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Prologue

... the determination of the value of an item must not be based on its price, but rather on
the utility it yields. The price of the item is dependent only on the thing itself and is equal
for everyone; the utility, however, is dependent on the particular circumstances of the person
making the estimate. Thus there is no doubt that a gain of one thousand ducats is more
significant to a pauper than to a rich man though both gain the same amount.

(Daniel Bernoulli, [9])

This dissertation is based on the articles [72, 23, 78, 21, 22, 74, 76, 47]. I have included
most of the proofs. Tedious, but standard arguments of advanced measure theory are some-
times omitted, I refer to the original papers instead. The purpose of the present work is
to explain in detail certain novel results on optimal investment. This required a thorough
rewriting of the material in the above mentioned articles so as to unify notation, to highlight
the internal relationships between the dissertation’s topics, to provide as streamlined a pre-
sentation as possible, and to explain the most important underlying ideas in detail. Some
proofs of the earlier articles could be simplified using later developments. Some results were
stated in greater generality than in the papers while in some cases I opted for a less gen-
eral version for reasons of simplicity. I hope I managed to give an overview that pleases the
gentle readers. In the sequel I shall employ the plural that is usual in scientific texts: “we
present...”, “we shall prove...”, etc.

We deal with decisions under risk and consider investors acting in a financial market
who wish to find the best available portfolio. Investors may have diverse preferences. The
prevailing, classical approach in economic theory is to model preferences of an individual by
a utility funcion v which assigns a numerical value to each possible level of wealth, and to
rank investments by comparing the expectations of the their future utility. Furthermore, u is
usually assumed concave to express investors’ aversion of risk. More recent theories, based
on the observed behaviour of investors, drop concavity of v and calculate expectations using
distorted probabilities. Mathematics have not yet caught up with these new developments.
In our present work we report progress in this direction.

Our main results (Theorem 2.1, Corollary 2.20, Theorems 3.4, 3.16, 4.16, 4.18 and 5.12)
establish the existence of optimal strategies in various classes of financial market models.
These theorems (and some related counterexamples) delineate the types of utilities which
are promising candidates for future applications and they also foreshadow the difficulties
for finding efficient optimization algorithms. We significantly surpass previously available
results: we investigate what happens if u fails to be concave (Chapter 2); we treat illiquid
markets where securities cannot be traded at fixed prices in arbitrarily large volumes (Chap-
ter 5); moreover, investment problems with distorted probabilities will be addressed both
in discrete- (Chapter 3) and in continuous-time (Chapter 4) models. The Appendix collects
auxiliary results. Necessary concepts and notations will be defined along the way. Earlier
chapters are prerequisites for later ones.

The author is eager to receive comments and to engage in scientific discussions on the
topics treated here. The gentle readers are encouraged either to write an e-mail to

the_author’ s_surname@renyi.mta.hu
or to call

+36309535194.

Go6do6ll6, 2nd December, 2015.
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1 Fundamental concepts

In this introductory chapter we first briefly explain standard notions of expected utility
theory and indicate their role in subsequent chapters. We define the mathematical models of
financial markets in discrete and in continuous time which we will study in Chapters 1-4.

1.1 Expected utility theory

An agent is to choose between two gambles with random payoffs X and Y. Which one
should (s)he prefer ? The simplest approach is to compare their expectations £FX and EY but
this was found to be unsatisfactory already back in the 17th century. Daniel Bernoulli in [9],
motivated partly by what is known as the “St. Petersburg paradox” (see [32]), proposed to
compare Eu(X) and Fu(Y) instead, with an appropriate function u : R — R. Going back to
[31], the quantity Fu(X) had been called the “moral value/expectation” of X up to the second
half of the 20th century when the term “expected utility” became standard usage, u being
called the investor’s utility function.

Bernoulli’s ideas fertilized economic theory following the works [64, 102] and led to im-
pressive developments in understanding market equilibria, see [4]. Expected utility theory
(EUT) became a major subject of investigation in mathematical finance as well. Starting
with [65, 89], a vast literature on optimal investment problems sprang where Eu(X) needed
to be maximised over the possible portfolio values X of the given investor. Expected utilities
Eu(X) with various choices of u are major tools for measuring the risk of a financial position
X and also for derivative pricing, see [26].

In mainstream economics, two properties of v are universally accepted: u should be in-
creasing and concave. Monotonicity is explained by preferring more money to less. Concavity
is customarily justified by the following argument: when the investor has x > 0 pounds,
(s)he is made less happy by earning one more pound than in the case where (s)he has y > «
pounds, i.e. the derivative v’ (if exists) should be decreasing. Similarly, losing one more
pound is less painful for someone with a loss of © < 0 than for someone with a loss of y < z.
The concavity property of u is called risk aversion in the economics literature since Jensen’s
inequality Fu(X) < u(EX) implies that the expectation of X (a deterministic number, the
“riskless equivalent” of X) is preferred to the random payoff X itself. Analogously, convexity
of u (perhaps only on a subset) is referred to as a risk-seeking attitude.

Concavity of u has unquestionable mathematical advantages: a unique optimiser is found
in most cases of maximising expected utility and it can often be calculated in an efficient way.
The arguments for concavity presented above, however, are not entirely convincing: one can
easily imagine that an investor below a desired wealth level w is willing to take risks in order
to ameliorate his/her position (and thus u© may be convex below w) and at w his/her attitude
may switch to risk aversion (u being concave above w). It has been demonstrated in [58, 101]
(see also the references therein) that psychological experiments contradict the hypothesis of
a concave v in human decision-making.

In Chapter 2 we shall prove the existence of optimal strategies for investors maximising
their expected utility from terminal wealth with possibly non-concave u, in a discrete-time
model of a frictionless financial market. Two standard ways for proving such existence the-
orems are the Banach-Saks theorem (and its variants, e.g. the Komlés theorem, see [93])
and an indirect approach through the dual convex optimisation problem (which is easier to
treat, see [57, 91]). For v non-concave both methods fail but dynamic programming and direct
estimates will save the day.

An even more deadly blow to EUT is the observation that investors tend to have distorted
views of their chances, they exaggerate the probabilities of unlikely events, see [58, 71, 101].
In the mathematical theory this leads to nonlinear expectations which cannot be handled
by the machinery of dynamic programming. Here we need an entirely different approach,
see Chapters 3 and 4 for our results in this direction. In Chapter 5 we return to concave u
but investigate what happens in the presence of market illiquidity (i.e. when trading speed
influences prices).
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1.2 Market model in discrete time

We now expound the standard model for a market where trading takes place at finitely
many time instants, see e.g. [44, 54]. We shall stay in the setting of the present section
throughout Chapters 2 and 3 and also in Section 4.4.

The concatenation xy of two vectors z,y € R™ of equal dimension denotes scalar product,
|z| denotes the Euclidean norm of x. Let us fix a probability space (2, 7, P) and a time horizon
T € N\ {0}. Let 71, ¢t =0,...,T be a growing sequence of sub-sigma-algebras of 7, that is, a
discrete-time filtration. Every sigma-algebra on () appearing in this dissertation is assumed
to contain all sets of outer P-measure zero. For a probability measure @ on (2, F) we will use
EoX to denote the expectation under (). When Q = P we shall write EX instead of EpX in
most cases.

We denote by =} the set of R"-valued F;-measurable random variables. For z € R we set
" := max{z,0} and 2~ := max{—=x,0}. Similarly, for a real-valued function f(-), f(x) (resp.
f~ (z)) will denote the positive (resp. negative) part of f(z).

For some d € N\ {0}, let S;,t =0,...,T be a d-dimensional stochastic process adapted to
the given filtration, describing the prices of d risky securities in the given economy. For the
validity of the results below we do not need to assume positivity of the prices and in certain
cases (e.g. investments with possible losses) this would not be a reasonable restriction either.

We also suppose that there is a riskless asset (bond or bank account) with constant price
SY .= 1, for all t. Incorporating a nonzero interest rate could be done in a trivial way, [44], but
we refrain from doing so as it would only obscure the simplicity of the trading mechanism.

We consider an investor who has initial capital z € R at time 0 in the riskless asset
(and zero positions in the risky assets). His/her portfolio is rebalanced at the time moments
t = 1,...,T. Mathematically speaking, a portfolio strategy ¢;, t = 1,...,T is defined to be
a d-dimensional process, representing the portfolio position taken in the d risky assets at
time ¢. As the investment decision is assumed to be taken before new prices are revealed, we

assume that ¢ is a predictable process, i.e. ¢, is F;_i1-measurable for t = 1,...,7. We denote
by ® the family of all portfolio strategies. A negative coordinate ¢! < 0 means selling short!
—¢! > 0 units of asset i. We introduce the adapted process ¢?, t = 1,...,T which describes

the position in the riskless asset at time t. We allow borrowing money (i.e. ¢? < 0). We do not
require the ¢! to be integers and do not put any bound on the available supply in the assets
so they can be bought and sold in arbitrary quantities for the respective prices S; at time ¢,
fort=0,...,T—1landi=1,...,d.

The value process of the portfolio is defined to be X .= 2 and

X{? = $uSi+ 0787 = 045, + 0}

for t > 1. A frictionless trading mechanism is assumed: there are no transaction fees, taxes
or liquidity costs. Only self-financing portfolios are considered, where no capital is injected or
withdrawn during the trading period and hence the portfolio value changes uniquely because
of price fluctuations and changes in the investor’s positions. Mathematically speaking, we
assume that, when the initial capital is z and strategy ¢ € ® is pursued,

th,¢> - Xff; = ¢1(St — Si-1) + ¢?(SS - 51(5)71) =0u(St = Si-1), t=1,... T
In other words,
t
th’(b :Z+Z¢jASj, (1)
j=1

where we denote AS; := S; — S;_1, j = 1,...,7. This means that the portfolio value is

uniquely determined by z and ¢ € ® and so is the position ¢ = X; ' — $,5, in the riskless
asset. Hence we do not need to bother with the positions ¢?, ¢ = 1,...,T at all in what follows.

1“Short-selling” means to sell a stock without actually posessing it at the given moment. When the stock needs
to be delivered phisically, it can be bought in the market. Some of the financial markets allow short-selling. In
theoretical works short-selling is usually permitted as it makes the mathematical models more tractable.



dc 1138 15

An investor with utility function v : R — R is considered. We assume that « is non-
decreasing (more money is preferred to less) and that it is continuous (small change in wealth
causes a small change in satisfaction level). Investors are often required to meet certain pay-
ment obligations (e.g. delivering the value of a derivative product at the end of the trading
period). Let B be a Fr-measurable scalar random variable representing this payment obliga-
tion (negative B means receiving a payment —B). The investor with initial capital = seeks to
attain the highest possible expected utility from terminal wealth, 4(z), where

u(z):= sup Eu(X7® - B) (2
¢€®(u,z,B)

and ®(u,z,B) = {¢ € ® : Eu*(X;"l5 — B) < oo}. We will drop v and B in the notation
and will simply write ®(z) henceforth. By definition of ®(z), the expectations in (2) exist but
may take the value +co. The quantity u(z) defines the indirect utility of z when investment
opportunities in the given market are taken into account.

Remark 1.1. The quantity B admits an alternative interpretation: it may be a reference
point (a “benchmark”) to which the given investor compares his/her performance. For exam-
ple, B may be the terminal value of the portfolio of another investor (perhaps trading in a
different market as well) or some functional of economic factors (such as market indices). In
this case Eu(X§’¢ — B) is a measure of portfolio performance relative to the benchmark B,
see Chapter 3 below for more on this viewpoint.

When @(z) = oo the investor may attain unlimited satisfaction which looks unrealistic, so
we say that the optimal investment problem (2) is well-posed if 4(z) < co. It is also desirable
that the domain of optimisation ®(z) should be non-empty.

Our main concern will be to find an optimal strategy ¢* = ¢*(z) € ®(z) such that

sup Bu(XZ? — B) = Bu(X2* — B). (3)
PED(2)

Remark 1.2. For z > 0, one may also consider (3) with ®(z) replaced by ¢, (z) := {¢ € ®(z) :
X7 ®>0a.s.,t=0,...,T}. This means that portfolios are constrained to have a non-negative
value all over the trading period. As one of the main motivations for studying optimal in-
vestment problems is risk management, one should be able to analyse the possibility of (big)
losses as well and in such a context the constraint in ¢ (z) is unfortunate. We remark that op-
timisation over ¢ (z) can be performed by methods which are similar to those of the present
dissertation but considerably simpler, due to a convenient compactness property (Lemma 2.1
of [79]). We refer to the papers [79, 24, 77] which are not reviewed in the present dissertation
due to volume limits.

Remark 1.3. One may object that it is always possible to find, for all n € N, a strategy
¢(n) with @(z) — 1/n < Eu(X2*"™) and, for n large enough, ¢(n) should be satisfactory in
practice. This argument ignores the deeper problems behind. The non-existence often comes
from a lack of compactness: ¢(n) may show an extreme and economically meaningless be-
haviour (e.g. it tends to infinity), hence the practical value of ¢(n) for large n is questionable.
Also, some kind of compactness is a prerequisite for any numerical scheme to calculate (an
approximation of) an optimiser.

Another (less common) reason for the non-existence of ¢* is the lack of closedness of { X% :
¢ € ¥} in some appropriate topology. This reveals another possible pathology of the given
setting: a limit point of investment payoffs not being an investment payoff itself, which is not
only mathematically inconvenient but also contradicts common sense.

To sum up: if no ¢* exists then near-optimal strategies tend to be unintuitive. On the
contrary, existence of ¢* normally goes together with compactness and closedness proper-
ties which look necessary for constructing numerical schemes leading to reasonable (near)-
optimal strategies. We will see concrete examples of the phenomena described in this remark
in Example 2.11 and in Section 3.3 below.

The next notion we discuss is arbitrage (riskless profit), a central concept of economic
theory. Formally, ¢ € ® is an arbitrage strategy if X* > 0 a.s. and P(X%‘Z7 >0) > 0.
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Definition 1.4. We say that there is no arbitrage (NA) if, for all ¢ € @, X%‘b > 0 a.s. implies
X%d’ =0a.s

The usual justification for (NA) is that investors cannot make something out of nothing
since such an opportunity would be heavily exploited, which would move prices and eventu-
ally terminate the opportunity. There is a general consensus that (NA) holds in an efficient
market, [41]. The following result shows that, in the optimisation context, (NA) is a necessity,
too.

Proposition 1.5. Let u be strictly increasing. If (NA) fails then there exists no strategy ¢* € ®
satisfying (3).

Proof: If an optimal strategy ¢* € ®(z) existed for the problem (2) then ¢* + ¢ € ®(z) and
Eu(X2%) < Eu(X7? *?) for any ¢ violating (NA), a contradiction with the optimality of
o*. O

We now address the issue of redundancy of assets. Let D;(w) denote the affine hull of the
support of P(AS, € -|F;_1)(w), where we take a regular version for the conditional law, see
[36]. For a topological space X we will denote by B(X) the corresponding Borel sigma-algebra.
By Proposition A.1 of [78] one may assume that {(w,7) € Q x R? : 2 € D;(w)} € F;_1 ® B(R?)
and, under (NA), D,(w) is a subspace for a.e. w (see Theorem 3 of [51]).

Intuitively, D;(w) # RY means that some of the risky assets are redundant and could
be substituted by a linear combination of the other risky assets. Indeed, introduce for each
¢ € E¢ | the mapping ¢ : Q — R? where ¢(w) is the projection of £(w) on D;(w). By Proposition
4.6 of [78], £ is an F,_;-measurable random variable and P((¢ — £)AS, = 0|/F;_1) = 1 a.s. by
the definition of orthogonal projections, so

P(EAS; = EAS)) = 1. (4)

This means that we may always replace the strategy ¢; at time ¢ by its orthogonal projection
on D;. Define ® := {¢ € & : ¢y € D, a.s.} and set B(z) := dNP(z). By (4), we may alternatively
take the supremum over ®(z) in (2).

Now we present a useful characterization of (NA). Define Z¢ := {¢ € 27 : ¢ € Dy, as.},
fort=0,...,7 —1.

Proposition 1.6. (NA) holds iff there exist vy, k; € =} with v, k; > 0 a.s. such that for all
€ e =¢:
P(EAS 11 < —m€]|Fr) = ke ()

holds almost surely; for all 0 <t <T — 1.
Proof. Proposition 3.3 of [78] states that (NA) holds iff, on the event G := {D;; # {0}},

P((ASi11 < =1 Fy) > Ky

for all ¢ € Z¢ with || = 1 a.s. Applying this to ¢ := ¢/|¢] on GN{¢ # 0} we get (5) on GN{¢ # 0}.
As (5) is trivial on the complement of G and on that of {¢ # 0}, the proof is completed. O

Remark 1.7. Note that if Q ~ P then (5) above implies that
QEAS 1 < —1lé|lF) = w7,

for some < > 0 a.s. At some point we will switch measures often and then this observation
will be convenient. Note also that we may assume «;,v; < 11in (5).

From Proposition 1.6 we see that (NA) holds iff, at any time ¢, each one-step portfolio of
unit length (i.e. |{| = 1) and without redundancy (i.e. £ € D;) may lead to losses of at least a
prescribed size v; with (conditional) probability at least ;. This is a “quantitative” expression
of the intuitive content of (NA): at any time ¢ every one-step portfolio (with 0 initial capital)
should lead to a loss with positive probability.
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We close this section with a more famous characterization of the (NA) property which
stands at the origin of spectacular developments in financial mathematics in the 1990s. We
denote by L the set of (equivalence classes of) a.s. bounded random variables and by M the
set of probabilities Q ~ P under which S is a martingale (with respect to the filtration F.).
Elements of M are called risk-neutral probabilities or equivalent martingale measures.

Theorem 1.8. Condition (NA) holds iff M is non-empty. Moreover, if (NA) holds then one can
always choose ) € M such that dQ/dP € L. O

The above result was well-known for finite €2 since [48]. However, the passage to infinite
Q proved to be rather challenging and was first achieved in [33]. This spawned efforts to find
simpler proofs ([90, 83, 55]) and also led to major advances in the continuous-time theory of
arbitrage. It is outside the scope of the present dissertation to review these developments,
we refer to [35]. Besides, the particular technology of the proof in [33] has had several deep
applications, we only mention [43, 56, 29].

It is highly non-trivial that one can always get dQ/dP € L* in Theorem 1.8, continuous-
time models generically fail this property. We will elaborate on related issues in Section 2.7
below.

1.3 Market model in continuous time

We now describe the standard model for frictionless markets in continuous time, see [35]
for more details. On a probability space (92, F, P), let a continuous-time filtration F;, t € [0, T
be given. We assume that this filtration is right-continuous and F, contains P-zero sets.
A process with right-continuous trajectories that admit left-hand limits is called cadlag (a
French acronym, standard in the literature).

Let S;, t € [0, T] be an R%valued cadlag adapted process, representing the price of d risky
securities. Let ¢, t € [0,T] be an R?-valued stochastic process showing the position of the
investor in the given assets. The value process of the portfolio ¢ is defined by the continuous-
time analogue of (1),

t
X% ==z +/ YudSy, te][0,T], (6)
0

where z is the investor’s initial capital and, in order that the stochastic integral exists, we as-
sume that S is a semimartingale (w.r.t. the given filtration) and ¢ is an S-integrable process,
in particular, it is predictable?. The set of S-integrable processes is denoted by ®.

It turns out that, without restricting the set of admissible portfolio strategies further,
there are arbitrage opportunities even in the simplest models (such as the Black-Scholes
model), by the result of e.g. [39]. To avoid these, the standard class to use is ®;, the set of
» € ® whose value process X satisfies X;¥ > —c a.s. for all ¢ for some constant ¢ (which may
depend on ¢ but not on ¢). In other words, these are the strategies with a finite credit line.

As in the discrete-time setting, M denotes the family of probabilities equivalent to P
under which S is a martingale. A suitable strengthening of (NA) is essentially equivalent
to M # () in the present, continuous-time setting, we do not enter into the rather technical
details, see [35]. One would thus be led, in the utility maximisation context, to seek ©* € ¥,
with )

sup Fu(X7?) = Eu(X}5%).

pEDy
Unfortunately, this would be a vain enterprise to pursue as the set X%, ¢ € @, is not closed
in any reasonable topology and a maximiser in the class &, often fails to exist, see [91].
Various other classes of admissible strategies ®, C ® have been proposed. If ®, is chosen
too large (e.g. ®, := ®) then arbitrage opportunities appear. If ®, is not large enough (e.g.
®, := ®,) then it doesn’t contain the optimiser ¢*. A reasonable compromise is the following
choice: assume M # (), fix Q € M and define

P, :=0,(Q) = {p € &: X" is a Q-martingale}.

2The predictable sigma-algebra 9 on Q x [0, 7] is the one defined by adapted left-continuous processes. A pre-
dictable process is one that is measurable w.r.t. 3.
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There is some arbitrariness in the choice of @ but in the case of complete markets (see below)
Q@ will be unique. In a large class of standard optimisation problems the maximiser is indeed
in ®, for a natural choice of Q, see [57, 92]

Hence we shall be looking for ¢* € &, satisfying

sup Bu(X%5%) = Bu(XZ%). (7)
PEP,

A more general objective function will be considered in Chapter 4.
We introduce market completeness at this stage. An Fr-measurable random variable B
is said to be replicable if there exists Q € M, p € ,(Q) and =z € R such that X;‘b = B a.s.
We call a financial market model complete if all bounded Fr-measurable B are replicable.

Remark 1.9. Proposition 2.1 of [98] states that B € L is replicable iff it is replicable with
some ¢q € D,(Q), for all Q € M.

See Section 4.6 below for the textbook example of a complete market. We remark that
though complete models are unrealistic they serve as an important model class on which new
ideas are to be tested first.

Completeness is characterized by the following result which follows from [50]. A proof
with the financial mathematics setting in mind comes trivially from Proposition 2.1 of [98]
and Théoreme 3.2 in [3].

Theorem 1.10. Assume M # (. Then the market is complete iff M is a singleton. O

For 1 < p < oo we denote by L?(Q) the usual Banach space of of random variables with
finite pth moment under Q. If Q = P we simply write L?. We fix Q € M and ¢, = ¢,(Q).

Lemma 1.11. Let B € L*(Q) such that, for all n, B,, := B AnV (—n) is replicable. Then so
is B. In particular, if in a complete market model Q is the unique element of M then each
B € LY(Q) is replicable.

Proof. Let z, := EgB,. By the definition of replicability and by Remark 1.9, there is ¢, €
®,(Q) such that B,, = X7 a.s. Clearly, B, tend to Bin L'(Q) and then also z,, — z := EgB,
n — oo. It follows that the terminal values of the martingales [; ¢, (u)dS., converge to B — z

in L'(Q). By Yor’s theorem (see [104]) there is ¢ € ®, such that B — z = fOT p(u)dS, and the
result follows. O

We mention that problems of the form (7) are usually tackled using duality methods: an
appropriate convex conjugate functional is minimised over M from which a maximiser for (7)
is subsequently derived, see [57, 93]. It is clear that in our setting, where u fails to be concave,
one cannot pursue this route and different methods need to be developed, see Chapter 4 below.

In Chapter 5 we will consider a continuous-time model of a financial market with frictions
due to illiquidity where the dynamics of the portfolio value process differs from (6).
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2 Optimal investment under expected utility criteria

We remain in the setting of Section 1.2. We shall prove the existence of an optimiser for
(3) when u is not necessarily concave. No such results are available in multistep discrete-time
markets. One-step models were treated in [49, 12]. First we assume u to be bounded above
then we also investigate the case of unbounded w.

This chapter is based on the papers [72, 78, 21, 23].

2.1 Alook on the case of bounded above utility

To get a flavour of the techniques we use, we shall first treat the case where u is bounded
above by a constant. This assumption allows for simpler arguments and leads to the following
clear-cut result which will be proved in Section 2.3 below.

Theorem 2.1. Assume (NA). Let u : R — R be a nondecreasing and continuous function which
is bounded above by a constant C > 0 and satisfies

xgrzloou(x) = —c0. (8)

Let B be an arbitrary real-valued random variable with
Eu(z — B) > —oo for all z € R. 9
Then for all z € R there exists a strategy ¢* = ¢*(z) € ® such that

i(z) = sup Bu(X%® — B) = Bu(X2? — B). (10)
peP

Furthermore, u is continuous on R.

Note that, as u is bounded above, the expectations Eu(X§’¢ — B) exist for all ¢ € ® hence
we may use ¢ instead of ®(z) as the domain of optimization.

Continuity of u is a natural requirement. Theorem 2.1 guarantees that the indirect utility
« inherits the continuity property of u. Condition (8) means that infinite losses lead to an
infinite dissatisfaction of the agent.

Remark 2.2. Most studies require u to be smooth in addition to being concave. We do not
need such a restriction and hence we can accomodate various loss functions: let /: R, — R
be increasing and continuous with ¢(0) = 0, £(c0) = co. Set u(z) := —¢(—z) for © > 0 and
u(z) = 0 for x > 0. Maximising Eu(Xé’“b — B) in the present context means minimising
shortfall risk (i.e. risk of performing under the benchmark B), as quantified by /.

Remark 2.3. Let us take u bounded above, continuously differentiable and define Sy = 0,
S; = +1 with probabilities 1/2 — 1/2. If

U (@) —u'(—¢) >0 for all ¢ > 0 and u'(¢) — u'(—¢) > 0 for ¢ > 0 large enough,  (11)

(in this case u(—o0) > —o0, as easily seen) then ¢ — Fu(¢AS;) is nondecreasing in |¢| and for
large enough |¢| it is strictly increasing, which excludes the existence of an optimiser ¢* for
(10). One may take, e.g. u(z) =1 —e~ %%,z > N, u(z) = €’* — 1, » < —N and u continuous and
linear on [—N, N]. For any 8 > « > 0 and for N large enough u satisfies (11).

This highlights the importance of condition (8): even for very simple specifications of the
price process S the failure of (8) may easily cause that there is no optimizer.

2.2 One-step case for ©« bounded above

In this section we consider a function V : Q x R — R such that, for every z, V(w,z) is a
random variable and for a.e. w € Q, the functions © — V(w, z) are non-decreasing, continuous
and satisfy lim, ,_ ., V(w,2z) = —o0 and V(w,z) < C for all x € R, with some fixed constant
C >0.
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Let H C F be a sigma-algebra. We assume that there is a family of real-valued random
variables M (n), n € Z such that V(n) > M(n) holds a.s., for all n and m(n) := E(M(n)|H) >
—oo a.s. We may and will assume M (n) <O0.

Let Y be an R%valued random variable. Take a regular version of P(Y € :|#)(w). Define,
for a.e. w, the multifunction w — D(w) C R? where D(w) is the affine hull of the support
of P(Y € -|H)(w). Clearly, D can also be viewed as a subset of 2 x R? and we can choose
D € H ® B(R?), see Proposition A.1 of [78].

The notation =" will be used for the class of R"-valued H-measurable random variables.
For ¢ € =9 we will denote by ¢(w) the orthogonal projection of ¢(w) on D(w). The function
w — £(w) is then H-measurable, by Proposition 4.6 of [78]. Define Z¢ := {¢ € ¢ : ¢ € D a.s.}.

~

Remark 2.4. Notice that P(({ — )Y = 0|H) = 1 a.s., hence P((Y = EY) = 1 which means
that we may always replace ¢ by ¢ when maximising E(V(z + {Y)|H) in &.

We assume that there exist H-measurable «, v > 0 such that for all £ 24 we have
PEY < —v|¢||H) > k as., (12)

this is our “one-step no arbitrage” condition, compare to Proposition 1.6.

The next lemma allows us to work with strategies admitting a fixed bound. We denote by
14 the indicator function of an event A € F and by ess. sup;.; f; the essential supremum of a
family of real-valued random variables f;, i € I.

Lemma 2.5. There exists v : Q) x R — R such that, for all x, v(w,x) is a version of

ess. sup E(V(z+ EY)|H)

geed

and, for a.e. w € Q, the functions © — v(w, x) are non-decreasing, right-continuous, they satisfy
limg oo v(w,z) = —00 and v(w, z) < C, for all x € R. There exist random variables K(n) > 0,
n € Z such that for all x € R and ¢ € 2,

E(V(z+E&Y)[H) < E(V(x + L{jg<x(2))€Y)H), (13)
where | x| denotes the largest integer k with k < x. We have m(n) < v(n) a.s., for all n.

Proof. We assume that D # {0} as (13) is trivial on the event {D = {0}}.
Fix n € Z. Since V(y) — —oo a.s. when y — —oo, for each 0 < L € Z! there is G € =!
such that P(V(-Gp) < —L|H) > 1 — k/2 a.s. Since for all x € [n,n + 1),

EV(@+&)H) < C+EV(n+1-[Ev)ley<—igw, vi-cr)<-r}H)
and, by (12), P(¢Y < —v|¢||H) > « a.s., we get that whenever v|{| > G, + n + 1, we have
EV(x+¢&Y)|H) <C—Lk/2.
Choose L :=2(C — m(n))/k, then K (n) := (G +n + 1)/v is such that for |{| > K(n),
E(V(x +€Y)[H) < m(n) < E(V(2)|H)

holds a.s., providing a suitable function K(-).

Now for each z, let F(z) be an arbitrary version of the essential supremum in consid-
eration. We may and will assume that F(z) < C for all w and z. Outside a negligible set
N C Q, ¢ — F(q) is non-decreasing on Q. Define v(x) := inf,~, ¢eq F(¢). This function is
non-decreasing and right-continuous outside N.

Fix x € R. Since F(z) < F(q) a.s. for z < ¢, we clearly have F'(z) < v(z) a.s. We claim we
can take &, € ¢ with

Flgr) —1/k < E(V(qr + &Y)H),

a.s. where z < ¢ < v+ 1 and ¢ € Q decrease to x as k — oo.

10
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Indeed, as E(V (y+£Y)|H), € € =4 is easily seen to be directed upwards, there is a sequence
¢, € 24 such that E(V (y + ¢,Y)|H) is a.s. nondecreasing and converges a.s. to F(y). We can
define &, := () where

(k) (w) :==min{l : E(V(y + QY)[H)(w) > F(w,y) — 1/k}.

Applying this to y := ¢, we have verified our previous claim. Remark 2.4 and (13) imply
F(qr) — 1/k < E(V (g + &Y)|H),

where &, := Ek1{|€k|<K(LmJ)+K(Lw+1J)}’ k € N. By Lemma 6.8 below, there is an H-measurable
random subsequence k,, n — oo such that &, — ¢ a.s. with some ¢’ € Z4. The Fatou lemma
and continuity of V imply that

v(@) = Tim (Flgn,) — 1/nx) < B(V(x + €Y)[H) < F(x)
a.s., showing that v(z) is indeed a version of F'(z).

=1

Finally we claim that v(z) - —oo, # — —oc a.s. For each L(n) := n there is Gr,) € £
with P(V(=Gprn)) < —L(n)[H) > 1 — £/2. Let us notice that, by (12),

E(V(=Grm) +&Y)H) < E(V(_GL(n))l{ngo,V(—GL(n))g—L(n)}|H) +C < —nk/2+C,

which is a bound independent of { and it tends to —oo a.s. as n — —o0, 50 V(=G (n)) = —o0.
By the monotonicity of v this implies that a.s. lim,_, ., v(z) = —co. Hence our claim follows.
The last statement of this lemma is trivial. O

Lemma 2.6. Let H € Z'. Then v(H) is a version of ess.supgcza E(V(H + £Y)|[H).

Proof. Working separately on the events {H € [n,n + 1)} we may and will assume that H €
[n,n + 1) for a fixed n. The statement is clearly true for constant H by Lemma 2.5 and hence
also for countable step functions H. For general H, let us take step functions Hy € [n,n + 1),
Hy € =! decreasing to H as k — co. v(Hy) — v(H) a.s. by right-continuity. It is also clear
that, for all ¢ € 29, E(V(H + £Y)|H) < E(V(Hy + £Y)|[H) < v(Hy) a.s. for all k, hence

ess. sup E(V(H +&Y)|H) < v(H).

ge=d

Choose & with E(V(Hy+&Y)|H) > v(Hy)—1/k and note that &, := &1 also satisfies
E(V(Hy, 4 &Y)|[H) > v(H},) — 1/k by Remark 2.4 and Lemma 2.5.
By Lemma 6.8 we can take an H{-measurable random subsequence k;, | — oo such that

&, — £ aws., | — oo. Fatou’s lemma and continuity of V imply

{|EcI<K(n)}

v(H) = lim [v(Hg,) — 1/ki] < lignsupE(V(Hkl +&,Y)H) < E(V(H —l—ETY)|’H)7

l—o0
completing the proof since E(V (H+£TY)|[H) < ess. supgcza E(V(H+£Y)|H) holds trivially. O
Lemma 2.7. Outside a negligible set, the trajectories © — v(x,w) are continuous.

Proof. Arguing by contradiction, let us suppose that the projection A € H of the set

E:={(z,w):v(z,w) >e+ <Sup€Qv(q,w)} eEBR)RQH

on ) has positive probability for some ¢ > 0. Let H : Q2 — R be a measurable selector of F
(which exists by III. 44-45. of [36]) on A and let it be 0 outside A. Let H > Hy, k € N be
Q-valued H-measurable step functions increasing to H and choose (; such that v(H) — 1/1 <
E(V(H + (Y)|H) for each [ € N. On A we have

limsup E(V(Hy, + (Y)|H) < limsupv(Hy) <v(H) —e.

k— o0 k—o0

On the other hand, monotone convergence ensures limy_,.. E(V(H; + (Y)|H) = E(V(H +
GY)|H) > v(H) — 1/, for all I. This leads to a contradiction for [ large enough. O

11
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Lemma 2.8. For each H € =! there exists £}; € 24 such that EV(H+¢5Y)H) =v(H) a.s.

Proof. The set E(V(H +£Y)|H), ¢ € =% is directed upwards hence there is a sequence ¢, € =¢
such that E(V(H + .Y)|H) increases to ess.supgcz« E(V(H + {Y)|H) = v(H), recall Lemma
2.6. Define the random variable Z := ) _, K(n)lgejy nt1)- By Remark 2.4 and Lemma 2.5,

for & := & lyg <2y

neZ

E(V(H + &Y)|H) < E(V(H +&,Y)|H)
a.s. for all k. Since |¢;| < Z a.s., by Lemma 6.8 an H-measurable random subsequence k,
exists such that &, — ¢* a.s., n — oo for some ¢* € =%, and Fatou’s lemma guarantees that

E(V(H +€Y)[H) > limsup E(V(H +&,Y)[H) > lim E(V(H +&,Y)[H) = v(H),

n— oo

hence ¢}, := £* is as required. O

2.3 The multi-step case for © bounded above

In this section all the assumptions of Theorem 2.1 will be in force. Set
Ur(z,w) := u(x — B(w)) for (w,z) € Q x RY,

Lemma 2.9. Fort =0,...,T — 1, there exist U; : Q@ x R — R such that, for all z, Uy(w,z) is a
version of ess.supgeza E(Upy1( + ASi41)|Fy) and, for a.e. w € €, the functions © — Up(w, )
are non-decreasing, continuous, they satisfy lim,_, o Ui(w,x) = —o0 and Us(w,z) < C for all
x € R. For each F;-measurable H, there exists Et(Ht) € éf such that

E(Ut+1(Ht + gt(Ht)ASt+1)|.Ft) = €s8S. sup E(Ut+1(Ht + gASt+1)|JT‘.t).

gexzd

Proof. Proceeding by backward induction, we will show the statements of this Lemma to-
gether with the existence of M;(n) < Ui(n), n € Z with EM;(n) > —co. First apply Lemmata
2.5,2.6,2.7and 2.8 to H := Fr_1, Y := ASp, V := Up, D := Dr and M(n) := Mrp(n) =
Ur(n — B) (the hypotheses of Section 2.2 follow from those of Theorem 2.1) and we get the
statements for 7' — 1. Note that (NA) implies (12) for Y by Proposition 1.6. Also, defining
Mr_1(n) := E(Mp(n)|Fr_1), this satisfies EMp_1(n) > —oo by (9).

Assume that this lemma has been shown for ¢ + 1. Apply Lemmata 2.5, 2.6, 2.7 and 2.8
with the choice H := F;, Y := AS;11, V i= Usy1, D := Diy; and M(n) := M;y1(n) to get the
statements for ¢ (the conditions of Section 2.2 now hold by the induction hypotheses), noting
that M (n) := m(n) = E(M;11(n)|F:) = E(Ur(n)|F;) so EM(n) > —oco, by (9). O

Proof of Theorem 2.1. Using the previous Lemma, define recursively ¢} := &;(z) and ¢}, :=
&41(X7?7). For any ¢ € ®:

Bu(X;® - B) = EE(Ur(X7% + ¢rASt)|Fro1) < EUr_1(X3?))

by the definition of Uy, t = 0,...,T. Notice that there are equalities everywhere for ¢ =
¢*. This finishes the proof except the continuity of 4. Note that Uj is continuous outside a
negligible set by Lemma 2.9. Clearly, a(x) = EUy(x). Let z, k € N converge to x and let n € Z
be such that n < inf; xx. Then Uy(zr) — U(z) a.s. and My(n) < Up(zr) < C. Since My(n) is
integrable, dominated convergence finishes the proof. O

12
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2.4 The case of possibly unbounded «
If v doesn’t admit an upper bound, problem (3) may easily become ill-posed.

Example 2.10. Assume that

u(z) = x, z>0
B —lz®,  z<o0,

with «, 8 > 0. Assume that Sy = 0, AS; = +1 with probabilities p,1 — p for some 0 < p < 1.
Then one gets
Eu(nAS;) = pn® — (1 — p)n®.

If @« > j then choose p > 1/2 and E(U(nAS;)) goes to oo as n — oo. So in order to have a
well-posed problem for z = 0 one needs to assume 5 > «. We will see later that this is indeed
sufficient under further hypotheses, see Corollary 2.20 below.

We now show that the existence of the optimiser ¢* in (3) may fail even if (NA) holds, u is
concave and the supremum in (3) is finite.

Example 2.11. Define a strictly increasing concave function v by setting «(0) = 0,
W' (x):=1+1/n% zcn—1,n], n>1,d(x):=3-1/n% zc(mn+1], n<-1

for n € Z. Take Sy := 0, P(S; = 1) = 3/4, P(S1 = —1) = 1/4. One can calculate the expected
utility of the strategy ¢; := n for some n € Z with initial capital z = 0:

n

Bu(nS;) = w = Z 1/72, n>0;

—-n
Eu(nS;) = Z 1/5%2+2n, n<O.

j=1

This utility tends to > ;- 1/i* = 72/6 in an increasing way as n — co. In fact, it is easy to
see that the function ¢; — Fu($151),¢1 € R is increasing in ¢, so we may conclude that the
supremum of the expected utilities is 72 /6, but it is not attained by any strategy ¢;.

Remark 2.12. In this remark we assume u concave, nondecreasing and continuously differ-
entiable. It is not known what are the precise necessary and sufficient conditions on a u that
guarantee the existence of ¢* in (3) for a reasonably large class of market models. In terms
of the asymptotic elasticities AF introduced in Section 6.3 below, the standard sufficient
condition in general, continuous-time models is

AE,(u) <1< AE_(u), (14)

and this seems close to necessary as well, see [91, 68]. Note that, for u non-constant with
u(oo) > 0 one always has 0 < AE, (u) <1, AE_(u) > 1 (see Lemma 6.1 of [61] and Proposition
4.1 of [91]). We shall see in Remark 2.14 below that in discrete-time models (14) can be
relaxed to AF, (u) < AE_(u), i.e. to either AFE, (u) < 1 or AE_(u) > 1, as already noticed in
[78].

We now present conditions on u which allow to assert the existence of an optimal strategy.
The main novelty with respect to previous studies is that we do not require concavity of w.

Assumption 2.13. The function u : R — R is non-decreasing, continuous and there exist
c>0,2>0,T>0,a,8 > 0such that o < S and for any A > 1,

u(Az) < Au(z)+cfor x> T, (15)
u(Az) < )\ﬂu(x) for x < —x, (16)
u(—z) < 0, u(™) >0. 17

13
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A typical u satisfying Assumption 2.13 is that of Example 2.10 with o < 3.

Remark 2.14. As explained in Section 6.3, AF, (u) can be defined for nonconcave and nons-
mooth u as well.

If ¢ = 0 then (15) and (16) together are equivalent to AE, (u) < AE_(u), see Section
6.3. Hence Assumption 2.13 is a logical generalization of the condition of [78] to the non-
concave case, see Remark 2.12 above. A positive c allows to incorporate bounded above utility
functions as well. Note, however, that we have already obtained existence results for such
u in Theorem 2.1 above. That result is sharper for v bounded above than Theorem 2.18
below since Assumption 2.13 implies that u(z) < (|z|/z)’u(—z) for < —z which entails the
convergence of u(x) to —oo at a polynomial speed as © — —oo while no such assumption is
needed in Theorem 2.1: we may have e.g. u(z) ~ —In(—z) or u(z) ~ —Inln(—z) near —oo.

Since for the u in Example 2.10 one trivially has AF, (u) = o and AFE_(u) = 3, the argu-
ment of Example 2.10 shows that the condition o < 8 in Assumption 2.13 is needed in order
to get existence in a reasonably broad class of models, showing that Theorem 2.18 below is
fairly sharp.

We will use a dynamic programming procedure and, to this end, we have to prove that the
associated random functions are well-defined and a.s. finite under appropriate integrability
conditions. Let B be the Fr-measurable random variable appearing in (3).

Proposition 2.15. Let u : R — R be non-decreasing and left-continuous. Assume that for all
1<t<T,zcRandycR?

E(u™ (z 4+ yAS; — B)|Fi—1) < +00 (18)

holds true a.s. for all t = 1,...,T. Then the following random functions are well-defined
recursively, for all © € R (we omit dependence on w € Q in the notation):

Ur(x) = wu(z— B), (19)
Ui—1(z) = ess sup E(Ui(z+EASy)|Fi—q) for 1 <t < T, (20)
EEEL 1

and one can choose (—oo, +ool-valued versions which are non-decreasing and left-continuous
in z, a.s. In particular, each Uy is F; @ B(R)-measurable. Moreover, for all 0 < t < T, almost
surely for all x € R, we have:

Ui(z) > E(u(x — B)|F;) > —o0 (21)

where the right-hand side of > also has an a.s. left-continuous and non-decreasing version
G(w, x) satisfying
G(H) = E(u(H — B)|F) a.s. (22)

for every Fi-measurable random variable H as well.

Proof. Att =T, (21) holds true by definition of U7 and
Ur(z) = E(u(z — B)|Fr) = u(z — B)

clearly admit a regular version by our assumptions on u.
Assume now that the statements hold true for ¢t + 1. For « € R, let F(x) be an arbitrary
version of esssup E(Uit1(x+£ASi41)|F:). Fix any pairs of real numbers xz; < x5. As for almost
¢e=

all w, Us11(w, -) is a nondecreasing, we get that that F(x1) < F(x2) almost surely. Hence there
is a negligible set N C Q) outside which F(w, ) is non-decreasing over Q.

For w € Q\ N, let us define the following left-continuous function on R (possibly taking
the value oco): for each z € R let Ui(w, ) := sup,., ,.cq F'(w, 7). For w € N, define F(w,r) = 0
for all 2 € R. Let r;, i € N be an enumeration of Q. Then Uy (w, z) = sup,,ey[F(w,7n)1{r, <2} +
(=00)1y, >4y] for all 2 and for all w € Q\ N, hence U; is clearly an F; ® B(R)-measurable
function. It remains to show that, for each fixed » € R, U;(z) is a version of F(z).

14
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Take Q > r, T 2, , < 2, n — co. Then F(r,) < F(x) a.s. and U;(z) = lim,, F(r,) < F(z)
a.s. On the other hand, for each k > 1, there is £, € = such that

F(x) — 1/]'{} = eSS 2up E(Ut+1($ + EASt—Q—l)‘ft) — 1/k § E(Ut+1(l’ + SkASt+1)‘ft) a.s.
€=

By definition, F(r,) > E(Uit1(rn + & Y)|Ft) a.s. for all n. We argue over the sets 4,, (k) :=
{w:m—1 < [§(w)] < m}, m > 1 separately and fix m. Provided that we can apply Fatou’s
lemma, we get

Ui(z) = li£n F(rp) = lir%linf F(ry) > E(Upp1(x + §ASi41)|Fe) a.s. on Ay, (k),

using left-continuity of U;;,. It follows that U;(x) > F(z) — 1/k a.s. for all k, hence U;(z) >
F(z) a.s. showing our claim.
For each function i € W := {—1, +1}? let us introduce the vector

0; == (i()Vd,...,i(d)Vd). (23)
Fatou’s lemma works above because of (22) for ¢ + 1 and the estimate

Ui (@ + §xASp1) < max T(@ = mOiAS, 1) <> Uy (@ — mbiAS ) as.,
€W
which holds on 4,,(k), for each m, k.

A similar but simpler argument provides a suitable version G of E(u(z — B)|F;). Equation
(22) for step functions H follows trivially and taking increasing step-function approximations
Hj, of an arbitrary F;-measurable H we get (22) for H using left-continuity of G and monotone
convergence.

From now on we work with these versions of U;, E(u(x — B)|F;). Choosing £ = 0, we get
that, for all z € R,

Ui(z) > E(Usg1(x)|Ft) > E(u(z — B)|Ft) > —oco a.s.

where the second inequality holds by the induction hypothesis (21). Due to the left-continuous
versions, U;(z) > E(u(xz — B)|F;) then holds for all « simultaneously, outside a fixed negligible
set, see Lemma 6.6. O

In order to have a well-posed problem, we impose Assumption 2.16 below.

Assumption 2.16. Let u be non-decreasing and left-continuous. For all 1 <t < T, z € R and
y € R? we assume that

Eu (x— B) < o (24)
E(u™ (z +yAS; — B)|Fi—1) < o0a.s., (25)
EUy(z) < oo. (26)

Note that by, Proposition 2.15, one can state (26): Uy is well-defined under (25).

Remark 2.17. In Assumption 2.16, condition (26) is not easy to verify. We propose in Corol-
laries 2.20 and 2.22 fairly general set-ups where it is valid. In contrast, (24) and (25) are
straightforward integrability conditions on S and B. For instance, if u(z) > —m(1 + |z|?) for
some p,m > 0, E(BT)P < oo and E|AS;|? < co for all ¢t > 1 then (25) and (24) hold.

We are now able to state a theorem asserting the existence of optimal strategies.

Theorem 2.18. Let u satisfy Assumption 2.13 and S satisfy the (NA) condition. Let Assump-
tion 2.16 hold with B bounded below. Then one can choose non-decreasing, continuous in x € R
and Fi-measurable in w € Q versions of the random functions U, defined in (19) and (20). Fur-
thermore, there exists a F;_1 @ B(R?)-measurable “one-step optimal” strategy &:OxR =R
satisfying, forall t =1,...,T, and for each x € R,

E(Ui(z + &(2)AS)|Fi1) = Up_1(z) as.

15
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Using these &.(-), we define recursively:

t—1

o7 = &1(2), ¢:::§~t z—I—Z(b;ASj , 1<t <T.

j=1
If, furthermore, Eu(X;"ﬁ* — B) exists then ¢* € ®(z), ¢* is an optimiser for problem (3) and

u(z) := sup Eu(X:ZF"Z5 — B)
ped(2)

1S continuous.

Condition (26) and the existence of Eu(X;’¢* — B) are difficult to check (unless  is bounded
above, but this case has already been covered in greater generality in Theorem 2.1 above).
Hence, at first sight, the above theorem looks useless: for which S does it apply if u is un-
bounded ? We now state two corollaries whose proofs follow the scheme of the proof of Theo-
rem 2.18 and which give concrete, easily verifiable conditions on S.

Let W denote the set of R-valued random variables Y such that F|Y|? < oo for all p > 0.
This family is clearly closed under addition, multiplication and taking conditional expecta-
tion. With a slight abuse of notation, for a d-dimensional random variable Y, we write Y € W
when we indeed mean |Y| € W.

Assumption 2.19. For all t > 1, AS; € W. Furthermore, for 0 < t < T — 1, there exist
K¢, vy € Zf positive, satisfying 1/ks,1/vy € W such that

ess. inf P(EAS 11 < —|€||F:) > ke a.s. 27)

écEd
Corollary 2.20. Let Assumptions 2.13, 2.19 hold and assume that
u(z) > —m(|z|P + 1) for all x € R, (28)

holds with some m,p > 0. Let B € W be bounded below. Then there exists an optimiser
@* € ®(z) for problem (3) with ¢; € W for 1 <t <T.

Remark 2.21. In the light of Proposition 1.6, 1/v;, 1/k; € W for 0 < ¢ < T — 1 is a certain
strong form of no-arbitrage. When S has independent increments and (NA) holds, then one
can choose x; = k and 1, = v in Proposition 1.6 with deterministic constants «,v > 0. See
Section 3.6 for other concrete examples where 1/v;, 1/k; € W is verified.

The assumption that AS;11,1/v;, 1/ke € Wfor 0 <t < T — 1 could be weakened to the
existence of the Nth moment for N large enough but this would lead to complicated book-
keeping with no essential gain in generality, which we prefer to avoid.

We provide one more result in the spirit of Corollary 2.20.

Corollary 2.22. Let Assumption 2.13 hold with B € L™ and let AS;, 1 <t < T be a bounded
process. Let (NA) hold with vy, k; of Proposition 1.6 being constant. Then there exists a solution
@* € ®(z) of problem (3) which is a bounded process.

It will be clear from the proofs of the above corollaries that one could accomodate a larger
class of u at the price of stronger assumptions on S. For instance, if u behaves like —e~ for x
near —oo then well-posedness and existence holds provided that certain iterated exponential
functions of Sy, 1/k;, 1/1; are integrable. Such extensions do not seem to be of any practical
use hence we refrain from chasing a greater generality here.

We will present the proofs of Theorem 2.18 and Corollaries 2.20, 2.22 in Section 2.6.

Remark 2.23. If u is concave then (16) is automatic for 5 = 1, with some z. Hence in this
case one can replace Assumption 2.13 in Theorem 2.18 and in Corollaries 2.20, 2.22 by (15)
with o < 1 and with some 7 > 0.

Similarly, for u concave, Assumption 2.13 can also be replaced by (16) with 5 > 1, since
(15) is automatic for o = 1.
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Remark 2.24. Theorem 2.18 as well as the ensuing two corollaries continue to hold if, instead
of stipulating that B is bounded below, we assume only the existence of 1) € ® and y € R with

X4 < B. (29)

The proofs work in the same way but instead of |¢| for ¢ € =¢ one needs to estimate |€ — ¢ 1]
We opted for the above less general versions for the sake of a simple presentation.

Condition (29) has a clear economic interpretation: it means that B can be sub-hedged
by some portfolio, i.e. the losses incurred (B~) are controlled by some loss realizable by the
portfolio . In particular, if B can be replicated by a portfolio then (29) holds.

2.5 Existence of an optimal strategy for the one-step case

First we prove the existence of an optimal strategy in the case of a one-step model. Let Y
be a d-dimensional random variable, # C F a sigma-algebra and a function V : @ x R - R
satisfying the hypotheses that will be presented below.

Let =" denote the family of #-measurable n-dimensional random variables. The aim of
this section is to study ess. supgcze E(V(z + Y)|[H). For each z, let us fix an arbitrary version
v(x) = v(w, z) of this essential supremum. .

We prove in Proposition 2.38 that, under suitable assumptions, there is an optimiser £(x)
which attains the essential supremum in the definition of v(x), i.e.

v(z) = B(V (x4 £(2)Y)[H). (30)

In Proposition 2.38, we even prove that the same optimal solution f(H ) applies if we
replace x by any H € = in (30).

This setting will be applied in Section 2.6 with the choice H = F;_1,Y = AS;; V(x) will be
the maximal conditional expected utility from capital z if trading begins at time ¢,i.e. V = U,.
In this case, the function v(z) will represent the maximal expected utility from capital z if
trading begins at time ¢t — 1, 1.e. v = Uy_1.

We start with a useful little lemma.

Lemma 2.25. Let V(w,x) be a F ® B(R)-measurable function from Q x R to R such that, for
all w, V(w, ) is a nondecreasing function. The following conditions are equivalent :

la. E(VY(z+yY)|H) <oca.s, forall z € R, y € R4

2a. E(VT(z+ |y||Y])|H) < < a.s., forall z,y € R.

3a. E(VH(H +&Y)|H) < ooa.s., forall He EY, ¢ € =4,
The following conditions are also equivalent :

1b. E(V=(z +yY)|H) < 0 a.s, forall z € R, y € R%

2b. E(V—(z— lyl[Y|)|H) < ¢ a.s., for all x,y € R.

3b. E(V-(H +£Y)|H) < ca.s., forall H € E1, ¢ € 24,

Proof. We only prove the equivalences for V since the ones for V'~ are similar. We start with
la. implies 2a. Let =,y € R. We can conclude since

+ < + . < + .
V(%HMWng%V(x+WMY%,g%V(x+me%

by |Y| < VA([Y? + ...+ |Y9)) (recall (23) for the definition of IV, 6;). Next we prove that 2a.
implies 3a. Let H, ¢ be H-measurable random variables, define A, := {|H| < m, |{| < m} for
m > 1. Clearly,

VHH+EY)1a, <VT(m+m|Y|)1a

and the H-conditional expectation of the latter is finite by 2a. Hence 3a. follows from Lemma
6.1. Now 3a. trivially implies 1a. O

m
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Assumption 2.26. V(w, z) is a function from Q x R to R such that for almost all w, V(w,-) is
a nondecreasing, finite-valued, continuous function and V (-, z) is F-measurable for each fixed
z. Forall z,y € R,

EV = (z—WllYDIH) < +oo as., (31)
EVt(x+W||Y)H) < +oo as. (32)

Remark 2.27. Let H, ¢ be arbitrary H-measurable random variables. Then, from Lemma
2.25, under Assumption 2.26 above, E(V(H + {Y)|H) exists and it is a.s. finite.

Let us recall from Section 2.2 the random set D € H ® B(R?) such that for a.e. w € Q,
D(w) := {z € R?: (w,x) € D} is the smallest affine subspace containing the support of the
conditional distribution of Y with respect to #.

Let us denote =% := {¢ € ¢ : ¢ € D a.s.} and recall Remark 2.4 which shows that the

essential supremum in (30) can be equivalently taken over =% or =¢.

Assumption 2.28. There exist H-measurable random variables with 0 < k,v < 1 a.s. such
that for all ¢ € =4:

PEY < —v|¢||H) > k. (33)

As easily seen, (33) implies that D(-) is a.s. a linear space.
We finally impose the following growth conditions on V.

Assumption 2.29. There exist constants C,g > 0, 8 > « > 0 such that

V(Az) < A*V(z+g)+CA, (34)
Vidz) < MV(z+4g)+CON, (35)

both hold for all x,w and X\ > 1. There exists an H-measurable random variable N > 0 such

that
2C

P<V(—N)§—K—1"H) >1—-k/2 as. (36)
where k is as in Assumption 2.28 and C as in (34).

Remark 2.30. There is no misprint here, it is crucial that the above inequalities hold with
both « and 8: for x near —co we will need (35) while for x near co we will need (34). In order
to prove that these properties are preserved by dynamic programming, we will need to verify
both properties for all x, see (66), (67) in Section 2.6.

In the sequel when we say that a function f : R” — R is polynomial then we mean that
there exist k&, C' > 0 such that

f(xr, .. xn) SO+ |z 4 ..+ |z Y.
We will often use the following facts without mention: for all x,y € R, one has

lz+y[" < f2["+yl7, for0<n <1,
lz+y? < 277 M(|x]" + y|"), forn > 1.

Lemma 2.31. Let Assumptions 2.28, 2.26 and 2.29 hold. Let n be such that 0 < n < 1 and
a < np (recall that o < 3). Define

L = EVYA1+|Y]+g)H), (37)
Ki(r) = max (1,;1:*, (z*—i—yN—}-g)l" ,ﬁT—'—N, <6}f)’75“ , (65>W> , (38)
ey = (HEVCPOTY )
K(z) = max{K(|z]+1),K2(|z])}. (40)

18



dc 1138 15

All these random variables are H-measurable and a.s. finite-valued. Ki(w,z) (resp. Ka(w,x))
is non-decreasing (resp. non-increasing) in z, K(-) is H ® B(R)-measurable and a.s. constant
on intervals of the form [n,n + 1), n € Z.

For ¢ € 2 with |¢| > K (), we have almost surely:

E(V(z +€Y)|H) < E(V(z)[H). (41)

Assume that there exist m,p > 0and 0 < R € ! such that V(z) > —m(1 + |z|P + R) a.s. for all
x < 0. Then there exists a non-negative, a.s. finite-valued H-measurable random variable M
and some number 6 > 0 such that, for a.e. w,

K(z) < M(z|® +1), forall z, (42)
and M is a polynomial function of N,1/v,1/k, R and L. We have

—o0 < v(z) = ess. sup E(V(z+£&Y)|H) < o a.s. (43)
£€E [¢|<K (2)

For any positive I € Z! there exists a positive N' € Z' such that v(—N') < —I a.s. More
precisely, N' is a polynomial function of 1, N, I, R and E(V*(K|Y|)|H), where

1 1 1
_ T—7 B—a B—a
K := max (1, N+g (N) , (8L> ", <80> ! ) . (44)
12 14 K K

It follows directly from (41) that E(V (2 + 15 g Y)IH) < E(V(2)[H) as. forall £ € 2d,
so we get that

E(V (2 + €l < ey Y)IH) = B(V (z+ €Y)|H) as. (45)

Proof of Lemma 2.31. Fix some z € R and take ¢ € 2¢ with |€] > max(1,zT). By (34), we have
the following estimation:

V(e +8Y) = V(@+&Y)vrey)>oy + V(@ +EY) v arey)<oy

< v (a+ey)>0) <|§| 4 ( H éYJrg) + C|€|a> + V(z + &Y ) v (atey)<o} @.S.

Note that the random variable L (recall (37)) is finite by (32). As V' is nondecreasing,

<1{V(x+£Y)>O}V<§| §|Y+g>"H,) SE(V*( |§Y+g)‘7'[) < L.

For the estimation of the negative part, we introduce the event

B::{ (x+&Y) <0, ‘5| —v, V(—N)S—QS—I}. (46)

Then, using (35), we obtain that a.s.
V(@ + &) v@revy<oy = V(e +EY)1p

-1 nﬁv< y 1-n > C nb’)
> 1 (I (g + VI 4 g) 4l

Now, from Assumption 2.28 and (36), we have

P(|§|Y<l/ V(- )<2O1’H> > K/2. 47)
K
It is clear that B contains
%ﬁ—uﬂg—ngYg—uV@ﬂmg—ﬂj—%.
K
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Thus if we assume that x* — v|¢] < —N, we get that P(B|H) > r/2 a.s. Now assume

that both 2 — v|¢| < —N and LI |E'~"v + g < —N hold. This is true if |¢] > Ko(z) :=

BE

1
+ T+
max(1, 2%, (“” +N+9) ', 2+N) Then we have

v

E(V(@+ &) vrevi<oH) < EPERV(=N)|H) + Cl¢["E(15/H)
< —Zle, (48)

by (36). Putting together our estimations, for || > Ky(x) we have a.s.
B(V (@ +8Y)[H) < [l L + Clel* — F1el". (49)
In order to get (41), it is enough to have, a.s.,
§1°L = Zg"? <0, Clel* = 2l <0, —Z]el"” — BV (@)[H) < 0. (50)

Since a < nf8 < f, the first two inequalities will be satisfied as soon as || > K;i(z) (recall
(38)) and the last one as soon as |¢| > K»(z) (recall (39)). Clearly, K;(z), Ka2(x) € ZL. It is also
clear that K;(z) is non-decreasing in = and K, (z) is non-increasing in z. As [E(V (z)|H)]” <
E(V~(z)|H) (see Corollary 6.5), by (31) K>(x) is a.s. finite valued.

Let K (z) := max(K; (z), K5(z)). Then (41) is satisfied if |¢| > K (z). From the monotonicity
property of K;(-) and K(-), we get that K (z) > K(z). Thus (41) is also satisfied as soon as
|¢| > K (z). The random function K (-) is trivially # ® B(R)-measurable.

By (37)-(40), K (z) is dominated by a polynomial function of (|=] + 1), N,1/v,1/x, L and
[E(V(lz])|H)]~. When V(z) > —m(1 + |z|* + R), we have [E(V (|x])|H)]” < m(1l + [[=]]" +
E(R|H)) a.s. So K(x) satisfies K(z) < M(|z|? + 1) a.s. for some 6 > 0 and for some random
variable M which is a polynomial function of N,1/v,1/x, E(R|H) and L.

Equality in (43) follows immediately from (45). We now show that v is finite. Let § € §d,
€l < K (),

—B(V™ (~|a] = K(@)|Y)|H) < E(V (2 +&Y)|H) < E(VF(|z| + K (2)|Y])|H) as.

and we conclude by Assumption 2.26.
Looking carefully at the estimations (48), (49) above we find that, if z < 0 and

1
N = N
1z (1. (522) 7 )
v v

1

then

provided that L|¢|* 4+ C|¢|* — £|¢[7% < 0. So (51) holds true provided that L|¢|* — £[¢|"® < 0,
and C[¢|* — £[¢["7 <0, Le.

|§|>max 15 N+g e % e g e =K
- ’l/, V b f{ b fﬁ: .

Let 0 < I € Z!. It remains to show that there exists 0 < N’ € Z! satisfying v(—N') < -1
a.s. From now on we work on the event {x < —N}.

~E(aren<opVE+H) > —E(lieye , v w2 V(@)H)

V
N|x
N
=
_|_
[N~}
I\Q
N———
VS
3
53

=
N———
=

|
Q
VS
|‘H
N———
=
| =
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where we used (35), (47) and the fact that x < 1 (see Assumption 2.28). Thus, if [¢| < K, we
obtain on {x < —N},

B
EUKx+&UH)§EU”U?YMH}—;(j7) a.s. (52)

Recall the definition of K and (51): if |¢| > K then we get that

B
1 K T
BV (o + €M) < 3B vissrycoV o+ M) < =5 () s (53)
The right-hand sides of both (52) and (53) are smaller than —1I if
T A 4 _
(—N) z - (I+EVT(KIY))|H)) as. (54)

We may and will assume that I > 1/4 which implies 47/x > 1. So there exists an H-
measurable random variable

NU:N(iUﬁJﬂVﬂXWDHD)BzNa&, (55)

such that, as soon as ¢ < —N', E(V(z + £Y)|H) < —I a.s. and, taking the supremum over all

&, v(z) < —I a.s. holds. From (55), one can see that N’ is a polynomial function of %, N, I and
E(VT(K|Y|)|H). O

Remark 2.32. A predecessor of Lemma 2.31 above is Lemma 4.8 of [78] whose arguments,
however, are considerably simpler since V is assumed concave in [78]. We remark that most
of the literature on the case of concave u proves the existence of the maximiser through the
dual problem. The only papers using a direct approach are [94, 95, 96, 78]. In the present
context, due to the non-concavity of u, a dual approach does not look feasible and we are
forced to take the primal route which has the advantage of providing explicit bounds on the
optimal strategies via Lemma 2.31.

Lemma 2.33. Let Assumption 2.26 hold. There exists a version G(w, z,y) of E(V(x+yY)|H)(w)
for (w,z,y) € Q x R x RY such that

(i) fora.ew € Q, (z,y) = G(w, z,y) is continuous and nondecreasing in x;

(ii) for all (z,y) € R x RY, the function w — G(w, x,vy) is H-measurable;

(iii) for each X € Z' and for each ¢ € Z°,

G(,X,§) = EV(X +&Y)|H), a.s. (56)
Remark 2.34. Note that, in particular, G is H ® B(R?*!)-measurable.

Proof of Lemma 2.33. 1t is enough to construct G(w, z,y) for (z,y) € [-N, N]?*! for each N €
N. Let us fix N and note that, sup , . c|_n nja+1 [V(g+rY)| < VT (=N-N[Y)+VH(N+N[Y|) =
O and there are A; € H, j € N such that £(14,0) < oo, by (31), (32). It is enough to carry out
this construction on each A; separately, so we may and will assume E(O) < oc.

Since V(w,-,-) is in the separable Banach space C([—N, N]?*!) and it is integrable by
EO < oo, Lemma 6.12 implies the existence of G : 2 — C([—N, N]¢*1) such that, for each z, y,
G(w,z,y) is a version of E(V(x + yY)|H). For each y, G(w, -,y) is clearly a.s. non-decreasing
on Q and this extends to R by continuity of G. As for assertion (iii), (56) is clear for -
measurable step functions and we may assume X, £ bounded. Now (X, £) can be approximated
by a (bounded) sequence of H-measurable step functions (X,,,¢,) and we can conclude using
continuity of G and the conditional Lebesgue theorem. A more tedious but direct proof can
also be given, see [23]. O
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Lemma 2.35. Let Assumptions 2.26, 2.28 and 2.29 hold. Define

A(w,z) = sup G(w,2,9), Blw,):=  swp  G(w,z,y)
yeQ y€Q?,|y| <K (w,z)

for (w,z) € Q x R where K (w, z) is defined in (40). Then we get that, on a set of full measure,
(i) the function x — B(w,x), * € R is non-decreasing and continuous,
(ii) B(w,x) = A(w, ) for all x € R.
(iit) For each x € R, v(z) = A(z) a.s.

Remark 2.36. By (iii) above, for each x, A(x) is a version of v(z) and hence, from this point
on we may choose this version replacing v(-) by A(-): by (i) and (ii), we will work with a non-
decreasing and continuous v(w, ) for a.e. w. Notice also that if V(w, ) is concave for a.e. w
then so are G(w, -, ) and v(w, -).

Proof of Lemma 2.35. 1t is enough to prove this for =z € [¢,¢ + 1) for some fixed ¢ € Z. We
remark that B(w, z), A(w, ) are H ® B(R)-measurable.

We argue w-wise and fix w € Q where Q is a full measure seton which conclusions of
Lemma 2.33 hold. Fix also some = € R such that ¢{ <z < ¢+ 1. Let x,, € [¢,£+1) be a sequence
of real numbers converging to x.

By definition of B, for all k, there exists some y;(w,z) € Q% |yp(w,z)| < K(¢)(w) and
G(w,z,yi(w,x)) > B(w,z) — 1/k. Moreover, one has that B(w, z,) > G(w, ., yx(w, z)) for all n,
and

liminf B(w, z,,) > G(w,z, yr(w, x)) > B(w,z) — 1/k,

n

and letting % go to infinity,

liminf B(w, x,) > B(w, x).
n
Note that B(w,z,) is defined as a supremum over a precompact set. Thus there exists
yr(w) € R, Jyi(w)| < K(¢)(w) and B(w,x,) = G(w, 2,y (w)). By compactness, there ex-
ists some y*(w) such that some subsequence y;, (w) of y;,(w) goes to y*(w), k — oo, and
lim sup,, B(w, ©,,) = limy B(w, x,, ). By Lemma 2.33 (i), one gets

lim sup B(w, 2,) = G(w, 2,y" (@) < B(w,2).

n

We claim that A is monotone on Q. Indeed, let r; < ro with 71,79 € [(,4+1). As G(w,r1,y) <
G(w,r2,y) for each y, also A(w,r;) < A(w,r2).

Applying Lemma 6.7 to F(w,y) = G(w,z,y) and K = K (¢) for some ¢ < z < {+ 1 we obtain
that, almost surely,

sup G(w, z,y) = ess. sup G(w,z,&(w))
y€Qd,|y| <K (€)(w) £€E4|¢|I<K(0)

Now applying the same Lemma 6.7 to F(w,y) = G(w,z,y) and K = oo, we obtain that, almost
surely,

sup G(w,z,y) = ess. sup G(w, z,&(w)).
y€eQd gezd

Now from the definition of v, A and (56) we obtain for each x € R,

v(z) =ess. sup E(V(z +&Y)|H) = ess. sup G(-,z,§) = A(z) a.s.
£EE fezd

and (iii) is proved for all z € R. Using (56) and the definition of B, we obtain for each
(<x<l+1,

v(x) = ess. sup E(V(z+&Y)|H) = ess. sup G(-,z,€) = B(z) as.
EEEL|EISK () EEEL|EISK(0)
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Our considerations so far imply that the set {A(-,q) = B(-,q) forallg € QN [({,£+ 1)}
has probability one. Fix some wy in the intersection of this set with the one where A is non-
decreasing. For any x € [(,¢ + 1), there exist some sequences 7,,q, € Q, n € N such that
Gn /" x and r, \, z, n — oo. By definition of wy,

lig A(wo, qn) = A(wo,z—) and lim A(wo,r,) = A(wg, z+).

q TTL \,lz

As B is continuous on [/, ¢ + 1),

lim B(wo,qn) = lim B(wg,r,) = B(wg, ).
P (wo, qn) T (wo,7n) (wo, x)

So by choice of wy, A(wp,xz—) = B(wo, z) = A(wp, x+) hence
wo € A:={A(,z) = B(,z) forallz € [¢, £+ 1)}.
Thus P(A) =1 (in particular, A is measurable, which was not a priori clear). O

Lemma 2.37. Let Assumptions 2.26, 2.28 and 2.29 hold. There is a set of full measure Qand
an H ® B(R)-measurable sequence &, (w, x) such that for all w € Q and = € R,
D(w),

n(w,z) €
n(w,2)] < K(w,u),
Gw,z,&n(w,2)) —
see (40) for the definition of K (-). Moreover, for (w, ) € Q x R define

Aw,x), n — oo,

E,(w,z) = |G(w,z,&n(w,x)) — Alw, x)|. (57)
For all N > 0 and for all w € (), SUp|g <N En(w,z) = 0, n — oo

Proof Choose ) such that all the conclusions of Lemma 2.35 hold on this set. Let gz, k¥ € N
be an enumeration of Q¢. Define D,, := {I/2" : | € Z}.
For all k, consider the projection Qj(w) of ¢x on D(w). By Proposition 4.6 of [78], Q) is
H-measurable. Moreover, from Remark 2.4, ¢, Y = Q.Y a.s. for all k¥ hence
Gw,z,Qr(w)) = E(V(z+ Qr(w)Y)H)

almost surely for each = € Q so, by path regularity of G, for all 2 simultaneously.
We denote by €2 the intersection of 2 with

mkEN{G(:E; Qk(w)) = G(quk})}7
it is again a set of full measure. }
Let C7 = {(w,2) € @ x D, : |¢1| < K(w,x) and |G(w,x,q1) — A(w,z)| < 1/n} and for all
k > 2, define C} recursively by
Cy = {(w,z)e QxD, : lgr] < K (w, ) and |G(w, =, q) — A(w, z)| < 1/n} \ U=, x_1CP.

Since, from Lemma 2.31, K is H @ B(R)-measurable, C}} is in H ® B(R) (recall also Remark
2.34). As from Lemma 2.35, A(w,z) = B(w,®) = Sup,, |, |<&(w.x) C(W, T, qx), one has Uy C}' =

Q x D,,. Define for (w,z) € O x R

Ew, ) = D) Quw)l{wi/zmecyy @)z <ocisjzny (). (58)

k=1l=—0c0

Obviously, &, is H ® B(R)-measurable. We thus have for all n and (w, z) € C}

[en(w, )] = QW) < lax| < K(w,2),
|G(w,z,&n(w, 7)) — Alw, )] < 1/n.
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Fix any integer N > 0, we will prove that for all w € Q, SUp|g|<n En(w,z) goes to zero.

Define K (z,y) := max{K;(y), K2(z)}, recalling (38), (39). We argue for each fixed w € €.
As © — A(w,z) is continuous from Lemma 2.35, it is uniformly continuous on [N, N]. The
same argument applies to G(w,z,y) on [-N, N] x [-K(—N,N + 1), K(—~N, N + 1)]¢ (see (i) in
Lemma 2.33). Hence for each ¢ > 0 there is n(w) > 0 such that |A(w,z) — A(w, z0)| < €/3
and |G(w,z,y) — G(w,z0,y0)| < €/3if |z — xo| + |y — Yo| < n(w) and z,z9 € [-N,NJ, y,y0 €
[-K(~N,N +1),K(—N,N + 1)]%. Now let d,,(z) denote the element of D,, such that d,,(z) <
z < dp(z) + (1/2"). Then &, (w, d,(x)) = &, (w,z). Since |£,(-,2)| < K(z) < K(—N,N + 1) for
all z € [-N, N], we have

|G(w,x,§n(w,x)) - A(w’x)l < ‘G(wvxvgn(wvx)) - G(wadn(x%gn(wadn(x))‘ +
|G(w, dn (), En(w, dn(2)) — A(w, dn(2))| +
[A(w, dn(2)) — Alw, z)|
< €/3+1/n+¢€/3 <k,
if n is chosen so large that both 1/2" < n(w) and 1/n < €/3. O

These preparations allow us to prove the existence of an optimal strategy.

Proposition 2.38. Let Assumptions 2.26, 2.28 and 2.29 hold. Then there exists an H @ B(R)-
measurable £(w, z) € D(w) such that a.s., simultaneously for all € R,

Alw,z) = Gw,z,&(x)). (59)

Recall the definition of K (x) from (40). We have

E(w,z)| < K(w,z)forall z € Randw e Q. (60)
The ¢ constructed satisfies

A@%Hy:EUKH+fUﬂYﬂHy:%ngEUKH+£YNH)a& (61)

for each H € Z'.,

Proof. From Lemma 2.37, there exists a sequence &,(w,z) € D such that G(w,z,&,(w,x))
converges to A(w,z) for all w € Q for some Q of full measure and for all z € R. Note that
&, (2)| is bounded by K (z) for all z € R and w € €. )

Using Lemma 6.8, we can find a random subsequence & (w, z) := &, (w, z) of &,(w, z) con-
verging to some &(w, z) for all z and w € Q. On the set O \ Q we define &(w, x) := 0 for all z.
Note that this ensures |{(w,z)| < K () for all z € R and w € 2 and (60) is proved.

Here {i(w, 2) = &y (w, @) = 30154 &(w,2)1 5 1), With B(l k) = {(w,z) : np(w,z) =1} e H®
B(R) and Ui B(1,k) = QxR. Fixz € R and w € Q. Define B(l, k) := {w : (w,z) € B(l,k)} € H.
Then we have that a.s.

Gw,z,&(x) = Z 1 Gw, z,&())

1>k

> Z 1px) (Alw, ) — Ei(w, z))
1>k

> Z 1 (Alw,r) — sup By (w,z)) = A(w, r) — sup B, (w,z).
1>k m>k m>k

The first inequality follows from the definition of &;.

Note that E,,(w,z) — 0, m — oo (see Lemma 2.37) also implies sup,,,>;, Em(w,r) — 0,
k — oc. By the continuity of G, we get G(w, z, £(z)) > A(w, z). Thus (59) is proved for each =
since A(z) > G(w, x,&(x)) is trivial.
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Equation (56) implies
A(w,H) = E(V(H +£H)Y)|H) as. (62)

so0 it remains to show
E(V(H +£Y)[H) < A(w, H) as. (63)

for each fixed ¢ € 27 but this is true by (56) and by the definition of A.
O

Remark 2.39. For the proof of Theorem 2.18 it would suffice to construct, for all H € =!,
some & € =4 satisfying E(V(H +¢xY)|H) = A(H), as we did in the case of u bounded above
in Lemma 2.8. We have obtained a much sharper result which we shall need in Section 2.7:
there is £ : QO x R — R such that one can choose &5 = ¢ (H). This requires the above careful
(and rather tedious) construction for &.

2.6 Dynamic programming

So as to perform a dynamic programming procedure, we need to establish that some cru-
cial properties of u are true for U, as well, i.e. they are preserved by dynamic programming.
In particular, the “asymptotic elasticity”’-type conditions (66) and (67), see below.

Proposition 2.40. Assume that u satisfies Assumption 2.13. Then there is a constant C > 0
such that for all x e Rand X > 1,

Nu(z) + O\, (64)
Mu(z) + CN°. (65)

£
>
&
IA A

Proof. Let C := max(u(Z), —u(—z)) + ¢ + |u(0)|. Obviously, (64) holds true for > Z by (15).
For 0 < x < 7, as u is nondecreasing, we get

u(Ax) u(AT) < A%u(T) + ¢ = Au(z) + ¢+ X (u(T) — u(z))

Au(x) + ¢+ A (u(T) + [u(0)]),

INIA

from (15) and (64) holds true. Now, for —z < x < 0, u(Az) < u(0) and
uw(0) < Xu(—z) + CA* < Au(z) + CAY,

s0 (64) holds true.
If £ < —z then u(z) < 0, see Assumption 2.13. By (16) and « < 3, one has

u(Mz) < Nu(z) < Xu(z) < X\u(z) + A*C.
We now turn to the proof of (65). For = > T, using (64), o < § and u(z) > 0:
u(Ar) < XNu(z) + OA* < Mu(z) + CNP.
For 0 <z <7,

uw(Az) < u(AT) < A\u(T) + ¢ =
Mu(z) = Mu(x) + AXu(@) + ¢ < Nu(z) + N u(0)| + Nu(@) + d.

For -z <2 <0
u(Ax) < u(0) < Nu(—z) + CN° < Nu(z) + CN°.

Finally, (65) for x < —z follows directly from (16). O

Now we establish similar estimates for Urp(x) = u(xz — B).
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Proposition 2.41. Let B be bounded below. Then there exist g,C > 0 such that

UT(/\$)
UT()\x)

AUr(x + g) + C\Y, (66)
NUrp(z + g) + CN\°. (67)

IAIA

Proof. Let g > 0 be such that B~ < g. Then
Ur(Ar) < Xz — B/X)+ CAX* < A%u(x + g) + CA°.
The verification of (67) is analogous. O

Proposition 2.42. If Assumption 2.16 holds true then forall 1 <t < T and ¢ € ¢ | we have
for all z,

E(Ut(fE + fASt)‘ftfl) S Utfl(fﬂ) < 400 a.s. (68)

BE(Uf (x + €ASY)|Fio1) < +o0 a.s. (69)

Proof. By (21) and Assumption 2.16, EU;(z) exists for all ;. Choosing the strategy equal to
zero at the dates 1,...,t — 1, we get

E(Us(z)) =z E(E(Ur(z)|Fo)) = E(U1(z)) = ... = E(E(Ui1(2)|Fi-2)) = E(Ui-1(2))

As E(Up(x)) < oo, we obtain that E(U;_;1(x)) < oo. Statements (68) and (69) are trivial from
this. L

Proposition 2.43. Assume that S satisfies the (NA) condition and that Assumptions 2.13
and 2.16 hold true. One can choose versions of the random functions U;, 0 < t < T, which are
almost surely nondecreasing, continuous, finite and satisfy, outside a fixed negligible set,

U(Az) < XUi(z+ g) + CAY, (70)
U(\z) < MUz +g)+CN, (71)

for all X > 1 and z € R. Moreover, there exist positive N;_1 € =} _, such that:

2C

Rt—1

P (Ut(—Nt1> < - - 1‘ ]:t1> >1—ke-1/2, (72)
here C is the same constant as in (70) and (71) above and k;_1 is as in (5). Finally, there exist
Fi ® B(R)-measurable functions &1, taking values in D1, 0 < t < T — 1 such that, for all
H € =}, almost surely,

Up(H) = E(Up1(H + &1 (H)AS;41)| F). (73)

Proof. Using backward induction from T to 0, we will apply Lemmata 2.31 and 2.35 and
Proposition 2.38 with the choice V :=U;,, H = F,_1, D := Dy, Y := AS;, v = U;_1. Then for
each z € R, we will choose the random function U;_(z) to be A(z) which provides an almost
surely nondecreasing and continuous version of U;_;(z) (see Lemma 2.35 and Remark 2.36).
We need to verify that Assumptions 2.28, 2.26 and 2.29 hold true.

We start by the ones which can be verified directly for all ¢. The price process S satisfies
the (NA) condition. So by Proposition 1.6, Assumption 2.28 holds true with v = v;,_; and
k = Kki—1. Now, by Propositions 2.15 and 2.42, (68) and (21) are valid thus (31), (32) hold true
for V=U;,Y =AS;and H = F;_1.

We will prove the cases ¢t = T and ¢ = T'—1 only since the latter is identical to the induction
step. The function Ur is continuous and non-decreasing by Assumption 2.13. Inequalities (34)
and (35) for V = Ur follow from Proposition 2.41.

Let g be an upper bound for B~. Inequality (36) (and hence also (72) for t = T') is satisfied
because for any « > = + g,

Ur(~z) < u(~x +g) < ( - *g)ﬁm—x)

—Z
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from (16), u(—2x) < 0 by (17), so we may choose

_ 1\
Nr_4 :=maX{x( (2¢/rr-1) 1) +g,x+g}-

u(—z)

Now we are able to use Proposition 2.38 and there exists a function & with values in Dr
such that (73) holds for t = T'— 1. Moreover, by Lemma 2.35, we can chose for Ur_;(w, ) an
almost surely nondecreasing and continuous version.

We now prove that Assumption 2.29 holds for V = Ur_;. For some fixed z € Rand A > 1,
almost surely

Ura(h) = EUr(\z+ &r(A\x)ASr)|Fro1)
< XYEUr(z + (€r(Ax)/AN)AST + g)|Fr-1) + C) < X*(Ur-1(z + g) + C),

where the first inequality follows from (70) for ¢t = T. Clearly, there is a common zero-
probability set outside which this holds for all rational x, \. Using continuity of Ur_; this
extends to all A\, z. Thus (70) holds for ¢ = T'— 1. By the same argument, (71) also holds for
t=1T-—1.

It remains to show that (72) holds for ¢t = 7' — 1 and then Assumption 2.29 will be proved
for V.= Ur_;. Choose I7_; = 2C/kr—1 + 1 which is a.s. finite-valued and invoke Lemma 2.31
(with V = U7) to get some non-negative, finite valued and Fr_;-measurable random variable
N’ such that Ur_1(—N’) < —Ir_; a.s. Let us define the Fr_,-measurable events

Ay i={w: P(N' <m|Fr_s)(w) >1—ki—2(w)/2}, m eN.

As P(N' < m|Fp_s) trivially tends to 1 when m — oo, the union of the sets A,, cover a full
measure set hence, after defining recursively the partition

By = A17 Berl = Am+1 \ (U;TL:IA‘]) )
we can construct the non-negative, Fr_s-measurable random variable

NT_Q = Z mle

m=1
such that P(N' < Nr_o|Fr_2) > 1 — K:—2/2 a.s. Then a.s.
P(Ur_1(=Nrp_2) < —Ip_1|Fr_2) > P(N' < Np_o|Fr_2) > 1 — kp_2/2.

Applying Proposition 2.38 to Ur_1, (73) follows for ¢ = T' — 2. We can continue the procedure
of dynamic programming in an analogous way and get the statements of this proposition. [

Proof of Theorem 2.18. We use the results of Proposition 2.43. Set ¢% := & (z) and define
inductively:

t—1
¢r =& |2+ > @JAS; |, 1<t <T.

Jj=1

Joint measurability of &, ensures that ¢* is a predictable process with respect to the given
filtration. Proposition 2.43 implies that, fort =1,...,7T a.s.,

BU(X7?)|Fier) = Una (X75). (74)
We will now show that if Eu(X:ZF’d’* — B) exists then ¢* € ®(z) and for any strategy ¢ € ®(z),
E(u(X7? - B)) < E(u(X7" - B)). (75)

This will complete the proof.
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Let us consider first the case where Eu*(XJZJ‘Z’* — B) < co. Then by (74) and the (condi-
tional) Jensen inequality (see Corollary 6.5),

Uf_(X3%) < B(UF(X57)|Fro1) as.

Thus E[U;_,(X%%))] < oo and, repeating the argument, E[U;" (X{** )] < oo for all .
Now let us turn to the case where Eu_(ijJ(b* — B) < oo. The same argument as above

with negative parts instead of positive parts shows E[U; (X7**")] < oo for all ¢.
It follows that, for all ¢, EU,(X;*") exists and so does E(U,(X[**" )|F,_1), satisfying

E(B(U(X]? )| Fimr)) = BU(XP),
see Lemma 6.2. Hence
E(Ur(X7%")) = B(E(WUr(X5:°)|Fr 1)) = BUr 1(X5%))) = ... = B(Uy(2)). (76)

By (21) and (24), —co < Eu(z — B) < EUy(z), hence ¢* € ®(z) follows.

Let ¢ € ®(z), then E(Ur(X:?)) exists and it is finite by definition of ®(z) so for all ¢,
E(Ur(X2?)|F) exists and BE(E(Ur(X5°)|F:)) = E(Ur(X57)).

We prove by induction that E(UT(X:ZF’(/’)U-}) < Uy(X7?) a.s. For t = T, this is trivial.
Assume that it holds true for ¢ + 1.

As we saw during the proof of Proposition 2.43, E(U;1(X; ® 4 d1+1AS41)|F) exists and
it is finite. So, by the induction hypothesis, Proposition 2.38 and (73),

E(UT(X;’%\E) < BUp1 (X7 + ¢111A8141)|F) <
E(Ut+1(Xf’¢ + €t+1(XtZ7¢)ASt+1)‘]:t) = Ut(Xf’¢)-

Applying this result at ¢ = 0, we obtain that E(UT(X;’¢)|]-"0) < Up(z) hence also
E(u(X3? — B)) < E(Up(2)). (77)

Putting (76) and (77) together, we get the optimality of ¢*.

To see continuity of u, let 2, — z, k — oo with y; < inf z), < sup, zr < y2. By continuity
of Uy, we have Uy(z) — Up(z) a.s. Lebesgue’s theorem now shows u(xy) — @(z), noting that
(z) = EUy(2), E(u(y1 — B)|Fo) < Up(xy) < Up(y2) and Eu(y; — B) > —oo, EUy(y2) < oo by our
hypotheses. O

Proof of Corollary 2.20. We follow the proof of Proposition 2.43 but with certain refinements.
Claim : We have N;_; € W, where N;,_; equals N in (36) for the choice V = U;, H := F;_1
and there exist non-negative, adapted random variables C;, J;_1, M, 1, R; belonging to W
(i.e. Cy, R; are F;-measurable and J;_1 and M;_, are F;_1-measurable) and numbers 0, m > 0
such that, for a.e. w,

Ui(z) > —m(Jz/’+ R:+ 1), forall x (78)
Ul () < C|z|* +1), for all z, (79)
Ki1(z) < M;_1(|z° +1) forall z. (80)
In addition, for all x, y € R,
EUS (x + [y||AS)|Fic1) < Jioa(lz]* + y]* + 1) < o0, a.s. (81)

where the F;_,-measurable random variable K, () is just K (x) defined in (40) for the choice
V= Ut, Y = ASt and'H = -thl-

Inequality (78) is trivial from (21) for all ¢t with R; := F(|B|?|F;) (we may and will assume
p > 1) thus (31) follows from (28) and (21).
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We proceed by backward induction starting at t = 7. We will only do steps ¢t = T and
t =T — 1 since the induction step is identical to the latter. Choosing

_ Y1\ 7
Np_y ::max{x( (2C/rr-1) ) +g,x+g}7

u(—z)

just like in the proof of Proposition 2.43, we can see that Np_; € W.
We estimate, using Assumption 2.13,
|z +g]* _ N
Ur(a) < u(@+9) < “—Iou(@) + e+ u(@ +g) < Cr(ja]” + 1), (82)
for all z, with some deterministic constant Cr. It is clear that (82) also holds true for U} and
thus (79) holds true. We obtain

E(UL (z + [yl|AST|)|Fr-1) E(Cr|Fr—1)2%z|* + 1) + 2%|y|*E(Cr|AST|*|Fr-1)

<
< Jraa(fel® + yl* +1) < oo,

with Jr_, = QO‘E(CT + CT|AST|O‘|.7:T_1).

It is clear that Jr_; belongs to W (recall ASr € W) and that Jr_; is Fr_;-measurable.
Thus (81) holds true (for V= Ur). To finish with the step ¢t = 7', it remains to prove (80). As
(28) holds true, we can use (42) in Lemma 2.31 and we just have to prove that Mr_; € W
where Mr_; equals the M of Lemma 2.31 when V = Ur. From Lemma 2.31, My_, is a
polynomial function of 1/vy_1, 1/kp_1, Ny—1 and Ly, where L; denotes L from Lemma 2.31
corresponding to V = U;. As Ly = E(U} (1 + |ASt|)|Fr-1) < 3Jr_1 we get that Ly € W and
Mr_1 € W indeed.

Let us now turn to step ¢t = 7' — 1. Recall that Ur_; satisfies (70) by the argument of
Proposition 2.43. Hence we get

Ur—i(z) < Up—1(|z])
2| [E(Ur(1+ g + Kr_1(1 + g)|AS7|)|Fr_1) + C]

|z|*[Ur—1(1+9)+Cl < (83)

<
< Croa(lz® +1)

a.s. for each x with some positive Fr_;-measurable Cr_1, recalling (79) and (80). Thus
also Uj (z) < Cr_1(|z|* + 1) a.s. As both U | and 2 — Cr_1(|z|* + 1) are continuous,
Ut (x) < Cr_1(]z|* +1) holds for all z simultaneously, outside a fixed negligible set and (79)
is satisfied. As My_; and Cr belong to W, Cr_; also belongs to WW. Furthermore, for all z, y,
a.s.

BE(Uf_y (2 + [yl|AST—1])|Fr—2) E(Cr1|[Fr—2)(2%[2|* +1) + 2%y E(Cr 1 |AST1|* | Fr—2)

Jra(|z* +[y|* +1) < oo,

INIA

with JT_2 = QQE(CT—l + CT_1|AST_1|O[‘]:T_2).

As Jr_5 clearly belongs to W and Jr_5 is Fr_s-measurable, (81) is proved.

We now establish the existence of N;_, € W such that (36) holds true with N = Nr_, and
V = Up_;. Let us take the random variable N’ constructed in the proof of Lemma 2.31 for
V = Ur which is such that Ur_(—N’) < —Ip_,, where Ir_; := (2C/k7_1) + 1. By (55), N’
is a polynomial function of 1/k7_1, Ny_; (which belong to W) and E(U; (K7—1|ASt|)|Fr-1),
where Kr_, is defined as K (see (44)) when V = Ur. As Kr_; is a polynomial function of
Nr_1, 1/vp_1, 1/kr_1 and Ly, we have Kr_; € W (recall from the end of step t = T that
Ly € W). As E(Uf (K7-1|AS7|)|Fr—1) is bounded by Jr_1(0+ K% _, +1) by (81) for t = T, we
conclude that N’ belongs to M. Let us now set

 2B(N'|Fr_s)

RT—2

Nr_o: eW.

The (conditional) Markov inequality implies that a.s.

E(N' _ _
P(N' > Np_o|Fr_s) < (V| Frs) _ T2
Nrp_o 2
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As in the proof of Proposition 2.43, a.s.
P(Ur_1(=Nr_3) < —Ip_1|Fr_2) > P(N' < Np_s|Fr_2) > 1 — kr_2/2,

showing (36) for V = Up_;.

We now turn to (80). By (78), one can apply (42) in Lemma 2.31 (with V' = Ur_;) and
(80) is satisfied with some Mr_5 which is a polynomial function of 1/vr_s, 1/k7_2, N7_o and
L7_4. So we just have to prove that Mr_5 € W. As

L= E(U;71(1 + |AST71D|}—T72) <3Jr_q,

we get that Lr_; € W and Mr_; € W as well. This concludes the step t = T' — 1. Continuing
this inductive procedure in an analogous way, the claim is proved.
Now, since by (79),
EUs(z) < EUS (z) < (J2|* + 1) ECy < o0,

(26) holds true and thus Assumption 2.16 is satisfied.

Defining ¢* as in the proof of Theorem 2.18, a straightforward induction shows that ¢; €
W and X7**" € W for all t (and thus ¢* € ®(z)).

We get the optimality of ¢* as in Proposition 2.43 noting that Eu(X%’w — B) is finite. This
completes the proof. O

Proof of Corollary 2.22. In this case we note that
ulx—B)>—-u (z—g), forallz e R

holds instead of (28) where g is a bound for |B| and v~ (- — g) is a continuous, hence also locally
bounded non-negative function. Thus in Lemma 2.31, assuming that V(z) > —u~(z — g) we
obtain that K (z) (see (40)) can be chosen a non-random locally bounded function of x and
u™(lz] — g). Similarly, K (see (44)) is a (non-random) constant. So one can imitate the proof
of Corollary 2.20 with C;, J;_1, M;_1, N;_; non-random. We get that the & (-) are also locally
bounded. Hence, for z fixed, X; " and ¢; will also be bounded for all ¢ by a trivial induction
argument and we can conclude. O

Remark 2.44. One may try to prove a result similar to Theorem 2.18 in continuous-time
models. In the light of Proposition 4.8 below (see also Theorem 3.2 of [52]), however, serious
limitations are encountered soon. If we look at the particular case of no distortion there (i.e.
0 = 1, which corresponds to the setting of this chapter), Proposition 4.8 implies that taking
U(x) = 2% x > 0 and U(zr) = —(—2)%, < 0 with 0 < «,3 < 1 the utility maximisation
problem becomes ill-posed even in the simplest Black and Scholes model.

This shows that discrete-time models behave differently from their continuous-time coun-
terparts as far as well-posedness is concerned. In discrete-time models the terminal values of
admissible portfolios form a relatively small family of random variables hence ill-posedness
does not occur even in cases where it does in the continuous-time setting, where the set of
attainable payoffs is much richer.

Consequently, there is a fairly limited scope for the extension of our results in the present
chapter to continuous-time market models unless the set of strategies is severely restricted
(asin[11], [18] and [25]). This underlines the versatility and power of discrete-time modeling.
The advantageous properties present in the discrete-time setting do not always carry over to
the continuous-time case which is only an idealization of the real trading mechanism. Consult
Chapter 4 for more on continuous-time models.

2.7 On equivalent martingale measures

The present section is concerned with the construction of Q € M with desirable integra-
bility properties for both dQ)/dP and dP/d(), under additional assumptions on S. Our tool is
the following proposition, a slight extension of Proposition 7.1 in [78].

30



dc 1138 15

Proposition 2.45. Let u be concave, continuously differentiable and strictly increasing. Let
Assumptions 2.13 and 2.19 be in force (see Remark 2.23) and assume

u'(z) < K(|z|F +1), = €R, (84)

for some k, K > 0. Assume B = (.
Then problem (3) is well-posed; for every initial endowment z there exists strategy ¢*(z)
such that ¢; e W, t=1,...,T,
i(z) = Bu(X2%")

and . / Xz,¢*)
Jg:f;;cgéﬁﬂ), (85)
defines an element of M.
Proof. We first remark that (84) clearly implies
u(z)] < K'(|l2*"1 + 1), 2 <0, (86)

for some K’ > 0.
The assumptions of Proposition 2.43 hold by (86), hence we follow the proof of that result.

However, we also verify, by backward induction that, for all¢ =0,...,T":
U, is continuously differentiable and concave, (87)
Ui(H) = B(Up 1 (H + €41 (H)ASp11) | Fo), (88)
E(U! 1 (H + &1 (H)AS;41)ASe 1| Fy) =0, (89)

for all H € =}.

Suppose that the above statements are true for ¢t + 1 and proceed by the induction step
(the case t = T follows similarly). We apply Proposition 6.13 with the choice V := U, and
H := F;. We only need to check that

sup Uis1(z + yASi1)[ASiil.
(z,y)E[-N,N]4+1

is integrable. For any W € 2}, U/ (W) = E(U/ (W + E142(W)AS,12)|Fip1) for some
(random) function éHz(x) which is polynomial in z, involving random constants in W. It-
erating this observation and (88), we get that U/, (W) = E(u«' (W + p(W))|F;+1) where p(z)
is a polynomial function of x and of elements in W which proves the required integrability,
noting (84). It remains to notice that, as ¢;, AS; € W for all ¢ (see Proposition 2.43), we

also have v’ (X§7¢*) € W by (84), in particular, dQ)/dP defines an equivalent probability. Now
Eq(AS|Fi—1) is just a F;_;-measurable function times E(u’(XfJ“7 )AS;|Fi—1), and the latter

is equal (by repeated applications of (88)) to
EUNXZY)ASFi1) = ...=EBU(XP?)AS)|Fiy) =
BUNXPY + X7 )AS)AS|Fi1) = 0,

using (89). This attests Q) € M. O
Analogous arguments show the following.

Proposition 2.46. Let u be concave, continuously differentiable and strictly increasing. Let
Assumption 2.13 be in force and let B = 0. Furthermore, assume that for all 0 <t < T, AS; is
bounded and (NA) holds such that v, k; of Proposition 1.6 are deterministic for 0 <t <T — 1.

Then problem (3) is well-posed; for every initial endowment z there exists a bounded strat-
egy ¢*(z) such that

u(z) = Bu(XZ%)
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and i
@ - u/(x{]{@ )
dP " Eu/(X2%")

defines an element of M. O

; (90)

Corollary 2.47. Under the conditions of Proposition 2.45 there exists Q1 € M with dQ,/dP €
L*> and dP/dQ; € W. There exists also Q2 € M with dP/dQ> € L*> and dQs/dP € W. Under
the conditions of Proposition 2.46 there exists Q3 € M with dQs/dP,dP/dQs € L.

Proof. First define u;(z) = 2v/z+1 —2 for z > 0 and w;(z) = z for x < 0. This clearly
satisfies the conditions of Proposition 2.45, hence we get Q)1 from (85) with dQ,/dP bounded
above since u} is bounded above by 1. Since Xfﬂ“b* € W and 1/u)(z) is bounded by constant
times vz + 1 for © > 0, we get dP/dQ, € W. Similarly, defining us(x) := 2z for x > 0 and
us(z) == 1/2 — (1/2)(z — 1)% for < 0 we get Q2 with dQ./dP bounded below. As u)(z) is
bounded by constant times |z| + 1 for < 0, we also get dQ2/dP € W. To construct Q3, we
invoke Proposition 2.46 with u equal to either u; or us, and remember that X;W is bounded
in this case. O

The idea of constructing @ € M via (85) was first proposed in [34] and it has become a
standard technique in mathematical finance since. Nonetheless Corollary 2.47 above is the
only result we know of that provides integrability conditions for dQ/dP, dP/dQ under suitable
hypotheses which can be directly checked on S. The only reference with similar results seems
to be [85] where Q € M with various constraints on dP/dQ is constructed under restrictive
hypotheses (in particular, T = 1 or S is bounded). It seems that the standard functional
analytic approach of e.g. [86] leads to “abstract” conditions which cannot be easily checked
on S, one needs the finer analysis of the present chapter. We will utilize Corollary 2.47 later,
in the proof of Theorem 4.16.

Remark 2.48. Formula (85) suggests that an optimal strategy ¢* could perhaps be charac-
terized by the property that, for some Q € M, we have

(W) "M y*(dQ/dP)) = X7* (91)

with some constant y* > 0. This can indeed be made precise under appropriate assumptions,
providing various versions of an “abstract verification theorem” in this context: (under fur-
ther hypotheses) (91) implies the optimality of a given ¢*, see [91, 46]. We shall see a similar
result later (Theorem 5.18), in the context of illiquid markets.

2.8 Further applications

The above techniques can also be applied to studying continuity properties of strategies
with respect to preferences. The following result is Theorem 2.1 from [21].

Theorem 2.49. Let u,, n € N, u be continuously differentiable, strictly concave, increasing
functions for which (15) holds (with the same «,T,c) such that u,(x) — u(z) for all x € R.
Assume that D, := R?% a.s. for all t; Fy is trivial; B is bounded; S is a bounded process and
(NA) holds with v, ks of Proposition 1.6 being constant. Then, for all z, there exist unique
optimal strategies ¢7(z), ¢*(z) satisfying

in(z) = sup Bu,(X7® - B)= Eun(X;’d):‘(z) — B) < o0,
PED(2)
u(z) = sup Eu(X7® - B)= Eu(X;’w(z) — B) < 0.
peD(2)
As n — oo the convergence (¢X(2)): — (6*(2)): takes place almost surely fort = 1,...,T and
Un(2) = u(z), forall z € R. O
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One can also use utility maximisation to price derivative financial products via (85) or
by other related techniques (“utility indifference pricing”), see e.g. [34, 44, 26]. The prices
corresponding to u,, are also shown to converge to those corresponding to u, see Theorems 2.3
and 2.4 in [21]. Under stronger assumptions even the convergence rate of u,, is inherited by
¢! and u,, see Theorems 2.2 and 2.3 in [21].

The risk aversion function r,(z) of an investor with utility function u, (z) can be defined
for u, concave, n € N. In [19, 20] it is shown (using techniques of the present chapter)
that, if r,,(z) tends to infinity then the so-called “utility indifference price” corresponding to
u, converges to the superreplication cost of the given derivative product. This is intuitive:
infinitely risk-averse agents take no risk.

Finally, [79, 24, 77] show the existence of optimal portfolios in a setting where « is defined
on (0,00) only. This corresponds to an investor for whom creating losses is prohibited. The
arguments of [79, 24] are in the spirit of this chapter but they are somewhat simpler. Hence
we chose not to review these papers but rather to focus on the case u : R — R.
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3 Cumulative prospect theory in multistep models

EUT has been accepted by mainstream economics as a mathematically convenient and
intellectually satisfying framework for investors’ decision-making, and it served as the foun-
dation of the theory of microeconomic equilibrium, see [4].

Regardless of the general enthousiasm about EUT, dissenting views emerged from rather
early on. It was demonstrated in [1] that EUT fails in human experiments. In [101, 58],
Daniel Kahneman and Amos Tversky suggested an alternative: cumulative prospect theory
(CPT), supported by empirical evidence. Kahneman received the Nobel prize in economics?
in 2002 for “having integrated insights from psychological research into economic science,
especially concerning human judgment and decision-making under uncertainty”, see [105].
While highly regarded by many, this theory is still subject of debates in economist circles.
Since we are interested in its mathematical aspects we do not discuss arguments for and
against in this dissertation. Our purpose is to present CPT assumptions and then to intro-
duce new mathematical tools for tackling optimal investment problems for agents with such
preferences.

Economics literature on CPT is vast (see the references of [52, 25]) but it stays mostly at
the rather elementary level of one-step financial markets. More complex models appeared in
[562, 25, 11, 18, 81], but all these papers assumed that the financial market in consideration
was complete, i.e. any reasonable payoff could be replicated by dynamic trading (see Section
1.3). Most prominent examples of such markets are the binary tree (Cox-Ross-Rubinstein
model) and geometric Brownian motion (Black-Scholes model), see e.g. [15]. Though they
provide excellent textbook material, complete market models perform poorly in practice.

Most papers also make assumptions on the portfolio losses: [25] allows only portfolios
whose attainable wealth is bounded from below by 0. In [52] the portfolio may admit losses,
but this loss must be bounded from below by a constant (which may depend on the chosen
strategy). Recall, however, that when the (concave) utility function v is defined on the whole
real line, standard utility maximisation problems usually admit optimal solutions that are
not bounded from below, see [91].

It is thus desirable to investigate models which are incomplete and which allow portfolio
losses that can be unbounded from below. In [12] and [49], a single period model is studied.
Our research concentrated on multistep discrete-time models. These are generically incom-
plete* and they form a broad enough class to match arbitrary empirical data. In addition,
the real trading mechanism is discrete. Our principal results (Theorems 3.4 and 3.16 below)
assert the existence of optimal strategies for CPT investors in a substantial class of relevant
incomplete discrete-time market models. See Chapter 4 for continuous-time models.

We remark that other theories substituting EUT have been proposed: rank-dependent
utility [71] and acceptability indices [28], for instance. It seems that optimisation under such
preferences can also be treated using the tools we have developed for CPT. This is not pursued
in the present work.

The standard (concave) EUT machinery provides powerful tools for risk management as
well as for pricing in incomplete markets, see e.g. [26]. We hope that our present results
are not only of theoretical interest but also contribute to the future development of a similar
framework for CPT investors.

This chapter is based on [72, 22].

3.1 Investors with CPT preferences

The main tenets of CPT can be summarized as follows. First, agents analyze their gains
or losses with respect to a given stochastic reference point B. Second, potential losses are
taken into account more than potential gains. So agents behave differently on gains, i.e. on
(X — B)* (where X runs over possible values of admissible portfolios) and on losses, i.e. on

3More precisely, the Sveriges Riksbank Prize in Economic Sciences in Memory of Alfred Nobel.

4Unless € is a union of finitely many atoms, a discrete-time market model of Section 1.2 is always incomplete, see
Theorem 1.40 of [44]. Actually, one needs a very specific structure in order to get a complete model in finite discrete
time, see [51] for details.
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—(X — B)~. Third, agents overweight events with small probabilities (like extreme events)
and underweight the ones with large probabilities, i.e. they distort the probability measure
using some transformation functions.

Translated into mathematics: we assume that vy : Ry — Ry and wy : [0,1] — [0, 1] are
continuous functions such that w4 (0) = 0, w+(0) = 0 and wy(1) = 1. uy will express the
agent’s satisfaction of gains while u_ expresses his/her dissatisfaction of losses. We fix B,
a scalar-valued random variable. The agent’s utility function will be @(z) := uy(x), z > 0,
a(z) == —u_(—x), z < 0. The functions w, (resp. w_) will represent probability distortions
applied to gains (resp. losses) of the investor.

Remark 3.1. In the seminal paper [58] the authors furthermore assumed that u4 are both
concave, resulting in an S-shaped @. They also stipulated that u_ is steeper at 0 than u,
and that the functions w4 are “inverse S-shaped”, i.e. concave up to a certain point and then
convex. While these features are relevant in an adequate description of investors’ behaviour,
they have no importance in the mathematical analysis, only the behaviour of u+ (resp. w4)
near oo (resp. near 0) matters, hence we do not impose these additional assumptions here.

Ours is the first mathematical treatment of discrete-time multiperiod incomplete models
in the literature. We allow for a possibly stochastic reference point B. More interestingly,
we need no concavity or even monotonicity assumptions on u,u_ (see Assumption 3.11 and
Theorem 3.16 below). Note that in e.g. [52] and [25] the functions v, ,u_ are assumed to
be concave and the reference point is easily incorporated: as the market is complete any
stochastic reference point can be replicated. This is no longer so in our incomplete setting.

In Theorems 3.4 and 3.16 below we manage to provide intuitive and easily verifiable con-
ditions which apply to a broad class of functions u,,u_ and of probability distortions (see
Assumptions 3.11, 3.12 and Remark 3.13) as soon as appropriate moment conditions hold for
the price process. We also provide examples highlighting the kind of parameter restrictions
which are necessary for well-posedness in a multiperiod context, see Section 3.4. It turns out
that multiple trading periods exhibit phenomena which are absent in the one-step case.

We define, for 0 € P,

Vi(0,2) == /0C>o w4 (P <U+ ([quﬂ’z - Br) > y)) dy, (92)
V@J%:Aww(POL<k$—BT)ZO)@. (93)

Denote by A(z) the set of 6 for which V_(6, z) < co. Set

and

V(0,2):=V,(0,2) —V_(0, 2), (94)
for 0 € A(z).
We aim to find 6* € A(z) with
V(0*,z) = sup V(0,z). (95)
0eA(z)

Note that if w. (p) = p (that is, there is no distortion) then we have V (0, z) = Ea(X:* — B).
This shows that problem (10) is a subcase of problem (95) hence it can be expected that we
shall need more stringent assumptions on S in order to get existence results for the more
general class of optimisation problems (95).

In particular, we shall need the following technical condition on S and on the information
flow F;, t = 0,...,T. The sigma-algebra generated by a random variable X will be denoted
o(X).

Assumption 3.2. Let Fy coincide with the family of P-zero sets and let F; be the P-completion
ofo(Zy,....Z;) fort =1,...,T, wherethe Z;, i = 1,...,T are RN-valued independent random
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variables for some N € N, Y} is constant and Y1 = f1(Z1), Vo = f:(Y1,...,Yeo1,Z), t =2,...,T
for some continuous functions f; : RNT(t-DL s RL for some L € N. We assume that B =

g(Y1,...,Y7) for some continuous g and that S} =Y}, i = 1,...,d for some 1 < d < L and for
allt=0,...,T.
Furthermore, for t = 1,...,T there exists an F;-measurable uniformly distributed random

variable U; which is independent of Fi—1 V o(Y3).

We think of the L-dimensional process Y as the economic factors present in the given
market. Its first d coordinates equal S and they represent the prices of d risky assets while
the rest of the coordinates are other variables (inflation, unemployment rate, exchange rates,
assets in a different market, etc.).

Remark 3.3. Stipulating the existence of the “innovations” Z; might look restrictive but it
can be weakened to (71, ..., Zr) having a nice enough density w.r.t. the respective Lebesgue
measure, see Proposition 6.4 of [22]. In addition to the continuity conditions, the above As-
sumption requires that the information filtration is “large enough”: at each time ¢, there
should exist some randomness which is independent of both the past (F;_1) and of the present
value of the economic factors in consideration (Y;). Since real markets are perceived as highly
incomplete and noisy, this looks a mild requirement. See Section 3.6 for models satisfying As-
sumption 3.2.

As in the case of EUT, we first look at the case where u is bounded above. Note that in
this case we may work on ¢ instead of A(z). The following result will be shown in Section 3.2
below.

Theorem 3.4. Assume that u. is bounded above, u_, w_ are nondecreasing with w_(xz) > 0
for x >0, u_(c0) = oo (that is, a(—o0) = —o0) and

V_(0,z2) < oo. (96)
Under Assumption 3.2 and (NA), there is 0* = 0*(z) € ® satisfying

V(0*,z) =supV (0, z) > —cc. 97)
0cd

Remark 3.5. The case of bounded above . is investigated in [75] in complete continuous-
time models. It turns out that u_(c0) = oo is insufficient for the existence of a strategy in
that setting and the distortion needs to satisfy

liminfw_(2x)u_(1/x) > 0. (98)
z—0+

Condition (98) is also essentially sufficient under additional assumptions, see [75] for details.

3.2 CPT with bounded above utility

We begin with a multistep extension of Proposition 1.6.

Lemma 8.6. Forallt=0,...,T — 1, there exist 7, € =}, 7y > 0a.s.,, t =0,...,T — 1, such that,
for all 6 € ® (recall the definition of ® in Section 1.2),

P(9t+1ASt+1 S _Vt|9t+1|7 GnASn S O7 n=t+ 2, e 7T‘ft) 2 Tt
Proof. Define the events

Ay = {9t+1ASt+1S_Vt|9t+1‘}a
A, {0,AS, <0}, t+2<n<T.

We will prove, by induction on m = ¢ + 1,...,T, that for all @ ~ P, there is w?(m) > 0 a.s.

such that

F) > 7l (m). (99)

Eq(la,, .14,
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For m = ¢ + 1 this is trivial for P = @ by Proposition 1.6 and it follows for all Q@ ~ P by
Remark 1.7.
Let us assume that (99) has been shown for m — 1, we will establish it for m.

Eq(la,, - 1a,,|Ft) = E(EqQ(la,,|Fm-1)1la, - -1a,,|F)
> EQ(K'/Sl—llAmfl s 1At+1 ‘]:t)

Now define R ~ P by dR/dP := k% _,/ExS_,. It follows that

EQ(KrQn—llAmf1 s 1At+1 |}-t) = EQ(K/SL—l)ER(lAvnfl s 1At+1 |]:t)EQ(dR/dQ‘]:t)
> Bo(kQ_)Eo(dR/dQ|F)rR(m —1)> 0 a.s.

showing the induction step. Finally, one can set m; := 7/’ (T). O

Lemma 3.7. Under the conditions of Theorem 3.4, let 6(n) € ®, n € N such that V(z,0(n)) >
—c for some c € R, for all n. Then the sequence of the laws of (01(n),...,0r(n)) is tight.

Proof. 1t suffices to show, by induction on m = 1,...,T, that we have, for all m,
P(Iam(n” 2 Cn) - 07 n— o0,

for every sequence ¢, — 0o, n — oo, see e.g. Lemma 4.9 on p. 66 of [69]. The first step is
similar to the induction step, so we omit it. Let us assume that the above statement has been
shown for m = 1,..., k, we will show it for k + 1.

Define the right-continuous and non-decreasing function

w! (q) == max{p € [0,1] s w_(p) = q}, q€0,1],

(note the continuity of w_). Clearly, w! (9) > 0,q—0.

Since u, and hence also VT (0(n), z) are bounded above by a fixed constant C, V(0(n), z) >
—c implies V_(8(n), z) < ¢ + C for all n. From (93) we get w_(P((u_(Xz?"™ — B)_) > y)) <
(¢+C)/y hence also P(u_((X2"™ —B)_) > y) < w! ((c+C)/y), for all y > 0. This shows that

P((X3"™ = B)_ > ¢,) < Pu_((X3"™ = B)_)) > u_(cy)) < wh (e +C) Ju_(en)) — 0,

as n — oo, since u_(x) — oo, x — co and wT_(q) —0,q — 0.

We claim that, for all 1 < j < k, P(|6,(n)AS;| > ¢,) — 0, n = oo for any sequence ¢,, — oo,
n — oo. Indeed, fix ¢ > 0. P(JAS;| < s) > 1 —¢/2 for s large enough. Also, for n large enough,
P(l6;(n)] < ¢,/s) > 1 —¢/2, by the induction hypothesis. Hence P(|0;(n)AS;| > ¢,) < € for n
large enough, as claimed. It follows that also

k
I(n) = P(IX"™) > ¢0/3) < 37 P(10;(n)AS;] > ¢/ (3k)) = 0, n— .
j=1
Clearly, the inclusion
T
z,0(n z,0(n
{07 0,(0)AS)- > e} C{IB| > ea/3 U{IX7"™] > 03} U{(X5™ = B)_ > ¢/3}

j=k+1

holds, which implies

P(|B| > ¢u/3) +1(n) + P(X;"™ = B)_ > ¢,/3) >
T
P 0;(n)AS)->c) >
Jj=k+1
P(Ok+1(n)ASk41 < —kk|Ok1(n)], 0;(n)AS; <0, k+2<j<T,
0k+1(n)| > cn/kE) >

ELig,y(n)|>en/rn k]

37



dc 1138 15

s0 Elljg, . (n)|>cn/r k] — 0, n — oo0. Define Q ~ P by dQ/dP := m/En. It follows that
Q(|0k+1(n)] > ¢n/kr) — 0, n — oo, which implies Q(|0x+1(n)] > ¢,) — 0 and hence also

P(|0k+1(n)| > ¢n) — 0, n — oo. The induction step is completed. O

Proof of Theorem 3.4. Let 6(j) € ® be such that V(6(j),2) > supgeqe V(6,2) —1/j, j € N. As
V(z — B) > —o0, this supremum is > —oco. By Remark 2.4 we may and will suppose that
6(j) € @ for all j. By (96), the supremum is at least V(0,2) > —occ so inf; V(6(j),2) > —oo,
hence Lemma 3.7 shows the tightness of the sequence of random variables (61(5), ..., 0r(j)),
j € N. Then the sequence

L= (Viveo o Y0,00(9), ., 0r(5)), j €N

is also tight so a subsequence (still denoted by j) converges weakly to some probability law
1 on B(RT(@+L)) We will also use the notation I}m = (S1,...,5,0:1(5),...,0:(j)) and denote
its law on B(R*(4+L)) by 1;(5). Let us take M to be a T(d + L)-dimensional random variable
with law p. Let pg be the law of

(Ml,. . .,MkL7MTL+1, » .7MTL+kd)

on B(R*(4+1)) Obviously, 11 (j) weakly converges to yix, 7 — 0.

We shall construct, recursively, 67, ¢ = 1,...,T such that F, := (Y1,...,Y%,07,...,0;) has
law py forall k =1,...,T, and 6* = (67, ...,0%) is a trading strategy.

As 0 (j) are deterministic numbers, weak convergence implies that they converge to some
(deterministic) 67 which is then Fy-measurable. Clearly, (Y1, 67) has law p;.

Carrying on, let us assume that we have found 6,7 = 1,..., k such that F}, has law y; and
07 is F;_1-measurable for j =1,... k.

We now apply Lemma 6.16 with Ny = d, No = k(d+ L), E = U, and Y = Fj to get G
such that (Fj, G(F),Uy)) has the same law as (M!, ..., M*E M7+l pTd+(+1DL) 'we denote
this law by [, henceforth (note that, by Assumption 3.2, U is independent of F}). Define
051 = G(Fk, Uy), this is clearly F;-measurable. It remains to show that F,, has law px 1.
I](k+1)

As pj+1 is the weak limit of Law , it is enough to prove that the latter is Fj ;. We first

decompose the laws of I J(-kH) and F}, 1 by means of conditioning.

By Assumption 3.2 one can write Y; 11 = fr+1(Y1, ..., Y%, Zk+1) with some continuous func-
tion fr1. Notice that the law of the (k + 1)(d + L)-dimensional random variable Fj is

pes1(dx) = fig(doy, . .. doy, dri, ..., dTi1)p(doys1|on, .., op, Te, ., Thi)
where we write
dz = (dz1, .. -adx(k+1)(L+d)) = (doy,...,dogsr,dry, . -7di+1)7d0j = (dx(j—l)LJrhn-,dij)

for j=1...,k+1 and dr; = (dx(k+1)L+(i,1)d+1, .. .,dx(k+1)L+id) fori = 1,...,k + 1. The
probabilistic kernel p is defined by
p(Alo1, . Ok, 1y Thp1) = P(Yepr € AYr =01, Y = 0,07 = 71,0, 05 = Thp1) =
P(fit1(o1,. .o 0k, Zitn) € AIY1 =01, Yy = 04,07 =71, . Opyy = Thp1) =
P(fry1(o1,... 0%, Zrs1) € A),
for A € B(R?), (01,...,0) € R*E (1q,...,7hy1) € RFEFD by independence of Z;,; from Fj.
The crucial observation here is that p does not depend on (74, ..., 7%41)-
It follows in the same way that, for all j, the law of I j(-kﬂ) is

Mk+1(])(dl‘) = ﬂk(j)(da-h s 7d0'k7d7'17 o 7d7—k+1)p(d0k‘+1|017 sy Ok T1y et 7Tk+1)a

where [ix(j) is the law of (Y1,..., Y%, 01(4),- .., 0k+1(4))-
Clearly, the weak convergence of Law(/;) to y implies that their marginals fi;(j) converge
weakly to ji, for each k. To conclude the proof, we have to show that this implies also

wk+1(J)(dz) = pk(§)(do1, ..., dog,dm, ..., dTe1)p(dogs1|01, - oy Oky T1y ooy Thg1) —
pk+1(dz) = ag(doy, ..., dog,dr, ..., d1gs1)p(doks1lor, oo 0k, T1, -, Ter1)  (100)
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weakly as j — oo.
First notice that, for any sequence v, — v in RF(+L)+d p(|y,.) tends to p(-|v) weakly.
Indeed, taking any continuous and bounded % on R”, we have

[, p@dalo) = Eh(fens (b ob Zi) =
Eh(fra(vhy .. 0™, Zr1)) = /ﬁ h(o)p(do]v)
RL

by continuity of h, fi.1, boundedness of h and Lebesgue’s theorem.
Now take any uniformly continuous and bounded g : R(*+D(d+L) 5 R, Define

30)i= [ ow.opldol), v e RETEIE
RL
We claim that g is continuous. Indeed, let v,, — v. Then

()~ 9001 < | [ atonotaolon) = [ atw.o)ptaoton)| +

. ’ / o(v.0)pldou,) - / g(v,0)p(dolv)

Here the first term tends to zero by uniform continuity, the second term tends to zero by the
weak convergence of p(:|v,,) to p(-|v). This shows the continuity of g.
As [i;.(j) converge weakly to jig, it follows that

/ g(ala cey Ok Ty e s 7Tk+1)ﬂk(j)(dala .. '7dakudT17 .. '7di+1) —
RE(d+L)+d
/ g(ol7 <oy Ok Ty - 7Tk+1)ﬁk(dala .. '7d0kadT17 . '7di+1)7
RE(d+L)+d

as j — oo. This implies that

/ 9(o1, Ok Ty ooy Th 1 Ohg1) POt 1 |01 oo Ok, Ty oo T ) ik (J) (dO s - )
ROs+1)(d+L)
tends to
/ 9(o1, Ok Ty ooy Th 1 Ok 1) (Ot 1 |01 - o Ok, Ty oo T ) ik (dOt, - ),
R(k+1)(d+L)

showing that (100) holds (recall that, in order to check weak convergence, it is enough to use
uniformly continuous bounded functions, see Theorem 1.1.1 of [100]) and the induction step
is completed. We finally arrive at (Y3,...,Yp,05,...,0%) with law pp = pu.

As uy,wy are continuous, w. (P(ux ([X?0U)% — B]1) > v)) tend to w (P(u+ ([ X * — B]y) >
y)) outside the discontinuity points of the cumulative distribution functions of u. ([X? % —
Bl+), in particular, for Lebesgue-a.e. y. Note that w. (P(uy([XZ°Y — Bl,) > y) < Lo,
where C' is an upper bound for . . Fatou’s lemma implies

limsup V(6(5), 2) < V (0%, 2),

Jj—o0

which shows that 6* satisfies (95). O

3.3 A surprising example

Take z = 0. Let us define P := {Law(X%qﬁ) : ¢ € ®}. The proof of Theorem 3.4 consisted
of two steps: first, the relative compactness of the sequence of optimisers (for the weak con-
vergence of probability measures) was shown using Lemma 3.7; second, it was established
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that for a tight sequence of strategies ¢(n), n € N one may always find a limit point of (a
subsequence of) Law(X%‘z’(")), n € Nin P, under Assumption 3.2.

In this section we provide an example which shows that the latter property can easily fail
and P is not closed for weak convergence unless additional assumptions (such as Assumption
3.2 above or Assumption 6.1 of [22]) are made. This fact is surprising since the set {X%‘i’ RS
®} is closed in probability, even without (NA), see Proposition 2 of [99] and Proposition 6.8.1
of [35]. In the sequel Leb refers to the Lebesgue measure on [0, 1].

Our example will be a one-step model with one risky asset and a non-trivial initial sigma-
algebra. Let U be uniform on [0, 1] and let Y be a Z-valued random variable, independent of
U, with P(Y = —1) = 1/2, P(Y = k) = 1/2k*! k > 1. Define Fy := o(U), F; = o(U,Y).
Set Sp = 0,5 = AS; := —1ifY = —1 and AS; = f,(U) if Y =k, k > 1 where fy(z) :=
3¥ +1/2 + qi(z), z € [0,1] and ¢ is a complete orthogonal system in the Hilbert space

{h € L2([0, 1], B(0,1]), Leb) - /1 h(z)dz = 0}

such that each ¢ is continuous and |gx(x)| < 1/2, z € [0,1]. Such a system can easily be
constructed e.g. from the trigonometric system. This model clearly satisfies (NA) but we
claim that

P = {Law(¢pAS1) : ¢ is Fy-measurable}

is not closed for weak convergence.
We first construct a certain limit point for a sequence in P. A “creation of more random-
ness” takes place in the next lemma.

Lemma 3.8. Define g,(z) :==n(x—k/n), k/n <z < (k+1)/n, k=0,...,n—1and set g,(1) =1,
for n € N. We claim that u,, := Law(U, g,,(U)) converges weakly to p := Law(U,V), n — oo,
where V is uniform on [0, 1] and it is independent of U.

Proof. It suffices to prove that, for all 0 < a,b < 1, we have 1, ([0, a] x [0,b]) = 1o ([0, a] x [0,0]),
see Theorem 29.1 in [14]. Fix a, b and define, for all n, I(n) as the largest integer with [(n)/n <
a. By the definition of g, we have that, for all n € NU {o0},

pn([0,1(n) /n] x [0,8]) = bl(n)/n.

It is also clear that 1,,(]0, a] x [0,b]) — un([0,1(n)/n] x [0,b]) < 1/n holds for all n € N and also
foo ([0, a] X [0,0]) — poo([0,1(n)/n] x [0,8]) < 1/n, hence 1, ([0,a] x [0,b]) = poo([0,a] x [0,0]),
n — 00. O

Define ¢, := g,(U) + 1, n € N. It follows that the sequence of triplets (U,Y,¢,), n € N
converges to (U,Y, W) in law, where W is uniform on [1, 2] and independent of (U,Y"). Define
¢ := W. Note that equipping Z with the discrete topology, AS; is a continuous function of
(U,Y), hence, by the continuous mapping theorem, Law(¢$,AS;) converges weakly to v :=
Law(¢AS;). We claim, however, that v ¢ P.

Arguing by contradiction, let us suppose the existence of a Borel-function g such that
with ¢ := ¢g(U) one has v = p := Law(¢AS;). Let s denote the support of the law of ¢. If
s N (=00,0) # O then the support of x would be unbounded from below hence it cannot be
equal to v. Hence ¢ > 0 a.s. and then —s = supp(v) N (—o0,0] = [-2, —1], s0 s = [1,2].

This implies that the following (a.s.) equalities hold between events:

A = {oAS; € [3F,2x 3" + 2]} = {Y =k} = {pAS; € [3¥,2 x 3F + 2]},

for all £ > 1. Then, by independence of U from Y and W of (U,Y),

E[pAS14,] = P(Y = k)E[g(U) fx(U)] = (1/2'““”1)/O 9(x) fr(z)dr =

E[¢pAS 14,] = (1/2""YEWEfi(U) = (1/2°71)(3/2)(3" + 1/2).
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It follows that, for all k&,

CM:Agmmwmm=Emmuum—wtwmn=Bm—Emmmw+un

Since the g, are orthogonal and uniformly bounded, necessarily > ;- , ¢? < oo, so ¢, = 0 for
all k. This implies Fg(U) = 3/2. By the completeness of the sequence g, we also get that g is
a.s. constant, so ¢ = 3/2. This contradiction with s = [1, 2] shows our claim.

3.4 A first look at well-posedness

Well-posedness is trivial for v, bounded above. We will thus concentrate on the case of
unbounded u in this section.

Example 3.9. A typical choice for w4, w+ (going back to [101]) is taking
up(z) =2% u_(z)=ka?

for some k > 0 and setting

)

P’ (p) = p
i+ —p) T T (=)

with constants 0 < «, 3,7,0 < 1. This is still one of the most commonly used specifications of
u+,w+ in the literature.

Requiring that 0 < «, § < 1, we ensure that both v, and u_ are concave. Moreover,
assuming v,0 < 1, we get that the probability distortions are “inverse S-shaped” and that
wx(x) > x holds for all x close to 0. This latter property captures the fact that a behavioural
agent overweights small probabilities.

wy(p) = (

We are concerned with maximizing V (6, z) over 6 € A(z) in the case where u is not neces-
sarily bounded above. We seek to find conditions ensuring well-posedness, i.e.

sup V(0,z) < oo, (101)
0eA(z)

and the existence of §* € A(z) attaining this supremum.

Remark 3.10. One may wonder whether the set A(2) is rich enough. Assume that u_(x) <
c(1 4 2) for some ¢, 3 > 0; B € W and w_(p) < Cp° for some 6,C > 0. Then Lemma 6.14
below implies that the strategy 6, = 0,¢ = 1,...,T is in A(z), in particular, the latter set is
non-empty. If, furthermore, AS; € W for all ¢t then 6 € A(z) whenever 6, ¢ W, t =1,...,T.
This remark applies, in particular, to u_ and w_ in Example 3.9 above.

In the rest of this section we will find parameter restrictions that need to hold in order
to have a well-posed problem in the setting of e.g. Example 3.9. The discussion below sheds
light on the assumptions we will make later in Section 3.5.

For simplicity, we assume that u, (v) = v® and u_(x) = 2" for some «, 3 > 0; the distortion
functions are w, (p) = p”?, w_(p) = p° for some 7,5 > 0. The example given below applies also
to w4 with a power-like behavior near 0 such as those in Example 3.9 above.

Let us consider a two-step market model with S; = 0, AS; uniform on [-1,1], P(AS; =
+1) = 1/2 and AS, is independent of AS;. Let Fy, i, 7> be the natural filtration of Sy, Sy, Ss.
It is easy to check that (NA) holds for this model.

Let us choose initial capital = = 0 and reference point B = 0. We consider the strategy
0 € ® given by 6; = 0 and 6, = g(AS;) with g : [-1,1) — [1,00) defined by g(z) = (:Z:)'/*,
where ¢ > 0 will be chosen later. Then the distribution function of 6, is given by

1
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It follows that

V.(0,0 =/ P7((02A55)F > y)d :/ — ———dy,
+(0,0) ; ((62A52)F = y)dy . g™

and

o0 <1 1
_ s B — —
V_(0,0) = /0 P°((02AS82)” > y)dy —/1 20 05/B dy.

If we have «/y > /9 then there is ¢ > 0 such that

Oy 129

o < 1< 5
which entails V_(6,0) < oo (so indeed 6 € .A(0)) and V,.(4,0) = oo, n — oo so the optimization
problem becomes ill-posed.

One may wonder whether this phenomenon could be ruled out by restricting the set of
strategies e.g. to bounded ones. The answer is no. Considering 60 (n) := 0,62(n) := min{f,n}
for n € N we obtain easily that 6(n) € ¥(0) and V,(6(n),0) — oo, V_(6(n),0) — V_(6,0) < oo
by monotone convergence, which shows that we still have

sup V(¢,0) = oo,
v

where 1) ranges over the family of bounded strategies in .A(0) only. This shows that the ill-
posedness phenomenon is not just a pathology but it comes from the multi-periodic setting:
one may use the information available at time 1 when choosing the investment strategy 6.

We mention another case of ill-posedness which is present already in one-step models, as
noticed in [49] and [12], see also Example 2.10 above. We slightly change the previous setting:
we allow general distortions, assuming only that w; (y) > 0 for y > 0. The market is defined
by Sy = 0, AS; = +1 with probabilities p,1 — p for some 0 < p < 1 and Fy, F; the natural
filtration of Sy, S1. Now the set A(z) can be identified with R. Take z = B = 0 and 6,(n) :=n,
n € N, then V,(0(n),0) = wy(p)n® and V_(0(n),0) = w_(1 — p)n®. If a > 8 then, whatever
w4, w_ are, we have V(6(n),0) — oo, n — co. Hence, in order to get a well-posed problem one
needs to have a < 3, as already observed in [12] and [49].

We add a comment on the case o = §3: whatever w,,w_ are, we may easily choose p such
that the problem becomes ill-posed: indeed, it happens if w (p) > w_(1—p) (note the assumed
continuity of w.y).

Since it would be difficult to dismiss the simple models of this section based on economic
grounds we are led to the conclusion that, in order to get a mathematically meaningful opti-
mization problem for a reasonably wide range of price processes, one needs to assume both

a<f and «a/y<pB/é. (102)

We conjecture that (102) (with < instead of <) is sufficient for well-posedness and for the
existence of optimisers but this is still an open problem.

In the following section we propose an easily verifiable sufficient condition. Roughly
speaking, what we require is a/y < [, see (107) below. This is stronger than (102) but it
is still reasonably general. If w_(p) = p (i.e. § = 1, no distortion on loss probabilities) then
(107) below is essentially sharp, as the present section highlights. See Theorem 4.16 in Sec-
tion 4 for another partial result.

3.5 Unbounded utilities in CPT

Basically, we will require below that . are comparable to power functions at infinity and
that wy do likewise in the neighborhood of 0. We stress that no concavity or monotonicity
assumptions are made on u., unlike in all the related papers.
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Assumption 3.11. We assume that vy : Ry — Ry and wy : [0,1] — [0,1] are continuous
functions such that u(0) =0, w+(0) = 0 and w4 (1) = 1. They satisfy

up(z) < ki(z®+1), (103)
k(2P —1) < u_(x), (104)
wi(p) < g4p7, (105)
w_(p) > g’ (106)
with 0 < «a, 8,7, 0, k+, g+ fixed constants.
Assumption 3.12. Let ) < 1 and let either
y<1, Z<p (107)
Y
or
v>1, a<§B (108)
hold.

Assumption 3.12 allows us to fix A > 0 such that Ay > 1 and Aa < 8. If v > 1 then we may
and will choose A\ = 1. Note that if v > 1 then a/y < § is implied by o < (. Similarly, for
v <1, a < B 1is implied by a/v < 5. In other words, under either (107) or (108), both a <
and a/v < S hold.

Remark 3.13. As already described at the beginning of the present chapter, according to
CPT one should have «, 3,7, < 1 (since u+ should be concave and w. (p) should exceed p for
small p). Our results, however, apply to a more general setting, as reflected by Assumption
3.11.

Condition (107) has already been mentioned in the previous section. It has a rather
straightforward interpretation: the investor takes losses more seriously than gains. The
distortion function w., being majorized by a power function of order v, exaggerates the prob-
abilities of rare events. In particular, the probability of large portfolio returns is exaggerated.
In this way, for large portfolio values, the distortion counteracts the risk-aversion expressed
by u., which is majorized by a concave power function of order «. These observations explain
the meaning of the term «/~ in (107) as “risk aversion of the agent on large gains modulated
by his/her distortion function”. Note that the agent will have a maximal risk aversion in the
modified sense if either « is high, i.e. close to 1 or v is low i.e. close to 0 (for small value of v
the agent distorts a lot the probability of rare events and, in particular, of large gains). Thus
in (107) we stipulate that this modulated risk-aversion parameter should still be outbalanced
by the loss aversion of the investor (as represented by parameter 3 coming from (104)).

A similar interpretation for the term 5/6 in (102) can be given. The case (108) can also
easily be explained if the agent is “pessimistic” (or very cautious) and underestimates the
probabilities of rare events, say, large gains (i.e. v > 1). We also note that the functions in
Example 3.9 satisfy Assumption 3.11.

Assumption 3.14. Let B € W with b < B for some b € R.

Remark 3.15. One can weaken this assumption to B € W and to the existence of y € R,
1 € ® such that
X#¥ < B,

just like in the case of expected utility, see Remark 2.24 above.
The main result of the present chapter is the following.

Theorem 3.16. Under Assumptions 2.19, 3.11, 3.12 and 3.14, for all z € R,

sup V(0,z) < oo.
e A(z)

If, furthermore, Assumption 3.2 holds and V_(z — B) < oo then there exists 0* € A(z) with

—o0o < sup V(0,z)=V(6% z).
e A(z)
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Lemma 3.17. Let Assumptions 3.11 and 3.12 hold. There exist constants ky > 0, such that
forall z € Rand 6 € ®:

Vih,2) < BB (14 (X7 - L)),

Vo(0,2) > k- (E(PC?O——Zﬂ_)ﬁ——l).
It follows that, for 6 € A(z),
V(0,2) < Bu(X7? - B), (109)

where }
u(z) ==k +kz®, >0, wu(zx):=k—k_|z’, 2 <0, (110)

and k := max{k,, k_}.
Proof. First we assume v < 1. We get, using (105) and Markov’s inequality:

~ B () (X7 - Bl1))
Yy

VH(,2) <1+ g+/ dy. (111)

1

Evaluating the integral and using (103) we continue the estimation as

V(0,2 < 1+ %EV (272 X5 — B + 2R
< Ci+ CQE[X;’Q — B]ia,

for some C1,Cy > 0, using the rough estimate 27" <z + 1, z > 0.
If v > 1 then wi (P()) < g+ P(-) and hence

V*H(0,2) < g4 (]f+ +k E[X5 - Bﬁ) )

recall that now Aa = \. Note that, by (104), (106) and 6 < 1 (see Assumption 3.12),

V7=(0,z) > g,/ P (u,([X;’g —B]_)> y) dy
0
—g Bu (X;"~B].) > gk EX;"—B’ —g k.
Choosing k. as these estimates suggest we get V (0, z) < Eu(X;’g — B), as claimed. O

Proof of well-posedness in Theorem 3.16. Note that the u defined in Lemma 3.17 satisfies As-
sumption 2.13. Clearly, ®(z) of Chapter 2 corresponding to u contains A(z), hence

sup V(0,2) < sup Eu(X2’ - B) <o
0cA(z) 9ed(2)

since Corollary 2.20 applies to the optimization problem involving u and the given market
model. O

For the subsequent developments we need to extend and refine the arguments of Corollary
2.20. The next, innocent-looking lemma is the heart of the matter. Let U;, t = T,...,0 be
defined as in the proof of Corollary 2.20 for the function u of (110).

Lemma 3.18. Let Assumptions 2.19, 3.11, 3.12 and 3.14 be in force. Fix c € R and t,0
satisfying A\a < 1 < o0 < 3. Let H; € =} with E|H;|° < oo and let 0,1 € Z¢ (recall the definition
of ¢ from Section 1.2) such that

EU 1 (Hy 4 0;41AS141) > ¢ (112)
holds. Then there exists a constant K; such that
El0p1]" < Ki[E|Hy|” + 1],

where K; does not depend either on H; or on 0;4;.
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Proof. Fix x satisfying \a < x < . By Assumption 2.19, the event
A= {0i11AS 11 < =044}
satisfies P(A|F;) > k; with 1/k; € W. Define also

F:{aﬁﬁ“>mﬂ+m}eﬂ, (113)

recall v; from Proposition 1.6 and N; from the proof of Corollary 2.20.
By estimations of Lemma 2.31 and Corollary 2.20,

EUp1(Hy + 0:1A811)|F] < ElCea (14 [H ™ + 04511 ) L panrye | Fe] +

)
E [UM (—Nt _ul 5“') Lank E} : (114)
with Cyy; € W. Using (71) and (72), the last term can be estimated as
N, 0,11/2\" N 0,11/2\"
E ( t+1/t| t+1\/ ) Ut+1(Nt)1A+O< t+Vt| t+1|/ > 14 ]__t] 1p <
Ny Ny
Ny +vi0:41]/2 7k ve|0s i1 o
_ -t <
( Nt 2 1F < B) I€t1F7 (115)

where we set 7 := 1;/2N/. We thus get

¢ < BEUgi(H; +0i41A8i41) < ECy (14 [He M + |0p41) —

B
E(hpoﬂgm“> @). (116)

We now push further the latter estimation.
We estimate, using the Hélder inequality for p = $/0 and its conjugate ¢,

A B (1r (100]/2)° 775 HP)
E|1p () Fy | > ,
2 FErla (I%t—q/p)

Now let us note the trivial fact that for random variables X,Y > 0 such that £Y° > 2EX°
one has E[l{y>xY°] > $EY".
It follows that if
E(|9t+1|yt/2)o Z 2E(|Ht| +Nt)0 (117)

holds true then, applying the trivial x < 2P + 1, > 0,
EP (Ip (104211/2)") o E” ((16141]1/2)°)
Ep/a (,%t_Q/p) " 9pEp/a (fqt_q”’)
E (|041]11/2)° — 1
20 Epr/a (,Q;Q/p)

= 1 E(|0p41]v1)° — c2

with suitable ¢, co > 0. Using again Holder’s inequality with p = o/. and its conjugate g,

EPfial” o Elfal =1
Ep/a (y;“l) ~ Ep/a (ytﬂq) '

E(|0t+1‘l/t)o (118)

With suitable ¢}, ¢, > 0, we get, whenever (117) holds, that
0 B
E <1F <|t+21]/t> Rt) Z C/1E|9t+1|L — 0/2. (119)
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Estimate also, with p := x/(\a) and its conjugate ¢,

E (Crar(1+ [H + |0:411)) EYACL 1L+ EYPIH X + BP0 [X]
EVICE )3 + E|Hy X + E|fy41¥]

&1 + B|H,|° + B0y Y], (120)

IN N IA

with some ¢ > 0, using that z'/? < z + 1, X < z° + 1. Furthermore, Jensen’s inequality gives
E|fy1X < EX/*0, 14"

Clearly, whenever

L - L 2~
(Bl0ia]) " > c—,c (121)

1

one also has ,
EE|Opin ¥ < %E|0t+1|L. (122)
Finally, consider the condition
/

%Emﬂy25u+mﬂmyug—c+n. (123)

It is easy to see that we can find some K, large enough, such that
E\0i11]" > Ki[E|H|° + 1] (124)
implies (117) (recall (118)), (121) and (123). In this case we have, from (116), (120), (122),
(119) and (123),
_ o1 €l ‘
EUt+1(Ht + 9t+1ASt+1) S C[l + E|Ht| ] + EletJrﬂ
— Bl +c¢y < c—1<ec.

This shows that (112) cannot hold when (124) does so the statement of this lemma follows. [

Lemma 3.19. Let Assumptions 2.19, 3.11, 3.12 and 3.14 be in force. Fix ¢ € R and T with
Aa < 7 < 3. Then there exist constants G¢,t =0,...,T — 1 such that

El0i1|” < GLE|2|P + 1] fort=0,...,T —1

forany 6 € A(z)N d satisfying
Eu(X2’ —B) > ¢,

where the constants Gy,t = 0,...,T — 1 do not depend either on z or on 6.

Proof. Take 7 =: ar < ar_1 < ... < a3 < ag := . We first prove, by induction on ¢, that
Hy =2+ 23:1 0;AS;, t > 0 satisfy

E|Hy|* < O4f|2)” + 1],

for suitable constants O; > 0. For ¢t = 0 this is trivial. Assuming it for ¢ we will show it for
t + 1. We first remark that

¢ < Bu(XZ? — B) < BUp (X7 + 0,11 A5,41)

and that, by the induction hypothesis, E|H;|*t < oo holds.
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Thus Lemma 3.18 applies with the choice ¢ := (a1 + a¢)/2 and o := o, and we can
estimate, using Holder’s inequality with p := ¢/a;4; (and its conjugate number ¢), plugging
in the induction hypothesis:

E‘lj—ltJrl‘OétJrl E|Ht+9t+1ASt+1‘at+1

20001 [E|Hy|*+ + B0 1 ASy1]*tH]

20 (B H|™ + L EYP || B AS 4| 14]
CIE|H|* +1] + C (E|fz11|" + 1)

CLE|H|* + 1] + C (Ku(E[H,|* +1) +1)

(C+ CK)O, (12° +1) + C + CK, + C,

IAIN A CIN A

with C := 2%+1[1 + E'/9|AS,,|1*++1], this proves the induction hypothesis for ¢ + 1.
Now let us observe that, by Lemma 3.18 (with ¢ = ay41, 0 = o), with some constants K7,

El0i1]” < BlOgq]* +1
< KJ[B|H|* +1]+1 < Kj[O:(]2|° +1) + 1] + 1,
completing the proof by setting G, := K|O; + K| + 1. O

Proof of Theorem 3.16. Take 6(j) € A(z) N ®, j € N such that

lim V(0(j),2) = sup V(6,z).
J—00 0cA(z)

We can fix ¢ such that —oco < ¢ < inf; V(6(j), z). By Lemma 3.17 this implies that, for all j,
Eu(x:"Y —B) >
Apply Lemma 3.19 for some 7 such that Aa < 7 < 3 to get

sup E|0,(7)|” < oo.
Jit

It follows that the sequence of T'(d 4+ L)-dimensional random variables

Ij = (Yl,---7YT791(j)7"'76T(j))

are bounded in L” so the sequence of the laws of I; is tight, admitting a subsequence (which

we continue to denote by j) weakly convergent to some probability law p on B(R”(4+1)),

Now, following verbatim the proof of Theorem 3.4, we get 67, i = 1,...,T such that yu =
Law(Yy,..., Y7, 07,...,05).
We will now show that

V (0%, 2) > limsup,;_, . V(0(j), 2), (125)

which will complete the proof.

Indeed, H; := z+Y.;_, 6,(j)AS; — B clearly converges in law to H := z + 3., 67 AS, — B,
j — oo (note that B is a continuous function of Yj,...,Yr). By continuity of u,,u_ also
ut([H;]+) tend to uy ([H]+) in law which entails that P(uy([H;]+) > v) = P(ux([H]x) > v)
for all y outside a countable set (the points of discontinuities of the cumulative distribution
functions of uy ([H]+)).

It suffices thus to find a measurable function h(y) with wi (P(uy[H;]+ > y)) < h(y),j > 1
and fooo h(y)dy < oo and then Fatou’s lemma will imply (125). If v < 1 we get, just like in
Lemma 3.17, using Markov’s inequality, Assumption 3.14, (103) and (105), for y > 1:

oLt 22+ S B (10:(5) | AS )
YN

T
c Ao 1 [Tl Ao
M«HVI+ZEWMﬁE”qu,

t=1

wi (P(up[Hjl4 2 y)) <

IN

47



dc 1138 15

for some constant C' > 0, using Hoélder’s inequality with p := 7/(A«) and its conjugate ¢
(recall that AS; € W). We know from the construction that sup; ; £/0;(j)|” < oo. Thus we can
find some constant C’ > 0 such that w, (P(uy[H;]+ > y)) < C'/y*?, for all j. Now trivially
wi(P(ut[Hjl+ > y)) < wi(l) = 1for 0 < y < 1. Setting h(y) := 1 for 0 < y < 1 and
h(y) := C'/y™ for y > 1, we conclude since \y > 1 and thus 1/y*” is integrable on [1, c0). The
case of v > 1 follows similarly. O

3.6 Examples

In this section we present some classical market models where Assumptions 2.19 and 3.2
hold true and hence Theorems 3.4 and 3.7 apply.

Example 3.20. Fix d < L < N. Take Y; € R’ constant and define Y; by the difference
equation
Yivr — Yo = p(Ye) + p(Y2) Zi 11,

where 1 : R — R and p : RY — REXVN are bounded and measurable. We assume that there
is h > 0 such that
vl p(2)pT (x)v > hvTv, veRL, (126)

forallz € RY; Z, e W, t =1,..., T are independent with supp(Law(Z;)) = RY.

Thus Y; can be chosen to be e.g. the Euler approximation of a non-degenerate diffusion
process. We may think that Y; represent the evolution of L economic factors. Take F; trivial
and F, :=0(Z;,j <t),t> 1.

We claim that Y; satisfies Assumption 2.19 with respect to F;. Indeed, Y; € W is trivial
and we will show that (27) holds with x;, v; constants.

Take v € RY. By the Markov property of Y w.r.t. F.,

Po(Yipr = Vi) < —[v[[Fr) = P(u(Yipa = Y) < —[o][Y7).

It is thus enough to show for each ¢ = 1,...,T that there is ¢ > 0 such that for each unit
vector v € R” and for each z € R”

P(o(u(z) + p(x)Z:) < -1) > c.
Denoting by m an upper bound for |u(z)|, z € R, we may write
P(u(u(x) + p(x)Z;) < —1) > P(v(p(x)Z;) < —(m + 1)).

Here y = v"p(x) is a vector of length at least v/h, hence the absolute value of one of its
components is at least /h/N. Thus we have

1’71

Pw'p(x)Z; < —(m+1)) > min <m1nP (Vh/NZP < —(m+1),k;(j)Z] <0, j # 1),

min P (Vh/NZ: > (m +1),ki(5)Z] <0, j;éi)) (127)
where i ranges over 1, ..., N and k; ranges over the (finite) set of all functions from {1,2,...,i—

1,i+1,...,N}to {1,—1} (representing all the possible configurations for the signs of 47, j # i).
This minimum is positive by our assumption on the support of Z;.

Now we can take S} := Y/, i = 1,...,d for some d < L. When L > d, we may think that
the Y}, d < j < L are not prices of some traded assets but other relevant economic variables
that influence the market. It is trivial to check that Assumption 2.19 holds for S;, too, with
respect to F;.

Example 3.21. Take Y, := exp(Y;) where Y; is as in the above example. Let Z;,t = 1,...,T
be such that for all ¢ > 0,
Eefl?l < 0.
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Set S} := ffj, i=1,...,d. We claim that Assumption 2.19 holds true for S; with respect to the
filtration F;.

We prove this only for the case N = L = d = 1, for simplicity. We choose x; := S;/2.
Clearly, 1/k; € W and AS; € W, ¢t > 1. It suffices to prove that 1/P(S;1; — S; < —S5;/2|F;) and
1/P(Sy41 — St > Si/2|F;) belong to W. We shall show only the second containment, the first
one being similar. This amounts to checking

1/P(exp{Yi41 — Y3} > 3/2|Y;) e W.
We may and will assume p(z) > h > 0, z € R. Let us notice that

Plexp{Yirs — Vi) 2 3/21%) = P(u(Ys) + p(¥i)Zeor > In(3/2)|Y))
_ In(3/2) — p(¥V?)
= P (7 2 PO
1n(3/2)+m>
\/E )

which is a deterministic positive constant, by the assumption on the support of 7, ;. Exam-
ples 3.20 and 3.21 are pertinent, in particular, when the Z; are Gaussian.

v

P <Zt+1 >

We now show that, if d < L < N then Assumption 3.2 holds for both Examples above and
hence Theorems 3.4 and 3.7 apply to them.

Example 3.22. Let us consider the setting of Example 3.20 with d < L < N. This corresponds
to the case when an incomplete diffusion market model has been discretized (the number of
driving processes, N, exceeds the number L of economic variables).

Let us furthermore assume that for all ¢, the law of Z; has a density w.r.t. the N-
dimensional Lebesgue measure (when we say “density” from now on we will always mean
density w.r.t. a Lebesgue measure of appropriate dimension) and that p, p are continuous.

It is clear that in this case Y;11 = fi11(Y1,...,Y}:, Ziy1) for some continuous function f;, .
It remains to construct U, ; as required in Assumption 3.2.

We will denote by p;(z) the ith row of p(x),7 = 1,...,d. First let us notice that (126) implies
that p(x) has full rank for all z and hence the p;(z), i = 1,...,d are linearly independent for
all z.

It follows that the set {(w,w) € Q@ x RN : p;(Y))w = 0, i = 1,...,d, |w| = 1} has full
projection on €2 and it is easily seen to be in F; @ B(R"). It follows by measurable selection (see
e.g. Proposition II1.44 of [36]) that there is a F;-measurable N-dimensional random variable
&a+1 such that £, has unit length and it is a.s. orthogonal to p;(Y;), i = 1,...,d. Continuing
in a similar way we get 4.1, ...,&x such that they have unit length, they are a.s. orthogonal
to each other as well as to the p;(Y;). Let ¥ denote the RV >~ -valued F;-measurable random
variable whose rows are p1(Y:),...,p4(Y2),€4+1,-..,&n. Note that ¥ is a.s. nonsingular (by
(126) and by construction).

¥ is F;-measurable, so ¥ = ¥(Zy, ..., Z;) with some (measurable) U. For any (z1,...,2;) €
RV the conditional law of ©Z; ;; knowing {Z; = 21, ..., Z; = 2;} equals the law of the random
variable W(z1,...,2¢)Z:+1. Recall that Z;,, has a density w.r.t. the N-dimensional Lebesgue
measure thus U(zy,...,2)Z;y1, and (a.s.) the conditional law of ¥Z;.; knowing F;, has a
density.

As (p(Yi)Zi+1,€4+1Z¢41) 1s the first d + 1 coordinates of ¥Z;,, using Fubini’s theorem,
the conditional law of (p(Y;)Zi41,&a+1Z:+1) knowing F; also has a density. It follows that the
random variable (Yi;1,&4+1Z:+1) has a F;-conditional density. This implies that £;,17;,1 has
an F; V o(Y:11)-conditional density and, a fortiori, its conditional law is atomless.

Lemma 6.17 with the choice X := £;1Z;1 and W := (Z1, ..., Z;,Y;11) provides a uniform
Ut+1 = G(£d+1Zt+17 Zl, ey Zt, )/,5_,_1) independent of O’(Zl, ceey Zt, Yt.}rl) = Ft vV O’()/f) but .Ft+1-
measurable. Clearly, the same considerations apply to Example 3.21 as well.

Example 3.23. Let Z1,..., Z} be independent N-dimensional random variables and let the
random variables (y,...,e7) be independent of the Z’ with uniform law on [0, 1]7. Let Y, =
So € R and Yi41 = Syy1 := fir1(So0, - - -, Sty Z141) with some continuous f; ;1 : REFDIFN R,
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Define Z; := (Z},&¢), t = 1,...,T. This market model clearly satisfies Assumption 3.2 with
Uy = ¢4 and with Fo trivial, Fi = O'(Zl, ey Zt), t>1.

The interpretation of this example is that the investor randomizes his/her strategy at each
time ¢ using ¢; (“throwing a dice”), which is independent of the assets’ driving noise Z’. In the
case of EUT such a randomization cannot increase satisfaction but when distortions appear
it may indeed be advantageous to gamble, see Section 6 of [22] for a detailed discussion.
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4 Continuous-time models in CPT

In the present chapter we study investors whose preferences are as in Assumption 3.11
above but this time trading is assumed continuous. The results presented here pioneer in
finding an explicit necessary and sufficient condition for well-posedness on the parameters
that applies to the class of distortions proposed by [101], see Example 3.9 and Assumption
3.11.

In continuous time only a very narrow class of models have been tractable up to now
(complete markets and some incomplete markets of a very particular structure, see [74] and
Chapter 4 of [80]). Results of the present chapter also provide the first ingredient for eventual
extensions to incomplete models: the tightness estimates of Section 4.3.

Under rather stringent conditions (almost market completeness, see Assumption 4.4) we
will prove the existence of an optimal strategy as well. All these results apply, in particular,
to the well-known Black-Scholes model. They could be extended to other complete financial
markets using techniques of [80].

The problem of optimal investment assuming a complete continuous-time market arose
also in [52]. Existence results in [52], however, are provided under conditions that are not
easily verifiable and whose economic interpretation is unclear. Note also that concavity of u
is essential in [52] while we do not need this property. Some related investigations have been
carried out in [17], but they use the risk-neutral (instead of the physical) probability in the
definition of the objective function, which leads to a problem that is entirely different from
ours.

The more realistic case of incomplete markets is yet unexplored territory. Our results
on well-posedness and tightness carry over to this case without any modification but for the
existence we need Assumption 4.4 below which is only slightly less than completeness. See
also [74] and Chapter 4 of [80] for some other ad hoc methods which, however, cover only few
models. Results covering a new class of continuous-time incomplete models appear in [77]
but we will not review them in the present dissertation due to volume constraints. See also
[75] for the case where u is bounded above.

This chapter is based on [74, 76].

4.1 Model description

We stay in the setting of Section 1.3 and Assumption 3.11 above. We fix a scalar-valued
Fr-measurable random variable B which will serve as our reference point. Let us introduce
the following technical assumptions.

Assumption 4.1. Let M # () and fix Q € M with p := dQ/dP.

Assumption 4.2. The cumulative distribution function (CDF) of p under Q, denoted by F,?,
is continuous.

Assumption 4.3. Both p and 1/p belong to W.

Assumption 4.4. There exists an Fr-measurable random variable U, such that, under P, U,
has uniform distribution on (0,1) and it is independent of p. We have B € L'(Q). Furthermore,
B and all o(p, U, )-measurable random variables in L'(Q) are replicable, i.e. they are equal to
X:ZF’¢ for some z and ¢ € D,(Q).

Just as in Assumption 3.2 above, the existence of U, means that there is enough “noise”
in the market model. Such an assumption seems valid in practice. The condition of being
replicable is a kind of completeness hypothesis, although for a certain type of claims only. In
complete markets every X € L(Q) is replicable, by Lemma 1.11 above.

In the present chapter it is more convenient to work with a slightly different form of the
functionals V., V_, V. Define, for all random variables X > 0,

V)= [ (POX 2 ),

51



dc 1138 15

and
V0= [ Tl (P(X 2 y)) dy.

For an arbitrary random variable X we set V(X) := V (X*) — V_(X ) whenever V_(X ") <
0.
Under Assumption 4.1, we define A(z), the set of feasible strategies from initial capital =

as
A(z) i={p € ®,: V_([X7? — B]") < o0}, (128)

where ¢, = 9,(Q). Note that, unlike in Chapter 3 above, this definition requires the mar-
tingale property for the process X>?. The continuous-time portfolio choice problem for an
investor with CPT preferences then consists in maximising the expected distorted payoff

functional V(XQZJ‘;5 - B) over A(z), that is, finding ¢* € A(z) satisfying

sup V(XZ? - B) =V(X2? - B). (129)
PEA(2)

If V(z — B) > —oo then A(z) is nonempty: it contains the identically zero strategy.

We end this short discussion by fixing the convention that, whenever X is a random vari-
able admitting a replicating portfolio that belongs to the set A(z), by abuse of language we
may write “X is in A(z)”.

4.2 Well-posedness

We are concerned with seeking conditions on the parameters under which the portfolio
problem is a well-posed one. We fix uy(z) = 2%, u_(r) = 2°, 2 € Ry, w,(p) = p” and
w_(p) = p°, p € [0,1], for some a, 3,7,6 > 0. Our results apply, with trivial modifications,
to uy, w4 as in Example 3.9. Inspired by Chapter 3, we start by proving that, as in the
incomplete discrete-time multiperiod case, we need to assume a < (3 in order to obtain a
well-posed optimisation problem.

Proposition 4.5. Under Assumptions 4.1, 4.2 and 4.4, if o > 3, then the problem (129) is
ill-posed for any initial capital z and B = 0.

Proof. Suppose that o > 5 and let U be the random variable given by U := FpQ (p). By Lemma
6.15, U has uniform distribution on (0, 1) under Q.

For each n € N, we define Y,, := nly, with A := {weQ:U(w) >
nQ(A) = 5 and

1}. Then EqlY,] =

+o00 n«
Vi(Ya) = ; PYy >y)dy = /O P(Y >y)dy=n"P(A)".

Now set Z,, := (n — 22) 1 4c, for every n € N, where A° denotes the complement of A (in Q).

Clearly, we have that Eq[Z,] = (n — 22) Q(A°) = § — 2, s0 Eq[Y,] — Eg[Z,] = z. Furthermore,

V(7)) = /WP((Z:)" >y dy = (In -2 P(ac)’

Finally, since 2z < ng for some ng € N, let us define for each n € N the random variable
Xpn = Yagtn — Zno+n, which is clearly o(p)-measurable and bounded from below by 2z —ng —n.
Also X;f =Y, 4n and X, = Z,,1n, s0 Eg[X,] = z. Therefore, for each n the r.v. X,, is in A(z),
however, the sequence

V(X,) = (no +n)* P(A)Y — (no + n — 22)° P(A°)°
goes to infinity as n — +oo (we recall that P(A) > 0 because P and () are equivalent mea-

sures), hence sup ¢ 4 (,) V(X;’d’) = +o0. O
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Remark 4.6. Suppose that there exists an event A € o(p), with Q(4) = 1/2, for which
P(A)” > [1 - P(A)}‘s also holds true. Then even in the case where a = 3,

‘NXw:n“K1+2»aHAV—(1+m:;h>aHAﬂj—+m,n%am

shows us that the optimisation problem (129) is ill-posed.

We shall now provide a very simple example of a financial market model in which such an
event can be found. First, let us define the function f(p) £ p¥ — (1 — p)(s for p € [0, 1]. Clearly,
there exists some ¢ > 0 such that f(z) > 0 for all z € (1 —¢,1]. On the other hand, choosing
1 > 0 to be sufficiently large, we have that

—u
—oo V2T

Set T := 1, let W be a one-dimensional Brownian motion on a probability space (2, F, P)
with its natural filtration F;, ¢ > 0 (augmented by P-zero sets). Let the price process of the
risky asset be given by

e /2 4y < e (130)

dSy = pSedt + SpdWy, So=s>0,
for all ¢t € [0,1]. This is a paticular example of the standard Black-Scholes model, see [15].
Thus, setting p := exp{—uwl — “72}, it is well-known that the probability measure @ given
by dQ/dP = p is the unique element of M, Assumptions 4.2 and 4.4 also hold true and the
process W = {Wt; 0<t< 1} defined by

Wt =W+ ut
is a Q-Wiener process. Now take A := {Wl > 0}. Clearly Q(A) =1/2 and
P(A)=PWi+pu>0)=1-P(Wy <—p)>1—¢,

which then guarantees that P(A)” —[1 — P(A)]6 > 0, as intended, and the problem is ill-posed
provided that u is large enough to satisfy (130).

Let us now mention the following auxiliary lemma, which will be used later. The proof is
easy.

Lemma 4.7. Let X be a random variable such that X > 0 a.s. and E[X]| = 4+oc. Then for each
nonnegative real number b, there exists some a = a(b) € [b, +00) such that b = E[X A a). O

In view of Proposition 4.5 and Remark 4.6 above, it is now evident that we must impose
a < [ as a necessary condition if we wish to have well-posedness for a reasonably large class
of models. However, this is not enough to rule out ill-posedness, as shown by the next two
propositions.

Proposition 4.8. Under Assumptions 4.1, 4.2, 4.3 and 4.4, if 3/ < 1, then problem (129) is
ill-posed.

Proof. There exists some y such that g < x < 1 so we can choose p € (1, %X) Also, fix

0<¢é< % In particular, this implies that ¢ := % > 1. We define the nonnegative random
variables
L ifUu<?i 0 ifU <1
_ ) e 1 2 — ’ . ’
Y'{Q ifu>1, and Z'{(l@m,ﬁU>3

with U given in the proof of the Proposition 4.5. Then, since % > 1, we obtain

1

! 1 2 1
EolZ] :/0 wl[mw)du:/@ Wi
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In addition, using the Holder inequality we conclude that

400 400 1
PY* >y)ldy = / £ l:l{Y‘l>y}] dy
0 0 P
“+oo “+oo 1
> QY™ >y)"dy > Cy /a —dy = +00, (131)
0 2¢ Y a

where C; :=1/ Ezg(q_l) [p1/(@=1] > 0, and the last inequality follows from the fact that
Y« = U L
RQY*>y) =@ < s
for all y > 2%/¢. Analogously,

+o0 s +oo s
/ P(ZP>y)dy < CQ/ Q27 > y)* dy
0 0

8 oo
2x  yBp

p—1
with Cy := EZT [m} < oo since Q(Z° > y) = Q(U >1-— yx—l/ﬁ) for all y > 2%/ and
x> 1.

Now we set Y,, := Y An for each n € N. It follows from Lemma 4.7 that Eg[Y,,] = Eg[Z A a,,]
for some a,,. Let us define Z,, := Z A a,, for every n. Then each Z, is a nonnegative random
variable satisfying V_(Z,,) < V_(Z) < +oc.

Finally, we consider the sequence of o(p)-measurable random variables X,,, n € N, with
X, =Y, —Z,. Itis clear, by the way it was constructed, that Fg[X,] =0, X;F =Y, X, = Z,,
and X,, > —a,, for all n. Also, V_(X,,) = V_(Z,) < 400, so X,, is in A(z). Consequently, the
problem is ill-posed because we get

V(Xn) =Vi(Ya) = V(Zn) = Vo(Y) = V_(Z) = +00, n — o0,
using monotone convergence, (131) and (132). O

Proposition 4.9. Under Assumptions 4.1, 4.2, 4.3 and 4.4, if a/v > 1, then the problem (129)
is ill-posed.

Proof. Let U be as in Proposition 4.8. Denoting by Y the nonnegative random variable given

by
1 : 1
— Ties :lf[]<§7
v { 0, ifU > 3,

where £ is chosen in such a way that 1 < £ < %, we see that

S|

Moreover, applying Holder’s inequality as in the proof of Proposition 4.8 with ¢ := %>

+oo too
Vi(Y) = /0 PY">y) dy > 0/2% Wdy = +o00, (134)

follows, where C = 1/E22(q_1) [p!/(a=D]. Finally, for each n € N, we define Y,, := Y A n and set
C, = EglY,)]. Then, for Z,, = 2C, I{UZ%}’ we have that V_(Z7,) = (2 C’n)ﬁ PU > %)5, for all
n. We note further that C,, — Eg[Y], n — oo.
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Now take X,, :==Y,, — Z,,. It is clear that X,/ =Y, and X,, = Z,,. Additionally, being o (p)-
measurable, bounded from below by —2 C,,, and satisfying Eq[X,] = Eg[Y,]-2C, Q(U > %) =
0,aswell as V_ (X, ) < +o0, each X,, is in .A(z). However, because of (133) and (134),

4
V(X,) = V+(Yn)—(20n)ﬂP(Uz;)

§
- V+(Y)—(2EQ[Y])5P(U2;> = 400

as n — +oo, which completes the proof. O

Remark 4.10. It was proved in [82], using a different argument, that ill-posedness happens
in any of the cases o = v and § = § as well. Hence the problem (129) is well-posed (in a
reasonably large class of models) only if

a<p and S<1<2 (135)
¥ §

Remark 4.11. In the particular case where 6 = 1 (no distortion on the negative side), it fol-
lows from Proposition 4.8 that the problem is ill-posed for all 5 € (0,1]. Hence, a probability
distortion on losses is a necessary condition for the well-posedness of (129), which is a phe-
nomenon in line with Theorem 3.2 of [52]. We stress, however, that under the assumptions
of Theorem 2.18, and regardless of the fact that there is a probability distortion on losses or
not, the optimal portfolio problem in a multiperiod discrete-time financial market model can
be well-posed. Ill-posedness in our continuous-time model is due to the richness of attainable
payoffs, see Remark 2.44 above.

The rest of this chapter is devoted to the proof of well-posedness and existence under (135).
This requires that we present some auxiliary lemmata first.

Lemma 4.12. If a,b,s > 0 satisfy % > 1 then there exists D > 0 (depending on a, b and s)
such that

a

Ep[X°]<1+D (/ P(Xb> y)ady> , (136)
0
for all random variables X > 0.

Proof. Lett > 0 be arbitrary. Then
+ + ts
> a > b a ° b a
e snta = [T R(f =) e [ P(0e) s )
0 0 0
t a
> / P((XS)§>t3) dy =t:P(X* > t)",
0

where the last inequality follows from the inclusion {(X S)% > t%} - {(X S)% > y} for all

0<y< t¢. Hence

1 oo a  \°
P(X*>1t) < — (/ P(X">y) dy) ,
0

tsa
1
[e'] o0 o o —+oo 1
Ep[X*] = / P(X*>t)dt <1+ </ P(Xb>y) dy> / —-dt,
0 0 1 sa
and we can conclude recalling that % > 1 by hypothesis. O
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Lemma 4.13. Fix m € R. Let Assumptions 4.1, 4.3 be in force. Let 0 < a < 3, 0 < v,0 and
% <1l< g. Then there is some 1 > 0 satisfying o < n < 3, and there exists a constant L such
that

+oo +oo
« é
/ PU(X*)* >y) dy< L+ L/ PU(X7)" > y) dy, (137)
0 0

for all random variables X with Eg[X] = m.
Proof. We start by noticing that the hypothesis o < 7 implies that % < L. Moreover, since
a < B and 0 < f, there exists 7 such that max {«,d} < n < 8. In particular, we deduce that
2 > 1, and thus L > % We choose )\ such that % <A< mim{é7 %} Then, given that
<L > 1, there exists some p satisfying 1 < p < ;=. Finally, we note that 1 < % and ¢5? < 1
(because A < a%, that is, ayA < 1), so we can take ¢ such that max {1, O‘T’W} <g<i

Ep[(X+)a)\:|

Since for all y > 1 we have P((X H* > y) < o by Markov’s inequality,

“+oo
/ P((xH)*>y) dy<1+C1Ep [(Xﬂ“} ,
0
with Cy := ffoo 1/yMdy < co (we recall that Ay > 1). Applying Hélder’s inequality yields
&{Qﬁ)W:prmmquﬂ*}g@E;p@ﬁ)W}:@Eék@jML

where Cy := Ep7 [m} < oo Thus, from Jensen’s inequality,

BR[(xH)™] < GoBp[(x1)™] < 0BG [X]

Cs (m+ Eq[X™])™ < Cu+ CL ESM [X . (138)

axy

Now, we again use Hélder’s inequality to see that Eg’\’* [(X~] < CsEp” [(X7)?] (here C5 :=
Oé)\ —1 — . o QTM — —

B @4 pa/a=D]). Moreover, since 2% < 4, we have E,* [(X7)"] < 1+ EJ[(X7)"].

Therefore, these inequalities combined with (138) yield

By [(x1)™] < Co+CoBR[(X7)]
140
+o0 5
< Cr+Cy 1+D(/ P((X)">y)5dy)]
0
o0 5
< cg+cs/ PU(X)" > ) dy, (139)
0

where we apply Lemma 4.12 above with s = ¢, b = 1, a = J (note that 5% > 1). Hence,

A+WP«Xﬂa>yYHySL+LA%xP«X)n>w6@,

with L that does not depend on X (only on the parameters), as intended. O

Lemma 4.14. Let a,b,s > 0 such that s < a < band s < 1. Then there exist 0 < { < 1 and a
constant R > 0 such that

+oo +oo ¢
/ P(X“>y)sdy§R+R</ P(Xb>y)sdy) (140)
0 0
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for all random variables X > 0. In particular, this implies that we have
+oo R
/ P(X,I’L>y) dy — 400, n — o0,
0

whenever
400

P(X% >y)®dy — +o0, n — oo,
0

for any sequence X,, n € N of nonnegative random variables.

Proof. We start by fixing some y satisfying % <x < % We also note that, because ya < g,
we can choose £ so that ya < £ < g

/s

1
Since q—b& > 1, we know from Lemma 4.12 that Ep[X¢] <1+ D ( 0+°° P(X*>y)’ dy) for
some D. Therefore, recalling that s < 1, it follows that

+oo
Bp[X¢) <1+ 01/ P(X®>y)  dy, (141)
0

with Cy := D?. Now, by Jensen’s inequality (note that “5—" < 1), we obtain
Bp(X™] = Bp[(X6) ] < B, [x€]. (142)

Moreover, using Markov’s inequality, we get

—+o00
P(X*>y)*dy <1+ Cy Ep[XX], (143)
0

with Cy := 1+°° yix dy (note that sy > 1).

Thus, combining inequalities (141), (142) and (143) yields
+o0 ax
/ P(X*>y)'dy < 1+Cy(Ep[X¢])F

0

ax

+o0 N &
< 140, (1+01/ P(X">y) dy>
0
+oo s QTX
< R+R</ P(X">y) dy>
0
where R depends only on the parameters. Setting ( = % completes the proof. O
4.3 Tightness
Fix z € R. Define
V* = sup V(X;’¢ - B) . (144)
PEA(2)

The following result shows that (135) is sufficient for well-posedness; it even provides a
crucial compactness property.

Theorem 4.15. Suppose that Assumptions 3.11, 4.1 and 4.3 hold, V_(z — B) < oo,

a<p and “<1<85. (145)
Y v

Then the optimisation problem (129) is well-posed, i.e. V* < oo. Furthermore, if ¢, is a
sequence of feasible strategies with V(X:ZF’(/)" — B) — V* then sup,, E|X:ZF’¢”|T < oo for some
T > 0, a fortiori, the sequence Law(X%"m ), n € N is tight.
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Proof. For the sake of convenience we shall henceforth set X,, := X;’d)”. By contradiction, let
us suppose that the optimisation problem is ill-posed. Then we have V. ([X,, — B]T) — +oco
as n — oo. Note that, for any X > 0,

oo

Vi) < [ guPOX > (k) < 17dy < [ gk POX > 87 de 4 gk,
JO 0

using the change of variable ¢ := y/k; — 1. Thus it follows from Lemma 4.13 (with the choice
m := z — Eg[B]) that
+oo 5
lim P(([Xn—B])">y)" dy = 400

n—-+oo 0

for some 7 satisfying o < n < 3. Notice that
V4Xj;:/ g_Pw_Xﬁ—k_>yf@ﬁz/'g_hJ%Xﬁ>tVﬁ. (146)
0 1

Consequently, we can apply Lemma 4.14 to conclude that also

lim V_([X, — B]") = +oc.

n—-+oo

Therefore, using Lemmata 4.13, 4.14 and (146) (recalling 0 < ¢ < 1),

o0 s
VX, - B) < gk (L LD [P0~ B ) | - V(00 - B]) <

V_([Xn = B]7)

¢
n 1} ) V(X - B) > —c0,  (147)

as n — oo, which is absurd. Hence, as claimed, the problem is well-posed.
Let A > 0 be as in the proof of Lemma 4.13. We first show that

sup Bp | ([Xn — BI*)™] < +o0. (148)
neN

Assume by contradiction that this supremum is co. Then we can take a subsequence n;
such that Ep [([Xm - B]*)M] — 400 as | — +oo. By (139) in the proof of Lemma 4.13, we
conclude that [,"> P(([X,, — B]")" > y)é dy — +00, | — co. Therefore, using Lemma 4.14 we
also obtain that

)

VﬂXm—Br)zﬂfwP(OXm—fﬂ)ﬁ>y)dyﬁa@

and hence V(X,, — B) — —oo as in (147) above, which is nonsense.
Clearly, (147) implies

sup V_ ([X, — B] ") < +o0
neN

as well.
Recalling that % > 1, we can choose ¢ € 1,% . Therefore % > 1, and it follows from

s
Lemma 4.12 that there exists D > 0 such that

Ep| (X, = BI))| <14 D (V- (1x. - BI))* |
for all n € N, which implies that

sup Ep [([Xn — B]_)g} < 400. (149)
neN
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We set 7 = aX € (0,1). A straightforward application of Jensen’s inequality gives
EP“Xn - B|T] < EP [([Xn - B]+)T] + EP [([Xn - B}i)T]
< Bp[(1X - BIY) ]+ B (1% - B

hence sup,,cy Ep[|X,|"] < +oo follows from (148), (149) and Ep|B|” < C'Eg|B| < oo (with
some (', this is a consequence of dQ/dP € W).
O

4.4 A digression - back to discrete time

Using the arguments for continuous-time markets it is possible to prove a complement
to Theorem 3.16: we can replace Assumption 3.12 by (135). During this brief section we get
back to the discrete-time setting of Chapter 3.

Theorem 4.16. Let Assumptions 2.19, 3.2 and 3.11 be in force. Let furthermore B € L'(P),
V_(z = B) < o0, u_,w_ non-decreasing and

a<pf, g<1<§
5 )

hold. Then
sup V(0,z) < oo.
9eA(2)
and there exists 6* € A(z) with
sup V(0,z) =V (6%, 2).
gEA(2)

Proof. Corollary 2.47 provides Q € M with dQ/dP € L>, dP/dQ € W. Clearly, B € L'(Q).
We claim that for each § € A(z) := {# € & : V_(,z) < oo} we also have X?e € LYQ), i.e.
the strategy 6 is also in A(z) as defined in (128) of the present chapter (this explains why we
did not seek new notation). Indeed, V_([Xé’e — B]7) < o0 and Lemma 4.12 with s := 1 < 5/¢
imply that Ep[[X:ZF’G — B]7] < oo hence also Ep([X:ZF’G]‘) < 00. By dQ/dP € L*> we also have
Eqo([X7%)7) < co. Proposition 5.3.2 of [54] (see also its proof) entails that X/, ¢ =0,...,T is
a Q-martingale, in particular, X’ € L1(Q).

Then the argument for proving Theorem 4.15 implies that sup,, ,., V_([X,, — B] ) < oo for
any maximising sequence X,, = X;’¢("). Notice that w_(x) > 0, x > 0 by Assumption 3.11
hence, by the proof of Lemma 3.7, we get that (¢1(n),...,¢r(n)) is a tight sequence. Now

we can conclude just like in the proofs of Theorems 3.4 and 3.16 above, using Assumption
3.2. O

Remark 4.17. It is interesting to note that the proofs of tightness in Theorems 3.16 and
4.16 follow entirely different ideas. In Theorem 3.16 we manage to find an EUT optimal
investment problem whose value function is above that of the CPT problem. In Theorem 4.16
we use @ to find estimates for X;’e which then translate into estimates for (¢1(n), ..., ér(n)).

4.5 Existence

We return to the setting of Theorem 4.15. Let v,, denote the joint law of the random vector
(p, X,). As a consequence of Theorem 4.15, the sequence {v,,; n € N} is also tight. and we
can extract a weakly convergent subsequence {v,,; k € N} with limit 7 for some probability
measure 7 on R2.

We recall that a mapping K from R x B(R) into [0,400) is called a transition probability
kernel on a probability space (R, B(R), i) if the mapping = — K(x, B) is measurable for every
set B € B(R), and the mapping B — K(x, B) is a probability measure for y-a.e. x € R.

By the disintegration theorem (see e.g. [36]) there exists a probability measure A on R and
a transition probability kernel K on (R, B(R),\) such that m(A; x A2) = fAl K(z,As)dX (x)
for all A;, A; € B(R).Clearly, \(A) = P(p € A) for all Borel sets A C R.
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Theorem 4.18. Under Assumptions 3.11, 4.1, 4.2, 4.3, 4.4 and V_(z — B) < oc there exists an
optimal trading strategy ¢* = ¢*(z) for (129).

Proof. As B is replicable by Assumption 4.4 with a replicating portfolio, say, ¢, we may re-
place ¢,, by ¢,, — 1 and assume B = 0.

Let us set X, := G(p,U,), where G is the measurable function given by Lemma 6.16 ap-
plied with ¢ := )\, v := K and Y := p. Clearly, the random variable X, is o(p, U,)-measurable.

Moreover, the subsequence of random variables X,,,, k¥ € N converges in law to X, as
k — +o00. So {uy (X, )}, also converges in law to u (X."). Hence, limy, P(uy (X)) >y) =
P(uy (X)) > y) for every y € R at which the cumulative distribution function of u, (X;") is
continuous (i.e. outside a countable set). Analogously, we conclude that P(u_ (X, ) >y) —
P(u_(X;) >vy) as k = +oo for all y outside a countable set.

We start by showing that Vi (XF) < +occ. The distortion functions being continuous, it is
obvious that w4 (P (us (XE) > y)) = wa(P(us(XE) > y)) for Lebesgue a.e. y, n — co. Thus,

N

applying Fatou’s lemma we get

Ve (XF) = /+Oowi(P(ui(Xi)>y))dy

IN

+oo
lim 1nf/ L(XE)>y))dy = limkinf Vi (XE). (150)

N

But liminf, Vi (XE) < suppey Ve (XE) < sup,en Va(XT), and we know from the proof of
Theorem 4.15 that sup,, .y Vi (X;F) < 400, so we have the intended result.
Secondly, we prove that the inequality V(X,) > V* holds. We already know, from the

previous step, that V_(X,") < liminfy V_ (X, ). We note further that, by the proof of The-
orem 4.15, supy Ep[(XJF) } < o0, for some A > 0 such that o\ < 1 < yA. Therefore,

Nk

defining g(y) := 1 for y € [0,1] and

(SupneN kiEp [(XTJLF)M] + k+)v
Yy

9(y) =g+

for y > 1, we see that g is an integrable function on [0, +00). It follows from Markov’s inequal-
ity that wy (P(uy (X} ) >y)) < g(y) for all y > 0 and for all k¥ € N. Hence Fatou’s lemma
gives

+oo
Vi (X:') > limsup/ w4 (P(uJr (X,J{k) > y)) dy = limsup V; (X,'fk) .
k 0 ) k )
Combining the previous inequalities then yields
V(X)) = Vi(XF) -V (XD)
> hmsup {(Vi(xt)-vo(x,)}=Vv"

Lastly, we check that Eg[X,] < z. To see this, we start by noting that, since (p, X,,,)
tends to (p, X,) in law, we have pX,,, — pX. in law. Thus, we can use Skorohod’s theorem to
find real-valued random variables Y and Y}, with & € N, on some auxiliary probability space
(Q,]:" , Q), such that each Y, has the same law as pX,,,, Y has the same law as pX,, and
Y, — Y Q-a.s., as n — oo. It is then clear that Eq[X,,,] = Ep[pX,,] = Ep[Yy] for every k € N.
We know from the proof of Theorem 4.15 that sup,cy Ep {(X;k)é} < 400, for some 1 < ¢ < &

Consequently, we can choose ¥ > 1 such that ¥ < &, and using Hoélder’s inequality we obtain

€

B | ()" = Br|(pX)"| < Ep[p77] g (5]

for every & € N, which implies that sup,cy B [(Yk*)ﬂ < +400. Hence, by the de la Vallée-

Poussin criterion, the family Y, ", k € N is uniformly integrable and thus

lim Eg, V7] = EglY™] < +oc. (151)
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Furthermore, using Fatou’s lemma we get the inequality E[Y ] <liminf; E[Y,"]. Combin-
ing these observations yields

EqX.] = Ep

Y] < limkinf EplYi] = limkinf EglXn, =2
and (151) yields Eg|X.| < oo, that is, X, € L'(Q). Hence, by Assumption 4.4, X, admits a
replicating portfolio ¢* € ®,(Q) from initial capital FgX,.

Let us define the Fr-measurable random variable Z, := X, + ¢, where the constant c is
given by ¢ := z — Eg[X.] > 0. Then it is trivial that Z, is replicable by ¢* € A(z) since
V_(Z,) < V_(X.) < oo by (150) above. Besides, V* < V(X,) < V(Z,) so necessarily V* =
V(Z,) must hold, by the definition of V*. The proof is complete. O

4.6 Examples

Let W;, t > 0 be a standard k-dimensional Brownian motion with its natural filtra-
tion (P-zero sets added) F;, ¢ > 0. The dynamics of the price process of the ith stock
St ={8};0 <t <T} is described, under the measure P, by

dsi = p (9ﬁ+zp” ) SidW],  Sh=1s; >0, (152)
j=1
for any i € {1,...,d}, with u’,0% deterministic measurable functions on [0,7] satisfying

fOT | (t)| dt+f0T Zle |0 (t) |2 dt < +o0o. We assume that o(t)o(¢)” is non-singular for Leb-a.e.
t € [0,T) (this implies, in particular, & > d).

Let us suppose that there are as many risky assets as sources of randomness, that is,
k = d. Then it is trivial that there exists a uniquely determined d-dimensional, deterministic

process 0 = {G(t) = (6'(t),.. .,t9d(t))T ;0<t < T} such that

d
—pt(t) = Z o (t) 0 (t), for Lebesgue a.e. t € [0,7T],
j=1

holds simultaneously for all i € {1,...,d}. If we assume, in addition, that the condition
0< fOT D W(t)‘2 dt < +oo0 is satisfied, then

d /T R T A
dQMP:en{E:%;Q%QdW§—2%;§ wK@\m}, (153)
=1 =1

defines the unique element @@ € M. It is straightforward to check that pr is lognormally
distributed both under P and under . In particular, pr,1/pr € W, so Assumptions 4.1, 4.2
and 4.3 hold.

Any contingent claim in L!(Q) is replicable by the martingale representation theorem. It
is trivial to see that there must be some 0 < ¢ < T for which

T d
Oﬁ/XWlf%</§]WM%s
0 =1
holds true, so the vector

< /‘w dW” .ATa%@dw§>

has a non-degenerate joint normal distribution. It is easy to see that

2 t d T
b z1|0 () dsj{:/PG%s)dWQEZU/ 0'(s) Wi
=10

fo 1|915|dsl1
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is an Fr-measurable and non-degenerate Gaussian random variable which is independent of
Z?Zl fOT 0'(s) dW! and hence of pr. Lemma 6.15 provides a uniform U, independent of pr,
that is, satisfying Assumption 4.4. When d = 1, ¢ # 0, 4 € R constants then we get the
Black-Scholes model, see e.g. [15].

Remark 4.19. In [80] a new method for constructing X, in Theorem 4.18 was found which
applies to all complete markets (see Section 1.3) and it allows to construct X, which is a
function of p only. Hence, in the case of complete markets, the existence requirement of U.
can be dropped in Assumption 4.4.

There are also examples of incomplete markets satisfying Assumption 4.4 where Theo-
rem 4.18 applies. However, the class of such models is rather narrow. We refer to [74] and
[801.

Extending results of the present chapter to larger classes of incomplete models is a chal-
lenge. Some progress in this direction has been made in [77].

62



dc 1138 15

5 Illiquid markets

In financial practice, trading moves prices against the trader: buying faster increases ex-
ecution prices, and selling faster decreases them. This aspect of liquidity, known as market
depth [16] or price-impact, is widely documented empirically [40, 30], and has received in-
creasing attention, see [62, 10, 2, 97, 84, 45]. These models depart from the literature on
frictionless markets, where prices are the same for any amount traded.

The growing interest in price-impact has also highlighted a shortage of effective theoret-
ical tools. In discrete time, several researchers have studied these fundamental questions,
[5, 70, 38, 69], but extensions to continuous time have proved challenging. In this chapter
we shall prove an existence theorem for optimal strategies in a very general continuous-time
model under the assumption that trading costs are superlinear functions of the trading speed.
This assumption is consistent with empirical data, see [30].

Superlinear frictions in the sense of the present dissertation entail that execution prices
become arbitrarily unfavorable as traded quantities per unit of time grow: buying or selling
too fast becomes impossible. As a result, trading is feasible only at finite rates — the number of
shares ¢; will be assumed absolutely continuous. This feature sets apart superlinear frictions
from frictionless markets, in which the number of shares is merely predictable, see Sections
1.3 and 5.1.

This chapter is based on [47].

5.1 Model

For a finite time horizon 7' > 0, consider a continuous-time filtered probability space
(0, F, (Ft)eepo,m), P) where the filtration is right-continuous and F; coincides with the fam-
ily of P-zero sets. O denotes the optional sigma-field on 2 x [0, 7], that is, the sigma-field
generated by the family of cadlag adapted processes. The market includes a riskless and per-
fectly liquid asset S° with S = 1, ¢ € [0, T], and d risky assets, described by cadlag, adapted
processes (Sf)ieg[gi‘f]. Henceforth S denotes the d-dimensional process with components S?,
1 <i < d. The components of a (d + 1)-dimensional vector x are denoted by z°, ..., <.

The next definition identifies those strategies for which the number of shares changes over
time at some finite rate.

Definition 5.1. A feasible strategy is a process ¢ in the class
T
A= {(;5 . ¢ is an R%valued, O-measurable process,/ |pu|du < o0 a.s.} ) (154)
0

In this definition, the process ¢ represents the trading rate, that is, the speed at which the
number of shares in each asset changes over time, and the condition j;)T |pu|du < oo means
that absolute turnover (the cumulative number of shares bought or sold) remains finite in
finite time. Define, for each ¢ € A,

¢
oy ::/ Pudu, t € [0,T],
0

the number of stock in the portfolio at time ¢ in the respective assets (integration is meant
componentwise).

The above definition significantly differs from the one of admissible strategies in friction-
less markets in Section 1.3: this definition restricts the number of shares to be (absolutely)
continuous, while usual admissible strategies have an arbitrarily irregular number of shares.
Note also that the definition of feasibility does not involve the asset price at all.

Assume S to be a semimartingale and recall Section 1.3. Note that ¢ above is a pre-
dictable, locally bounded process, hence it is S-integrable.

In the absence of frictions the value of a self-financing portfolio at time T is

T
ZO -+ / (,QtdSt,
0
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where 2 represents the initial capital, see (6). Note that the investor holds ¢ units of stock
at the terminal date which is worth o7 S7. Hence the value of his/her cash (bank account)
position at the terminal date is

T T
z°+/ 0dSy — or Sy = zo—/ Sypydt, (155)
0 0

where we performed, formally, an integration by parts and recalled oy = 0 as well. Notice,
however, that the right-hand side of (155) makes sense for any cadlag S and not only for
semimartingales. Indeed, by the cadlag property the function S;(w),t € [0,7] is bounded
for almost every w € 2, hence the integral in question is finite a.s. for each ¢ satisfying
fOT |pe]dt < oo a.s.

Now we look at how (155) changes in the presence of illiquidity. For a given trading
strategy ¢, frictions reduce the cash position, by making purchases more expensive, and sales
less profitable. We model this effect by introducing a function G, which summarizes the
impact of frictions on the execution price at different trading rates:

Assumption 5.2. Let G : Q x [0,T] x R? = R, be a O @ B(RY)-measurable function, such that
G(w,t,-) is convex with G(w,t,x) > G(w,t,0) for all w,t,x. Henceforth, set Gi(zv) := G(w,t,x),
i.e. the dependence on w is omitted, and t is used as a subscript.

Taking price-impact into accout, for a given strategy ¢ € A and an initial asset position
z € R4, the resulting positions at time ¢ € [0, 7] in the risky and safe assets are defined as:

t
X! = Xi(z,¢) =2 +/ Pldu 1<i<d, (156)
0
t t
X = XP(z,0) :=2° —/ ¢GuSudu f/ Gy (py)du. (157)
0 0

The first equation merely says that the cumulative number of shares X} in the i-th asset is
given by the initial number of shares, plus subsequent flows. The second equation, compared
to (155), contains a new term involving the friction GG, which summarizes the impact of trad-
ing on execution prices. The condition G(w,t,z) > G(w,t,0) means that inactivity is always
cheaper than any trading activity. Most models in the literature assume G(w, t,0) = 0, but the
above definition allows for G(w,t,0) > 0, which is interpreted as a cost of participation in the
market, such as the fees charged by exchanges to trading firms. The convexity of z — G¢(x)
implies that trading twice as fast for half the time locally increases execution costs — speed
is expensive. Indeed, let g(z) = G(w,t,x), i.e. focus on a local effect. Then, by convexity,
g(x) < (1 —1/k)g(0) + (1/k)g(kz) for k > 1, and therefore (g(kx) — ¢g(0))T/k > (g(x) — g(0))T,
which means that increasing trading speed by a factor of £ and reducing trading time by the
same factor implies higher trading costs, excluding the participation cost captured by ¢(0).
Finally note that, in general, X may take the value —co for some (unwise) strategies.

With a single risky asset and with G(w,t,0) = 0, the above specification is equivalent to
assuming that a trading rate of ¢, # 0 implies an instantaneous execution price equal to

Si =St + Gi(d1)/ 1 (158)

which is (by positivity of G) higher than S; when buying, and lower when selling. Thus,
G = 0 boils down to a frictionless market, while proportional transaction costs correspond
to Gi(z) = eS¢|z| with some £ > 0. Yet, we focus on neither of these settings, which entail
either zero or linear costs, but rather on superlinear frictions, defined as those that satisfy
the following conditions. Note that we require a strong form of superlinearity here (i.e. the
cost functional grows at least as a superlinear power of the traded volume).
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Assumption 5.3. There is o > 1 and a cadlag process H such that

inf H; >0 a.s., (159)
te[0,T]
Gi(x) > Hylz|*, forall t,z; a.s. (160)
T
/ ( sup Gt(m)> dt < oo a.s. forall N > 0. (161)
JO |z|<N

Condition (160) is the central superlinearity assumption. Condition (159) requires that
frictions never disappear, and (161) says that they remain finite in finite time for uniformly
bounded trading rates. In summary, these conditions characterize nontrivial, finite, super-
linear frictions. Note that (160) implies that S, in (158) becomes arbitrarily negative as ¢,
becomes negative enough, i.e. when selling too fast.

Remark 5.4. Although we can treat a general S, the most important case is where S has
non-negative components, and therefore a positive number of units of risky positions has
positive value. Otherwise, if S can take negative values, a larger number of units does not
imply a position with higher value, but only a larger exposure to default.

Assume in the rest of this remark that S is non-negative and one-dimensional (for sim-
plicity). Take ¢ € A and consider the (optional) set A = {(w,t) : &(w) < 0, Si(w) +
G(w,t, ¢1(w))/Pe(w) > 0}, which identifies the times at which execution prices are positive.
Clearly, Xi.(z,¢') > Xi(2,¢), i = 1,2 for ¢}(w) := ¢:(w)1 4. Hence one may always replace the
set of strategies A by

Ap={p e A: Si(w) + G(w, t,pt(w))/dt(w) > 0 when ¢ (w) < 0},

without losing any “good” investment. In other words, we may restrict ourselves to trading
strategies with positive execution prices at all times, because any other strategy is dominated
pointwise by a strategy that trades at the same rate when the execution price is positive, and
otherwise does not trade. The class .4, may be economically more appealing as it excludes the
unintended consequence of (160) that S;(w) + G(w,t, ¢t (w))/d+(w) — —oo whenever ¢;(w) —

— Q.
The most common example in the literature is, with one risky asset, the friction
Gi(x) := Alz|* for some A > 0, > 1

(see e.g. [38]). Another possibility is Gi(z) := AS¢|x|®. In multiasset models the friction
Gyi(x) = 27 Az for some symmetric, positive-definite, d x d matrix A has been suggested in
[45].

Remark 5.5. Our results remain valid assuming that (160) holds for || > M only, with
some M > 0. Such an extension requires only minor modifications of the proofs, and may
accommodate models for which a low trading rate incurs, for instance, either zero or linear
costs.

5.2 Bounds for the market and for the trading volume

Superlinear frictions in the sense of Assumption 5.3 lead to a striking boundedness prop-
erty: for a fixed initial position, all payoffs of feasible strategies are bounded above by a single
random variable W < oo, the market bound, which depends on the friction G and on the price
S, but not on the strategy. This property clearly fails in frictionless markets, where any payoff
with zero initial capital can be scaled arbitrarily, and therefore admits no uniform bound. In
such markets, a much weaker boundedness property holds: Corollary 9.3. of [35] shows that
the set of payoff of z-admissible strategies is bounded in L° if the market is arbitrage-free in
a certain strong sense.

A central tool in this analysis is the function G*, the Fenchel-Legendre conjugate of G. Its
importance was first recognized by [38]. G* is defined as

Gi(y) := sup (zy — Gi(2)), y e R, t € (0,77 .
reRA
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Note that the supremum can be taken over Q¢, hence G* is O ® B(R?)-measurable. Note also
that, under Assumption 5.3, G;(-) is a finite (see the proof of Lemma 5.7), convex function.

The typical case d = 1, G¢(z) = Alz|* leads to G (y) = %aﬁAﬁ|y|ﬁ (in particular,
G (y) = y?/(4A) for a = 2). The key observation is the following:

Lemma 5.6. Under Assumption 5.3, any ¢ € A satisfies
T
X%%@§f+/iﬁh&m<a>w&
0

Proof. Indeed, this follows from (157), the definition of G}, and Lemma 5.7 below. O

Lemma 5.7. Under Assumption 5.3, the random variable W := fOT G;(—S:)dt is finite almost
surely.

Proof. Consider first the case d = 1. Then, by direct calculation,

a—1

_1 %a _o
G} (y) <sup (ry — Hy|r|*) = at=a H/ ™" |y|a-T.

reR

Noting that sup;,c(o 71 |5 is finite a.s. by the cadlag property of S, and inf¢|o ) H; is a positive
random variable, it follows that

sup G;(—S:) < o a.s.,
t€[0,T)

which clearly implies the statement. If d > 1 then note that

d d d
Gi(y) < sup (Zry —Ht|r|°‘> <3 swp (y' — (Hefalr|”) <3 swp (o' — (Hy/a)le)

reRd i—=1 reR i—=1 r€R
and the conclusion follows from the scalar case. O

Since W < oo a.s, it is impossible to achieve a scalable arbitrage: though a trading strat-
egy may realize an a.s. positive terminal value, one cannot get an arbitrarily large profit
by scaling the trading strategy (i.e. by multiplying it with large positive constants) since
bigger trading values also enlarge costs. Even if an arbitrage exists, amplifying it too much
backfires, because the superlinear friction eventually overrides profits. Yet, arbitrage oppor-
tunities can exist in limited size.

For Q ~ P, denote by L' (Q) the Banach space of (d+ 1)-dimensional, Q-integrable random
variables; given a subset A of a Euclidean space, L°(A) denotes the set of (P-a.s. equivalence
classes of) A-valued random variables, equipped with the topology of convergence in proba-
bility. Fix 1 < 8 < «, where « is as in Assumption 5.3. Let v be the conjugate number of 3,

defined by

1,1
By

The next definition identifies a class of reference probability measures with integrability
properties that fit the friction G and the price process S well.

Definition 5.8. P denotes the set of probabilities Q ~ P such that
T
EQ/ HPTP=) (1 418, )P/ (=Pt < oo,
0
P denotes the set of probability measures Q € P such that

T
0

66



dc 1138 15

Under Assumption 5.3, note that P # () by Lemma 6.9. The next lemma shows that, if
a payoff has a finite negative part under some probability in P, then its trading rate must
also be (suitably) integrable. There is no analogue to such a result in frictionless markets.
The intuition is that, with frictions, excessive trading causes unbounded losses. Hence, a
bound on losses translates into one for trading volume. Lemma 5.9 is crucial to establish the

closedness of the set of attainable payoffs (Proposition 5.10 below).
We recall that z_ denotes the negative part of x € R.

Lemma 5.9. Let @ € P and ¢ € A be such that Eg§_ < oo, where

T T
E = *A Stqf)tdt - /0 Gt(¢t)dt

Then .
EQ/ 6|P (1 + |Su])P et < oo.
0

Proof. For simplicity, set 7' := 1. Define ¢:(n) := ¢:1{4,/<n} € A, n € N. Asn — oo, clearly

¢+(n) — ¢ for all t and w € , and the random variables

1 1

&n = — | Sipe(n)dt— | Gi(ge(n))dt =

0 0

d 1
— Z/O Sioi(n)[1isi<o.ei<or + isi>06i<0p T Lsi<o¢i>0p T Lisi>0,¢i>03]dt
=1

-/ Gyt

converge to £ a.s. by monotone convergence. (Note that each of the terms with an indicator

converges monotonically, and that G;(0) < G¢(z) for all x.) Holder’s inequality yields

1 1 o 1
()P (L4 |Se)Pdt = | |oe(n)|PH* —= (1 +|S,)%dt <
0 0 bz e

{/01 |¢>t(n)|atht] v [/01 (H;/a(l + |St)6> e dt]

1 B/a 1 1 a/(a—pB) (a=B)/a
[ G || (Htﬂ/auwmﬁ) dt]

All these integrals are finite by Assumption 5.3 and the cadlag property of S. Now, set

(a=B)/a

IA

VA , a/(a-p) 7 (@=h)/a
m = ——(1+15) dt ,
/0 e '

and note that, by Jensen’s inequality,

A S| < [ o)1 + 1Syt < i P14 s "

Note also that if x > 1 and z > 255 ma>7 then z!/8 — (x/m)*/P < o — 22 = —ux.

observation, applied to

1
z = / 6P (1 + [Si)Pt,
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implies that £, < —z on the event {x > Qa%ﬁrnwgm + 1}. Thus,

1
/|@@m%1+wwmﬁg@@,+ai%ma%7+La&
0

Letting n tend to oo, it follows that

1
/ 651+ Su) Pt < € + 25 mEE 41, (163)
0

which implies the claim, since Eoé_ < oo by assumption, and EQmaafﬂ <ocofrom@QeP. O

5.3 Closed payoff space

The central implication of the previous result is that the class of multivariate payoffs that
are dominated by the terminal value of a feasible portfolio, defined as C' := [{X1(0,¢) : ¢ €
A} — LO(RETH)] N LO(R*Y), is closed in a rather strong sense; recall the componentwise defi-
nition of the (d + 1)-dimensional random variable X7 (0, ¢) in (156) and (157). Note also that
X9 may well be —oo hence the intersection with L°(R?*1) in the definition of C is reasonable.
Closedness is the key property for establishing Theorem 5.12 below.

Proposition 5.10. Under Assumption 5.3, the set C N L(Q) is closed in L'(Q) for all Q € P.

Proof. Take T = 1 for simplicity, and assume that p,, := &, — 1, — p in L'(Q) where 7, €
LOREM) and &, = X1(0,%(n)) for some ¢ (n) € A with p, € L*(Q). Up to passing to a
subsequence, this convergence takes place a.s. as well.

Lemma 5.9 implies that Eg fol [9¢(n)|?(1 + |S;])Pdt must be finite for all n since (£,)_ <
(pn)_ and the latter is in L' (Q). Applying (163) with the choice ¢ := v(n) yields

1
[ 1P+ 1812 < () + 2557w 4 1.
0
Now, since @ € P, and the sequence p,, is bounded in L'(Q), it follows that

1
sup EQ/ [ (n)|P (1 +|S:])Pdt < oc. (164)
n>1 0

Consider L := L'(Q, F,Q;B), the Banach space of B-valued integrable functions, see Sec-
tion 6.2, where B := LA([0, 1], B([0,1]), Leb) is a separable and reflexive Banach space. The
functions .(n) : 2 — B are easily seen to be measurable in the sense of Section 6.2. By (164),
the sequence 1.(n) is bounded in L, so Lemma 6.11 yields convex combinations

M(n)

bun) = 3 a;(n)e.(n)

j=n

which converge to some 1. € L a.s. in B-norm. }

At this point, however, it is not yet clear that ) has an O-measurable version. By the
bound in (164), sup,, Eq fol |@e(n)|(1 + |S¢])dt < oo. Now apply Lemma 6.10 to the sequence
¢.(n) in the space of d-dimensional integrable functions L'(©2 x [0,1],O,v), where v is the
measure defined by

v(A4) = [ La@ (1 18 idtdQw)
Qx[0,1]

for A € O (v is finite by Q € P). This lemma yields convex combinations . (n) of the ¢.(n)
such that t.(n) converges to some . € L'(€2 x [0,1],O,v) v-a.e., and hence P x Leb-a.e. This
shows that ¢. is O-measurable. R ) R

Since 1.(n) converge a.s. in B-norm, also v.(n) — v a.s. in B-norm, so ¢ = 1, P x Leb-a.e.
and ¢.(n) tends to . in B-norm a.e.
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Define &, := > M o (n)¢; and 7, := 327" o, (n)n,. Convergence in B-norm implies that

j=n j=n

limy, o0 f01 Uy (n)Sydt = fol 1) Sydt almost surely, and also

1 1
lim & = lim / u?;’(n)dt:/ Yldt as. fori=1,...,d.
0 0

n—oo n—oo
Hence, 77¢, — 7' a.s. with 1’ := fOT Yidt — p' € L°(R,), i =1,...,d. By the convexity of G,

@ =i = tim — | 30 ey [ WIS+ Gl ar |~

j=n

p’ =

lim
n— o0

1 1
<timsup |~ [ Gt~ [ Gt w)ar - )

n—oo

= limsup [—/Oliﬁt(n)stdt—/Olat(wt)dt—/01Gt(qﬁt(n))dtJr/Oth(wt)dt—ﬁg}

n—oo

1 1 1 1

= —/ ¢tStdt — / Gt(i/)t)dt + lim sup |:— / Gt(¢t(7’l))dt + / Gt(wt)dt — 772:| .
0 0 n—rco 0 0

Now Fatou’s lemma, G(z) > 0 and 7}, € L°(R%"") imply that the limit superior is in —L°(R)

(note that G,(-) is continuous by convexity), hence there is ° € L°(R, ) such that

1 1
- / GuSedt / Gulapn)dt — 1,
0 0

which proves the proposition. O

Corollary 5.11. Under Assumption 5.3, the set C'is closed in probability.

Proof. Let p, € C tend to p in probability. Up to a subsequence, convergence also holds almost
surely. There exists Q) € P such that p,sup,, |p — p.| are Q-integrable, see Lemma 6.9. Then
pn — pin LY(Q) as well and Proposition 5.10 implies p € C. O

5.4 Utility maximisation

This section discusses utility maximization in the model of Section 5.1. The first result
(Theorem 5.12 below) shows that optimal strategies exist under a simple integrability as-
sumption, which is easy to check. In particular, optimal strategies exist regardless of arbi-
trage (compare to Proposition 1.5 above), since such opportunities are necessarily limited.
Put differently, the budget equation is nonlinear. Therefore one cannot add to an optimal
strategy an arbitrage opportunity, and expect the resulting wealth to be the sum.

Importantly, these results consider only utilities defined on the real line. This setting is
consistent with the definition of feasible strategies, which do not constrain wealth to remain
positive. Since the focus is on utility functions defined on a single variable, and with price
impact there is no scalar notion of portfolio value, the results below assume for simplicity
that all strategies begin and end with cash only.

Let B be an arbitrary real-valued random variable (representing a random payoff) and
c € R the investor’s initial capital. For any z € R let # € R?*! be defined as #° = x and &’ = 0,
i=1,....d.

Theorem 5.12. Let u : R — R be concave and nondecreasing, and let
Eu(c—B+W) < (165)

hold for the market bound W of Lemma 5.7. Under Assumption 5.3, there is ¢* € A'(u, c) such
that
Bu(X7(6,¢") = B) = sup Bu(Xp(¢¢) — B),
Ppe A’ (u,c)
provided that A'(u,c) :={¢p € A: XL(¢,¢) =0, i =1,...,d, Eu_(X%(¢,¢) — B) < oo} is not
empty.
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Remark 5.13. If G;(0) = 0 then for v and B bounded above condition (165) holds and
A'(u,c) # ) hence Theorem 5.12 applies.

Proof. Corollary 5.11 implies that
C'=¢+ (Cn{X:X"'=0as, i=1,...,d}) C L°(R¥)
is closed in probability. Let ¢(n) be a sequence in A’(u, c) with

lim Eu(X%(¢¢(n)) — B)= sup BEu(X%(¢) — B).
n—00 ¢€_A’(u,c)

Since X%(¢,¢(n)) < ¢+ W a.s. for all n, by Lemma 6.10 there are convex combinations such
that ZM(") () X%(¢, ¢(j)) — X a.s. for some [—oo,c + W]-valued random variable X. By

convexity of G, we have that for ¢(n) := -2 o (n)e(j),

Jj=n

M(n)

X0(6,6(n)) = Y aj(n) X4, 6(4)),

Jj=n

S0 ZM(") a;j(n)Xr (¢ ¢(j)) € C’ for each n. By concavity of u,

M(n)
Eu(z i) X728 ¢(j)) — >>Z% n) Bu(X7(¢, ¢(j)) — B).

Jj=n
Fatou’s lemma applies because of (165) and it implies that

Euw(X —B)> sup Eu(X%(¢,¢) - B),
pe A’ (u,c)

in particular, X is finite-valued a.s. and hence X € C’ by the closedness of C". It follows that
X = X%(¢,¢*) — Y° for some ¢* € A'(u,c) and Y € LO(R%!). Clearly,

c A (u,c

and necessarily Fu(X7.(¢, ¢*) — B) = suDye 4/ (y,c) Fu(X3(¢,¢) — B) as well. This completes the
proof. Note that « may be constant on an interval hence Y # 0 is possible. O

Remark 5.14. Theorem 5.12 is the first existence result of its kind in a general, continuous-
time setting. In the discrete time case similar results were obtained in [27, 69].

Remark 5.15. Theorem 5.12 can also be proved with
A(u,c) ={p € A: X3(¢,¢) 20, i =1,...,d, Eu_(Xp(¢,¢) — B) < o0}

in lieu of A’(u,c). Note that the two optimization problems are not equivalent, due to illig-
uidity.

Remark 5.16. Let us assume that S is non-negative and one-dimensional. We may equiva-
lently use either A" (u,c) or

Al (u,c) = ={¢ € A: Si(w) + G(w,t,d:(w))/d¢(w) > 0 when ¢4 (w) <0,
X7(6,¢) 20, Bu_(X2(&¢) — B) < oo},

that is, we may restrict our class of strategies to those for which the instantaneous execution
price is non-negative, as in Remark 5.4 above.

Remark 5.17. The proofs of Theorem 5.12 and Proposition 5.10 use Lemmata 6.11 and 6.10.
They could be replaced, at the price of minor modifications, with Komlés’s theorem [60] and
its extensions [6, 103].
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While the previous result asserts the existence of optimal strategies, the next theorem
provides a kind of verification theorem for a strategy’s optimality, compare to Remark 2.48.

Theorem 5.18. Set d := 1. Let Assumption 5.3 hold,
a) let u be concave, continuously differentiable, with u' strictly decreasing, and
u(z) < —Clz|°, = <0, (166)
for some C > 0and 6 > 1;

b) denoting by u the convex conjugate function of u, i.e.

a(y) :=sup (u(z) —zy), y >0,
zER

assume that ' exists and it is strictly increasing;
c) let B be a bounded random variable;

d) let Q € P be such that
dQ/dP € L", (167)

where (1/n) + (1/6) = 1;
e) let Gi() be Px Leb-a.s. continuously differentiable in x and let G} (-) be strictly increasing;

) let Z be a cadlag process with Zr € L for some v > ~ and let ¢* be a feasible strategy
such that, for some y* > 0, the following conditions hold:

1) Zis a Q-martingale;
i) u'(X%(z,¢*) — B) = y*(dQ/dP) a.s.;
i) Zy = Sy + Gi(¢7), P x Leb-a.s.

Then the strategy ¢* is optimal for the problem

max Fu(X%(z,¢) — B). (168)
R (Xr(z,¢) — B)

Proof. Let Z; be as in the statement of the Theorem, and rewrite the final payoff for some
¢ € A'(u,x) as:

T T T
Xp(z,¢) = —/ Zygdt +/ (Zt — Si)pedt —/ Gi(dr)dl.
0 0 0
By definition of G7; it follows that:
T T
0 0

and equality holds if Z; — S; = G;(¢+), P x Leb-a.s., that is, when ii) holds.
It follows from Lemma 5.19 that

0< Eq

T
(3: — X%(x, ) + / Gi(Z; — Sﬁdt)] . (170)
0
Thus, for any ¢ € A'(u, ¢) and for any y > 0 the following holds:

T
Eu(X7(z,¢) — B) <Bu(X}(z,¢) — B) + Ey(dQ/dP) (m — Xp(z,¢) + /O Gy (Z: - St)df>

T

5gm@QOP»+Emﬂywv< Gya—smﬁ—3)+ym (171)

0
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Notice that, by b), @(y) = u([/]"1(y)) — y[u']~1(y). If éii) is satisfied then there is equality in
(169) above for ¢ = ¢*. If, in addition, ), i) are satisfied then both inequalities in (171) are
equalities for y = y*. Thus, if conditions i), ii) and i¢) hold for ¢* then, by (171),

Bu(Xp(z,¢") — B) = Ea(y*(dQ/dP)) + Ey*(dQ/dP) (/0 Gy (Zy — Sp)dt — B) +y'z.
For all ¢ € A'(u, ),

T
Bu(Xp(z,¢) — B) < Eu(y"(dQ/dP)) + By*(dQ/dP) (/O Gi(Zy — Sp)dt — B) +y'a,

by (171). Hence the strategy ¢* is indeed optimal. O

Lemma 5.19. Under the assumptions of Theorem 5.18, any ¢ € A'(u, x) satisfies

T
0

Proof. Assume T = 1. Define
t t
D, = / ¢rds, U, := o, ds, t €10,1].
0 0

We will show Eq [ Z,d®, — Eq [y Z:d¥, = 0.
Since ¢ € A'(U, ), (166), (167) and Holder’s inequality imply that Eg[X{(z, ¢)]- < oo,
hence Lemma 5.9 shows

1
Bo [ o (1+15i)dt < .
0
a fortiori,
1 B
Eq(®,)? = Eg (/ ¢t+dt> < 0. (172)
0

Define ®;(n) := @, ;) where
kn(t) ;== max{i € N: § t}/n.

and observe that d®;(n) — d®; a.s., n — oo in the sense of the weak convergence of measures
on B([0,1]). As Z; is a.s. cadlag, its trajectories have at most countably many points of
discontinuity (a.s.). By d® <« Leb, this implies

1 1
Yn+ = / thq)t(n) — thét =: Y+,
0 0

almost surely. Furthermore,

‘/ Zyd®y(n

where sup,co 7 |Zt| € L"'(Q) by assumption and &; € L?(Q) by (172). It follows by Holder’s
inequality that the sequence Y, is Q-uniformly integrable, so EqY, — EqQY ™, n — co. From
(173) we get, noting that ®¢(n) =0,

(@r/n(n) = Pr_1)/m(n)]

< sup | Z| @4 173)
t

n—1

Z(Zl/n = Z41y/n) @i/n(n)
=0

E‘QY;L+ = EQ + EQZl@l(n) = EQZlq)l(TL), (174)
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by the Q-martingale property of Z. Analogously, as n — oo,
EqQY, = EQZl\I/l(n) — EQY ™,

where Y, ¥.(n) are defined analogously to Y, ", ®.(n) using ¥ instead of ® and

1
Y = / th\I/t.
0

Since ®1(n) — ¥y(n) = &; — ¥y = 0, (174) implies that Fo (Y, — Y, ) = 0 for all n, whence also

T
E’Q(Ydr - Yi) = EQ/ o1 Zpdt = 0,
0

completing the proof. O

Remark 5.20. The paper [47] did not only deal with utility maximisation but also with the-
orems on superreplication and on the characterisation of arbitrage. As these latter topics
are only loosely connected to the main themes of this dissertation, we confined ourselves to
optimal investment here.
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6 Appendix

We collect results of an auxiliary nature which have been relegated here for reasons of a
smooth presentation.

6.1 Generalized conditional expectation

Let W be a non-negative random variable on the probability space (2, 7, P). Let H C F
be a sigma-algebra. Define (as in e.g. [36]), the generalized conditional expectation by

E(WH) := lim E(W An[H),

where the limit a.s. exists by monotonicity (but may be +o0). In particular, EW is defined
(finite or infinite). Note that if EW < +o0, then the generalized and the usual conditional
expectations of W coincide.

Lemma 6.1. For all A € H and all non-negative random variables W, the following equalities
hold a.s.:

E(AE(WH) = E(Wly) (175)
E(W14H) = E(W|H)la. (176)

Furthermore, E(W|H) < 40 a.s. if and only if there is a sequence A,, € H, m € N such
that E(W1y, ) < oo for all m and U, Ay, = Q. In this case, E(W|H) is the Radon-Nykodim
derivative of the sigma-finite measure pu(A) := E(W1y), A € H with respect to P on (2, H).

Proof. Most of these facts are stated in section I1.39 on page 33 of [36]. We nevertheless give
a quick proof. Let A € H arbitrary. Then
E(Q4E(W|H)) = lim E(14E(W An|H))

n—oo

= nli—{%oE((W/\n)lA) =E(W1y,)

by monotone convergence and by the properties of ordinary conditional expectations. Simi-
larly, (176) is satisfied by monotone convergence and by the properties of ordinary conditional
expectations.

Now, if A,, is a sequence as in the statement of Lemma 6.1, then p is indeed sigma-finite
and (175) implies that E(W|H) is the Radon-Nykodim derivative of ;1 with respect to P on
(Q,H) and as such, it is a.s. finite.

Conversely, if E(W|H) < +oo a.s. then define 4,, := {E(W|H) < m}. We have, by (175),

EW1la,)=EQ1a, EWH)) <m < oo,
showing the existence of a suitable sequence A,,. O

For a real-valued random variable Z we may define, if either F(Z*|H) < oo a.s. or
E(Z7|H) < ¢ a.s.,
E(Z|H) == E(ZT|H) — BE(Z~|H).

In particular, E(Z) is defined if either E(Z1) < 400 or E(Z7) < 400.
Lemma 6.2. If E(Z) is defined then so is E(Z|H) a.s. and E(Z) = E(E(Z|H)).

Proof. We may suppose that e.g. £(Z) < oo. Then E(Z"|H) exists (in the ordinary sense as
well) and is finite, so E(Z|H) exists a.s. Then, by (175), we have E(Z*) = E(E(Z*|H)). O

Corollary 6.3. Let Z be a random variable and let W be an H-measurable random variable.
Assume that there is a sequence A,, € H, m € N such that U, A,, = Q and E(Z14, |H) exists
and it is finite a.s. for all m. Then

(1) E(Z|H) exists and it is finite a.s.

(1) If W1la, < E(Z14,|H) a.s. for all mthen W < E(Z|H) a.s.

(i) If W1a, = E(Z14,, |H) a.s. for all m then W = E(Z|H) a.s.
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Proof. Fix some m such that E(Z14, |H) exists and it is finite a.s., then E(|Z]14, |H) is
also finite a.s. and by Lemma 6.1 there exists a sequence (B7"); such that U;B* = 2 and
E(|Z|1Am13jm) < oo for all j.

Then the sets C(m,j) := A, N B} are such that U,, ;C(m,j) = Q. Let Cy,,n € N be the
enumeration of all the sets C(m,j). We clearly have E(|Z|1l¢,) < oo for all n. Hence, by
Lemma 6.1, E(|Z||H) < co and thus E(Z|H) exists and is finite a.s.

Suppose that, e.g., {W > E(Z|H)} on a set of positive measure. Then there is n such that
G := C,N{W > E(Z|H)} has positive measure. There is also m such that C,, C A4,,. Then
E(|Z|1g) < E(|Z|1¢,) < oo and

m

B(E(ZIH)e) = BE(B(Z1a

< H)lg) > E(Wly, 1g) = E(Wlg),

but this contradicts the choice of G, showing W < E(Z|H) a.s. Arguing similarly for {W <
E(Z|H)} we can get (iii) as well. O

Lemma 6.4. Let Z,, be a sequence of random variables with |Z,| < W a.s., n € N converging
to Za.s. If E(W|H) < oo a.s. then E(Z,|H) — E(Z|H) a.s.

Proof. Let A,, € H be a partition of 2 such that F(W1y,, ) < oo for all m. Fixing m, the
statement follows on A,, by the ordinary conditional Lebesgue theorem. Since the A,, form a
partition, it holds a.s. on Q. O

Corollary 6.5. Let g : R — R be convex and bounded from below. Let E(Z|H) exist and be
finite a.s. Then
E(9(Z)|H) =z g(E(Z|H)) a.s.

Proof. We may and will assume g(0) = 0. Define B := {E(g(Z)|H) < oo}. The inequality is
trivial on the complement of B.

As E(|Z||H) < oo a.s. and E(|g(Z)|1p|H) < oo a.s. (recall that g is bounded from below),
from Lemma 6.1, one can find a sequence A,, such that U,,A,, = Q and both E(|Z|14,,) <
oo and E(|g(Z)|14,, 1) < oo hold true for all m. From the ordinary (conditional) Jensen
inequality we clearly have

IpE(9(Z)14,,

H) = E(9(Z1a,18)|H) 2 9(E(Z14,,18[H)) = g(E(Z|H))14,,15, a.s.

for all m, and the statement follows if we can apply Corollary 6.3, i.e. if E(g(Z)14,, |H) exists
and it is finite a.s. This holds true by the choice of A4,,. O

Lemma 6.6. Let (2, F, P) be a probability space. Let U and V from Q xR to R such that for all
x € R U(-,z),V(-,x) are F-measurable. Assume that for a.e. w, U(w,-) and V(w,-) are either
both right-continuous or both left-continuous.

WIfU(-,q) <V(,q) holds simultaneously for all g € Q, a.s. then U(-,z) < V (-, z) holds for
all z, a.s.

(i) If U(,q) = V(-,q) holds simultaneously for all ¢ € Q, a.s. then U(-,z) = V(-,x) holds
for all z, a.s.

Proof. Obvious. O

Lemma 6.7. Let (2,7, P) be a complete probability space. Let =% be the set of H-measurable
d-dimensional random variables. Let F : Q x R? — R be a function such that for almost all
w € Q, F(w,-) is continuous and for each y € RY, F(-,y) is H-measurable. Let K > 0 be an
H-measurable random variable.

Set f(w) = ess.supgeza ¢j< ik F(w,{(w)). Then, for almost all w,

flw) = sup F(w,y). (177)

yERY, |y| <K (w)
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Proof. F is easily seen to be  ® B(R?)-measurable and so is

sup  Flw,y)=  sup  F(w,y).
yER |y| <K (w) y€Q,|y|<K(w)

Hence sup,cpa <k (w) F'(w,y) > f(w) a.s. by the definition of essential supremum. Assume
that the inequality is strict with positive probability. Then for some ¢ > 0 the set

A={(w,y) € AxR? : |y| < K(w); F(w,y) - f(w) > e}

has a projection A’ on Q with P(A’) > 0. Recall that w — F(w,&(w)) is H-measurable for
¢ € 2. By definition of the essential supremum, f is 7{-measurable and hence A € H® B(R?).
The measurable selection theorem (see Proposition I11.44 in [36]) applies and there exists
n € Z% such that (w,n(w)) € A for w € A’ (and n(w) = 0 on the complement of A’). This
leads to a contradiction since for all w € A’, f(w) < F(w,n(w)) by the construction of n and
f(w) > F(w,n(w)) a.s. by the definition of f. O

6.2 Compactness and integrability in Banach spaces

Lemma 6.8. Let H C F be a sigma-algebra. Let X, be a sequence of H-measurable d-
dimensional random variables such that

liminf | X,| < oo (178)
n— 00

almost surely. Then there exist H-measurable random variables n, : Q@ — N, k € N with
ng(w) < npy1(w) for all w € Q and k € N and an H-measurable random variable X such that
Xn, — X a.s. In such a case we write that there exists an 7-measurable random subsequence.

Proof. This is Lemma 2 of [55]. Its proof also shows that when (178) holds for all w € Q) then
convergence takes place for all w € Q. O

Lemma 6.9. Let Y,, n =1,..., M be random variables. Then there exists Q ~ P with dQ/dP €
L such that, foralln =1,...,M, Eq|Y,| < cc.

Proof. Indeed, take dQ/dP := e~ Xnt1Yal /Be= 0% Yal | Interestingly, the result remains
true for a countable sequence Y,,, n € N as well, see page 266 of [37]. O

Lemma 6.10. Let f,, be a sequence of [0, c0)-valued random variables. Then there exist M (n) >
nand aj(n) >0, j =n,...,M(n) with Zj\g’f) aj(n) = 1 such that g, = Z]M:(s) a;j(n)f;, n €N
satisfy g, — g, n — o0 a.s., where g is a [0, co]-valued random variable.

If f,, are R-valued random variables with sup,, E|f,| < oo then the conclusion holds with a
real-valued g satisfying Elg| < oc.

Proof. See Lemma 9.8.1 in [35]. Clearly, the same statement is true also in the case where
(Q, F, P) is a measure space with P a finite measure. O

Let B be a separable Banach space. The norm of B is denoted by || - ||zg. We call a mapping
f : Q — B measurable if g o f is measurable for all g € B’ where B’ is the dual space of B.
For a measurable f satisfying

1l = /Q (@)l P(dw) < o (179)

one can simply define the B-valued integral [, f(w)P(dw), see e.g. Chapter 5 of [67]. We
denote by L := L'(, F, P;B) the space of (equivalence classes of) measurable functions f
satisfying (179), this is a Banach space with the norm || - ||, defined above. One can construct
such (Bochner) integral for non-separable B as well but we do not need this in the present
dissertation.

76



dc 1138 15

Lemma 6.11. If B is a reflexive Banach space and f,, n € Nis a bounded sequence in 1L then
there are M(n) > nand aj(n) >0, j =n,..., M(n) with ZM(”) a;(n) =1 such that

j=n
M(n)
n = Z a;(n) f; satisfies ||gn — g|lg = 0, n — oo
j=n
for a.e. w, with some g € LL.

Proof. See Theorem 15.2.6 in [35]. O

Lemma 6.12. Let H C F be a sigma-algebra. Define K := [-N,N|". Let L : Q@ x K — R™ be
such that for a.e. w € Q, L(w, -) is continuous and for all x € K, L(-,z) is measurable such that
sup,ci |L(w, 2)| is integrable. Then there is | : Q x K — R™ such that for a.e. w € Q, l(w,-) is
continuous and for all k € K, E(L(k)|H) = I(k) a.s.

Proof. Consider the separable Banach space B := C([—N, N|") with the supremum norm.
Clearly, L : Q — B and for all u € B’ (which can be represented as a Borel signed measure),
(L) = [ L(w,z)u(dr) is a measurable function on (2, F): indeed, this is clear for x with
finite support and then follows for general i, by approximation. Note that, for each k£ € K, the
linear functional f;(z) := x(k), © € B is continuous (w.r.t. the norm of B) so f; € B’. Now it
follows from Proposition V.2.5. of [67] that there is a measurable [ : 2 — B such that

(k) = fe(l) = E(fu(L)|H) = E(L(k)[H),
for each k € K, as claimed. O

6.3 Asymptotic elasticity

When u is concave and differentiable, the asymptotic elasticities of u at oo are defined as

) u'(z)x
AE =1 , 180
+(u) im sup () (180)
Y\
AE_(u) = liminf 4 (x)l, (181)

T——00 u(m)

see [61], [91] and the references therein.
It is shown in Lemma 6.3 of [61] that, when u(c0) > 0, AE, (u) equals® the infimum of
those o for which there is T > 0 s.t.

u(Ar) < A%u(x) forx >z, A > 1. (182)
Similarly, AE_(u) equals the supremum of those S for which there is > 0 such that
u(Az) < Nu(z) for z < —z, A > 1. (183)

Note that the proof of the equivalence (180)<(182) in Lemma 6.3 of [61] does not use the
concavity of u. So if u is nondecreasing and continuously differentiable then (180) makes
sense and it is equivalent to (182) in the above sense. Similarly, (181) is equivalent to (183).

It thus seems reasonable to extend the definitions of AE, (u) (resp. AE_(u)) to possibly
non-concave and non-differentiable v as the infimum (resp. supremum) of « (resp. ) such
that (182) (resp. (183)) holds. Doing so we see (looking at Assumption 2.13) that in Chapter
2 we assert the existence of an optimal strategy whenever AF, (u) < AE_(u).

5More precisely, in that Lemma (182) is assumed with < instead of < and with X\ > 1 instead of A > 1. A careful
inspection of the proof reveals that this is equivalent to our formulation (182).
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6.4 Continuously differentiable versions

We return to the setting and notation of Section 2.5. We assume that, for a.e. w € ,
x — V(w, x) is continuously differentiable, concave, nondecreasing and, for each N > 0,

sup [V'(z +yY)|(1+ |Y]) (184)
(z,y)€[—N,N]d+1

is integrable.

Proposition 6.13. The function
(z,y) = E(V(z +yY)[H)
has a version G(x,y,w) which is continuously differentiable in (r,y) € R+,
0iG(x,y,w) = E(V' (z+yY)YYH), 1<i<d, (185)
where 0; is the derivative with respect to v,
0,G(x,y,w) = E(V'(z +yY)|H). (186)

Furthermore, for any ¢ € 2% and X € £,

G(X,§w) = BEV(X+EY)H), (187)
0,G(X,6w) = EWV'(X+E)YYH), 1<i<d, (188)
0,G(X, &,w) = EV(X+EY)|H). (189)

The function

x —ess.sup E(V(z 4+ EY)|H)
£eE

has a version A(w,x) which is almost surely concave, continuously differentiable and (a.s.)

A(X) =ess.sup BE(V(X +£Y)|H). (190)
§eE

Also, ~ 4
E(V' (X +&X)Y)YH)=0as, 1 <i<d,

where £ is the function constructed in Proposition 2.38.

Proof. Tt is enough to construct G for (z,y) € [-N, N]¢t!, for all N € N (we mean that G is
differentiable in (z,y) € (=N, N)¢*! and its derivative extends as a continuous function to
[~N, N]¥*1). Fix N. By (184), as in Proposition 2.33, Lemma 6.12 implies the existence of H :
Q — C([=N, N]4*+1; RI*1) such that, for each z,y, H(w, z,y) is a version of E(V'(z+yY)Y*|H)
fori=1,...,dand H(w,z,y)° is a version of E(V'(z+yY)|H). Let W be and arbitrary version
of E(V(0)|H).

Since

Viz+yY) = +Z/ uYJ+ZyY )du, +/Vw+yY)d
1=1
applications of Fubini’s theorem show that the expression

Gw,z,y): W—|—Z H (w, 0,9, . y 7wy, 0, Dduj + + Hw,w,yt, ... y)dw
0

defines a version G(w, z,y) of E(V(x + yY)|H), it is a.s. continuously differentiable and satis-
fies (185) and (186). This version can be used throughout the arguments of Section 2.5.
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It is enough to show (187), (188) and (189) for (X,¢) € [N, N]¢*t! for each N fixed.
It is clear for step functions and taking (uniformly bounded) step-function approximations
(Xm,&m), m € Nof (X, ) we get

H (X, €m) = 0:G(Xp, &m) — 0:G(X,€) = H'(X,€)
by continuity of H and
E(V'(X, +&Y)YHH) —» BE(V/(X + Y)Y H)

by (184) and the (conditional) Lebesgue theorem, for i = 1,...,d. A similar argument works
for 0,.G.

Take A as constructed in Proposition 2.35 (using the G just obtained). Now we borrow a
trick from Theorem 4.13 of [95]. Outside a null set, for all z and for any h € N

hA(z £1/h) — A(x)) > W(G(x £1/h,E(x)) — G(x,&(x))). (191)

The left- and right-handed derivatives of A exist by concavity and A’(z+) < A’(x—). Letting
h — oo in (191) we find that

0,G(x,E(x)) > A'la—) > A'(a+) > 0,G(x,E(x)),

s0 A is indeed smooth almost everywhere. (190) for general X follows from Proposition 2.38.
Outside a P-zero set, for all z € R,

Gw,x,&(x)) = Alw, z). (192)
From the definition of A,

Gw,z,y) < A(w, x) for all z, y, (193)
outside a P-zero-set. Now the last assertion follows from (192) and (193): as G(w, z, £(z)) is
a local maximum of y — G(w, z,y) we get that 9,G(w,z,£(x)) = 0,7 =1,...,d simultaneously
for all z, a.s. This completes the proof, remembering (188). O

6.5 Further auxiliary results
Lemma 6.14. If'Y € W then
/ P(Y > y)dy < 0,
0
for all § > 0.

Proof. By Markov’s inequality,
P(Y 2y) < M(N)y™™, y>0,

for all N > 0, with a constant M (N) := EY" < co. We can now choose N so large that N§ > 1,
showing that the integral in question is finite. O

Lemma 6.15 below is folklore and its proof is omitted.

Lemma 6.15. Let X be a real-valued random variable with atomless law. Let F(z) :== P(X <

x) denote its cumulative distribution function. Then F(X) has uniform law on [0, 1]. O

The following Lemmata should be fairly standard. We nonetheless included their proofs
since we could not find an appropriate reference.

Lemma 6.16. Let ;(dy,dz) = v(y,dz)é(dy) be a probability on RV x RN such that 6(dy) is a
probability on R™2 and v(y, dz) is a probabilistic kernel. Assume that Y has law §(dy) and E
is independent of Y and uniformly distributed on [0,1]. Then there is a measurable function
G : RN x [0,1] — RN such that (Y,G(Y, E)) has law u(dy, dz).
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Proof. We first recall that if ), ), are uncountable Polish spaces then they are Borel isomor-
phic, i.e. there is a bijection v : ) — ), such that 1,7~ are measurable (with respect to the
respective Borel fields); see e.g. page 159 of [36].

Fix a Borel isomorphism ¢ : R — R™. Consider the measure on R™> x R defined by
(A x B) := [, v(y,¥(B))d(dy), A € B(RN?), B € B(R). For é-almost every y, v(y,(-)) is a
probability measure on R. Let F(y, z) := v(y,¢((—o0, 2]))) denote its cumulative distribution
function and define

Fi(y,u) :=inf{qg € Q: F(y,q) > u}, u € (0,1),

this is easily seen to be B(R™2) @ B([0, 1])-measurable. Then, for j-almost every y, F'(y, F)
has law v(y,4(-)). Hence (Y, F'(Y, E)) has law ji. Consequently, (Y, (FT(Y,E))) has law u
and we may conclude setting G(y, u) := ¢(FT(y,u)). The idea of this proof is well-known, see
e.g. page 228 of [13]. O

Lemma 6.17. Let (X, W) be an (n + m)-dimensional random variable such that the condi-
tional law of X w.rt. o(W) is a.s. atomless. Then there is a measurable G : R*"*™ — R such
that G(X,W) is independent of W with uniform law on [0, 1].

Proof. Let us fix a Borel-isomorphism 1) : R* — R. Note that ¢/(X) also has an a.s. atomless
conditional law w.r.t. o(W). Define (using a regular version of the conditional law),

H(z,w):=P(X) <z|W =w), (z,w) € RxR™,

this is B(R) ® B(R™)-measurable (using the fact that H is continuous in z a.s. by hypothesis
and measurable for each fixed w since we took a regular version of the conditional law). It
follows that the conditional law of H (y)(X), W) w.r.t. o(W) is a.s. uniform on [0, 1] (see Lemma
6.15) which means that it is independent of W. Hence we may define G(x,w) := H (¢ (x),w),
which is measurable since H and 1) are. O
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7 Present and future work

In Chapter 3 it was found that the parameter restrictions o < 8 and o/~ < 3/4 are neces-
sary for well-posedness of the optimal investment problem of a CPT investor in a multistep
discrete-time model. Are these restrictions also sufficient ? Theorems 3.16 and 4.16 cover a
substantial proportion of this parameter range, but not all of it. It would also be nice to unify
the arguments of these two theorems and to simplify/generalize the proof of Theorem 3.4.

A desirable, but challenging research direction is to extend the results of Chapter 4 to
relevant classes of incomplete continuous-time markets. [77] is a first step into this direction.

Let u be concave (as in Chapter 5 and in Section 2.7) but let the market contain a countably
infinite number of risky assets. Such “large financial markets” were proposed already in [87]
and their systematic study began in [563]. Optimal investment in this context leads to an
interesting infinite dimensional optimization problem, see [73].

Finally, [7] proposes a model for price impact which is fundamentally different from that of
Chapter 5: the “market makers” create prices by seeking a microeconomic equilibrium and a
large investor is moving these prices by his/her actions. This leads to a complicated, nonlinear
dynamics and hence it is intriguing how to pose and solve optimal investment problems for
the large investor in this setting.
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Epilégus

Két dolog fontos: a muvészet és a szerelem.

(Marton Eva, [63])

Sokan vannak, akiknek erofeszitései hozzajarultak ahhoz, hogy ez a disszertacié elkésziil-
hessen és akikre halaval gondolok: tandraim, tarsszerzoim, munkatarsaim, barataim.

Most elsésorban Feleségemnek és Lanyaimnak mondok készonetet: 6rom egy ennyire jo

csapatban jatszani. Koszonom Sziileimnek, hogy felébresztették bennem a szellemi dolgok

iranti érdeklédést és mindig segitettek tanulméanyaimban. Koszonom Keresztanyamnak,

Novéremnek és Csaladjanak tamogatasat, Vancsé Imréné tanarnének pedig azt, hogy meg-
szerettette velem a matematikat.

Itt k6szonok el az eddig kitarté kedves olvaséktol.
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