at Vs is at least 2v, then

{m € (T, p, q) | sgn(m) = 1} = {7 € TU(T, p, ¢) | sgn(m) = —1}].

An equivalent formulation is that

Z sgn(m) = 0.

m€ll(T,p,q)

For an Eulerian directed graph (I, p, ¢) we use the notation
vr(i) = max{®; (i), Py (i)} and define an n x n matrix G = [g; ;] as follows:

P i) —an(id), ifi=

Now G € M,,(Z) and the following formula due to van Aardenne-Ehrenfest and de Bruijn is
given in the form as it was first used in [Sz94].

1.1.4. Theorem ([AEB]). If (I',p,q) is an Eulerian directed graph, then the number of
directed Eulerian paths starting at p and ending at q s

LT, p,q) =2 (o) | ] (2F@) — )] det(G(p, a)).
ieV\{}

where G(p,q) = G if p# q and G(p,q) = G;; is an (n — 1) x (n — 1) minor of G (arising

from the deletion of the i-th row and the i-th column of G) if p=q. In the p = q case the
value of det(G(p,p)) is independent of the choice of 1 < i < n.

14
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1.2. THE ADJACENCY MATRIX OF A DIRECTED GRAPH OVER THE
GRASSMANN ALGEBRA

Let I' = (V, €, 0,7) be a directed graph with
V={1,2,...,n} and £ = {ey,eq,...,en}.

Using a ring (or an algebra) R and a map 0 : £ — R, we can define the f-adjacency matrix
of I in M,,(R) in the following natural way:

N
Ar(0) = 0(er) Eaier) rer) -
r=1

where F; ; denotes the standard n x n matrix unit.

If we take R = Z and 6 = 1 is the constant 1-map, then we get the classical adjacency matrix
Ar = [ar(i,j)] of I'. As is well known, the powers of this matrix can be described in terms
of directed sequences of edges in I'.

Sometimes the use of a commutative polynomial ring is more convenient in similar matrix
constructions starting from directed or undirected graphs, a typical example is the so-called
skew symmetric adjacency matrix in Tutte’s theorem on the existence of complete matchings
(in undirected graphs)

If we take the (free) polynomial algebra R = Q (z1,2,...,2y) generated by the non-
commuting indeterminates x1,xs,...,zx and 6(e,) = z,, then we also get a natural ad-
jacency matrix

N
AF(SUh T2, .. ;$N> = Z‘TTEU(&")J(@T)‘
r=1

Clearly, Ar(x1,2s,...,zx) encodes more information than Ar, the structure of directed
sequences of edges in I' can be completely read off the powers of

Ar(z1, 29, .., oy) iIn My (Q (21, 22, ..., ).
Now we consider a similar adjacency matrix Af of I" over the Grassmann (exterior) algebra

EWN) = Q(vy,vs,...,05 | V05 +v50, =0 forall 1 < 7,5 < N).

generated by the sequence (v,)1<,<y of anticommutative indeterminates. The defining rela-
tions vsv, = —v,vs imply that for a permutation 7 € Sym({1,..., N}) we have

Vr(1)Ur(2) * * * Un(N) = SEO(T) V102 - - - Oy .

If we take R = E®) and f(e,) = v,, then we get an adjacency matrix

N
AL = 0B ren)

r=1

in M,,(E®™)). Such a modification of the algebraic environment under

Ar(xy, 9, ...,xy) will result in a dramatic change in the behavior of its powers. Before
proceeding to the formulation of the main result of the Section, some further comments are
in order.
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The famous Amitsur-Levitzki theorem on the minimal PI’s of matrix algebras was published
in 1950 ([AL]), several essentially different proofs appeared in the literature since then. Here
we deal two of them: Swan’s proof ([Sw]) is of purely graph theoretical in nature, while —
possibly the shortest— Rosset’s ([Ross]) uses the Grassmann algebra. The idea of considering
A in M,,(E™)) was inspired by the above works. In fact, we take Rosset’s starting point
and use one of his tools to get a particularly transparent theorem on Af. Swan’s theorem
on the numbers of even and odd directed Eulerian paths will appear as an easy consequence
of this theorem.

1.2.1. Theorem. Let A be the adjacency matriz of a directed graph T' = (V,&E,0,T) with
V =1{1,2,...,n} and €& = {ey,ey,...,ex} over the Grassmann algebra EN). Then AL is
nilpotent of index 2n, i.e. (AL)>" =0 in M, (EWM)).

We shall make use of the following consequence of the Cayley-Hamilton theorem and the
Newton formulae (see in [Ross]).

1.2.2. Lemma. Let Q) be a commutative algebra (with 1) over a field of characteristic zero
and B € M,,(Q) an n x n matriz over Q, then tr(B) = tr(B?) = -+ = tr(B") = 0 implies
that B" = 0.

Proof of 1.2.1. The multiplication rule of the standard matrix units ensures that the (i, j)
entry of the power (A%)"

§ UT’1U7‘2 te UT‘k )

where the sum is taken over all sequences v,,, vy,, ..., v, of distinct generators such that

L= 0(€T1)’T(67’1) = U(€T2)7 T(erz) = 0-(67"3)7 S 77—(67%_1) = U(em)77_(67“k) =7

These sequences correspond to directed paths in T' from vertex i to vertex j (summands

corresponding to directed sequences involving a generator more than once may appear, but

vanish as a consequence of the relations on the v,’s). Set B = (A47)2. Clearly, B € Mn(EéN))

with EéN) being the even part of the Grassmann algebra, generated by the monomials in the

v,’s of even length. Since EéN) is a commutative Q-subalgebra of E®), Lemma 1.2.2 can be

applied to the matrix B. It is enough to show that tr(B¥) = tr((A%)?*) = 0 for all integers
k

1 <k < n. In view of our observation on the (i, j) entry of (A{)", we have

(Tr) ((AL)?F) Zvﬁvm- Urye
where the sum is taken over all sequences v, , vy,, ..., vy, of distinct generators such that
7—(67‘1) = 0<€7‘2)7 7—(67“2) - 0(67’3)’ SR 77—(67"2k—1) = O-(GTQk)? T(€T2k) - 0(61"1)'

If v, vy, - - - Uy, is @ summand in (Tr) then v,, - - - v,,, v,, also occurs in (Tr), moreover
: N
Up Uy * * Upgy =+ Upy *+* Upy, Uy = 010 EW,

Thus each directed circuit in I' of length 2k gives rise to exactly k pairwise disjoint pairs of
summands in (Tr). In consequence, we obtain that tr((A4%)%) = 0. O
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1.2.3. Corollary. As we have seen in the above proof, the (p,q) entry of the power (A%)N

is
va(l)vﬂ@) © o Un(N) = (Z Sgn(ﬂ)> V1V - UN

where the sum s over all products corresponding to directed Fulerian paths

€x(1)s €x(2)s - - - €x(n) Of T from p to q. If N > 2n then Theorem 1.2.1 gives that (A})N =0,

i.e. that Y sgn(m) = 0 in the above sum. This is essentially Swan’s theorem.

1.2.4. Remark. The graph theoretic analogue of the classical Kostant-Rowen theorem
([Ko],[Row74]) on the standard identity for skew symmetric matrices allows us to formulate

the following: (A{ — (Afi)T)Qn_2 = 0 in M,,(E™) (here (AL)" denotes the transpose of A).
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1.3. EULERIAN POLYNOMIAL IDENTITIES OF MATRIX ALGEBRAS
For an Eulerian directed graph (T, p, ¢) with
I'=(\WV,€0,7), p,geV={1,2,...,n} and € = {ey,eq,...,en}

define the corresponding Fulerian polynomial as

Prpg (1,22, .., 2n) = Z SEN(T)Tr(1)Tr(2) ** * T(N) 5
mell(T,p,q)

where the sum is taken over all product corresponding to the directed Eulerian paths in
I' starting at p and terminating at q. Thus Pr,, is a multilinear polynomial in the
free associative algebra C (xy,z9,...,zxN) generated by the non-commuting indeterminates
T1,Tg,..., oy over a unitary commutative ring C'. In order to check that P, = 0is an
identity on a C-algebra ¢ R it is enough to prove that

P(r,p,q)(sh 59,...,5N) = Z Sgn(ﬂ->s7r(l)87r(2) Sy =0
well(T,p,q)

for all s1,82,...,sy € S, where S C R is an arbitrary generator of R as a C-module:

CS =R.

1.3.1. Theorem. Let (T',p,q) be an Eulerian directed graph with V- = {1,2,... ,n}, & =
{e1,e9,...,en} and for i € V take yr(i) = max{®{ (i), ®p (i)}. If m > 1 is an integer and

N =23 min{yr (i), m},
icv

then P pqg)(x1,%2,...,2n) = 0 is a polynomial identity on the full matriz algebra M,,(C)
over any unitary commutative ring C.

Proof. The set of standard matrix units S = {E,; | 1 < a,b < m} is a generator of M,,(C)
as a C-module. It is enough to prove that for any choice Eq) ) € S, 1 < k < N of the
standard matrix units we have

Prp.a) (Ba)p)s Ba@)p@)s - - Ea@vypvy) =0

Using the sequence (Ea(k),b(k))l <p<y We define a directed graph A = (W, F,5,7) as follows:

W= 0 {(oler).alk)). (r(ec). b(k))
is a subset of V' x {1,...,m} and

F=Af1,fo,. ., [n} with 7(fx) = (c(ex),a(k)) and T(fx) = (7(ex), b(k)).

The multiplication rule of the standard matrix units gives that for 7 € II(T", p, ¢) we have
Bam(),br(1) Ear(1))b(x(1)) *** Bam(n) b(r(V) =
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- Ea(ﬂ'(l))b (7(N)) if b( (k?)) = CL(?T(]{? + 1)) foreach1<k<N -1
1 0 otherwise

It follows that a permutation 7w € II(T', p, q) gives a non-zero product if and only if

fﬂ(1)7f7r(2)7 <o 7f7r(N)

is an Eulerian directed path in A starting at (p,a(w(1))) and terminating at (g, b(7(N))).
Thus

Prp.a) (Ba) ) Ea@),62): - - - » Ea(v),p(v) =

> 580 (T) Bagr(1)) bir(1)) Bate()s(x(1)  ** Ba(r(z) () =
well(T,p,q)

Z Z sgn(m) | Eup,

1<a,b<m \ w€Il(A,(p,a),(q,b))

where the inner sum is taken over all Eulerian directed paths of (A, (p,a), (q,b))). If the
triple (A, (p,a), (q,b))) is an Eulerian directed graph, then for a vertex i € V' we have

{(i,t) e W | 1<t <m} <min{yr(i),m}.

fieV\{p,q}. If p=gq, then yr(i) =

) i () for
Or(p) = @r(p) +1 and yr(q) = P (q) =

Notice that yr(i) = @} (1) = D (i
_ ) . Since

i € {p,q}. If p # g, then yr(p)

’1+A
AS/
G}

> 2 min{yr(i), my = 2[W],
eV

the application of Swan’s theorem on (A, (p,a),(q,b))) gives that the above inner sum is
zero. If the triple (A, (p,a), (¢,b))) is not an Eulerian directed graph, then the inner sum is
also zero. [

1.3.2. Remark. Using Theorem 1.1.3 of Domokos instead of Swan’s theorem in the above
proof, we can obtain a stronger version of 1.3.1.

1.3.3. Remark. The standard polynomial

Sn(T1,. ., Tm) = Z SgN () Ta(1) * * * Ta(m)

a€Sym(m)
and the double Capelli polynomial
Com(1y o Ty s ym) = Y sgn()sgn(B)TawyYaq) - Ta(m)Yam)
a,BESym(m)

appear as special Eulerian polynomials. If T' is a one vertex directed graph with 2m loop
edges, then 1.3.1 gives the classical Amitsur-Levitzki theorem (see[AL]), i.e. that Ss,, = 0
is an identity on M,,(C). Another simple consequence of Theorem 1.3.1 is that Cs 9, = 0 is
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an identity on M,,(C), first proved by Chang and Giambruno-Sehgal (see [Ch1],[GS]). The
so called n-fold Capelli polynomial

m

1 2 n
Com(X) = 2. sen(m)] Lot -+ et

T=T1 XX+ X T r=1
w€Sym(nm) , ‘rrjESym(m)

is also an Eulerian polynomial arising from a directed graph on the vertex set V' with exactly
m edges from i to ¢ + 1 (modulo n). It follows from a theorem of Domokos that for any
Eulerian directed graph (I, p, ¢) with m parallel edges the polynomial P, ) lies in the T-
ideal generated by S,, ([D095/1]). Thus C, 2, = 0 is an identity on M,,(C), the fact that
Cpnam—1 = 0 is not an identity on M,,(C) was proved in [LRSzT].

1.3.4. Remark. Using the results of [Ral], Drensky proved (in [Dr81]) that the polyno-
mials S; and [[z,y]?, 2] generate the T-ideal of the identities of My(K) (here K is a field
of characteristic zero). Starting from these two polynomials, Domokos proved (in [Do94/1])
that the above T-ideal is generated by two Eulerian identities of My(K') (one of them is Sy).

1.3.5. Remark. There is no explicitly known finite generating system of the polynomial
identities of M3(K), the existence of such a generating system follows from Kemer’s famous
solution of the Specht problem. It is a reasonable conjecture that the T-ideal of the identities
of M3(K) is generated by a finite number of Eulerian identities. In [D095/2] Domokos
exhibited three Eulerian identities of M3(/K) and proved that non of them is a consequence
of the other two modulo the T-ideal generated by the other known identities of M3(K).
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1.4. EULERIAN PERMANENTAL IDENTITIES OF MATRIX ALGEBRAS

For the integers d > 2 and m > 1 we say that L is a (d, m)-integer, if it has the following
property: if uy + us + - - - + ugs > L for the integers 1 < uq,us, ..., us with 1 < s < m, then
d is a divisor of the product (u; — 1)!(ug — 1)!--- (us — 1)! of factorials. We define I(d, m) as
the least (d, m)-integer.

1.4.1. Proposition. Let d,dy,dy > 2 and v,m,my,ms > 1 be integers. Then

(1) my < my — l(d, ml) < l(d, m2),

(ii) dy is a divisor of dy = (dy,m) < l(dy, m),

(iii) I(Iem(dy,dy), m) = max{l(dy,m),l(dy,m)} (here lem(dy,ds) denotes the least common
multiple of dy and ds)

(iv) I(d",m) < (m +v — 1)d,

(v) l(d",m) = (m+wv—1)d if d is prime and v —1 < m.

Proof. (i), (ii) and (iii) can easily be seen.
In order to prove (iv) take the integers 1 < uy, ua, ..., us with 1 < s <m and

up Fug+ - +us > (m+ov—1)d.

Since the [%]-th power of d is a divisor of u!, it is enough to show that

22 22 e

The summation of the obvious inequalities

{m_1}>ﬂmd

d —d

for 1 <t < s gives the desired inequality.
In order to prove (v) take u3 = ug = -+ = u,_1 = 2d and u; = d for v < t < m. Now
Uy +ug + -+ Uy = (m+ v —1)d and d” is not a divisor of

(ul - 1)'(“2 - 1)' tee (Um — 1)' = ((Qd — 1)!)1;—1 ((d _ 1)!)m—v+1 0

1.4.2. Corollary. Let d > 2 and m > 1 be integers. Then
I(d,m) <max{(m +vy — 1)dy,...,(m+ v, — 1)dy}

and equality holds if v; —1 < m for all 1 < i < k (here v; is the exponent of the prime d;
in the prime factorization d = di*dy? - - - d}* of d).

For an Eulerian directed graph (I, p, ¢) with
I'=(\WV,€0,7), p,geV={1,2,...,n} and € = {ey,eq,...,en}

define the corresponding Eulerian permanental (or symmetric) polynomial as

Q(F,p,q) (I‘l, X, ... ,I‘N) = Z Tr(1)Tr(2) " Tx(N) »
7ell(T,p,q)
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where the sum is taken over all product corresponding to the directed Eulerian paths in I’
starting at p and terminating at q.

1.4.3. Theorem. Let (I',p,q) be an Eulerian directed graph with V = {1,2,... ,n}, €& =
{e1,e9,...,ex}. If d > 2 and m > 1 are integers and ®f (q) > I(d,m) or & (i) > I(d,m)
for some i € V '\ {q}, then Qurpq(®1,22,...,25) = 0 is a polynomial identity on the full
matriz algebra M,,(C) over any unitary commutative ring C with dlc = 0.

Proof. Since Qrp,q) is multilinear, it is enough to prove that for any choice Ey)p),
1 < k < N of the standard matrix units we have

Q(rp.) (o) 01)s Ea(2),62)s - - - » Ba(vypvy) = 0

Using the sequence (Ea(k),b(k))l <pey We define a directed graph A = (W, F,5,7T) as follows:

W= U {(o(en),alk)). (r(e). b(k)}
is a subset of V' x {1,...,m} and

F=Afi far- -, In} with 3(fi) = (o(ex), a(k)) and 7(fr) = (7(ex), b(k)).

The multiplication rule of the standard matrix units gives that for © € II(T", p, ¢) we have
Ba(x(1))b(x (1)) Ba(r (1) b(r(1)) -+ * Ea(x () bx(N)) =
o Ea(ﬁ(l))Vb(ﬂ(N)) if b(ﬂ'(l{i)) = CL(?T(]{? —+ 1)) for each 1 < k < N -1
1 0 otherwise

It follows that a permutation = € II(T', p, q) gives a non-zero product if and only if

fﬂ(l)vfw@)a S 7f7r(N)

is an Eulerian directed path in A starting at (p,a(n(1))) and terminating at (g, b(m(N))).
Thus

Pr p.g) (Ba()01)s Ba@)02)s - - - » By pvy) =

> Bate(1) br (1) Bate(1)) (1) ** * Ba(m(v) bir()) =
well(T,p,q)

> > lo | Eap,

1§a’7b§m ﬂ-eH(Av(p7a)7(Q7b))

where the inner sum is taken over all Eulerian directed paths of (A, (p,a), (g,b))). If the
triple (A, (p,a), (¢,b))) is an Eulerian directed graph, then the application of Theorem 1.1.4
(AEB formula) gives that

T(A,(p, a),(q,0)))|=2X((g, )" I[I  (@X(G.0) = 1| det(G((p. a),(g,b)))-
GDEW\{(a.0)}
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If @ (i) > I(d, m) for some i € V'\ {q}, then ®L((j,¢)) > 1 for each (j,t) € W\ {(q,b)} with
7 =1 and
> k(G = L0,
GDEW\{(g:0)}.5=i

The definition of /(d, m) implies that the "sub-product"

II @G-
(3:)eWN\{(g.b)}.5=i
in the AEB formula is divisible by d.
If ®/(q) > U(d, m), then ®L((j,t)) > 1 for each (j,t) € W\ {(¢,b)} with j = ¢, t # b and

(14 ®L((g,0))) + > ®L((j,1)) = L+ ®f(q) > U(d,m).
(j,t)eW\{(q,b)},j:q,tyéb

The definition of I(d, m) implies that the "sub-product"

®4((g,0))! 11 (®A((G: 1) = 1)!

(1) EWN{(g,b)},5=q,t#b

in the AEB formula is divisible by d. Thus the above inner sum

ST

mell(A,(p,a),(g;b))

is zero in both cases. If the triple (A, (p,a), (g, b))) is not an Eulerian directed graph, then
the inner sum is also zero. [J

1.4.4. Remark. The simplest Eulerian permanental polynomial is the symmetric polyno-
mial
IE;(II, ‘e ;l’k) = Z Ta(1) " Ta(k)

a€eSym(k)

arising from a one vertex directed graph with & loop edges. If C' is a commutative ring of
characteristic d (i.e. dlg = 0 and d is the least natural number with this property) and
N < Il(d,m), then Ty = 0 is not an identity on M,,(C'). This shows that our condition in
Theorem 1.4.3 is sharp in the case of the symmetric polynomial.

1.4.5. Remark. If k£ > 1 is an integer and ®; (¢) > k or ®{ (i) > k for some i € V' \ {q},
then Domokos proved (see [D094/2]) that Q) is contained in the T-ideal generated by
the symmetric polynomial 75, in C' (x4, ..., z)) over an arbitrary commutative ring C'. Chang
and Zalesskii (see [Za],[Ch2]) proved that 7, = 0 is an identity on M,,(K) over a field K
of characteristic p if and only if £ > mp. Combining the above mentioned results one can
easily derive our Theorem 1.4.3 in prime characteristic.

1.4.6. Theorem. Let (I',p,q) be an Eulerian directed graph with V- = {1,2,... ,n}, & =
{e1,e9,...,ex} and for i € V take vr(i) = max{®\(i),®r(:)}. If d > 2 and m > 1 are
integers such that

N > 1(d, S min{yr(i), m}),

9%
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then Qrp.q)(T1,%2,...,2n) = 0 is a polynomial identity on the full matriz algebra M,,(C)
over any unitary commutative ring C with dlg = 0.

Proof. We can follow the steps of the proof of 1.4.3. Assume that (A, (p,a), (¢,b))) is an
Eulerian directed graph. Notice that

L+2X((@b))+ >, ®X((.1) =1+ N >1(d, S min{yr(i), m}),
GHEW\{(a.6)) iev

where the number of summands on the left side is exactly |W/|. The argument in the proof

of 1.3.1 gives that
(W< > min{yr(i), m}.
iev

In view of the definition of {(d, Y min{~r(i), m}), we obtain that
i€V

L(A(pa) (@, ))=@X((@.0)! | T]  (@K((G.1) — 1)!| det(G((p,a).(4.))).
GHEW\ (@)}

is divisible by d. [J
1.4.7. Remark. Define the Eulerian directed graphs
(I, p'=1,¢d =1)and (I'",p" =9,4" =9)
as follows:
M= W& 0,7),V ={1,2} and & = {e}, €, ..., €5},
o(e,) =1,7(e})=2if 1 <k <6 and o'(e},) =2,7'(e},) =1if 7T < k <12,
= V"E&" " 7),V"={1,...,9} and &" = {e], €}, ..., e},
o'(eh, 1) =0"(eh) =k and 7"(ey, ) =7"(es,) =k +1if 1<k <7,
o"(e15) = 0"(els) = 8 and 7"(ef5) = 7"(e}) =1,
0" (€116) =k and 77(ej 1) =91 1 <k <8,
0" (€p104) =9 and 7"(e) o) = kif 1 <k <8.

Now (1) = 1 (2) = 6 and min{yr(1),2} + min{yr(2),2} = 4. Since N' = || = 12 =
[(8,4), Theorem 1.4.6 gives that Q1,4 = 0 is an identity on My(C), where 8 -1c = 0. On
the other hand ®f,(1) = ®,(2) = 6 < 8 = [(8,2) indicates that Theorem 1.4.3 cannot be
applied on Q(p/m/,q/).

Since

9
> min{vr~(i),2} = 18 and N” = |&"| = 32 < 40 = [(8, 18),
=1

Theorem 1.4.6 cannot be applied on Qv ). On the other hand ®f,(9) = 8 = 1(8,2) and
Theorem 1.4.3 gives that Qv o) = 0 is an identity on My(C'), where 8 - 1o = 0.
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1.5. THEOREMS OF KOSTANT AND ROWEN, EULERIAN *IDENTITIES OF
MATRIX ALGEBRAS

T = (V,€ 0,7) is a directed graph with V' = {1,2,... n} and € = {ey,es,...,en}, then
{(co(ex), T(ex)), (T(ex),o(ex))} has two elements if e is not a loop edge and has one element
if e;, is a loop edge. An element of the product

N

V = [[{(o(exr). 7(ex)). (7(ex). oer))}

k=1

isa function v : {1,..., N} — V xV such that u(k) = (o(ex), 7(ex)) or (k) = (7(ex), o(ex)).
Let u(k); and p(k)2 denote the first and the second coordinate of p(k) in V', respectively.
A permutation 7 € Sym(N) is called an undirected covering (or Eulerian path) path of I’
starting at p € V' and terminating at g € V' if there exists a u € V such that

p(r(1) = p, p(r(k))r = p(r(k+ 1)), u(m(N))s = g foreach 1 <k < N — 1.

We note that if we have such a p, then it is uniquely determined by 7 and p. If u(k) =
(o(ex), T(ex)), then we say that the edge ey is traversed in the direction of its orientation
in the undirected covering path er(1), ex(2), - - -, €x(n), while in the case u(k) = (7(ex), o(ex))
we say that ey, is traversed in the direction opposite to its orientation (the above definition
does not apply for loops). Let ITI*(I", p, ¢) denote the set of all undirected covering paths of
[ from p to ¢: II*(I',p,q) € Sym(N). It is well known that if II*(T',p,q) # @, then ¢ is
also uniquely determined by p (and vice versa): ¢ = p, if the number of edges adjacent to
p is even, and ¢ is the unique vertex in V' \ {p} having an odd number of adjacent edges, if
the number of edges adjacent to p is odd. A function € : {1,..., N} — {1, %} is called an
exponent for the permutation = € II*(T', p, q) if

oy = b Vi (R)) # (7(exw)), o (nny)),
(k) { * if M(W<k>) 7é (O-(ew(k))77<67r(k)))'

Thus the value (k) of an exponent depends on how the edge e, is traversed in the undi-
rected covering path 7. Let us add that there is no restriction on the value of (k) if e, is
a loop edge. The sign and the (1)-free sign of a function € : {1,..., N} — {1, %} is defined

as follows:
sgn*(e) = (—l)rev(e) and Sgn(l)(g) — (_1)(1)—reV(6)7

where the number of reversings and (1)-free reversings in ¢ are
rev(e) = {k |1 <k < N,e(k) =%} and (1) —rev(e) = {k |2 <k < N,e(k) = *}|,

respectively. If II*(T", p, q) # @, then the triple (T, p, q) is called a base Eulerian graph. If
m € II*(T', p, q) and € is an exponent for 7, then (7, ¢) is called an admissible pair of (I, p, ).

A multilinear x-polynomial in the free associative algebra C (xq,xs,...,zxN) generated by
the non-commuting indeterminates 1, zo,...,xy over a unitary commutative ring C' is of
the form

" 1) &2 N
P*(zy,29,...,2Nn) = Z a(m, E)mi((l))zi((;) - -xfr((N)),
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where a(m,e) € C' and the summation is over all permutations 7 € Sym(/N) and functions
e:{1,...,N} — {1,%}. The Eulerian part of the above #-polynomial, associated with
(T, p, q) is defined as follows:

. 1) 2 N
P(np’q)(xl, Ty ..., TN) = Za(ﬂ, é)xi((l))xfr(@)) o ~xfr((N)),
(m,€)

where the sum is taken over all admissible pairs (m, ) of (T, p, ¢). We note that Prpg =1"

it I' is a graph on one vertex with NV oriented loops. Next we define the standard S} and
the semi-standard *-polynomial S](\P by using the ordinary standard polynomial Sy:

Sy(z1,29, ..., xy) =Sn(xy — 2], 00 — 5, ..., TN — Xy) =

(1) =(2) (V)
D sen(m)sen” (£)a0) a7+ )

and
S](\P(:El,x% cooon) =8Sny(zy + 2,20 — a5, oy —T) =
ngn sgn(l) (e)x i((11)) 6(( )) ”xfr((]]VV))u
and here the sums are taken over all 7 € Sym(N) and ¢ : {1,. } {1,%}. The

Eulerian part of the above x-polynomials will be denoted by S T pa) and S(R Py , respectively.
If R is an algebra over C, then any involution * on R can be used to define the x-transpose
of an m x m matrix U = [u, 3] € M,,(R) as follows: U* = [g,], where g, = uj ,. Since this
operation is a natural extension of % from R to M,,(R) and is also an involution, we keep
the notation .

1.5.1. Theorem. If R is a C-algebra with an involution % and P* is a multilinear *-
polynomial over C' of degree N, then the following conditions are equivalent:

(i) P* =0 is a x-identity on M,,(R) with the induced *-transposition,

(ii) P(*F% g =01isa x-identity on R for all base Eulerian graphs (I',p,q) with N edges and
at most m vertices.

Proof. (ii)==(i): Since P* is multilinear, it is enough to prove that the substitution
T = Telawpk), ™ € R, 1 < k < N of the scalar multiples of the standard m x m
matrix units into P* gives zero. We have

P*(r1Ea1),61), "2Ea@)p2)s - - s TN Ea(vyp(v)) =

> al(m, &) (ra() Baru),e(1) ™ - - (70 Bagr( s ) =

e(1) e(N) e(1) £(N)
Z (. e)r w0 T Ear ) b)) Eae(v) sy

where the sums are taken over all permutations 7 € Sym(/N) and functions
e:{l,...,N} — {1,x}.

We shall define a directed graph in two steps. First consider the graph on the vertex set
V ={1,2,...,m} with oriented edges ey, es, . .., en such that o(ex) = a(k) and 7(ex) = b(k).
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Now define A by restricting the vertex set to UY_,{a(k), b(k)}. Clearly, the graph so obtained
has at most m vertices. It is readily seen that the product

e(1) L EN)
Eam) ) Faa(v) sx)
in M,,(R) is either zero or E,, for some p,q € V and the latter holds precisely when the
triple (A, p, q) is a base Eulerian graph with (7, ¢) being an admissible pair of (A, p,q). In
consequence we obtain that the (p, ¢) entry of

P (11 Eaq)p(1), T2Ea2)6(2)s - - -+ TN Ea(n) p(v))
is
1 N
D alm e )

where the sum is taken over all admissible pairs of (A, p,q). The value of the above sum is
exactly P(*r,p, 9 (ri,re,...,rn) = 0, i.e. the value of the Eulerian part of P* associated with
(A, p,q) under the substitution of the r’s.

(i)==(ii): Let (I',p,q) be a base Eulerian graph on the vertex set V' C {1,2,...,m} with

oriented edges ey, es, ..., ey. In order to evaluate P(*r,p,q) (r1,72,...,7N), consider the matrix
substitution

T = TlEO'(el)J'(El)’ To = T2E0'(€2),7’(62)7 sy IN = TNEO'(EN)J'(EN))

into P*. The argument in the proof of (ii)==-(i) shows that we have (A, p,q) = (I, p, q) for
this substitution and P*(ry,ro,...,ry) is exactly the (p,q) entry of

P*(TIEU(el),T(€1)7 TQEa(ez),T(ez)7 s 7TNEO'(6N),T(€N)) =0.0

We paraphrase the following theorems of Kostant and Rowen.

1.5.2. Theorem ([Ko],[Row74]). If N > 2m—2 for some integer m > 2, then Sy = 0 is
an identity on the set M, (C) of mxm skew symmetric matrices over a unitary commautative
ring C.

1.5.3. Theorem ([Row74]). If N > 2m —1 and m > 2 is even or N > 2m — 2 and
m > 2 is odd, for some integer m > then Sy(z1,xs,...,xx) = 0 is an identity for
all 1 € ME(C) and x, € M, (C), 2 < k < N. Here M} (C) and M (C) denote the
set of symmetric and skew symmetric m X m matrices over a unitary commutative ring C,
respectively.

2,
<
X

The construction of the new classes of Eulerian *-identities (of matrix algebras over com-
mutative rings with the transpose involution) in the following theorems is based on the
use of "blow-up" matrices in a similar way as ordinary Eulerian identities were obtained in

[Do94/1].
1.5.4. Theorem. If (T',p,q) is a base Eulerian graph with N edges and n vertices such
that N > 2nm — 2 for some integer m > 1, then S(*F,p,q) = 0 is a x-identity on the matriz

algebra M,,,(C) over a unitary commutative ring C with the transpose involution.
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Proof. Put R = M,,(C) with the transpose involution in Theorem 1.5.1. Now the elements
of M,,(R) are the "blow-up" matrices. It is straightforward to see that M,,(R) = M,,,,(C) as
algebras over C' and the induced involution on M,,(R) will also be the ordinary transposition,
viewed in M,,,,,(C). Since Sy = 0 is a *-identity on M,,,,(C') by Theorem 1.5.2, the (i)==-(ii)
part of Theorem 1.5.1 gives that Sf. , v = 0 is a *-identity on M,,(C). O

1.5.5. Remark. Two simple examples for the application of Theorem 1.5.4 can be found
in [Sz95].

1.5.6. Theorem. If (I',p,q) is a base Eulerian graph with N edges and n vertices. Further
let m > 1 be an integer such that one of the following two conditions apply: N > 2nm — 1
and nm is even or N > 2nm — 2 and nm 1is odd. Then S((ll?m) = 0 is a *-identity on the
matriz algebra M,,(C) over a unitary commutative ring C' with the transpose involution.

Proof. We proceed in the same way as in the proof of Theorem 1.5.4. The only difference

(beyond the obvious alterations) is that here we use Theorem 1.5.3 instead of Theorem 1.5.2.
O

1.5.7. Remark. Using directed graphs in [RSz95/1] we present some identities for sym-
metric and skew symmetric matrices over a commutative ring of prime characteristic.
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2.0. INTRODUCTION

Throughout Section 2 a ring R means a not necessarily commutative ring (or an algebra over
a field of characteristic zero) with identity and all ring endomorphisms preserve the identity.
The group of units in R is denoted by U(R) and the centre of R is denoted by Z(R). We use
the notation rad(R) for the prime (or lower nil) radical and J(R) for the Jacobson radical of
R.

Section 2.1 is built on the paper [SzW15].

We collect some known and several new results about Lie nilpotent rings. A basic example of
a Lie nilpotent matrix ring is given and a corresponding dimension conjecture (generalizing
Schur’s upper bound for the dimension of commutative matrix algebras) is formulated. We
shall make use of classical results due to Jennings (see [Je]), and in order to ease readability,
we provide short self-contained proofs of these theorems. Observations on certain products
in a Lie nilpotent ring R lead to the description of the prime radical rad(R) and to the
fact that R/rad(R) is commutative. We prove that if L is a left ideal of a Lie nilpotent R,
then L 4 rad(R) is a two-sided ideal of R. As a consequence of the mentioned results, a Lie
nilpotent version of Cohen’s theorem (on the finite generation of the ideals in a commutative
ring) is presented in [SzW15].

For an arbitrary ring R we consider its n-th Lie center Z,(R), which is a Lie nilpotent
subring of index n. If C' is a commutative submonoid of the multiplicative monoid of R,
then we prove that the subring (Z,,(R) U C) of R generated by the subset Z,(R) U C' is also
Lie nilpotent of index n (see [SzZW15]). This statement is a generalization of Lemma 2.1 in
[Sz97] and plays a crucial role in the development of our Lie nilpotent determinant theory.

Section 2.2 is built on the papers [Sz97|, [Sz06] and [SzW14].

The natural symmetrization of the determinant and of the adjoint matrix lead to useful
concepts. It turns out that these constructions can serve as a starting point of a new
determinant theory for square matrices. First we prove that sdet(A) = tr(AA*) = tr(A*A),
where sdet(A) is the symmetric determinant, tr denotes the trace (the sum of the diagonal
entries) and A* is the symmetric adjoint matrix of the n x n matrix A € M, (R). If R is
an algebra over a field of characteristic zero, then the symmetric adjoint and determinant
constructions are invariant with respect to the conjugation by an invertible matrix over the
base field. As a consequence, we obtain an invariant determinant theory.

For a 3 x 3 matrix A € M3(R) we exhibit the symmetric analogue of the Newton trace
formula for sdet(A). In consequence, the coefficients of the so called symmetric characteristic
polynomial of a 3 x 3 matrix also can be expressed by traces (see [SzZW14]).

Our determinant theory rests on the observation that the entries of the difference matrix
nAA*—sdet(A)I, are in the additive commutator subgroup [R, R] of R.

Section 2.3 is built on the papers [Sz97|, [Sz98/2] and [SzW14].

Over an arbitrary R, the right adjoint (matrix) sequence (FPy)g>1 of a matrix A € M, (R) is
defined by a recursion using the symmetric adjoint. The k-th right adjoint and the k-th right
determinant of A is defined as radj(, (A) = nPy - - - Py and rdet ) (A) = tr(AP -+~ P). If Ris
Lie nilpotent of index k, then the main result of our determinant theory is that Aradj,(A) =
rdet () (A)I, is a scalar matrix. As a consequence, we obtain that an idempotent ideal A <1 R
in a Lie nilpotent R is of the form A = eR = Re for some idempotent element e € A.
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Section 2.4 is built on the papers [Sz97], [Sz06] and [SzW14].
The natural definition of the k-th right characteristic polynomial of a matrix A € M,,(R) is
pak(x) = rdety)(xl, — A). We prove that

par(@) = A + AP oo A8 i1y \B) et

is a polynomial in R[z]of degree n* with leading coefficient
A = {(n — 1yttt

Our (right) Cayley-Hamilton identity (over an arbitrary R) with right matrix coefficients is
of the form

A Lo+ Co) + AL, + C) + -+ AN L, + Cot) + A", + C) = 0,

where tr(C;) = 0 and each entry of C; is in the additive commutator subgroup [R, R]. This
is a broad generalization of the classical result.
If R is Lie nilpotent of index k, then a (right) Cayley-Hamilton identity

(Apag = LAY + AP g a1 ® Ly gnf\B g
holds with right scalar coefficients.

Section 2.5 is built on the papers [Sz97|, [Sz98/1] and [SzW14].

Using the second right characteristic polynomial p4s(x) of a matrix A € M,,(E), we prove
that M,,(E) is integral of degree 2n? over the even component Ey of E. As a consequence,
we derive that the identity

Son2 (Y2, Z),... [V, Z]) =0

of algebraicity holds for M,,(E). This is one of the few explicitly known polynomial identities
of M,,(E). The fact that pas(r) € Ep[z] holds for an (n,d)-supermatrix A € M, 4(E)
is a consequence of a more general result on the characteristic polynomials of centralizing
matrices. It follows that a lower degree identity

S (Y™, Z],...,[Y,Z]) =0
of algebraicity holds for M,, 4(E).

Section 2.6 is built on the paper [Sz15].
The subalgebra of M,,(R) consisting of the so called (0, W)-centralizing matrices is defined

as
M, (R, 8, W, W) = {A € My(R) | 6,(A) = WAW 1},

where § : R — R is an ring endomorphism, §,, : M,,(R) — M,,(R) is the natural (element-
wise) extension of 6 and W € U(M,(R)) = GL,(R) is an invertible matrix. Clearly, the
Wé,(A) = WA form of the above defining equation can be viewed as a skew centralizing
property of A with respect to W. If W € M,,(Z(R)) has central entries, then tr(A) € Fix(J)
for all A € M,,(R, 5, W, W™1).
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For an n-element subgroup G = {01,039, ...,0,} C Aut(R) of automorphisms
I'(r) = > oi(r)Ei;
i=1

defines a natural diagonal embedding I' : R — M, (R) of rings. We prove that ' is an
R — M, (R, 6, Ps, P;'') embedding, where Pj is the n X n permutation matrix defined by
the multiplication ction of 6 on G. If § € Cen(G) is central in G, then I' 0§ = 4, o I" and
we consider the skew polynomial ring R[w,d]. There is a unique homomorphic extension
Ls : Rlw, 0] — M, (R[z]) of I" with I's(r) = I'(r) and I's(w) = Psz. We prove that

FJ(TO + riw + e _|_ Tkwk) = F(To) —|— F(Tl)P(SZ + cte + F(rk)quzk

defines an embedding T's : R[w, §] — M,,(R[2], ., Ps, P; ). This embedding can be used to
derive some polynomial identities for R[w,d] from the identities of R.

Section 2.7 is built on the papers [Sz97], [Sz98/1] and [Sz15].

If R is an algebra over a field K of characteristic zero and W € GL,,(K), then we prove that
the algebra of (9, W)-centralizing matrices is closed with respect to taking the symmetric
adjoint, rdet()(A) € Fix(d) for the k-th right determinant and

pak(x) = rdetyy (v, — A) € Fix(d)[x] for the k-th right characteristic polynomial of a matrix
A € M, (R, 5, W,W~1). If R is Lie nilpotent of index k, then a right Cayley-Hamilton identity

® _g

nk

(A)pag = LAY + AP ot =® Aty

holds for A € M,,(R,d, W, W), where the coefficients )\Z(-k), 0 < i < n* are in Fix(d). The
mentioned statements are broad generalizations of the results in [Sz98/1].

We use the embedding I' to prove that a Lie nilpotent K-algebra R (of index k) is right
integral of degree n* over the fixed K-algebra Fix(G) of an n-element subgroup G' C Aut(R)
of K-automorphisms.

After some observations on graded matrices, we use the embedding I's to prove the following.
If e € K is a primitive n-th root of unity, § € Aut(R) is an automorphism of a Lie nilpotent
K-algebra R (of index k) with 6" = idg # 6"~ !, then R[w, ¢] is right integral over Fix(d)[w"]

of degree n*.

32



dc_1078_15

2.1. SOME RESULTS ON LIE NILPOTENT RINGS

Let R be a ring, and let [z,y] = xy — yx denote the additive commutator of the elements
x,y € R. It is well known that (R, +,[, |) is a Lie ring and the following identities hold:

[y,ZE] = —[[L’,y],

[[z,y], 2] + [[y, 2], z] + [[2, 2], y] = 0 (Jacobian identity),
[uwv, x| = [u, vz] + [v, zu] = ulv, 2] + [u, z)v.

The use of [z, uv] = ulz,v] + [z, u]v and [uv, ] = u[v, 2] + [u, z]v gives that
[[a, by], 2] = [bla, y] + [a, bly, ] = [bla, y], x] + [la, bly, 2] =

blla, yl, x| + [b, z][a, y] + [a, blly, 2] + [[a, b], z]y.

For a sequence 1, s, ...,2, of elements in R we use the notation [z, zs,...,x,]: for the
left normed commutator (Lie-)product:

[21]] = 1 and [zq, 29, ..., 2,0 = [ . [[x1, 2], 23], .. ., 2]
Clearly, we have
(@1, T2, .o, Ty Trgt 1 = [[T1, T2, -, T, Tp1] = [[T1, T2), T3, - o, Ty T ]y
A ring R is called Lie nilpotent of index n (or having property L,,) if
(%1, %2, .., Tny Tnga ]y =0

is a polynomial identity on R. If R has property L,, then [z, 2, ..., x,]" € Z(R) is central
for all x1,xs,...,2, € R.

2.1.1. Example. Let kg =0 and 1 < ky,...,k,, k,1 < m be integers such that &y + -+ +
kn + ki1 = m and let K be a field. The pair (4, j) of integers satisfies (x) if

(*) k?0+]{31+"'—|—]€t_1<i§]€0+k’1+"'+k}t<jgm

for some (unique) index 1 < ¢ < n. One of the basic examples of an K-algebra satisfying L,
is the K-subalgebra

R = Rm(kl, ey k’n, kn—l—l) = {Zam-Eivj | a;j € K and (Z,]) satisfies (*)}

of block upper triangular m x m matrices of the full matrix algebra M,,(K), where E; ;
is the standard matrix unit with 1 in the (i, j) position. Clearly, the ordinary nilpotency
R = {0} # R" implies L,, and the addition of the center (scalar matrices) yields a unitary
subring R + K1, of M,,(K) also with L,,. The K-dimension of R + K1, is

1
mmﬂR+KhJ=1+§mﬂ—ﬁ—~~—ﬁ—kaﬁ
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2.1.2. Conjecture. If S is a (unitary) K-subalgebra of M,,(K) with L, and n+1 < m,
then

1
dimg(S) <1+ §(m2 —ki— =k —k2)
for some integers 1 < ky, ..., ky, knpor < m with ki + -+ k, + k1 = m.

For n = 1 our conjecture becomes a classical theorem of Schur about the maximal dimension
of a commutative subalgebra of M,,(K).

We call a ring R Lie nilpotent if it is Lie nilpotent of index n for some n > 1 (see, for
example, [D], [DF],[Je] and [Row80, Row88|). Notice that My(K) is not Lie nilpotent, i.e. it
does not satisfy L,, for any n > 1.

2.1.3. Proposition. If R is a ring with Ly and a,b, c,ag,aq,...,a; € R, then we have the
following.

1. [a,b][a,c] = 0.

2. If ab=0, then bxbya =0 for all z,y € R (i.e. bRbRa = {0} ).

3. If apay---ap =0, then

A1T101Y102T202Y>2 * * * A TRALYEAo = 0
forall z;;y; € R, 1 <i < k.

Proof.
(1): Take x =cand y = a in

[la, by, «] = bl[a, y], 2] + [b, 2][a, y] + [a, b][y, =] + [[a, O], z]y.
(2): ab =0 and the Ly property of R imply that bya = [by, a] is central, whence
bxbya = (bya)bxr =0

follows.

(3): In order to see the validity of the implication for k = 1, take a = ag and b = a; in
part (2). In the next step of the induction we assume that our statement holds for some
k > 1 and consider the product aga; - - - axarr1 = 0 in R. Using the induction hypothesis for
(apai)as - - - agag+1 = 0, we obtain that

A2T202Y203 * * * Ak TkAkYkAk1+1Tk+10k+1Yk+1(a0a1) = 0
for all z;,y; € R, 2 <1 < k+ 1. Now the choice of
a = aT2a2Y203 - * - AkTEAEYkAk+1Tk+10k+1Yk+100 and b = a1
in part (2) gives that
0 = bz1byr1a = a17101Y102T202Y203 * * * AT EARYE A+ 1T k41 0k+1Yk+100

for all z;,y; € R, 1 <1 < k+ 1. It follows that our statement is valid for £ + 1. [J
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In order to provide a self contained treatment we include the proofs of Theorems 2.1.4 and
2.1.6 due to Jennings.

2.1.4. Theorem ([Je]). Let n > 3 be an integer and R be a ring with L,,. Then

[{1317.1'2,...,[[‘”]; : [y17y27""yn]; =0

for all z;,y; € R, 1 < i <mn. Thus the two sided ideal
N=R{[x1,22,...,x,]  |x; € R,1 <i<n}={[x1,22,...,2,]  |x; € R,1 <i<n}R

generated by the (central) elements [r1, s, ..., x,|% is nilpotent with N* = {0}.

Proof. Take

* *
T =[T1,%2,. . Tpaly 0,y = Tp-1 and 2 = [y1, Y2, .- -, Yn-1p1

in the Jacobi identity
([, 9], 2] + [ly, 2], 2] + [[2, 2], 4] = 0.

Since

Hyv Z], ZE] :—HZ, yL CL’] = _[Hyl, Y2, ... 7yn—1]:L—17 y]? ‘T] :_[yla Y2y -y Yn-1,Y, x];+1 =0

and
[[Z7$]7 y] = H[y17y27 s ayn—l];—17x]7y] = [y17y27 sy Yn—1, T, y];-g—l =0

are consequences of the L,, property, we obtain that

0= [[ZL‘, y]? Z] = [be T2, - - axn—ﬂ;—% mn—l]’ [ylv Y2, - .- 7yn—1];;_1] =
[[.Tl, Loy 7'£Un—1];k7,_17 [yh Yo, 7yn—1]'>rkz—1]‘
Now take
a = [yla Ya, - - 7ynfl]2—17 b= [x17$27 o axnfl];;—lvm = Tn and Y=1Yn
in
[la, by], ] = b[a, y], 2] + [b, 2][a, y] + [a, b][y, 2] + [[a, b], z]y.
Since

Hau by}: LU] = [[[ylv Y2, ... 7yn*1]:1—17 by]7 'T] = [3/17 Y2y -y Yn—1, by7 x];kwrl = 07

[[aa y]7 IL'] = H[yla Y2, ... 7yn71]:;—17 y]a .Z'] = [yb Y2,y Yn—1, y7$]7*1+1 = 07
[[aa b],ZE] = [[[y17y27 cee ayn—l];—lv b],:)?] = [yla Y2y Yn—1, ba x]:;—kl =0

are consequences of the L,, property and

[CL, b] = [[y17 Y2, - - - ayn—l]:;_l, [xl, xTo, ... ,:L‘n_l]:;_l] = 0’

we obtain that
0= [b7 I][CL, y] = [[1’1,1’2,. . -7%—1]2717%][[%@27- . wyn—l]:;fl:yn] = [1‘171’2,. . ‘Vrn]:;[yby%‘ . wyn]:;'[j
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2.1.5. Remark. The m-generated (m > 4) Grassmann algebra
E™ =K (v1,...,0n | vv; +vu;,=0forall 1 <i<j<m)
over a field K (with 4 # 0) has property Ly and
[V1, Va5 - [Us, V4] = [v1, 2] - [U3, V4] = 4v1vv304 # O

shows that Theorem 2.1.4 is not valid for n = 2. The fact that a occurs twice in [a, b][a, ] is
essential in part (1) of Proposition 2.1.3.

2.1.6. Corollary ([Je]). If R is a ring with L,, (n > 2), then we have the following.
1. The ideal

1(2) == R[R, R]R == {Zlgigtri[ai,bi]si | ri,ai,bi,si € R, 1 S ) S t} < R

18 nil.
2. The ideal

I(3) = R[[R,R], RIR = {219@”“@@'7@],0@']51’ | 7y ai biyciysi € R <1<t} <R
is nilpotent of index 2" 2.

Proof. In both cases we use the ideal N < R generated by the (central) elements
[1, X9, ..., 2, and apply an induction with respect to n.
(1): If n = 2, then part (1) of Proposition 2.1.3 gives that [a;, b;]> = 0 for each 1 < i < t.

Thus 1
(Zlgigtri [ai, bi]si)t+ =0

follows from the centrality of the [a;, b;]’s. Now assume that (1) is valid in any ring with
L,—1 (for some n > 3) and consider an element

> 1<i<iTilai, bi]si € R[R, RIR

in a ring R with L,. Since the factor ring R = R/N satisfies L,_, the induction hypothesis
gives that for some k > 1 we have

in R. Since N2 = {0} by Theorem 2.1.4, we have

(Zgigtﬁ [ai, bi]si) *-0

in R.

(2): If n = 2, then R[[R, R], R|R = {0}. Now assume that (2) is valid in any ring with L,_;
(n > 3) and consider a sequence of elements [[a;, b;],¢;], 1 <i < ¢ =2""2in R|[[R, R], R|R,
where R is a ring with L,. Since the factor ring R = R/N satisfies L,_;, the induction
hypothesis gives that for p = 273

(@1, b), @] Rl[@s, ba), @I R - - Rl[ay, by), &) = {0}
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holds in R. Thus
[[a1, b1], c1] R[[ag, b, co] R - - - R[[ay, by], c,] € N

and similarly
[[ap+1, bpa], ] Rllapia, bpia, cpso] B -+ Rl[apip, bpip), cpap] S N
for all a;,b;,c; € R, 1 <i < 2p=q. It follows that
[[a1, b1, 1] R -~ Rl[ap, byl cp) Rl[ap 1, bpra], cpia] R~ Rl[apsps bysspls cpap) © N2
In view of Theorem 2.1.4, we obtain that

(R[[R, R], RJR)" C N? = {0}. O

2.1.7. Theorem. Let n > 2 be an integer and R be a ring with L,. If a,b € R, ab =0
and q = q(n) = 2"2, then b"a = ba™ = 0 and

br1byraz1brabysazs - - - zg—1brgby,a = 0, i.e. pRORaRPRORGR ... RORbRa, = {0}

1. 2. q.
for all z;,y;, 2z, € R, 1 <i<q (z,=1).

Proof. b"a = 0 is the consequence of [a,b,...,b,b]>.; = 0 and ba" = 0 is a consequence of
b,a,...,a,a]},; =0.

If n = 2, then ¢(2) = 1 and part (2) of Proposition 2.1.3 gives the result. Now assume (by
induction) that our statement is valid in any ring with L,_; (for some n > 3) and consider
the elements a,b € R with ab = 0 in a ring R with L,. In view of Theorem 2.1.4, we have
N? = {0} for the ideal N <1 R generated by the (central) elements [z, ¥, ..., x,]%. Since
the factor ring R/N satisfies L,,_1, the induction hypothesis gives that

(b+ N)(z1+ N)(b+ N)(ys + N)(a+ N)(z1 + N) -+

“(Zgmn-1)—1 + N)(b+ N)(2gm-1) + N)(b+ N)(Yyn-1) + N)(a+ N) =0+ N

in R/N. Thus
bribyrazy -+ 24(n-1)-10T¢(n-1)0Yqn-1y0 € N

and similarly

b g 1111 DY g 1111 O Z g1y " * * Zgiprqlr-1—1 DT g1 -1) DY gr-1ptg 1)@ € N

forall x;,y; € R, 1 <i<2¢(n—1)and z; € R, 1 <i<2(n—-1)—1,7# q(n—1). Now
for any z4,—1) € R we have

(b1byrazi- - 2g(n-1)-10Zg(n-1)0Yqg(n-1)0) Zg(n—1) (0Zg(n-1) 410Yg(n—1)+10Zg(n-1) 11 -~
- Zg(n—1)+q(n—1)~10Tq(n—1)+g(n-1)Wa(n—1)+g(n-1)@) € N

and 2q(n — 1) = q(n) proves that the statement is valid in R. [
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2.1.8. Theorem. Let R be a ring with L,, (n > 2) and a,b € R.

1. If P < R is a prime ideal and ab € P, then a € P or b € P. In other words: all prime
tdeals of R are completely prime.

2. The prime radical of R is the set of all nilpotent elements:

rad(R) = {u € R | u* =0 for some k > 1}.

3. The factor ring R/rad(R) is commutative.
4. If L <; R is a left ideal of R, then L + rad(R) < R is a two sided ideal of R. In

particular, all left ideals containing rad(R) are two sided ideals.

Proof.
(1): The factor ring S = R/P is a prime ring with L,, and ab € P implies that

b= (a+P)b+P)=0

in S. The application of Theorem 2.1.7 gives that

bsiasasz)sssas ... SbSbST = {0},
. . q.

where ¢ = g(n) = 2"72. Since S is prime, we deduce that @ = 0 or b = 0. Thus we have
a€ PorbeP.

(2): Let P < R be an arbitrary prime ideal of R and u € R a nilpotent element with u* = 0.
Now the iterated application of part (1) gives that v € P and

{u € R|u* =0 for some k > 1} C rad(R).

The reverse containment holds in any ring.

(3): Part (1) of Corollary 2.1.6 gives that [z,y] € R[R, R]R is nilpotent, whence [z,y] €
rad(R) follows by part (2).

(4) Since the sum of left ideals is a left ideal, we only have to show that (x+u)r € L+rad(R)
for all x € L, v € rad(R) and r € R. We have

(x +w)r =rx+ [z,7] + ur,
where rz € L, ur € rad(R) and the nilpotency of [z, 7] gives that [z, r] € rad(R). O

2.1.9. Remark. If R is a simple (unitary) Lie nilpotent ring, then the two sided ideal
rad(R) is zero and the commutativity of R = R/rad(R) implies that R is a field.

Let R be an arbitrary ring with 1, the n-th Lie center of R is defined as
Zn(R)={re R|[r,z1,...,z,)5,, =0forallz; € R, 1 <i<n}.

The fact that Z,(R) is a (unitary) subring of R is a consequence of [rs, z| = [r, sz| + [s, 7]

and
Z(R) = Z1(R) C Zy(R) C -+ C Zy(R) C Zna(R) C - -

follows from
(7,21, oy Ty Tt o = (1,21, - Tl g1, Tt ]-
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Since
[[rysl, 1, .o @nln = [ 8,21, - o Tl g Tl

r € Zn(R) implies that [r, s] € Z,(R) for all s € R, so that Z,(R) is a Lie ideal.
The ring Z,(R) obviously has the L,, property, a much stronger statement is the following.

2.1.10. Theorem. Let n > 1 be an integer and C C R a commutative submonoid of the
multiplicative monoid of R. Then the subring S = (Z,(R)UC) of R generated by the subset
Zn(R)UC C R also has the L, property, i.e.

(@1, %2, .., Ty Trg ]y = 0

18 a polynomial identity on S.
Proof. In any Lie ring [z1,..., 2y, 7], can be written as a sum of 257! elements of the
form %[r, x;1), ..., Trk)]iy1, Where 7 is some permutation of {1,2,...,k}. We proceed by
induction. If & = 1 then [xq,r|; = [x1,7] = —[r, 21]. Assume now that the claim holds for an
integer k > 1. Using [v, u] = —[u, v] and the Jacobi identity, we obtain that

[xla vy Ty Th+1, 7"];;_’_2 = H[xlu <o 7xk}l:a Ik+1]7 T] =

[Hxlu s 7xk]l:7 T], xk—l—l] - be s 71’k]27 [T7 xk+1”2+2-

On applying the induction hypothesis to

[[3317 e ;xk]ZaT] = [xlv s ,ﬂfk»T]ZH

and to
[[1‘1, o ,$k]z,7“/] = [x17 ce 7$kar,]lt+1

with 7' = [r, zx41], we get the desired sum presentation of

*
[T1, .o, Ty Tt 1, T)pa
It follows that [21,..., 2k, 7, Tpy1, ..., Tnlh,y can be written as a sum of some
*
(7, Tr(1)s s Tr(k)s Tht1s - Tnlmi-

Thus r € Z,(R) implies that [x1,..., 2k, 7, Tps1,. .., 2p]h g =0forala; € R, 1 <i<n.
Since cr = rc¢ — [r,c] and [r,c] € Z,(R) for all r € Z,(R) and ¢ € C, we deduce that any
element of the subring S = (Z,(R) U C) can be written as

ric;+ -+

with r1,...,7 € Zn(R) and ¢4, ...,¢, € C (notice that 1 € Z,(R) N C).
In order to check that [z, Za, ..., %, Tni1]iy = 0 is a polynomial identity on S, it is enough
to consider substitutions of the form

1 =T1C1y .oy Ty = TpCpy Tnt1 = Tp+1Cn+1

withr; € Z,(R) and ¢; e C (1 <i<n-+1).
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If 1 <k <n, then we claim that
[T1€1, - o, PGy Tt Crg1) g =

Tn+1[7”n[7”n71[- < T2 [Tk+1[[7’1017 e ,mck]z, Ck+1]7 . ']7 Cn]> Cn+1]

holds for any choice of the elements r; € Z,(R) and ¢; € C (1 <i<n-+1).
Clearly, 7,41 € Z,(R) implies that

[7’101, c ooy TpCn, Tn+lcn+1]:<l+1 - [[Tlclu cee 7rncn];a Tn+1cn+1] -

Tn—&—lHTlcla' sy Tncn]27cn+1]+[[rlcla~ LS Tncn];kmrn—i—l]cn—l—l :rn+1[[Tlcla‘ LS Tncn]:(mcn—i—l]

proving our claim for k = n.
In view of the commutativity of C' we have [zc, ] = [z,]c for all z € R and ¢,d € C,
whence

P [Tnl - [repifock, el -, enls coa] = o[l - e o, ceal,e -, enl, cngaler

follows. Now assume that our claim holds for some 2 < k < n, then we obtain that

[71C1, -« oy Ty Tt 1Cngi iy =
Toa1[Tnl - [resal[rices - mecrlis ceals - -, enls caat] =
Fra [Tl [resa([[ricns - reorceoilioy, ThC]), Chils - - s eals Coga] =
Trg1[Tnle - [Tesarel[ricn, - o remacrliqs ekl cesal, - -, €l Cng]+
Trga[Tnl - [Peealllric, - - reorce—1lio 1, TRl Crs eyl - -]y el cnga] =
Pra[ral - [recalrellrien, o reoice—1liogs ekl ceral, - - s el Coga]+
Tpa1[Tol. - [resalllricr, - s meo1Ch—li_1, TR Chy Chg)s - - ], €l G| =
Tngt[Tnl - [Pega[rellrics, o remice—1]iogs el cratls -, enl, e+
Toii[nl - [reaalllricn, - re—1ce—1li 15 Tx), Cosls - - -]s enl, Gt ek

for all r; € Z,(R) and ¢; € C (1 < i < n+1). Since 1, € Z,(R), the substitution of
¢, = 1 € C in the above identity gives that

0= [rict, . Th—1Ck—1, Ths Th41Ck41, - - - ;Tn—‘,—lcn-i-l];_i,-l -
Poa1[Tnle - [P [rellricn, - remick—lioqs 1 corals -], enls enga ]+
Prat[Pnl- - [rea[[[rien, - reorcealio rals ol - - enl Gna] =
Toaa [Tl - [Prsalllrica, -« o re—1Ch—1]i_1s Th)s Chtals - - )5 Cnls Cntal,
whence
[71C1, -« oy TGy Ts1Cni iy =
Tt [Tale - [Presa[Tellrica, -« rem1ch—1li—1s €kl Chtals - -], €nl, Cnsal

follows. Thus the validity of our claim inherits from k to k£ — 1.
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For k = 1 the above claim gives that

[71C1, - PGy Tng1Crg1)mit = Tng [Tl - - [r2[ricy, ca), - ], eals e

for all r; € Z,(R) and ¢; € C' (1 <i <n—+1). Take ¢; = 1 € C in the above identity and
use 11 € Z,(R) to derive

0= [r1,72C2, ..., TnCp, Tn41Cntt)mi1 = Tt [Tnl. - - [F2[r1, C2)s - ], nls Cnyal,
whence
T1C1, -« s TnCny Tng1Cn1) gt = Tnt1|Tnl- - - [T2[r1c1, C2), .. ], €l Cnga] =
Tnat|rnl - [ralr1, 2], -], enls cnga]cn =0
follows. [J

2.1.11. Remark. Consider the elements r = FEs3 and y; = FE34, Y2 = Ei2 in the K-
subalgebra R = K1, + R4(1,1,1,1) of My(K) (see Example 2.1.1). For z;,25 € R we have
a, 8,y € K such that [z, z2] = aE1 3+ SE1 4 + 7E24. Thus

[[x1,22],7] =0 for all 1,22 € R and [[r,y1],y2] = —E14 # 0
show that the implication
[[z1, x2],7] = 0 for all x1,29 € R =1 € Z3(R)

(the converse of the implication mentioned in the proof of 2.1.10) is not valid.
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2.2. THE SYMMETRIC DETERMINANT AND ADJOINT,
THE 3 x 3 SYMMETRIC NEWTON FORMULA

Let R be an arbitrary (possibly non-commutative) ring or algebra R with 1 and
S, = Sym({1,...,n})

denote the symmetric group of all permutations of the set {1,2,...,n}. If A = [a;,] is an
n X n matrix over R, then the element

sdet(A) = Y sgn(p)ar(a) pir(1)) -+ Gr(t) plr (1)) * ** Gr(m) plr(m))

T,pESn

= D sen(a)sgn(B)aa()50) *** a@®,5() *** Gatn) n)
aﬁESn

of R is called the symmetric determinant of A. If R is commutative, then
sdet(A) = n!det(A).

The (r, s)-entry of the symmetric adjoint matrix A* = [a; | of A is defined as follows:

a5y = Y SEN(P)r(1),p(r(1)) " * Ars1),p(r (1)) r(s1).p(r(s+1)) * D) ()
TP

=Y _5gn()sgn(5)aa(),601) - * Ga(s—1),8(5-1)da(s+1),8(s41) ** Aan),Bn)
a,B

where the first sum is taken over all 7, p € S,, with 7(s) = s and p(s) = r, while the second
sum is taken over all o, 8 € S,, with a(s) = s and f(s) = r. We note that the (r, s) entry of
A* is exactly the signed symmetric determinant (—1)"**sdet(A;,) of the (n — 1) x (n — 1)
minor A,, of A arising from the deletion of the s-th row and the r-th column of A. If R is
commutative, then A* = (n — 1)ladj(A), where adj(A) denotes the ordinary adjoint of A.

If the base ring R is commutative, then tr(AB) = tr(BA) for all A, B € M, (R). In spite
of the fact that this well known trace identity is no longer valid for matrices over a non-
commutative ring, we have the following.

2.2.1. Theorem. The traces of the product matrices A*A and AA* are both equal to the
symmetric determinant of A:

tr(AA*) = sdet(A) = tr(A*A).

Proof. We prove that tr(AA*) = sdet(A). (The proof of sdet(A) = tr(A*A) is similar.) The
trace of a matrix is the sum of the diagonal entries, hence

tr(A*A) = > ala.,

1<r,s<n

= ) sen(a)sen(B)aaw)s0)  * Ga(s-1),8(s-1) Ga(s+1),8(s4+1) - Ga(m) Am) Ta(s) 5(s)
(O‘vaS)EAn
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= > sen(@)sgn(8)awn)p) - G0 Gari). o) = 5det(A),

0/7516877.

where A, = {(a, 8,5) | , B € S, 1 < s <n,a(s) = s} and the map
(e, B, 8) — (o, ") with

, 1 ... s-1 s ... n—1 n
a:(a(l) ooafs—1) a(s+1) ... an) 3)
and
5/2( 1 ... s—-1 s ... n—1 n )
B .. Bls—1) Bls+1) .. B(n) Als)
is a A, — S,, X S,, bijection. Since

sgn(a’) = (=1)""sgn(a) , sgn(f’) = (=1)"sgn(f)

and
Aa(1),8(1) " Ga(s—1),8(s—1)a(s+1),8(s+1) * * " Qa(n),B(n)ba(s),8(s)

= Qa’/(1),6/(1) """ Qo (1),8'() " " Aol (n),B'(n) >
the proof is complete. []

If the base ring R is commutative, then the well known Newton trace formulae for 2 x 2 and
3 x 3 matrices are the following:

2det(A) = tr*(A) — tr(A?),
6det(A) = tr®(A) — 3tr(A)tr(A?) + 2tr(4%).

2.2.2. Proposition. If A € My(R), then the symmetric analogue
sdet(A) = tr?(A) — tr(A?)

of the classical 2 x 2 Newton formula holds.

Proof. Using

| a b o | a*+0bc ab+bd
A[c d} and 4 {ca#—dc ch+d* |’

we obtain that
tr?(A) — tr(A?) = (a + d)* — (a®> + bc+ cb + d*) = ad + da — bc — cb = sdet(A). O
2.2.3. Theorem. If A € M3(R), then the following symmetric analogue of the classical
3 x 3 Newton formula holds:
sdet(A) = tr’(A) — tr(A) - tr(A%) — tr(A - tr(A) - A) — tr(A%) - tr(A) + tr(A%) + tr ((AT)?),
where AT denotes the transpose of A. Notice that

sdet(A)=6det(A), tr(A)tr(A*)=tr(A- tr(A) - A)=tr(A?) - tr(A4), tr ((A7)?) =tr(4A?)
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in case of a commutative R.

Proof. Using
a b ¢
g h p

a>+bd+cg ab+be+ch ac+bf+cp
A*= | da+ed+ fg db+e*+ fh de+ef+ fp
ga+hd+pg gb+ he+ph gc+ hf + p?

o o

d
€
f

SRS OIS

and
a>+bd+cg ab+be+ch ac+bf+cp

a b
A= | dated+ fg db+e*+ fh det+ef+fp|-|d e
ga+hd+pg gb+he+ph gc+hf+p? g h

"~ O

we obtain that
tr(A%) = a® + bd + cg + db+ e* + fh + gc + hf + p

and
tr(A*) = (a® + bd + cg)a + (ab+ be + ch)d + (ac + bf + cp)g

+(da+ ed + fg)b+ (db+ €* + fh)e + (dc+ef + fp)h
+(ga + hd + pg)c + (gb + he 4+ ph) f + (gc + hf + p*)p.

We obtain a similar expression for tr((A")3). Then the proof can be completed by direct
computation. []

2.2.4. Remark. For a non-commutative ring R, the identity tr ((A7)?) = tr(A?) holds for
any A € M,,(R), but tr ((A7)%) = tr(A?) is not valid even in the 2 x 2 case.

2.2.5. Proposition. If A € M, (R) and T € GL,(Z(R)) is an invertible matriz with
entries in the centre Z(R) of R, then tr(T1AT) = tr(A).

Proof. Straightforward computation. [J
The next theorem of Domokos is of fundamental importance.

2.2.6. Theorem ([Do98]]). Let R be an algebra over a field K of characteristic zero. If
AeM,(R) and T € GL,(K), then (T"'AT)* = T 1A*T.

2.2.7. Theorem. For a matrix A € M,,(R) we have
nAA* = tr(AANI, + C = sdet(A)I, + C

and
nA*A =tr(A*A)L, + D =sdet(A)L, + D,

where I, € M,,(R) is the identity matriz, tr(C) = tr(D) = 0 and all entries of the matrices
C and D are in the additive commutator subgroup [R, R] of R generated by all elements of
the form [u,v] = uv — vu with u,v € R.
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Proof. First observe that
tr(C) = tr(nAA* — tr(AA")I,) = ntr(AA") — ntr(AA*) = 0.
If we take A = [a; ;] and AA* = [b; ;], then the (i,7)-entry of C' = nAA* — tr(AA*)1, is
(bii = b1,1) + (bii — bop) + -+ (big — bpn) =

(bii —b11) + ((big —b1a) — (ba2 —b11)) + -+ ((bis — b11) — (b — b11)) -

In view of the above calculation, it is enough to prove that each b;; with ¢ # j and each
b;; — b1,1 is a sum of commutators. Now

bi:j = Za’@?‘a:,j = Z Sgn(p)a’i,p(j)a(j7 T, p)a
r=1 (T,p)EZ(H)
where
a(Js T, P) = Ar(1),p(r(1)) "+ Ar(j=1),p(r(G=1) T4 1),p(r(G+1)) " * (). plr(m)
and Z(j) denotes the set of all ordered pairs (7, p) with
7€ Sym({l,...,7—1,7+1,...,n}) and p € Sym({1,...,n}).
For i # j define a function @, ; : Z(j) — Z(j) as follows:

(I)i,j ((7_7 ,0)) = (Tlapl)7
where
(r'(1),...,.7(G-1,7(G+1),...,7(n)=(r(k+1),...,7(n), 7(k),7(1),...,7(k—1))
as ordered (n — 1)-tuples with & = 771(i) and

p(t)ift ¢ {i,j}
pt) = p(i) if t = j
p(j)ift =i

Clearly, sgn(p') = —sgn(p), moreover we have the following (C*):
sgn(p)ai o()ald; 7 p) + sgn(p')aipyals, 7', p) =

sgn(p) [ai,p(j)a7(1)7p(7(1)) © 0 Ar(k=1),p(r(k=1))> A7 (k),p(r(K)) * 'aT(n)vp(T(n))] (C*).

A straightforward reasoning shows that

@y (®ij ((7,0)) = (7, p)

for all (7,p) € Z(j). Thus ®,; is a permutation of Z(j) and Z(j) is a union of pairwise
disjoint two element cycles of ®; ;. It follows that b; ; is a sum of commutators of the form
(C*).

For 7 > 2 we have

bis —bii= Y sgn(paipmali,7,p) — > sgn(m)arqya(l, e, m).
(1,p)EZ(7) (e,m)EZ(1)
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Define the functions ®; : Z(i) — Z(1) and ¥, : Z(1) — Z (1) as follows:

P, ((Tv p)) = (€T7 p)7

where
(e:(2),....e;(n)) = (r(k+1),....,7(n), s, 7(1),...,7(k — 1))
as ordered (n — 1)-tuples with & = 771(1),
Wi ((6771-)) = (7_67 ﬂ-)’
where

(1), ..., 7e(i = 1), 7(i+ 1),...,7(n)) = (e(l + 1),...,e(n),1,e(2),...,e(l — 1))

as ordered (n —1)-tuples with [ = e71(i). It is easy to see that ®; and ¥; are mutual inverses
of each other. Since we have (C**):

Sgn(p)ai,p(i)a(iv T, p) - Sgn(p>a1,p(l)a(17 Ery p) =

SE(P) [ p(i)Ar (1) p(r(1) * ** Cr (k1) p(r(k—1))s Gr(k)plr (k) * ** Cr(m) plr(m))] (CFF),

b;; — b1 is a sum of commutators of the form (C**). The case of D similar. [J

2.2.8. Remark. The proof of Theorem 2.2.7 yields that each entry of C' and D is a sum of
commutators of the form +[a’, a”], where ' and a” are products of certain entries of A.
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2.3. THE RIGHT (LEFT) ADJOINT SEQUENCE OF A MATRIX AND THE
CORRESPONDING RIGHT (LEFT) DETERMINANTS

The right adjoint sequence (Py)i>1 of a matrix A € M, (R) is defined by the recursion:
Py = A* and Pyy = (AP, -+ Py)* for k > 1. It is easy to see that for any i > 1, the right
adjoint sequence of the matrix AP, - -- P; is (Pg)g>i+1. The k-th right adjoint of A is defined
as

radjo (A) =nPy - By

Originally the k-th right determinant was defined as the top left entry of the product matrix
APy -+ Py. The above definitions were introduced in [Sz97]. Since the top left entry is not
invariant with respect to the conjugate action of GL,(K) on M,(R), a more appropriate
(and invariant) definition for the k-th right determinant is the trace of AP, -- - Py, (see [Do)):

rdet(k)(A) = tr(APl ce Pk).

The left adjoint sequence (Q)r>1 of A can be defined analogously: (@ = A* and Q41 =
(Qr---Q1A)* for k > 1. The k-th left adjoint and the k-th left determinant of are defined
as

ladj(y (A) = nQy - - - Q1 and ldet ) (A) = tr(Qy - - - Q1 A4).

In view of Theorem 2.2.1 we have
rdet(1)(A) = tr(AA*) = sdet(A) = tr(A*A) = ldet(;)(A).

In the rest of Section 2 we restrict our consideration to right determinants, all of our state-
ments have analogous left versions.

The observation on the right adjoint sequence (Py);>1 immediately gives that for 7,7 > 1 we
have

If R is commutative, then
AP, = AA* = (n— 1)1 Aadj(A) = (n — 1)! det(A)L,.

Using rdet11)(A) = rdet()(AP;) and the commutativity of R, a straightforward induction
gives that

k—1

rdet gy (A) = n {(n — DI et (A))"

An immediate consequence of 2.2.5 and 2.2.6 is the following.

2.3.1. Theorem ([Do098]). Let R be an algebra over a field K of characteristic zero. If
AeM,(R) and T € GL,(K), then

radjx) (T7'AT) = Tﬁlradj(k)(A)T and rdety (T~ AT) = rdet ) (A).

Using sophisticated calculations, for a 2 x 2 matrix A over the Grassmann algebra, Domokos
obtained a Newton formula for rdet(;(A) and the following expression for the difference
rdet(2)(A) — ldet(2)(A) (see [Do98)).
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2.3.2. Proposition. If A = [a;;] is in Ma(R), then
rdet(o)(A) — ldet(a)(A) = Su(a1,1, a1,2, 42,1, G22),

where Sq(x1, Ta, x3,x4) = 20654 SgN(0)Te(1)To(2)To(3)To(a) @S the standard polynomial of de-
gree four.

Proof. Using

and the products

AA* — | 1022 = 12021 —011012 + a1,201,1
A2,1022 — Q22021 —021012 + (220711

A*A = A2201,1 — Q12021 Q22012 — A12022
—G2101,1 + A1,1021 —0A21G12 1+ Q11022

a direct computation shows that
rdet(p)(A) — ldet(s)(A) = rdet1)(AA*) —ldet;)(A*A) = sdet(AA") — sdet(A"A)

= (a1,1029 — A12021)(—021012 + A22a11) + (—G21012 + 2201 1)(A11022 — A1 2021

—a1,1012 + &1,2611,1)(@2,1@2,2 — Q22021 Q21022 — a2,2a2,1)(—(11,1a1,2 + @120 1

) )
—( )= ( )
—(a2,2a1,1 - CL1,2(12,1)(—CL2,1CL1,2 + a1,1a2,2) - (—CL2,1G1,2 + a1,1a2,2)(a2,2a1,1 - a1,2a2,1>
+(ag2a1 2 — a12022)(—a9101 1 + a11021) + (—ag1011 + a11621)(a2201 2 — a12a22)

= 34(a1,1> ai,2,0271, a2,2)- O

2.3.3. Theorem. If % € R and the ring R satisfies the polynomial identity
.- [[x1, x2), @3], - . ]y k), X1 = 0
(R is Lie nilpotent of index k), then for a matric A € M,,(R) we have

Aradjy(A) = nAP, - - P, = rdet () (A) ..

Proof. If £ =1 then P, = A* and Theorem 2.2.7 give that
nAP; = sdet(A)I, + C" = rdet)(A) I, + C',

where C" = 0 follows from the fact that [R, R] = {0} in the commutative (Lie nilpotent
of index 1) ring R. Assume now that for an integer k£ > 2 the statement of the theorem
holds for k — 1. Take A € M,,(R) with R being Lie nilpotent of index k. In view of + € R,
Theorem 2.2.7 gives that

1
APl == S]n + —C,,
n

48



dc_1078_15

where s = +sdet(A) and 2C” € M, ([R, R]). The containment [R, R] C Z;_1(R) is a conse-
quence of the index k Lie nilpotency of R, whence 1C" € M, (Zy_1(R)) follows. Form the
subring

S={(Z1(R)U{l,s,...,s" ...}

of R generated by the subset Z;_1(R) U {l,s,...,s" ...}. Theorem 2.1.10 ensures that S is
Lie nilpotent of index k& — 1. Since AP, € M,,(S), our inductive hypothesis gives that

APiradj_1)(APr) = rdet 1) (APy) L.

In view of

. 1 ) .
Plradj(k_l)(Apl) = ﬁradj(l)(A)radj(k_l)(APl) = radj(k)(A)

and

rdet () (A) = rdet(_1)(AP;)

the theorem is proved. [J

2.3.4. Lemma. Let S = (a;; |1 <1,j <n) be (a not necessary unitary) subring of R
generated by the entries of an n x n matric A = [a;;] € M,(R). Then the k-th right
determinant of the matrix I, — A is of the form

I'det(k) (In . A) —n {(n . 1)!}l+n+n2+...+nk71 1R W,
where w € S.

Proof. Let (Vi)r>1 be the right adjoint sequence of the matrix [, — A. We claim that in
the product matrix
(I, — A)\Vi -V,

each non diagonal entry is in S and each diagonal entry is of the form
{(n — )yttt

We apply an induction on k. If £ =1 then a direct computation of the entries of
(In = A1 = (I, — A)(I, — A)*

can prove the claim (an argument similar to the following one on T7T* also works). Assume
now that our claim holds for £ — 1. Put

T =[tij] = (In — A)Vi- - Vi,
then V,, = T™* and consider the matrix
[bij] =TT = (I, = A)V1 -+ Vi1 V.
Using the notations of the proof of Theorem 2.2.7, we get that

bivj - Z Sgn<p)tz,p(])t(]7 T, /0)7
(7.p)EZ(H)
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where

Z(j) ={(r,p) | 7€ Sym({1,...,j— 1,7+ 1,...,n}) and p € Sym({1,...,n})}

and
£ P) = tr()p(r (1)« Er G0 ol G0 Er (1) 0G4 ) T (), plr ()
If (1,p) € Z(j) and ¢ # j, then it is easy to see that at least one of the terms

Lip(G)s br(1),p(r(1))s - - - 5 Er(i=1),p(r (1)) Lr(j+1),0(r(j+1)) s - - = 5 Er(n),p(r(n))

is a non diagonal entry of T'. In consequence, for i # j we get that b, ; € S. If ¢ = j, then all
of the summands ¢; ,;)t(j, 7, p) (in the expression for b; ;) having only diagonal factors belong
to p = id. It follows that b;; is a sum of elements from S plus the following term

u; = > Liitr(1),r(1) **  tr(i—1),r(i— D) Er(i+1),7 (1) * *  Er(n),r(n) -
T7€Sym({1,...,i—1,i+1,....,n})

For 1 < j < n the assumption on 7" enables us to write
tiy={(n— Ty

with v; € §. On substituting these ¢; ;’s into the above sum, we obtain that
wi = (0= 1)} ({(n— et g g

for some &; € S. Our earlier observation on b;; gives that
bi; = (n—1)! <{(” - 1)!}1+n+n2+m+nk72> Ip —w;

for some w; € S and rdet (I, — A) = Zlgign b;; completes the proof. [

A typical application of Theorem 2.3.3 is the following.

2.3.5. Theorem. Let R be algebra over a field of characteristic zero satisfying the polyno-
maal identity
[[[- - - [[w1, wo], @3], .. |, k], wpga] = 0

(R is Lie nilpotent of index k). If A < R is an idempotent ideal (i.e. A*= A) which is
finitely generated as a right ideal, then A = eR = Re for some idempotent element e € A.

Proof. Since A is finitely generated as a right ideal, we have
A=u R+ +u,R
for some uq,...,u, € A. The idempotent property of A gives that

A=A CuyRA+ - +u,RA=1u A+ - +u,A,
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whence we get the existence of an n x n matrix A = [a; ;] € M,,(A) such that

U = U611 + - + Uplp 1,

U = ULG1,2 F * - + Uply 2,

Up = U101 n + -+ UpnApp -
Clearly, the above system of linear equations can be written in the following matrix form
u(l, —A)=0

with u = [u,...,u,] and 0 = [0,...,0]. In view of Theorem 2.3.3, the right multiplication
by radj, (I, — A) gives that

0 = u(l, — A)radjy, (I, — A) = urdet ) (I, — A).
Lemma 2.3.4 ensures that
I‘det(k)(fn —A)=qlgp —w,

,}1+n+n2+---+n’“—1

where ¢ =n{(n—1) and w € A. Starting from the equations

ui(glg —w) =0, 1 <i<n

the repeated application of Theorem 2.1.7 gives first (qlg — w)*A = {0} and next
A(qlg —w)¥ = {0}. On multiplying the equations

(qlr — w)* A = A(glg — w)* = {0}

k2
by (%) , we deduce that
(1 —e)A=A(lgr —e) = {0},

where

and e € A. Now (1 —e)e =e(lgp —e) = 0 and
eA=eA+ (1p—e)A=A=Ae+ A(lg —e) = Ae,
whence A = eR = Re follows for the idempotent element e € R. [

2.3.6. Remark. For k£ = 1 the commutative version of 2.3.5 is well known (see [Stn]).
Using a "strong" version of Nakayama’s lemma due to Resco [Res|] and Robson-Small [RS],
it is easy to derive that any idempotent ideal A << R with a finite normalizing generator is
of the form A = eR = Re for some idempotent element e € R. The subset {uy,...,u,} C A
is a (finite) normalizing generator of A if A = wyR+ -+ + u, R and u;R = Ru; for each
1 <4 < n. We note that this result holds in an arbitrary ring R. Since uR # Ru even in
a Lie nilpotent R, for an ideal A <1 R the existence of a finite normalizing generator is a
stronger condition than being finitely generated as a right ideal.
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2.4. CHARACTERISTIC POLYNOMIALS AND
CAYLEY-HAMILTON IDENTITIES

Let R[z] denote the ring of polynomials of the single commuting indeterminate z, with
coefficients in R. The k-th right (left) characteristic polynomial of A is the k-th right (left)
determinant of the n x n matrix =1, — A in M,,(R]x]):

pax(x) = rdetyy(xl, — A) and qar(x) = ldet(y)(z1, — A).
In view of Theorem 2.2.1 for k =1 we have
paj(x) = rdetqy(al, — A) = tr((xl, — A)(xl, — A)*) = sdet(z1,, — A)
and
qaq(z) =ldetqy(xl, — A) = tr((al, — A)*(z1, — A)) = sdet(z1,, — A).

If R is commutative, then

k—1

pAyk;(l’) _ rdet(k) (a:]—n . A) —n {(TL _ 1)!}1+n+n2+--'+nk—1 {det(l‘]n . A)}n
and pa(x) = det(zl, — A) is the ordinary characteristic polynomial of A.

2.4.1. Proposition. The k-th right characteristic polynomial pa(z) € R[x] of A € M,,(R)
is of the form ) k

pas(s) = A £ A g 2 gty
where )\ék), )\gk), oa® )\553 € R and )\g? =n{(n— 1)!}1+n+”2+"'+”k71.

k10

Proof. Let (Py(z))r>1 be the right adjoint sequence of the matrix xI,, — A. We claim that
in the product

(xl, — A)Py(z) - - - Py(x)
the leading monomial of each diagonal entry is {(n — 1)!}1+n+n2+...+nk*1 2™ and the degree
of each non diagonal entry is less than n*. We apply an induction on k. If k¥ = 1 then a
direct computation of the entries of

(xI, — A)P(x) = (I, — A)(xI, — A)*

*

can prove the claim (an argument similar to the following one on T'(x)(T'(z))* also works).

Assume now that our claim holds for £ — 1. Put
T(x) = [tij(2)] = (¢ly — A)Pr(x) - - Bpa (),
then Py (z) = (T'(x))* and consider the matrix
[bij ()] = T(x)(T(2))" = (xln — A)Pr(x) - - - Py().
Using the notations of the proof of Theorem 2.2.7, we get that

bl,](x) = Z Sgn(p)tz,p(])(x)t(j7 T, p>7
(T.p)€Z(H)

02



dc_1078_15

where

Z(j)=A{(r,p) | 7€ Sym({1,...,j—1,j+1,...,n}) and p € Sym({1,...,n})}

and

t(J, 7, 0) = tr1) o) (T) tr (1) p(r (G- 1) () (1) 0 (r (1)) (T~ Er () ol () (T) -

If (1,p) € Z(j) and ¢ # j, then it is easy to see that at least one of the terms

i,0) ()5 Er(1),pr 1)) (£)s- - o5 Er 50,00 (G0) () Tr30) 4 (), o5 B, () (7)
is a non diagonal entry of 7'(z). In view of our assumption on 7'(z), we get that
deg(b; ;(7)) <n-nFt —1 < nk

If i« = j then the assumption on 7'(z) implies that all the summands of highest degree in
the sum for b, ;(x) belong to p = id. It follows that the leading monomial of b; ;(x) coincides
with the leading monomial of

tii(2)tr ) (1) () (i) r i) (T) i) r62) (T) - Lrn),rn) (T)
T7€Sym({1,...,i~1,i1,...,n})

which is
(= 1)1 ({n = Do gt ) gy g

k

Thus the leading monomial in the trace of T'(z)(7'(z))* is n {(n — 1)!}1Jm+n2+"'+"k_1 . O

2.4.2. Theorem ([Do]). Let R be an algebra over a field K of characteristic zero. If
A e M,(R) and T € GL,(K), then for the k-th right characteristic polynomials we have

prlAT,k(x) = pA,k(@-

2.4.3. Theorem. Let pa;(z) = )\(()1) + )\gl)x + 4 )\,(11_)11’”_1 + Aam be the first right
characteristic polynomial of the n x n matriz A € M,(R) (notice that A = nl). Starting
from A there is a canonical way to construct the n x n matrices C;, 0 < i < n such that
tr(C;) = 0 and each entry of C; is in [R, R]. This construction gives the following (right)
Cayley-Hamilton identity

AT+ Co) + AN L+ C) 4 -+ AT Ty + C) + A0, + C) = 0

for A with right matriz coefficients. The left version of the above identity can be obtained in
a similar way. If R is commutative, then

pai(z) =nldet(zl, —A),Co=C1=---=C, =0

and the above identity is the n! times scalar multiple of the classical Cayley-Hamilton identity

for A.
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Proof. Theorem 2.2.7 ensures that
n(zl, — A)(xl, — A)* =pai(x)l, + C(x),

where C'(z) € M, (R[z]), tr(C(z)) = 0 and all entries of C'(z) are in the additive commutator
subgroup [R[z], R[z]]. The natural isomorphism between the rings M,,(R[z]) and M,,(R)|x]
ensures that C'(x) can be (uniquely) written as

C(x) = Co + Cra + - + Cya® with C; € M,,(R),0 < i < d.

The argument presented in the proof of Proposition 2.4.1 gives that d = Clearly,

n.
tr(C'(z)) = 0 implies that tr(C;) = 0 for each each index 0 < i < n. Since for f(z) = > u,z”
v=1

q
and g(z) = Y v,2" in R[z] the commutator
pn=1

[f(2), 9(x)] = f(2)g(x) — g(x) f(2) = [wa”, va’] = [uy, v,]a

U, v,
is a polynomial with coefficients in [R, R|, we deduce that the entries of Cy, Cy,...,C, are
in [R, R].

The

(I, — A)* = By + Biw + -+ B, 2"}

presentation of (zI, — A)* in M,,(R)[x] with By, By, ..., B,_1 € M, (R) gives the following
matrix equation

n(zl, — A)(By+ Biz + ... + Bp_12" ") = pay (@)L, + Co + Crx + - - - + Cpa”™.
Matching the coefficients of the powers of x in the above equation yields

—nABy = AV, + Cy,
TLBO — nABl = )\gl)[n + Cl,

nB, o — nABn—l = /\g_)ljn + Cn—l;
nB,_1 =nll, +C,.

The left multiplication of nB;_1 — nAB; = /\Z(-I)In + C; by A’ (here B_; = B,, = 0) provides
the following sequence of matrix equations:

—nABy = A1, + Cy,
nABy — nA2B; = ANV + ACy,

nA" B, 5 — nA"B,_1 = A"\ 4 A0,
nA"B,_, = A™nl + A"C,.

o4



dc_1078_15

The sum of the above equations is
0 = (—nABy) + (nABy—nA*B)) + --- + (nA" 'B,_y —nA"B,_,) + (nA"B,,_,) =

(AT + Co) + AN L+ C1) + -+ AP L L + G + AN (1M, + ). O

In view of the construction of the C;’s in the above proof, it is reasonable to call
Fu(z) =n(zl, — A)(xI, — A)* = pas(x)l, + Co+ Crx + -+ Cpa”

the generalized right characteristic polynomial of A € M,,(R). In view of tr(C;) =0, 1 <
1 < n we have

npai(x) = tr(Fa(z)).

2.4.4. Proposition. Let R be an algebra over a field K of characteristic zero. If A €
M, (R) and T € GL,(K), then

Frar(z) = T Fa(x)T
for the generalized right characteristic polynomial Fa(x) € M, (R)[x] of A.
Proof. By Theorem 2.2.6 we have (T"'AT)* = T~'A*T, whence
Frar-(z)=n(zL,—T 'AT)(zL,—T 'AT)* =nT ' (2I,— A)T(T " (xl,— A)T)* =
nT(zI, — ATT Y (zI, — A)*T = T 'n(zl, — A)(xl, — AT = T Fy(2)T
follows. [

2.4.5.Theorem. The k-th right characteristic polynomial of the n x n matrix A € M,,(R)
s of the form k k
par(x) = )\(()k) " )\gk)m bt )\Eﬁﬂ)—lmn -1 )\7(112)3:” '

If % € R and the ring R satisfies the polynomial identity
(- [[z1, w2, 23], . . ], xk), 1] = 0
(R is Lie nilpotent of index k), then a (right) Cayley-Hamilton identity
(Apae = LA + AN a4\ =g

with right scalar coefficients holds for A. We also have (A)u = 0, where u(x) = pax(x)h(z)
and h(z) € Rlx] is arbitrary. The left Cayley-Hamilton identity is of the form qar(A) = 0.

Proof. The natural isomorphism between the rings M,,(R[z]|) and M,,(R)[z] ensures that

for some H; € M,,(R), 0 < i < d. Since the index k Lie nilpotency of R implies the index k
Lie nilpotency of the polynomial ring R[z], Theorem 2.3.3 gives that

(zl, — A)radj,y (z1, — A) = rdet) (x, — A) L, = par(z) 1,
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Matching the coefficients of the powers of x in the left and right sides of the equation
(zI, — A)(Hy + Hyx + - - + Hga?) = par(x)l,
we get d = n* — 1 and the following sequence of equations

—AH, = NP1,
Ho— AH, = AP,

Hyy — AHy = A1,
Hy= 1,

The left multiplication of H,_; — AH, = )\Ek)ln by At gives A'H; 1 — A H; = )\gk)Ai (here
H_ 1 = Hygy1 = 0). Thus we obtain that

LAY + AN 4 A AT, =

(—AH,) + (AHo — AHy) + - + (AHy 1 — AT Hy) + (A" Hy) = 0.

Replacing radj, (1, — A) by (radj(k) (zI, — A))-h(x), the same argument gives that (A)u =
0, where u(x) = pag(z)h(z). O
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2.5. MATRICES OVER THE GRASSMANN ALGEBRA
Let K be a field of characteristic zero. The Grassmann (exterior) algebra
E=K(v,...,v,...|vvj+vjv; =0forall 1 <i < j)

over K is generated by the infinite sequence of anticommutative indeterminates (v;);>1. It is
well known that E is Lie nilpotent of index 2. The natural Z,-grading is £ = Ey & E; with
Ey being the K-subspace (subalgebra) generated by the monomials of even length and F
being the K-subspace generated by the monomials of odd length. We note that the centre
of the infinite dimensional F is Z(FE) = Ej.

2.5.1. Theorem. The full n x n matriz algebra M,,(E) is integral of degree 2n? over Ej.
Proof. The second right characteristic polynomial
paa(@) = AP + 2Pz + - 2D a7t Ay

of a matrix A € M,,(E) can be (uniquely) written as pas(x) = go(z) + ¢1(z), where go(z) €
Ep|z] and g;(z) € E;[x]. Since go(x) is central (in Elz]) and F1E; C Ey, we obtain that

u(@) = (90(2) + g1(2))(90(x) — 91.(7)) = (g0(2))* — (1())* € Eilz].

The degree of u(x) is 2n? and its leading coefficient is

o = (A2 = (0 {(n = D) =0 ((n - 12

(see Proposition 2.4.1). Theorem 2.4.5 ensures that
(A)u = Iopio + Apy + -+ A7 ey + A" pigy2 = 0,

where the coefficients of u(x) = po + puz + -+ + ,u2n2_1m2”2*1 + ﬂ2n2$2n2 are in Ey. The
invertibility of p9,2 € K gives the desired integrality of A over Ey. [J

Let
Sm(x1, .. Tm) = Z sgn(0)Te()  ** To(m)

0ESm
denote the standard polynomial of degree m.
2.5.2. Corollary. The full n x n matriz algebra M,,(E) satisfies the polynomial identity
Son2 (V¥ Z),..., [V, Z]) = 0
of algebraicity.
Proof. If Y € M,,(F), then Theorem 2.5.1 ensures that

Y22 =yl 41 Y 4 vy YL

o7



dc_1078_15

for some vy, vy, ..., V921 € Ey. It follows that
Y2 Z) = n]Y, Z) + - + vane [V, 2],

Thus the multilinear and the alternating properties of the standard polynomial S,,,> give the
desired equality. [

For an integer 1 < d < n—1 a matrix A € M,,(E) is called an (n, d)-supermatrix if the block
structure of A is the following
A { A A ]

Asr Asp

where the square blocks A;; and Ass are of sizes d X d and (n — d) x (n — d) and the
rectangular blocks A; 5 and Ay ; are of sizes d x (n — d) and (n — d) x d. The entries of
Ay; and Ay, are in Ey and the entries of Ay, and Ay, are in E;. The set of all such
supermatrices form a K-subalgebra M,, 4(E) of M,,(E). Since M,, 4(E) = M,,(E, ¢, Qq, Q;l)
(see the observation preceding 2.6.1) the following theorem on M, 4(E) (see [Sz98/1]) is a
special case of Corollary 2.7.4 on centralizing matrices.

2.5.3. Theorem. The second right characteristic polynomial pao(z) of an (n,d)-supermatric
A€M, q(E) is in Fylz]. Thus M, 4(E) is integral of degree n? over Ej.

2.5.4. Corollary. The supermatriz algebra M, 4(E) satisfies the polynomial identity
2

Se([Y™,Z],...,[Y,Z]) =0

of algebraicity.
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2.6. MATRIX ALGEBRAS DEFINED BY ENDOMORPHISMS

If A,©:S — S are endomorphisms of the ring S, then we can form the so-called (A, ©)-
centralizer subring of an element r € S as follows:

Cenae)(r) ={s € S| A(s)r =rO(s)}.

Notice that A(1) = ©(1) = 1 implies 1 € Cen(a e)(r)-
For an invertible r € U(R) and © = idg we consider the (A, idg)-centralizer

Cenaian)(r) ={s€S|A(s)r =rs}={s€ S| A(s) =rsr '} =S(A,r,r )

of r. An other way to get S(A,r,r71) is to use the conjugate automorphism ©,.(s) = rsr—!

as follows
Cenpe)(l) ={scS|A(s)-1=1-0,(s)} ={s€ S| A(s) = 7“87“_1} = S(A,r,r‘l).

Clearly, S(A,1,171) = Fix(A) is the fixed ring of A. If § : R — R is an endomorphism of
a ring R, then the n x n matrix algebra S = M, (R), the induced endomorphism A = §, :
M, (R) — M,,(R) and an invertible matrix r = W € U(M,,(R)) define S(A,r,r~!) as the
following matrix algebra:

M, (R) (6, W,W 1) ={A € M,(R) | 6,(A) = WAW '} = M,(R, 6, W, W 1).

An element A € M, (R,§, W, W) can be called a (§, W)-centralizing matrix over R. If
C C Z(R) N Fix(4) is a (commutative) subring, then M, (R, d, W, W 1) is a C-subalgebra of
M, (R). It W,W~1 € M,,(Fix(d)), then M,,(R, 5, W, W 1) is closed with respect to the action
of d,,.

The Zs-grading £ = Ey® E; defines an automorphism €(go+ ¢1) = go — g1 of the Grassmann
algebra E. Using the invertible diagonal matrix

Qi=Fi1+ - +Eqq— FEgp14001— - — Eny s
we obtain the classical supermatrix algebra M, 4(F) in 2.5.3 as
Mn,d(E) - Mn(Evga Qd7 Q;l) - {A € MTL(E) | g”(A> - QdAQC;I}
The most remarkable property of (d, W)-centralizing matrices is the following.
2.6.1. Proposition. If W € GL,(R) is an invertible matriz such that W,W~! €
M,.(Z(R)), then the trace of a matrix A € M, (R, 0, W,W ™) is in the fived ring of ¢, i.e.
tr(A) € Fix(d). O

Proof. Since the entries of W and W~! are central, Proposition 2.2.5 ensures that
tr(WAW ™) = tr(A) for all A € M,,(R). Thus for a matrix A € M,,(R,§, W, W~1) we have

S(tr(A)) = tr(6,(A)) = tr(WAW ™) = tr(A),

whence tr(A) € Fix(9) follows. O
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Any endomorphism ¢ : R — R can be naturally extended to an endomorphism
J. : R[z] — R]z] of the polynomial ring R[z]: for 7,71 ...,7, € R take

O (ro+mz4 - +rnz™)=0(rg) +6(r1)z+ -+ 5(rm)z™.

The elements of the skew polynomial ring R[w,d]| in the skew indeterminate w are left
polynomials of the form f(w) = rg + riw + - - - + rw® with ro,71,...,7. € R. Besides the
obvious addition, we have the following multiplication rule in R[w,d]: wr = §(r)w for all
r € R and

(ro +mw + - + ") (so + s1w + - + sw') = g + ww + - -+ up

where A
Uy, = Z ri0'(s;) (for 0 <m < k+1).

i+j=m,i>0,j>0

If 0" = idg (such a ¢ is an automorphism), then w™ is a central element of R[w,d]: we
have §"(r) = r and w"r = w" '§(r)w = --- = §"*(r)w" = rw" for all r € R, moreover w"
commutes with the powers of w.

Let G = {o01,02,...,0,} C Aut(R) be an n-element subgroup of the group of all auto-
morphisms of R (with o; = idg). Any element 6 € G defines a permutation 7 € Sym(n)
by

0001 = On(1),---,0 00, = Or(n).

The corresponding n X n permutation matrix is
P5 = El,Tr(l) + e+ E’I’L,W(TL)?

where E; ; denotes the standard matrix unit with 1 in the (4, j) position and zeros in all
other positions. If G = {0y = idg,00 =6, ...,0, = 6"} is cyclic, then

Ps=Fiog+FEos+-+E,_ 1+ Ep1.
The fixed ring of G is

Fix(G) ={r € R|o(r) =r for all 0 € G}.

2.6.2. Theorem. If r € R, then
I(r) = > 0i(r)Ei;
i=1

defines a natural diagonal embedding I' : R — M,,(R) of rings. For r € R and ¢ € Fix(G)
we have T'(cr) = cl'(r), T'(rc) =T(r)c and T'(c) = cl,.

(1) T': R — M, (R, 4, P5, P; ") is an embedding of rings.

(2) If 0 € Cen(G) is a central automorphism in G, then I'od = §, oI'. There is a
unique homomorphic extension I's : R[w,d] — M, (R|z]) of ' such that I's(r) = I'(r) and
Cs(w) = Psz. We claim that

Cs(ro +riw+ -+ rkwk) =T(ro) +T(r1)Psz+---+ F(rk)szk
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defines an embedding
Us: Rlw, 8] — M, (R[2],0., P5, P; ')
of rings. If f(w) € R[w,d] and ¢ € Fix(G), then Us(cf(w)) = cls(f(w)), Ts(f(w)c) =
Ls(f(w))c and Ts(c) = cl,,.
(3) For an invertible matrix W € M, (Fix(d)) N GL,,(R), any ring homomorphism
©: R — M,(R, 6, W,W=Y) with ¢ 0§ = 6, o ¢ has a unique homomorphic extension

q) : R[w, (5] —_— Mn(R[Z]7 57:7 W7 W_l)
such that ®(w) =Wz.

Proof. Since I'(r) is diagonal, the verification of the fact that I" is an injective ring homo-
morphism is straightforward.

If r € R and ¢ € Fix(0), then I'(er) = I'(r), I'(re) = I'(r)c and I'(¢) = cI,, follow from the
fact that o(cr) = co(r), o(rc) = o(r)c and o(c) = ¢ for all o € G.

(1) The calculations

on(I'(r)) = ;5(01'(7“))Ei,i = ;%(i) (r)Ei;
and
BT(r) Pyt = (371 Ein(i)) (Sh_10%(7) B ) (zyzlEﬂ(j),j) =

Y. k(M) Eixi ErxEr); =

1<ikj<n

n n
;Uw(z‘)(T)Ez‘,w(i)Ew(i),w(z‘)En(z‘),z‘ = ;Uw(i) (T)Eu

show that T'(r) € M,,(R, 6, Ps, P; ).
(2) The additive property and the injectivity of I's is clear. In order to see the multiplicative
property of I's, it is enough to prove that

Ls((rw')(sw’)) = Ts(rw')Ts(sw’)
for all 0 < 4,j. The centrality of § gives that I'(0(s)) = d.(I'(s)) = PsT'(s)P;t, whence
['(6*(s)) = PI'(s)Ps " follows. Thus we have
Ds((rw') (sw?)) = Ts(rd'(s)w'™7) = T(rd'(s)) Py 247 = T(r)T(8%(s)) Py 2 =
D(r)Piz'T(s) P}z = Ts(rw’)Ts(suw?).

Since T's(r) = I'(r) € M, (R, 6, Ps, P;'') and Is(w) € M,,(R[2],6,, Ps, P; ') is a consequence
of
PsTs(w) Py = Ps(Pyz) Py ' = Poz = (0.)u(Ps2) = (8:)n(Ts(w)),
]

we obtain that T's(f(w)) € M,,(R[2], ., Ps, P; ') for all f(w) € Rw,d].
The further properties of I'y follow from the analogous properties of T'.
(3) We can proceed in a similar way as in part (2), take

O(rg + rw + -+ -+ rpwh) = @(ro) + @(r))Wz + - + p(rg) WF2F

and use p(0'(s)) = Wip(s)W=. O
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2.6.3. Corollary. If R is commutative and 0" = idg, then Sz, = 0 is a standard identity
on Rlw,?d].

Proof. We can assume that G = (J) C Aut(R) is an n element cyclic subgroup. Since
R]z] is also commutative and Sy, = 0 is an identity on M, (R][z]) by the Amitsur-Levitzki
theorem, the existence of the embedding I's in part (2) of Theorem 2.6.2 completes the proof.
0

2.6.4. Corollary. If S,, = 0 is a standard identity on R and 6" = idg, then Sun_1)p241 =0
is a standard identity on R|w,d].

Proof. We can assume that G = (§) C Aut(R) is an n element cyclic subgroup. Since
S = 0 is also an identity on R[z] and S(;,_1)n241 = 0 is an identity on M,,(R[z]) by Theorem
5.5 of Domokos [D094/1], the existence of the embedding I's in part (2) of Theorem 2.6.2
completes the proof. [

2.6.5. Corollary. If R is a Pl-algebra over a field K C Fix(d) and 0™ = idgr, then R[w, /]
18 also a Pl-algebra over K.

Proof. We can assume that G = (§) C Aut(R) is an n element cyclic subgroup. Since R|z]
is PI and the full matrix algebra M,,(R][z]) is also PI by (a special case of) Regev’s tensor
product theorem, the existence of the embedding I's in part (2) of Theorem 2.6.2 completes
the proof. [J
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2.7. DETERMINANTS AND CHARACTERISTIC POLYNOMIALS OF
CENTRALIZING MATRICES

Theorems 2.7.1 and 2.7.2 and Corollaries 2.7.3 and 2.7.4 are broad generalizations of the
results in [Sz98/1].

2.7.1. Theorem. Let R be an algebra over a field K of characteristic zero, 6 : R — R be
an endomorphism and W € M, (R) be an invertible matrixz such that W, W=t € M,,(K). If
A€ M, (R, 5, W,W™1) is a (6, W)-centralizing matriz, then A* € M,,(R, 6, W,W~1). In other
words, the matriz algebra M, (R, 5, W, W) is closed with respect to taking the symmetric
adjoint.

Proof. The definition of A* and the element-wise action of d,, ensure that 0,,(A*) = §,(A)*
for all A € M,(R). Since W,W~! € M,(K), Theorem 2.2.6 gives that (WAW 1)* =
WA*W ! for all A € M,,(R). Thus for a matrix A€M, (R,d, W, W) we have

Sn(A) = 6,(A) = WAW Y = wA* W,
whence A* € M,,(R, 6, W, W~1) follows. OJ

2.7.2. Theorem. Let R be an algebra over a field K of characteristic zero, d : R — R be
an endomorphism and W € GL,(R) be an invertible matriz such that W, W~ € M,,(K). If
A e My (R,0, W, WY is a (6, W)-centralizing matriz and k > 1 is an integer, then for the
k-th right and left determinants we have

rdet(k)(A), ldet(k)(A> € FiX(5).
In particular sdet(A) = rdet)(A) = ldetq)(A) € Fix(d).

Proof. The repeated application of Theorem 2.7.1 gives that the recursion P, = A* and
Pyyy = (AP, --- B,)* starting from a (8§, W)-centralizing matrix A € M, (R,§, W, W) de-
fines a sequence (B})r>1 in M, (R, 5, W, W~1). Since

rdet(y)(A) = tr(AP; - - - Py) is the trace of AP, --- P, € M,(R,, W,W™!) and the trace of a
(0, W)-centralizing matrix is in Fix(d) by Proposition 2.6.1, the proof is complete. The poof
of ldet ) (A) € Fix(d) is similar. [J

2.7.3. Corollary. Let R be an algebra over a field K of characteristic zero, 6 : R — R be
an endomorphism and W € GL,(R) be an invertible matrix such that W, W~ € M,,(K). If
A e M, (R,6, W, W) is a (6, W)-centralizing matriz and k > 1 is an integer, then for the
k-th right and left characteristic polynomials we have

Pak(),qar(x) € Fix(6)[z].

In other words, the coefficients of the right pai(x) = rdety(xl, — A) and left qar(r) =
Idet(y (x1, — A) characteristic polynomials are in Fix(0).

Proof. We use the natural extension d, : R[z] — R|x] of §. Since

xl, — A € My (Rlz], 6, W, W),
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Theorem 2.7.2 gives that pa () = rdet)(zl, — A) and qax(x) = ldet(«l, — A) are in
Fix(d,) = Fix(d)[z]. O

2.7.4. Corollary. Let R be an algebra over a field K of characteristic zero,  : R — R be
an endomorphism and W € GL,(R) be an invertible matriz such that W,W~' € M,,(K). If
R satisfies the polynomial identity

[l o1, 2], 23], .- ], 2], pa] = 0

(R is Lie nilpotent of index k) and A € M, (R, 5, W, W) is a (6, W)-centralizing matriz,
then a right Cayley-Hamilton identity

k k nk— k nk (k

nk

holds, where the coefficients )\(k), 0<i<n* of par(z)=rdety(zl, — A) are in Fix(d). I
i ; (k)
)\fﬁ) =n{(n— 1)!}IJ”LJ”LQJF"'MIC_1 is invertible in R, then the above identity provides the so

called right integrality of M, (R,5, W, W) over Fix(d) of degree n.
Proof. The combination of Theorem 2.4.5 and Corollary 2.7.3 gives the proof. [

2.7.5. Theorem. Let R be a Lie nilpotent algebra over a field K of characteristic zero of
index k > 1. If G is an n-element subgroup G C Aut(R) of K-automorphisms, then R is
right integral over Fix(G) of degree n*. In other words, for any r € R we have

k_l k

cotrer -+ e+ =0

for some ¢; € Fix(G), 0 <t <nkF—1.

Proof. Take an element § € G and consider the embedding I': R — M,,(R, §, P, P; ') in
Theorem 2.6.2. For » € R Corollary 2.7.4 ensures that

LAY + 1A 4+ @)™ A ) Al =0

nk—1

holds for the centralizing matrix I'(r) € M, (R, d, Ps, P; '), where

nk—1

)\fﬁ) = ¢ > 1 is an integer and )\Ek) € Fix(4), for each 0 < i < n*. Thus we have
cp = %)\gk) € Fix(G) for each index 0 <t < nF — 1. Tt follows that

k

T(co+7rci+ -+ epy +177) = Lico + T(r)er + -+ - + (D) epey + (T(r)™ =

1
(1A + TN o O A+ oAl -2 <o
and ker(I") = {0} gives the desired right integrality. [J
2.7.6. Remark. If R is commutative and G = {o01,09,...,0,}, then r is a root of the

polynomial f(x) = (z — 01(r)) - (x — 0,(r)) and the coefficients of f(z) are in Fix(G).
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Thus in the commutative case we don’t need matrices to prove 2.7.5. We also note that the
same polynomial Il cq(x — v(a)) (where a € L is a root of a given irreducible polynomial
q(z) € Klx]) appears in the proof of the fact that the Galois group G of a finite normal field
extension K C L acts transitively on the roots of ¢(z).

Let R be an algebra over a field K of characteristic zero. A Z,-grading of R is an n-tuple
(Ro, Ry, ..., R,_1), where each R; is a K-subspace of R such that

R=Ry® R ® - ® R, 1
is a direct sum and R;R; C R;y; for all 4,j € {0,1,...,n — 1}, where ¢ + j is the sum of ¢
and j in {0,1,...,n — 1} modulo n.
If e € K is a primitive n-th root of unity, then
ero+ri+- ) =roter;+-+e"
defines an automorphism e : R — R and

De = 6_1E1,1 + 6_2E2,2 + -+ e‘”En,n

is an invertible diagonal matrix in M, (K). We use the notation MY (R) for the algebra of
(€, D.)-centralizing matrices:

M¢(R) = M,(R,€,D,, D;') = {A € M,,(R) | &,(A) = D.AD;'} =

{A = [ai’j] S Mn(R) | Qj 5 S Rj—i for all 1 S Z,] S TL} =

[ R Ry -+ R, R,.i]
R,y Ry R - Ry,
R o : ;
Ry o s Ry Ry
| '’ Ry - Ran Ro

where j — i is the difference of j and 7 in {0,1,...,7 — 1} modulo n. We call M?(R) the
algebra of graded n x n matrices with respect to the given Z,-grading of R.

2.7.7. Theorem. Let R=Ry® Ry & --- & R,_1 be a Z,-graded algebra over a field K of
characteristic zero and e € K be a primitive n-th root of unity. If k > 1 is an integer and
A € MY(R) is a graded n X n matriz with respect to the given Z,-grading, then for the k-th
right determinant and k-th right characteristic polynomial of A we have

rdet(xy(A) € Ry and pay(v) = rdety(xl, — A) € Rolx].

Proof. Since MY(R) = M, (R,¢, D., D;') and Fix(€) = Ry, Theorem 2.7.2 and Corollary
2.7.3 can be applied. [J

2.7.8. Theorem. Let R be a Lie nilpotent algebra over a field K of characteristic zero
of index k > 1 and let e € K be a primitive n-th root of unity. If § € Aut(R) is an
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automorphism with 6" = idgr # 0", then R|w, ] is right integral over Fix(8)[w™] of degree
n®. In other words, for any f(w) € R[w,d] we have

go(w™) + f(w)gr(w") + -+ 7 (w)gus (W) + f7 (w) = 0
for some g;(w") € Fix(d)[w"], 0 <t <nkF —1.

Proof. Now G = (§) C Aut(R) is an n element cyclic subgroup and § € Cen(G). Consider
the embeddings

[:R— M,(R,§, P, P;') and T's : Rlw, 8] — M, (R[2],0., P5, P; ')
in Theorem 2.6.2. In view of Corollary 2.7.4 we have
LA (2) + Ta(f)AP (2) + -+ (Cs(f(w) T AE (2) + ([Ts(f(w)" A () = 0,
where the coefficients of the k-th right characteristic polynomial
rdet (w1, = Do(f(w) = A7 (2) + M (2)z 4+ A0 (2)27 1 + A0 ()2

of the (4, Ps)-centralizing matrix s(f(w)) € M,,(R[2], ., P5, P; ') are in Fix(d,) = Fix(5)[2]
and /\SZ)(Z) = ¢ > 1 is an integer.
Since

k

Ts(ro + riw + - - + rgw®) = T(rg) + T(r1) Psz + - - + () PE2F,
Ps=FEig+Foz3+--+FEp 1+ Ep;
and each matrix I'(r;) P{z" is graded with respect to the natural Z,-grading
R[z] = R[z"]| ® zR[2"| ® - -- @ 2" ' R[2"],
we obtain that I's(f(w)) € MY(R|[z]). Theorem 2.7.7 gives that
rdetry (21, — Ts(f(w))) € (R[2"])]2],

whence A (2) = u(2") € Fix(8)[z"] follows for all 0 <t < n* — 1.
Since P = I, for any polynomial p(2") € Fix(d)[z"]| there exists a (unique) polynomial
g(w™) € Fix(d)[w"] such that

(2", = col, + 12" L, + -+ + cqz™ 1, = T(co) + T(cr)Prz™ + - - + D(cg) P2 =

Ls(co + ™ + -+ + cqu™) = Ts(g(w™)),

where the coefficients co, c1,. .., cq € Fix(0) of pu(2™) and g(w™) coincide. For each 0 < ¢ <
n* — 1 take g;(w") € Fix(d)[w"] such that
1

™) = — (2" :1 z
Ls(g:(w™)) = qut( ) q/\t< )My

Thus
s (go(w") + Fw)ga(w") + - + F* 7 (w)gue s (w") + ' (w)) =

= (T Ta DA+ (Tl )™ Aea () TS ()" At (2)) =0

and ker(I's) = {0} give the desired integrality. [J
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3. LINEAR ALGEBRA IN LATTICES

3.0. Introduction

3.1. Complete join homomorphisms

3.2. The nilpotent Jordan normal base in lattices
3.3. Nilpotent endomorphisms of semisimple modules
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3.0. INTRODUCTION

Section 3 is based on the paper [Sz08].

The purpose of Section 3 is to show how some classical linear algebra results are capable
of broad generalization in the context of lattices. In our development a vector space V' is
replaced by the lattice Sub(V) of subspaces in V' and a linear map ¢ : V' — V' is replaced
by the natural map on Sub(V') induced by ¢. In general, we consider a lattice L and a map
A : L — L. The conditions we impose on L and on A are extracted from the properties of the
subspace lattice of a vector space and from the properties of the map on the subspace lattice
induced by a linear transformation. We assume, in most of the cases, that (L,V,A,0,1)
is an algebraic atomistic lattice with the atomic cover property and that A\ is a complete
V-homomorphism satisfying the so called J1 and J2 conditions. The image and the kernel
element of such A can be defined as A(1) and as the supremum of {z € L | A(z) = 0},
respectively. First we obtain an analogue of the well known result about the dimension of
the image and the kernel of a linear transformation. Then we formulate the Fitting lemma
for A. If X is nilpotent, then an appropriate definition of the Jordan normal base of L with
respect to A can be given. The main result of the Section is a Jordan normal form theorem
for a nilpotent A. Our approach can be related to some of the ideas presented in [Pr],[Va] and
[Wi]. The application of the general lattice theoretical result will provide the existence of a
Jordan normal base in a semisimple module with respect to a given nilpotent endomorphism.
The unicity of the block sizes in a nilpotent Jordan normal base is proved only in the finitely
generated module case.
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3.1. COMPLETE JOIN HOMOMORPHISMS

Let (L, V, A) be a lattice with < (<) being the induced (strict) partial order on L. The cover
relation 2 < y holds for the elements x,y € L if x < y and z < u < y implies that u € {z,y}
for all uw € L. If 0 < a, then a € L is called an atom (0 denotes the smallest element of L).
The lattice (L, V, A,0) has the atomic cover property if x <1 x V a holds for all x € L and
for all atoms a € L with x # x V a. The Jordan-Hoélder property holds in (L, V, A) if for any
two sequences in L of the form

ToLxy - <LZp, Yo <Y1 <-<Unp

with =y = yo and z,, = y,,, imply that n > m. The atomic cover and the Jordan-Holder
properties are satisfied in any modular lattice.

A lattice is called complete, if every subset of L has a supremum and an infimum with
respect to <. A complete lattice (L, V, A,0,1) is called atomistic, if every element is a join
(supremum) of atoms. We note that in an atomistic lattice the atomic cover property is
equivalent to the so called upper semimodularity (see Theorem 1.7.3 in [Str]). An element
¢ € L in a complete lattice is compact if for any set {xz; | i € I} C L the relation

c< \/ xl implies that ¢ < \/JmZ
i€

for some finite subset J C I. A complete lattice is called algebraic, if every element is a join

(supremum) of compact elements. Clearly, any atom in an algebraic lattice is compact.

A join .\/Iari of the elements {z; | i € I} in a complete lattice (L, Vv, A,0,1) is called irredun-
1€

dant, if

x; \/xZ or equivalently z;
) 4 (or eq Y ﬁzefwa} i)

holds for any index j € I. A join Ve of the compact elements {c¢; | i € I} is irredundant if
and only if \/ i is irredundant for any finite subset J C I.

For the reader s convenience we include the simple proof of the next proposition.

3.1.1. Proposition. Let (L,V,A,0) be a lattice with the atomic cover and the Jordan-
Holder properties. If {a1,as,...,a,} is an n-element and {by,bs, ..., by} is an m-element set
of atoms in L such that a1V as V-V a, and by V by V ---V b, are irredundant joins and

arVasV---Va,=b VbyV---Vb,,
then n = m.
Proof. Since a; VasV---Va, and by Vb V ---V b, are irredundant joins, the chains
O<ay<aiVay<---<arVayV---Va,

and
O0<by<byVby<---<byVbyV---Vb,

are strictly ascending. The atomic cover property of L ensures that

O<dar<agVay<---<taiyVasV..Va,
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and
0<9by gby Vb a---<abyVby V...V,

are composition series. Thus a; VasV---Va, =b Vb V---Vb, and the Jordan-Holder
property of L yield that n = m. [J

The following is a variant of Theorem 5 in part IV of [Gr].

3.1.2. Theorem. Let (L,V,A,0,1) be an algebraic atomistic lattice with the atomic cover
property and w € L. If Vicrc; < u and Vicrc; is an irredundant join of compact elements in
L, then there exists a family {a; | j € J} of atoms such that

(\/ci) V (\/aj> =Uu
iel jeJ

Proof. Since u is a join of atoms and V;c;¢; < u, we can find an atom b € L such that b < u

and b £ Vier¢;. Now
(\/ cl-) Vb<u
iel

and the join is irredundant. In view of b £ Vier¢;, we can not omit b. Suppose that

15 an irredundant join.

iel\{i*} \{i*}
ieI\{i*} eI\ {i*} el

Vo g < \/Cl§< V C,L')\/b,
ieD\{i*} il e\ {i*}

\Y C; = ( V Ci> Vb
el ieI\{i*}

can be derived in contradiction with b ﬁ Viert;.
Take

i < ( V cZ) Vb for some i* € I, then b £ V ¢; and the atomic cover property ensures
I
that

Thus

whence

B={B|B C L is a set of atoms, <.\/]ci> V (b\/Bb) <w and the join is irredundant}.
1€ €

The argument above shows that B is not empty. If {B; | t € T'} is a chain in B with respect
to the containment relation, then we claim that A = U,er By € B. Suppose that

(\/ ci) v ( v b)
el beA

is not irredundant. Since the elements of {¢; | i € I} U A are compact, we can find a finite
subset [* C I and an n-element subset {by, bs, ..., b,} C A such that
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is not irredundant. Now we have b; € By, ,by € By,,...,b, € By, for some t1,t5,...,1, € T.
Using the chain property of {B; | t € T'}, we obtain that
{b1,ba,...,b,} C By, for some n > k > 1. The irredundant property of the join

(vCi) v ( v b)
el bGBtk

(\/Ci>\/(b1\/b2\/"'\/bn)

1el*

implies that

is also irredundant, a contradiction. The application of the Zorn Lemma gives that there
exists a maximal element {a; | j € J} in B.

Suppose that
(\/Ci) \ (\/aj) < u,
i€l jed

then the first part of our proof yields that

< . )
b<wandb ﬁ (i\G/IcZ) V (j\G/JaJ)

for some atom b € L and that
<\/Ci> V (\/CL]‘) Vb
el jeJ

is an irredundant join. Thus {a; | j € J}U{b} € B contradicts the maximality of {a; | j € J}
in B. It follows that
<‘\/ Ci> V (\/ aj) =u.
el jeJ

The set of atoms {a; | i € I} C L in a complete lattice (L, V, A,0, 1) is called an atomic base
of L, if V;cra; = 1 is an irredundant join.

3.1.3. Corollary. If (L,V,A,0,1) is an algebraic atomistic lattice with the atomic cover
property, then there exists an atomic base in any interval sublattice [0, x| of L. If in addition
1 is a compact element, then there exists a finite atomic base of L. In any lattice with the
atomic cover and the Jordan-Hélder properties, the existence of a finite atomic base implies
that all atomic bases are of the same cardinality.

Let (L,V,A,0,1) be a complete lattice and A : L — L a complete V-homomorphism with

A(0) = 0. Now
A ( \Y IL‘Z) =V )\({L‘Z)
icl i€l

for any set {z; | © € I} C L of elements and we note that a V-homomorphism is order
preserving: x < y = A(z) < A(y) for all z,y € L. The image and the kernel of A can be
defined as follows:

im(A) = A(1) and z =ker(\) = VvV  x.

x€L,\(x)=0
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Clearly, the V-property of A ensures that A(z) < A(1) for all x € L and that \(z) = 0 <=
Tz < z.

The conditions J1 and J2 play a fundamental role in our development, we formulate them
for a pair (L, \), where (L,V,A,0,1) is a complete lattice and X\ : L — L is a complete
V-homomorphism with A(0) = 0.

J1: For any choice of the elements x < y in L with A(z) = A(y) we can find an element
u € L such that y = z V u and A(u) = 0.

J2: For any « € L the map A : [0, 2] — [0, A(x)] is surjective.
If A satisfies J2 and a € L is an atom with A(a) # 0, then A(a) is also an atom.

3.1.4. Proposition. If (L,V,A,0,1) is a complete atomistic lattice and X : L — L is
a complete \/-homomorphism with J2, then for any atom a € [0, \(1)] there exists an atom
a' € L such that a = \(d').

Proof. Since A : [0,1] — [0, A(1)] is surjective (J2), we can find an element 0 # x € L
with a = A(z). The atomistic property of L implies that x = V;¢sa; for some set {a; | i € I}
of atoms in L. Clearly, a; < x implies that 0 < A(a;) < A(z) = a. For an index i, we have
either A(a;) = 0 or A(a;) = a. If A(a;) = 0 holds for each i € I, then we obtain that

a=\Nz)= )\(i\e/lai) = i\E/I/\(aZ») =0,
a contradiction. Thus A(a;) = a holds for some i € I. J

3.1.5. Theorem. Let (L,V,A,0,1) be a complete lattice with the atomic cover property
and \: L — L be a complete V-homomorphism with A(0) = 0. If Vicsa; is an irredundant
join of atoms, Vjec;b; is an irredundant join of compact atoms and A(b;) =0 for all j € J,
then for any set {a} | i € I} of atoms with \(a;) = a; for all i € I, the join

(,v bj) v <,v a;)
jeJ el

im(\) = Va; , ker(A\) = Vb,

el jeJ

(,v bj> v (,\/ aQ) =1.
jeJ el

18 irredundant. If in addition

and \ satisfies J1, then
Proof. Suppose that

for some i* € I, then

s =Ma) <[ Vb)) |V V MNd) )= VvV aq
“ (az ) - (jeJ ( j)) (z‘el\{i*} <a’)) ieI\{z‘*}a
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contradicts the irredundant property of V;cra;.

Suppose that
bj*g( Y bj>v(\/a>
jeN{s*} el

for some j* € J, then the compactness of b;- implies that

bj*§< Y% b)\/a Vai, V- Va
je\*} "

for some {i1, 13, ...,7,} € I. We can assume that n is minimal, whence

a f( )\/a Va, V---Va; |
jeN "} "
and

b« f( )\/a Va, V---Va; |
AR A "

follow. The atomic cover property ensures that

( vV b)\/a Va, V- v;lq( Vv b)\/a Vag,V---Va
JE€IN{G*} " J€I\*}

In view of

<j€J\v{j*}bj)Va;1Va§2\/~~\/a’.n < (vbj) Va, Va,V---Va;

and

jed je\*}

(vb>Va;1\/a§2v---Va;n_l < < Vo bj)Vagvang\/mvCL;n,

we obtain that

(vb)v%v%vmv@; 1:( Vv b>\/a Va,V---Va
jeJ " JEN*}

s vb.lvad vad. v.---vd < VbV N :
Qin, = (JeJ % ¥ Gy Giny =\ ;& iel\{in}al

contradicts the fact we proved first.
In order to prove the second statement, we use

Thus

)\(V(z) = V(a}) = A1)

el el

and the J1 property of \. It follows that

(Va) Vu=1
iel
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for some u € L with A\(u) = 0. Since

u < ker(\) = A\/Jb
Je

<v@)v<v¢):1w]
jeJ iel

3.1.6. Corollary. Let (L,V,A,0,1) be an algebraic atomistic lattice with the atomic cover
property and X\ : L — L be a complete V-homomorphism with J1 and J2. There exist atomic
bases {a; | i € I} and {b; | j € J} of the interval sublattices [0,im(\)] and [0, ker(X\)]. There
is a set {a, | i € I} of atoms such that \a,) = a; for all i € I and for any such set
{b;1jeJu{d,|iel} is an atomic base of L.

79

we obtain that

Proof. The existence of an atomic base in any [0, z| is a consequence of Corollary 3.1.3. If
{a; | i € I'} isaset of atoms in [0,im(A)], then J2 of A and the use of Proposition 3.1.4 ensures
the existence of atoms a},i € I such that \(a}) = a; for all i € I. Thus the application of
the above Theorem 3.1.5 completes the proof. [

3.1.7. Remark. Corollary 3.1.6 is the generalization of the well known
dim(imep) + dim(ker ¢) = dim V'
property of the linear map ¢ : V' —— V on the finite dimensional vector space V.

3.1.8. Lemma. Let (L,V,A,0,1) be a complete lattice and A\, Ny : L — L complete
V-homomorphisms. Then Ay o Xy : L — L is a complete V-homomorphisms and we have
the following.

1. If A1 and Xy satisfy J2, then A o Ao satisfies J2.

2. If A\ satisfies J1, Ao satisfies J1 and J2, then A\ o Ao satisfies J1.

3. If A\ and X\ both satisfy J1 and J2, then \i o \y satisfies J1 and J2.

Proof.

1. If z € L, then Ay : [0,2] — [0, A\a(x)] and A; : [0, Aa(z)] — [0, A1 (A2(2))] are surjective
maps, thus the composition A; o Ay : [0, 2] — [0, A1(A2(2))] is also surjective.

2. If z <y and A\ (A2(x)) = A\ (A2(y)) holds for z,y € L, then \y(x) < Ao(y) and J1 of N\
gives an element u € L such that \2(y) = Ao(z) V u and Ay (u) = 0. Now u € [0, A\2(y)] and
J2 of Ay gives an element v € [0, y] such that \y(v) = w. In view of Vv <y and

Aa(z Vv) = Xa(x) V A2(v) = Aa(z) Vu = Aa(y)

J1 of A\ gives an element w € L such that (zVv)Vw = y and Ao(w) = 0. Thus 2V (vVw) =y
and

A(A2(v Vw)) = A (A2(v) V Ag(w)) = M(uV0) = A (u) =0
prove the J1 property of A; o \y. [

3.1.9. Corollary. Let (L,V,N,0,1) be a complete lattice and X\ : L — L a complete
\V-homomorphism with A\(0) = 0. If \ satisfies J1 and J2, then any power \¥ satisfies J1
and J2.
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3.1.10. Lemma. Let (L,V,A,0,1) be a complete lattice and \ : L — L a complete
v -homomorphism with A(0) = 0. We have the following.

1. im(\*) = im(A\**1) dmplies that im(\Y) = im(\*) for all integers i > k.

2. ker(\F) = ker(A\*1) implies that ker(\?) = ker(\*) for all integers i > k.

3. If X satisfies J1, then im(\) = im()\?) implies that im(\) V ker()\) = 1.

4. If X satisfies J2, then ker(\) = ker(\?) implies that im()\) A ker(\) = 0.

Proof.

1. Clearly, \¥(1) = A**1(1) implies that A\**1(1) = \k+2(1).

2. Take © = ker(A\*+2), then \**1(\(z)) = M*2(2) = 0 implies A(z) < ker(A\**1), whence
Az) < ker(A\F) can be obtained. Thus z < ker(\**1) is a consequence of \*1(z) =
M (A(x)) = 0. Since ker(A\*1) < ker(A\*2) is obvious, we get ker(\**1) = ker(\*2).

3. Using w = im(A) = A(1) and z = ker(\), we have

Mw V z) = Mw) VA(Z) = AA1)) V0 = A2(1) = A(1).

The J1 property of A gives that (wV z) Vu =1 and A(u) = 0 for some v € L. Thus u < z
andwVz=(wVz)Vu=1.

4. Take y = im(A) A ker(A), then y < A(1) and thus y € [0, A(1)]. The J2 property of A
ensures the existence of an element v € L such that A\(v) = y. Now y < ker(\) implies that
N (v) = AMy) = 0, whence v < ker(\?) can be derived. Since ker(\?) = ker()\), we have
y=Av)=0.0

3.1.11. Theorem. Let (L,V,A,0,1) be a complete lattice and X\ : L — L a complete
V-homomorphism with A(0) = 0 such that X\ satisfies J1 and J2. If L is both Artinian
and Noetherian, then there exists an integer r > 1 such that im(\") @ ker(\") = 1, i.e.
im(A") V ker(\") =1 and im(\") A ker(A") = 0.

Proof. The Artinian condition ensures that
S <im(M\) < --- < im(A?) < im())

is not a strictly descending chain, thus im(\*) = im(A\**1) holds for some k > 1.
The Noetherian condition ensures that

ker(\) < ker(A?) < -+ < ker(\) < ---

is not a strictly ascending chain, thus ker(A\!) = ker(A\'*!) holds for some [ > 1.
Take r = max{k, [}, then

im(\") = im(\*") and ker(\") = ker(\*")

by part 1 and part 2 of Lemma 3.1.10. In view of Corollary 3.1.9, the power \" satisfies J1
and J2. Since A" = (\")?, the application of part 3 and part 4 of Lemma 3.1.10 gives that
im(A") V ker(A") = 1 and im(A\") A ker(A") = 0. O

3.1.12. Remark. Theorem 3.1.11 is the generalization of the well known Fitting lemma.
The lattice theoretical Fitting lemma in [KSz05] is an analogue and not a generalization of
the classical result.
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3.2. THE NILPOTENT JORDAN NORMAL BASE IN LATTICES

Let (L, V, A, 0, 1) be a complete lattice and consider a complete V-homomorphism A : L — L.
If A\ = 0 # A"~ ! for some integer n > 1, then ) is called nilpotent of index n. If ) is nilpotent
and x < A(z) for some z € L, then we have

v < A(w) € Aa) <o < N (a) =0,
whence x = 0 (as well as A\(0) = 0) follows.
A set A C L of atoms in a complete lattice (L,V,A,0,1) is called a n-nilpotent Jordan
normal base of L with respect A, if the following conditions hold:
1. AM(A) C AU{0} and A"(A) = {0} # A\""'(A) for some integer n > 1,
2. Ma) = A(b) = Aa) = A\(b) =0 for all a,b € A, a # b,

3. Vaeaa = 1 is an irredundant join.

A n-nilpotent Jordan normal base can be written as a pairwise disjoint union

A= UAW

vyel

where A, = {a,; | 1 < i < k,} is finite, A(a,;) = a4,41 for each 1 < i < k; (@y,4,41 = 0)
and a1 ¢ A(A) holds for all v € I'. Clearly, we have n = max{k, | vy € I'}.

3.2.1. Proposition. If we have a n-nilpotent Jordan normal base in the complete lattice
(L,V,NA,0,1) with respect to the complete \/-homomorphism X : L — L, then X is nilpotent
of index n.

Proof. If A C L is a Jordan normal base with respect to A as in the above definition, then
A"(a) =0 for all @ € A. Since \" is also a complete V-homomorphism, we have

A1) = V \(a) = 0.

acA
Thus A" = 0 and A" }(A) # {0} implies that \"~! #£ 0. [J
We are ready to formulate the following converse of Proposition 3.2.1.

3.2.2. Theorem. Let (L,V,A,0,1) be an algebraic atomistic lattice with the atomic cover
property and let \ : L — L be a complete V-homomorphism satisfying J1 and J2. If X is
nilpotent of index n, then there exists an n-nilpotent Jordan normal base in L with respect
to .

Proof. We apply an induction on the nilpotency index of .

If this index is 1, then A = 0 and any set {a; | i € I} of atoms with V;c;a; = 1 being an
irredundant join is a 1-nilpotent Jordan normal base in L with respect to .

Let n > 2 be an integer and assume that our theorem holds for all complete V-homomorphisms
of nilpotency index n — 1. Now consider the situation described in the theorem with
A" =0 # A\"1. Clearly, the interval sublattice L* = [0, \(1)] of L is an algebraic atom-
istic lattice with the atomic cover property and the restriction A* = X [jg ) of A is a
complete V-homomorphism: \* : L* — L*. It is straightforward to see that \* satisfies
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J1 and J2. In view of \*(1) = 0 # A" (1), we have A" 1(\(1)) = 0 # A""2(\(1)). Thus
the nilpotency index of \* is n — 1. The induction hypothesis provides an (n — 1)-nilpotent
Jordan normal base A* C L* in L* respect to A\*. Since L* = [0, A(1)], Proposition 3.1.4
ensures that for each a € A* \ \(A*) we can fix an atom «(a) € L, such that M\(a(a)) = a.
Take

W = vV a
a€A* A(a)=0

then A(w) = 0 implies that w < z = ker(\). Theorem 3.1.2 provides a set B C L of atoms

in L such that
z = ( V a> V ( V a)
a€A* X(a)=0 acB

A=A"U{a(a)|ae A"\ N(A")}UB

is an irredundant join.
We claim, that

is an n-nilpotent Jordan normal base in L with respect to A.

1.

A(A) C A*U{0} € AU {0} follows from A(A*) = N\ (A*) C A* U {0}, Ma(a)) =a € A* for
all a€ A*\\(A*) and A\(B)={0} (note that a <z for all a€ B). Also

AM(A) = XHA(A)) S ATHATUA{0}) = (W) (AT U {0}) = {0}

and (A\*)""%(a) # 0 for some a € A*, whence a € A* \ A\(4*), M(a(a)) = a and A" (a(a)) =
A""2(a) # 0 follow.

2.

Suppose that A(a) = A(b) for a,b € A, a # b.

If a,b € A*, then A(a) = A (a), A(b) = A*(b) and A\*(a) = A*(b) implies that \*(a) =
A*(b) = 0.

If a € A* and b = «(V') for some O’ € A* \ A(A*), then A(a) = A(b) = A(«()) =V is in
contradiction with ¥ € A* \ A(A*).

If a = a(d’) and b = (V') for some o/, b’ € A* \ A(A*), then ¢’ = Aa(a')) = AM(a(V)) =V
implies that a = b, a contradiction.

If a € B (or b € B), then A(a) =0 (or \(b) = 0).

3.

Since

A(V,a) = (QQQ*A(G)> Vv <a€fV¥;uh)A(a(a))) Vv (agéA(a)> -

:(\/)\(a)>\/< v a>: Voa = A1),
acA* a€A*\\(A*) acA*

the J1 property of A\ implies that
< V a) Vu=1
acA

holds for some u € L with A(u) = 0. Thus u < z = ker(\) and

ugz:( \Y, a>v<\/a)§ Voa,
a€A* X(a)=0 aceB acA
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whence V,caa = 1 follows.
Suppose that V,e\ppya = 1 for some b € A.
If A(b) # 0, then A(b) € A*\ {A(a) |a € A\ {b}} and A\(A) C A* U {0} gives that

/\(1):)\( v a>: Vo Aa) < V.ooa< Voa=A1).
acA\{b} acA\{b} a€A*\{A(b)} ~ acA*

This contradicts the irredundant property of V,ca«a.
If A(b) = 0, then
be{ac A" | AN(a)=0}UB

and the compactness of b implies that
bgCLl\/(IQ\/"'\/CLk

for some ay,as,...,a; € A\ {b} with k > 2. We can assume that & is minimal. If
Aar) = Mag) = -+ = AMag) =0, then

{a1,a9,...,a;} € ({a € A" | AN(a) =0} U B) \ {b}

would contradict the irredundant property of the join

( V a) \ < V a) .
a€A* X(a)=0 aceB

Thus A(a;) # 0 for some j € {1,2,...,k}. Using the notation
:C:al\/--~\/aj,1Vaj+1\/-~\/ak

we have  # x V a; and x # Vb by the minimality of k. The atomic cover property ensures
that x <z Va;. In view of x <2V b < 2V a; we obtain that z Vb = = V a;, whence

a; <zVb=a1V---Vaj_1VbVajV---Va,< V a
acA\{a;}

follows. As we have already seen, it is impossible for an a; € A with A(a;) # 0. O
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3.3. NILPOTENT ENDOMORPHISMS OF SEMISIMPLE MODULES

A subset X = {z,, |y €T,1<i<k,} of a(unitary) left R-module z )M is called a nilpotent
Jordan normal base with respect to ¢ € Endg(M) if each R-submodule Rz, ; < M is simple,
SP) RZL’,W' =M
€T, 1<i<ky

is a direct sum, p(zy;) = Tyiy1, (Typ,) = Typ,41 = 0 forall y € T', 1 <4 < ky, and
the set {k, | 7 € I'} of integers is bounded (I" is called the set of Jordan blocks and the
size of the block v € I' is the integer k,). Obviously, the existence of a nilpotent Jordan
normal base implies that zpM is semisimple and ¢ is nilpotent with ¢" = 0 # "', where
n = max{k, | v € I'}. We also have

i = ® Rzx,;and k ®R ,

im(p) - x; and ker(p) = 9 T,
where IV ={y e | k, > 2}.
Our Jordan normal base theorem for nilpotent R-module endomorphisms is the following.

3.3.1. Theorem. For ¢ € Endgr(M) the following are equivalent:
1. g M s semisimple and o s nilpotent.
2. There exists a nilpotent Jordan normal base of rM with respect to .

Proof. We only have to prove (1) = (2).
The set Sub(zrM) of the R-submodules of M with respect to the containment partial order
is a modular algebraic lattice. We note that

VN; =Y N,
el
el

for the R-submodules N;,7 € I of M.
The ¢-image ¢(N) = {p(z) | € N} of a submodule N < M is also an R-submodule of M
and for any family N;,7 € I of R-submodules in M we have

" <ZN> = (V)

icl icl

If X,Y < M are R-submodules with X CY and ¢(X) = ¢(Y), then
X 4+ (Y Nker(p)) =Y.

Take y € Y, then ¢(y) = () for some z € X and y =z + (y — x) with p(y — ) = o(y
o(x) = 0. Thus y—z € YNker(yp) and our claim is proved. We note that p(Y Nker(y)) =
holds for the R-submodule Y Nker(y) < M.

If X < M is an R-submodule with X C ¢(NV), then consider the R-submodule

(X)) ={ue M|p(u) e X}

of M and take Z = NN }(X) C N. For an element x € X, the containment X C p(N)
ensures that we can find an element z € N such that z = ¢(z). Now 2 € X implies that
z € NNy (X), whence ¢(Z) = X follows.

) —
{0}
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In view of the above observations, we have J1 and J2 for the complete V-homomorphism
A: L — L, where
L = Sub(gM) and A(N) = p(N).

It is well known, that the lattice L = Sub(gM) is atomistic if and only if the left R-module
rM is semisimple.

Since ¢" = 0 # ¢! implies that A" = 0 # A""!, i.e. that A is nilpotent of index n. Thus
we can apply Theorem 3.2.2 to obtain an n-nilpotent Jordan normal base

Vyilvel1<i<k}

of L with respect to A. Clearly, each V,;, < M is a simple R-submodule of M and the

irredundant join
jg: Vii=M

yeT,1<i<k,

of atoms is a direct sum
ey V,i= M.
~ET,1<i<k,
Since
e(Vyi) = Vaira , (and Vi 41 =0)

for all v € I' and 1 <4 < k,, starting with an arbitrary element 0 # z,, € V, , we can
take the consecutive (p-preimages to obtain a sequence z.,; € V. ;, 1 < i < k, such that

So(x%i) = Try,it1

forally € I'and 1 < i <k, — 1. To conclude the proof, it is enough to note that x.,; # 0
in the simple R-module V. ;, whence Rz, , =V, ; follows. [J

3.3.2. Proposition. Let ¢ € Endg(M) be nilpotent, with gM finitely generated semisimple.

If {\; | ve,1<i<ky}and {ys; | 06 € A, 1 <j<lIs} are nilpotent Jordan normal bases

of rM with respect to ¢, then there erists a bijection ™ : I' — A such that k, = Iy, for

all v € T'. Thus the sizes of the blocks of a nilpotent Jordan normal base are unique up to a

permutation of the blocks. We also have ker(yp) = GEBFR:(:,MCV and hence dimg(ker(p)) = |T'|.
gl

Proof. We apply induction on the index of the nilpotency of ¢. If ¢ = 0, then we have
ky=Ils=1forally eI, € A, and ®,crRry1 = BscaRys1 = M implies the existence of a
bijection 7 : I' = A (Krull-Schmidt, Kurosh-Ore). Assume that our statement holds for any
R-endomorphism ¢ : N — N with g N a finitely generated semisimple left R-module and
¢" !t =0 # ¢" 2. Consider the situation described in the proposition with ¢" = 0 # "1,
I ={yel|k,> 2}, then

: _ o Re,
1m(gp) el 2<i<k, T,

ensures that {z,,; | v € I',2 < i < k,} is a nilpotent Jordan normal base of the left R-

submodule N = im(p) of gM with respect to the restricted R-endomorphism ¢ : im(p) —

im(¢). The same holds for {ys; | 6 € A’,2 < j < s}, where A" = {§ € A | [; > 2}. Since

¢t =0+# ¢" 2 for ¢ = ¢ | im(p), our assumption gives a bijection 7 : I" — A’ such that
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ky—1=lyy —1forall vy € I". In view of ker(¢) = ®yerRoyp, = DseaRys;s we have
IT| = |A| and so |T'\IT'| = |A\ A’|. Thus we have a bijection 7* : '\ I" — A\ A’ and the
natural map 7U7n* : ITVU(IC'\TV) — A’U(A\ A') is a bijection with the desired property. [J

We call a nilpotent element s of a ring S decomposable if es = se for some idempotent e € S
with 0 # e # 1. A nilpotent element which is not decomposable is called indecomposable.
In the case of finite dimensional vector spaces an indecomposable nilpotent endomorphism
is nonderogatory (or 1-regular) in the sense of [NS].

3.3.3. Proposition. Let ¢ € Endg(M) be a nonzero nilpotent R-endomorphism of the
semisimple left R-module gM. Then the following are equivalent:

1. There is a nilpotent Jordan normal base {x; | 1 < i < n} of rM with respect to ¢
consisting of one block (thus |I'| =1 for any nilpotent Jordan normal base

{zy: |vel, 1 <i<k,} of RM with respect to ).

2. p is an indecomposable nilpotent element of the ring Endg(M).

3. rM s finitely generated and ©* ' # 0, where d = dimp(M).

Proof. (1) <= (3) is straightforward.

(1) = (2): If eop = poe for some idempotent ¢ € Endg(M) with 0 # ¢ # 1, then
im(e) @ im(1 — ) = M for the non-zero (semisimple) R-submodules im(e) and im(1 — ¢)
of gM, and ¢ : im(e) — im(e) and ¢ : im(1 — ) — im(1 — ). Since these restricted R-
endomorphisms are nilpotent, we have nilpotent Jordan normal bases of im(¢) and im(1 —¢)
with respect to ¢ | im(e) and ¢ [ im(1 — €) respectively. The union of these two bases gives
a nilpotent Jordan normal base of M with respect to ¢ consisting of more than one block,
a contradiction (the direct sum property of the new base is a consequence of the modularity
of the submodule lattice of pM).

(2) == (1): Suppose we have a nilpotent Jordan normal base X of pM with respect to ¢
with [I'| > 2. Fix § € I' and consider the non-zero ¢-invariant R-submodules

Ni= @ Ruxs; and Nj = D Rz ;.

1<i<ks e\ {6},1<i<k,

Then M = Nj @ Ny and for the natural projection €5 of M onto Nj we have €5 0 5 = &5,
O#es#landesop =pogs. [
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4. CENTRALIZERS AND ZERO-LEVEL CENTRALIZERS IN
ENDOMORPHISM ALGEBRAS
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Polynomial identities for the centralizer and the zero-level centralizer

The nilpotent double centralizer theorem

The structure of the zero-level centralizer in the non nilpotent case

The double zero centralizer theorem
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4.0. INTRODUCTION

Section 4 is based on the papers [DSzW] and [SzZW12]. We use the notations and the results
of 3.3.

If S is a ring (or algebra), then the zero-level centralizer
Ceng(s) ={u e S| us=su=0}
(or the two-sided annihilator) of s is an ideal of the centralizer
Cen(s) ={u € S| us = su}

subring of S.

In Section 4 we investigate the structure and the polynomial identities of the centralizer
Cen(y), the zero-level centralizer Ceng(p) and the factor Cen(y)/Ceng(p), where ¢ is in the
endomorphism ring Endg(M) of a left R-module M.

If F is an algebraically closed field and {A;, Aa, ..., A} is the set of all eigenvalues of A €
M,.(F), then Cen(A) is isomorphic to the direct product of the centralizers Cen(4;), where
A; denotes the block diagonal matrix consisting of all Jordan blocks of A having eigenvalue
A; in the diagonal. The number of the diagonal blocks in A; is dim(ker(A; — \;1;)), and the
size of A; is d; x d;, where d; is the multiplicity of the root \; in the characteristic polynomial
of A. Since Cen(A;) = Cen(A; — N\;I;) and A; — \;1; is nilpotent in My, (F'), in the case of
finite dimensional vector spaces the study of Cen(A) can be reduced to the nilpotent case.
Thus our investigation of Cen(yp) is restricted to the nilpotent endomorphisms of a finitely
generated semisimple r M. There is no need of such a restriction for Ceng(y).

The double centralizer Cen(Cen(y)) plays an important role in the theory of central simple
algebras. For a nilpotent ¢ we give a non-commutative generalization of Schur’s double
centralizer theorem. We prove a double zero-centralizer theorem concerning Ceng(Ceng(¢))
for an arbitrary (not necessarily nilpotent) .

The author of the present dissertation was not able to find results about zero-level central-
izers, in spite of the fact that Ceng(s) arise very naturally. Surprisingly, even the dimension
formula dimp Ceng(A) = [dimp(ker(A))]* for the zero-level centralizer of a square matrix
A € M,,(F) has not yet appeared in linear algebra books.

We note that most of our statements are generalizations of classical linear algebra results
about commuting matrices. Since all known results about matrix centralizers are closely
connected with the Jordan normal form (see [Ga,Pr,ST,TA]), it is not surprising that our
development depends on 3.3.
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4.1. THE CENTRALIZER AND THE ZERO-LEVEL CENTRALIZER AS
HOMOMORPHIC IMAGES

Let g M be a left R-module , where R is a (not necessarily commutative) ring with identity,
Z(R) and J = J(R) denote the centre and the Jacobson radical of R respectively.

If ¢ € Endgr(M) is an arbitrary R-endomorphism of zpM, then for u € M and f(z) =
To + 7112+ -+ rp2¥ € R[2] the multiplication

() xu=rou+ripu) + - - + ret (u)

defines a natural left R[z]-module structure on M. This left action of R[z] on M extends
the left action of R on g M. For any R-endomorphism ¢ € Endg(M) with ) o ¢ = p o1 we
have

(f(2) xu) = f(z) * (u)

and hence v : M — M is an R[z]-endomorphism of the left R[z]-module g;;M. On the
other hand, if ¢ : M — M is an R[z]-endomorphism of g[.; M, then

(p(u) = ¥(zxu) = 2+ P(u) = e(y(u))
implies that 1 o ¢ = @ 0 1. Now
Cen(p) ={¢ | ¢ € Endg(M) and o p = p o)}
is a Z(R)-subalgebra of Endg(M) and the argument above gives that
Cen(y) = Endp,)(M).
Henceforth g M is semisimple and we consider a fixed nilpotent Jordan normal base
X={zy,|yvel1<i<k}CM

with respect to a given nilpotent ¢ € Endg(M) of index n = max{k, | 7 € I'} (see 3.3.1).
The I'-copower 1L cr R|z] is an ideal of the I-direct power ring (R[z])" comprising all elements
f = (f,(2))yer with a finite set {y € ' | f,(2) # 0} of non-zero coordinates. The copower
(power) has a natural (R][z], R[z])-bimodule structure. For an element f = (f,(z)),er with
f+(2) = ay1 +ay 22 + - + @y 112" the formula

o(f) = Z Ory,iy,i = Z Z 0 (@) | = Zf'y(z) * Ty
€T, 1<i<k, ~vel \1<i<k, ~er
defines a function @ : I, crR[2] — M.

4.1.1. Lemma. The function ® is a surjective left R|z]-homomorphism. We have o(®(f)) =
O (2f) for all £ € W erR[z] and the kernel

[T J[z] + (") C ker(®) <y [] R[]

vyerl’ vyel
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is a left ideal of the power (and hence of the copower) ring. If R is a local ring (R/J is a
division ring), then 1L cr(J[2] + (257)) = ker(®).

Proof. The fact that ® is a surjective left R[z]-homomorphism and the containment
I,er(J[z] + (2%)) C ker(®) can be easily seen. When R is local and a,;z,; = 0 for
some 1 <14 < k,, then a,; € J. Thus

Fr(2) = (g1 + ay2z 4o 4 0y, 2770 + (G, 12" 4 Gy, 12™) € T[] + (29)
is a consequence of ®(f) = 0, implying that f € [T cr(J[z] + (2%)). O

From now onward we also require that g M be finitely generated, I' = {1,2,...,m} and to
ease readability we assume that k; > ky > ... > k,,, > 1 for the block sizes, in which case
dimp(M) = > ky and dimpg(ker(¢)) = |I'| = m for the dimensions (composition lengths).
Now IL,crR[z] = (R[2])" and an element £ = (f,(2)),er of (R[z])" can be considered as a
1 x m matrix over R[z].

For an m x m matrix P = [ps,(z)] in M,,(R][z]) the matrix product

fP =Y f5(2)ps

oerl’

of f and P is a 1 x m matrix over (R[z])", where ps = (ps~(2))er is the d-th row vector of

P and
(fP), = Zﬁ(z)péﬁ(z)-

ser
We define the following subset of M,,(R[z]):

M(X) ={P € M,,,(R[#]) | fP € ker(®) for all f € ker(P)}.
IfP,Q e M(X)andf € ker(®), then fP € ker(®) implies that ®(f(PQ)) = ®((fP)Q) = 0,
whence f(PQ) € ker(®) follows. Thus PQ € M(X), proving that M(X) is a Z(R)-
subalgebra of M,,(R[z]).

4.1.2. Lemma. For P € M(X) and f = (f,(2))er in (R[2])" the formula
Yp(P(f)) = O(fP) properly defines an R-endomorphism vp : M — M of rM such that
p o =potyp. The assignment A(P) = yp gives an

M(X)°P — Cen(yp)
homomorphism of Z(R)-algebras, where M(X ) denotes the opposite of M(X).

Proof. Using the definition of M(X) and the surjectivity of ® it is straightforward to check
the claims. [

4.1.3. Lemma. If pop = po1) for some 1 € Endg(M), then there is a P € M(X) such
that $(®(F)) = B(EP) for all £ = (f,(=)),er in (RI2])T.
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Proof. Since @ : (R[z])" — M is surjective, for each 6 € I' we can find an element
Ps = (ps(2))yer in (R[z])" such that ®(ps) = 1(z51). For the m x m matrix P = [ps(2)]

we have
= 0(fs(2) *w51) = Y fsl(2) # (ws1) = Y f5(2) * B(ps)
ser ser ser
> (f5(2)ps) = 2D _f5(2)ps) fP)
oer oer
for all f € (R[z])". Since f € ker(®) implies that ®(fP) = ¥ (®(f)) = 0, we obtain that
PeM(X) O

4.1.4. Theorem. If ¢ € Endgr(M) is a nilpotent R-endomorphism of a finitely generated

semisimple left R-module pM, then A : M(X)® — Cen(yp) is a surjective homomorphism
of Z(R)-algebras.

Proof. The claim directly follows from Lemma 4.1.2 and Lemma 4.1.3. [J

4.1.5. Corollary. Cen(p) satisfies all the polynomial identities (with coefficients in Z(R))
of MY (R[2]).

Now consider the zero-level centralizer
Ceno() = {¢ | ¥ € Endg(M) and 0 o = p o ¢ = 0}
and define the subset
Mo(X) ={P € M(X) | 2P € ker(®) for all f € (R[2])"}
of M(X).

4.1.6. Lemma.ker(A) C My(X) andfor P € M(X) the containments P € My(X) and
A(P) € Ceng(y) areequivalent. The preimage My(X) = A1 (Ceng(p)) < M(X)isanideal.

Proof. The proof is based on Lemma 4.1.1 and Theorem 4.1.4.

If P € ker(A), then A(P) = ¢p = 0 gives that ®(fP) = ¢p(®(f)) = 0 for all £ € (R[2])".
Since @ : Il.crR[z] — M is a left R[z]-homomorphism, ®(zfP) = z « ®(fP) = 0 implies
that 2fP € ker(®). In view of ker(A) C M(X), we deduce that P € My(X).

If P € My(X), then A(P) = ¢p and o(p(®(f))) = p(®(fP)) = ®(2fP) = 0 for all
f € (R[2])F. Thus ¢p o p = p o p = 0 and hence ¥p € Ceng(yp).

If A(P) = p is in Ceng(yp), then p o ¢p = 0 and

D(2AP) = p(®(fP)) = ¢(yp(®(f))) = 0

for all f € (R[2])!. Tt follows that P € My(X).
Obviously, the preimage of the ideal Ceng(¢) <0 Cen(yp) is also an ideal. [J

4.1.7. Theorem. Let ¢ € Endg(M) be a nilpotent R-endomorphism of a finitely generated
semisimple left R-module gRM. The map A : M(X)® — Cen(p) induces the following
Z(R)-isomorphisms for the factor algebras:

Mo (X)P/ker(A) = Ceng(p) and M(X)P/My(X) = Cen(yp)/Ceng(p).

86



dc_1078_15

Proof. We have ker(A | My(X)) = ker(A) and My(X) = A~}(C eno(go)) by Lemma 4.1.6.
Thus Theorem 4.1.4 ensures that the restricted map A [ Mo(X) : Mo(X)°? — Ceng(yp) is
a surjective homomorphism of Z(R)-algebras, whence M(X)°P/ker(A) = Ceng(p) follows.
In view of Lemma 4.1.6, the assignment

P + My(X) — A(P) + Ceng(y)

is well-defined and gives an injective M (X )P/ M(X) — Cen(p)/Ceng(y) homomorphism
of Z(R)-algebras. The surjectivity of this homomorphism is a consequence of the surjectivity
of A (see 4.1.4). O

87



dc_1078_15

4.2. THE STRUCTURE OF THE CENTRALIZER AND THE ZERO-LEVEL
CENTRALIZER OVER A LOCAL RING

Define the subsets of M,,,(R][z]) as follows:

I(X) ={P € M,,(R[z]) | P = [ps~(2)] and ps(2) € J[z] + (") for all 6,y € '} =

TR+ () TR ) e T ()
T+ GR) TR+ GR) e TR ()
T+ R JE ) - T ()

N(X)={PeM,(R[2])|P=[ps,(2)] and 2" ps.(2) € J[z]+(z*) for all §,y€T},

Note that Z(X) and N (X) are (R[z], R[z])-sub-bimodules of M,,(R[z]) in a natural way.
For 6,y € I' let ks, = ky, — ks when 1 < k5 < k, < n and ks, = 0 otherwise. It can be
verified that the condition z*ps.(2) € J[z] + (2*) in the definition of N'(X) is equivalent
to ps~(2) € J[z] + (%) and so

R[] R[] RE - R[Z
JE+ (k) R[ Rz - R[
N(X) = | JE+(8) J]+ (k) Rl e R[
| Tl 4 () T[] (R T[] 4 (k) o R[]

4.2.1. Lemma. Z(X) <; M,,(R[z]) is a left ideal, N(X) C M,,(R[z]) is a subring,
I(X) < N(X) is an ideal. The ideal zM,,(R[z]) < M,,(R|z]) is nilpotent modulo Z(X)
with 2"M,,(R[2]) C Z(X). If R is a local ring, then N'(X) = M(X).

Proof. Since the y-th column of the matrices in Z(X) comes from a (left) ideal J|[z] + (2*7)
of R[z], we can see that Z(X) is a left ideal.

If P,Q € N(X), then we have ps,(z) € J[z] + (z¥37) and ¢, ,(2) € J[z] + (2*7). Thus
ks, + k. > ks. implies that ps,(2)q,,(2) € J[z] + (z%). Tt follows that PQ € N(X)
proving that N (X) is a subring.

If P € Z(X) and Q € N(X), then we have ps,(z) € J[z] + (2*) and q,,(2) € J[z] + (zF).
Since k, + k.~ > k., it follows that ps.(2)g.~(2) € J[z] + (2*). Thus PQ € Z(X) and Z(X)
is an ideal of N'(X).

The containment 2"M,,(R[z]) C Z(X) is obvious.

If R is a local ring, then Lemma 4.1.1 gives that ker(®) = IL,er(J[2] + (2%)). Now e; €
ker(®), where es denotes the vector with z*¢ in its d-coordinate and zeros in all other places.
If P € M(X), then esP € ker(®) implies that 2" ps.(z) € J[z] + (2*1), whence P € N(X)
follows. If P € N(X) and f € ker(®), then p;s,(2) € J[z] + (2%) and f5(z) € J[z] + (z%9).
Thus ks + ks, > k., implies that fs5(2)ps~(2) € J[z] + (%), whence fP € ker(®) and
P € M(X) follows. O

4.2.2. Lemma. Z(X) C ker(A) (A is defined in Lemma 4.1.2). If R is a local ring then
Z(X) =ker(A).
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Proof. The containment is clear. If R is a local ring and P € ker(A), then A(P) = ¢p =0
implies that ¢¥p(®(f)) = ®(fP) = 0 for all f € (R[2])". If 15 denotes the vector in (R[z])"
with 1 in its §-coordinate and zeros in all other places, then 15P € ker(®) and Lemma 4.1.1
gives that ps,(2) € J[z] + (2%). O

4.2.3. Lemma. Ifthe centre Z(R) of the ring R is a field such that R/J is finite dimensional
over Z(R), then

Proof. Any Z(R)-base of R/.J naturally leads to a Z(R)-base of N(X)/Z(X), and so the
claim is obvious from the matrix forms of Z(X) and NV (X). O

4.2.4. Theorem. Let ¢ € Endgr(M) be a nilpotent R-endomorphism of a finitely generated
semisimple left R-module gM. If R is a local ring, then Cen(p) is isomorphic to the opposite
of the factor N (X)/Z(X) as Z(R)-algebras:

Cen(p) = (N(X)/Z(X))™ = N(X)/Z(X).

Proof. Theorem 4.1.4 ensures that Cen(p) = M(X)?/ker(A) as Z(R)-algebras. In order
to prove the desired isomorphism, it suffices to note that for a local ring R we have M(X) =
N(X) and ker(A) = Z(X) by Lemmas 4.2.1 and 4.2.2 respectively. O

4.2.5. Corollary. If R is a local ring such that Z(R) is a field and R/ J is finite dimensional
over Z(R), then

Proof. Since dimgg) (N(X)/Z(X))*® = dimypg) (N (X)/Z(X)), the result follows from
Lemma 4.2.3. 0O

Define the subsets of M,,,(R][z]) as follows:
No(X)={P € M,,,(R[2])|P = [ps~(2)] and ps(z) € J[z] + (") for all §,y€ '}

Since ps(z) € J[z] + (2" 1) and zps,(2) € J[z] 4 (2%7) are equivalent, we have

T+ () T4 (R ] (e
No(X) = J[z] +'(z ) J[Z] —l—:(z ) | J[z] + .(z )
Jz] + (7Y Jlz] + (2R e J[2] + (2R

4.2.6. Lemma. Z(X) C Ny(X), 2" M, (R[z]) C No(X), Mo(X) <y M,,,(R[2]) is a left
ideal and No(X) < N(X) is anideal. If R is alocal ring, then No(X) = Mo (X).

Proof. The containment Z(X) C Ny(X) obviously holds and 2" *M,,(R[z]) C Ny(X) is
a consequence of (2" 1) C (z*~1). Since the 7-th column of the matrices in Ny(X) comes
from a (left) ideal J[z] + (2%71) of R[z], we can see that Ny(X) is a left ideal of M,,(R[z]).
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If P € Ny(X) and Q € N(X), then we have zps,(z) € J[z]+(2¥) and ¢, (2) € J[z]+(zF).
Since k, + k,, > k., it follows that zps,(2)g,(2) € J[z] + (z¥). Thus PQ € Ny(X) and
No(X) is an ideal of N'(X).

If R is a local ring, then Lemma 4.1.1 gives that ker(®) = ILcr(J[z] + (2*)). Let 15
denote the vector with 1 in its d-coordinate and zeros in all other places. If P € M(X),
then 21,P € ker(®) implies that zps,(z) € J[z] + (2*7), whence P € Np(X) follows. If
P € My(X) and £ = (f,(2))qer is in (R[2]), then zps,(2) € J[z] + (%) implies that
2fs5(2)ps(z) € J[z] + (2*) for all § € I'. Thus 2fP € ker(®) and P € M (X) follows. [

4.2.7. Theorem. Let ¢ € Endg(M) be a nilpotent R-endomorphism of a finitely generated
semisimple left R-module g M. If R is a local ring, then the zero-level centralizer Ceng(ip)
of ¢ is isomorphic to the opposite of the factor No(X)/Z(X) as a Z(R)-algebra:

Cleno(p) = (Ny(X)/Z(X))* = No(X)°P/Z(X).
We also have an isomorphism

Cen()/Ceng(p) = (N(X)/No(X))™ = N (X)P/No(X)
of the factor Z(R)-algebras.

Proof. Directly follows from Lemmas 4.2.1, 4.2.2, 4.2.6 and Theorem 4.1.7. [
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4.3. POLYNOMIAL IDENTITIES FOR THE CENTRALIZER AND THE
ZERO-LEVEL CENTRALIZER

The assumption k4 > ky > ... > k,, > 1 ensures that
UX)={U e M\,(R/J) | U = us,] and us, = 0if 1 < ks < k., }.

is a block upper triangular subalgebra of M,,(R/.J). The T-ideal of the identities of block
upper triangular matrix algebras is determined in [GZ]. We note that, if k; > ky > ... >

k., > 1, then
R/J R/J --- R/J
uxy=| 0 FY
: R/J
0 0 R/J

is an upper triangular matrix algebra.

4.3.1. Lemma. There is a natural ring isomorphism
N(X)/(N(X) N 2Mp(R[2])) + I(X)) = U(X)

which is an (R, R)-bimodule isomorphism at the same time.

Proof. If P = [ps.(z)] is in N (X), then it is straightforward to see that there exists a
matrix [ws,] in M,,,(R) NN (X) such that

P+ (W(X) N zMp(R[2]) + Z(X)) = [ws,] + (M (X) 0 zMn(R[2])) + Z(X))
holds in NV (X)/ (N (X) N zM,,(R[z])) + Z(X). The assignment
P+ (N (X) N zMp(R[2]) + Z(X)) ¥ [wsy + J]
is well defined and gives the required isomorphism. [

4.3.2. Theorem. Let R be a local ring and ¢ € Endg(M) a nilpotent R-endomorphism
of a finitely generated semisimple left R-module g M. If f; =0 are polynomial identities of
the Z(R)-subalgebra UP(X) of M®(R/J) with f; € Z(R){(x1,...,x,), 1 < i < n, then the
product fife--- fr =0 is an identity of Cen(yp).

Proof. In view of Theorem 4.2.4 we have Cen(y) = N°P(X)/Z(X) and
L = (W(X) N =M (R[2])) + Z(X)) /T(X) < N(X)/T(X)
can be viewed as an ideal of Cen(y). The use of Lemma 4.3.1 gives
Cen(i)/L = (W(X)/Z(X)),/L = N°P(X) /(N (X) N 2Mu(R[2])) + Z(X)) = UP(X).

It follows that f; = 0 is an identity of Cen(y)/L. Thus f;(vy,...,v,) € L for all vy,...,v, €
Cen(yp), and so

fl(vb Ce avr)fZ(Ub Ce ,/Ur) cee fn(vla PN ,’UT) e L™
Since (zM,,(R[z]))" € Z(X) implies that L™ = {0}, the proof is complete. (]
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Define a left ideal of M,,(R/J) as follows:
W(X) ={W = [ws,] | ws € R/J and ws, = 0 if k, > 2}.

The assumption k4 > ky > --- > k,, > 1 ensures that

[0 --- 0 R/J --- R/J]

o . 0 R/J --- R/J

WX — IR : :
o 0 R/J --- R/J
IR

We shall make use of the ideals Lo(X) = (No(X) N 2zM,,(R[z])) + Z(X) and Ko(X) =
(N(X) N zM,,(R[2])) + No(X) of N(X). We have Lo(X) C Ko(X) and Lo(X) C Ny(X)
implies that L£o(X) < Ny(X).

4.3.3. Lemma. There is a natural isomorphism No(X)/Lo(X) = W(X) of rings which is
also an (R, R)-bimodule isomorphism.

Proof. If P = [ps(2)] is in Ny(X) and ps(z) has constant term us., € R, then
Ps(2) — ss € (JIz] + (1) 1 2R]2
and k, > 2 implies that us, € J. Thus [us,] € M,,(R) N Np(X) and
P+ Lo(X) = [us] + Lo(X)
holds in No(X)/Lo(X). The assignment
P+ Lo(X) — [usy + J]
is well-defined and gives an Ny(X)/Lo(X) — W(X) isomorphism. [J

4.3.4. Theorem. Let R be a local ring and ¢ € Endg(M) a nilpotent R-endomorphism
of a finitely generated semisimple left R-module gM. If fi(x1,...,2,) € Z(R)(z1,...,x,),
1<i<n and f; =0 are polynomial identities of the right ideal W(X) of M®(R/J), then
the product fifs--- f, = 0 is an identity of Ceng(y).

Proof. Theorem 4.2.7 ensures that Ceng(¢) = No(X)°?/Z(X) as Z(R)-algebras, hence
Lo = Lo(X)/Z(X) < No(X)/I(X)
can be viewed as an ideal of Ceng(p). The use of Lemma 4.3.3 gives
Ceng(p)/Lo = (No(X)P/Z(X)), /Lo = No(X) /Lo(X) = W(X).

It follows that f; = 0 is an identity of Ceng(p)/Lo. Thus f;(vq,...,v,) € Lo forall vy, ... v, €
Ceng (), and so

fl(vh Ce ,U,«)fg(l)l, Cen 7UT) s fn(Ul, Ce 7Ur) c Lg
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Since 2"M,,(R][z]) € Z(X) (see Lemma 2.4) implies that L{ = {0}, the proof is complete. ]
The assumption ky > ky > ... > k,, > 1 ensures that
U(X) ={U e M,,(R/J) | U = [us] and us, =0if 1 < ks <k, or k, =1}

is a block upper triangular subalgebra of M,,(R/J). If [us.] € Up(X) and u;. # 0 for some
0,y €T, then 2 < k, < k5.

4.3.5. Lemma. There is a natural isomorphism N (X)/Ko(X) = Uy(X) of rings which is
also an (R, R)-bimodule isomorphism.

Proof. For a matrix P = [ps~(2)] in N(X) consider the assignment
P+ ’Co(X) | — [uM + J],

where u;., € R is defined as follows: u;, = 0 if k, = 1 and us, is the constant term of ps - (2)

if k, > 2. Clearly, [us~] € M;,(R) NN (X) and
P+ Ko(X) = [uss] + Ko(X).

In view of the definitions of N'(X) and Uy(X), the above equality ensures that our assignment
is a well-defined NV(X)/Ko(X) — Up(X) map providing the required isomomorphism. [J

4.3.6. Theorem. Let R be a local ring and ¢ € Endg(M) a nilpotent R-endomorphism of
a finitely generated semisimple left R-module M. If fi(xq,...,2,) € Z(R){x1,...,2), 1 <
i <n—1and f; =0 are polynomial identities of the Z(R)-subalgebra Uy(X) of MP(R/J),
then the product fifs--- fn_1 =0 is an identity of the factor Cen(p)/Ceng(yp).

Proof. Theorem 4.2.7 ensures that Cen(y)/Ceng(p) = N (X)P/No(X) as Z(R)-algebras,
hence

Ko = Ko(X)/No(X) 9 N (X)/No(X)
can be viewed as an ideal of Cen(y)/Ceng(yp). The use of Lemma 4.3.5 gives
(Cen(ip)/Cenol)),/ Ko = (N (X) [No(X)),/ Ko =
= N(X)P/Ko(X) = Up(X)P.

It follows that f; = 0 is an identity of (Cen(y)/Ceng(p)),/ Ko. Thus fi(vy,...,v,) € Ky for
all v1,...,v, € Cen(y)/Ceny(yp), and so

fl(Ul, . ,’Ur>f2(1)1, . 7U7~) s fn—l(vly e ;Ur) - Kg_l.

Since 2" ~'M,,(R[z]) € Ny(X) (see 4.2.6) implies that K; ' = {0}, the proof is complete. (]

93



dc_1078_15

4.4. THE NILPOTENT DOUBLE CENTRALIZER THEOREM

4.4.1. Proposition. Let ¢ € Endg(M) be an indecomposable (nilpotent) endomorphism of
a finitely generated semisimple left R-module g M. Then ¢ € Cen(yp) if and only if there is an
R-generating set {y; € M |1 < j <d} of M and elements ay,as,...,a, in R such that

a1y + axp(y;) + -+ + an™  (y;) = ¥ (y;)

and
arp(y;) + axe(e(y;)) + -+ + an™ ((y;)) = U(e(y;))
forall 1 < j <d.

Proof. If ¢ € Cen(yp), then the first identity implies the second one. Proposition 3.3.3
ensures that our nilpotent Jordan normal base X = {z; | 1 <i < n} (with respect to ¢) has
one block. Clearly, ®1<;,<,Rx; = M implies that

Y(21) = @11 + ATz + -+ - + Ty = 121 + (1) + -+ 4" (21)
for some ay,as,...,a, € R. Thus for the R-generating set {z; | 1 <i < n} of gM we have
() =P Hz1) = @ H(p(21)) = @ Hawwy + app(ar) + - + ane™ H(21)) =

a10" M (x1) + agp(p'H(21)) + -+ an" (0 (1)) =
a1x; + agp(x;) + - + ancp”_l(mi)

forall 1 <i<n.
Conversely, we have

(V(y;)) = plary; + azo(y;) + -+ + an™ ' (y;)) =

a1p(y;) + azp((y;)) + - + an™ " (0(y;)) = ¥((y;))
forall 1 <j <d. Thus poty) =1 op. U

4.4.2. Corollary. If in addition R is commutative, then 1 € Cen(y) if and only if there
are ai,as,...,a, € R such that

aru + asp(u) + -+ + a, 0"~ (u) = Y(u)
for all w e M, in other words, 1 is a polynomial of .

4.4.3. Theorem. Let R be a local ring and ¢ € Endgr(M) a nilpotent endomorphism
of a finitely generated semisimple left R-module rM. For an arbitrary o € Endg(M), the
containment Cen(p) C Cen(o) holds if and only if there is an R-generating set {y; € M |
1 <j <d} of gRM and there are elements ay,as,...,a, in R such that

ary(y;) + azp(P(y;)) + -+ + anp" " (U (y5)) = o (¢ (yy))
forall 1 < j <d and all ¥ € Cen(p).

94



dc_1078_15

Proof. If Cen(¢) C Cen(c), then

ary; + asp(y;) + -+ + an" ' (y;) = o(yy)
implies that
arp(y;) + aze(V(y;)) + -+ + an™ (W (y;)) = o (¥ (y;))

for all ¢ € Cen(p). For any 0 € I' we have 5 € Cen(p) C Cen(o), where 5 : M — Nj is
the natural projection corresponding to the direct sum M = N5 & Ny, with

Nj= @& Ruxs,; and Ny = D Rx.; .
1<i<ks YET\{8},1<i<k,
Thus o : im(e5) — im(e;) and so

o(zs1) E as;Ts; = hs(z) * 51

1<i<ks

for some hs(z) = as1 + asaz + - + asg,2¥ " in R[z]. Since ¢ € Cen(c) implies that
o € Cen(yp), it follows that

o(®(f)) = ZU( ) * Xy 1) va % 0 (1)

vyel vyel

va(2> # (hy(2) % @y1) = Z(fv( )hy(2)) * 240 = S(fH),

yel yel’

where f € (R[2])" and H = 3 h,(2)E, , is a diagonal matrix in M(X) (HeM(X) is
a consequence of o(®(f)) = ®(fH)). By Lemma 4.1.2 and Theorem 4.1.4, the containment
Cen(y) C Cen(o) is equivalent to the condition that o o1p = 1p oo for all P € M(X). As
a consequence, we obtain that Cen(yp) C Cen(o) is equivalent to

O(fPH) = o(®(fP))) = o(¢p(®(f))) = Yp(o(2(f))) = ¢p(2(fH)) = ®(fHP)
for all f € (R[2])T and P € M(X). Thus Cen(p) C Cen(c) implies
&(f(PH — HP)) = 0 and f(PH — HP) € ker(®).
Take e = (1).cr and the standard matrix unit E; 5 € A(X). Then the §-coordinate of
e(E;H — HE, 5) = (hs(2) — h1(2))eE1; € ker(®)

is hs(z) — hy(z). Since R is local, P = E; 5 € M(X) by the last statement in Lemma 4.2.1.
Now Lemma 4.1.1 gives that hs(z) — hy(2) € J[z] + (2*). Thus

o(zs1) = hs(2) * 251 = hi(2) * x5, for all 6T
It follows that
0(2y3) = 0(¢ 7 (251)) = 0" (0 (290)) = 9" (ha(2) % @00) = ha(2) % " (@0,) =
hi(2) % 25 = a1 + asp(Ty) + -+ + an@™ Hxy4),
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where hi(2) = a1 + agz + -+ + a, 2" L.
Conversely, 1), € Cen(y) gives

ary; + azp(y;) + -+ anp" " (y;) = o (y;)
for all 1 < j < d. Then
(o (y;)) = arp(y;) + asp(¥(y;)) + - - + an" (W (y)) = o (¥ (y)))
for all ¢ € Cen(y) and 1 < j < d. Thus ¢ o 0 = 0 0 ¢) and so Cen(y) C Cen(o). O

4.4.4. Corollary. If in addition R is commutative, then Cen(y) C Cen(o) if and only if
there are ay,as,...,a, € R such that

a1+ axp(u) + -+ ang L (w) = o(u)
for all w e M, in other words, o is a polynomial of .

4.4.5. Remark. Since Cen(y) C Cen(o) is equivalent to o € Cen(Cen(yp)), Theorem 4.4.3
is our nilpotent double centralizer theorem.
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4.5. THE STRUCTURE OF THE ZERO-LEVEL CENTRALIZER IN THE
NON-NILPOTENT CASE

4.5.1. Theorem. Let ¢ € Endg(M) be an R-endomorphism of a finitely generated semi-
simple left R-module rM. Then there exist R-submodules Wy, Wy and V' of M such that
W =W, &Ws and M =V & W are direct sums, ker(p) C W, o(W) = Wy, (V) =V,
dimg (W) = dimg(ker(p)), (¢ [ W) € Endg(W) is nilpotent and for the zero-level central-
izer of ¢ we have Ceng(y) = T, where

T = {0 € Endg(W) | 0(W;) C ker(p) and O(W5) = {0}} = Ceng(p [ W)

is a left ideal of
Endy (W) = {a € Endg(W) | a(ker(p)) C ker(¢)}

and a right ideal of

Endy (W) = {a € Endg(W) | a(W; + ker(p)) € Wi + ker(¢p) and a(Ws) C Wa}.

Proof. The Fitting Lemma ensures the existence of an integer ¢ > 1 such that im(¢") &
ker(¢') = M is a direct sum, where the (left) R-submodules

V =im(¢) =im(p™) = -+ and W = ker(p') = ker(p'*!) =

of rM are uniquely determined by ¢. Clearly, (V) =V and ¢(W) C W and the restricted
map (¢ | W) € Endgr(W) is nilpotent of index ¢ > 1, where ker(¢? ') # ker(¢?) = W.
Since gW is also finitely generated and semisimple, Theorem 3.3.1 provides a nilpotent
Jordan normal base

X:{m77i|7€F,1§i§kv}

of xR with respect to ¢ | W (we have 2,4 41 = 0 and ¢ = max{k, | v € I'}). Now
Wi ® Wy = W is a direct sum, where

W1 = &P Rl’%l and WQ == @ va,i—i—l .
~vel

~eT,1<i<k,

Now we have ker(¢) C ker(¢') = W and ker(yp) = ker(p [ W) = @ R, by Proposition
~yel

3.3.2. It follows that
dimgr(W;) = |I'| = dimpg(ker(p)).

The definition of the nilpotent Jordan normal base ensures that (W) = Ws.
If6 € T, then
O(ker(p)) C (W1 & Wa) = 0(Wy) 4+ 0(Ws) C ker(yp)

implies that 7" is a left ideal of Endy(W) and a right ideal of End} ( ). Clearly, T" =
Ceng(p [ W) is a consequence of (W) = W, and the fact that (W) C ker(p) for all 0 € T
If @ € Ceng(yp), then a0 ¢ = 0 implies that a(V) = {0} and a(z,4+1) = a(@(a:%i)) = 0 for
1 <i<k,—1. We also have ¢ o v = 0, whence ¢(a(z,1)) =0 and a(x, 1) € ker(p) follow.
Thus a(Ws) = {0}, a(W;) C ker(y) and the assignment o — « | W obviously defines a
Ceng(p) — T ring homomorphism.
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If o, 5 € Ceng(p) and o | W = 5 [ W, then (V) = (V) = {0} and V & W = M ensure
that a = [ proving the injectivity of the above map.

If0 €T and my : V & W — W is the natural projection, then 6 o my, € Ceng(y). Indeed,
pofomy = 0is a consequence of O(IW) C ker(yp) and 0 o my o ¢ = 0 is a consequence
of (W) = Wy and #(W5) = {0}. Hence the surjectivity of our assignment follows from
Qomy [ W =6. 0O

4.5.2. Corollary. Let A € M,,(F) be an nxn matriz over a field F'. Then the F-dimension
of the zero-level centralizer of A in M, (F) is

dimp Ceng(A) = [dimp (ker(A))]*.
Proof. Now A € Endp(F™) and Theorem 4.5.1 ensures that Ceng(A) = T', where
T ={60 € Endp(W) | 0(W;) C ker(A) and 6(Ws) = {0}}.

Our claim follows from the observation that the elements of 7" and Homp (W, ker(A)) can
be naturally identified and dimp(W;) = dimpg(ker(A)). O

4.5.3. Remark. Ceny(y) = T = Ceng(¢ | W) in Theorem 4.5.1 shows that the deter-
mination of the zero-level centralizer can be reduced to the nilpotent case. This reduction
depends on the use of the Fitting Lemma.
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4.6. THE DOUBLE ZERO CENTRALIZER THEOREM

4.6.1. Lemma. Let p,0 € Endg(M) be R-endomorphisms of a finitely generated semi-
simple left R-module rM such that Ceng(p) C Ceng(c). Then ker(p) C ker(o) and

im(o) Cim(yp).
Proof. We use the proof of Theorem 4.5.1. If v € I' and 7., € Endg(M) denotes the natural
M=VoeW=Va& ( P Rm57i> — Ray g,
§€T,1<i<ks

projection, then 7., o "1 € Ceng(p). It follows that 7, o p*~1 € Ceng(c), whence we
obtain that m, 0 p* "t oo =com, 0"t =0. Since o(z,,) = o (7, (" Hzyk,))) = 0, we
have z. ;. € ker(o) for all v € I'. Thus

ker(p) = ker(p [ W) = & Ra i, C ker(o).

~yel

The containment im (o) C ker(r., o " ') is a consequence of 7., 0 "' 0 o = 0, whence we
obtain that im(c) C N,er ker(m, 0 " ~1). It is straightforward to see that ker(r., o pF 1) =

V @ W(v) and
QW@WMWZV@W6=WW+¢MUZﬂV@W%ﬂmw,
where

W(y) = D Rxs;. O

6€F71Sigk§7(5ai)¢(771)

4.6.2. Theorem. Let ¢,0 € Endr(M) be R-endomorphisms of a finitely generated semi-
simple left R-module gM. Then the following are equivalent:

1. Ceng(p) C Ceng(o),

2. ker(p) C ker(o) and im(o) C im(yp).

Proof. In view of Lemma 4.6.1, it is enough to prove (2) = (1). For an endomorphism
7 € Ceng(p) we have 709 = p o7 = 0, whence im(a) C im(yp) C ker(r) and im(7) C
ker(p) C ker(o) follow. Thus we obtain that 7 oo = 0 o 7 = 0. In consequence we have
7 € Ceng(o) and Ceng(p) C Ceng(o) follows. [

For a matrix A € M,,(F) let AT denote the transpose of A.

4.6.3. Theorem. If A, B € M, (F) are n x n matrices over a field F, then the following
are equivalent:

1. Ceng(A) C Ceng(B),

2. ker(A) C ker(B) and ker(A") C ker(B"),

3. im(B) C im(A) and im(B") Cim(AT).

Proof. (1) = (2) & (3): For a matrix C' € Ceng(A") we have CAT = ATC = 0 and
C" € Ceng(A) is a consequence of

ACT = (AN)TCT = (CAY =0=(ATC)" =CT(AT)T =C" A.
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Thus C7 € Ceng(B) and a similar argument gives that C = (CT)" € Ceng(B"). It
follows that Ceng(A") C Ceng(B"). The application of Lemma 4.6.1 for the matrices
A, B, AT BT € Endp(F™) gives ker(A) C ker(B), im(B) C im(A) and ker(A") C ker(B"),
im(B") Cim(A").

(2) = (1): For a matrix C' € Ceng(A) the containment im(C') C ker(A) is a consequence
of AC' =0 and im(C'") C ker(A") is a consequence of ATCT = (CA)"T = 0. Now im(C) C
ker(B) implies that BC' = 0 and im(C'") C ker(B") implies that CB = (B"CT)" = 0. Thus
C € Ceng(B) and Ceng(A) C Ceng(B) follows.

(3) = (1): For a matrix C' € Ceng(A) the containment im(A) C ker(C) is a consequence
of CA =0 and im(A") C ker(CT") is a consequence of CT AT = (AC)" = 0. Now im(B) C
ker(C) implies that CB = 0 and im(B") C ker(C'") implies that BC' = (C"BT)" = 0. Thus
C € Ceng(B) and Ceng(A) C Ceny(B) follows. [
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